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nPE^MCJIOBME

riOBbHIieHHbie TpefiOBaHHH K COBpeMeHHblM HHIKeHepHblM KOHCTpyK- 
U.H5IM, KOTOpbie 3aMaCTyiO padOTaiOT B BKCTpeMaJIbHblX yCJIOBHHX, odyCJIOB- 
jniBaioT Bce SoJibuiHH HHTepec k MeTOflaM TeopHH ynpyrocTH. TaKOH HHTe- 
pec npeAonpeaejieH h TeM, hto npHMeHneMbie MeTOflbi hmciot mnpoKyio 
oSjiacTb npHJioweHHH h no3BOJiHioT OTK33aTbcn ot ynpom.aiom.HX aony- 
meHHH npH (JiopMyjiHpOBKe 3aAan h cooTBeTCTByiomHX rpaHHHHbix ycjio- 
bhh. B npeAJiaraeMOH KHHre opraHHnecKH oSbeAHHeHbi ochobh Teopnn 
ynpyrocTH h coBpeMeHHbie MeTOAti npHKJiaAHOH MaTeMaTHKH. Id3Jio>KeHHe 
npoBeAeHO c eAHHbix no3HH.HH h b cahhom Kjnone.

MaTeMaTHHecKHfi annapaT khhth no cjioxkhocth He bmxoaht 3a npe- 
Aejibi MaTeMaTHnecKHX KypcoB, H3ynaeMbix no nporpaMMaM TexHHuecKHX 
By3oB. TaM, r^e sto Hy>KHo, AaiOTCn HeodxoAHMbie AonojiHHTejibHbie CBe- 
AeHHH.

FIpHBeAeHHbiH b KOHiie nocoSHH cnncoK jiHTepaTypbi He npeTeHAyeT Ha 
noAHOTy. B HeM noMHMo paSoT, HenocpeACTBeHHo Hcnojib3OBaHHbix 3bto- 
paMH, yKa3aHbi h paSoTbi, ocBem.aiom.He HeKOTopbie Bonpocbi TeopHH, 
He HameAniHe OTpameHHH b ashhoh KHHre hjih Hcnojib3yiom,He hhoh noA- 
xoa k pemeHHio aHajiorHHHbix 3aAam MHTaTejin, HHTepecyiomeroca hcto- 
pHeii HayKH o npouHOCTH, h b h3cthocth TeopHH ynpyrocTH, Mbi OTCbiJiaeM 
k (JiyHAaMeHTajibHbiM paOoTaM [5], [9], [571, rAe mo>kho HafiTH SoraTyio h 
CHCTeM3TH3HpoBaHHyio HHfJjopMaiiHio 06 ocHOBHbix HanpaBjieHHHX TeopHH 
..VnpyrocTH h yneHbix, BHecmux HanSojiee omyTHMbiH bkjiha b ee pa3- 
BHTHe.
.ABTQPbl BbIpa>KaiOT CBOIO HCKpeHHIOK) npH3HaTejIbH0CTb 3K3AeMHKy

B. Jl. PBaneBy 3a nojie3Hbie coBeTbi h noMonib npH Hannca- 
HHH TJI. 15.

ABTOpbl CHHTaiOT CBOHM npHHTHblM AOJITOM Bbipa3HTb TJiySOKyiO 6jia- 
roAapHOCTb pen.eH3eHTaM — KOJWieKTHBy Kat|)eApbi Teopnn ynpyrocTH h 
BblHHCJIHTeJIbHOH MaTeM3THKH XloHeUKOTO yHHBepCHTeTa, B03rJiaBJIHeM0- 
My HjieHOM-KoppecnoHAeHTOM fjBJNIMKA. C. KocMOAaMHaHCKHM, 3a 
oSCTOHTejIbHyiO KpHTHKy, KOTOpaH nOCAyiKHJia nOJie3HbIM CTHMyjIOM 
KOHCTpyKTHBHoro coBepmeHCTBOBaHHH pyKonucH, a TaKiKe npo(J)eccopy 
AOKTopy TexHHuecKHx HayK H. H. Tpane3HHy — 3aBeAyiom.eMy KatjieA- 
pofi COnpOTHBJieHHH MaTepHBJIOB MOCKOBCKOTO aBHailHOHHOro HHCTHTyTa 
33 nojiyneHHbie 3aMeHaHHn h noxejiaHHH. Hejib3ii He Bbipa3HTb npH3Ha- 
TejIbHOCTb KOJIJieKTHBy Ka(|)eApbI «JlHHaMHKa H npOHHOCTb MaiUHH» Xapb- 
kobckoto nojiHTexHHuecKoro HHCTHTyTa hm. B. H. JleHHHa, BO3TJiaBJi5ie- 
MOMy npotJieccopoM C. H. BoroMOJiOBbiM, 3a nojie3Hbie 3aMenaHHH, bm- 
cKa3aHHbie npn 03H3K0MjieHHH c coAep>KaHHeM pyKonncH. B 3aKJnoneHHe 
BbipaiKaeM HCKpeHHioio 6jiaroAapHOCTb O. M. rienepcKOH h E. K. PyAeH- 
ko 3a yuacTHe b noAroTOBKe pyKonncH.

0T3biBbi o KHHre npocHM HanpaBJiHTb no aApecy: 252054, KneB-54, 
yji. TorojieBCKan, 7, TojiOBHoe H3AaTejibCTB0 H3AaTejibCKoro o6weAHHe- 
hhh «Bnma mK0Jia».
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BBE^EIIHE

Teopiisi ynpyrocTH — pa3fleji MexaHHKH TBepAoro AecjjopMHpyeMoro 
rejia. lie 3a,uaHa — onpeflejiHTb BHyTpeHHHe ycHAHH n aeijxjpMauHH, BO3- 
HiiKaiomHe b ynpyroM Tejie noa AeficTBHeM npHjio>KeHHbix k HeMy BHeni- 
hhx chji, a TaKxe HepaBHOMepHoro TeMnepaTypHoro nojin.

TeopHn ynpyrocTH aejiHTCH, xoth h BecbMa ycjioBHo, Ha MaTeMaTH- 
uecKyio h npHKJiaAHyio. JTjih nepBOH H3 hhx xapaKTepHbi MaTeMaTHqe- 
CKan CTporocTb cocTaBJieHHH ypaBHeHHH h cTpeMJieHHe nojiyqHTb ToqHoe 
penieHHe Ha ocHOBe oSiuhx npeAnocbiJioK, Kacaiom,HXCH cbohctb paccMaT- 
pHBaeMbix Teji. Oah3ko cTporoe penieHHe mhothx 3aAan HaTajiKHBaeTcn 
Ha cepbe3Hbie npenaTCTBHH npeacne Bcero MaTeMaTHqecKoro xapaKTepa, 
b CHjiy qero MeTOflaMH MaTeMaTHqecKofi TeopHH ynpyrocTH yaaeTCH ao- 
secTH ao peineHHn cpaBHHTejibHo npocTbie c tohkh 3peHHn npaKTHKH 
3axaqH.

B npHKJiajiHOH TeopHH ynpyrocTH bboahtch AonojiHHTejibHbie rHnoTe- 
3bi h ynpomaiomHe noJio>KeHH5i, KOTOpbie no3BOJiaiOT npeHe6peqb BTOpo- 
CTeneHHbiMH cjiaKTOpaMH no cpaBHeHHio c ochobhmmh. (IIpHMepOM Aonoji- 
HHTejibHbix ynpomeHHH, npHHHTbix b npHKJiaflHOH TeopHH ynpyrocTH, 
MoryT cjiyx<HTb HcnoJib3yeMbie npn HccjiejiOBaHHH H3rn6a njiacTHH rnno- 
Te3bi o njiocKHX HopMajiHX h o paBeHCTBe Hyjno HopMajibHbix HanpHJKe- 
HHH, nepneHAHKyjIHpHblX K CpeAHHHOfi njIOCKOCTH). HeCMOTpH Ha 9TO, 
npHKJiaAHan TeopHH ynpyrocTH no3BOJiHeT nojiyqaTb AocraToqHO aocto- 
BepHbie pe3yjibTaTbi, hto noATBepjKAaeTCH SKcnepHMeHTajibHo. KpoMe 
Toro, cjiejjyeT yqHTbiBaTb, hto nojiyqeHHbie pemeHHH mojkho npn HeoSxo- 
AHMOCTH yTOqHHTb H AOBeCTH RO BMCOKOfi CTeneHH TOHHOCTH.

H3BecTHO, hto conpoTHBJieHHe MaTepnajioB ct3bht nepea co6oh Ty JKe 
uejib, hto h TeopHH ynpyrocTH. Oahhko MeiKAy hhmh ecTb cymecTBeHHoe 
pa3JinqHe, 3aKJiioqaiom,eecH npexKfle Bcero b hcxoahmx nojioiKeHHHX h 
MeTOAax pemeHHH. riocjieAHHe iio3bojihiot TeopHH ynpyrocTH oxBaTMBaTb 
3HaqHTejibHo 6ojiee hihpokhh Kpyr 3aAaq. TaK, ecAH npeAMeTOM HCcneAO- 
BaHHH conpOTHBJieHHH MaTepHanoB hbjihctch CTepJKHeBan CHCTeMa h ee 
SAeMeHTbi, to TeopHH ynpyrocTH AaeT B03M0XH0CTb nojiyqHTb xapaKTep 
pacnpeAeAeHHH HanpqjKeHHfi h Ae4»pMaii.HH aah thkhx o6beKTOB, khk 
luiacTHHa, o6ojioqKa, cijiepa, mbcchb h t. n.

O6mhho HccjieAOBaTejib, npHCTynan k pemeHHio toh hjih hhoh 3aAaqH, 
CTpeMHTCH K3K MOJKHO 6ojiee nOJIHO OHCHHTb H OnHCaTb CBOHCTB3 MOAeJIH. 
EcTecTBeHHO, noAyqeHHbie b atom cjiyqae BbiBOAbi Jiyqme corjiacyioTCH 
c AeiicTBHTejibHOCTbio. Oah3ko TaKoii noAXOA qacTO 6biBacT TpyAHO pea- 
JiH3OBaTb, h npe>KAe Bcero H3-3a ocno>KHeHHH hhcto MaTeMaTHqecKoro 
xapaKTepa.

CjieAyeT tbkjkc yqHTbiBaTb, hto npaKTHHecKH ncnoJib3yeMbie MaTe- 
pnajibi o6naAaioT mhojkcctbom cbohctb. IIosTOMy HCCAeAOBaTeAb, bm- 
ClHpaH CBOHCTB3 H36paHHOH MOAeAH, BMHyjKAeH AH4)(|)epeHH.HpOBaTb 
iHX, OTAHqaTb rAaBHbie ot BTopocTeneHHbix. 3to AeAaeTCH b cootbctct- 
)bhh co cneiijHjjHKofi TeopHH ynpyrocTH. HanpHMep, npH oueHKe npoq- 
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iiocth H3AeJiHa H3 MeTajiJia npoBOAUMOCTb He HMeeT npaKTniecKoro 3Hane- 
iihh h ee He yHHTbiBaioT.

PaccMaTpHBaeMan b HacToniueM nocodHH TeopHH ynpyrocTH Ha3biBa- 
eTCH KJiaccHHecKofi. OHa npennojiaraeT HAeajiH3auHio cbohctb peajibHbix 
MaTepnajioB, t. e. hm npHnncbiBaioTCH Te cBoficTBa, KOTopbie Handojiee 
BaiKHbi ajih penieHHH nocTaBJieHHoii 3aflaqH. TaKOH noflxoA no3BOJineT 
ynpocTHTb MaTeMaTHnecKHe BbiKJianKH h sKBHBajieHTeH npeHe6pe?KeHHio 
BejIHHHHaMH, BeCbMa MBJIblMH no CpaBHeHHIO C TeMH, KOTOpbie HMdOT OCHOB- 
Hoe 3HaneHHe. CjieAyeT noAnepKHyTb, hto TaKan HAeajiH3aiiHH peajibHoro 
Tejia npHMeHHTejibHo k KOHKpeTHbiM ycjioBHHM BnojiHe AonycTHMa h npH-. 
roAHa ajih i-imKeiiepHofi npaKTHKH.

OCTBHOBHMCH Ha OCHOBHblX npeAnOCbUIKaX KJiaCCHHeCKOfi TeOpHB 
ynpyrocTH:

1. npejKAe Bcero ynpyeocmb Mamepuajta npednojiaeaemcn udeajib-, 
hoU, t. e. nocjie chhthh BHeniHHx Harpy3OK, npnjio>KeHHbix k Tejiy 
h Bbi3BaBinHX ero ne(J)opMaij.Hio, oho nojiHOCTbio BoccTaHaBJiHBaeT nepBO- 
HaqajibHbie (jxapMy h pa3Mepbi. Othm HCKJnonaeTcn HajiHHHe b Tejie ocTa- 
TOHHblX AetJlOpMaHHH H CHHMaeTCH Bonpoc o bjihhhhh Ha Ae<j)opMaHHio 
Tejia Harpy3OK, BO3AeficTBOBaBHiHX Ha Hero b nponwioM. EcTecTBeHHO, 
hto HAeajibHo ynpyroe Tejio npn BO3Bpam,eHHH b nepBOHaHajibHoe coctoh- 
HHe coBepmaeT padoTy, paBHyio toh, KOTopan 6buia 3aTpaHeHa Ha ero 
Ae^opMauHio, t. e. BbinojiHueTcn nepBbifi 33koh TepMOAHHaMHKH o coxpa- 
HeHHH SHepTHH B H3OJIHpOBaHHOfi CHCTeMe.

2. npHHHMaeTcs cywficmeoeanue jiuneuHou 3aeucuMocmu Memdy na- 
np> 'yHueM u decpopMayuciMU, H3BecTHofi khk 33koh TyKa.

o. Hdeajibno ynpyeoe mejio npednojiaeaemcncnjioutHbiM, hhmmh cjioBaMH, 
CHHTaeTCs, hto Becb odueM, 3aHHMaeMbifi MaTepnajioM Tejia, HenpepbiBeH 
h He HMeeT nycTOT KaK ao AetJiopMauHH, tbk h nocjie Hee. Bboau 3Ty rnno- 
Te3y, C03HaTejIbH0 He npHHHMaiOT BO BHHMaHHe AHCKpeTHyiO 3T0MHCTH- 
'iecKyro CTpyKTypy BemecTBa, hto, 6e3ycjioBHo, nBJineTcn cepbe3Hofi Ha- 
i'HzKKofi c uejibio cAejiaTb HCCJieAOBaHne BO3Mo>KHbiM. CoBepnieHHo HCHO, 
HTO eCJIH 6bl C nOMOIHblO MaTeMaTHHeCKHX CpeACTB MOIKHO 6bIJIO HHTepnpe- 
THpOBaTb CTpyKTypy MaTepnajia, to sto npHBejio 6bi k pe3yjibTaTaM, 
CJIHIHKOM CJIOJKHblM AJIS npaKTHHeCKOTO HCnOJIb3OBaHHH. ^.OCTOHHCTBOM 
>Ke AonymeHHH o cnjioniHOCTH Tejia HBJineTCn BO3MO>KHOCTb paccMaTpn- 
BaTb AeijiopMaiiHH h nepeMemeHHH khk HenpepbiBHbie (j)yHKHHH ko- 
OpAHHaT.

4. npHHHMaeTcn, uto Mamepuajt ynpyeoeo mejia coeepuienHO oduopo- 
den, t. e. bo Bcex TouKax Tejio HMeeT oAHHUKOBbie ynpyrne cBoficTBa, 
a cjieAOBaTejibHO, noA BO3AeficTBHeM oahhx h Tex xse ycHjinfi oho Aecjiop- 
MHpyeTCH BO Bcex TOHKaX OAHH3KOBO.

5. Bboahtch donyiyeHue 06 u3ompotiHocmu mejia. 3to osnauaeT, hto 
ero ynpyrne CBoficTBa oAHHaKOBbi bo Bcex HanpaBJieHHnx h, CJieAOBa- 
TejIbHO, CBH3b M6/KAy HanpiDKeHHHMH H Ae(j)OpMaH,HHMH He 33BHCHT OT 
HanpaBJieHHs. B aHTHnoAe H3OTponHoro Tejia — aHH3OTponHOM Tejie — 
ynpyrne cBoficTBa pa3JiHHHbi b pa3Hbix HanpaBJieHHnx. B AaJibHefimeM 
paCCM3TpHBaiOTC51 TOJIbKO H3OTpOnHbie Tejia.

6. npHHHMaeTCH, hto nepeMetyenuji mejia Majibt no cpaBHeHHio c ero 
JIHHefiHblMH pa3MepaMH.
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7. OqeHb 6jih3ko k nepBofi npeAnocbiJiKe npHMbiKaeT AonymeHne o 
ecmecmeenHoM HeHanpaaKeHHOM cocmoaHUU me/ia. EIoa sthm nonpa3y- 
MeBaeTca, hto HanajibHbie HanpaxieHHH, BejiHHHHa h xapaKTep KOTopbix 
3aBHCHT OT HCTOpHH BO3HHKHOB6HHH Tejia H KOTOpbie GyiH.eCTByiOT B HeM 
Ao npHJio>KeHHH BHeniHHx chji, nojiaraioTCH paBHbiMH Hyjno. CiaKTHnecKH 
x<e HanpnjKeHHH, onpenejieHHbie npH peineHHH 3aflaq TeopHH ynpyrocTH, 
He hbjihiotch HCTHHHbiMH, a npe/icTaBJiHiOT co6oh xonojiHeHHe k Hanajib- 
hmm HanpHxeHHHM b Tex x<e TonKax. HeynHTbiBaHHe HauajibHbix Hanpn- 
>KeHHH nacTHHHo KOMneHCHpyeTCH TeM, hto, onpeflejiHH ocHOBHbie MexaHH- 
qecKHe xapaKTepHCTHKH MaTepnajia c noMombio o6pa3HOB, b hhx TaKxce 
HTHopHpyioT HajiHHHe HanajibHbix Hanpn>KeHHH.

TaKHM o6pa3OM, Teopnn ynpyrocTH hcxoaht H3 HecKOJibKHx aonyme- 
hhh. Hx nepeBOAHT Ha H3biK MaTeMaTHaecKOH (|)H3hkh, a 3aTeM k nojiy- 
neHHbiM CHCTeMaM ypaBHeHHH npHMeHHiOT MaTeMaTHnecKHH annapaT. Ecjih 
npn pemeHHH 3anaq AonojiHHTejibHbie AonymeHHH, KpoMe OTMeqeiiHbix 
Bbiuie, He npHMeHHioTCH, to 3aAana CHHTaeTCH pemeHHOH CTporo.



HacTb I

ochobm teopiih ynpyrocTH

TjiaBa 1
AHAJIII3 IIAnPHTKEHIIOrO COCTOHHHH

< § 1.1. OcHOBHbie nOHHTHH

BHeniHne chjih, BO3neHCTByioiii.He Ha paccMaTpHBaeMoe Teao, b 3a- 
BHCHMOCTH OT TOTO, Tfle OHH npHJIOJKeHbl, AejIHT Ha nOBepXHOCTHbie H 
oSbeMHbie.

IJoeepxHOcmHbie cujibi — cjiencTBHe KOHTaKTa Tejia c BHeinHeii cpenofi. 
K hhm othochtch AaBJieHHe ra3OB hjih >KHHKOCTefi, BO3jieficTBHe co cto- 
poHbi conpHKacaioniHXCH Teji h np. Chjim sth MoryT pacnpenejiHTbCH no 
noBepxHocTH Tejia HenpepbiBHo — no HeKOTopoMy 3aKOHy — h AHCKpeT- 
ho—b BHne cocpeAOToaeHHbix chji. CocpenoToneHHbie chjih — chjibi, 
npi iiKeHHbie b TOHKe,— 3to pe3yjibTaT HeKOTopofi HneajiH3aiiHH peajib- 
ho .neficTByiomHX Harpy3OK, yMecTHbifi Tor.ua, Kor.ua njiomajiKH, Ha ko- 
TOpblX OHH AefiCTByiOT, Majlbl no CpaBHeHHIO C nOBepXHOCTblO Tejia.

06'beMHbie cujibi — htot B03AeficTBHM Ha paccMaTpHBaeMoe Tejio npo- 
CTpaHCTBeHHoro BeKTopHoro nojiH. B KanecTBe npHMepa mojkho npHBecTH 
rpaBHTan.HOHHoe h HHepiiHOHHoe nojin, nojie ueHTpofieiKHbix chji. Cnjia 
THHiecTH, HHepuHOHHbie h ApyrHe chjim, nopoxcflaeMbie yK33aHHbiMH no- 
jihmh, npHjioxieHbi k Macce Tejia h HenpepbiBHO pacnpeAejieHbi no ero 
o6beMy.

BHeiHHHe CHJIbl M02KH0 pa3AejIHTb Ha 3aBHCHHIHe OT AeijlOpMHpOBaH- 
Horo coctohhhh Tejia h He 3aBHCHiiiHe ot Hero. K nocjienHHM othocht 
rpaBHTauHOHHbie chjim h noBepxHocTHyio Harpy3Ky, HBJiHiomyiocH cjieacT- 
BHeM naBJieHHH, t. e. Harpy3Ky, He cBH3aHHyio c ynpyrHM koht3ktom TBep- 
Ubix Teji,— AaBJieHHe jkhakocth, napa, cbinynefi cpenbi ht. j. K nepBbiM 
xie cjienyeT othccth MarHHTHoe cnjiOBoe nojie, TenJiOBoe nojie h Bce Te 
Harpy3KH, KOTopbie bo3hhk3iot b pe3yjibTaTe KOHTaKTa AByx Teji. Ten- 
jioBoe nojie, AetjwpMHpyH Tejio, caMo H3MeHHeTca noA BJiHHHHeM sthx 
AecJiopMaiiHfi: npH AeiJiopMHpoBaHHH BbmejiHeTCH Tenjio, KOTopoe b cboio 
oqepenb bjihhct Ha ocHOBHoe (AecjiopMHpyiomee) TenjioBoe nojie. Cnpa- 
BeAJIHBO 3T0 H no OTHOHieHHIO K MaFHHTHOMy CHJIOBOMy nojno.

ripH B03AeficTBHH BHeniHHX chji MOKfly oTjiejibHbiMH nacTHiiaMH Tejia 
BO3HHK3IOT CHJIbl B3aHM0AeHCTBHH, KOTOpbie H33bIB3IOTCH BHympeHHUMU 
cujtaMU hjih ycujiusiMU. OnpenejiHiOT sth chjih npn noMoniH' MeTO«a ceae- 
HHft. MbicjieHHo pacceneM Tejio noBepxHocTbio (o6biHHo njiocKOCTbio) Ha 
ABe uacTH (pnc. 1.1) h y^ajiHM OAHy H3 uacTefi co BceMH npHjioxceHHbiMH k
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iu ii < ii 'himii. /1/ih coxpaHeHHH b paBHOBecHii ocTaBHieHca nacTH, nanpn- 
Mcp iiiiJKHefi, k Hefi cjieayeT npHAOXHTb CHCTeMy ycnjiHH, pacnpeaejieH- 
nyio HeKOToptiM o6pa3OM no noBepXHOCTH ceneHHH (pnc. 1.2). 3th ycn- 
jihh ecTb pe3yjibTaT BO3AeficTBHH OTSpomeHHofi nacTH Tejia Ha paccMaT- 
piiBaeMyio. CorjiacHo TpeTbeMy 3aKOHy HbioTOHa ycHjiHn, fleficTByiomHe 
Ha hhjkhioio nacTb pacceqeHHoro Tejia, paBHbi no BejiHHHHe h npoTHBono- 
jio>KHbi no HanpaBJieHHio ycHjiHHM, AeficTByiom,HM Ha BepxHioio nacTb.

PaBHOAeficTByioiuyio BHyTpeHHHx ycHjinfi onpe/iejiHioT npH noMoniH ypaB- 
HeHHH paBHOBecHH. OjiHaKO TaKofi o6o6m,eHHbifi noAXOA He mojkct naTb 
npeACTaBjieHHH o Mepe hht6hchbhocth BHyTpeHHHx ycnjiHH, Ha3biBaeMofi 
HanpswceHtieM.

Ajih onpeAejieHHH HanpiDKeHHH b TOHKe A (pnc. 1.3) npoBeaeM cene- 
Hiie, npoxonfliiiee nepe3 3Ty Tonny. Ecjih He 3a^)HKCHpoBaTb nojioxceHHe 
njiocKOCTH ceneHHH, a sto o6biHHO nejiaioT, yxasaB HanpaBjieHHe BHeniHefi 
HopMajiH N, to 3Ta 3anana He 6y.neT peniaTbcn OAHO3HaqHO. npHHHHa 
b tom, hto qepea TOHKy A moikho npoBecTH 6ecqHCJieHHoe MiioiKecTBo 
ceqeHHfi, npnqeM BHyTpeHHHe ycHjinn, cooTBeTCTByiomHe hm, ecTecTBeH- 
ho, OTjiHqaioTCH Apyr ot Apyra. BbinejiHM okojio tohkh gjieMeHTapHyio 
njionjauKy NF h npeAnoAO/KHM, hto paBHOAeficTByiomaH BHyTpeHHHX 
chji, npHxoAHiiIHxcH Ha Hee, 6y.neT AP. Tor.ua nojiHoe cpenHee Hanpn- 
xieHHe b TOHKe A no aTofi njiomanKe

MTO^bl HCKJHOHHTb BAHHHHe KOHfjlHrypaHHH H BejIHHHHbl nAomaAKH AF 
npn HepaBHOMepHOM pacnpexejieHHH ycHjinfi no ceneHHio, onpenejiHM 
nojiHoe HanpniKeHHe pN b TOHKe A KaK npeneji pNcP npn yMeHbmeHHH 
AF ao Hyjin:

APpN = lim .

B TeopHH ynpyrocTH BeKTop pN o6bmHO pacKjianbiBaiOT AByMH cnoco- 
6aMH:

1. Ha cocTaBJimoniHe, napajuiejibHbie KoopAHHaTHbiM ochm: pNx, 
pNy h pNz (pnc. 1.4). HepBan 6yKBa b HHAeKcax o6o3HaqaeT HopMaAb k 
njioiyaAKe, BTOpan — ocb (HanpaBAeHiie), napaAJieAbHO KOTopoft HanpaB- 
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jieHa cocTaBJiHiomaH nojiHoro Hanpa>KeHH$i. H3 pHC. 1.4 cjie^yeT, hto

pN — ]/ PNx + PNy + p2NZ' (1.1)

2. Ha cocTaBJimoiiiHe on h taz. HanpsuKeHHe on, Ha3biBaeMoe nop- 
MaMHbiM HanpHweHueM, napajuiejibHO HopMajin k njiomanKe, tat —

KacameMHoe HanpnweHue — jicjkht b iijiockocth njiomaflKH. KacaTejibHoe 
HanpniKeHHe tw TaKiKe pacKJiaabiBaiOT no AByM HanpaBJieHHHM, odbiHHO 
B33HMHO nepneHAHKyjiapHbiM. TaKHM o6pa3OM, 11 b stom cjiynae nojiHoe
HanpaiKeHHe Pn pacKJiaAbiBaeTCn Ha 
3 B33HMHO nepneHAHKyjinpHbie co- 
cTaBAHiomHe on, xnt h xnl- 3Aecb, 
K3K h npeiKAe, On — HopMajibHaa, 
a xnt h xnl — KacaTejibHbie cocraB- 
jimoinne. y KacaTejibHbix HanpniKe- 
hhh 2 HHAeKca: 1-h 03HanaeT HanpaB- 
jieHHe HopMajiH k njiomaAKe, 2-h — 
caMO HanpaBJieHHe KacaTejibHoro Ha- 
npmKeHHn. B AHAbHeHmeM He 6yAeM 
ynoMHHaTb, hto o h t — cocTaBJimo-
Hine noAHoro HanpniKeHHa, a npocTO CTaHeM roBopiiTb o HopMaAbHOM h
KacaTeAbHOM HanpaiKeHHnx. ynHTbiBan cKa3aHHoe, MoxieM 3anncaTb 
(pnc. 1.4) ________ _______________

Pn = ]/on + ta/ = ]/~on + Xnt + xnl ■ (1-2)

B 6oAbniHHCTBe cAynaeB TeAo pacceKaioT ceneHHHMH, nepneHAHKyAHp- 
HbiMH k KoopAHHaTHbiM ocAM. Ecah HopMaAb k nAonjaAKe coBnaAaeT c 
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. >< i.i>> \, lo npocKUHH nojiHoro HanpjDKeHM Ha KOopflHHaTHbie och 6yayT 
(pnc. 1.5) <yx, txy, txz.

BBeaeM npaBHJio 3hhkob ajih HanpmKeHHfi. Ecjih BiiemHnn HopMajiB 
K njionjaAKe HanpaBJieHa b CTopony nojiOHanejibiiofi och, to nanpmKeHHH 
Ha 3toh njioiHaAKe CHHTaiOTCii iiojio>kiitcjh>hi>imii, Korfla ohii coBnaaaioT 
c noJioiKiiTejibiibiMii iianpanJiciimiMH cooTBCTCTByiomHX ocefi. Ecjih bck- 
•rop Bneiiincfi nopMajin coniia/iaeT c OTpHuaTejibHbiM HanpaBJiemieM Koop- 
juiiiariioii ocii, to nojioiKiiTejibiibiMH HanpsiiKeHHHMH 6yAyT Te, KOTopbie 
coimaAyr c oipiina'rejibHbiM HanpaBJieHHeM ocefi. Ajia np0H3B0JibH0 co- 
piicm iipoiiaiiHofi b npocTpaHCTBe njiomaAKH c HopMajibio N HopMajibHbie 
lianpiijKemiH npHHSTO CHHTaTb nojioiKHTejibHbiMH, Kor/ia ohh pacTHTH- 
Baiomne, h oTpHuaTejibHbiMH,— Korjia cJKHMaiomHe. Ajui KacaTejibHbix 
HanpmKeHHfi Twjia TaKofi njiomaAKe npaBHna 3H3kob He cymecTByeT.

§ 1.2. ypaBHeHHH paBHOBeCHH

HarpyjKeHHoe ynpyroe Tejio npoH3BojibHofi (JiopMbi pa3o6i>eM Tpewsi 
napaMH b33hmho nepneHAHKyjiapHbix njiocKocTefi Ha sjieMeHTapHbie o6be- 
mm, pe6pa KOTOpbix napajijiejibHbi KoopAHHaTHbiM ochm x, y, z u paBHbi

cooTBeTCTBeHHO dx, dy, dz. PaccMOTpHM BbiAejieHHbifi sjieMeHTapHbiii na- 
pajwiejiennneA, npHMbiKaiomHfi k npoH3BOJibHofi tohkc B c KoopAHHaTa- 
mh x, y, z (pnc. 1.6). no rpaHHM napajwiejienHneAa AOJHKHbi 6biTb npn- 
JIOJKeHbl HanpmKeHHH, KOTOpbie CTaTHHeCKH SKBHBajieHTHbl AefiCTBHIO 
OT6pomeHHbix nacTefi TeAa. B o6meM cjiyqae sthx nanpmKeHHfi 9:

Oj; TXy TXZ
tyx Oy ^yz U-3)
Xzx Xzy Oz.
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IjyaeM yMeHbinaTb pa3Mepbi napajuiejienHne.ua, cSjinjKaa ero napaji- 
'icjibHbie rpaHii. Kor.ua paccTOHHHe Me>K,ny npoTHBonojio>KHbiMH rpaHHMH 

< laiieT paBHbiM Hyjno, ohh npeACTaBHT co6oh 2 CTopoHbi njiocKOCTH, npo- 
xonmueH nepe3 tohkv B. B stom cjiynae HanpHiKeHHH (1.3) oxapaKTe- 
piiayioT HanpHJKeHHoe cocTOHHHe b AaHHoft tohkc ynpyroro Tejia b hhh- 
Gojiee o6meM BHfle.

()6beM sjieMeHTapHoro napajuiejienHneAa onepneH niecTbio njiocKoc- 
IHMII, Ha KaJKAOH H3 KOTOpblX AefiCTByiOT 3 C0CTaBJI5H0HI,He nOJIHOTO Ha- 
iipiuKeHHH (pHc. 1.6). 06mee hhcjio cocTaBJimom.HX HanpaxieHHH, AeficT- 
iiyiomnx no BceM rpaHHM, 6 X 3 = 18. B npe/iejiax Ka>KAofi rpaHH Ha- 
npn>KeiiHH, Boo6me roBopn, HeoAHHaKOBbi h OTJinqaiOTCH ot HanpnjKeHHfi 
ti roHKe B. Ho sto oTJiHnne BBHAy MajiocTH pa3MepoB pe6ep HacTOJibKo 
Majio, hto o6biHHo paccMaTpHBaioT cpeAHne b npeaejiax rpaHH Hanpn>Ke- 
iiiiji, npHKJiaAbiBan hx b ueHTpe thjkccth rpaHH.

Hanpa>KeHHH, BO3HHKaiomHe b Tejie b pe3yjibTaTe cnjioBoro B03Aefi- 
l'TBHH, H3MeHHIOTCH OT TOHKH K TOHKe (HBJIHIOTCH (JiyHKIlHHMH BCeX TpeX 
KOopAHHaT). nosTOMy Ha rpaHHX, He CMeiKHbix c TonKofi B, ohh otjih- 
'iaioTCH ot Tex, KOTopbie neficTByioT Ha npHMbiKaioiUHX k Hefi rpaHHx. 
I Iohchhm 3to noApo6Hee. HanpjDKeiiHe ox b ToiKe A' Tanxe 33bhcht ot 
ee nojiojKeHHn:

ax = F (x, y, z).

I Ipn nepevOAe ot tohkh A' k tohkc A KoopAHHaTa x nojiywT npnpame- 
ime dx, HvJroMy HanpajKeHHe ox Ha 3Tofi rpaHH npHMeT 3HaneHHe o^ =

F (x + dx, y, z). B cjiynae, Kor.ua apryMeHT (jiyHKiiHH oAHofi nepe- 
MeHHofi y = f (x) nojiynaeT npHpameHne dx,

Ay =f(x + dx) — f (x) = f' (x) dx + a,

iAe a — 6ecK0HeiH0 Majian Bbicmero nopHAKa, neM dx. IIpeHe6peraH 
cjiaraeMbiM a, noJiyiHM

f (x + dx) = f (x) + f' (x) dx.

AHajiorHHHo, KorAa (JiyHKHHH F (x, y, z) hbjihctch (JiyHKHHeft Tpex He3a- 
BHCHMblX nepeMeHHblX, MOzKIIO 3anHCaTb

F(x + dx,y,z) = F(x,y,z) + -^-^~~dx. (1.4)

BbipajKeHiie (1.4), no cyrn, npeACTaBJineT co6ofi nepBbie 2 uieHa pa3Jio- 
>KeHHH (JiyHKHHH F (•) b pnA Tefijiopa. Bo3Bpamancb k BbipaxieHHio 
Ox B TOHKe A, BblHCHHeM, HTO Ha OCHOB3HHH (1.4)

= + dX-

JJjih HanpnjKeHHH Ha Apyrnx rpaHnx, He npHMbiKaiomHx k ToiKe B, 
BbipaiKeHHH nojiyneHbi aHajiorHiHo h b noncHeHHHX He Hy>KAaiOTCH. Kpo- 
Me ycHJiHft, npHjioH<eHHbix no rpaHHM gjieMeHTa, cjie/iyeT ynecTb eme 
o6beMHbie cHJibi (Ha pnc. 1.6 He noKa3aHbi). HanpnMep, chjih co6cTBeHHoro 
Beca, npHxo.HHiii.HecH Ha exHHHny o6beMa, KOTopbie npHJioxreHbi b neHTpe 
napajwiejiennneAa. npoeKUHH o&beMHbix chji o6o3HaiHM X, Y, Z.
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BbinojiHHM ycjioBHn paBHOBecHn jyifl napajuiejienHneAa:

Smom — 0;

z= 0.
riOAHepKHeM, HTO B 3TH yp3BHeHHH BXOAHT CHJIbl, a nOSTOMy HanpHJKe- 
hhh, noKa3aHHbie Ha pnc. 1.6, cjiejiyeT yMHO®HTb Ha njiomaAH cootbctct- 
ByiomHX rpaiieH. PeajiH3yeM CHanajia ycjioBHe = 0:

— ox dydz + (crx + dxj dydz — x2X dxdy +

+ j dxdy — xyx dxdz + dyj dxdz +

+ Xdxdydz = 0.
riocjie oneBHAHbix npeo6pa3OBaHHH nojiynHM

AHajIOTHHHO MOJKHO C0CT3BHTb H 2 flpyrHX ypaBHeHHH, npoen,Hpy5I TJI3B- 
Hbifi BeKTOp Ha och y h z. B pe3yjibTaTe OyneM HMeTb 3 AHiJ+epeHHHajib- 
Hbix ypaBHeHHn b qacTHbix npoH3BOAHbix, KOTopbie Ha3biBaiOT ypaene- 
huhmu pciBHoeecua. Haebe:

dx dy + - dz - + :
dXxy , day -4- dxzy - 1 Adx 1 dy 1 dz r 1

dxxz j dxyz
+ •

daz
+ Z

(1-5)

IlepexoAHM k Hcnojib3OBaHHio nocjieAHHX Tpex ypaBHeHHH paBHOBe- 
CHH. npHpaBHHBaH K HyjHO CyMMy MOMeHTOB Bcex CHJI (nOBepXHOCTHblX 
h o6i>eMHbix) OTHOCHTejibHO pe6ep, npoxoAnmnx qcpe3 TOHKy B, Hanpn- 
Mep BBlt H3 ypaBHeHHn = 0 nojiynHM

— oxdydz ~ + (ax + dx) dydz —

— (Tx2 + dx) dydzdx + G2* + “+T- dz}x
X dxdydz + ozdxdy ~ — (+ + dz} dxdy —

— xyx dxdz dy} dxdz ~ —

— [Xyz + ~dy~ dy} dxdz'~T~ + xy^dxdz + Xdxdydz ~ — 

— Zdxdydz ■— = 0. 
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Bi>iiioah5I5i HeodxoflHMbie ynpomeHH5i h 0T6pacbiBa5i HJieHbi Bbicmero 
('ieTBepToro) nopsiAKa MajiocTH, nojiyiHM

^xz = ^zx-
AliaJIOTHHHO, HCn0JIb3y5I yCJIOBH5I 2moM x — 0 H ^JMOM z = o, MO5KHO 
iniiHcaTb em,e 2 noAO^Hbix cooTHomeHH5i. rpynnnpyii hx BMecre, nojiyiHM

Xyx == Xxy',
Xzx — Xxz', 0-6)
T24, = XyZ.

PaBeHCTBa (1.6) npeACTaBJiaioT co6oh 33koh napHOCTH KacaTejibHbix Ha- 
iipiiJKeHHH: Ha b33hmho nepneHAHKyjisipHbix njiomaAKax KacaTejibHbie 
iiaiip5i>KeHH5i, HanpaBJieHHbie k jihhhh nepeceneHHii sthx-njioin,aAOK hjih 
ot Hee, paBHbi Menyiy co6oh no BejiHiHHe h OAHHaKOBM no 3HaKy.

Kan y>Ke oTMenajiocb b (1.3), AOB5iTb HeH3BecTHbix KOMnoHeHTOB Ha- 
lip5I5KeHH5I — 3 HOpMaJIbHblX H 6 KaCaTejIbHblX — OnHCblBaiOT Hanp5I5KeH- 
noe cocTO5iHHe Tejia. BcjiexcTBHe napHOCTH KacaTejibHbix HanpiiJKeHHH 
Iie33BHCHMbIX COCTaBJI5HOHJHX H3np5I>KeHHH 6y£eT TOJIbKO HieCTb — 3 HOp- 
MajlbHblX H 3 KaCaTejIbHblX:

ox = ox (x, y, z); oy = oy (x, y, z); o2 = oz (x, y, 2); 
xx_u = xXy (x, y, 2), xxz = Xxz (x, y, 2), t^2 = xyz (x, y, z).

J1A5I OTbIC>.„HH5I 9THX HieCTH HeH3BeCTHbIX (JiyHKHHH HMeeM AHHIb 3 ypaB- 
neHH5i paBHOBecH5i (1.5). OnpeAejiHTb HanpHiKeHHH, BO3HHKaromHe b ajie- 
MeHTapHOM napajiJiejiennneAe, H3 ypaBHeHHH ct3thkh Hejib35i. Kto^bi 
pacKpbiTb CTaTHqecKyio neonpeAejiHMOCTb, Hcnojib3yiOT reoMeTpHnecKHe 
H 4>H3HHeCKHe 33BHCHMOCTH.

§ 1.3. HanpHMteHiiH Ha HaKJiOHHbix njionjaflKax

Pa36HB o6"beM ynpyroro Tejia Ha ajieMeHTapHbie napajwiejiennneAbi, 
mojkho nojiyiHTb HeKOTOpoe hhcao gjieMeHTapHbix 06-beMOB, (JiopMa ko- 
Topbix OTjiHHHa ot napajuiejienHneAa. 3to Te nacTH, KOTopbie npiiMbiKaiOT 
k ero noBepXHOCTH (pnc. 1.7). EcTecTBeHHO BbipasHTb Hanpiixce- 
nne Ha HaKAOHHOH (kocoh) nAomaAKe qepe3 HanpH>KeHH5i (1.3) no TpeM 
B33HMHO nepneHAHKyjisipHbiM njioipaAKaM. 3Ta 3aAana HHTepecHa eme h 
noTOMy, hto, K3K y>Ke yKa3biBajiocb, nepe3 TOHKy BHyTpH ynpyroro Tejia 
MO5KHO npOBeCTH 6eCHHCAeHHOe MHOJKeCTBO CeueHHH, B K35KAOM H3 KOTOpblX 
M05KH0 BblAeAHTb IIAOHiaAKV B OKpeCTHOCTH 3TOH TOHKH. KaiKAOH H3 3THX 
kochx njiomaAOK 6yAeT npncyme HanpH>KeHHe CBoen BeAHqnHbi n HanpaB- 
JJCHH5I.

CoBMecTHM Hanano KoopAHHaT c paccMaTpHBaeMoft tohkoh (pnc. 1.8). 
BoccTaBHM k HHTepecyronjeH Hac nAomaAKe (Ha pnc. 1.8 oHa 3ainTpHxo- 
BaHa) HopMaAb N h otmcthm Ha neft TOHKy L na 6ecKOHenHO mbaom pac- 
cto5ihhh h = OL. IlpoBeAeM qepe3 Toqny L nAOCKOCTb, napaAAeAbHyro 
Hanieft nAomaAKe. HanpiixceHHii Ha nAomaAKe LiL2L3 oTAHqaroTCH ot 
HanpHxceHHft Ha nAomaAKe, CB5i3aHHoft c ToqKoft 0, Aimib na 6ecKOHeqHO 
MaAbie BeAHHHHbi. B npeAeAe, KorAa h -> 0, o6e nAomaAKH coAbroTcii.
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B <>6pa3OBaHHOM tbkhm o6pa3OM TeTpasape OL^L^L^ njiomaab 0LtL3 
o6o3HaHHM nepe3 Fy, njionjaAb OL2L3 — Fx, njioma/ib OL^L^ — Fz, 
a njiomaAb L^L^Ls — F. flojiojKeHHe b npocTpaHCTBe HopMajiH N onpe-

AejiHM HanpaBjiHiomHMH KocHHycaMH: cos (N, x) — l, cos (N, y) = m 
h cos (N, z) = n.

Pa3Jio>KHM nojiHoe HanpajKeHHe, AencTByiomee Ha njiomaAKe LXL2L3, 
Ha COCTaBJIHIOmHe pNX, pNy H pNz (pHC. 1.9). Hanp$I>KeHHH Ox, Oy, 

Oz, Xxy’ Xxz’ xyz Ha rpaHHX, jie>Ka- 
IHHX B KOOpAHHaTHblX nAOCKOCTHX, 
Ha pnc. 1.9 nojiojKHTejibHbi. B AaAb- 
HeiiineM SyAeM nojiaraTb hx 3aAaH- 
HblMH. BBHAy M3JI0CTH njiomaAOK Fx, 
Fy, Fz MOJKHO CHHTaTb, HTO B HX 
npeAejiax HanpsiJKeHHH pacnpeAeJie- 
Hbl paBHOMepHO.

PeajiH3yeM ycjioBHH paBHOBecHn, 
HanaB c J]npx = 0. JlerKo BHAeTb, 
hto Fx = Fl; Fy = Fm; Fz = Fn. 
B 3tom cjiynae
Pnx F — oxFl — TyX Fm — TzxFri —

Pnc. 1.9

HanoMHHM, hto X b 9tom ypaBHe- 
HHH — npoeKIIHH od'beMHOH CHJIbl 
Ha ocb x. CoKpaTHB Ha F h ycTpe- 
MHB h -> 0, nojiynHM

PNx = Oxl + Tyxtn + Txxn.
rioBTopHB aHajiorHHHyio npoueAypy no othohichhio k ochm y h z, mo>kho 
nojiynHTb em,e 2 noAodHbix ypaBHeHHa. B pe3yjibTaTe npHXOAHM k TpeM 
ypaBHeHHHM paBHOBecHn ajieMeHTapHoro TeTpaaApa:

Pnx = oxl + Tyxm +
PNy = Txyl + oym + Tzyn; (1.7)
pNz = Txzl + Tyzm + ozn.
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11cnojib3OBaHHe Tpex ypaBHeHHH paBHOBecHn S„0Mi = 0 npHBejio 6bi 
i< yxe nojiyneHHOMy 3aKOHy napHocra KacaTejibHbix HanpnxieHHH (1.6). 
IIojiHoe HanpsxieHHe pN Ha h3kaohhoh njiomaflKe jierKO onpe^ejiHTb no 
(to TpeM npoeKUHHM (1.7) npn noMoniH (1.1). HopMajibHoe HanpnxceHHe 
aN, AeiicTByiomee Ha h3kaohhoh njiomaAKe, ecra, no cyra, npoeKHHH Ha 
N nojiHoro HanpaxieHHH pN. B cboio onepeAb pN K3K paBHOAeHcrayiomasi 
paBHa cyMMe npoeKUHH cocTaBjunomHX. noaTOMy

aN = PNxl + pNyfH' + PNzfl'-
Hcnojib3yH (1.7), nojiynHM

aN = axl2 + aym2 + azn2 + 2t^ Im + 2xxzln + 2XyZmn. (1.8) 
KacaTejibHoe Hanpnx<eHHe iN npn noMomn (1.4) mojkho Bbipa3Hra qepe3 
pN h aN cjie/iyiomHM o6pa3OM:

tjv = ]/ Pn — gn. (1-9)

Ecjih njiomaflKa LrL2L3 TeTpasapa npHMbiKaeT k noBepxHocra Tejia, 
1'0 pNx, pNy, pNz — npOeKHHH BHeiHHHX CHJI (OHH CHHT3IOTCH H3BCCT- 
HbiMH), AeiiCTByioiHHx Ha noBepXHocra Tejia. YpaBHeHHH (1.7) 6yayT ycjio- 
BHHMH B HanpHXieHHSX Ha nOBepXHOCTH Tejia, KOTOpbie CBH3bIBaiOT BHem- 
Hioio Harpy3Ky pNx, pNy, pvz c HanpHxeHHHMH oz h t17 (i, j = x, y, z). 
HanpaxieHHM bo Bcex TOHKax ynpyroro Tejia, HBjiHiom,Hecfl b o6m,eM 
cjiyqae (Jivhkiihhmh Bcex Tpex nepeMeHHbix x, y, z, aoajkhm yaoB- 
jieraopnTi (paBHeHHHM paBHOBecHH (1.5) h ypaBHeHHHM Ha noBepxHocra 
(1.7). ,npH BbinOJIHeHHH 3THX yCJIOBHH TejIO HaXOflHTCH B paBHOBeCHH.

Ta6jiuu,a 1

OCH X y z

x' L «1 «1

y' m2 «2

z' ^3 m3 «3

§ 1.4. IIpeo6pa3OBaHHe komhohchtob HanpaaieiiiiH k hobkim ochm

KaK yxie oTMenajiocb, HanpHxceHHoe coctohhhc b TOHKe onpeaejiHeTCH 
mecraio KOMnoHeHTaMH HanpnxieHHii: ax, ay, az, rxy, %Xz, nyz. Bbi6op 
TOH HJIH HHOH CHCTeMbl KOOpAHHaT B AOCTaTOHHOH CTeneHH npOH3BOJieH, 
h noaTOMy ecTecraeH Bonpoc, hto x<e npo- 
H30HAeT, ecjiH Tpnaay x, y, z 3aMeHHra 
TpHaAoii x', y', z' (pnc. 1.10). OueBHAHO, 
hto HanpnxieHHoe cocTOHHHe Ha toh >kc njio- 
maflKe onpeAejiHTca onnra-TaKH c noMombio 
rnecTH KOMnoHeHTOB HanpH?KeHHH: aX', ay-, 
az-, T,X'y, xX'Z', xyZ', Aeiicrayiomnx Ha Tpex 
B33HMH0 nepneHAHKyjiapHbix njiomaAKax, 
COOTHeceHHblX C HOBblMH KOOpAHHaTHMMH 
OCHMH. YcTaHOBHM 3aBHCHMOCTb MOKfly Ha- 
npaiKeHHJiMH b cHCTeMe x, y, Z H B CHCTeMe 
x', y', z', CHHTan nepBbie H3BecrabiMH (3Ha- 
qeHHH HanpaBJisHOinnx KOCHHycoB yrjioB Ha-
KjioHa oceii x', y', z' k ochm x, y, z npHBeAeHbi b Ta6ji. 1).

CoBMecTHM ocb x' c HopMajibio N (pnc. 1.11). ToiA,a och y' h z' 6yAyT 
jieiKara b njiocKOcra LrL2L3. HanpaxeHHe pN (pNx, pNy, Pnz) cnpoeK- 
TiipyeM Ha HopMajib k nAomaAKe h noAynHM noAHoe HopMaAbHoe Ha- 
npfiMeHHe aN- BcAeAcrane toto hto ocb x' coBMemeHa c HopMaAbio 



N, gn ■■ (JX'. HanoMHHM, hto npoeKHHH BeKTopa paBHa cyMMe npoeKun 
ero cocTaBJiHioiHHx, h nosTOMy

(Jn = Gx' =PNx cos (x', x) + pNy cos (x', y) + pNz (xf, z), 
HJIH . I

(Jx' = pNx Zj + PNyfJli + pNzfli- (1. 10]
OneBHAHO, hto b (fiopMyjiax ajih pNl (1.7) iianpaBJinioiHHe KOCHHycbJ 
l, m, n MO/KHO COOTBeTCTBeHHO 33MeHHTb Ha llt m-1, n-1.

TaKHM o6pa3OM,
pNx = <JX^1 + XyxtTLi + Xzxn-I,
pNy = Xxy 11 + 0^ + XzyNi, (1.11)
pNz = Xxzli + XyzlTli +

FIoACTaBHB (1.11) b (1.10), nojiyqHM BbipajKeHHe ajih oX'. AHajiorHHHo 
MO2KHO nOJiyHHTb BbipaJKeHHH AJIH (Jy H (Jz'. TaKHM o6pa3OM,

(Jx' = Oxll + oym2i + ozn2 + ^Xxylim^ + ^TxzZ+i + ^Xyzm^i, 

Oy = ax& + Vym2 + +«2 + clxxyl2m2 + 2T„Z2n2 + 

+ 2T^m2n2; (1.12)
Vz' = ojl + Vgm3 + +«3 + 2Tti/Z3m3 + 2tx2Z3/i3 + 2xyzm3n3.

CnpoeKTHpyeM pN Ha ocb Oy':
xNy' = xX'y = pNx COS (x, y') + pNy cos (y, y') + pNz COS (z, y'), 

HJIH
Xx'y' = pNxlz + pNymi + pNztf^. (1.13)

rioflCTaBHM BbipanceHHe (1.11) b (1.13). IIobtophb Ty xe onepamno ajih 
'Xnx- h xnz', nojiyqHM

Xx'y' = Xyx' = oxlrl2 + (Jym^ + o2nxn2 + xxy (Z^m^ + Z2mJ +
+ t:Xz (ZiWa +Z 2ni) + Xyz (mpv, + m2nr);
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Xx'z' = ^z'x' = o^ + a^mjOTa + + rxy (1^ + 1^) +
+tX2 (iins + z8«i) + (mi«s + wh); (114)

Vz' = Vjr = oxZ2Z3 + +minh + ozn2n8 + rxy (m2Z3 + m^l^) + 
+ Txz (Z2n3 + Z3n2) + ^z (m2n8 + m3n2).

I locKOJibKy Haine npeo6pa3OBaHHe KOop«HHaT opioroHajibHoe, to cnpa- 
neAJIHBbl H3BeCTHbie 33BHCHM0CTH aHaJIHTHHeCKOft reOMeTpHHI

S Z2 = 1; S m2 = 1; S n2 = 1;
4=1 Z=1 Z=1

Z? + mf + n? = 1 (Z = 1, 2, 3); (1.15)
333
S Z^m, = 0; S kni = 0; E m^rii = 0. 
z=i 4=1 z=i

yqeTOM sthx 3aBHCHMOCTeft H3 (1.12) cjieayeT, hto 
Gx + Oy + O2 = Or + Oy' + Oz',

1. e. cyMMa HopMajibHbix HanpHJKeHHft He 33bhcht ot opToroHajibHoro 
npeo6pa3OBaHHn KOopAHHaT. B cjiynae, Koraa HeKOTopan BejiHHHHa ocTa- 
•TCfl HeH3MeHHoft npH npeo6pa3OBaHHH KOopAHHaT, roBopsT, hto OHa 
iniBapHaHTHa OTHOcHTejibHo 3Toro npeo6pa3OBaHHa (noApo^Hee 06 HHBa- 
pnaHTHbix BejiHHHHax cm. b § 1.5). IIojiyHeHHbie ypaBHeHHH (1.12) ycTa- 
IIHBJIHBaiOT 33BHCHMOCTb MeJKfly KOMnOHeHT3MH HanpHJKeHHOTO COCTOH- 
hiih npH nepexoae ot nepBOHaftajibHo npHHHToft cncTeMbi KoopAHHaT k 
noBepHyToft. HanpnxKeHHoe cocTOHHHe b TOHKe He 33bhcht ot Bbi6paHHoft 
CHCTeMbl KOOpAHHaT.

3«ecb yMecTHo OTMeTHTb, hto cymecTByeT cneiiHajibHbift pa3neji MaTe- 
M3THKH — TeH30pHblft aHajIH3, KOTOpblft 33HHMaeTCH H3yHeHHeM a^CTpaKT- 
HblX o6*beKTOB,  Ha3bIBaeMbIX meH30paMll. CBOfiCTBa TeH3OpOB He 33BHCHT 
OT KOOpAHHaTHblX CHCTeM, CBH3aHHbIX C OnHCaHHeM 3THX o6beKTOB.

IIoHHTHe «TeH3op» hbjihctch o6o6m,eHHeM noHHTHH BeKTOpa h ero qacT- 
noro cjiyqan — CKajinpa. JJjih onHcaHiia CKajiapa Tpe6yeTCH jininb oaho 
mhcjio; ajih onpejiejieHHH BeKTOpa Heo6xoAHMbi b o6m,eM cjiyqae ynce 3 
'iHCJia — 3 KOMnoHeHTa. KoMWDHeHmaMU Ha3biBaiOT (jiyHKiiHH (qncjia), 
KOTopbie b npiiHHToft CHCTeMe KoopjiHHaT nojiHocTbio onpeaejiHioT Hccjieay- 
CMyio 'BejiHHHHy. XUh onncaHHH 6ojiee cjioiKHbix o6T>eKTOB, qeM fieKTop, 
■rpex HHceji ynte HejxocTaTOHHo, npHxoaHTca Hcnojib3OBaTb 9 h 6ojiee 
•iHceji. Tax, HanpnjKeHHoe coctohhhc b tohkc nojiHocTbio onpeaejiHeTCH, 
K3K y>Ke OTMenajiocb, jjeBHTbio HanpHJKeHHHMH (1.3). 3anHcaHHbie b Biifle
MaTpHHbl

ryx rzx
Ta = ^xy ^zy (1.16)

rxz ry2

ohh Ha3biBaioTCH meH3opoM HanpwnceHuu. B cHjiy 3aKOHa napHOCTH Kaca- 
reJIbHblX H ^s^CHMMCTpHHHblft TeH30p, T3K K3K B HeMlffjE -

5'Bbie KacaTejibHbie HanpnjKOflHH h pa3Meiu,eHbi chmmctphhho otho-
CHTejibHO rjiaBwtfwaF®iawi. BejiHqjiHbi ox, o^, oz, rxy, rxz, ryz Ha- 

ptWOT+er3biBaK>T ^MHenmasfume
(KUTiJB;

2 1560

^TMMeeT
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>ipi<o HblpajKeilHblfi MexaHHHeCKHfi CMMem II<13 lianpfljKeHHH, AeficTByjoinnx b Hannanrrnl ajKAaa CTpoKa o6pa3osa 
ocefi; 2) Jiio6ofi CTOJifiep 'coneniKHT nann^T °flH°H H3 K00MHHaTil 
maAKe c HopMajibio, napaZlnofi <Z AeftcTBy» na nji

T° = TOq + D<yt
r,ne

o0 o
v o0
0 0

(1.19:l__ J <V V ao)
oXJk’' + + ~ CWe aP*e™'e™<= K,

'°x ~ O0

T+(/ 1
Xxz

^aX --  (Jy --  a2
3

Do =
1 Xyx Tzx
°y ~ °0 ^zy

^yz oz — cr0

TJ/x ^zx

2ay ~ax~Qz
■ 3

T*«
(1.1

T« Hyz

TZy

v ~yz 2°l ~Ox~°y

»a3Ba»„e ^u‘^laul- TeH3op D„ hoch!
Ha„p«ro C0CT03HH8 p.36„mctm ™ SpS^cSj

poHHee (rHApocTaTHHecKoe) Snna Jr npeflCTaM*eT CO6O0 BCeCTO- 
Moe TOJibKo HSMeHeHHeM oSbeMa. BTopoe xapaKTenHave6’ xapaKTePH3ye- 
H KacaTejIbHblMH HanpHXCeHHHMH. P PaKTePH3yeTCH HOPMajIbHbIMH 
HyjiJ[b 9ton7.,tc™ AeBnaTope HanpnweHHfi paBHa

noOTOMy aeBHarop

......pByOT„» KacaTeaBHBie '5-
Fcoc^ pacT^eHHH hjih cmhthh.

§ 1.5. rnaBHbie HanpHJKeHHH

P.CCMOTPHM BOOpOC O »03>.0=T„
L lOflHHfl BHe 33BHCHMOCTH 0 hDOXOAHUIHX Hepe3 HeKOTOpyiO TOHKy
i it,io cpeAH MHoiKecTBa HJiom A , P oTcyTCTByioT KacaTejibHbie
Lyroro Tejia, 6yfleM HCKaTVL™TcPs \°a2Mu, * HanpuxeHHa, 
LpiDKeHHH. 3th iwiomaAKH h eHUflMU_ Ecjih THKHe njiomaA-
> UCTByiOlIlHe Ha HHX,— ZMBHblM P oKpeCTHOCTH JIIO6OH TOMKH
n cymecTByioT, to HanpHweHHoe coc KaK paCTHweHHe b Tpex b33hmho 
upyroro Tejia moikho npeacTa aJfaioInHX c HanpaBJieHHeM Hop-
LpneHAHKyjiHpHbix HanpaBJieH ,, A rjiaBHbJM njioiuaAKaM o6pa-
i niefi k rjiaBHbiM nJiomaAKa . p [34] [54] 3th HopMajiH Ha3bi-

,OT npHMoyroAbHyio cncTeMy KoopAHHaT 1341, L^j. cn p 
'■'“;4=S”e„0“r“„=B„K,>
L^SX2S|i-« oanp— o. CnpoeaapyeM ero 

1.1 KOOpAHH3THbie OCHI
pNx = pN cos (N, x) =PnI — ol',

pNy z= pN cos(N, y) = pNtn = am', d-19)

pNz = pN cos (N, z) = PNti = on.

ConocTaBAHH (1.19) c (1.7), noAyHHM
ol = Oxl + Txytn + Txztl', 

Ottl = Txyl + OyHl + Tyztl',

Otl = Txzl + Tyztn + 0/1,

(Ox -0)1 + Txytn + TxzH = O', 
Txyl + (o0 — O) m + Tyzn = 0; 
Tx2/ + T</^ + (O^-°)n =0’

B 3t„x ypaB„e„„„x “oF STT4
OneBHAHoe TpHBHanbHoe pemeH t = ], H n03T0My

peOT

iico6xoahmo, mto6m a-r rr T.. Lr;

*XZ 'V*  <■ v
PacKpuBan aror o„peAeMh. „oc„e o„eBW„Mx „peo«pa3OBa„„6 

"“y"“ _ („, + o, + o.) + (°,o« + »A + V' “ ~~+ ~
18 19
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+ 2rXyXX2ryz) = 0.
PeniHB ypaBHeHHe (1.21), nojiyuHM 3 kophh: ox, cr2 h o3, KOTopbie h 
rjiaBHbie HanpmKeHHfl. Mojkho AOKa3aTb, hto Bce ohh BemecTBeHHbie 
, . OdbiHHO rjiaBHbie HanpHHieHHH pacnojiaraioTCH cjieAyiomHM o6pa 

+ ^2 + °3>
t. e. oy — ajireSpaHuecKH (c yueTOM 3HaKa) HaHSojibinHH KOpeHB 
o3 — HaHMeHbniHH. ypaBHeHHe (1.21) mojkct 6biTb npeflCTaBJieHO b 6c 
KOMnaKTHOM BHfle:

rae
(1

(1

TjiaBHbie Hanpu>KeHHH o Ha 3aaaHHbix njiomanKax He 3aBHcm 
Bbl6opa KOOpAHHaTHOH CHCTeMbl, T. e. He3aBHCHM0 OT TOTO, B K3K0H 
CTeMe KOopnHHaT 6bwi 3anaH TeH3op HanpHxeHHH Ta, c HeH36e>KHoc 
Hojdkho 6biTb nojiyueHO onHO3HaHHoe pemeHiie (1.22). 9to bo3mo: 
Torfla h TOJibKO Toraa, Koma KoatjxiiHiiHeHTbi b (1.22) hbjihiotch hhi 
P H a H T a M H, T. e. HeH3MeHHbIMH BejIHHHHaMH, He 3aBHCHHI 
OT Bbl6opa CHCTeMbl KOOpAHHaT:

/i — const; I2 — const; /8 = const.
BejiHHHHbi /x, /2 h /3 Ha3biBaioTCH cooTBeTCTBeHHO rtepebLM, emopbi. 
mpembtiM UHeapuaHmaMU meu3opa HanpHtnceHuu.

TeH30p HanpH>KeHHH mojkho 3aaaTb nepe3 rjiaBHbie HanpHHie 
(KacaTejibHbie HanpuHieHHH b stom cjiynae paBHbi Hyjno):

(1

TaKOMy 3anaHHio TeH30pa HanpflxeHHH npncyma 6ojibmaH Mexam 
CKan ACHOCTb. 1+ (1.24) cjienyeT, hto

/1 (To) = + °2 + CT3i
/2 (Ta) — O^O^ CTjOj, O2O3;

/3 (To) — OjO2O3.

He ctoht, OAHaKO, AyMaTb, hto HanpflHteHHoe cocTOHHHe b rjiaBi 
ocflx onpeaejifleTCfl TOJibKO TpeMfl BejiHHHHaMH ot, o2 h o3. /(jifl nepex 
k rjiaBHbiM ochm Heo6xoAHMO pacnojiaraTb h 3HaueHHHMH HanpaBji 
uihx KOCHHycoB Z, m h n. OTcroaa cjienyeT, hto HanpniKeHHoe coctoh 
b Han6ojiee o6m,eM cjiyqae onpeAejineTCH mecTbio BejiHHHHaMH: b np< 
BOJibHbix ochx KOMnoHeHTaMH Tn, a b rjiaBHbix — rjiaBHbiMii Hanpa 
HHflMH O1( O2 H O3 H TpeMfl HanpaBJIflK>HI,HMH KOCHHyCaMH TJiaBHOH T 
maAKH.
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IhmpaBJieHHe rjiaBHbix HanpsweHHH (HanpaBJunomHe KOCHHycbi njio- 
l|MK, IIO KOTOpblM OHH ACHCTByiOT) MOXHO H3HTH, BHOCH nOCJieflOBa- 
i.ih> iHaueHHH cr2 h cr3 bmccto cr b ypaBHeHHH (1.20). TaKHM o6pa- 

ti.i nojiyHHM 3 CHCTeMbi ypaBHeHHH, Kanyiafl H3 KOTOpbix onpeflejineT 
I iianpaBJiHiomHX KOCHHyca.

II IIIDKeHepHOH np3KTHKe npHXOAHTCH BCTpeqaTbCH C pa3JIHHHbIMH 
i,iMii nanpHHceHHoro coctohhhm AeTajiefi MauiHH h coopyjKeHHH. Ilo- 
mv ne6e3biHTepecHO npoBecTH cHCTeMaTH3aiiHK> pa3JiHHHbix bhaob 
IplOKeilHOTO COCTOHHHH, nOJIOXHB B OCHOBy BejIHHHHbl TJiaBHblX Ha- 
IIKCIIHH.
OjmoocHoe (jiHHeiiHoe) HanpaiKeHHoe cocToaHHe cymecTByeT Tor.ua, 
1.1 TOJIbKO OAHO H3 TJiaBHblX HanpHHCeHHH (oj OTJIHHHO OT HyjIH, 

< iiiJibHbie (cr2 h o3) paBHbi Hyjno. JlHHeHHoe HanpaxceHHoe coctohhh6 
u't 6biTb peajiH30BaH0, ecjiH b (1.22) KoacjxjJHiineHTbi /2 = 0 h /3 = 
I). B 3tom cjiynae (1.22) 3HaHHTejibH0 ynpomaeTca:

o2(o — /j) = 0. (1.25)

'HHAHO, HTO B (1.25) flBa KopHH H3 Tpex o6pamaioTCH B Hyjib. 1+406- 
I CHTyaHHH MOJKeT B03HHKHyTb, KOTja B OHpeAeJIHTejIHX, BXOAflUIHX 
/2 h /3, ecTb jiHHeiiH0-3aBHCHMbie cTOJi6ubi hjih CTpoKH. TaKoe HanpH- 
moe cocTOMHHe B03HHKaeT npn oceBOM pacTH>KeHHH (okhthh) hjih 

:tom H3rn6e npaMOH 6ajiKH.
rijiocKoe HanpaiKeHHoe coctohhhc. Ecjih oaho H3 rjiaBHbix Hanpa- 

hhh, HanpHMep o3, paBHo Hyjiio, HMeeT MecTo njiocKoe, hjih AByxoc- 
Hanpa>KeHHoe cocTOHHHe. Bbi6epeM HanpaBjieHHe ocefi x, y, z 
HTo6bi ocb z coBnajia c rjiaBHofi ocbio 3. B stom cjiyqae

Oz = Xyz = Xzx = 6.
i3op HanpaiKeHHH (1.16), ero c^epHaecKHH (1.17) h AeBnaTopHbiH (1.18)
driOHeHTbl TOTAa HMeiOT BHA

^xy 0

Ta = ^xy °y 0
. 0 0 0.

txy4-(2°x— Gy) 0

-i-(2o^ —oj 0

0 0 — + Gj

+ 0 0

o 4~ (CTx++) o •

0 o 4-^+0,)
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ll ux Koe nanpfiJKeHHoe cocTOHHne mojkho onpejiejinTb m no-flpyroMy: 
ono no iHHKaeT b tom cjiyHae, Koraa /j #= 0; /2 =/= 0, a /3 = 0. /JeficTBii- 
ICJIbllO, H3 (1.23) HenOCpeflCTBeHHO M0>KH0 yCTaHOBHTb, HTO

A = CT* + ^y'i

= CTxCTv +
/3 = 0.

B 3tom cjiynae ypaBHeHHe (1.22) npHHHMaeT bha

o (o2 — IjO — /2) = 0.
OTcrofla

+ — (CTx + CTJ CT + — T^ = 0.

PeniHB 3to ypaBHeHHe, nojiyqHM

’J = ^4^±4-Oo, + o,)>+4zt.

3th (JiopMyjibi BCTpenajiHCb paHee b Kypce conpoTHBjieHHH MaTepHajioB. 
fljiocKoe HanpniKeHHoe cocTOHHHe BO3HHKaeT b HeKOTOpbix cjiyqaax 

aecJiopMHpoBaHHH njiacTHH, nonepenHOM H3rn6e npnMoro 6pyca h t. n.
IIpOCTpaHCTBeHHblM (oS'beMHblM, TpeXMepHblM) HaHpHJKeHHOe COCTOM- 

HHe Ha3biBaeTCH Tor.ua, Kor/ia Bce 3 rjiaBHbix Hanpa>KeHH5i otjihhhm ot 
Hyjin. Heo6xoAHMbiM ycjioBHeM 3Toro HBJineTcn OTJiHHne ot Hyjin TpeTbero 
HHBapnaHTa /3. O6beMHoe HanpnjKeHHoe cocTOHHHe BO3HHKaeT b poTopax 
Typ6oManiHH, b MaccHBHbix (JiyHAaMeHTax, b 3OHe KOHTaKTa conpHKaca- 
lomHxcH Teji h t. n., t. e. b MaccHBHbix Tejiax — Tejiax, y KOTopbix Bce 
pa3Mepbi npHMepHO oahoto nopnnKa.

w § 1.6. Hanoojibniiie KacaTejibHbie HanpaiKciriifi

B npenbmymeM naparpatjie 6bijio noKa3aHO, hto Ha rjiaBHbix njiomafl- 
Kax, KOTopbie nepneHAHKyjinpHbi k rjiaBHbiM ochm, KacaTejibHbix Hanps- 
JKeHHH HCT. npH ApyTOH OpHeHTaHHH nJIOIHaAOK OTHOCHTeJIbHO TJiaBHblX

Pnc. 1.13

ocen KacaTejibHbie Hanpn>KeHH5i Ha 
HHX yxe OTJIHHHbl OT HyjIH. EcTeCT- 
BeH Bonpoc, npH khkom nojio>KeHHH 
njioipaaKH KacaTejibHbie Hanpnnce- 
HHH Ha Heft AOCTHTHyT SKCTpeMajIb- 
hoto 3HaqeHiin h qeMy oho paBHO.

IlpH peineHHH stoh 3anaqH 6y- 
HeM CHHTaTb, lIT0 TeH30p TJiaBHblX 
'HanpaxeHHH ynce H3BecTeH. Perne- 

HHe BbinOJIHHM B TJiaBHblX OCHX, nO- 
MecTHB hx Haqajio b paccMaTpHBae- 
Myio TOHKy L (pnc. 1.13). HanpaB- 
JIHlOHIHe KOCHHyCbl npOH3BOJIbHO 
HaKjioHeHHOH njiomaflKH L^L^L^ b ch- 
CTeMe rjiaBHbix ocefi o6o3HaqHM /, 
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i 'ii n. B AajibHeHiHHX nocTpoeHHHX SyneM ncxonHTb H3 33bhchmo- 
iiii (1.9);

XN=pN—Oat. (1.26)

|li.ipa3HM HanpHHceHHH, cTOnmne b npaBOH qacTH (1.26), qepe3 rjiaBHbie 
i iiipHJKeHHH. H3 (1.1), (1.8) h (1.7) HenocpeflCTBeHHO cjieayeT, hto

2 2 2 2
PN = PN\ + PN2 + pN3\

(jN = aj2 + o2m2 + O3n2;

pwi = OiZ; (1.27)

PN2 =

PN3 = 0'3^

II, KHK CJieflCTBHe,
Pn = o,/2 + ofm2 + ofn2. (1-28)

I loACTaBHB (1.28) h (1.27) b (1.26), nojiyuHM

rjv = o2/2 + ofm2 + ofn2 — (o,/2 + o2m2 4- o3n2)2. (1.29)

11.3 (1.29) BHflHO, HTO Xn 33BHCHT OT TpeX HanpaBJIfllOmHX KOCHHyCOB:

Tjv = f (l, m, n).

1 IoSTOMy 3KCTpeMyM XN HaflO HCK3Tb B 3aBHCHM0CTH OT 3THX BejIHHHH.
< JienyeT cpa3y OTMeTHTb, hto HanpaBjiniomHe KOCHHycbi /, m h n He 
HBJI5IIOTC5I He33BHCHMbIMH. OHH CBH3aHbI MeJKfly COfiOH H3BeCTHbIM COOT- 
HOHieHHeM

Z2_|_m2 + ra2= 1. (1.30)

Mcnojib3OBaHHe stoh 33bhchmocth no3BOJifieT npeacTaBHTb xn khk c])yHK- 
HHio TOJibKO flByx HanpaBJiHiomHX KOCnnycoB — / h m. TjiaBHbie Hanpn- 
>KeHHH o,, o2 H °3 no-npe>KHeMy cmrraeM 3anaHHbiMH.

FIoACTaBHB (1.30) b (1.29), nocjie npeo6pa3OBaHHH noJiynHM

xN = (Oi — oi) /2 4- (o? — ol) m2 + 03 —

— [(Oj — o3) /2 + (o2 — o3) m2 + o3]2. (1.31)

CjienyH npoiieAype OTbiCKaiiHJi 3KCTpeMyMa cjiyHKHHH HecKOjibKHx 
He3aBHCHMbix nepeMeHHbix, npHpaBHseM k Hyjno nepBbie npoH3BO#Hbie 
xn no / h m, hto no npHBe/ieHHH uacT

= 2/ (o, — o3) [(1 — 2/2) (o, — o3) — 2m2 (o2 — o3)| = 0;
(1.32)

= 2m (o2 — o3) [(1 — 2m2) (o2 — o3) — 2/2 (0^ — o3)J = 0.
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|’.u. MoipiiM Han6ojiee o<5mnfi cjiyuaft, KOiyia Bce 3 rjiaBHbix HanpnjK*  
hhh pa3JiHHHbi. Kax h npe»Ae, nojiaraeM, hto I

cti>ct2>cts- (1.33)

JJofiaBHB k (1.32) ypaBHeHHe (1.30), nojiynHM cncTeMy ajih onpeaejieHHH 
pacqeTHbix bcjihhhh. AHajiorHHHo nojiyuHM eme 2 noAofiHbie cncTeMbil 
.fljiH stoto hckjuohhm H3 (1.29) CHaqajia m, a 3aTeM Z. flepBbiH pe3yjibTaT 
npoAHijxJiepeHHHpyeM no n h Z, a BTopofi — no m h n h npnpaBHHeM k 
Hyjno Bce npon3BOAHbie. PemeHHe ^syx nocjiejiHHX chctcm npoBeneM,! 
npeflBapHTejibHO hoakjhohhb k hhm ycjioBHe (1.30).

HenoBTOpnioniHecH pemeHHH cncTeM CBexeM b Ta6ji. 2, pacnojK»KMB 
hx b CTOJiSuax c 1-ro no 3-fi. PeineHHH, noMemeHHbie b 1—3-fi CTpoKax' 
TaSjiHHbi, HHTepecanenpeACTaBjisioT, TaK kbk nocjie noacTaHOBKH b (1.29)]

Ta6jiuufl 2

Thii n.noinaAKH

HanpaBJifliomHft koch- 
Hyc njiomaAKH

HanpajKeHHe, neftcTByiomee 
Ha mioiijaAKe

z? m2 n2 KacaTejibHoe HopMajibHoe

C MHHHMaJibHbiMH KacaTejib- 
HblMH HanpfDKeHHHMH

1 0 0 0 O1

0 1 0 0

0 0 1 0

C MaKCHMajibHbiMH KacaTeJib-
HblMH HanpHH<eHHHMH

0 1
2

1
2

r." — °2 — °3 o2 + o3
1 2 a23 — 2

1
2

0 1
2

T — °3 — °1 al+°S
a13 — 22 2

1
2

1
2

0 r. — CT1 ~ a2
3 2

°1 + o2
012 — 2

naioT HyjieBoe 3HaneHHe ajih xn- B nojiyqeHHOM pe3yjibTaTe HHwero He- 
o>KH,naHHoro hct: HanpaB.nmom.He KOCHHycbi, 3HaweHHH Koropbix npHBe/ie- 
hm b 3THX CTpoxax, onpenejinioT TJiaBHbie nJiomaflKH, Ha KOTopbix xaca- 
TejIbHbie HanpHJKeHHH Tjv H flOJOKHbl 6bITb paBHbl HyjIIO.

B 4-m h 5-m cTOJiSuax npHBeneHbi pe3yjibTaTbi nojcTaHOBKH HanpaB- 
jHnouiHX KOCHHycoB H3 1—3-to ctojiSijob B (1.29) h (1.27). flojiyqeHHoe 
pemeHHe noKa3biBaeT, hto HaHfiojibmee KacaTejibHoe HanpaiKeHHe b 
KaxcnoM H3 Tpex cjiyuaeB paBHO nojiypa3HOCTH HaHSojibmero h HaHMeHb- 
rnero rJiaBHbix HanpswKeHHfi h AeficTByeT no njiomaflKe, paBHOHaKJiOHeH- 
hoh k njiomaAKaM, Ha KOTOpbix AeficTByioT sth rjiaBHbie HanpHJKeHnn. 
npH BbinojiHeHHH ycjioBHn (1.33) HanSojibmHM cpeflH KacaTejibHbix Hanpn- 
HieHHfi, oueBHAHo, 6yneT t2.
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TjiaBa 2
AHAJIH3 flEOOPMHPOBAHHOrO COCTOHHHH

§ 2.1. IIoHaTne o nepeMemeHnax.
•hiBHCHMOCTH MejKfly cocTaBJiHiomiiMH netJiopMaijiiii ii nepeMeigeHafi

11oa BjinnHneM BHemHHx chji, TeMnepaTypHbix h Apyrnx nojieii b 
in'iKax ynpyroro Tejia bo3hhk3iot He TOJibKO Hanps>KeHHH, ho h cMeme- 
miii ero qacTHH, b pe3yjibTaTe nero tohkh Tejia nepeMenjaioTCH, a caMO 
h'jio jiec|)opMiipyeTCH. ycjioBHMca, hto ynpyroe Tejio 3aKpenjieHO, t. e. 
ono He MOxceT nepeMemaTbca b npocTpaHCTBe KaKr adcojiioTHO TBepnoe.
11 ro6bi onpeaejiHTb AeijiopMaHHio, cjie- 
lyer conocTaBHTb nojio>KeHHH ToneK 
icjia ao h nocjie jjecJiopMHpoBaHHH.

flpH AetJlOpMHpOBaHHH OflHH TOHKH 
nepeMemaioTCH OTHOCHTejibHO Apyrnx 
II, K3K CJieACTBHe, OTHOCHTejIbHO KO- 
"pjliiHaTHbix oceii, b KOTopbix Mbi pac- 
< MaTpHBaeM Tejio. n epeMetpenueM 6y- 
/icm Ha3biBaTb BeKTop, Hanajio koto- 
pOI'O HaXOAHTCH B hcxoahom nojiojKe- 
llllll HeKOTOpoii TOHKH ao neijjopMaHHH, 
ii KOHeu — b hobom nojio>KeHHH nocjie 
u'<|)0pMauHH. IlpoeKHHH yKa3aHHoro 
ncKTopa Ha och KoopAHHaT x, y, z Ha- 
ibinaioTCH KOMnoHenmaMU nepeMeuieHua

Phc. 2.1

hjih npocTO nepeMetqeHUfiMU h 
<>6o3HaHaiOTC5I COOTBeTCTBeHHO U, V H &y(pHC. 2.1).

KOMnOHeHTbl nepeMemeHHH U, V HW HBJIHIOTCH (JiyHKHHHMH KOOpAHHaT 
to'ikh x, y, z:

u — u(x, y, z), v — v(x, y, z) h w = w(x, y, z).

CocpeaoTOHHM Hanie BHHMaHne TOjibKO Ha thkhx nepeMemeHHHx, ko- 
ropbie He HapymaioT HenpepbiBHOCTb ynpyroro Tejia, t. e. He Bbi3biBaioT 
IIOHBJieHHH TpeilXHH. B 3T0M CJiyHae MOJKHO CHHTaTb, HTO (|)yHKII.HH U, 
(i h w h hx qacTHbie npoH3BOflHbie HenpepbiBHbi.

BbiaejiHM okojio tohkh L Tejia fiecKOHenHo Majibiii oSbeM b BHfle 
iiapajwiejienHne.ua (pnc. 2.2). B pe3yjibTaTe aecjiopMaHHH ajihhh pe6ep 
ooro gjieMeHTa H3MeHHTCH, a npHMbie yrjibi Mexcny pefipaMH HCKa3HTCH. 
I hkhm o6pa3OM, npH AecJiopMHpoBaHHH ajieMeHTapHoro napajuiejienHneaa 

riOJiyHHM 6 KOMnOHeHTOB flecjlOpMaHHH — 3 JIHHeHHblX H 3 yrJIOBblX. 
hmeuHan decpopMayua., hjih omHocumejtbHoe ydjiuneHue, onpenejifleTCH 

i .ik npeneji oTHomeHHH yAJiHHeHHH ajieMeHTapHoro 0Tpe3Ka (pe6pa napaji- 
jiejienHneaa) k ero ajihhc ao npHJio>KeHHH Harpy3KH, npHneM 3Ta AJiHHa 
i rpeMHTCH k Hyjiio. HecpopMayueu cdeuea, hjih ye/ioeou detpopMayueii, 
na3biBaeTcn H3MeHeHHe nepBOHanajibHO npHMoro yrjia MejKjiy «ByMH ot- 
P<‘3KaMH npHMbix (pe6ep), npoxoAHmnx qepe3 TOHKy L. Ecjih CTHHyTb 
iiapajuiejiennneA^B TOHKy L, to mojkho npHHHTb, hto sth 6 aeijiopMamiH 
lipHCyilJH AaHHOH TOHKe.
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JIuHeHHyio ae(j)opMaiiHio oSbiHHO o6o3HaHaioT 6ykboh e c hhackcom, 
yKa3biBaiomHM HanpaBjieHHe npnMOH, Ha KOTopofi Jie>KaT 2 paccMaTpH- 
BaeMbie tohkh HejiecjjopMHpoBaHHoro OTpe3Ka. .QetjiopMaiiHio c^BHra — 
6yKBOH y c AByMH HHfleKcaMH, yKa3biBaiomHMH HanpaBjieHHH npnMbix, 
Ha KOTopbix ao AecfjopMaHHH JieacaT 3 paccMaTpHBaeMbie tohkh HeAe(j)op- 
MHpoBaHHoro yrjia; H3MepaioT yrJioBbie ne^opMauHH b pannaHax. '

npHHHTO CHHTaTb 8 nOJIOJKHTejIbHblM npH yAJIHHeHHH nO COOTBeT- 
CTByiomeMy HanpaBjieHHio h OTpHiiaTejibHbiM — npn yKOponeHHH. nojio-

>KHTejibHOH yrjioBofi Ae^opMaiiHH cooTBeTCTByeT yMeHbineHHe npHMoro 
yrjia Mencay nojio>KHTejibHbiMH HanpaBjieHHHMH cooTBeTCTByiom,HX Koop- 
AHHaTHbix ocefi, a OTpHuaTejibHOH — yBejiHneHHe toto /Ke yrjia.

RraK, OTHOciiTejibHbie ae^opMaiiHH b HanpaBJieHHH oceft x, y h z 
o6o3HanaioTCH cooTBeTCTBeHHO nepe3 ex, &y h e2, a yrjibi cnBHra no Koop- 
AHHaTHbiM njiocKOCTHM — yxy, yxz h yyz.

ByaeM nojiaraTb, hto nepeMeineHHH w, v, w h hx npoH3BOAHbie no 
X, y, Z MaJIbl, T3K HTO HX npOH3BefleHHHMH h KBaflpaTaMH no CpaBHeHHIO 
c caMHMH nepeMemeHHHMH mojkho npeHe6peqb.

PaccMOTpHM ae^opMaiiHio rpaHH abdc napaJUiejienHneAa, KOTOpaa 
jiokht b njiocKOCTH, napajijiejibHofi njiocKOCTH xOz (pnc. 2.3). flocjie 
npHJioxieHHH Harpy3KH tohkh a (x, z); b (x + dx, z) h c (x, z + dz) 
nepeiinyT b HOBoe nojionceHHe a^ br h q.

C yqeTOM rHnoTe3bi cnjiomHOCTH Ha ocHOBaHHH (1.4) h coo6pa>KeHHH, 
conyTCTByiomHX ee BbiBoay, mojkho 3anHcaTb

ub = u (x + dx, z) = u (x, z) + dx.
AHajIOTHHHO

wb = w (x dx, z) = w (x, 2) +-^~ dx\
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< miocnTejibHoe yjyiHHeHne b ToiKe a no HanpaBjieHHio och x

(2.1)

Taicoe onpe/iejieHHe OTHOCHTejibHoro yjiJiHHeHHH cnpaBemiHBO b tom cjiy- 
'iae, Koraa OTHomeHHe, CToaiiiee b npaBOH qacTH (2.1), mojkho paccMaTpn- 
iiarb KaK npeaeji npn CTpeMJiemiH pa3Mepa ab k Hyjiio. 143 pnc. 2.3

(aA)2 = (W + (W; (2.2)
a^k = dx + u + dx — u = dx(l + ;

. , i dw , dw ,b^k = w + dx — w = dx.

C apyroft CTOpoHbi, H3 (2.1) BbiTeKaeT, hto

ai&i = (1 + ez)dx (ab = dx).
Pa3BepTbiBaa BbipajKeHHe (2.2), nojiynHM



UTofibi H36aBHTbCH ot paflHKajia b npaBofi qac™ (2.3), pa3Jio>KHM ea 
b fiimoMnajibHbifi pjifl. HanoMHHM ero bha ajih Hamero cjiyHan:

y 1 + A = 1 + +- A-----i-A2 + qjieHbi BbicuiHx cTeneHefi othoch-

TejibHO A (| A | < 1). (2.4)
OSblHHO B T3K0M pa3JIO>KeHHH OCTaBJIHIOT TOJIbKO JIHHefiHyiO HaCTb —I 

nepBbie 2 HJieHa. TaKHM o6pa3OM,
l + 8,= l+>.

Otckw

OnpeflejiHM Tenepb yrJioByio ne^opMamiio, HanpHMep yxz. yHHTbiBaa
AaHHoe paHee onpeflejieHHe h o6o3HaneHH5i, BBe/ieHHbie Ha pnc. 2.3, ee 
mo>kho 3anncaTb kbk cyMMy yrjioB a h 0:

= a + p. 
JIjih Majibix AecJjopMauHfi 

tga«a h tg p « p.
B 9tom cjiynae H3 (2.6) h pnc. 2.3 cjienyeT, hto

(2.6)

dw
dx .

= ..diT +
+ dx

npeHe6peraH b 
nojiynaeM

3HaMeHaTejie h nncjiHTejie KBaapaTHHHbiMH qjieHaMH,

du dw
yxi ~~dT + ~dT •

OneBHAHO, hto ecjin noBTOpiiTb TaKHe paccMOTpeHiia ajih npocTpaH- 
CTBeHHOH 3aAanH, TO MO>KHO npHHTH K 33BHCHMOCT5IM, nOflO^HblM TOJIbKO HTO 
nojiyneHHbiM. TaKHM o6pa3OM,

du
~ ~dT ’

dt>
8* = W:

5ta , „ ,
e* “ ~dz~ ’ ~~dT + ~dy~ •

, ypaBHeHHH (2.7) BnepBbie nojiyqeHbiO. Koihh h hocht ero hmh. floA- 
nepKHeiH 3jiecb, hto JiHHefiHan Mepa (Moaejib) aeijiopMaiiHH Koihh (otho- 
meHHe HapomeHHofi ajihhm k ajihhc nepBOHanajibHofi) He HBJineTCH ejiHH- 
cTBeHHofi. B § 2.7 noKa>KeM, hto moxkho CKOHCTpynpoBaTb h Apyrne 
MoaejiH flecjiopMaiXHH, KOTopbie TaKH<e npHMeHHioTcs.
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l 2.2. IIccjieffOBaHiie ne^opiuai^iin b nponsBOJibHOM HanpaBJieHHH. 

CflBiir MesK^y jjByMH npoii3BOJibiibiMii iianpaBJieiiiinMn. 
IIpeo6pa3OBaHHe komhohchtob /ie([)opMapHH npn nepexoae

K HOBblM OpTOTOHaJIbHblM OCHM

PaCCMOTpHM AetJjOpMaiXHIO OTpe3Ka AB AJIHHOH ds, npOH3BOJIbHbIM 
I "flpa3OM pacnojiojKeHHoro BHyTpn ynpyroro Tejia.

HycTb TOHKa A HMeeT KOOpAHHaTbi x, y, z, a B — KOopAHHaTbi x + 
I »| dx, y + dy^ z + dz. IlpoeKHHH 0Tpe3Ka AB Ha och KOOpAHHaT 6ynyT 

</.v, dy, dz. Ao AecjjopMaHHH
ds2 = dx2 + dy2 + dz2. (2.8)

Flocjie ae^opMaHHH (pHC. 2.4) TOHKa A nepeftneT b nojrc»KeHHe 
'li ta, #i, Z1), a B — b nojio>KeHHe B± (x^ + dxu yx + dyu z^ + 

| dZj). KBaapaT ajihhbi sjieMeHTa AjB^ nocjie ae^opManHH
ds~\ — dx2 + dy2 + dz2. (2.9)

IlojioMeHHe tohkh AL JierKO mojkho cBS3aTb c ee nepBOHanajibHbiM 
iiojio>KeHHeM:

xx = x +-u (x, y, z);
y1 = y + v(x, y, z); (2.10)
Zj = z + w (x, y, z).

143 (2.10) cjieayeT, hto

dxr = dx +-^-dx +-^-dy +-^- dz;

dy^ = dy + -J- dx + -g- dy + -J- dz; (2.11)

dz1=dz+-grdx + wdy + -grdz.

HanpaBjiaiomHe KOCHHycbi yrjioB, cocTaBjiaeMbix BeKTopoM s c ochmh 
KOOpAHHaT,

cos (s, x) = Z = -^-;

cos (s, ^) = m =-^-; (2.12)

, . dzcos (s, z) = n = -^-.

noflcTaBHM cooTHomeHHH (2.11) b $opMyjiy (2.9). llocjie npeo6pa3o- 
b3hhh c yneTOM (2.8), (2.12) h (2.7) nojiyHHM

ds2 = (1 + 2eJ dx2 + (1 + 2ey)dy2 + (1 + 2eJ dz2 +
+ 2y Xydxdy + 2yxzdxdz + 2yyzdydz,

HJIH
ds2i = ds2 [ 1 + 2 (ex/2 + evm2 + e2n2 + yxylm + yxznl + yyzmn)]. (2.13)



< npyroft cTopoiiw,

AtBt dst = t/s + A (ds) = ds 1 +

iJU' e, — HCKOMan OTHOCHTejibHan aecjiopMauHH OTpe3Ka AB.
TaKHM o6pa3OM,

dsl = ds2(l + 2es + e|). (2.15

flpHpaBHHB (2.13) h (2.15) h, K3K paHee, onycTHB b (2.15) KBajipaT es 
nojiynHM

1 + 2es = 1 + 2 (exl2 + eym2 + ezn2 + yxylm + yxznl + yyzmn),
OTKyaa

A(ds) ]
ds | ds(14-es), (2.14

es = exl2 + e^m2 + ezn2 + yxylm + yxznl + yyzmn. (2.16^ 
CpaBHHBan BbipaxteHHH (2.16) h (1.8) ajih OTHOCHTejibHOH aeijjopMamii 

es h HopMajibHoro HanpHJKeHHH on, HanpaBjieHHH KOTopbix onpeAejin

IOTCH OJJHHMH H TeMH >Ke K0CHHyC3MH, MOIKHO 33MeTHTb, HTO OHH HMeiOl 
OflHHaKOByiO KOHCTpyKHHIO. ECJIH 33MeHHTb B (1 .8) O, H T/, (t, / = X, y, z) 
na e, h -y ?z/, to oho TpaHctjiopMnpyeTCH b (2.16). IlpH noMomn TaKofi 
3aMeHbi mojkho nojiyHHTb h Apyrne (JiopMyjibi TeopHH AecjiopMaHHH 113 
COOTBeTCTByiOIHHX (JlOpMyjI TeopHH IianpiI/KeHHH.

OjpeaejiHM Tenepb yroji cjjBHra Mexcny flByMH 0Tpe3K3MH, npOH3- 
b Jibiio pacnojiojKeHiibiMii b npocTpaHCTBe.

PaccMOTpHM npnMOH yroji ALB (pnc. 2.5), o6pa3OBaHHbiii nepecene- 
HHeM npHMbix r h s, KOTOpbiii nepexoflHT nocjie AeijiopMaiiHH b yroji 
AjLjB^, a OTpe3KH dr, ds — cooTBeTCTBeHHo b drx h dsx. HanpaBjinioiHHe 
KOCHHycbi ajih npnMbix cjieayioiHHe:

-Z1. mlt nx;
^2’ m2, n2;

m'i, n'i;

—/2, m2. n2.
HcKOMbiii yroji cnBnra yrs, oneBHAHo,

s,).
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.. ......na cjieayeT, ^to sin yrs = sin j -2----- (rp sj j = cos (rlt sr). nojiaran 

■ni iv miijiocth yrjia sin yrs = yrs, nojiyHHM, hto yrs = cos(rlt sj. B cboio 

h'h |n ;ii>, cos(rp sj = Z1Z2+ m\m2 + n\n2. TaKHM o6pa3OM,

Yrs = ZU2 + m\m2 + nin2 (2-17)
H m la'ia cboahtch k TOMy, hto6m Bbipa3HTb HanpaBJisnoiHHe KOCHHycbi 

1 Ji'ipMHpoBaHHoro yrjia AjL^B^ nepe3 HanpaBjiwmHe KOCHHycbi yrjia 
lii n'|iopMHpoBaHHoro.

11<> aiiajiorHH c (2.14) moikho 3anHcaTb
drt = dr (1 + er).

II" i' HiiM BbipaiKeHHe ajih HanpaBJifliomero KOCHHyca 
i a (2.18) h (2.11);

Z| =
dx

du
~dx

, , du , . du ,
dx+~Wdy + ~dT

dr (1 + er)

(2.18)

Hcnojib-

II" lianpaBJIHIOmHe KOCHHyCbl

I auiiM o6pa3OM,

Hpene6peraH BejiHUHHOH er no cpaBHeHHio c eAHHHixefi, 3anHineM okoh- 
■1 aiejibHoe BbipaHieHHe ajih l\, a TaKHte aHajiorHHHO nojiyqeHHbie 3Hawe- 
iiini m\, nlt l2, m2, n2:

1' / > , du \ , , du , duZ* = !1 + ~w)11 + W mi + ~dT ni’

' dv , , f. . dv \ , dv
m' = ~W 11 + V + ~W! mi+~dT ni’

dw , , dw , (, , dw \
ni = ~W11 +~wmi +l + ~0Wni’

(2.19)

■ dw , , dw , [. , dw \
n2=~Wlt + ~wm2 +l + ++ n*-

lloACTaajiHH (2.19) b (2.17), mohcho noAynHTb BbipanceHHe aah 7«, b ko-
TopoM KaK MaAbie Bbicmero nopHAKa onymeHbi npoH3BeAeHHH npoH3BOAHbix:
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y„ • /i/i I m[m2 + njnj = 2 ltl2 + mtm2 + -J- nyi2^ + I

+ + ~dT +) 11 + (ir mi + ~dz~ + ) /a + I
. [ dv , dv \ . / dt» , , dt> + , I
+ (^r/2 +irz\)mi +hrzi + ~dTni)m^ +

, / dw , , Ow \ , [ dw , , dw \+ (-5T z2 + ~d^ m*) n' + ('aT zi + W mi)n*

C yqeTOM (2.7) nojiyqnM
yrs = 2 (ltl2ex + mynyiy + n^ej + (Zxm2 + l2mt) yxy +

+ («iZa + ««/i) 7« + («ii«2 + ntm2) yyz. (2.20)

no (JjopMyjiaM (2.16) h (2.20) mojkho onpeaejiHTb yfljiHHeHHH h c#bh< 
th ajih jnoSbix HanpaBjieHHft, npoxoA5im,HX. nepe3 saHHyio TOHKy, ecjiH 
H3BecTHbi KOMnoHeHTbi ^e^opMaiiHft.

KoHCTpyKHHH nojiyqeHHbix pe3yjibTaTOB TaKOBa, hto hx JierKO npnJ 
MeHHTb k onpeTiejieHHio jie(|)opMan,Hft b HOBoft, noBepHyToft opToroHajibHoii 
CHCTeMe KOOpAHHaT.

PaccMOTpHM ^Be cHCTeMbi npsMoyrojibHbix oceft koopahhht xyz ii 
x'y'z', Hanajia Koropbix coBnajiaioT. HanpaBjunomHe KocHHycbi yrjioa 
MejKuy 9THMH ochmh npHBe/ieHbi b Ta6ji. 1. OnpeaejiHM KOMnoHeHTbi 
AeiJiopMaHHH ez- h yvj’ (i', j' = x', y', z') b hoboS cncTeMe KoopAHHai 
x'y'z' uepe3 KOMnoHeHTbi ae^opMaixHH b cTapoft, cnHTan nocjieflHHe H3Beci- 
HblMM.

HenocpeACTBeHHaa noACTaHOBKa naHHbix TaSji. 1 b (2.16) h (2.20) 
npHBOAHT K CJieayiOmHM 33BHCHMOCT51M:

Rx’ = sxZ? + eym2i + ezn2 + yxyltmt + yxzltnt + yyimtni;

e.y, = exl2 + eym,2 + e2ni + yxyl2m2 + y«Z2n2 + yyzm2n2;

&2, = exll + &ymi + ezn3 + yxyl3m3 + yxzl3n3 + yyzm3n3;
yX'y = 2exltl2 + 2&ymtm2 + 282n!n2 + yxy (ltm2 + l2mt) + * ■'

+ (ntl2 + n2lt) + yyz (mtn2 + m2nt);
yy2- = 2exl2l3 + 2zym2m3 + 2e2n2n3 + yxy (l2m3 + l3m2) +

+ yXz (n2l3 + n3Z2) + yyz (m2n3 + m3n2);
yX’z' = 2&xlil3 + 2eymYm3 + 28^3 + yxy (l3mt + ltm3) +

+ yxz (n3lt + nxZ3) + yyz (m3nt + mtn3).

§ 2.3. O6T>eMHaH aeifiopMaiiiia

,, PaccMOTpHM 3JieMeHTapHbift npHMoyrojibHbifi napajuiejienHneA, hmcb- 
niHft ao Ae(J)opMaH.HH pa3Mepbi dx, dy, dz. npennojiaraeTCM, hto Ae(J)opMa- 
Hhh cABHra OTcyTCTByeT.
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()6i>eM HeAe<t>opMHpoBaHHoro napajijiejieiiiiii< 1.1 ,/| ilxdydz. FIo-
|in>' jiecbopMauHH AJiHHbi pedep napajwiejienHneAa H3Mt*inii<  >i

dx' = dx + A (dx) = dx [ 1 + ■A- ] = dx (1 + ex); 

d/ = dy + A (dy) = dy [1 + -A^y)-] = dz/(l + e^); 

dz' = dz + \ (dz) = dz [ 1 + -^-] = dz (1 + ez).

<)6i>eM AetJiopMHpoBaHHoro napajuiejienHne.ua Tor.ua
dV' = dxdydz (1 + ex) (1 + ey) (1 + e2).

i Ii.i'IhcjiHm oTHOCHTejibHoe H3MeHeHne o6i>eMa d:
dv' — dV 

d =------dV------•

H iii ,
n _  dxdydz [ex + e^ + e2 + 1 + exSy + exsg + &ySz + ex8y&zl dxdydz

dxdydz

I III CHHTaTb OTHOCHTeJIbHbie yflJIHHCHHH BejIHHHHaMH MHJIblMH nO CpaB- 
11-111110 c eflHHHueH, to, npeHefiperan hx npoH3BefleHHHMH, mojkho nojiy- 
'iiiri. Bbipax<eHHe ajih d:

= ex + ey + e2. (2.22)
Iiikiim o6pa3OM, OTHOCHTejibHan o6neMHaH AeiJiopMaiiHH b TOHKe paBHa 

I VMMC OTHOCHTeJIbHblX yflJIHHeHHH nO TpeM OpTOTOHajIbHblM HanpaBJie- 
iiiihm, npoBeAeHHbiM qepe3 3Ty TOHKy.

IlpH BblBOfle BbipajKeHHH AJIH OTHOCHTejIbHOrO H3MeHeHHH o6beMa 
nro6H3aTejibHO paccMaTpHBaTb AecjjopManHio ajieMeHTapHoro napajuiejie- 
niiiie.ua. K TeM »e pe3yjibTaTaM mo>kho npHHTH, ecjin b KanecTBe ajieMeH- 
ijpnoro o6neMa npHHHTb Apyrofi o6neM, HanpHMep c^epHiecKHfi c paAH- 
ycoM dp.

06teM inapnKa ao Aet|)opMan,HH

dV = ndp3.

I locjie AetjjopMaiiHH niapHK npeBpaTHTcn b sjijihhcoha c nojiyocHMH
(l + ex)dp; (l + e^)dp; (l+ez)dp.

OfibeM 3JiJiHncon.ua nocjie AecjiopMaiiHH

dV' = n (1 + ex) (1 + ey) (1 + ez) dp3;

0 = dV = + e*)  (^ + M (1 + 8z) — 1 = ex + ey + ®z>

•iro h 6biJio nojiyneHO b (2.22).
KorAa JiHHefiHbie OTHOCHTejibHbie AecjiopMaHHH paBHbi Hyjiio, hto 6bi- 

uaer npH Majibix CflBHrax, OTHOCHTejibHoe H3MeHeHne o6beMa OTcyTCTByeT. 
•ro xapaKTepHO, HanpnMep, ajih iHCToro KpyneHHH.
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§ 2.4. fjiaBHMe flcc{)opMapmi

Tohho thk Hce, khk sto Shjio caejiaHO b npeAMjxymeH rjiaBe, nocraBiiM 
Bonpoc o cymecTBOBaHHH rjiaBHbix oceft h cooTBeTCTByioin,Hx hm AecjjopMa 
HHft. OTMeHaBHiaacn y>Ke aHajiornsi Mewiy ypaBHeHHHMH Hanpa>KeHHft 
Ae4)opMau,Hft 1(1.8) h (2.161, a TaK>Ke Me>Kjiy ypaBHeHHHMH npeo6pa3OBa 
hhh KOMnoHeHTOB HanpH>KeHHft h AecJiopMauHft npn nepexofle k HOBbiij 
ochm 1(1.12), (1.14) h (2.21)1 no3BOJiaeT cxejiaTb TaKoe npeAnojioxceHii^ 
143 3Tofi aHajiorHH cjieflyeT, hto b KaxAoft TOHKe ynpyroro Tejia, KaKOBl 
6bl HH 6bIJIO AecJlOpMHpOBaHHOe COCTOHHHe, MO>KHO HaHTH 3 B33HMH 
nepneHflHKyjinpHbix HanpaBjieHHH, npoxoAHmnx nepe3 TOHKy TaKHM o( 
pa3OM, hto Mexcny hhmh Bce 3 KOMnoHeHTa CABnra paBHbi Hyjiio, a jiHHeil 
Hbie aecjiopMaHHH hmciot SKCTpeMajibHbie 3HaneHHH. HanpaBjieHHH, coot« 
BeTCTByiOIHHe STHM OCHM, Ha3bIBaiOTC5I SAOSHblMU HanpOBABHUAMU., a JH 
HeftHbie ae^opMaHHH, aaeKBaTHbie hm,— zjiaBHbiMU decpopMapuiuiu. Oc 
3th ofibiHHo o6o3HaqaioTCH 1, 2, 3, a rjiaBHbie Aec^opMaijHH — cooTBeTci 
BeHHO ex, e2, e3 (ex < e2 sg: e3).

JIjih onpejxejieHHH rjiaBHbix aec|)opMaHHft Bocnojib3yeMCH MeTOfloid 
Haxo>KAeHHH oTHOCHTejibHoro SKCTpeMyMa. HanpaBJi5Hoin,H£ KOCHHycal 
l, m h n He mbjihiotch He3aBHCHMbiMH; ohh CBH3aHbi Mex<4y co6oft H3Becr 
HblM COOTHOHieHHeM Z2 + + + ft2 = 1.

B cooTBeTCTBHH c npou.e,nypofi JIarpaH>Ka yMHO>KHM npaByro h Jie 
Byio nacTH ypaBHeHHH Z2 + m2 + n2 — 1, KOTopoe 6yneM cmrraTb ypaB' 
HeHHeM cbm3h, Ha HeonpeAejieHHbifi nona MHo>KHTejib X h BbiHTeM nojiy 
ueHHoe Bbipa>KeHHe H3 (2.16);

es — X = ex12 + e^m2 + e2n2 + lmyxy + nlyxz + mnyyz — X (Z2 + m2 + n2)

Heo6xoAHMbiM ycjioBHeM cynjecrBOBaHHH 3KCTpeMyMa nBjuieTcn paBeHCT 
bo Hyjno nacTHbix npoH3BOAHbix ot SToro Bbipax<eHHH no Z, m h n:

——— — 21 (ex — X) + myxy + nyxz — 0; 

-d {Ssd~ X) = + 2m (8j, — X) + nyyz = 0;

■ d (EsC X) = + myyz + 2n (e2 — X) = 0.

CncTeMa HMeeT HeTpHBHajibHoe pemeHHe, Kor.ua ee onpeAejiHTejib paBei 
Hyjno:

PacKpbiB onpeaejiHTejib no creneHHM X, nojiyqHM Ky6HHecKoe ypaBHeHiie
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Hll'IITejIbHO

7 2 (ex + Ey + ez) +

yxx
2 2

yXy
2 ey

yyz ■
2 = 0.

yXz yyx
2 2

(2.24)

& ylz \
4 4 /

II i mecTH KOMnoHeHTOB Ae$opMan.HH (2.7), onpeAejuiiomHX AetJjopMaixHio 
l< 1.1 B OKpeCTHOCTH flaHHOH TOHKH, MOJKHO COCT3BHTb MaTpHHy, nOflOfi- 
liyio (1.16). 3ry MaTpnuy Ha3biBaioT meH3opoM decjoopMciUtUU Te:

yxy yX2

yxx y^z
2 2

(2.25)

IIi cHMMeTpHH TeH30pa AecjiopMauHH cjieayeT, hto kophh (2.24) BemecT- 
iii'iiHM. OnpenejiHB X1( X2 h X3 h3 (2.24) h noncTaBHB hx nooqepejiHO b 
(2.23), c yneTOM toto hto Z2 + m2 + n2 — 1, mojkho HafiTH HanpaBJinio- 
iiiin' KOCHHycbi jum Bcex Tpex rjiaBHefimHX AeiJiopMaHHfi.

I IoKa^KeM, hto KopHH ypaBHeHHH (2.24) X2, + hbjihiotch hckombimh
1 I.IUIIbIMH flec|)OpMaU.H5IMH E^, 82, S3.

JXeficTBHTejibHO, noACTaBHM b ypaBHeHHH (2.23) bmccto X h Z1( 
/i/i, nt BMecTo Z, m, n. 3aTeM yMHO>KHM 1-e H3 sthx ypaBHeHHfi +a Z1(
2 e — Ha mx, 3-e — Ha nt. Cjiotkhm ypaBHeHHH. Flocjie ynpomeHHft no- 
jiymiM

i\Z? + sym} + e2nf + Yxytn^ + + yyzn^ = (Zf + m! + n}).

i imocTaBjiHH nojiyneHHoe BbipaHceHHe c (2.21), mojkho 3anncaTb

(Zi + m} + /ii),
luiii

e*'  = Arj.
IdTaK, oTHOCHTejibHan AetJiopMauHH + onpeAejiaeTCH HanpaBJi5iioin,HMH 

KijCHHycaMH Zn mlt nr. Ho sto HanpaBJieHne, corjiacHO (2.23), h ecTb 
n iiipaBjieHHe oahoh H3 rjiaBHbix AetjiopMauHH, a cjieiioBaTejibHO, — 
i».'Uia H3 rjiaBHbix AecJjopMamifi — elt TaKHM o6pa3OM, Mbi AOKa3ajiH, 
'iro b Jiio6ofi TOHKe ynpyroro Tejia cymecTByioT 3 b33hmho nepneHAHKy- 
jmpHbix HanpaBJieHHH—rjiaBHbie HanpaBJieHH5i, jum KOTopbix yxy = 

yXz = Yyz = 0. OneBHAHO, hto BejimiHHbi rjiaBHbix AetJiopMaHHfi He 
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woryT 3aBHceTb ot Bbi6opa KOOpAHHaTHbix ocefi. BcAeACTBHe stoto ko3(|> 
<|)HH.HeHTbi KyfiHnecKoro ypaBHeHHA (2.24) TaKxe ocTaHyTca HHBapnaHT- 
HblMH npn nOBOpOTe ocefi KOOpAHHaT.

npHBeflH KOopAHHaTHyio cHCTeMy k coBnaAeHHio c rjiaBHbiMH ochmh, 
HafifleM 3HaqeHHH STHX HHBapnaHTOB. OhH Ha3bIBaiOTCH COOTBeTCTBeHHO 
nepBbtM, BtnopbiM h mpembUM uueapuaHmaMu meH3opa decpopMaquu n 
onpeAejisnoTCH Tax:

Ix (TE) = ex + e^ + e2 = ex + e2 + e3 = const;

/2 (Te) = — e.xey — exe2 — eyez + -|- (yxy + yxz + y2yz) =

— *" “■ ^2^3 — const, (2.26)

I3 (TE) = exeyez — (e/& + eyyX2 + ezyxy — yxyyxzyyz) =

= 6+263 = const.

JlecjiopMHpoBaHHoe cocTOHHHe b TOHKe b HanSoAee o6ni.eM cAynae 
xapaKTepH3yeTcn TeH3opoM AetJiopMaiiHH. Pa3A0XHM ero noAodHO TOMy, 
KHK 3TO AeAaAOCb B TA. 1, Ha 2 TeH3Opa. nepBblfi H3 HHX Ha3bIBaeTCA 
tuapoBbM meH3opoM detpopMau^uil TEo: 

rAe e0 = -^- (e2 + ey + s2), a 2-ft — deeuamopoM de(popMau,uu Ds:

Sx — 8o

I 1
2 &y 80 —

1 1
2 yxz T yyz 8Z 80

TaKHM o6pa3OM,
Ts = T£q + De.

BbinHineM Tenepb nepBbie 3 HHBapnaHTa TEl) h De. Hx BbipajKeHnn mo>k- 
ho noAyqHTb, ecAH b (2.26) npACTaBHTb nocAeAOBaTeAbHO KOMnoHeHTbi 
uiapoBoro TeH3opa:

11 (Te„) = 3e0 = ex + ey + ez = +

/2 (TEo) = - 3 (ex + ey + e2)a = - 3t>a;

/3 (TE.) = -±- (8x + e, + ez)3 = -±-0» 

36



li ACBnaTopa Ae^opMauHfi:
/((De) = (sx — e0) + (s^ — e0) + (ez — e0) = ex + e^ + e2 3e0 = 0; 

UD.) = 4~ [(e* — M2 + (ey — +)2 + (8* — 8z)2 + T + ^) j

i 1Sx —80 T7^ T7*2

1 1
T^ T^

1 1
T yXz T^2 ez —e

IUapoBoii TeH30p npeflCTaBjiseT codofi o6T>eMHyio AefJjopMauHio. 
H <roM cjiynae paccMaTpnBaeMbiH napajuiejienHne/x nepexoflHT b reoMeTpH- 
Mcckh noAofiHyio <|)Hrypy 6e3 H3MeHeHHH <|)opMbi.

O6paTHMCH Tenepb k neBHaTopy Ae<J)opMaiiHH. PaBeHCTBo Hyjno ero 
I l o HHBapnaHTa cBHfleTejibCTByeT o tom, hto eMy npHcymn AecJjopMa- 
iiiin, npn KOTOpbix oTcyTCTByeT H3MeHeHHe o6teMa, a npoHCxoAHT H3Me- 
mJHHe (JjopMbi. npn t3khx ne(J)opMaiiHHx npnMoyrojibHbiH napajuiejienH- 
in'jl npeBpaTHTCH b KocoyrojibHbiH c TeM ®e o^'beMOM.

§ 2.5. ypaBHeHHH COBMeCTHOCTII fle(J)OpMaH,IIH

KoMnoHeHTbi ,ne(J)opMauHH b ynpyroM Tejie Bbipa?KaioTCH nepe3 kom- 
noncHTbi BeKTOpa nepeMemeHHH u (x, y, z), v (x, y, z), w (x, y, z) npH 
noMOiiiH ypaBHeHHH Kohih. PlHbiMH cjioBaMH, ecjiH 3aflaHO HenpepbiBHoe 
nojie nepeMemeHHH, to KOMnoHeHTbi TeH3opa Ae(J)opMan,HH 0AH03HaHH0 
'iiipeAejunoTCH no (J)opMyjiaM (2.7) 
lipOCTblM AH(J)(J)epeHHHpOBaHHeM. /—7—;

3aHacTyio BCTpenaeTcn o6paT- | f [ 
iiiiH saAana: no 3aaaHH0My He- 
npepbiBHOMy pacnpexejieHHio ae-
i|>opMauHH Hy>KHO onpeaejiHTb nc- Pnc. 2.6
ic iiepeMeipeHHH. Tai<aH3a^aca 

pa ipeniHMa He Bcer.ua 0AH03HaHH0. 3to o6bHCHaeTCH TeM, hto ypaB- 
IICIIHH (2.7) M0/KH0 TpaKTOB3Tb K3K 6 JIHHeHHblX AH(JxJ)epeHHHajib- 
iii,ix ypaBHeHHH b nacTHbix npoH3BOAHbix ajih onpeaejieHHH Tpex 
iirnriBecTHbix (JiyHKHHH. HT06M 3th ypaBHeHHH 6mjih HHTerpnpyeMbi, 
liyjKHO CBH33Tb KOMnOHeHTbl TeH30pa fle(J)OpMaH,HH, KOTOpbie CHHTaiOTCH 
t.lA<TUHbIMH, HeKOTOpblMH yCJIOBHHMH, Ha3bIB3eMbIMH ypaBHCHUHMU C06- 
ucimuocmu ujiu cnAOUiHOcmu.

Ecjih >Ke KOMnoHeHTbi TeH3opa «e(J)opMaHHH He 6yayT yAOBjieTBOpnTb 
\< ji()bhhm cnjioniHocTH, to riojie nepeMeipeHHH, onpeAejineMoe no (2.7), 
ii'- 6yfleT HenpepbiBHbiM. Pa3pbiBHOCTb nepeMemeHHH 03HanaeT Hapyme- 
uiie nenpepbiBHOCTH (chjiohihocth) cpe/ibi — ochobhoto npeanojiojKeHHH, 
iipniiHToro npH BbiBoae npeflbiAymHX h nocjiejiyiom,Hx nojio>KeHHH. Pa3BH- 
li|H 3Ty MblCJIb, MOJKHO OTMeTHTb CJieflyiOIHee. B H3HIHX BblBOJiaX Mbl pa3- 
iiimajiH cnjiomHoe Tejio Ha ajieMeHTapHbie napajuiejienHneAbi (pnc. 2.6, a), 
i oTopbie b AajibHeHineM AetJjopMHpoBajiHCb (pnc. 2.6, 6). Ecjih Bce 6 flfi- 
i|ni|)Man,HH npoH3BOjibHbi, to H3 AeiJiopMHpoBaHHbix napajiJiejienHneflOB
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HeB03M0>KH0 cjio>KHTb ciwioiiiHoe HenpepbiBHoe Tejio (pnc. 2.6, b). 
Meaqiy OTnejibHbiMH napajuiejienHneAaMH MoryT 6biTb nycTOTbi hjih >k( 
radapHTbi flByx. coce/iHHx napajwiejienHneAOB He coBnaayT. Ecjih no 3a' 
AaHHOMy nojno BHeiHHHX chji, npHJio>KeHHbix k ynpyroMy Tejiy, cpa3y 
onpeaejieHbi nepeMemeHHH, to ycjiOBHH Hepa3pbiBHOCTH BbinojiHHioTCS 
aBTOMaTHHeCKH.

, riepeHAeM k HenocpeacTBeHHOMy BbiBOAy ypaBHeHHfi cobmccthocth 
seiJiopMaHHH. nycTb npoH3BOJibHbiM o6pa3OM 3aaaHbi 3 AetjjopMaijHH 
Ex, ez/, ez- 3Haa HX, MOJKHO H3 ypaBHeHHH (2.7) 0AHO3HaHHO OnpeaeJIHTb 
nepeMemeHHH

m = y Exdx + Fr (y, z);

v = J Sydy + F2 (x, z); 

® = J ezdz + F3 (x, y).
OcTajibHbie AecJiopMaiiHH yxy, yxz, yyz, onpejjejiHeMbie ypaBHeHHHMH 
KoiHH, He MOryT 6bITb npOH3BOJIbHbIMH. Hx 3HaHeHHH CJieayeT HaXOAHTb 
H3 (2.7), noacTaBJiHH Tyna nepeMemeHHH u, v h w H3 (2.27). Ilocjie hckjiio- 
HeHHH H3 3THX ypaBHeHHH (JiyHKHHH Ft H nepeMemeHHH nOJiyHHM CBH3b 
Mexay KOMnoHeHTaMii xec[)opMan,Hfi, KOTopan h 6y.neT hckomhmh ypaBHe- 
HHHMH CnjIOHIHOCTH.

Xoa npHBeneHHbix paccy>K,neHHH npocjieAHM Ha ypaBHeHHH
dv , du 

yxy ~ ~dT + ’

noACTaBHM cioAa u H v H3 (2.27);
^ = -+fe^+4-^(x, z) + -^Je^ + -^F1(i/,z). j 

IlpoAHiJxjiepeHHHpyeM sto BbipajKeHne ABa>K,nbi; cHanajia no x, a 3aTeM — 
no y (Bbi6op nepeMeHHbix, no kotopmm npoBojjiiTCH AHcjxJiepeHUHpoBaHHe, 
o6ycjioBjieH cTpeMJieHiieM H36aBHTbcn b npaBoii nacTH OTcJiyHKUHH Fr h F2):

'FF, (x, z) . dex . 
dy ’dx

(2.27)

dx2 
d^xy d2ex d2Zy
dxdy dy2 ' dx-

FIoAo6HbiM xe nyTeM moikho nojiynHTb eme 2 aHajiorHHHbix ypaBHeiiHH 
(cm. najiee).

IlocTynHM Tenepb b HeKOTopoM CMbicjie o6paTHO TOMy, hto TOJibKO 
hto Aejiajin: nepeMemeHHH u, v h w onpexejiHM H3 yxy, yxz h yyz h 
noACTaBHM hx b ex, 8} n e2.

HanHeM c onpeneaeHHH u. Ero HaftAeM H3 1-ro h 2-ro ypaBHeHHH 
2-fi rpynnbi (2.7). Pe3yjibTaTbi cjiojkhm:

\ yxydy — J -77- dy + t'i + z)
4++K++

u =

' +
u

dz + F4 (x, z) + F6 (x, y)
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Kak ii paHee, npoAncjxjjepeHHHpyeM sto ypaBHeHHe no y h z:

dj2U = dVxy . 
dydz dz **"

dv d f dw , dF-a (x, y) 
dx dy J dx ^ dy

^Vxz d2v d2w
dy dxdz dxdy

'h'oSbi H30aBHTbCH ot nepeMemeHHH, npoBeaeM eme oaho AntjxJjepeH-
UiipoBaHHe — Tenepb no x:

9 d2tx _ d [ dlxy 
dydz dx [ dz

^xz d ( dv dw 'jl
dy dx \ dz 1 dy )\'

11.111 OKOHHaTeJIbHO
d2sx 9 1' dyxy , 5V*z dyyz
dydz ~ dx '\ dz 1 dy dx )

§ 2.6. HejiiiHeiiHbie Mepw nefJjopManiin

PaHee ypaBHeHHHMH (2.7) 6bijia BBeyeita jiniieftnaa Mepa necJiopMaiiHH Konin. 
OjiHaKO He cJieAyeT jiyMaib, hto OHa enHHCTBeHHan. JlioCan Mepa b MexaHHKe cnjiouiHoro 
TBepfloro Tejia, b tom wcJie h Mepa ,nec|iopMannn, khk h b npyrnx ogjiacTnx HayKH, hocht 
ycjioBHbifi xapaKTep — OHa H3dapaeTcsi. IlpeHMymecTBO OT;;aeTCH TOMy BapnaHTy Mepbi, 
KOTopbift yaoBJieTBopneT KOMnjieKcy cooSpajKenHft. OcHOBHbie TpeCoBariHa k BbiCopy 
BapnaHTa Mepbi:

1) nponecc jiecjiopMHpoBaHHn onncbiBaeTca eio nocTaTOHHO 6jih3ko k AeftcTBHTejib- 
hocth;

2) npHMeHsieMbift BapnaHT Mepbi no3BOJineT co3jiaTb Teopnio, iiaye>KHO nop,TBep>K,T,ae- 
Myio sKcnepHMCHTOM;

3) npn npHHHTOM BapnaHTe Mepbi nojiyqaiOTCH MeTOHbi pac-ieTa, ynoGiibie ajih npaK- 
THHecKoro npHMeHeHHH.

Bmjio 6bi HeocTopo>KHO CHHTaTb, hto KJiaccmecKaH Mepa «a6cojiK>THa». Hcnojib3OBa- 
nne MaTepnajioB, o6.TajaioiHHx cnoco6HOCTbio npeTepneBaTb 6ojibiHHe ,iec|>opMaiiHH 6e3 
pa3pymeHHH, npnBejio k co3Aannio hhhx (HeKJiaccHiecKHx) Mep ;icc{)op.Mau,Hii.

I loBTopnn Ty >Ke coBOKynHOCTb onepauHH, mojkho nojiynHTb eme 2 
IUiajIOTHHHblX ypaBHeHHH.

CrpynnHpyeM BMecre Bce 6 ypaBHeHHH Hepa3pbiBH0CTH Ae^JopMamiii:
d2sx d2sy ^xy .
dy2 "** dx2 dxdy ’

d2ex , d2e2 d2yxz .
dz2 ‘ dx2 dxdz ’ 
d2ey d2ez _ ^yyz_, ■
dz2 ' dy2 dydz '

9 -JL(_ dy^ dy™ 4.
dydz dx \ dx dy ' dz ) ’

d2ey _ d ( dyyz dyxz dyxy \.
z dxdz dy \ dx dy ‘ dz ) ’

9 _ d ( dyy* i dy^ _ dy*y  )
dxdy dz \ dx ' dy dz ) ‘

(2.28)

YpaBHeHHH coBMecTHOcra AWpopMauHii dbiJiH BnepBbie nojiyneHbi 
A. CeH-BeHaHOM h hocht ero hmh. § *
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BijpaiKeHHe fljia npoAOJibHofi ,iec|»pMaunn
AZ

e = —, (2.29)
‘o

rjje Zq — HapajibHaH jyiHHa AecjiopMHpyeMoro 0Tpe3Ka; A Z — aficojnoTHoe y«JiHHet« 
9Toro OTpe3Ka, npHMeHHMo Toma, Korfla e Majio. Qhhsko TaKOMy nonxojiy npHcymn 
HeKOTopbie HejiocTaTKH. Ecjih Harpy>KeHHe npoH3BOAHTCH no cTyneHHM, npHneM / j h 
ln — miHHbi AecjiopMHpyeMoro 0Tpe3Ka b Hanajie h b KOHije CTyneHH, to npnpameHHe 
AetjopMaiiHH (2.29)

Ab„
ln ln—\

In—1
flojiHyio AeiJiopManHio en ecTecTBenHO noflCHHTaTb khk cyMMy: 

ln —e„ - 2 Ae„ - 2 z (2.30)
n n, n 1

PaccMOTpeHHe cjiopMyjibi (2.30) no3BOJiHeT 3aKJHOHHTb, hto OHa He coBna/iaeT c Be.iH'iHHoft 
o_ l~l»

l0
(l — KOiie'iHan juinna 0Tpe3Ka), onpejiejieHHoft cpa3y ajih Bcero npoiiecca AecjiopMnpoBa- 1 
hhh. Hhhmh cJiOBaMH, npHHHToe b (2.29) onpejiejieHHe AecpopManHH He no3BOJineT nojib- I 
30B3TbCH OnepailHeft CyMMHpOBaHHH.

PaccMOTpHM cjiynaft mohotohhofo yBejinieiiHsi jieijropMaiiHH, He. bboah hhkhkhx 1 
npeAnojio>KeHHH o cpaBHHTejibHoft BC-iH'iHiie AZ h /o. WraK, /0 < x < Z; Ha CecKoiie'iHO 1 
MaJioM ynacTKe nponcxojHT 6ecKOHeuio Majioe y,iJiHHetiHe dx. ripHpameHHe oTHocHTejib- 1 

dx
hoh AecjiopMaiiHH 6y.neT de' —----- PIojiHoe OTHOCHTejibHoe y/lJinneHHe ecTecTBeHHO onpe- I

x '
fleJIHTb KHK HHTerpaJI OT 3T0II BejIHHHHbi:

Zo
Pe3yjibTaT (2.31) OTJiHiaeTca ot (2.29), h hto6bi hx conocTaBHTb, pa3io>KUM (2.31)

b pha:

;o
(2.31)

e' = ln
fl+ AZ'\ A/ 1 (\ 1 Zo ■/ /o 2 \

... (2.32)
‘0 /

AZ
143 (2.32) bhjiho, hto BbipaiKeHHH (2.29) h (2.32) TeM CjiHiKe, new MeHbine —. Boo6me 

‘0 
roBopn, o6e oiichkh coBnajiaioT c TO'inocTbio ,10 bcjihhhh 2-ro nopnAKa MajiocTH.

Ecjih npHHHTb (2.31) b KanecTBe Mepbi AecpopwaiiHH, to npn CTynen'iaiOM narpyiKe- 
hhh cyMMapHan .necjiopMauHH no cryneHHM 6yn.eT paBHa necjiopMaiiHH, onpenejieHHoft 
AJiH Bcero nponecca HarpyxeHHH.

^eftcTBHTejibHo, npnpameHHe AecfiopMaiiHH Ha zi-ii CTyneHH

Ae; = ln ,
ln—l

nojinaH jiecjiopMaiiHH Bcero 0Tpe3Ka
m

e' = V A< = V ln ~n - = In /x — ln /0 + -In Z2 — ln Zx + • • • + ln l — ln Z' =

l
= ln.Z—ln/0=ln—— ,

‘o
rjje l' n l — ajihhm OTpe3Ka b Haqajie h KOHiie nocjieAHeft CTyneHH HarpyaceHHH, a /0 — 
HaqajibHan AJiHHa.

Mepa AecjjopMauHH (2.7) hjih (2.29), khk yaee yKa3biBajiocb, 6bijia npeAJioxeHa
O. Kouih, a Mepa (2.31) — f. TeHKH. CymecTByioT h flpyrae Mepu AecjiopManHH.^
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Ajih yAoficTBa AajibHefimero H3Jiox<eHHH BBeaeM OTHOineHiie X = ——, KOTopoe 6y- 
‘o

/icm Ha3biBaTb «KpaTHOCTbio»; l0 — HanajibHan ajihhb OTpe3Ka, Z — KoneHHasi ero juiHHa, 
I Zo + A/. Bce Mepbi .yecJiopMauHH, jiHHefiHbie h HeJiHHefiHbie, mojkho Bbipa3HTb xak 
<|iyHKH,Hio ot K. Ha 3Ty cjiyHKHHio itaKJia^biBaioT cjie.nyioiii.He orpaHHieHHH:

1. Mepa .necjiopMaiiHH paBHa Hyjiio, Kor«a X = 1, hhbimh cJioBaMH, AeiJiopMaiiHH 
hct, Kor«a l = l0.

2. Mepa jiecJiopManHH jio.T>Kiia coBna/iaTb c KJiaccmecKofi npn X -> 1,
Majibix Ae4>opMan.HHx.

KJiaccmecKan Mepa aeiJiopMaitHH Koihh 33bhcht ot X Han6ojiee npocTo:

t. e. npn

OTCioxa

Pa3JiHHHbie HejiHHefiHbie Mepbi aecJiopMaiiHH SbiJiH npeAJio»ceHbi: 
E. AjIbMaHCH —

___ M _ 1 X2-l _ 1 d + e)2-l .
2 V X2 ) 2 X2 2 (14-e)2 ’

r. feHKH H He33BHCHM0 OT HerO n. JIlOABHrOM H B. PeHTreHOM —

X. TpHHOM—

B. KyHOM —

K. CBefiHrepoM, O. KepfiepoM —

(2.33}

(2.34)

(2.35)

(2.36)

(2.37)

Bce 3th Mepbi AecJiopMaiiHH, b tom qncjie h KJiaccHHecKyro^MOJKHO nojiyHHTb H3 o6o6maic» 
mefi 33BHCHM0CTH, npeAJi0H<eHH0fi B. Cctxom:

_ 1
X = (1 — ne/) n .

B qacTHOCTH, jierKO BHjieTb, hto npn n = —1 nojiyqaeTCH KjiaccHiecKaH Mepa aec[)op- 
MaiiHH Kohih, npn n = 2 — AjibMaHCH (2.33), npn n -> 0 — TeHKH (2.34), npn n = 
= — 2 — PpHHa (2.35), npn n = 1 — CBefiHrepa — Kep6epa (2.37).

Mepbi jiecpopMauHH (2.33) — (2.37) ct3hobhtch jierKO,conocTaBHMbiMH, ecjin hx pa3- 
jiojKHTb b paA MaKJiopeHa:

(2.38)

eK = e -I-------e3 — — e4;
3 4

es = e — e2 + e3.

H3 3THX BbipaJKeHHH JierKO yCMOTpeTb, HTO 1-M HJieHOM pflja AJIH Bcex paCCMOTpeHHblX 
Mep Ae<J>opMau,HH hbjihctch KJiaccHHecKan Mepa AeijiopMaiiHH. 3to pe3yjibTaT BbinojiHeHHH
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1-ro orpaHnqennH, HaaoxeHHoro Ha Z. IIpn Majibix 8 BbinojiHneTca n 2-e Tpe6oBaHHe. 
Cpeiin npHBeAeHHbix Mep jjetjxtpMaiiHH Mepa CBefiHrepa — Kep6epa HMeeT Han6o;iee 

M6TK0 BbipajKeHHblH C|)H3H'ieCKHH CMblCJH

h cooTBeTCTByeT 9KcnepnMeHTa.TbHMM cnoco6aM onpenejieHHH jiecpopMannfi.
B KanecTBe npHMepa noKaxeM pasjiHwe MejKjiy KJiaccH'iecKofi Mepofi Aecf)opMauHH 

n Mepofi CBefiHrepa — Kep6epa:

• - «s --4^ --V-- (V-i’4 <
Ecjih pa3MepM neijiopMnpoBaHHoro Tejia nyacHO BbiHHCJiHTb c TO'iHOCTbio flo 1%, to Jiecpop- 
MaiJHIO MOJKHO CHHTaTb MajIOH TOTHa, KOTAH OTHOCHTejIbHOe npHpaiHeHHe AJIHHbl MOKJiy 
jiio6oh napoft ToneK Ha ,aec|)opMnpyeMOM cTepacHe He npeBOcxonHT 10%. JleftcTBHTejibHO, 

±=^<0,1° h 0,01.

TjiaBa 3
3ABHCHMOCTB MEJKftY HAnPflJKEHHHMH H ftE<I>OPMAHIIflMH

§ 3.1. Ochobhoh 3aKOH TeopiiH ynpyrocTH

JXo chx nop mh paccMaTpHBajin He3aBHCHMo Apyr ot jipyra Hanpn- 
>KeHHoe (tji. 1) h AecJiopMHpoBaHHoe (rji. 2) coctohhhh ynpyroro Tejia. 
Pe3yjibTaTbi, nojiyneHHbie b sthx rjiaBax, cnpaBeAJiHBbi ajih Bcex cnjiom- 
Hbix cpejj. OnHaxo Teopnn HanpniKeHHH, ocBemaroman CTaTiinecKyio cto- 
poHy 3aAaqn, h TeopHH ^eiJiopMauHH, paccMaTpHBaromaii ee reoMeTpme- 
cxyro cTopoHy, HeMoryT Kaxflan b omejibHOCTH peniHTb Bonpoc o Hanpa- 
jkchhom h AeijropMHpoBaHHOM coctohhhh ynpyroro Tejia noa AeficTBHeM 
BHeuiHHX Harpy3OK. 3to ofibHCHneTcn TeM, hto HanpHHieHHM h aeifropMa- 
HHH paCCMaTpHBaJIIICb H3OJlHpOB3HHO H (JiyHKHHOHajIbHaH 33BHCHM0CTb 
Me>KAy hhmh He 6buia onpeflejieHa.

B 1678 r. P. TyK BnepBbie onpeaejieHHO BbiCKa3aji BKcnepHMeHTajibHO 
noATBepxcneHHbiH 3hkoh, ycT3HaBjiHBaroiii,HH CBH3b Mexyiy HanpnxieHHHMH 
h AecjiopMaHHHMH: «KaKOBO ynJiHHeHHe, TaKOBa CHJia». 3thm SbiJia ycTa- 
HOBjieHa nponopHHOHajibHOCTb Me>KAy chjihmh h cooTBeTCTByromiiMH hm 
jieijropMauHiiMH (cbohctbom ynpyroc™). BnocjieacTBHH stot 33koh b 0606- 
meHHOH (JropMe 6hji C(|ropMyjiHpoBaH Tan: KOMnoHeHTbi Hanpn>KeHHH mo>k- 
ho CHHTaTb JiHHeiiHbiMH (JiyHKHHHMH KOMnoHeHTOB Ae^opMauHH. MaTeMa- 
THnecKoe onHcaHHe btoto yTBepjKfleHHa b Han6ojiee o6in,eM cjiynae HMeeT 
bha

vx = auEx + a12Sy + alsez + auyxy + a16yXz + a16y+ 

ay ~ a21ex + a22ey + a23ez + +4'Y*I/  + a26?*z  + a26Yffz! 

Gz ~ a31£x + a32£y + a33£z + a3i'txy + a33'lxz + as6yy2, 

^xy = + a42ey + ai3£Z + aiiVxy + ai6yXz + +6?+

^xz = a6l£x + a32ey + a&3ez + +4’?-<!/ + a66yXz + a66yyz", 

^yz = <2618x + a62ey + «63ez + a6tyxy + fiss+z + ^66?//z-
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IlepBbie nonbiTKn TeopeTHnecKH o6ocHOBaTb 33koh TyKa 6mjih npeA- 
lipHHHTbl TOAbKO B XIX CT. B 1821 T. JI. HaBbe BblBejI ypaBHeHHH, KO- 
TOpbie CBH3bIBaiOT CHJIbl H Ae<J)OpMaH.HH, HCXO£5I H3 THnOTe3bI O MOJieKy- 
jinpHbix CHJiax B3aHMOAeHCTBH5i. A®. TpHH npHmeji K ypaBHeHHHM Teo- 
pHH ynpyrocTH, npHHHB 3a ocHOBy noTeHunajibHyio SHeprnio ynpyroro 
Tejia.

JlHHeiiHbiM xapaKTepOM 3aBHCHMOCTeH (3.1) onpeaejiiieTcn pn# <jiH3H- 
necKHX 5iBjieHHH, HanpHMep ajmHTHBHOCTb AetjiopMaHHH (npHHHHn He3a- 
bhchmocth achctbhh chji), npnMOAHHeHHbie ynacTKH Ha AHarpaMMe 
(I — 8 flJI5I MHOTHX KOHCTpyKUHOHHblX M3TepHajIOB H AP- (JlHHCHHOCTb 
<])H3HHecKoro 3aKOHa o6ycJiOBJieHa MajibiMH Ae4)opMaiiH5iMH. 143 Hee khk 
cjieflCTBHe BbiTeKaioT JiHHeiiHaii nocraHOBKa mhothx 3aaaH TeopHH ynpy- 
I'OCTH H OAHO3HaHHaH B33HMO3aBHCHMOCTb MeXifly HanpHJKeHHHMH H fle- 
(pOpMaiJHHMH.

BejIHHHHbl atj B (3.1) 3aBHC5IT OT CBOHCTB MaTepIiaJia H Ha3bIB3IOTCH 
ynpyzuMti nocmonHHbiMu. Ecjih atj OAHiiaKOBbi bo Bcex tohkhx Tejia, 
to TaKoe Tejio Ha3biBaeTcn odHopodHbtM. Cjie^yeT noAnepKHyTb pa3HHn,y 
Me>Kjiy oahopoahmm h H3OTponHbiM TejiaMH. PaccMaTpHBaeMoe TejIO COOT- 
neceM k onpejiejieHHbiM o6pa3OM copHeHTHpoBaHHoii cncTeMe koopah- 
naT. Ecjih ynpyrne cbohctb3 b jho6oh Towe oahh h Te xe no BceM Ha- 
npaBJieHHHM, TO TaKOe TejIO Ha3bIBaeTC5I H3OTpOnHbIM.

I4TaK, H3OTponHOCTb — cbohctbo, ycTaHaBJiHBaiomee 4>OpMy 33BHCH- 
mocth MejKfly Hanp5i>KeHHeM h Ae^opMaiiHeii b AaHHoii TOHKe, a OAHOpOA- 
HOCTb yTBepXCflaeT, qTO, KaKOBbl 6bl HH 6bIAH 3TH 33BHCHMOCTH, OHH 6yflyT 
oahh h Te xce bo Bcex TOHKax Tejia. Ecjih paccMaTpHBaeTcn H3OTponHce 
Tejio, to CTpyKTypa (3.1) 3HanHTejibHO ynpom.aeTC5i: hhcjio ynpyrnx no- 
ctohhhhx coKpamaeTca ao Tpex (E, G, v), npnneM He3aBHCHMbiMH H3 
HHX 6yAyT JIHHIb 2.

§ 3.2. O6o6meHHbiii 3ai»0H TyKa jjjih H3OTponHoro Tena

B npeflbiAymeM naparpac])e 6mjih H3jio>KeHbi o6m,He coo6pa>KeHH5i o 
nocTpoeHHH (])H3HHecKoro 3aKOHa aah Ae(])OpMHpyeMoro Tejia. FIpHCTynHM 
Tenepb HenocpeacTBeHHO k BbiBOAy hckomhx 3aBHCHMOCTefi Me>KAy Hanpii- 
XeHHHMH H Ae(j)OpMaH.H5IMH. IlpH BblBOAe o6o6lH,eHHOrO (])H3HHeCKOrO 3a- 
KOHa aah ynpyroro Tejia 6yAeM onnpaTbCH Ha CAeAyiomHe nojio>KeHH5i, 
qacTHHHO HcnoAb3OBaHiibie h3mh h paHee:

1) n^peMem,eHHH, a paBHo h Ae^opMamiH, MaAbi, noaTOMy cnpaBeAAHBbi 
pe3yAbTaTbi, noAyneHHbie b ta. 2, a TaK>Ke npHHHHn He33BHCHMOCTH AeiiCT- 
bhh cha;

2) HanpaBAeHH5i TAaBHbix Hanpn>KeHHii h Ae^opMaiiHii coBnaAaioT bo 
Bcex TOHKax paccMaTpHBaeMoro TeAa;

3) HMeeT MeCTO AHHeHHaH 33BHCHM0CTB MC/KAy HanpH?KeHH5IMH H 
Aet])OpMaH.HHMH.

P. TyK 3KCnepiIMeHTaAbH0 yCTaHOBHA (JjHSHHCCKHH 33K0H AAH npH3- 
MaTHnecKoro CTepxcHH (oAHOMepHan 3aAana):

cr = Ee.
3Aecb E— MOAyAb npoAOABHOH ynpyrocTH (MOAyAb ynpyrocTH 1-ro 
poAa, MOAyAb lOHra) — KOHCTaHTa, npHcymaH Ka>KAOMy MaTepnaAy h 
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onpeAejifleMasi M3 SKcnepHMeHTOB Ha oxHoocHoe pacTaxieHHe hjih cjKaTiie, 
IIonuTKH ycTaHOBHTb onbiTHbiM nyTeM aHajiOTHHHb:e 33bhchmocth ajiji 
iijiockoh h npocTpaHCTBeHHOH 3aaaq HaTOjiKHyjiHCb Ha 3HanHTejibHbic 
TpyjjHOCTH. Ohh coctoht b tom, hto b cjiynae AByxocHoro, a TeM 6ojicu I 
TpexocHoro Hanpn>KeHHoro coctohhhh: 1) TpyAHO ocymecTBHTb paBHo- 
MepHoe pacTH«<eHHe hjih cnraTHe no AByM hjih TpeM HanpaBjieHHHM; 
2) HMeeTcs SecnHCJieHHoe mhojkcctbo kom6hh3h,hh pacTarHBaiomHX n 
c>KHMaioiii,HX Harpy3OK, KOTopbie MoryT cymecTBOBaTb b peajibHbix koii- 
CTpyKIIHHX.

JJjih H3OTponHoro ynpyroro Tejia, paSoTaiomero b 3OHe Majibix xecjiop- I 
M3H.HH, BblXOfl H3 T3KOFO nOJIOJKeHHH 3aKJHOHaeTCH B HCnOJIb3OBaHHII 
npHHIIHna He33BHCHM0CTH AeHCTBHH CHJI. nOJIHaH AetJlOpMaHHH BblHHCJIH- 
eTCH cyMMHpoBaHHeM Aet|)opMan,HH ot npHJionceHHH Harpy3KH no HanpaB- 
jieHHio Ka>K;i,OH H3 oceii.

PaccMOTpHM sjieMeHTapHbifi napajuiejienHneA, Bbipe3aHHbiii H3 ynpy- i 
roro Tejia, c rpaHHMH, coBnaAajomHMH c rjiaBHbiMH njiomaAKaMH. HToSbi 
HCKjnonHTb b 1-h HacTH paccMOTpeHHH BjiHHHHe Ha AecJiopMaiiHio KaCa- 1 
TejibHbix HanpHHieHHH (b npoTHBHOM cjiynae npHinjiocb 6bi AejiaTb aonoji- | 
HHTejibHbie AonymeHHH o MajiocTH jietJiopMaHHH, Bbi3biBaeMbix sthmh Ha- 
npniKeHHHMH), paccMOTpHM BO3fleHCTBHe Ha napajuiejienHneA TOJibKO rjiaB- 
HblX HanpHiKeHHn. , I

HTaK, nocjieAOBaTejibHO BO3AeHCTByeM Ha ajieMeHTapHbiii napajwiejie- j 
nnnefl b HanpaBJieHHHX 1, 2, 3 rjiaBHbiMH HanpHxceHHHMH c^, o2 h o3. I 
PaccMOTpHM 1-e HarpyxceHHe, KOTopoe ajih onpeaejieHHocTH 6y#eM chii- 
TaTb pacTHriiBaiomHM. B 3tom cjiyqae

3aecb BepxHHii hhackc yKa3biBaeT HOMep HarpyxceHHH. npoaojibHOMy ot- 
HOCHTejibHOMy ynJiHHeHHio enp o6biHHO conyTCTByeT OTHOCHTejibHoe none- 
penHoe yKoponeHHe en, KOTopoe mojkho TpaKTOBaTb kbk OTpnuaTejibHoe 
nonepenHoe yAJiHiieHire:

en = — venp.
3aecb v 6e3pa3MepHan nocTOHHHan, Ha3biBaeMan KoatycpuUfUeHtnoM Ilijac- 
cohci. ripHMeHHTejibHO k HanieMy cjiynaio nonepenHbie OTHOCHTejibHbie 
AecjiopMaiiHH e^ h e^ mojkho 3anHcaTb TaK:

npn 2-m HarpyjKeHHH

nPH 3-m Harpy>KeHHH

OneHHflHO, nojiHan AeiJxjpMaHHH b 1-m HanpaBJieHHH Ha ochob3hhh npnH-
UHfia cynepno3Hn.HH 6yaeT paBHa cyMMe AecJiopMauHH b stom HaripaBjie-
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Hlin, BO3HHKaioinHX npH Bcex Tpex HarpyxeHHax:
I i-.( = ej1’ + e(2) + e(3) = -^—v-J- — v-^-=-i-[CTi — V(CT2 — <y8)J.

\naJiorHHHO mo/kho nojiynHTb e2 h e3. CodepeM pe3yjibTaTbi ajih Bcex e£: 

ei = -g- [<h — v (ff2 + ff3)l;

ea = -g- [<*2  — v (CT1 + CTs^: <3-2)

e3 =4[CT3~ V(CT1 + CT2)1-

>hi 33BHCHMOCTH Ha3biBaiOTCH ypaBHeuusiMU o6o6iu^hhozo 3ciK0Ha ryKa. 
OllH CBH3bIB3IOT JIHHeHHbie OTHOCHTejIbHbie AeiJlOpMaHHH C HanpHJKeHHHMH 
ii rjiaBHbix ochx.

Pa3peiHHM Tenepb 3aBHCHMOCTH (312) OTHOCHTeJIbHO TJiaBHblX Hanpn- 
/kciihh, jjjin qero cHanajia npHBeaeM hx k 6ojiee KOMnaKTHon (JiopMe:

1 + v / v0 \ /Q Q\
efe = —^fe — t+v) • (3-3)

•'Uecb # = 1, 2, 3, a 0 = ffi + ffa + ff3. 143 (3.3) cjieayeT, hto

°k ~ 1 + v e* + (1 + V) • (3-4)

Ajih onpe/iejieHHfl 0 cjiojkhm Mexcny cofioii (3.2) h, hojiotkhb 0 = 8X +
| e2 + e3, nojiyHHM

0- 1-2,»- (3-5)

1 loflCTaBHB (3.5) b (3.4), HaiweM HCKOMbie Hanp5ix<eHHH:

_ , vE
<jA — 70 + 2Ge&, (3.6)

IAC (l+v)(l—2v)

G E
■ —• KostjxJiHHHeHTbi JlaMe.

u ■ 2 (1 + v)
HanpaBJieHne rjiaBHbix oceft 3aBefl0M0 He H3BecTHO, noaTOMy uejie- 

eoo6pa3HO npeo6pa3OBaTb noJiyneHHbie 33Bhchmocth (3.2) h (3.6) k onpe- 
ACJieHHOH OpTOTOHaJIbHOH CHCTeMe KOOpAHHaT, HanpHMep K AeKapTOBOH. 
JIjwi 3Toro noHauo6nTC5i cfiopMyjibi (1-12), (1.14), (2.21), c noMombio 
KOTOpbix ocymecTBJiaeTCH nepexoa ot CTapbix ocen x, y, z k hobmm x', 
ii', z'. B HameM cjiynae pojib cTapbix ocefi nrpaioT rjiaBHbie och 1, 2, 3, 
• i noBbie och 6ojiee ecTecTBeHHO Ha3BaTb He x', y', z', KaK paHee, a npocTO 
x, y, z. C yqeroM ototo Bbipax<eHH5i (1-12), (1.14), (2.21) mohcho nepenn- 
c:iTb b CJieAyiomeM BHfle:

ffx = ff^2 + o2m? + ff3n!; (3.7)

e* = el^l + ^2ml + e3«l‘> (3-8)

= 2 (exZ2Z3 + e2m2m3 + e3n2n3).
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rioflCTaBnM Tcnepb b (3.7) 3HaqeHH5i rjiaBHbix HanpsoKeHHH H3 -(3.6) 
(BbiKJiaiiKH npo,neMOHCTpnpyeM jinnib ajih 1-ro ypaBHeHHH, ocTajibiibio 
npeo6pa3yiOTCH hoao6hbim ace o6pa3OM);

ox = lyJI Zi2G8^ "4“ /TZiX'O' + /7712G82 + -{- /t|2G83 =

= A/O (Z1 + /771 H- nl) 4“ 2G (8XZ1 + e2/77i + 83771).

C yneTOM (3.8) h (1.15) 9to ypaBHeHHe motkho 3HaHHTejibHO ynpocraTb. 
Bch cHCTeMa ypaBHeHHH o6o6m,eHHoro 3aKOHa TyKa, pa3pemeHHaa otho- 
CHTejIbHO HanpHJKeHHH, HMeeT BH«

ox = M + 2Ge/, xxy = Gyxy;
oy = + 2Ge^; r*.  = Gy«; (3-9)
o2 = Xd + 2Gez; xyz = Gyyz.

ypaBHeHHH (3.9) Ha3biBaioTC5i ypaeneHUHMU odoSiyeHHOso saKOtta ryua e 
cpopMe JlaMe. YpaBHeHHH (3.9), pa3pemeHHbie oraocHTejibHo AecJxjpMauHH, 
npHBeaeM, onycraB BbiKJiaAKH:

= -g+Ojr —v(+/ +tfz)]; yxy = -^-Txy-,

=-^-[oy — v(°x + oz)]; yxz=-^-xxz; (3.10)

=4-[(T* — V((++ +/)]; yyz = ^-^yz-

B OTJIHHHe OT (3.2) 3flecb OTHOCHTejIbHbie Ae<])OpMaHHH H HanpHJKeHHH 
B35ITBI He B TJiaBHblX OC5IX, a B npOH3BOJIbHbIX X, y, z.

B HeKoTopbix cjiynaax o6o6meHHbifi 33koh TyKa yjio6nee Hcnojib3o- 
BaTb] npHAaB eMy apyryio <])opMy 3anncH. O6o3HanHM Koa^HHHeHT npH 
0 b (3.5) nepe3 k\

k ~ i E 9 •
1 — 2v

Toraa
Q = kft; o0 = ke0, (3.11)

rae

°O = ~g~ (o*  + +/ + +)’ 80 = -g- (e*  + ^y + S2).

. 143 (3.11) CJieayeT, hto b OKpecTHOcra paccMaTpnBaeMOH tohkh ynpy- 
roro Tejia cymecTByeT jiHHeHHan CBH3b (npHMaa nponopunoHajibHOCTb) 
MejKAy cyMMoii HopMajibHbix HanpjoKeHHH h o6beMHOH AeijiopMaiiHeH. 
Koat^HUHeHT nponopHHOHaJibHOcra k onpeflejuieT Mepy conporaBJineMocra 
ynpyroro TeJia o6beMHOH .qetjropMauHH h Ha3biBaeTCH ModyjieM o6x>eMHOu 
decfoopMayuu. Bbipa/Kenne (3.11) Ha3biBaeTC5i 3okohom ynpyeoeo U3MeneHUH 
o6t>eMa hjih ypaeneHUHMU o6o6tyeHHoeo 3aKona ryua e (popMe JlaMe. 
Ecjih npHHHTb (3.11) b KanecTBe oahoto H3 ypaBHeHHH o6o6meHHoro
4)H3HHecKoro  3aKOHa, to HeAOCTaiomHe 5 HyjKHO Bbi6para H3 cjieAyromero 
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(3.12)

naSopa ypaBHeHHii:
(<*»  — a0) = 2G(ex — e0); <«,.
(Uy — o0) = 2G (e^, — e0); xx2 = Gyx.. 
(®a — ^o) = 2<J (ez — e0); xyz = Gyyz.

OSmhho b AonojiHeHne k (3.11) SepyT ypaBHeHHH npaBoft rpynin,i n 
Jiio6bie 2 H3 jieBoii.

§ 3,3. IIoTeHHiianbHaH BHepriiH jiecJiopManiiii ynpyroro Tejia

nofl BO3,neHCTBHeM BHeiHHHX chji ynpyroe TeJio Ae(j)opMHpyeTCH. 3to 
03HaqaeT, hto bo BceM ofiteMe, 3aHHMaeMOM tcjiom, BO3HHKaiOT nepeMe- 
iueHHH ero ToneK. TaKoro poaa nepeMemeHHSi, ecTecraeHHO, npncymH 
II T0HK3M npHJIOJKeHHH BHeiHHHX CHJI. ]TO3TOMy CHJIbl COBepHiaT HeKOTO- 
pyio padoTy. 3Ta paSoTa pacxoAyeTcn Ha HaKonjieHHe BHyTpeHHeii, noTeH- 
HnajibHoii, SHeprHH, nojiyqeHHoii 3a cneT padoTbi BHyTpeHHHX Hanps>Ke- 
nnfi. KpoMe Toro, pa6oTa BiieniHHx chji nepexoAHT b TenjioByro 9HeprHio, 
BbiAeJineMyio b BHAe cboSoahoh TenjiOTbi, h b ajieKTpoMarHHrayio 3Hep- 
ihjo. B npeflejiax ynpyrocTH aojih TenjiOBOH h 3JieKTpoMariiHTHoii 3Hep- 
rnii no cpaBHeHiiio c ynpyrofi npeHe6pe>KHMO Majia h eio noBceMecrao 
iipeHe6peraiOT. TaKHM o6pa3OM, b Aa-abHefiineM 6yAeM CHHTara, hto padoTa 
BiieiBHHX cha nojiHOcraio nepexoAHT b noTeHiiHajibHyio SHeprHto.

HaKonjieHHan noTeHUHajibHaH SHeprHH o6jiaAaeT cbohctbom o6paTH- 
mocth. 3to 03HanaeT, hto no yAajieHHH BHeniHefi Harpy3KH noTeHHHajib- 
nan SHeprHH npeBpamaeTca b pa6oTy, KOTopyio Ha stot pa3 coBepmaiOT 
BHyTpeHHne chjim. BHyTpeHHioio, noTeHuiiajibHyio, SHeprnio o6biHHO Ha- 
ibiBaioT pa6omou decf)OpMau,uu.

B AaJibHeiimeM 6yAeM CHHTaTb, hto Harpy3Ka npHJiaraeTcn k HeHanpn- 
>KeHHOMy Tejiy MeAJieHHO ot Hyjm ao CBoero HaH6ojibmero 3HaneHHH. Ilpn 
9tom ycKopeHHH HacTHH Tena HeBeJiHKH h hx KHHerauecKoft SHeprneft 
moxkho npene^penb. B stom cjiynae mojkho cmiTaTb, hto Ha jiio6om STarie 
Harpy>KeHHH 3aBHC5im,aH ot BpeMeHH BHeniHHH Harpy3Ka HaxoAHTca b paB- 
HOBeCHH C BHyTpeHHHMH ynpyTHMH CHJiaMH.

Hto^m nojiynHTb Bbipa>KeHHe noTeHmiaJibHofi SHepriiH Ae(|)opMau.HH, 
BbiAeJiHM H3 Tejia ajieMeHTapHbifi napajuieJienHneA dxdydz, pe6pa KOToporo 
opHeHTHpoBaHbi no rjiaBHbiM ochm. HanpmKeHHa ox, o2, ct3 mojkho TpaK- 
TOBaTb KaK chjih, npHJiomeHHbie no rpaHHM 3Toro napajwiejienHneAa. 
3th chjih npoH3BeAyT pa6oTy Ha nepeMemeHHnx, onpeAejmeMbix Ae())op- 
MapHHMH e1( e2 h e3. nocKOJibKy Mbi npeAnojio?KHM, hto BHenmee BO3Aeii- 
cTBHe b TeueHHe nepHOAa Harpy>KeHH5i T HapacTaeT MeAJieHHO, Ha 
i<a>KAOM 3Tane HarpyjKeHHH HaripH/Kenmi, HBji$Hom,HecH (JjyHKHHMMH ko- 
opAHHaT, 6yAyT 3aBHceTb eme h ot BpeMeHH t, npomeAmero c Hanajia 
iiarpyxKeHHH.

HTo6bi He BBOAHTb HOByio eAHHHiiy, TeM 6ojiee hto nepHOA Harpyme- 
HHH T o6bIHHO HeH3BeCTeH, nepeXOAHT K OTHOCHTeJIbHblM KOOpAHHai'aM — 
OTHOCHTeJIbHOMy BpeMeHH. _5jIH 3TOTO AeJIHT t Ha HeKOTOpyiO nOCTOHHHyiO 
BeAHHHHy, KOTopaa paBHa HOMHHaJibHOMy (Han6ojibmeMy) 3HaHemiio 
nepeMeHHoii t: l = flpH TaKoii 3aMeHe l 6yAeT MeHHTbcn He ot 0
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i,f  / i .11 n iMeiioocb t, a ot 0 «o 1, uto <3HamiTejibH0 yaodHee. Boo6iu,e 
rotiopn, £ mojkho b AaJibHefimeM TpaKTOBara KaK HeKHH napaMeTp, 
Mi'iibiuHH eflHHHHbi. Koraa | AocraraeT cahhhhm, Harpy«<eHHe 3aBepma- 
CTC5I. TaKHM o6pa3OM, B np0H3B0JIbHbIH MOMeHT BpeMeHH HanpHJKeHHH H 
jiHHeiiHO c hhmh cBH3aHHbie jiecjiopMaHHH 6yayT cooTBeTcraeHHO paBHbi: 
<rxg; o2g; o^; s^; e2g; e3g. TkwiepKHeM, hto 3flecb o,- h e£ — OKOHna- 
TejibHbie 3HaneHH5i rjiaBHbix Hanpn>KeHHH h AeijiopMaHHH b KOHije npouecca 
npHJIO5KeHH5I BHeiHHerO BO3AeHCTBH5I.

BbiHHCJiHM pa6oTy chji, AeHcrayiomHX no rpaH5iM sjieMeHra. B npoH3- 
BOJibHbiii MOMeHT BpeMeHH g Ha noBepxHOcra ajieMeHTa AeiicrayioT chjim 
a^dydz, o^dxdz h Og^dxdy. JjaAHM npnpameHHe BpeMeHH d%. 3to Bbi- 
3OBeT H3MeHeHHe paccMaTpHBaeMOH CHCTeMbi chji. Tenepb chjih Ha rpa- 
H5IX.’ napaJiJiejiennneAa 6y«yT ox (g + dQdydz, o2 (g + dtydxdz h 
o3 (| + dtydxdy. 3a BpeM5i dt, nepeMem,eHH5i nojiyqaT npHpameHHii 
e^dxdl, s2dydl, e3dzd%, a chjim npoH3Be;iyT pa6oTy

dV = ox (g + dV) dydz • e^dxdl + o2 Q + dl) dxdz • e2dydl +
+ o3 (c + dl) dxdy • e3dzd%.

OrapoeM cko6kh h onycraM (d%)2 khk BejimiHHy Bbicmero nopnAKa Ma- 
jiocth. B 3tom cjiynae - I

dV = (o^ + o2e2 + o3e3) dxdydz • ++
npoHHTerpnpyeM oto BbipaHteHHe no g b npeflejiax ot 0 ao 1:

v = -$- (°i8i + CT2e2 + Oses) dxdydz.

Ecjih oraeceM noTeHUHajibHyto OHeprHio V k eAHHHiie o6i>eMa, to nojiymiM 
ydejibnyio nomeHHua/ibHyio dnepewo, hjih, Kopone, ydemmym onepeuio:

w =-$- (+8i + ff2e2 + ^s)-

Hcnojib3yn o6o6ni.eHHMH 33koh TyKa (3.2), nojiyqHM

W = — [ul + g22 + o2 — 2v (o^Oa + o,o3 + o2o3)],

HJIH

w = ++ K°1 + ct2 + o3)2 — 2 (1 + V) (CT1o2 + oxo3 + O2O3)].

BbipaxieHHii b Kpyrjibix CKO^Kax ecra He hto HHoe, KaK 1-h h 2-h HHBa- 
pHaHTM TeH3opa HanpmKeHHH. TaKHM o6pa3OM,

^ = -^ [/? —(1 + v)/2].

nepeiUeM ot rjiaBHbix iiaiipn>KeHHH k oceBMM cocTaBjimoniHM Hanp5i- 
weHHH:

lk' = [ox + o2y + o2 — 2v (oxoy + oxoz + o^oJJ +

+ _2g' (t*̂  + Xxz + ^2)- (3.13)
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BbipaweHHio ajih W (3.13) mojkho npH«aTb cjieayioiiiHe SKBHBaJieHTHbie 
(JiopMbi:

+ —[(CTx — CTi/)2 + (CT* — CTz)2 + (ay — CTz)2 + 6 (jxy + Txz + T^yz)] (3.14) 

ii caMyio oneBHAHyio — SHJiHHeiiHyio:

W = (<Tjeex + (jySg + + Txyyxy + Txzyxz + T^y^). (3.15)

yjiejibHan noTeHiiHaJibHan OHeprHn W mojkct dbiTb Bbipa>KeHa h nepe3 
AwjiopMaiiHH. TIjih SToro b (3.15) cjieayeT noACTaBHTb (3.9), hto no npHBe- 
Achhh AaeT

W = -g- Xft2 + G (ex + ey + ez) -]—g- G (yxy + yxz + y^z). (3.16)

BcerAa nojio>KHTejibHbie KBaApaTHHHbie (popMbi (3.13) — (3.16) Ha3bi- 
naioT nomeHU,uajioM ynpyettx cujl eduHUHHoeo o6n>eMa. BBeAeHne TaKoro 
repMHHa npaBOMOHHO, TaK KaK paHee mh npeAnojio>KHJiH, hto paSoTa 
ynpyrnx chji pejiHKOM nepexojjHT b noTeHiinajibHyio aHeprnio, aKKyMyjin- 
pyeMyio ynpyrnM tcjiom npn ero necJiopMHpoBaHHH h OTAaBaeMyio hm 
npn ripoTHBonoJio>KHOM xo£e npoiiecca.

npoAHiJxfiepeHiiHpyeM BbipaxieHHe noTeHiinaJia (3.16) no cocTaBjimo- 
hjhm TeH3opa AecjiopMaHHH. B pe3yjibTaTe

^(81V)’ dW(-) , .
~^~Xxy’

dW(.) „.
“ y'

dW (•)
--------= (7 *

dez

dW (■) 
dyXz — Txz'i (3.17)

dW (•) ,
- dyyz ~ T'

^opMyjibi (3.17), BnepBbie nojiyneHHbie +>k. Tphhom, cBH3biBaioT 
Mexmy co6oh HanpsoKeHHfl h Ae^opMaiiHH. Ha 9tom ocHOBaHHH hm mojkho 
iipnnHcaTb cmhcji 4)H3HnecKoro 3aKOHa.

B saKJnoneHHe ycraHOBHM oSjiacTb onpeAejieHHH ynpyroii nocTOHHHofi 
v; cjjopMyjia (3.14) naeT TaKyio B03M0>KH0CTb. noTeHiiHajibHan SHeprHH 
AecjiopMaHHH — nojioxKHTejibHaa BejiHHHHa. 3ro cjiejnyeT H3 toto, hto 
sanaceHHasi b npoijecce AeiJiopMHpoBaHHfl Tejia SHeprHH BO3Bpaw,aeT ero 
npn pa3rpy3Ke b HenecJiopMHpoBaHHoe cocTOHHHe. OneBHAHo, hto w h3 
(3.14) nojio>KHTejibHO b tom cjiynae, Korjia

4-(l-2v)>0; -±-(1+v)>0. (3.18)

PaccMaTpHBaa coBOKynHOCTb HepaBeHCTB (3.18) npH E > 0, JierKO bh- 
neTb, hto c oAHoii CTopoHbi v < y, ac apyrofi — v > —1. TaKHM o6pa- 
30M,

— 1 < v < 0,5.
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PfraK, TeopeTHMecKHe npeaejibi H3MeHeHHH KoatjxJiHUHeHTa riyaccoiia 
33XBaTbIBaK)T H OTpHH,aTejIbHyiO O0JiaCTb. OflHaKO flJIH Bcex H3BeCTHbIX 
MaTepnajioB KO3(|)cJ)iiiineHT nyaccoHa ocTaeTca nojioxHTejibHbiM h H3Me- 
HneTcn b npexejiax

0 < v < 0,5.

rjiasa 4
OEHJAH CHCTEMA yPABHEHIIH TEOPIIII ynPyrOCTII

§ 4.1. OcnoBHbie iianpaBoeniia penieHHH aanaa 
Teopim ynpyrocTH

YpaBHeHHH ododmeHHoro ^nsHnecKoro 3aKOHa, nojiyneHHbie b npe- 
AbiAymeH rjiaBe, 3aBepniaiOT (JiopMHpoBaHHe CHCTeMbi ochobhmx ypaBHe- 
hhh TeopHH ynpyrocra. PioGbi pemnTb 3Ty CHCTeMy, iieofixoAHMO cob- 
MecTHO Hcnojib30BaTb ypaBHeHHS paBHOBecHH HaBbe (1.5), ypaBHeHiia 
Kohih (2.7) h BbiTexaiomHe H3 hhx ypaBHeHHn cobmccthocth jtetJiopMaiiHH 
CeH-BeHana (2.28), a TaK>Ke ypaBHeHHH ododmeHHoro (|)H3HqecKoro 3a- 
KOHa (3.9). PemeHHe, yxoBJieTBopmomee cncTeMe sthx ypaBHeHHH, hojdk- 
HO 6bITb nOAHHHeHO rpaHHHHblM yCJIOBHHM. riOCJieAHHe MOryT SblTb 3afla- 
Hbl K3K B HanpHJKeHHHX, T3K H B nepeMeiH,eHH5IX HJIH >Ke B CMeiHaHHOH 
(fiopMe.

^ToSbi paccMaTpHBaTb nojiyqeHHbie paHee pe3yjibTaTbi, crpynnn- 
pyeM hx.

1. YpaBHeHHSi paBHOBecHH HaBbe (1.5):

(71)

XlHtjxJiepeHHHajibHbie ypaBHeHHH (/1) cBH3biBaioT Mexay coSoh KacaTejib- 
Hbie h HopMaJibHbie Hanpsi>KeHHSi, a TaK>Ke sth HanpnxeHHn c oSbeMHbiMH 
CHJI3MH.

2. ypaBHeHHH Kohih (2.7);
du du dv

'x~ dx ’ 7xy = dy 1 dx

dv
=

dw , du
dx ' dz

dw dv dw
'2 ~~dT ’ dz dy

(B)

ypaBHeHHH Kohih ycTaHaBJiHBaioT cBH3b Me>K,ny nepeMemeHHHMH h ae- 
(JlOpMaHHJIMH.
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3. ypaBHenna ododmeHHoro 4»i3mecKoro 3aKOHa. Mx 3anncbiBaioT 
odblHHO B OflHOH H3 CJieflyiOmHX (|)OpM — (3.10) hjih (3.9);

e*  = -g- [CTx — V (Py + 

8J/ = 4" — v (CT* + 

ez = 4" [+ — v (CT* + 

ox = M) + 2Gez;
Oy = Atf + 2G&y, 
oz = + 2Gez;

xXy — Gyxy; 
Tx2 = Gyxz, 
xyz — Gy yz.

Xxy ,'z)l> — G ’

z)J; Yzz =
Txz ,

~G~ ’

Qi; Yyz =
Ty*  .
G ’

(Q

(C')

<Accb = ex + e^, + ez. YpaBHeHHH o6o6m,eHHoro (jjHSHnecKoro 3aKOHa 
\ cranaBjiHBaiOT jiHHeiiHyio ajire6paHnecKyio CBM3b Mexcny HanpniKeHHHMH 
II Ae(|)OpMaHH5IMH.

Heo6xoflHMO noflqepKHyTb, hto ypaBHeHHH (X) — (C) BbiBeAeHbi npn 
O/UIOM cymecTBeHHOM AonymeHHH. ypaBHeHHM HaBbe 6biJin nojiyneHbi 
fici yqeTa toto, hto npn npHAO>KeiiHii chji k ynpyroMy ajieMeHTy oh HeH3- 
Gc/kho npgTepneBaeT (|)0pM0H3MeHeHHe h MecTonojio>KeHH5i chji ao h nocjie 
lC(|)OpMdUHH OKa3bIB3fOTCH HeTOIKAeCTBeilHblMH. CTpOTO TOBOpH, TOHHCCTb 
\ pilBHeHHH paBHOBeCHH (X) CO^JIIOAaeTCH TOJIbKO TOTAa, KOTAa CB0HCTB3 
paccMaTpHBaeMoro Tejia npn^JiHiKaiOTca k cBoficTBaM a6cojnoTHO TBepAoro 
icjia (oTcyTCTBHe b nocjieAHeM Ae^opMaiiHH) hjih b ycjiOBHHX npe- 
ucGpeiKHMO Majibix Harpy3OK. ripn MaJibix Ae(|)opMaHH5ix BbiCKa3aHHbie 
uiiaceHHH o HeTOHHOCTH Hamero BbiBOAa He HMeiOT MecTa. Ha tom »<e ogho- 
iiaiiiiH HeT nyjKAbi noAnepKHBaTb, hto KOopAHHaTbi, no KOTopbiM npoH3BO- 
HHTCfl AH(|)(|)epeHH.HpOBaHHe, B ypaBHeHHHX (X) B35ITbI AAfl COCTOHHHH, 
nocjieAOBaBHiero 3a Ae(|)opMaHHeH, a b ypaBHeHHHX (C) h (C') — aah co- 
ctohhhh, npeABapniomero Ae(J)opMamiio.

BepneMcii k cHCTeMe (X) — (C) h noACHH'raeM KOJiiiqecTBO neH3BecT- 
llbix (JiyHKUHH, BXOAHIH.HX B 3TH yp3BHeHH5I. JleTKO BHACTb, HTO HX 15:

6 cocTaBJi5iiomHX TeH3opa Hanp5i>KeHHH:
ux(x,y,z); Oy(-); oz(»); xxy(-); t*z(-); t+(-);

3 cocT^bA5nom,HX BeKTopa nepeMemeHHH:
u(x, y, z); v(>); w(>);

6 cocTaBJi5nom,HX TeH3opa Ae^opMauHii:
nx(x,y,z); ey(‘); ez(.); yxy(-); ?«(•): Yyz(-)-

()6beMHbie ciijibi o6bi4HO cqHTaiOTC5i 3aAaHHbiMH. CncTeMa AH(Jx[)epeiimiaAb- 
iui-aJire^paHtiecKHX ypaBHeHHH (X)— (C) coAepxtHT TaKxce 15 ypaBHe- 
tiiiii. Ecjih ncnojib3yiOTC5i OAHOBpeMeHHO Bce 15 ypaBHeHHH, He HyxiHbi 
V|)aBiieHH5i coBMecTHOCTH Ae(|)opMaH,HH CeH-BeHaHa, nocKOAbKy ohh He- 
nocpeACTBeHHO BbiTeKaioT H3 ypaBHeHHH (B). PemeHHn Bcex 3aAaq TeopiiH 
yiipyrocTH HaxoA5iT HHTerpHpoBaHneM cHcreMbi AHHeiiHbix AHcJxjiepeHiiH- 
.1 ibHbix ypaBHeHHH (X) — (C). JlHHeiiHocTb 9thx ypaBHeHHH onpeAeAneT 
iy «npocTOTy», KOTopaa npHcyma KAaccimecKon TeopHH ynpyrocTH.
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HaiUeHHbie b pe3yjibTaTe HHTerpHpoBaHHH 15 (JiyHKiiHH aojijkhm yaoB- 
JieTBOpHTb rpaHHHHblM yCJIOBHHM, 33AaHHbIM Ha KOHType Tejia. TXjIH CJiy- 
nan, Kor«a Ha KOHType AeficrayiOT noBepxHOCTHbie chjih, rpaHHHHbie 
ycjioBHH mojkho riojiyqHTb H3 (1.7). JXjih 3toto coBMecraM Kocyio njiom,aAKy 
F TeTpaa^pa c noBepxHOCTbio Tejia. B 3tom cjiyqae BeKTop pn ecTb He hto 
HHOe, K3K BeKTOp BHeiHHeTO yCHJIHH, OTHeCeHHblfi K eAHHHHHOfi njIOmaflH, 
a ero cocTaBJiaioiyHe pnx, PNy h pnz — npoeKH,HH 3aAaHHofi BHemHeii 
chjiw Ha KOopsHHaTHbie och:

pNx = Oxl + xxym + xxzn;
PNy = xxyl + (Jym + xyzn; (D)
Pnz = xxzl + xyzm + (jzn.

ejacTO BCTpenaiOTCn TaKHe 3aAanH, b KOTopbix 3aAaHbi He CTaramecKHe, 
a KHHeMaTHnecKHe rpaHHHHbie ycjiOBHn, t. e. 3aaaHbi cMemeHHH Ha koh- 
Type Tejia (u, v h w Ha noBepxHocra). TaKHe rpaHHHHbie ycjioBHH o6bm- 
ho fibiBaioT npn pemeHHH KOHTaKTHbix 3aAaH — 3aAan o B3aiiMOAeficraHH 
SByx h Sojiee Teji (6ojiee noApo6HO o rpaHHHHbix ycjiOBHHX cm. § 4.2 
h 4.3).

npiiHHTO -pa3jiHnaTb 2 ochobhmx THna 3a.ua1! TeopHH ynpyrocTH.
1. npnMan 3aaa4a. Id3BecTHbi (3aAaHbi) Bce o6beMHbie h noBepxHOCT- 

Hbie chjim X, Y, Z, pNx, PNy, Pnz (hjih cMemeHHH Ha rpaHHue). Onpeae- 
jrneTcn Bce nojie ynpyrnx nepeMem,eHHft, aeipopMauHfi h Hanpa>KeHH0 
KaK BHyTpn oo'beMa, TaK h Ha KOHType paccMaTpHBaeMoro Tejia.

TaKan nocTaHOBKa 3aAanH Han6ojiee qacTO BCTpeqaeTcn b npaKTHKe 
HCCJieAOBaTejm, pa6oTaiom,ero b o6jiacra Teopim ynpyrocra. H3-3a cBoefi 
npaKraqecKofi 3HamiMocra npeBajiHpyeT hmchho 3Ta 3aAana. IlpnMan 
3aflaqa TeopHH ynpyrocra caMan TpyAiiasi, a nojuiac n BOBce HeflOCTyn- 
Has. OcHOBHas TpyAHOcra 3flecb b tom, hto npnxoAHTcn HHTerpnpo- 
Bara qpesBbiHaftHO cJioxHyio cncTeMy AH(J)(|)epeHH,HaJibHbix ypaBHeHHfi b 
HaCTHblX npOH3BOAHbIX (/1) — (C) H yflOBJieTBOpSITb pa3H006pa3HbIM, 
a/nopofi BecbMa «HenpHHTHbiM» rpaHHHHbiM ycjiOBHHM.

2. OOpaTHaa 3aflaHa. H3Becraoft (3aAaiiHofi) ciHTaeTcii omia H3 Tpex 
CHCTeM (JjyHKUHfi HanpjDKeHHfi, nepeMemeHHfi, Ae^opMaiiHfi hjih hx kom6h- 
naiwi; cHCTeMa AOJDKHa 6bira cnpaBejiJiiiBa bo BceM o6i>eMe Tejia. Heo6- 
xoahmo Hafira ocTaJibHbie HeH3Becrabie KOMnoHeHrai, b tom micjie h rpaHHH- 
Iibie yCJIOBHH.

O6paraasi 3a,n,aqa BOSHHKaeT npn npoBepKe npaBHJibHocra npn6jiH- 
jKeHHbix h CKOHCTpyHpoBaHHbix pemeHHfi. 3Ty 3aAauy Bcer.ua mo>kho pe- 
HIHTb, He npilXOAHTCM HHTerpiipOBaTb CJIOXKHyiO CHCTeMy AH(J)(j)epeHHH- 
aJibHbix ypaBHemifi (A) — (C), Bce cboahtch k npocraiM MaTeMaranecKHM 
onepau,HHM. B 9tom CMbicjie o6paraaa 3aAana He HBJiaeTcn npo6jieMHofi. 
O^HaKo, KaK OTMeuaji H3Becrabifi HccjieflOBaTejib b o6jiacTH TeopHH ynpy- 
iocth A. CeH-BeHaH, «cjiefly5i noflo6HbiM nyTeM, Mbi, k co>KajieHHio, hmcjih 
6bi BecbMa Majio maHCOB aaMe nocjie Aojirnx nonbiTOK npHfira k pemeHHHM, 
npeACTaBJi5iiom,HM KaKofi-jm6o HHTepec».

Ha 3a/iaBaeMbie cHCTeMbi (JiyHKmifi iiaKJiajjbiBaiOTcsi cjieayiomHe orpa- 
HHHeHHH: 1) AetJlOpMaHHH (HJIli JIHHefiHO C HHMH CBH3aHHbie H3np5I>KeHH5l) 
AOJDKHbi yAOBJieraopsira ycjiOBHHM coBMecraocra AefJiopMaiiHfi CeH-Be- 
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liiina; 2) nepeMemeHM aojijkhm 6bira HenpepbiBHbiMH 0AH03HanHbiMH 
l|iy IIKHHHMH.

Kan y»e OTMenajiocb, npn paccMOTpeHHH o6paraoft 3aAaqn Moryr 
HMera MecTO 3 cjiyqan 3aAaBaeMbix 4>yHKn,Hfi:

1. 3aAaHbi nepeMemeHHH u (x, y, z); v (•); w (•). 3to Handdjiee 
npocToft cjiynaft. IlpocTbiM AHcjxpepeHiiHpoBaHHeM no ypaBHeHHHM Koihh 
iiiixoaht AetjiopMaiiHH, a 3aTeM npn noMom,H ododmeHHoro (})H3HqecKoro 
niKOHa — HanpMJKeHHn. YpaBHeHHH Hepa3pbiBHOcra Ae4>opMaiiHfi CeH- 
HeiiaHa 3Aecb BcerAa BbinojiHHioTCH. noBepxHOCTHbie chjih HaxoAHT npn 
iiomoiijh ypaBHeHHft (D), a oSteMHbie — H3 ypaBHeHHfi paBHOBecHH HaBbe.

2. 3aAaHbi Ae$opMauHH ex (x, y, z); ay (■); e2 (•); yx9 (•); ?«(•); 
y, .. (•); ohh AOJiJKHbi yAOBJieTBOpHTb ypaBHeHHSM Hepa3pbiBHOCTH Aecjiop- 
Miimifi. no ypaBHeHHHM oSoSiyeHHoro (|)H3HqecKoro 3aKOHa naxoAHT Han- 
pii/KeHHH, a nepeMemeHHH onpeAejiaiOT no ypaBHeHHMM Kohih. FIoBepx- 
uocTHbie h oSbeMHbie chjim onpeAejimoT thk xce, khk h b 1-m cjiynae.

3. 3aAaHbi HanpmKeHHH ux (x, y, z); ay (•); o2 (•); xxy (•); rX2 (•); 
',(•). JJe(|)opMan,HH HaxoAHT npn noMom,H o6o6ni,eHHoro 4>H3HHecKoro 
niKOHa, a nepeMemeHHH — H3 ypaBHeHHfi Kohih. noBepxHOCTHbie n 

o6i>eMHbie cHjibi onpeAejimoT TaK x<e, khk h b 1-m cjiynae.
B npaKTHKe penieHHn HeKOTopbix KOHKperabix 3aAaq HHorAa npnMe- 

iihiot TaK Ha3biBaeMbifi nojiyo6pamHbtu Memod CeH-BeHaHa. B HeM nacra 
ncKOMbix (J)yHKH,Hfi 3aAaioT — npeAyraAbiBaioT Ha ocHOBe pe3yjibTaTOB 
■iKcnepHMeHTOB, hmciolhhxch y>Ke ajieMeHTapHbix penieHnfi, pemeHHft 
6jih3khx 3aAan, a TaKxce Ha ochobc KanecTBeHHoro aHajiH3a HCCJieAyeMofi 
MaAaHH. ripHHnraie (JiyHKiiHH AOJiiKHbi 6bira coBMecrabi c pa3pemaiom,HMH 
ypaBHeHHHMH (X) — (C), ycjiOBHHMH (D) h HMeHHO Toft 3aAaHefi, KOTO- 
paa noAJieiKHT pemeHHio. Ecjih 3Ty npeAyraAaHHyio nacra (jiyHKiiHH noA- 
i raBHTb b paspeinaiomyK) CHCTeMy, to 3aAaqa ynpocraTcn (npn OAHOBpe- 
MeiiHOM cyiKeHHH ee o6hihocth) 3a cneT yMeHbineHHH HHCJia hckomhx 
(jiyHKijHfi. Pernan TaKyio ynpomeHHyio saAany, AOonpeAejimoT HeH3BecT- 
nyio nacra pemeHHH.

H3Becrabifi cbohmh ocHOBonojiaraiomHMH TpyAaMH no TeopHH ynpyroc- 
iii npo(j)eccop n. O. IlanKOBH'i nncaji: «MeTOA stot (nojiyo6parabifi Me- 
toa.— Aem.), koiictho, HecoBepnieHeH. Oh He AaeT HHKaKoft rapaHran 
roro, hto Mbi cyMeeM, nojib3yncb hm, peniHra nocTaBJieHHyio 3aAaHy». 
ynoMHHan 3Aecb o nojiyo6paraoM MeTOAe, cjieAyeT ein,e pa3 noAnepKHyra, 
'ito oh hh b Koeft Mepe He o6jiaAaeT Heo6xoAHMofi o6mHOcraio h nosTOMy 
iic Mo?KeT npeTeHAOBara Ha pojib Bceofi'beMJiromero.

Bo3BparaMcn k npnMofi 3aAaqe, KOTopan Han6ojiee Baxraa c tohkh 
ipeiiHH HHiKeHepHofi npaKTHKH. OTcyTCTBne o6m,ero MeraAa penieHHH 
lipHMOfi 33AaHH MO/KHO o6bHCHHTb TeM, HTO COBpeMCHHaH MHTeMaTHKa 
ne o6jiaAaeT aHajiHranecKHM annapaTOM, no3BOJi5iioiHHM nojiynHTb peme- 
mie CHCTeMbi ypaBHeHHft (>4) — (C) ajih npoH3BOJibHO HarpyiKeHHbix 
yiipyrHX TeJi o6m,ero bhah. Oah3ko OTcyTCTBHe o6in,ero pemeHHH ne 
o iHanaeT, hto Teopnn ynpyrocra b cbocm pa3BHTHH He Aocrarjia cymecr- 
neiiHbix ycnexoB. Hao6opoT, k HacTonmeMy BpeMeHH pa3pa6oTaHO 6ojib- 
moe hhcjio pa3JiHHHbix MeTOAOB pemeHHH KOHKperabix, BaiKHbix aah 
iiioKeHepHoft npaKTHKH npHMbix aaAan h nojiyneHo eiye 6ojibmee hhcjio 
pemeHHH.
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'I'aKne qacTHbie 3aAanH yAaercn oSbiHHO peinaTb 3a cneT yMeHbineHMH 
ojihhocth nojiyqaeMoro pemeHHH. B HeKOTopbix cjiynanx npn 3tom 3a 
iieH3BecTHbie KOMnoHeHTbi yaoSho npHHHMaTb HanpMHceHHH, b Apyrnx — 
KOMnoHeHTbi nepeMemeHHH. Ty hjih HHyio cHcreMy HeH3Becrabix (JiyHK- 
H.HH BbldnpaiOT B 33BHCHM0CTH OT BHA3 TpaHHHHblX yCJIOBHH.

CncTeMy AiicjxpepeHiiHaJibHbix ypaBHeHnfi (/1) — (C) yAoSHee npHMe- 
HHTb b npeo6pa3OBaHHofi (JiopMe, ynpocraB ee b caMOM ofiipeM BHAe, t. e. 
BHe 33BHCHMOCTH OT KOHKpeTHOH (flOpMbl TeJia H TpaHHHHblX yCJIOBHH, 
npHcynjHX pemaeMOH saAane. HcTopHqecKH cjiojKiuiHCb 2 ochobhmx nyTH 
ynpomeHHH. ITepBbiH nyTb (Han6ojiee jiorHHHbiii, ho He Bcer.ua caMbifi 
npocToft) coctoht b tom, hto H3 CHCTeMbi ochobhhx pa3pemaioiii.HX ypaB- 
HeHHfi (A) — (C) HCKjnonaioT KOMnoHeHTbi HanpniKeHHft h AefjjopMauHfi h 
3a ocHOBHbie HeH3BecTHbie npHHHMaiOT u (x, y, z); v (•); w(-). 3tot
MeTOA Ha3biBaeTca petueHueM e nepeMetqeHUHX. BTopoft nyTb — 3a ochob- 
Hbie neH3BecTiibie npHHHMaiOT rnecTb cocTaBJuiioniHX HanpnxieHHfi: 
<yx (x' y, z); oy (•); oz (•); txy (•); tX2 (•); t?2 (•). 3tot MeroA Ha3biBa- 
eTcn peuieuueM e HanpMtceHUHX. Bojiee noApo6no o6a MCTOja paccMOTpe- 
Hbi b nocjieAyiomHX naparpa^ax.

Moikho 6hjio 6bi nonbiTaTbcn co3AaTb 3-ft nyTb h HCKJiiomiTb H3 ypaB- 
HeHnfi ;(X)'— (C) KOMnoHeHTbi nepeMemeHHft h HanpniKeHHft. Tor.ua b 
cHCTeMe (JmrypHpoBajiH 6bi TOJibKo KOMnoHeHTbi ocTaBniHxcn niecTH H3 
15 OTHOCHTeJibHbix Ae^opMauHfi: ex, e^, e2, yxy, yxx h y^. IIonbiTKa 
HaBepHHKa yBeHnajiacb 6bi ycnexoM, h Taxyio CHCTeMy §e3 6ojibHiHX 3a- 
TpyAHeHHft mojkho 6buio 6bi nojiyqHTb. OAHaKO stot iioaxoa k pemeHHio He 
HMeeT HHKaKHX npeHMyui,ecTB nepeji AByMH yme npHBeAeHHbiMH. IIosTOMy 
pemeHHe b AecJiopMauHHX o6cy>KAaTb He cTaHeM.

OneBHAHO, hto TeopeTHnecKH B03M0>KeH h cjiynaft, KorAa 3a ocHOBHbie 
HeH3BeCTHbie npHHHMaiOT HeKOTOpbie COCTaBJI5HOIH,He K3K HanpHHieHHH, 
TaK h nepeMemeHHH. JlerKO npeACTaBHTb ce6e to orpoMHoe kojihhcctbo 
KOM^HHailHfi, KOTOpbie M0>KH0 nOJiyHHTb, nO-pa3HOMy BapbHpya HHCJIO 
ochobhmx HeH3BecTHbix, B3MTbix H3 KOMnoHeHTOB nepeMemeHHM H Hanpn- 
>KeHHM. TaKoft noAXOA k 3aAane He HameJi mHpOKoro npHMeHeHHH h pac- 
CMaTpHBaTbca/b HarneM Kypce He 6yAeT.

B 3aBHCHMocTH ot bhah rpaHHHHbix ycJiOBHft npHMbie 3aAanH TeopnH 
ynpyrocTH acjiht Ha cjieAyioiiiHe:

1) nepBas ochobh3h 3aAana — na rpaHHpe npeAnojiaratoTCH H3BecT- 
HblMH yCHJIHH;

2) BTOpan ocHOBHan 3aAana — Ha rpaHHpe npeAUOJiaraiOTCH H3BecT- 
HbiMH nepeMemeHHH;

3) CMeinaHHan 3aAana — Ha oahoh nacra rpaHHHbi npeAnojiaraioTca 
H3BecrabiMH ycHJiHH, a Ha ocTajibHoft nacra — nepeMemeHHH.

OneBHAHO, hto AeJieHHe MHO>KecTBa npnMbix 3aAan TeopHH ynpyrocm 
na 3 KJiacca — aobojibho' ycjiOBHaa pacaeTHaa cxeMa. MaTeMarasauHa 
peajibHoft KOHCTpyKiiHH (co3AaHHe ee MaTeMaraaecKofi moacjih) Hen36e>K- 
ho BJieaeT 3a co6ofi HeKOTOpyio HAeajiH3auHio h otk33 ot MHoroo6pa3Ha 
peaJibHbix KOHCTpyKixnfi. CjieAyeT OTMeraTb, hto rpaHHHHbie ycJioBHa 
B HanpaareHHHX B HHCTOM BHAe Ha npaKTHKe BCTpeaaiOTCH AOBOJIbHO peAKO. 
H, KOTAa roBOpHT o npnjio>KeHHbix k Tejiy Harpy3Kax, oneHb aacTO 3a Ta- 
KOfi (JlOpMyjIHpOBKOfi MO>KHO yCMOTpeTb 3aMaCKHpOB3HHyiO KOHT3KTHyiO 
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lajiany — 3aAany o B3aHM0AeftcTBHH «Byx Teji — ynpyroro c ynpyrnM 
ii ynpyroro c aScojiioTHO jkcctkhm (sto onnTb-TaKH HAeaJiH3au.HH, cnpaBen- 
jniBan Toraa, Kor/ia >KecTKOCTb oahoto Tejia 3HauHTejibHo npeBbimaeT 
wecTKocTb Apyroro). Ha stom ochob3hhh mojkho caejiaTb bmboa, hto 
h peaJibHbix ycJiOBHHX Ae^opMHpoBaHHH npHXOAHTCH Hcnojib3OBaTb peme- 
iihh Bcex Tpex ochobhmx rpaHHHHbix 3a.na1!.

B 3aKJiioneHHe otmcthm, hto bo Bcex paccMaTpHBaeMbix sanauax ot- 
cyTCTByiOT HauajibHbie HanpnjKeHHn, t. e. Hanpn>KeHH5i, AeficTByioiHHe b 
ynpyroM Tejie h b tom cjiyuae, Korfla bhciuhhx BO3.neficTBHft.HeT. B peajib- 
iibix «<e KOHCTpyKu.H5ix OHii MoryT h cymecTBOBaTb. HauaJibHbie Hanpaxe- 
iihh 3aBHCHT ot npeAmecTByiom,efi hctophh Tejia. Ohh MoryT 6biTb cjieacT- 
imeM TexHOJiorHHecKofi o6pa6oTKH hjih c6opKH h, KaK npaBHJio, HeH3BecT- 
llbl. riOSTOMy o6bIHHO HX He paCCMaTpHBaiOT, CHHTaH, HT0 OHH OTCyTCTByiOT 
(3flecb onsiTb CTajiKHBaeMCH c onpejiejieHHofi HfleaJiH3aiiHefi npH nocTpoe- 
iihh pacqeTHofi cxeMbi — MaTeMaTHnecKofi moacjih). TaKoe npeAnojio>Ke- 
niie ecTb ne hto HHoe, KaK npHHHTHe ranoTe3bi o ecrecTBeHHOM HeHanpa- 
ixeHHOM cocTosiHHH Tejia (cm. BBeaeHHe), KOTopaa yTBepmAaeT, hto npn 
OTcyTCTBHH AeifiopMaiiHfi HanpnjKeHiifi b Tejie HeT.

§ 4.2. Peinemie npjiMofi Ba^ani Teopmi ynpyrocTii b nepeMemeHiinx

B cooTBeTCTBHH c njiaHOM, HaMeneHHbiM b npeAbwymeM naparpaijje, 
o6paTHMca k pemeHHio ocHOBHofi saflauH Teopuu ynpyroc™ h 6yueM pe- 
marb ee b nepeMemeHHJix. 3a HeH3BecTHbie npnMeM KOMnoHeHTbi nepeMe- 
meHHH u (x, y, z); v (•); w (•). fljw onpeaejieHHJi bthx (JiyHKHnft 
nyjKHO HMeTb 3 ypaBHeHHH. HaH6ojiee ecTecTBeHHO nojiymiTb hx cjie- 
AyiomnM o6pa3OM.

BbinnmeM 1-e H3 ypaBHeHHfi HaBbe (4);

noflCTaBHM b Hero ypaBHeHHH o6o6meHHoro (J)H3HqecKoro 3aK0Ha (C'), 
npeflBapHTejibHO Bbipa3HB oTHOCHTejibHbie AecJiopMauHH Hepe3 nepeMeme- 
hhh npn noMomn ypaBHeHHfi Koihh (B);

Gx = Xfi + 2Gsx = M + 2G ;

Ilocjie noACTaHOBKH nojiyHHM
< / d2u . d2v . d2u . 32t4» 

+ \ dy2 + dxdy + dz2 + dxdz

FleperpynnHpyeM qjieHbi stoto ypaBHeHHn:
, d2u , d2u ) , n d / du 
+ 1+ + ~dz2' )+(J~dx

dv 
dy

+>)+*=»■
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Bo BTOpblX CKOdKaX CTOHT He HTO HHOe, K3K CyMMa JIHHeHHblX Ae(j)OpMa« 
Hiiii, paHee o6o3HaneHHa5i wepe3 0. Bbipa>KeHHe b nepBbix cKoSKax Ha3bi- 
BaeTCH onepamopou Jlanjtaca hjih JianjiacuaHOM. JXah Hero npHHHTO 
cjie/iyiomee o6o3iiaqeHHe:

■ d*u  . d2u . d2u ( d2 , 32 , 3« \
3xa + dy2 dz2 ~ \ 3x2 dy2 + 3z2 )U — V U'

OyHKHHH, yAOBJieTBopjnomne onepaTopy Jlanjiaca, Ha3biBaiOTCH eapMO- 
HunecKUMU (pyuKnunMU hjih nomenyuajiaMU Jlanjtaca.

3th coKpameHHH no3BOJiHK)T 3anncaTb ypaBHeHHe (4.1) Tan:

GV2w + (% + G) + X = 0.

AHajiorHHHo mojkho npeo6pa3OBaTb h ocTanbHbie Asa ypaBHeHna 
HaBbe (A). TaKHM o6pa3OM, nojiynaeM cncTeMy Tpex flHtjkJiepeHiiHajibHbix 
ypaBHeHHH sjuiHnraHecKoro rana c TpeMH HeH3BecrabiMH (JiyHKitHHMH u, 
v h w, KOTopbie Ha3biBaiOTC5i ypaBHenuHMu JlaMe:

GV2M + (X + G)-^ +X = 0;

GV^ + (% + G)-^+r = 0; (4.2)

GV2® + (% + 6) + Z = 0.

Ecah o6teMHbix cha HeT, ypaBHeHH5i JlaMe ynpomaioTcsi!

V2« + (l-2v)-’^ = 0;

V^+ (i_2vr1-^- =0; (4.3)

+ (1 — 2vp' =0.

ypaBHeHH5I (4.2) AOM>KHbI BbinOJIHHTbC5I BHyTpH BCeTO O^ieMa, 33HH- 
MaeMoro tcjiom, h b npHHunne peinaioT npnMyio 3aAany TeopHH ynpyrocra. 
Ilocjie onpeAejieHHH nepeMemeHHH u, v h w JierKO Hafira Hanpn>KeHHH h 
Ae(j)OpMaHHH. OCHOBHblM AOCTOHHCTBOM 3TOH (|)OpMbI peilieHHH HBAHeTCH 
to, hto b HeM coAepxaTCH jiHHib 3 (JiyHKiiHH, noAJiejKamHe onpeAeMeHHio. 
Ecjih npocjieAHTb nyra nojiyqeHHH ypaBHeHHH (4.2), to bhaho, hto ohh 
aKKyMyjiHpyioT b ce6e: 1) CTaraHecKyio CTOpoHy 3aAaqn, HBJiHHCb He neM 
hhmm, KaK npeo6pa3OBaHHbiMii ypaBHeHHHMH paBHOBeciiH; 2) reoMeTpH- 
necKne xapaKTepncraKH — nepeMemeHHH u, v h w; 3) (J)H3HHecKHe napa- 
MeTpbi X (v, E) h G (v, E), OTpaiKaiomHe ynpyrne cbohctbh Tejia, YpaB- 
HeHHH JlaMe, 06'beAHHHiomHe b ce6e Bce 3 nepeqHCJieHHbix acneKTa, nacTo 
Ha3biBaiOT cuHmesupymupiMU. npn BbiBOAe ypaBHeHHH JlaMe 6biJiH ncnojib- 
3OBaHbi Bce 15 ypaBHeHHH, h noaTOMy ypaBHeHHH Hepa3pbiBHocra Aecjiop- 
MaiiHH yAOBJieTBopnioTCH aBTOMaranecKH.

B tom cjiyqae, KorAa o6beMHbie chjim oTcyTcrayioT, TOHiiee, Korpa 
HMH M05KH0 npeHe6pe>Ib HJIH OHH He 33BHCHT OT TeKymHX KOOpAHHaT, 
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llll/IHHCb nOCTOHHHblMH, a 3TO O3HaHaeT, HTO
dX dX dX dY dZ .. ..
+T = '^ = +T = +T = ' ’ * =-dT=°’ <4-4>

ypaBHeHHHM JlaMe mojkho npHAaTb 6ojiee KOMnaKTHbiH bha.
npoAH^xjiepeHHHpyeM 1-e H3 ypaBHeHHH JlaMe no x\ 2-e — no y, 

n 3-e — no z. Cjiojkhb pe3yjibTaTbi, nojiyHHM

CT(-37+<+4-) + <1 + G>V,,>=0’
IIJIH

gv+ + (A. + G) v2a = o,
orcioAa

(k + 2G) V+ = 0
II OKOHHaTeJIbHO

V2a = 0. (4.5)
.'•)to 03nanaeT, hto npn BbinojiHeHHH ycjioBHH (4.4) OTHOCHTejibHoe ofiieM- 
noe pacmHpeHHe MBJiHeTcs rapMOHHnecKOH (JiyHKiiHeH koopahhht.

HaJiee nocTynnM Tan: npOAH^epeHHHpyeM ABa>KHbi jieByio nacTb 
l-ro H3 ypaBHeHHH JlaMe cHanajia no x, a 3aTeM no y h no z h cjiojkhm 
iiojiyneHHbie pe3yjibTaTbi. Hhmmh cjiOBaMH, npnMeHHM k 3T0My ypaBHe- 
iiiiio onepaTop Jlanjiaca

V2 = —__ I———I—— •dx2 dy2 dz*  ’

GV2^ + (% + G)-g-=0; 

GV2> + (X + G)^ = 0;' 

GV2-^+(++G)-g^-=0.

Cjio>khb, noJiyHHM

HJIH

GV2V2u + (X + G) V20 = 0. (4.6)

BTOpoe cjiaraeMoe, corjiacHO (4.5), paBHO Hyjno, a TOTAa H3 (4.6) cjiejiyeT: 
V2V2u = 0, hjih V4u = 0.

ToHHO T3K >Ke MOJKHO yCT3H0BHTb, HTO V+ = 0 H V4(O = 0. Ht3K, 
ypaBHeHHH JlaMe b cjiyqae, Kor.ua BbinojiHHioTCH ycJioBHH (4.4), mojkho 
3anHcaTb Tan:

V4u = 0; V4u = 0; V4ui = 0. (4.7)
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II !in iiini!- ypaniicinie V*F  = 0 Ha3biBaiOT SuzapMOHWiecKUM, 
i j! iiMiiiio / , eMy yAOBJieTBopaiomyio,— cooTBeTCTBeHHO SucapMOHWie- 

< koi'i i/it/HKqueu. nepeiwemeHHfl u, v, w, Kan oto bhaho H3 (4.7), hbjihiotch 
61irapMOHHHeCKHMH (JjyHKHHHMH KOOpflHHaT npH BbinOJIHeHHH OTpaHHHe- 
hhh (4.4) Ha oS'beMHbie chjim.

TIjih HHTaTejin, 3HaKOMoro c MeTOflaMH pacneTa CTaTHHecKH Heonpe- 
nejiHMbix cHCTeM, BHAHa napajuiejib, KOTopyio moikho npoBecTii MeiKjjy 
pemeHHeM 3aAanH Teopnn ynpyrocTH b nepeMeujeHHHx h mctoaom nepe- 
MenjeHHH, HIHpOKO HCnOJIb3yeMbIM B CTpOHTeJIbHOH MeXaHHKe CTepiKHe- 
BblX CHCTeM.

riepeMemeHHa u, v h w, KOTopbie ynoBJieTBopnioT ypaBHeHHMM JlaMe, 
AOJiiKHbi TaKiKe yaoBJieTBopnTb h rpaHHHHbiM ycjiOBHHM. Han6oJiee npocT 
cjiynaii, Koraa rpaHHHHbie ycjioBHH 3auaHbi b nepeMemeHHHx (TaKHe 
rpaHHHHbie ycjioBHH nam,e Bcero BCTpenaiOTCH npn pemeHHH kohtbkt- 
hhx 3aa;aq). B otom cjiynae rpammHbie ycJiOBHH MoryT SbiTb 3amicaHbi 
TaK:

U (-'-rp, J/rp, Zrp) — «rp (-^rp, £/rp, Zrp)i

(-^rp, £/rp, 2rp) = Urp (-^rp, f/rp, 2rp)> 

(-^rp, //rp, Zrp) = tWrp (xrp, Z/rp, Zrp)> 

rjje u, v h w — pemeHHH ypaBHeHHH JlaMe;
Urp, ^rp h oirp — 3aAaHHbie nepeMemeHHn Ha rpamme Tejia (rpa- 

HHHHbie yCJIOBHH);
xrp, i/rp h zrp — KoopAHHaTbi TOHeK Ha rpaHHpe Tejia.

Ecjih rpaHHHHbie ycjioBHH 3auaHbi b HanpmKeHHnx, cjie^yeT b ypaB- 
HeHHHX (D) HanpnmeHHH Bbipa3HTb qepe3 nepeMemeHHH:

= (u + 2G »/ + G ( + ^) m + G (^ + * ) „,
HHaqe: *

Pjv* = W + G l + 4+ m + 4/ n)'+
♦ . rl du , , dv , dw \

+ Gl-5Fz+-a+m + +x-rt4

^ = ^m + G(4rz+4r/” + ^rn) + (48)

+°(+'+t'"++4

riocjieAHHe 2 ypaBHeHHn HanncaHbi no aHaJiornH. YpaBHeHHn (4.8) moikho 
3anncaTb Kopone, ecjin ynecTb, hto BbipaiKeHHe, cTonmee b nepBbix cko6- 
Kax, ecTb He hto HHoe, khk npoH3BOAHaa nepeMemeHHM no HopMaJim
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J(jih (J)yHKu.HH u, HanpHMep,

I'lcnojib3ya t3koh ,bha BbipanceHHH b cKofiKax, ypaBHeHnn (4.8) nepenn- 
ineM t3k:!

' P- = ^ + «+ + «(+'+ + '" + + +

Pn + + oi-^-1 + -^- m + ~ n) |

, „ , dw , / du . , dv , dw \
p^ = ^n + G+G^ l +-d+m+~d+ n) ■

riOJiyHHB CBOH ypaBHeHHH, r. JlaMe COKpaTHJI IIHCJIO HeH3BeCTHbIX B 
ypaBHeHHax ao Tpex. Oah3ko h b stom cjiyuae, KaK yxxe OTMeuajiocb pa- 
Hee, 061n.ee pemeHHe ao chx nop He HaiiAeHO. rionbiTKH nojiyqHTb ofimee 
pemeHHe, CTHMyjinpyeMbie AOCTaTOHHO npocTbiM bhaom ypaBHeHHH JlaMe, 
npeAnpHHHMaJiHCb HeoAHOKparao. Ho oahh TpyAHOcra CMeHHJiHCb Apy- 
riiMH, a npaMan 3aAaua TeopnH ynpyrocm He HMeeT tohhoto pemeHHa 
h noHbme. B HacTOnm.ee BpeMH H3Becrabi HecKOJibKO o6hxhx pemeHHH. 
Hx paccMOTpeHHe noKa3biBaeT, HacKOJibKO rp0M03AKH h HeatJxjjeKTHBHbi 
o6m,He MeTOAbi, KOTopbie cKopee AOKa3bmaiOT cymecTBOBaHHe pemeimii, 
He>KejiH pemaiOT npaMyio 3aAany TeopnH ynpyrocra. riepeqeHb o6ih,hx 
pemeHHH, KOTopbie hchhcjijiiotch eAHHimaMH, nojiyqeHHbix nomra 3a 150 
jieT c toto BpeMeHH, khk JlaMe nojiynHJi ypaBHeHHH, npHBOAHT k mmcjih 
0 He:6xOAHMOCTH npilMeHHTb 9(|)C[)eKTHBHbie npH^JIHJKeHHbie MeTOAbl 
(CM. H. II).

§ 4.3. Peinemie npnMoii aaAaun Teopim ynpyrocTii b HanpasKeiniHx

B cxewe pemeHHa, paccMaTpHBaeMoii b stom naparpatjie, 3a ocHOBHbie 
HeH3BecTHbie npiiHHTbi He nepeMemeHHH, a HanpajKeHHJi. JJjia nojiyneHHH 
pa3pemarc>m,HX ypaBHeHHH cjieAyeT b hcxoahmx ypaBHeHHHx HCKjnonHTb 
nepeMemeHHH h AetJiopMauHH. lIto6m onpeAejiHTb 6 cocTaBJimom,HX Ha- 
npsuKeHHu, HyiKHbi no MeHbinefi Mepe 6 ypaBHeHHft. Tpn ypaBHeHHH 
paBHOBccna (4) coAepwaT TOJibKO HanpniKeHHa h noaTOMy 6e3oroBopoqHo 
MoryT 6biTb BBeAeHbi b HCKOMyio CHCTeMy. ypaBHeHHH, AonojiHHTeJibHbie 
no oraomeHHK) k rpynne (/4), nojiyuHM H3 ypaBHeHHfi coBMecraocra 
CeH-BenaHa (2.28), npeABapHTejibHO 3aMeHHB b hhx AetJiopMauHH Ha Ha- 
npnjKeHHn npn noMoiiiH o6o6m,eHHoro 3aK0Ha TyKa.

B -COOTBeTCTBHH C HaMeneHHblM nJiaHOM, H3

dy- ‘ dx2 dxdy
cjieAyeT:

d2ax d2ay __ d2az
~dy2 V ~dy+~'V ~dt+

d2Oy
dx2

d2ax d2az
"dx2 ~V ~dx2~

= 2 (1 + v) (4-9)
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Hto6h HCKOMbie ypaBHeHHH, KOTopbie Mbi 6yaeM nojiynaTb H3 nepB 
rpynnbi ypaBHeHHH Hepa3pbiBH0CTH, He co«ep>KajiH KacaTejibHbix Hf 
parKeHHfi, hckjhohhm H3 npaBofi nacTH (4.9). JJ,JiH,AOCTHH<eHHH stc 
HaM noTpedyiOTCH ypaBHeHHH paBHOBecnH, nepBoe H3 KOTOpbix npo,«n 
(jiepeHUHpyeM no x, BTopoe — no y, a TpeTbe — no z:

d2ax , ^xy ^xx , dx =
dx2 ' dxdy ~ dxdz ~r gx

d^xy , d2ay d'^yz dY =
dxdy _r dy2 ‘ dydz _r dy (4.1

d2Q2 d2xyz d2(yz dZ
dxdz ‘ dydz ' dz2 dz

Cjiojkhm Tenepb nepBbie 2 ypaBHeHHH (4.10), a H3 cyMMbi BbmeM 3 
B HTOre nojiyHHM

o &ixy d2ax d2ay , d2az dX dY , dZ .
dxdy dx2 dy2 ' dz2 dx dy r 3? ' '

noflCTaBHM (4.11) b (4.9):

d2ox ,, d2ay d2az d2ay ~ d2ax d2az
dy2 dy2 dy2 r dx2 dx2 dx2 ~

d2<rz
dz2

gX dY_ dZ )
dx dy _r dz ) *+

OrciOAa

d2ax , d2ox | d2ay d2ay _ d2az _ d2az _ d2az _ d2az
dx2 _r dy2 r dx2 r dy2 dz2 dx2 dy2 dz2

IIpH6aBHM h BbiHTeM H3 jieBofi HacTH . Tor/ia

d2ax I d2ay ■ d2az )___ ( d2az d2az d2az i _
dz2 ‘ dz2 ' dz2 / \ dx2 ' dy2 'r dz2 /

HanoMHHM, HTO
0 = ux + ay + ax.

C yneTOM aroro coKpameHHH

+ VS --g1 -(1 + v)

npn6aBHM h BbiHTeM b JieBofi qacTH V2cr2. Tor/ja

d+Y)V>«. + -g--W)_(l+ ,)(« + -f--«.), 
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Thk >«e nojiyqnM eme 2 ypaBHeHHfl. nepBaa rpynna ypaBHeHHft coBMecT- 
iiocth CeH-BeHaHa (2.28) c yneTOM npo/iejiaHHbix npeo6pa3OBaHHft 3ann- 
iueTCH T3K:

« + V) W. + -g- - V-e _ (1 + ,) (- -f- + f- + f-) | 

(1+’)^, + -^—V9-(l+v)(#->+-g-)l (4.12)

(i + v) w, + -g--ve-d + ’)« + <—-g-) •

ynpocraM ypaBHeHHa (4.12). XIjih stoto cjiojkhm hx:

(1 + v) v20 + V20 —3V20 = (1 + V) (-g- + ^ + -#) • 

OrcioAa
+ v / ax . dY . dZ \
— v \ dx 1 dy r dz / '

H3 (4.13),SaMeHHB b (4.12) V20 ero 3HaneHHeM 
npeo6pa3OBaHHft nojiynHM

(4.13)

nocjie HecJio>KHbix

V
—b,
dz j ’

dZ 
dz

(4-14)

»

O6paraMCH ko 2-fi rpynne ypaBHeHHft CeH-BeHaHa. IlyTb Hainnx 
paccyxKAeHHft 6yAeT HfleHTHieH c TOJibKO hto npoBeAeHHbiM. Bo3bMeM 
oaho H3 ypaBHeHHft STofi rpynnbi h 3aMeHHM b HeM oTHOCHTejibHbie ne- 
peMemeHHfl HanpsjKeHHHMH, Hcnojib3OBaB o6o6meHHbifi (JwsHHecKHft 
3aKOH:

2 dx

OTCioAa

( V _______ ,
dx2 + dxdy ~r dxdz )

(4.15)
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Bropoe H3 ypaBHeHnfi (X),

npoAHtJxJjepeHHHpyeM no z, a 3-e,

pa3penieHHoe OTHOCHTejibHo — •

pa3pemeHHoe OTHOCHTejibHO —
no y

^xy. =____ d^y_ _ ^xyz
dxdz dydz dz2
d^xz = _ d^yz____
dxdy dy2 dydz

dz '

dZ
dy ’

(4.1(1)

FIoACTaBHM (4.16) b npaByio nacTb (4.15). Ilocjie npeo6pa3OBaHHH nojiy*
HHM

npHMeHHH k (4.17) paHee npHHHTbie o6o3HaneHHH, jierKO yBHfleTb, >i'm 
oho MOJKeT 6biTb nepenHcaHO Tan:

V2Ty2 + (1 + v) d2Q 
dydz (4.1H)

Ecjih npoaejiaTb aHajiorHHHbie BbiKJiaflKH c ocTajibHbiMH ypaBHeHHHMH h:i 
2-h rpynnbi (2.28), to bcio rpynny ypaBHeHHH THna (4.18) mojkho 3anHcan. 
thk:

v’i’>' + (1 + v>-1t+--(+ ++);
^» + (1+«)-'^--(+ + <): (419)

^ + (l+v)-'^---(+ + -f). j

TaKHM o6pa3OM, mm nojiyqnjiH em,e 3 AHtJxjjepeHHHajibHbix ypaBHeHHH, 
BbiBeaeHHbix H3 2-h rpynnbi ypaBHeHHH cobmccthocth CeH-BeHaHa. B tom 
cjiynae, ecjin o6beMHbie chjim nocTOHHHbi hjih OTcyTCTByiOT (hjih hmh 
mojkho npeHeOpenb BBHjiy hx MajiocTH no cpaBHeHHio c BHeniHHMH ciuia- 
mh), ypaBHeHHH (4.14) n (4.19) 3HanHTejibHO ynpomaioTCH:

BnepBbie noJiyHHJi E. BeJibTpaMH; ero BbiBOA OTjiHnajiCH ot H3Jio>KeH- 
Horo. BejibTpaMH nojiyqnji sth ypaBHeHHH H3 ypaBHeHHH JlaMe (4.3).

V2crx + (1 + v)-1 dx2 u’ V2tx, + (1 +v)-‘ 520 -0- 
dxdy u’

V2o,y + (1 + V)-1 -^ = 0-
dy2

V2t22 + (1 + v)-1 ™ =0- 
dxdz u’ (4.20)

W2 + (1 + vF’ _^_ = 0-
dz2 u’ V%2 + (1 + v)-1 d2Q =0 

dydz U'

ypaBHeHHH (4.20), B KOTOpblX He yHHTblBaiOTCH o6"beMHbie CHJIbl,
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K Miri'iejiJi yqeji oSteMHbie chjim. nosTOMy ypaBHeHHfl (4.20) hocst 
Hmn o6ohx HCCJieAOBaTejiefi.

ypfiBiieHHH (4.20) — ocHOBa ajih peineHHfl npnMofi 3aAanH TeopnH 
I"llpVIOCTH B HanpflJKeHHflX. FIpHHHMafl BO BHHM3HHe nOCJieAOBaTeJIbHOCTb 

« niJBOAa, BIIAHM, HTO OHH yAOBJieTBOpfllOT ypaBHeHHflM COBMeCTHOCTH 
toilmpMauHfi CeH-BeHaHa. YpaBHeHHfl (4.20) h ypaBHeHHfl paBHOBecHH 
f ll ii6pa3yiOT coBMecrayio cncTeMy AncjxJjepeHiiHaJibHbix ypaBHeHnfi h no3- 
| . mioT nafi™ 6 (JiyHKHHfi HanpflHieHHn: ox (x, y, z); (•); oz (•);
!♦»(•); Txz (•); ^z (•). PemeHHio b HanpflxveHHflX npHcyma HeKOTopafl 

Eii'MaTHHecKaa ocoSeHHOCTb — hhcjio AHijxpepeHHHajibHbix ypaBHeHHfi 
Hl'i fiojibine HHCJia HeH3BecTHbix (JiyHKHHfi (6).

IOhobhaho, hto nojiyneHHoe penieHne aojijkho yAOBJieTBopnTb h rpa- 
IIH'llibiM ycjioBHflM. Ecjih Ha rpaHHne Tejia 3aAaHbi noBepxHOCTHbie chjim, 

l i n KaqecTBe rpaHHHHbix ycjioBiifi Hcnojib3yioT ypaBHeHHfl (D). Hiicjio 
i P niiBiiibix ycjioBHft MeHbnie micjia hckomhx (jiyHKHHH. HTofibi BbiAep- 
U.III. COOTBeTCTBHe MemAy HHMH, ypaBHeHHfl paBHOBeCHfl (y4) MOJKHO 

BMCCMaTpHBaTb K3K TpaHHHHbie yCJIOBHfl.
JlerKO noKa3aTb, hto KOMnoHeHTbi HanpniKeHHfl, khk h KOMnoHeiiTbi 

lu Kiopa nepeMemeHHfl,— SHrapMOHHnecKHe (JiyHKUHH. 3to yTBep>KAeHiie 
I ll|iaiieAJIHBO JIHIHb B TOM CJiyflae, KOTAa ofi'beMHbie CHJIbl nOCTOflHHbl HJIH 
ii noofiine HeT. IlpHMeHHM k KaiKAOMy H3 ypaBHeHHfi BejibTpaMH — Mht- 
i|r.ijia (4.20) onepaTop Jlanjiaca. EIpocjieAHM sto Ha nepBOM ypaBHeHHH:

VW, + (1 + v)"1Va0 = 0. (4.21)

■HopMyjia (4.5) yTBep>KAaeT: V2^ — 0. HanoMHHM, hto h 0 cBH3aHbi 
lllliefiHOfi 33BHCHMOCTbIO 0 = (1 — 2v) E'”*0.  CjieA0B3TeJIbHO,

V20 = 0, (4.22)
II >TO 3H3HHT, HTO 0 = Ox + Oy + Oz — TapMOHHfleCKafl (pyHKHHfl.

C yieTOM (4.22) ypaBHeHHe (4.21) nepefiAeT b V4ox = 0. FIpoBeAfl 
iiiiaJioTHHHbie onepamiH c ApyrHMH ypaBHeHHflMH BejibTpaMH —Mhthcji- 
ia, nojiyHHM CHCTeMy, pemaioiiiyio 3aAany TeopHH ynpyrocTH b Hanpfl- 

iKeiiHflx:
V+x = 0; V4txj/ = 0;
V+, = 0; = 0; (4.23)
V4oz = 0; VV = 0.

YpaBHeHHfl (4.23) h (4.7) noKa3biBaiOT, hto KOMnoHeHTbi nepeMemeHHH 
n nanpflJKeHHfl — rapMOHimecKHe (pyHKUHH. JlHHefiHan KOMfiHHaUHfl sthx 
i|iyhkhhh — TaKJKe (JiyHKHHfl rapMOHHHecKafl. Ha ochobhhhh ofiofimeH- 
lioro (JiHSHHecKoro 3aKOHa mo>kho yTBep>KAaTb, hto h KOMnoHeHTbi Aeifiop- 
MIIHHH — T3K>Ke TapMOHHfleCKHe (jiyHKHHH.

IlocAe toto KaK HafiAeHbi HanpflmeHHH, npn noMouiH o6o6meHHoro 
ilnisHiecKoro 3aKOHa onpeAeJiniOT AetJiopMaHHH, a 3aTeM — nepeMem,eHHfl.

O6mero MeTOAa pemeHHfl ypaBHemifi BeAbTpaMH — MnTHejiJia He cy- 
mecTB'yeT. rionbiTKH peniHTb 3Ty 3aAaHy b o6meM BHAe, KaK h nonbiTKH 
peuiHTb ypaBHeHHfl JlaMe, ycnexoM He yBeHnajiHCb. Oah3ko nacTHbie pe- 
IIICHHfl AJIH KOHKpeTHblX TeJI H Harpy3OK HMeiOTCH.
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ZI-hh ypaBHeHnii BejibTpaMH — MHTnejiJia, kbk h aah ypaBHeHHH 
JlaMe, mojkho npoBecTH napajuiejib c MeroAaMH CTpoHTeJibHOH MexaHHKH 
CTepjKHeBbix CHCTeM. B 3tom cjiynae ypaBHeHHH (4.20) yMecrao hachth- 
(JlHUHpOBaTb C MeTOAOM CHJI.

§ 4.4. EAiiHCTBeHHOCTb peineniin aaAan Teopiin ynpyrocTH

PemeHHe 3aAaHH Teopnn ynpyrocTH (khk b nepeMemeHHHX, TaK h b 
HanpsxieHHHx) npeACTaBJineT coOoii pjmeHHe rpaHHHHOH 3aAaHH. JJjis 
ero onpeAejieHiia cjiexyeT npoHHTerpnpOBaTb pa3pemaioin,yio CHCTeMy 
AH^epeHHHajibHbix ypaBHeHHH h yAOBJieTBopHTb rpaHHHHbiM ycjioBHHM. 
npH 3T0M MOHCeT BO3HHKHyTb BOnpOC, eAHHCTBeHHOe JIH OHO, He COOTBeTCT- 
ByioT ah OAHOMy h TOMy >Ke BHeniHeMy bo3achctbhio ABa hjih HecKOJibKO 
HanpniKeHHO-AeiJiopMHpoBaHHbix coctohhhh. Ha 3tot Bonpoc OTBenaeT 
TeopeMa eAHHCTBeHHocra, KOTopan yTBepiKAaeT, hto npn 3aAaHHbix rpa- 
HHHHblX yCAOBHHX, T. e. npH 3aA3HH0H CHCTeMe BHeiHHHX BO3AeHCTBHH 
(6yAb to Harpy3KH, nepeMemeHHH hah Te h Apyrne), b ynpyroM TeAe, 
HaXOAHHieMCH B eCTeCTBeHHOM COCTOHHHH, B03HHK3eT OAHO H TOAbKO OAHO 
onpeAeAeHHoe HanpH/KeHHO-AecjxjpMiipoBaHHoe cocToaHHe, h oSpaTHo: AaH- 
HOMy HanpmKeHHO-AecJiopMHpoBaHHOMy coctohhhio OTBenaeT toabko OAna 
OHCTeMa BHeiHHHX BO3AeiiCTBHH. 3Ta TeOpeMa npHMeHHMa AHIHb K AHHeft- 
HbiM 3aAaqaM TeopHH ynpyrocTH, aah KOTopbix cnpaBeAAHB npHHmin 
pynepno3HUHH (HaAoiKeHHn) h npeAnoAOJKCHHH o mhaocth ynpyrnx 4>op- 
M0H3MeHeHHH. TeopeMa eAHHCTBeHHocra BnepBbie 6biAa ycTaHOBAeHa 
L I<HpXrO(|)OM.

npii AaAbHefinieM H3AOJKeHHH 6yAeM ncnoAb3OBaTb npHHHHn cynep- 
ho3hhhh: pe3yAbTaT cyMMapHoro BHeniHero bo3achctbhh HecKOAbKHX 
rpynn chaobmx cjiaKTopoB paBeH anre6paHHecK0H cyMMe cooTBeTCTByio- 
iahx pe3yAbTaTOB, Bbi3BaHHbix pa3AeAbHbiM AeHCTBHeM 9thx rpynn.

^OKa3aTeAbCTBO TeopeMbi eAHHCTBeHHocra (ee em,e Ha3biBaiOT cbohct- 
bom OAH03H3HHOCTH peineiiHH 3aAaH TeopHH ynpyrocra) mojkho npoBecra 
ot npoTHBHoro. HpeAnoAOJKHM CHaqaAa, hto noA AeficTBHeM 3aAaHHbix 
nOBepXHOCTHblX Pnx, pNy, pNz H O^beMHblX X, Y, Z CHA BO3MO2KHbI 
ABe pa3AHHHbie CHCTeMbi HanpaiKeHHH:

* * * * * * 
Ox, &y, O2, ^xy, ^xz, ^yz

H
* * ** * * * * * *

®x > (T(/ , <Xz , txy, Txz, Ty2.

KaxcAaa H3 arax chctcm AOAxraa yAOBAeTBopHTb ypaBHeHHHM paBHOBeciiH 
(A) H rpaHHHHblM yCAOBHHM (Z)).

B CAynae paBHOBecHH a-hh 1-h CHCTeMbi cnpaBeAAHBbi CAeAyiomHe 
33BHCHMOCTH:

do*
4- dx

, d^X2
+ dz ■ + X = 0,

dy

dxxy , da*y . dxyz
+ y = 0; (4.24)dx 1 dy 1 dz
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dx*  dx*.„  <3a’
+2 = 0;dx 1 dy 1 dz 1

PNx — Oxl + %xytn + Tjt2/i;

PNy = ^xyl + Oyftl + %yzn\
PNz = ^xzl + Vyztn + o* zn,

a AJI5I BTOpofi CHCTeMbl — 33BHCHM0CTH

(4.25)

+ X = 0;■ +
d'x'y +

_ ♦*
d+z

dx dy dz

d^xy
■ +

d°y’
+

d+*

dx dy dz
_ **
^XZ

• + +
do**

dx dy dz

+ / = 0;

+ Z = 0;

(4.26)

PNx — Ox l + Xxytn + Xxztl', 

pNy = Xyxl + Oy m + Xyztl', 
pNz = tZzZ + Xyzm + o‘zn.

BbiHTeM cooTBeTCTBeHHO CHCTeMy (4.26) H3 (4.24), a (4.27) H3 (4.25);

+ (a*  — o7) + -X (Xx.) — Xxy) + (*«  — «£) = 0;

(Xxy — Xxy) + -^- (^ — Oy) + (Xyz _ $) = 0j

(?xz — %xz) H (fyz Vyz) + (®z ) — 0;

(ox — O* x) l + (Xxy — %xy) m + (%xz — %xz) tl = Q',
* ** * ** * **

(txy — T^) 1 + (Oy — oy)m + (%yz — ^2)n = 0; 

(%xz — ^xz) l + (tyz — tyz) m + (oz — Oz ) tl = 0.
EcJIH o6o3HaHHTb

(4-27)

(4.28)

(4.29)

— * . **

%xy — ^xy — 'txy',
— * **

^XZ = ^X2 ^XZi
— * **

^yz = %yz — ^yz,

(4.30)

— * ** 
ox — ®x — &x;

°y = °y — °y '■
— * **
Oz = O2 — O2 j

to CTaHeT hcho, hto «HOBbie» HanpHJKeHHH (oTMeneHHbie CBepxy nepTofi) — 
He HTO HHOe, K3K HOB3H CHCTeMH HanpflJKeHHfi, nOJiyHeHHblX Ha OCHOBe 
npHHHHna Ha/ioiKeHHS. B otom cjiynae, Kai< bhaho H3 (4.29) h (4.30), 
H0B3H CHCTeMa HanpHJKeHHfi BO3HHKaeT B OTCyTCTBHH nOBepXHOCTHblX 
h od'beMHbix chji. Rjik Tejia, HaxoAHinerocH b ecTecTBeHHOM coctohhhh, 
ypaBHeHHH (4.28) h (4.29) MoryT yAOBJieTBopHTbca jiHiiib b tom cjiynae, 
Kor.ua ox = 0; ou = 0; crz «= 0; 0; Xxz = 0; xyz = 0, a sto
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Kor.ua


'11,’I'IIIT, 'ITO • * #*
dx = ox ; ^xy — 'Cxy't

* ♦ ♦ * ♦ ♦
Oy — °y > *XZ = ^XZ)

* ♦♦ * ♦ ♦
(Jz — (Jz • 'tyz -= Xyz.

TaKHM o6pa3OM, o(5a HanpsiJKeHHbix coctoahhh (*)  h (**)  coBnajiH, hto 
onpoBepraeT paHee cflejiaHHoe npeAnoJioxceHHe 06 hx pa3JiHiHH. TeopeMa 
eAHHCTBeHHoc™ He BbinojiHneTCH, KorAa HapymaioTCfl ocHOBHbie npeA- 
nocbuiKH, npHHHTbie npn ee BbiBOAe: o ecTecTBeHHOM Hanpn>KeHHOM coctoh- 
hhh Tejia, o cnpaBeAJiHBOCTH npHHHnna cynepno3HHHH, o MajiocTH 
AeiJiopMaiiHfi.

B 3aKjnoieHHe cjieAyeT CKa3aTb, hto H3-3a tpomo3akocth H3jio>KeHHM 
Ha Bonpoce o caMOM cymecTBOBaHHH pemeHHn mm He ocTaHaBJiiiBajiHCb. 
OTMeTHM TOJIbKO, HTO A0K33aTejIbCTB0 CymeCTB0B3HHH pemeHHH AaJIH 
A. KopH H JI. JlHXTeHHITeHH.

§ 4.5. IIpiiHHHii CeH-BeHaHa

/ TpynHOCTH, B03HHKarom,ne npn pemeHHH 3a,fl,aq TeopHH ynpyrocTH, AOCTaTOKHO 
H3BeCTHbI. 3to OHH 06yC.T0BH.TM TOT <j>aKT, HTO H pO HaCTOHIH,BrO BpeMeHH He nOJiyieHbl 
pemeHHH ochobhbix pa3pemaiomHx ypaBHeHHii npH o6o6m,eHHbix rpaHHHHbix ycnoBHHX. 
FIooTOMy aah KaiKAofi nacTHofi 3a«aqH (JiopMy-iHpyioTCH cooTBeTCTByiomHe efi KOHKpeT- 
Hbie rpaHHiHbie ycAOBHH. Ho BbinojiHeHne flaace thkhx ycjioBHft 'iacro CTaBHJio nepejj 
HccjieAOBaTejiHMH 3aAaiy, pemeHne KOTopoft jieiKajio BHe npepejioB hx B03M0XH0CTeft. 
3aTpyAHeHHH, CBH3aHHbie C TOHHblM BbmOJIHeHHeM rpaHHHHblX yCJIOBHH, 0Ka3ajIHCb 
HHCTOJIbKO 3HaHHTejIbHbIMH, HTO C HHMH He CMOTJIH CnpaBHTbCH H T3KHe BejIHKHe MaTeMa- 
THKH, K3K O. Kohih h C. IlyaccoH.

OTKJIHKaHCb Ha 3anpOCbI npaKTHKH H BHAH HeB03M0>KH0CTb TO'IIIO yAOBJieTBOpHTb 
rpaHHHHbiM ycjiOBHHM, A. CeH-BeHaH bctha Ha nyTb npn6AH>KeHHoro pemeHHa 3aAaiH. 
Ajih o6ocHOBaHHH HHTerpajibHoro BbinojiHeHHn ycAOBHft Ha rpaHHiie A. CeH-BeHaH 
CljlOpMyAlipOBaA npHHUHn CTaTHieCKOft OKBHBaAeilTIIOCTH Harpy30K, KOTOpblfi H0CHT Te- 
nepb ero hmh. (B AanbHeftineM bmccto «npHHimn CeH-BeHaHa» 6yAeM nncaTb coKpa- 
meHHO — n. C.-B.).

B HacTOHmee npeMa HeT CTpororo Bceo6m,ero A0Ka3aTeAbCTBa n. C.-B., xoth TaKiie 
nonbiTKH npeAnpHHHMaAH pnA aBTopoB: P. CaycBeAA, O. 3aHa6oHH, n. JIoKaTeAAH, 
P. Mn3ec, B. IIIyMaH h AP- Ho hx A0Ka3aTeAbCTBa He MoryT npeTeHAOBaTb Ha Hcnepnbi- 
Baiomyio noAHOTy. TaKoft noBbimeHHbifi HHTepec k n. C.-B. o6tHCHHeTCH TeM, hto b Ha- 
cTonmee Bpexta, no-BHAHMOMy, hh OAHa peaAbHan 3aAana He pemaeTCH 6e3 ccbiAOK b tom 
HAH HHOM BHAe Ha n. C.-B.

CoBpeMeHHan (JiopMyAHpoBKa n. C.-B. 3ByqHT Tai<: ecAH B03AeficTBHe CHCTeMbi cha 
Pj Ha AOKaAbHyio noBepxHOCTb ynpyroro TeAa 3aMeHHTb B03AeficTBneM cTaTHiecKH 
SKBHBaAeHTHOfi CHCTeMbl CHA P2 (CTaTH'ieCKH 9KBHB3AeHTHbie CHCTeMbl — CHCTeMbl, HMe- 
tOUIHe OAHHaKOBbie TAaBHblfi BeKTOp H TAaBHblft MOMeHT), TO HanpHIKeHHOe (ff|) H A.ecj:op- 
MHpOBaHHOe (fi|) COCTOHHHe, 06yCA0BAeHH0e B03AefiCTBHeM CHCTeMbl Plt TCM MeHbHie OTAH- 
'iaeTCii ot Hanpsic-Keniioro (o2) h pecJiopMHpoBaiiHoro coctohhha (e2) noA AeficTBHeM ch- 
cTeMbi P2, 'ieM AaJibine OTAaAHTbcn ot MecTa npHAoacenHH Harpy30K. O'teHb nacTo STy 
cJcopMy'AHpoBKy 3aMenHioT Apyrofi: ecAH Ha MaAyio nAomaAKy AeficTByeT cncTeMa cha, 
CTaTHuecKH paBH03HaiHaH HyAro, to HanpaiKeiiHH h AecJiopMamiH 6bicTpo y6biBaiOT no 
Mepe yAaAeHHH ot 3Tofi nAOiimAKH. Bo mhothx cAynanx bto ydbiBaHHe hocht oKcnoneH- 
UHaAbHbifi xapaKTep. FIoa «MaAofi nAomaAKofi» 6yAeM noHHMaTb TaKyro nAomaAKy, 
pa3Mepbi KOTOpofi MaAbi no cpaBHeHHio c o6m,eft noBepxHOCTbio TeAa, hah, 6oAee CTporo: 
pa3Mepbi MaAofi ta imaAKH He aoajkhm npeBbimaTb HaH6oAbmee paccTOHHHe MeiKAy 
TOHKaMH npHAO/KeHISl CHCTeMbl BHeiHHHX CHA.

BTopoe onpeAeAeHHe n. C.-B. oOpaayeTCn H3 nepBoro Ha ochob3hhh npHHimna HaAO- 
meHHH, noTOMy 'ito ypaBHOBemeHHyro cHAOByro cncTeMy moikho TpaKTOBaTb KaK pa3- 
. OCTb AByX CHCTeM C 0AHH3K0BbIMH _pe3yAbTHpyiOmHMH. 143 BTOpOTO OnpeAeAeHHH CAe- 
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nyrr, mto paBHOBecHaa CHCTeMa chji Bbi3biBaeT TOAbKO MecTHbie HanpasteHHa, a noaTOMy 
u mccthhm HanpaaceHHHM n. C.-B. HenpHMeHHM. 3to b nepByio oqepeab npncyme 
KoinaKTHbiM 3a/iaHaM, 3aAaqaM 06 onpeAeJieHHH HanpaxeHHH b 30He jkcctkhx uiafi6, 
iii iaBOK h t. n.

B jinTepaType BCTpeqaeTCH h apyrofi nojixoyi k ynpyroMy Tejiy, KOTopoe Ha Hefiojib- 
iiiiim yqacTKe noBepxHOcra 3arpy>Keno caMoypaBHOBeineHHOii cHCTeMofi chji. CqHTaeTcsi, 
'iio Tejio HBJiaeTca CTaTnqecKH HeonpeAeJiHMofi cHCTeMofi, cocTotnnefi H3 AByx sjieMeH- 
hhi, KOTOpbie BMecTe conpoTHBJiiiioTca cHJiOBOMy B03AeftcTBHio: 1) qacTH TeJia, pacnojio- 
iu'iihoh b 3OHe Harpy3KH,— MecTHoft 3ohm; 2) ocTajibHoro ofrbeMa Tejia (HCKJnoqaa 
Mi'cTiiyio 3OHy), KOTOpbift HaxoAHTcn Ha HeKOTopoM yjiajieHHH ot yqacTKa 3arpy?KeHHH.

Bo3Bpam,asicb ko BTopofi cjxipMy-iHpoBKe n. C.-B., 33MeraM, qTO oh AaeT HenporaBO- 
pi"iiiBbifi pe3yjibTaT, ecjiH odjiacTb, o KOTopoft uiJia peqb,— oahocbh3H3h h mohoahth3h 
'i.icTb Tejia, oqepqeHHaa BbinyKJiofi noBepx- 
MOCTbio. B npoTHBHOM cjiyqae n. C.-B. He-

Pnc. 4.i Pnc. 4.2

iiiiTerpanbHO, HHijiopMauHH o pacnpeAeJienHH ycHJinfi, oco6eHHo b KOHTaKTHbix 3aAaqax, 
neT. CoBepmeHHO oqeBHAHO, hto 6e3 HcnoAb3OBaHHH n. C.-B. laxne 3aAaqn Boo6me He 
iiOAJieiKaAH 6bi pemeHHio. Ha ochob3hhh sce stoto npHHUHna HCCAeAoBaTeAio He ny>Ktio 
iuiTepecoBaTbCH ACTajibHbiM pacnpeAejieHueM pacTHrHBatouiHx chji no TopuaM CTep>KiH 
upn ero pacTHHceHHH hjih cnoco6oM 3aAaHHH H3ru6aiomero MOMeHTa npu hhctom H3ru6e.

npuHUHn C.-B., KOTopbift no3BOJiueT npH paccMOTpeHHH paBHOBecuH AetjiopMHpye- 
moto Tejia aaMeiiHTb, nepeHOCHTb, pacKAaAbmaTb h o6i>eAHHHTb BeKTopbi, co3AaeT aHaJio- 
niH MOKjiy MeTOAaMH, npitHHTbiMH b cTaTHKe a6cojiioTH0 TBepAoro Tejia, h MeTOAaMH, 
upHMenneMbiMH b TeopHH ynpyrocTH. OAHOBpeMeHHO c sthm n. C.--B. AaeT boomojkhoctb 
n p;i,ie cjiyqaeB 3HaqHTeJibH0 ynpocTHTb MaTeMaTHHecKyio MOAeJib 3aAaqu h nosTOMy chh- 
waeT cJio>KHOCTb npHMeimeMoro MaTeMaTHqecKoro annapaTa. HcnoAb3OBanne n. C.-B. 
npuAaeT 66jibiuyio o6m,HOCTb qacmbiM 3aAaqaM, thk kbk nosBOAaeT nepeHOCHTb hx peme- 
iiiih Ha 3aAaqu, HMeiomHe 6AH3KHe rpaHHqHbie ycAOBHH.

TJah nepeMeuieuHft npHHuun, noAO^Hbifi n. C.-B., He ctjiopMyAHpoBaH, xoth TaKoft 
iioaxoa h npHMeHneTCn npu cjropMHpoBaHHH rpaHHqHbix ycJiOBHft HeKOTopbix qacTHbix 
iuiAaq. HanpHMep, npn 3ameMAeHHH qacra noBepxHOcra ynpyroro Tejia no.iaratoT, kto 
nce tohkh b 30He 3aKpenjieHun Heno,riBH>Kin>i.

IlpHBeAeM HecKOJibKO npHMepoB, noxTBep>KAaiouiHx cnpafieAAHBOCTb n. C.-B. b 
pa3AHqHbix cjiyqanx. Hau6ojiee HarAHAHbiMH hbahiotch KapraHbi pacnpeAeAeHHH noAoc 
nanpH>KeHHfi, nojiyqeHHbie MeroAOM c|>OToynpyrocTH npa qucTOM H3ru6e (puc. 4.1), 
KorAa CHAa, npujioiKeHHari b ceqeHHH x—l, MenaeT cboio ToqKy npwAoiKeHHH no bnco- 
Te 6ajiKH (pHC. 4.2), 30Ha Mecrabix Hanpa>KeHHfi (3auiTpuxoBaHa) He npeBbimaeT noKa3aH- 
noft. npu Ae<J»pMHpoBaHHH Teji KOHeqHbix pa3MepoB BbinojiHeHHe n. C.-B. 33bhcht ot 
KOHKperabix cooTHOiueHuft 9THX pa3MepoB. B y3Koft npaMoyroAbHoft noAOce 3aTyxaHHe 
iianpniKeHHft ot ciKaraH npoHCxoAHT tbk, khk noKa3aHO Ha puc. 4.3. B 6oAee kopotkhx 
TCAax ohh BbipaBHHBatoTcn em,e MeAAeHHee.

B nocAeAHHe roAbi psiA aBTopoB nocTaBHAH noA coMHeHHe Bonpoc o npaBOMoqHocra 
tipHMeHeHHH n. C--B. aah CHAbHo HAeaAH3upoBaHHbix pacqerabix cxeM, qTO o6uiqHo 6bi- 
uaeT b npH6AH>KeHHbix TeopnHX.

ripHMeHeHHe ynpoin,aroiu,Hx runoTe3 npuBOAHT k TOMy, qro noAHaa CHCTeMa ypaBHe- 
nuft Teopuu ynpyrocm He yAOBAeTBopneTCH h 33Koh TyKa aah HeKOTopbix HanproKeititH 
napymaeTCH. KacaTeAbHbie HanpHJKeHHH, HanpHMep, onpeAeAeHHbie no aneMeHTapnofi Teo- 
pHH H3 ypaBHeHHfi paBHOBecHH, He rooTBeTCTByioT npHHHMaeMOMy THnoTe3oft nnocKux 
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ceneHHfi OTcyTCTBHio cabhtob. Ecjih CTeneHb HAca.TH3anHH, npnHsrrasi Ha ocHOBe ynpoma- 
romnx THnoTe3, TaKOBa, hto 3aAami nepexoAHT b miacc cTaTHuecKH onpeAeJiHMbix (bmco- 
Kaa cTeneHB HAeajiH3auHH), to HanpniKeHHoe cocTOHHHe onpenejiHeTCH ypaBHeHHHMii 
paBHOBeCHH. npH 3T0M HapyiHaiOTCH ypaBHeHHH Hep33pbIBH0CTH H npHHIIHn MHHHMyMa 
noTeHHHajibHofi sneprHH. 3th HapymeHHH naiOT ocHOBaHHn nojiaraTb, hto n. C.-B. toikq 
He 6yneT BbinojiHHTbCH.

B neftcTBHTejibHocTH ajih CTaTHuecKH onpeAejiHMbix cncTeM BCTpeuaiOTCH cjiyqan Kax 
BbHIOJIHeHHH, T3K H HeBbinOJIHeHHH II. C.-B. Bce 33BHCHT OT TpaHHHHblX ycJIOBHH H CXeMbl 
ynpyrofi CTpyKTypbi. Ecjih HAeaJiH3HpoBaHHan CHCTeMa CTaTHuecKH HeonpeAejiHMa, yaa- 

P

b

Pnc. 4.3

eTCH BbinOJIHHTb He TOJIbKO ypaBHeHHH paBHOBeCHH, HO H B K3K0H-T0 Mepe ypaBHCHHH COB- 
mjcthocth. 3to b cboio ouepeAb BJieneT 3a coSoii BbinoJiHeHHe SHepreTHiecKHx TeopeM h, 
Kak cjieACTBHe, BbinojiHeHHe n. C.-B. CKopocTb 3aTyxaHHH HanpaiKeHHfi 3aBHCHT ot toto, 
B K3K0H CTeneHH yAOBJieTBOpHlOTCH yCJIOBHH COBMeCTHOCTH 4e(|)0pMaL[HH OT AefiCTBHH CH- 
CTSMbl CHJI, CTaTHHeCKH paBHOfi HyjlIO. C pOCTOM CTaTHHeCKofi HeonpeAejIH- 
mocth (pHc. 4.4, a, 6) aniopbi H3rH6aiomHx MOMeHTOB yMeHbiuaioTCH b o6i>eMe, t. e. no Mepe 
yAajieHHH ot 3OHbi npHAOxteHHH CHCTeMbi caMoypaBHOBemeHHbix chji Ha6jiK>AaeTCH 3a- 
TyxaHHe.

Ecjih npH pemeHHH nocraBJieHHofi 3aAauH yfiTH ot qpe3MepHofi HAeajiH3auHH (k coiKa- 
JieHHio, 9to HeMeAJieHHO noBJieqeT 3a co6ofi pocr MareMaTmiccKnx TpyAHocrefi), to n. C.-B. 
cpa3y a<e HauHeT BbinoJiHHTbCH.

PacqeT TOHKOCTeHHblX KOHCTpyKUHH npeACTaBJineT co6ofi TOT KJiaCC 3aAa% A-TH koto- 
pbix BbinojiHeHHe n. C.-B. Hejib3H cmnaTb 6e3oroBopoHHbiM. CpaBHHM Asa pacTnnyTbix 
CTepjKHH (pHC. 4.5). MoiKHO 6bIJIO 6bl OJKHAaTb, HTO AefiCTBHe HepaBHOMepHO npHJIOIKeHHblX 
ycHJinfi 3aTyxHeT BHe 3ohh nopsAKa pa3MepoB nonepeqHoro ceueHHH. Taxoe yTBepiKAeHHe 
cnpaBeAJiHBO AJia cjiyqaa 6, ho He ajih a. B cjiyqae a 3ona HepaBHOMepHOCTH 3HaHHTejibH0 
06uiHpHee. 9tOT 3(]xpeKT MO/KHO ofrbHCHHTb Majiofi JKCCTKOCTbK) CTOfiKH, COeAHHHIOIHefi 
noJiKH. C yMeHbiueHHeM tojiuihhbi CTofiKH ee JKccTKocTb yMeHbmaercn h b npeAejie MoxeT 
CTaTb HyjieBofi. IlpH 3T0M noJiKH 6yAyT H3rn6aTbCH He3aBHCHMo, H3rH6aiom,Hfi momcht pac- 
npocTpaHHTca Ha bcio hx AJiHHy h HanpHiKeHHH pacnpeAejisiTcn HepaBHOMepHO. StJxjieKT 
HepaBHOMepiIOCTH npHMO 33BHCHT OT JKeCTKOCTH COeAHHHKMHefi IIOJIKH.

Hh oahhm TOHHbiM peuieHHeM n. C.-B. He 6biJi onpoBeprHyT. Oahhko He cjieAyeT pac- 
CMaTpHBaTb ero KaK Heq'ro caMo co6ofi pa3yMeiomeecH. TaKHe TeHAeHUHH HHorAa npo- 
CKaAb3biBai0T b yue6Hofi jiHTepaType. BaiKiiocTb n. C.-B. ajim HHJKeHepHoft npaKTHKit 
oueBHAHa, iio b KJiaccHqecKofi (JiopMyMHpoBKe oh He Aaer KOAHuecTBeHHbix oueHOK, a ycTa-
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IKin niBaeT rfnnib KaqecTBeHHbifi xapaKTep nponcxoAainHX nBJieHHfi. B stom bhab AOKa3a- 
!<jii.ctbo n. C.-B. MO>KeT OTHOCHTbCH jiHinb k (baKTy y6biBaiiHsi HanpsiiKeHHfi h Ae<j>opMau.Hfi. 
I'iik yjKe roBopnjiocb, BceoCbeMjnomero AOKa3aTeAbcraa n. C.-B. ao chx nop HeT. B 
iiiK iOHiuee BpeMH ecTb HecKOJibKo Sojiee hjih MeHee nojiHbix AOKa3aTejibCTB. C 3aKjnoHe- 
IIIIHMH H KOHHenHHHMH HeKOTOpblX H3 HHX, Hail6OAee eMKHMH B OTHOUieHHH Hflefi, Mbl 
llllllliaKOMHM HHTaTejIH.
! SHepreTHuecKoe AOKa3aTejibCTBO n. C.-B., npenJioJKennoe P. CaycBejuioM h O. 3a- 
linfioiiH, yraep>KAaeT Jinnib ijiaKT ydHBamisi HanpniKeHHfi h ^e^iopMaHHfi. HfleH AOKa3a- 
H'jibCTBa coctoht b CAeAyiomeM: k Tejiy Aj, 3arpyxeHH0My no yuacTKy noBepxHOcra 
IIII ICMOft CHJI, CTaTHHeCKH SKBHBajieHTHOH HyjIIO, npHCOeAHHHeTCH CO CTOpOHH CBO-
fln;inofi noBepxHOCTH nepBOHaiajibHO 
nuifioAHoe ot Harpy3KH Tejio /42. Z[o- 
im iiJBaeTca, hto y Tejia Aj + /42 no- s 
K'HHHajibHaa SHeprnsi MeHbine, qeM y 
H'jia + ao npncoeAHHeHHH Tejia o42- 
I IpiiAOJiJKaa npouecc npncoeAHHeHHH, 
uPiixoaht k Tejiy /4i + A2 + ... + 
I' An, HauajibHaa Majiaa noBepx- 

IIOCTb KOTOporo HaXOAHTCH nofl Toft 
ihc caMoypaBHOBeineHHofi Harpy3Kofi. 
I InJiyqeHHbie OiieHKH uaiOT bo3mojk- 
IIOCTb yCTOHOBHTb, HTO B TOfi HaCTH 
lionoro Tejia, KOTopan ofipa3OBaJiacb 
n pisyjibTaTe npncoeAHHeHHSi, npn ao- 
<'ihtohho SoJibuioM n (n — pacTymee 
•iiicjio npHcoenHHsieMbix Teji), HecMOT- 
pn Ha nepepacnpeaejieHHe SHeprHH, 
ci ijiepjKHTca MaJiasi qacTb ofinjefi no- 
K'iiiiHajibHofi aneprHH aeijiopMaiiHH 
K'Jia. I'l3 9TOTO JiejiaiOT BblBOA, 'ITO B 
mi'rerpajibHOM cMbicjie npoHcxoAHT 
yfibiBaHHe HanpsiJKeHHfi h .neijiopMaiiHfi.

B 1945 r. P. MH3ec bhobb ofiparajicsi k n. C.-B. h yKa3aji Ha HeofixoAHMOCTb ero vtoh- 
iuiTb. B yTOHHeHHH HyiKAaJiHCb noHHTHe Majiocra HanpsiiKeHHfi h AeijiopMaiiHfi, a raKSKe to 
llfiCTOHTejIbCTBO, HTO HanpSDKeHHH H Ae<j)OpMaU,HH fiblCTpO 3aTyxaiOT B HeOTpaHHHeHHOM 
K'Jie no Mepe yuajieHHsi ot ofijiacra npHJioxeeHHsi h sto 3aTyxaHHe cnpaBeAAHBo jtHinb ajih 

i ncTeM caMoypaBHOBeuieHHbix. P. Mn3ec bhaoh3M6hhji ijopMyjiHpoBKy n. C.-B. h CBeji ero 
i< cjiejiyioniHM yTBepiKAeHHHM:

1. Ecjih CHCTeMa cocpeAOToqeHHbix Harpy3OK npHjioMeHa b TOHKax noBepxHocra 
imyTpH cijiepbi paAHyca e h HMeeT rjiaBHbiii BeKTop, paBHbifi Hyjiio, to OHa Bbi3biBaeT bo 
imyTpeHHHx TouKax Tejia HanpaxeHHH h AecjiopMaHHH nopsiAKa e.

2. Ecjih b npeAbmymeM cjiyiae paBeH Hyjiio h rjiaBHbifi momcht, to nopsiAOK nanpsizKe- 
iuift h AcijiopMaHHH Bce eme 6y.neT, Boo6me roBopsi, e.

3. npn paBeHcrae Hyjno b nepBOM cjiynae rjiaBHoro BeKTopa h rjiaBHoro MOMeHra h 
eine Tpex AonoJiHHTejibHbix ycjioBHfi, odecneimsajomnx, no TepMHHOJiorHH P. MH3eca, 
‘.icTaraHH0CTb» paBHOBecHH, nopsiAOK nanpsisKenHfi h AeijopMaHHfi 6yAeT e2.

O6o6meHHoe AOKa3aTejibCTBo sthx iipeAAOSKeitmi asa b 1954 r. E. IIlTepeH6epr. 
On cijiopMyjiHpoBaji n. C.-B. raK, hto6 yace roBopHJiocb 06 oraocHTejibHOM nopnAKe Be- 
jiiimhh, a He o pa3Mepax o6jiacra, b KOTopofi CHCTeMa chji 0Ka3biBaeT BAHHHHe Ha pacnpe- 
AejieHHe Haiipsb>KeHHii b Tejie. Ero (jiopMyjiHpoBKa n. C.-B. cjieAyromaa: npn npnjiosKeHHH 
chji Ha oTAejibHbix yuacTKax rpaHHiibi ynpyroro Tejia, Kaambift H3 KOTopbix pacnojiosKeH 
niiyTpH paAnyca e, HanpsisKeHHsi h AetjropMaixHH hmciot 6pjibuiHfi nopsiAOK oTHOCHTejibHO e 
(lipH 8 -> 0), KOTAa CHCTeMa npHAOXeHHblX CHA 3KBHB3AeHTHa HyjIIO C TOHHOCTblO AO noAH- 
MOM6HTOB nepBOTO nOpHAKa BKHlOHHTeAbKO, 'I6M B npOTHBOIlOAOJKHOM CAyqae. Ka'ieCTBCHHO 
sro osHauaeT, hto nanpsi/KeHHsi ot Harpy3KH, AOKaAbHo npHjiosKemioH Ha rpaHHbe TeAa( 
b CAyuae, KorAa AeficTByroman Harpy3Ka cTaravecKH paBHO3HaHHa Hynro, He3HaHHTeAbHbi, 
i'cah ra6apHTbi 9Tofi o6nacra MaAbi. PiHiKeHepy, CBH3aHH0My c npaKraqecKHMH pacueTaMH, 
KJiaccHnecKasi <j>opMyAHpoBKa n. C.-B., b KOTopofi tobophtcsi 06 y6biBaHHH HanpsiJKeHHfi 
no Mepe yAaAeHHsi ot Mecra npHAOJKeHHSi chah, ropa3AO npHBbiHHee.

3aKAroqaH H3AOXKeHHe MaTepnaAa o n. C.-B., npHBeAeM eni.e 0A«y (He HcqepnbiBarome 
cTporyro, ho npaKTHnecKH noAe3Hyro) (jiopMyAHpoBKy nocTyAara A. CeH-BeHaHa, npeAAO- 
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JKemiyio JI. AoHHejioM : caMoypaBHOBeineHHan CHCTeMa chji, npHjioxeHHan k Hefiojibuioll 
oQjiacTH OAHopoAHOro ynpyroro Teaa, oOlihho Bbi3biBaeT conpoTHBjieHne, rjiaBHUM 
o6pa3OM, b MaiepHajie, KOTopbiii HaxoAHTCa b HenocpejiCTBeHHofi 6jih3octh <>i 
STofi o6jiacra. Pe3yjibTHpyiomHe HanpaxieHHH 6bicTpo yMeHbmaiOTCH no Mepe yjiaJieiiiiii 
ot o6jiacTH npHJio>KeHHH CHCTeMbi chji h CTaHOBHTCa npene6pe>KHM0 MajibiMH Ha pac- 
CTOHHHHX, 60JIbHIHX CpaBHHTejlbHO C pa3MepaMH o6jiaCTH. 9tH yCJIOBHH HaBepHHKa BbinOJI- 
hhiotch, ecjiH Tejio He HMeeT TaKoii cfopMbi, KOTopan hbho 6jiaronpHHTCTByeT HarpyjKeHiim 
6oJiee OTflajieHHoro MaTepnajia.

TjiaBa 5

nJIOCKAfl 3A3AHA B JJEKAPTOBBIX KOOPflHHATAX

§ 5.1. ILiocKaa fle<|)opMaiiiin

B o6meM cjiyqae pemeHne 3anaHH TeopHH ynpyrocra cbh33HO ccepbe3- 
HblMH MaTeMaTHHeCKHMH TpyAHOCTHMH, T3K K3K CBOflHTCH K HHTerpH- 
poBaHHio AOBOJibHo cjiojkhoh CHCTeMbi AHtjxJiepeHiiHajibHbix ypaBHeHHii 
B HaCTHblX npOH3BOAHbIX npH yAOBJieTBOpeHHH rpaHHHHblX . yCJIOBHil. 
Meamy TeM bo mhothx npaKTHuecKH Ba»Hbix 
saaaqax mojkho ynpocTHTb MaTeMaTHuecKyio 
CTopoHy pemeHHfl. ZIjiii 3toto OTSpacbiBaioT

OAHy H3 K00pAHH3THbIX OCefi, HanpHMep OCb Z, H OTblCKHBaiOT (jiyHKHHH, 3a- 
BHcamHe TOJibKO ot AByx KOopAHHaT. B stom cjiyuae chjih, nepeMeiueHHH h 
Jie(])op\iaiiHH ne 33bhcht ot KoopiiHHaTbi z, a Bce HBJieHne npoHcxoAHT 
KaK 6bi b oAHofi njiocKocTH xy. TaKaH KaTeropHH 3aaaH hocht Ha3BaHne 
nAocKan 3adaua meopuu ynpyeocmu h acjihtch Ha njiocKyio uec[»pManHio 
h o6o5meHHoe njiocKoe Hanpa>KeHHoe coctohhhc. 3th 2 bhah njiocKoft 
3aaaqH od-beAHHeHbi oSmefi MaTeMaTimecKofi (JiopMofi pemeHHH.

PaccMOTpnM Tejio (pHC. 5.1, 5.2), juiHHa KOTOporo b HanpaBJieHHH 
OAHOfi H3 ocefi, HanpHMep och z, BeJiHKa no cpaBHeHHio c pa3MepaMH 
b HanpaBjieHHH AByx JipyrHX (x, y). IlycTb Harpy3Ka, HopMajibHan k och 
Z, H yCJIOBHH 3aKpenjieHHH Tejia He MeHHlOTCH BAOJIb 9TOfi och. B T3KHX 
ycjiOBHnx tohkh Tejia, AOCTaTOHHo yAajieHHbie ot ero TOpHOB, He nepeMe- 
maiOTCH BAOJlb OCH Z H3-3a BO3flefiCTBHH Ha HHX COCeAHHX SJieMeHTOB, 
t. e. w — 0, a ABa Apyrnx nepeMemeHHH (u h v) He 33bhcht ot z. Hhmmh 
cjiOBaMH, AetJiopMaiiHH 6y.neT nponcxoAHTb TOjibKO b njiocKOCTHX, napaji- 
JiejibHbix njiocKoc™ xy. TaKHM o6pa3OM, ajih paccMaTpHBaeMoro cjiyqan 
cnpaBeflJiHBbi cjieAyiomHe ycjioBHH:

M = /1 (■«.//); v = fAx,y); w = 0. (5.1)
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HcnoJib3y5i sth ycjiOBM n cooTHomeHHJi Kohih (2.7), nojiyqacM cn
■ i .iBjiHioiUHe TeH3opa AecJjopMauHfi:

<Pi (x, y); = cp8 (x, y);

= q>2 (x, y);

_  dv . du
"'('xy dx dy

(5.2)

ZlecjiopMaHHH, onpeAejiHeMaH cjiopMyjiaMH (5.1) h (5.2), Ha3biBaeTCH 
fiAOCKOu decpopMat^ueu. B hhctom BHAe cjiynafi njiocKofi AecjiopMaHHH 
ocymecTBHTb TpyAHo, ho c HeKOTopbiM npHfijiHxeHHeM oh BCTpenaeTCH bo 
mhothx HH>KeHepHbix 3aAanax.

PaccMOTpHM Tenepb Hanpa>KeHHoe cocTOSHHe ajih cjiyqaa njiocKofi 
/leilxjpMaHHH. 143 o6o6iii.eHHoro 3aKOHa TyKa npn OTCyTCTBHH aetJxipMa- 
Hhh ez cjieAyeT, hto

= 4- [orr — V (<TZ + Qj,)] = 0, 

oTKyfla
oz = v (<rz + oy). (5.3)

OTCyTCTBHe JIHHefiHblX Ae^IOpMailHfi BAOJIb OCH Z npHBOAHT K nOHBJieHHIO 
HOpMajIbHblX HanpjITKeHHfi CTZ, CBfl33HHbIX C HanpHJKeHHHMH, AeficTByio- 
iUhmh BAOJib ocTajibHbix oceft. TaKHM o6pa3OM, b cjiynae njiocKoft Aecjiop- 
MaiiHH ez = 0, a <rz += 0.

IIoACTaBJiHH (5.3) b nepBbie 2 ypaBHeHHH o6o6meHHoro saKOHa TyKa
(3.10),  HaxoAHM:

1 — V2 / V \
e* E +*  — T~7 ;

3th ypaBHeHHS motkho 3anHcaTb b 6oAee yAo6Hoft (JxipMe, ecAH BBecra 
o6O3HaHeHHH

(5-4)

Bropafl rpynna ypaBHeHnft 3aKOHa TyKa c yneTOM toto, hto yyz = 
— yzx = o, cboahtch k oAHOMy ypaBHeHHio. TaKHM o6pa3OM, b CAynae 
nAOCKofi AeijxipMaiiHH o6o6meHHbifi 33koh TyKa 6AaroAapa BBeAeHHio ho- 
bmx ynpyrnx nocTOHHHbix Et h Vj 3anHCbiBaeTCH b (JxipMe, aHaAorHHHoft
(3.10),  h cboahtch k TpeM ypaBHeHHHM:

ex    (°x vl°r!/)>

ev = (^—vi°x); (5.5)

2(1+Vi) „
Xxy-
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(5.6)

W3 (5.2) cjiejiyeT, hto Ae^opMannn ex, ey, yxy hbjihiotch (JjyHKUHHMH 
TOJlbKO AByX He33BHCHMbIX nepeMCHHblX X H y. yHHTblBaa 3TO H npHHHMail 
bo BHHMaHHe (5.3), pa3peniHM ypaBHeHHe (5.5) OTHOCHTejibHO nanpsme- 
HHfi

ax = ifc (x, y); ay = ip2 (x, y); o2 = ipg (x, y); xxy = ip4 (x, y);
^yz — Xja — 0.

Bce KOMnoHeHTbi HanpHHteHHfi, He paBHbie Hyjiio, He 33bhcht ot z, 
BCJieflCTBHe nero 3HaHHTejiBHO ynpomaiOTCH ocHOBHbie ypaBHeHHH TeopHH 
ynpyrocTH. 143 Tpex ypaBHeHHfi paBHOBecHH (1.5) ocTaiOTCH TOJibKO nep- 
Bbie 2, KOTOpbie Tenepb 3anHCbiBaiOTCH b bhag

+ + x =

4+-+>+y=°-
Bm6cto Tpex ycjiOBHfi Ha noBepxHOCTH (1.7) HMeeM

Pnx — axl + xxytn;
pNy — ^xyl + Oyftl, 

3aBHCHMOCTH KoiHH (2.7) CBOflHTCH K TpeMi

du
~dx

dv 

dv

CaMoe 3HaHHTejibHoe ynpomeHHe noJiynaiOT ypaBHeHHH Hepa3pbiBH0c- 
th AecJiopMaiiHfi (2.28), H3 kotopmx ocTaeTCH TOJibKO 1-e:

dy*  dx*  dxdy 1

He Kacancb 3/iecb BonpocoB pemeHHH nojiyqeHHbix ypaBHeHHft, pac- 
cmotphm Apyrofi cjiynafi njiocKofi 3aAanH.

(5.7)

I

(5.8)♦

, du+ w •
§ 5.2. OCoSipeHHoe miocKoe HanpimeHHoe cocTOHHiie

PaccMOTpHM TOHKyio njiacTHHKy (pHC. 5.3) c oeHOBaHHHMH, napaJi- 
JieJibHbiMH njiocKOCTH xy. Harpy3Ka npHJioJKena no SoKOBoft noBepxHocTH 
HJiaCTHHKH H CHMMeTpHHHa OTHOCHTeJIbHO ee CpeflHHHOfi njIOCKOCTH. 
B nacTHOM cjiynae Harpy3Ka mojkct 6bm> paBHOMepHO pacnpenejieHa no 
TOJiiiiHHe. npeAnojiaraeTca, hto pa3Mep njiacTHHKH b HanpaBJieHHH och 
z BecbMa Maji b cpaBHeHHH c npyrHMH pa3MepaMH. Tan KaK ochob3hhh 
njiaCTHHKH CBoSojIHbl OT Harpy3KH, TO Ha HHX

ax ~ 0, ^xz ~ 0, t^2 = 0. (5.10)
nOCKOJIbKy TOJIIIJHHa njiaCTHHKH MaJia, MO/KHO npHHHTb 3TH HanpHJKeHHH 
paBHbiMH Hyjiio no BceMy ofibeMy njiacTHHKii. CnpaBejuiHBOCTH pa#H



AecJjopMaixnn

cjieayeT OTMeTHTb, hto ecjin TaKoe npeAnojio>KeHHe BepHO b OTHomeHHH 
iianpajKeHHH oz, to ajia xx* h xyz oho BbinojiHHeTCH TOJibKo b cjiyqae 
paBHOMepHoro pacnpeaejieHHH Harpy30K no TOJimHHe h OTcyTCTBHH H3- 
MeHeHHH BHyTpeHHHX iianpnjKe- 
IIHH CTX, CSy H Xyx B HanpaBJieHHHX 
XH y.

OcTajibHbie HanpflJKeHHfl ox,
xxy BBHAy Majioro paccTOfl- 

llllfl MeJKJiy 0CH0B3HHHMH MOJKIIO 
IipHHHTb nOCTOHHHblMH nO TOJIHI.H- 
Iie, He 3aBHCHIH,HMH OT KOOpjHIHa- 
Tbi z:

*x = (*,  «/); = t2 (*.!/);
^xy = ^3 (-V, y),

t. e. HMeeM njiocKoe pacnpeflejie-
HHe HanpnjKeHHH.

Hcnojib3yH o6o6iii,eHHbifi 3a- 
koh TyKa h npHHHMafl bo bhh- 
MaHHe (5.10), mojkho 3anncaTb 
Bbipa>KeHHe ajih Ae^opMaiiHH b 
nanpaBJieHHH och z:

e2 = — -g- (^ + ^).

Toraa b OTJiHHHe ot njiocKofi
4>opMan.HH

ez =^= 0; o2 = 0.
CjieayeT oTMeTHTb, hto

BAOJib och z BJieneT 3a co6ofi
hhS njiacTHHKH. BjiaroAapH ee MaJiofi tojiihhhc oho hhhtojkho.

Mojkho yTBep>KAaTb, hto tohkh njiacTHHKH 6ynyT nepeMemaTbCfl b 
ochobhom b njiocKocTHX, napajwiejibHbix njiocKocra xy. noaTOMy npH-

cymecTBOBaHne nonepeHHofi
HeKOTOpOe HCKpHBJieHHe nJIOCKHX OCHOBa-

MeM, HTO
U = T4 (*,  y); v = ip6 (x, y).

TpeTHfi KOMnoHeHT nepeMemeHHH w BecbMa Maji BCJieacTBHe Majiofi tojihjh- 
Hbl njiaCTHHKH H Ha 9TOM 0CH0B3HHH, K3K H E2, He npeACTaBJIfleT np3KTH- 
necKoro HHTepeca. Oahbko npn hco6xoahmocth ohh MoryT 6biTb jierxo 
onpeAeJieHbi c noMombio H3BecTHbix KOMnoHeHTOB HanpnjKeHHfi.

npn CAeJiaHHbix npeAnoJio>KeHHflx ocHOBHbie ypaBHeHHH TeopHH ynpy- 
tocth ajih o6o6ujeHHoro njiocKoro HanpnjKeHHoro coctohhha hmciot t2*  
KOH Hce BHA, K3K H AJIH CJiyflafl nAOCKOfi Ae4»pMaHHH. HCKJIIOHeHHe coc- 
TaBJiaeT TOJibKo 33koh fyKa:



11,1 (5.11) OTJinnaiOTCfl ot (5.5) TOJibKO 3HaneHnHMH ynpymx 
IIOC lOIIHIlblX.

1 hkhm o6pa3OM, npn pemeHHH njiocKofi 3aAanH TeopHH ynpyrocTii 
HMeeM 8 HeH3BeCTHbIX, HBJIHIOmHXCH (jjyHKIJHHMH TOJIbKO AByX He3aBJI- 
chmhx nepeMeHHbix x h y: ox, ay, xxy, ex, ey, yxy, u, v. JIjih pemeHHsi 
3aAanH HMeiOTCH TaKxce 8 ypaBHeHHfi: ABa ypaBHeHHH (5.6), Tpn ypaBHe- 
hhh (5.8) h Tpn ypaBHeHHH (5.5) hah (5.11). Ecah He HyjKHO onpeAejiHTb 
nepeMemeHHH, to aah HaxojKAeiiHfl rnecTH HeH3BecTHbix bcahhhh ncnoAb- 
3yioT Asa ypaBHeHHH (5.6), Tpn ypaBHeHnn (5.5) hah (5.11) h ypaBHeHHe 
(5.9).

§ 5.3. PemeHne njiocKon saAann b nanpaiKeiiiinx. 
OyHKI^HH HanpHHteHHH

IlpH pemeHHH haockoh 3aAanH b HanpnxteHHHX hckommmh (JiyHKUHHMH 
hbahiotch 3 KOMnoHeHTa HanpRjKeHHH: ox (x, y)\ oy (x, y)\ xxy (x, y). 
ZJaH HX OTbICK3HHH BOCnOAb3yeMCH AByMH ypaBHeHHHMH paBHOBeCHH 
(5.6), k KOTopbiM npncoeAHHHM reoMeTpHHecKoe ycAOBHe b BHAe ypaBHe- 
hhh Hepa3pbiBHOCTH Ae(j»pMauHH (5.9). FlocAeAHee ypaBHeHHe c noMombio 
cooTHomeHHH 3aKOHa TyKa npeo6pa3yeM k Hanpn>KeHHHM. y>Ke OTMena- 
AOCb, hto ypaBHeHHH 3aKOHa TyKa aah o6ohx cAynaeB haockoh 3aAanH 
OTAHHaiOTCH TOAbKO ynpyTHMH nOCTOHHHblMH, nOSTOMy HX HCnOAb3OBa- 
HHe npHBeAeT b HTore k OAHOMy h TOMy >Ke pe3yAbTaTy. Oah3ko BbiKAaAKH 
nOAyqaiOTCH npome, eCAH BOCnOAb3OBaTbCH COOTHOHieHHHMH (5.11) — AAH 
o6o6m,eHHoro HanpnjKeHHoro coctohhhh.

IdTaK, HCnOAb3yH (5.11), 3anHIHeM BbipaJKeHHH BTOpblX npOH3BOAHbIX, 
bxoahujhx b ypaBHeHne (5.9):

d2ex l ( d2cx d2oy \ .
dy2 ~ E \ dy2 V dy2 ) ’

„ l / d3<Jy —, 
dx2 E \ dx2 dx2 ) ’

^Vxy = 2(1+V) d2jxy
dxdy E dxdy

rioACTaBHM hx b (5.9) h nocAe ynpomeHHH noAyuHM

dt°x .. d2°y
dy2 dy2 — v d2°x 

dx2 2(1 +v) (5.12)

rioAyneHHoe ypaBHeHne npnMeT 6oAee npocToii bha, ecAH Bbipa3HTb 
KacaTeAbHoe HanpnjKeHHe xxy uepe3 HopMaAbHbie HanpHJKeHHH. Aah 
SToro npoAH4)(|)epeHHHpyeM 1-e ypaBHeHHe paBHOBecHa (5.6) no x, a 
2-e — no y h caojkhm hx nouAeHHO. CnHTan o6beMHbie cham nocTOHHHbiMH 
no BceMy o6beMy, HafiAeM:

o d2xxy d^x d2a
2 dxdy “ dx2 dy2 ’

riOACTaBHB 3T0 COOTHOIlieHHe B (5.12), nOAyHHM

(°X + °y) + (+t + Oy) =» 0,
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IIJIH
V2K + a,) = 0. (5.13)

• Viccb V2 — onepaTop Jlaiwiaca. H3 (5.13) cjieAyeT, hto b njiocKofi 3aAaHe 
ryMMa HOpMajibHbix HanpHJKeHnfi ecTb rapMOHHHecKaa (jjyHKUHH. ypaBHe- 
ime (5.13) Ha3biBaeTCH ycjioeueM Mopuca Jleeu. Oho HBAneTCH nacTHbiM 
cjiyqaeM ypaBHeHHH BeJibTpaMH — MHTnejuia h npHMeHHeTCH, Kor.ua 
ofibeMHbie CHJIbl nOCTOHHHbl HJIH MOTyT SblTb npHHHTbl paBHblMH HyJIIO.

B aajibHefimeM orpaHHHHMCH paccMOTpeHHeM cjiynaa, Kor.ua odbeMHofi 
i iuiofi HBJineTCH Bec Tejia, t. e. X = 0; Y = p. 3/iecb p — Bec eAHHHiibi 
ofibeMa Tejia.

PemeHHe njiocKofi 3aAaHH cboahtch k HHTerpHpoBaHHio Tpex Anclxjie- 
peHUHaJibHbix ypaBHeHHfi:

d°x , ^xy _ n.
dx dy ~ v’

<*xy  , deu , (5.14)
dx 'r dy p'

V2 (ct, + uy) = 0 
npn BbinoJiHeHHH rpaHH'iHbix ycAOBHfi

pNx = CTXZ + 'IxyHV,
PNy = ^xyl + OytTl.

CjieAyeT oTMeTHTb, hto b ypaBHeHHHX (5.14) HeT ynpyrnx nocTOHH- 
iibix, t. e. HCKOMoe HanpHHceHHoe coctohhhc He 33bhcht ot MaTepnaJia. 
3to noAOJKeHHe cnpaBeAAHBO AHHib aah TeAa, Ha rpaHHiiax KOToporo 
aaAaHbi ycHAHH.

OAHaKo peiueHHe nAOCKofi 3aAanH TeopHH ynpyrocTH mohcho noAy- 
HHTb ApyrHM, 6oAee yAodHbiM nyTeM: Tpn HHTepecyiomHX Hac KOMnoHeHTa 
nanpHHceHHfi ox, sy, %xy MoryT 6biTb BbipaxeHbi qepe3 OAHy (JiyHKHHio, 
na3biBaeMyro (pyHKyueu HanpnoiceHuu hah ^yHKyueu 9pu. OyHKHHH Ha- 
npnjKeHHH noA^HpaeTCH takhm o6pa3OM, HTo6bi HCKOMbie HanpHHieHHfl 
noAyflaAHCb ee AH4x|)epeHu.HpoBaHHeM.

jjefiCTBHTeAbHO, nyCTb HMeeTCH HeKOTOpafl npOH3BOAbHafl (JiyHKUHfl 
(p (x, y), npH noMoniH KOTopofi HanpnjKeHHH onpeAeAHiOTCfl cAeAyiomHM 
o6pa3OM:

_j^P_. _ ^2g> . _ d2<p f5 ]5)
°x~ dy2 ' dx2 ' xy ~ dxdy pX'

JlerKO npoBepHTb, hto npn noACTaHOBKe BbipaxieHHfi (5.15) b nepBbie 2 
ypaBHeHHn (5.14) ohh TO>KAecTBeHHO yAOBAeTBopniOTCH, t. e. (jiyHKHHH 
fP (*,  y) HBAHeTCH peilieHHeM ypaBHeHHfi paBHOBeCHfl. AaH 0TbICK3HHH 
BHAa caMofi (JiyHKiiHH (p (x, y) noACTaBHM BbipaHceHHH (5.15) b nocAeAHee 
ypaBHeHHe CHCTeMbi (5.14): •

32 [ d2q> , d2q> + d2 [ d2q> , d2q> ) n 
~W~ + ~dtp~) + ~d[p~ '++“ + ~dip~/ “ U’

HAH

^-+2^+>=«-
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ypaBHeHne (5.16) Ha3bmaeTCH 6ueapM0HuuecKUM ypaeueuueM tuocnoii 
aadauu. CoKpameHHO ero mojkho 3anHcaTE> b BH#e

V4<p = 0.
C noMOLHbio cooTHomeHHfi (5.15) Bbipa3HM ycjiOBHH Ha KOHType nepea 

(JiyHKHHio HanpniKeHHfi:

/ x (o-17)o2<p , ( d2<p -. )^ = mT-zhd++H-
TaKHM o6pa3OM, pemeHHe nnocKofi 3anaHH CBejiocb k OTbiCKaHHio 

SHrapMOHHnecKofi (jiyHKHHH <p (x, y), yAOBJieTBopniomeft ypaBHeHHio 
(5.16) h rpaHHHHbiM ycjioBHHM (5.17). Elocjie 3toto HanpnjKeHHfl b Jiio6ofi 
TOHKe Tejia HaftAyTCH no (JiopMyjiaM (5.15).

§ 5.4. H3rn6 kohcojih

PemeHHe njiocKofi 3aAami, CBH33HHoe c HHTerpHpoBaHiieM 6nrap- 
MOHHuecKoro ypaBHeHHH (5.16) npn rpaHHHHbix ycjioBHnx (5.17), conpn- 
IKCHO CO 3HaHHTejIbHbIMH TpyAHOCTHMH. H3 HHCJI3 npHeMOB pemeHHH Ta- 
Kofi 3aAanH MomeT 6bitb BbinejieH cjieAyiomHH. HanepeA 3aAaiOTCH (jiyHK-

miefi HanpH>KeHHH, yAOBJieTBO*  
pmomeft ypaBHeHHio (5.16), b 
CTpyKTypy KOTopoft bxoaht Ha- 
6op He onpeAeJieHHbix BHanaJie 
napaMeTpoB. 3th napaMeTpbi 
nOA^HpaiOT T3K, HTO6bI 4>yHK- 
HHH HanpHJKeHHfi COOTBeT- 
CTBOBajia He TOJibKo ypaBHeHHio 
(5.16), ho h rpaHHHHbiM ycAO- 
bhhm pemaeMofi 3aAanH. flHor- 
Aa npH Bbi6ope (JjyHKHHH Ha- 

npHJKeHHH 6bIBaeT n0Jie3H0 BOCnOJIb3OB3TbCH BbipaiKeHHHMH AJIH IianpH- 
TKeiiHH, KOTOpbie nojiynaiOTCH b conpoTHBJieHHH MaTepnaJiOB npn peme- 
hhh aHaJioniHHofi maAanH.

B KanecTBe npHMepa HafiAeM pemeHHe ajih KOHCojibHofi 6ajiKii npHMo- 
yrojibHoro ceneHHH, 3ameMjieHHofi oahhm kohhom h HarpyiKeHHoft Ha 
ApyroM CHJiofi P (pnc. 5.4). ToJiiHHHa 6ajiKH 6 Majia no cpaBHeHHio c Bbi- 
coToft h, h noaTOMy pacnpeAejieHHe HanpHJKeHiifi b Hefi mojkho paccMar- 
pHBaTb KaK njiocKoe HanpnjKeHHoe cocTOHHHe. Co6cTBeHHbiM BecoM 6ajiKn 
HpeHe6peraeM.

IlpHMeM Bbipa>KeHHe aah HanpHmeHHft b bhao

(5.18) 

TaKoft Bbi6op ax o6ycjiOBJieH TeM, hto HanpniKeHHe, nojiynaeMoe b conpo- 
THBJieHHH MaTepnajiOB, HMeeT Ty x<e CTpyKTypy, t. e.

( 12PI , 12P \
CT+ ~ ( 7?+ A? XJ U-
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B (5.18) Cx h C2 — nocTOHHHbie, noAJie>Kam,He onpeflejieHHio. IIpoHHTe- 
rpnpoBaB ABajKflbi (5.18), nojiyHHM

T = y3 + xy3 + yf^ (x) + f2 (x),

I7ie fj (%) H f2 (x) — HeKOTOpbie (JiyHKHHH, 3aBHCHIH,He TOJIbKO OT X. 
IloACTaBHM Tenepb Bbipa?KeHHe ajih (JiyHKUHH HanpH^KeHHH b 6nrap- 

MOHHnecKoe ypaBHeHHe (5.16). IlocJie noACTaHOBKH HMeeM

I lojiyneHHoe ypaBHeHHe aojdkho ynoBJieTBOpHTbCH npn JiioSbix 3Hane- 
IUIflX X H y, a 3T0 BO3MO2KHO TOJIbKO B CJiyflae, eCJIH

C yqeTOM nocjieAHHX 3aBHCHMOCTeH BbipajKeHHe AJifl (JiyHKiiHH Hanpn- 
IKeHHH MO/KHO 3anHCaTb T3K:

- 0 H = 0.dx4 dx*
OTCiOAa

fi = C3x3 + C4x2 + C5x + C6; 
f2 = C7x3 + C8x2 + C9x + C10.-

q> = —y3 -|—■£_ xy3 + y (C3x3 + C4x2 + C6x + C0) +

+ C7x3 + C8x2 + C9x + Clo.
HcnoJib3yfl (5.15) 6e3 yqeTa o6)T>e.MHOH chjim h (5.19), HMeeM 

oy = 6x (C3z/ + C,) + 2 (C4t/ + C8);

Xxy = — y3 — 3Cax2 — 2C4x — C6.

(5.19)

(5.20)

BxoAHin,He b (5.20) nocTOHHHbie iiHTerpHpoBaHHH oiipeAejiHM H3 
rpaHHHHblX yCJIOBHH. rioCKOJIbKy BepXHflfl H HHJKHHfl rpaHH 6aJIKII CBO- 
6oahm ot Harpy3KH, to oy = xxg =. 0 npn y = ±

PaccMOTpHM 1-e ycjioBHe:

6x(c3 A + C^ + 2 (c4A + C8) = 0; 

6x(-C84 + C7)+2(-C44 + C8)=0.

TaK K3K ypaBHeHHfl AOAJKHbl yAOBJieTBOpHTbCfl AAfl Bcex 3HaneHHH X 
ot 0 ao l, to nojiynaeM

c3-4+c7 = °; c44 + c8 = 0;

-C34+C7 = 0; _C44+C8=0.
PeniHB 3Ty cncTeMy, HMeeM
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n (7ieAonimv!i>no,
Oj, = .0 h xxy = — -^- z/2 — C6.

Y/IOBJieTBopHM Tenepb 2-My ycjiOBino:

—-^-/l2—C6= 0, HJIH C5=--^-/l2. 

OTCioAa
T^=----- ^-(4z/2-/z2).

TaKHM o6pa3OM, ycjiOBHH Ha BepxHefi h HHHtHeii rpaHax SajiKH Bbi- 
nOJIHMIOTCH.

npH 3anaHHbix ycjioBHHX Harpy>KeHH5i HopMajibHbix HanpnHteHHH Ha 
Topue HeT, a KacaTejibHbie HanpH>KeHHH aojimhm ypaBHOBeciiTb npnjio- 
xieHHyio CHJiy P. BBnny roro hto 33koh pacnpeaejieHHH chjim P no TOp- 
uy HeH3BecTeH, ycjiOBHe ajih HanpanieHHH xxy aoji/kho SbiTb 3anncaHO 
b HHTerpajibHOH (JiopMe:

ft/2 ft/2
xxyMy = - j A-6(4z/2-/i2)dz/ = P.

—ft/2 —h/2
OTCioAa

r _ 12P _ p
2 W> ~ J '

Tenepb mojkho 3anncaTb OKOHnaTejibHoe BbipaJKeHHe ajih KacaTeJibHoro 
HanpsDKeHHH:

Tto6m onpenejiHTb nocjieAHioio nocTOHHHyio Clt paccMOTpnM ycjioBiie ajiji 
HanpnjKeHHH ax (5.18):

ox = 0 npn x = Z, t. e.
C^y + C2z/Z = 0,

OTKy«a
C1 = -CaZ = —£-/.

OKOHHaTeJIbHO
p /1

Tc =----- J- (1 — X) y.

TaKHM o6pa3OM, nojiyHHM cncreMy

= — -j- (Z — x) y\

a^ = 0; (5.21)

KOTopaa noJiHOCTbio coBnanaeT c ajieMeHTapHbiM penieHneM, npHBOflHMbiM 
b Kypcax conpoTHBJieHHH MaTepnajiOB. nojiyneHHoe pemeHHe 6y.neT toh- 
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iimm TOJibKo Tor.ua, Kor#a ycHJine, AeficTByiomee Ha Topue, H3MeHneTca 
lio TOMy >Ke 3aKOHy, hto h KacaTejibHbie HanpnjKeHHH. ZUh flpyrnx 3aKo- 
iiob pacnpeAejieHHH Harpy3KH, Ha ochobhhhh npHHHHna CeH-BeHaHa, Ta- 
KOe pemeHHe moxcho CHHTarb ynoBJieTBopHTejibHbiM ajih ceneHHH, nocTa- 
'iohho yflajieHHbix ot kohhob.

Ilocjie Toro khk HaHneHbi HanpmKeHHH, cjie/iyeT nepefiTH k onpeAejie- 
iihio nepeMemeHHft h cpaBHHTb nojiyneHHbifi pe3yjibTaT C penieHHeM, 
KOTopoe naeT conpoTHBJieHHe MaTepnajiOB.

PIcnojib3yn ypaBHeHHM Kohih h ypaBHeHHH o6o6m,eHHoro 3aKOHa 
1'yKa ajih njiocKoro HanpaiKeHHoro coctohhhh, a TaKxce (5.21), noJiywHM 

^-=e, = ^ = —

= = —)//’> <5-22)

dv , du .. 2(1+v)t^ (l+v)P  ̂ (,2\
+ ~df ~yxy ~ - E ~ EJ \~4~ y J1

I IpoHHTerpHpyeM nepBbie 2 ypaBHeHHH (5.22);
p

EJ
/zxy--+)

vP ( ly2
EJ 2 2 )

(5.23)

B pe3yjibTaTe HHTerpHpoBaHHH b ypaBHeHHa (5.23) boihjih 2 npoH3BOJib- 
libie (JiyHKHHH ipx (y) h i|i2 (x). +jih hx onpeAejieHHH Bocnojib3yeMca 3-m 
ypaBHeHneM (5.22), b KOTOpoe noACTaBHM npoH3BOAHbie ot u h v:

vP y1
~EJ~~2 +

IlpeACTaBHM 3to ypaBHeHHe b dojiee yAo6Hofi 4>opMe:

[ w ~4r^lx —4)] + M 4- + (i +E? ■ d=
(l+v)P h2

EJ 4 ' (5.24)

SAecb npaBaa qacTb — nocTOHHHaH BejiHHHHa, a BbipajKeHHM b KBaApaT- 
llbix CKO^KaX 3aBHCHT JIH6o OT X, JIH60 OT y. BBHAy Toro hto x H y eCTb 
npoH3BOJibHbie, He 3aBHCHW,He Apyr ot Apyra nepeMeHHbie, paBeHCTBO 
(5.24) HMeeT cmbicji TOJibKo b tom cjiynae, ecAH BbipaxceHHH b KBaApaT- 
llbix CKO^KaX paBHbl nOCTOHHHblM BeJIHHHHaM. O6o3HaHHM HX Dx H D2:

Dx = 1p2 (X)

„ \ y2 i (i +v) p «= ipi («/) - £7 -f- + V • y*.

Ha ocHOBaHHH (5.24) c yneTOM (5.25) HMeeM

D u + ht

(5.25)

(5.26)
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HHTerpnpyH ypaBHeHHH (5.25), noJiyqHM

(X) =

G/) = —(21v) y3 + D*y  + d2.

TaKHM o6pa3OM, onpeAeJieH bha (jiyHKHHft (z/) h i|>2 (x). BHeceM nx 
b ypaBHeHHe (5.23):

"“+(-2

+ D^x dt;
’ lx2 x3

2 6 /

r , . x*y  (2 +[ ^ + 2 6

vly2 vxy2 , lx2
2 ' 2~'

npOH3BOJIbHbie nOCTOHHHbie Dlt dlt Dit d2 HaXOAHM H3 yCJIOBHfi 3a- 
KpenjieHHH kohcojih. ----------- ----------- ----- B
TOHKH OCH 6aJIKH

(5.27)
+

Pnc.

ojieMeHT
(pnc. 5.5, a); jih6o

O6ecneHHM cHanaJia HenoABH>KHocTb HanajibHOH 
nojio?KHM, hto npn x = y = 0 nepeMemeHHH 

u = 0; v = 0. Toraa H3 ypaB- 
HeHHH (5.27) cpa3y BbiTeKaeT, 
hto dt = d2 = 0.

3aTeM HCKJHOHHM BO3MOJK- 
HOCTb BpailieHHH KOHCOJIH BO- 
Kpyr tohkh 0. 3to mojkho ocy- 
meCTBHTb p33HbIMH nyTHMH: 
jih6o nocTaBHTb ycjiOBHe ro- 
pH30HT3JIbH0CTH HaHHJIbHOfi Ka- 
.caTejibHOH, t. e. npeAnojio- 

3aKpenjieHHoro KOHiia ocTaeTCH ropn- 
3aKpenHTb ajieMeHT dy onopHoro cene-

t. e.
JKHTb, HTO
30HT3JIbHbIM
HHH H n0Tpe60BaTb, HTO6bI OH OCTaBaJICH BepTHKHJIbHblM (pnc. 5.5, 6). 
B o6ohx cjiynanx BpameHHH 6ajiKH BOKpyr tohkh 0 He 6yAeT.

PaccMOTpHM 1-ft cjiyqafi 3aKpenjieHHH. rtpn x = y = 0 = 0.
B3hb cooTBeTCTByromyio npoH3BOAHyio ot Bbipa?KeHHH (5.27) h nojiaran 
x = y = 0, nojiyuHM, hto Dx — 0. Tor.ua H3 (5.26) cjieAyeT:

n _ (1+V)P
~ EJ 4~ •

Tlocjie onpenejieHHH 3HaHeHHfi hoctohhhmx (jxipMyjibi ajih nepeMeme- 
HHfi npHHHMaiOT BHA

(5.28)
v =

TlOJIOJKHB BO 2-M 
rHyToii och 6ajiKH':

P - I ,Vd~ X) 2 . J_ 2_____1_ 3 •
ej [ 2 y 2 x 6 x r

ypaBHeHHH (5.28) y = 0, HafiAeM ypaBHeHHe H3O-
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Koropoe coBnaflaeT c ypaBHeHneM, nojiyneHHbiM p conpOTHBJieHHH Mare- 
pnaJioB.

HaHGojibiHHM dyaeT npornS Ha KOHixe kohcojih:

_ Pl3-
Umax — 3£ J •

HccjieayeM Tenepb aeijxipManHio njiocKHx ceneHHH. YpaBHeHHe njioc- 
Koro ceneHHH ao aecjxipMaHHH 6y.neT x = x0, a nocjie AetjxipMaiXHH x = 
= x0 + u, hjih c yneTOM (5.28):

x = x» + — ^-)xy— (2tv---y3 + (1+4V)/12 </]• (5-29)

PaccMOTpeHHe BbipaiKeHHH (5.29) noKa3biBaeT, hto nocjie AeiJxipMauHH 
ceneHiie HCKpHBJineTCH no napa6oJie 3-ro nopnAKa. 3tot bmboa b nojiHoft 
Mepe othochtch h k KpaftHeMy JieBOMy ceneHHio (x0 = 0). CjieAOBaTeJibHO, 
cjxipMyjibi ajih HanpHHceHHfi (5.21), nojiyuaeMbix b conpoTHBJieHHH MaTe- 
pnajioB c Hcnojib3OBaHHeM THnoTe3bi njioGKiix ceueHHft, ocTaioTCH Bep- 
IiblMH H npH HCKpHBJieHHH CeHeHHfi.

PaccMOTpnM Tenepb 2-fi cjiyqafi, Kor.ua 3aKpenjieHHe gjieMeHTa ocy- 
mecTBJieHO no BepTHKajiH. 3necb = 0 npn x = 0; y = 0. Toraa

D2 = 0; (l + v)P ft2
U^~ EJ 4

h BbipaiKeHHH ajih nepeMemeHHfi (5.28) npHo6peTaioT bha

+-+--P +

(2 + v) ,,3
6 y

P
V ~ EJ

(5.30)

ypaBHeiiHe H3orHyToft och 6ajiKH TorAa
P ( l 2 1 3 ,V ~ EJ \ 2 X 6 X +

a MaKCHMajibHbift nporn6 Ha KOHiie kohcojih

Pl [ Z2 , (1 — v) /i2
y™ax “ EJ [ 3 + 4

TaKHM o6pa3OM, b 3aBHCHM0CTH ot cnoco6a 3aKpenjieHHH 6aJiKH nepe- 
MemeHHH noJiynaioTCH pa3JiHHHbiMH. Bo 2-m cjiynae nporn6 3iiatniTejibiio 
33BHCHT OT BblCOTbl CefleHHH h. TIOflBJIHlOIHHfiCH BO 2-M ypaBHeHHH (5.30) 
AonojiHHTejibHbift HJieH yqHTbiBaeT HajiHHHe cabhtob h o6ycjiOBJieH bjihh- 
HHeM Ha nporn6 nepepe3biBaioiii.eft chjih.

EcTeCTBeHHO, HTO KpOMe paCCMOTpeHHblX 3AeCb CnOCO6OB 33AeJIKH M05K- 
ho npeacTaBHTb ce6e mhojkcctbo Apyrnx, npnqeM KaxKAOMy H3 hhx 6ynyT 
cooTBeTCTBOBaTb cboh nepeMemeHHH. OjjHaKO Ha ochob3hhh npiiHHHna 
CeH-BeHaHa Hanpn>KeHHoe cocTOHHiie cymecTBeHHo MeHHeTCH TOJibKO 
b6jih3h 3aKpenjieHHoro ceneHHH.
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§ 5.5. PeineHne ruiocKoii saflaHii c noMonjbio phaob <Pypi>e

npH penieHHn HeKOTopbix 3a.ua1! TeopHH ynpyrocTH, b qacraocra Kor.ua 
Harpy3Ka He hbjihctch HenpepbiBHOH, yaoSHO HCKara pemeHHe npn noMO- 
IIIH TpHTOHOMeTpHHeCKHX pHflOB. TaKOH nOflXOA BnepBbie npHMeHHJIH 
M. PnSbep h JI. OanjioH ajih HccjieAOBaHHH xapaKTepa HanpHxceHHoro 
COCTOHHHH npH H3TH6e 6ajI0K.

PemaH 3aaaHH c noMoipbio phaob <t>ypbe, cjieAyeT (JjyHKiiHio, KOTopofi 
BbipaxaeTCH Harpy3Ka, pa3jio>KHTb b TpHroHOMerpHHecKHH pnA, B3Hra 
HecKOJibKO nepBbix hjichob pn.ua, ajih Kancnoro H3 hhx Hafira pemeHHe 
h pe3yjibTarai CJioxnra. Ochobhoh cmmcji TaKoro noaxoAa 3aKJHoqaeTCH 
B TOM, HTO nOHBJIHeTCH B03M0>KH0CTb 33MeHHTb Harpy3Ky npOH3BOJIbHOrO 
BHAa Phaom HenpepbiBHbix Harpy30K, h3mchhioiii,hxch no npocTOMy 3aK0- 
Hy CHHyca h KOCHHyca, OrpaHHmiBaacb kohchhmm hhcjiom hjichob pH.ua, 
mojkho nojiyHHTb npH6jiH?KeHHoe, A0CT3T0HH0 6jiH3Koe k HCTHHHOMy, pe- 
HieHHe 33A3HH.

B cjiyqae H3rn6a npHMoyrojibHoii 6ajiKH, y kotopoh AJiHHa 3H3HH- 
TejibHO 6ojibine Bbicorai, cjieayeT bo3mo>kho TOHHee yAOBjieraopiira ycjio- 
bhhm Ha ajihhhmx CTopoHax, HecymHX H3rn6aioLHyio Harpy3Ky. B to 
>Ke BpeMH yCJIOBHHM Ha KOpOTKHX CTOpOHaX M0>KH0 yAOBJieTBOpHTb 
HHTerpaJibHO, He3a6oracbo 3aK0He pacnpejiejieHHH Hanpn>KeHHH no Bbico- 
Te KOHeHHbix ceqeHHH, thk khk, corjiacHO npHHUHny CeH-BeHaHa, Topiibi 
He OKasbiBaiOT cymecTBeHHoro bjihhhhh Ha Hanpn>KeHHoe coctohhhc Bcefi 
6ajiKH, ecjw oraomeHHe Bbicorai 6ajiKH k ajihhc ecra Majian BejiHHHHa.

BHrapMOHHuecKoe ypaBHeHHe ajih (JiyHKHHH Hanpn>KeHHH

dx*  ' dx2dy2 + dy*  U

M0>KeT 6bira yAOBJieTBOpeHo, ecjiH, cjieAyn OaiiJioHy, npnHHra (jiyHKmiio 
<p b BHAe

<P = sin-^-/(z/). (5.32)

3Aecb m — Hyjib hjih uejioe nojio>KHTejibHoe hhcjio; l — AJiHHa 6ajiKH; 
f (z/) — HeKOTopan (JjyHKHHH, 3aBHCHinaH ot opAHHarai y. Jjih yAo6cTBa 
o6o3HaHHM — X.

IIoACTaBHM <|)yHKUHio (5.32) b ypaBHeHHe (5.31). riocjie ynpomeHHH 
nojiynHM JiHHeiiHoe AH(Jx|)epeHU.HanbHoe ypaBHeHne ajih onpeAejieHHH 
7G/):

XV(z/)-2A2/"(i/) + fIV(l/) = 0. (5.33)

06iii.ee pemeHHe ypaBHeHHH c hoctohhhmmh K09(JxJ)HiiHeHTaMH (5.33) 
Mo>KeT 6bira 3anHcaH0 b BHAe

f (*/)  = G ch ky + C2 sh ky + C3y ch ky + Cty sh Xt/, 
TAe Cx, C2, C3, C4 — np0H3B0JibHbie nocTOHHHbie.

TaKHM o6pa3OM, (JtyHKHHH HanpH>KeHHH <p, yAOBJieraopHiomaH 6nrap- 
MOHHnecKOMy ypaBHeHHio,

<p = s n kx (Cj ch ky + C2 sh ky + Cst/ ch ky + Cty sh ky). (5.34)
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B pemeHHe (5.34) bxohat npoH3BOJibHbie nocTOHHHbie Clt C2, C3, Ct 
h napaMeTp A. AaBaa hm pa3jiHHHbie 3HafleHHfl, nojiynHM 6ecnHCJieHHoe 
MiioiKecTBO nacTHbix pemeHHH. Ohcbhhho, hto cyMMa takhx peineHHii 
mioKe 6yaeT pemeHHeM ypaBHeHHfl (5.31). npn BO3pacTaHHH racjia qjie- 
IIOIl 3T0H CyMMbl AO 6eCKOHeflHOCTH OHa 
iiepefineT b pfln:

oo

<p = Y sin Amx (Cim ch Amz/ + 
m=l

+ C2m sh Amy + C3my ch Amz/ +
+ Clm y sh Amz/). (5.35)

npOH3BOJibHbie nocTOHHHbie cjienyeT 
non6HpaTb TaK, HTo6bi rpaHHHHbie yc- 
lOBHfl Ha KOHType 6ajiKH ynoBJieTBo- 

piuiHCb no bo3mo>khocth nojiHee.
PenieHHe b $opMe (5.35) BnepBbie 

lipCAJIOJKHJI OaHJIOH.
IloKaHieM najibHeHniHH xoa peme- 

mifl AJifl cjiynafl H3rn6a 6aJiKH ajihhoh H HiHpHHOfi h Harpy3KOH q (x) 
(pnc. 5.6). Hhjkhhh Harpy3Ka b ashhom cjiynae mojkct 6biTb, Hanpn- 
Mep, peaKHHefi onop 6ajiKH.

3Haa cjiyHKHHio HanpnJKeHHH 
iiercTByiomHX HanpHHceHHH:

_ <9i 2<p

i2 , ,n. . mnx , . | fm (0) sin = p (x);

2 , ,,. . mnx , . I fm (h) sin —y— = q (x);

Qx~~d^-

MO/KHO 3anHCaTb Bbipa>KeHHfl AJIfl COOT-

oo

L fm(y) sin—.—;
m=l

oo i2 , . . . mnx . I fm(y)sm——; (5.36)
m=l ' '

OQ

Smn £' , x mnx
— fm (y) cos —p-. 

m=l

rpaHHHHbie ycjiOBHH Ha ajihhhhx cTopoHaxPaCCMOTpHM 
npn y — 0

6ajiKH:

u dx2

I

^xy —
m=l

npn (5.37)y = h

Xxy —
m=l
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WTOdbl yAOBJieTBOpHTb 1-e H 3-e yCJIOBHH, Hy>KHO (jiyHKHHll p (x) H 
q (x) pa3jio>KHTb b TpnroHOMeTpHHecKHe pnAbi no sin LLLL-

CQ OQ
p (x) = <4 sin(x) = ^ tzm sin. (5.38)

m—l m=l
H3BecTH0, hto ecjiH npHxoflHTCH pa3jiaraTb b pha (jiyiiKHHio, 3anaH- 

Hyio b HHTepBaJie ot 0 ao /, to KoacjxJiHHHeHTbi pa3jio>KeHHH onpeAeJinioTCH 
no (JxipMyjiaM Sfijiepa:

i i
2 f , , . mnx , " 2 f , , . mnx ,am = — j p(x) sin —j— dx-, am = — J q(x) sin —-.— dx.

o o
CpaBHHBan KO3(jxj)HiiHeHTbi npH sin 'LLLL b (5.37) H (5.38), nojiy- 

iiaeM, hto
(^fm(O) = am-, ^Jfm(h)^dm. (5.39)

HeTpyAHO-3aMeTHTb, hto ajih yAOBJieraopeHHH 2-ro h 4-ro ycjiOBHH 
(5.37) cjieAyeT npHHHra

fm(0) = 0 h fm(h) = O. (5.40)
noACTaBHM Tenepb b (5.39) h (5.40) Bbipa>KeHHe cjiyHKHHn fm (y) H3 

ypaBHeHHH (5.35). B pe3yjibTaTe nojiynHM 4 ypaBHeHHH ajih onpeAeJieHHH 
HeTbipeX npOH3BOJIbHbIX nOCTOHHHblX Clm, C2m, C3m, Cim.

H3 (JxjpMyji (5.36) cjieAyeT, hto Ha Topnax 6ajiKii npn x = 0 h x = l 
nopMajibHbix HanpnjKeHHH HeT, a KacaTejibHbie HanpHxceHHH co3AaioT 
nonepeuHbie chjim

h oo h oo ■

Jwty=-£ ~^fm(y)dy = -^ ^[fm(h)-UQ)].
0 m=l 0 m=l

TaKHM o6pa3OM, ycjioBHH Ha ajihhhhx CTopoHax 6ajiKH yAOBJieraopn- 
iotch tohho, Ha Topiiax HanpHJKeiiHH o\ OTcyTCTByiOT, a KacaTejibHbie 
HanpnjKeHHH HMeiOT paBHOAeficTByioiAHe, ypaBHOBemHBaiomHe Harpy3Ky 
q (x) b cjiynae OTcyTcraHH Harpy3KH p (x).

HeTpyAHO y6eAHTbCH, hto 6HrapMOHHuecKoe ypaBHeHHe (5.31) raK>Ke 
6yAeT yAOBJieraopeHO h ecjiH npHHHra (jiyHKUHio Hanpn>KeHHfi b BHAe

q> = cos mnx
~~r f(y).

Hmchho TaKofi noAXOA npiiMeHHJi Pn6bep, KOTopoMy npHHaAJiejKHT npn- 
OpHTeT B HCnOJIb3OBaHHH TpHTOHOMeTpHHeCKHX pHAOB AJIH peHieHHH 33AaH 
06 H3TH6e 6ajioK. EcTecTBeHHO, hto b stom cjiynae ajih (JiyHKHHH f (y) 
ocTaeTCH npeiKHee BbipaiKeHHe h (JiyHKHHH HanpHxeHHfi

(p = cos Xx (CB ch Ky + Ce sh %y + C7y ch Ky + Csy sh Ky).
B 3aKJHoHeHHe cjieAyeT OTMerara, hto, xoth c noMombio H3Jio>KeHHoro 

MeTOAa 6biJio pemeHO 6oJibmoe kojihhcctbo npaKranecKH BaiKiibix 3aAan, 
TeM He MeHee npHMeHeHHe TpHroHOMerpHHecKHX (JiyHKiiHfi Bce xce Hejib3H 
npH3Hara yHHBepcajibHbiM mctoaom, thk khk He BcerAa yAaeTCH yAOBJieT- 
BOpHTb rpaHHHHblM yCJIOBHHM Ha 6OKOBbIX TpaHHX.
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rjiasa 6
nJIOCKAfl SAJJAHA B nOJIHPHBIX KOOPJJHHATAX

§ 6.1. OCinne ypaBHeHna b noaapiibix KoopfliinaTax

£o chx nop npn pemeHHH 3aflaq TeopHH ynpyrocTH Hcno;ib3OBajincb 
iipnMoyrojibHbie KoopAHHaTbi. OAHaKo bo mhothx cjiynanx pemeHHe 
mo>kho cymecTBeHHo ynpocTHTb, BbiSpaB Oojiee noAxoAamyio CHCTeMy 
KOopAHHaT. TaK, paccMaTpHBan 3aAaHH AJifl UHAHHAPHHecKHX Teji KpyrAoro 
eeueHHH, H,eAeC006pa3H0 HCnOAb30BaTb UHAHHApHHeCKHe KOOpAHHaTbl 
r, 9, z. B CAynae haockoh Ae- 
(popMauHH hah nAOCKoro Hanpn- 
IKeHHOTO COCTOHHHH MO/KHO (J)Op- 
M3AbHO OT^pOCHTb OCb Z H TOTAa 
miTepecyioimie Hac KOMnoHeHTbi 
iianpnjKeHHH 6yAyT (JiyHKHHHMH 
TOAbKO r H 9, T. e. HHAHHApH- 
'iecKiie KoopAHHaTbi nepexoAHT b 
noAApHbie.

IlpHMepbi 3aAaH, npn peuieHHH 
KOTopbix ueAecoo6pa3Ho npHMe- 
HHTb HOAApHbie KOOpAHHaTbK 
pacneT TOACTOCTeHHoro KOAbiia, 
HArpyjKeHHoro b o6meM CAynae 
no BHyTpeHHeMy h BHeniHeMy koh- 
TypaM; pacneT nAocKoro AHCKa c 
KpyroBbiM KOHTypoM, Hecynjero 
narpy3Ky b haockocth AncKa; pacneT pacTHrnBaeMOH 6ecKOHeHHOH no- 
Aocbi, HMeiomeH KpyroBoe oTBepcTHe; onpeAeAeHHe HanpnxceHHH b 
xpHBbix 6pycbnx y3Koro npnMoyroAbHoro ceneHHH c KpyroBOH oceBOH 
AHHHeH H T. n.

npH HCn0Ab30B3HHH nOAHpHblX K00pAHH3T nOAOJKCHHe AK)6OH TOHKH 
T6Aa Ha nAOCKOCTH onpeAeAneTCH paccTOHHHeM ee ot nanaAa KOopAHHaT r 
h yrAOM 9 MexKAy HanpaBAeHHeM r h HeKOTopofi ocbio x (pnc. 6.1).

Mexyiy AeKapTOBbiMH h noAnpHbiMH KOopAMHaTaMH cymecTByeT H3- 
BecTHan CBH3b:

x = rcos9; z/ = rsin9;

r2 = x2 + y2; 9 = arctg . (6.1)

IIoAynHM Tenepb ocHOBHbie ypaBHeHHH TeopHH ynpyrocTH AJin haoc- 
koh 3aAanH B noAnpHbix KOOpAnnaTax. BbiAeAHM H3 TeAa SAeMeHT abcd 
c neHTpaAbHbiM yrAOM dd h HaHMeHbniHM paAHycoM r (pnc. 6.1).

CTOpOHbi SAeMeHTa
ad = rdQ; bc = (r + dr) d9; ab = dc = dr.

MTo6bi 3anHcaTb ycAOBHH paBHOBecHs, HyiKHo ot Hanpax<eHHH nepefiTH 
k ycHAHHM. ,L[ah 3Toro yMHOJKHM npHAoxceHHbie k ero rpaHHM Hanpn- 
JKeHHH Ha cooTBeTCTByiomHe nAomaAKH h cnpoeKTHpyeM noAyneHHbie
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T3KHM 06pa30M CHAbl Ha OCH f H 0. fljIH npOCTOTbl TOJHHHHy 3AeMeHT3 npH- 
MeM paBHOH eflHHHije. OfibeMHas cnjia, oTHeceHHaa k eAHHHue oSteMa 
h ACHCTByionxaH Ha sjiexieHT b pauHajibHOM HanpaBJieHHH, 6yaeT paBHa 
Rrdrdd. KpoMe toto, BCJieacTBHe Majioc™ yrjia dQ npHHHMaeM, hto

CnpoeKTHpyeM chjim, AeftcTByiomHe Ha rpaHH ajieMeHTa, cootbctct- 
BeHHO Ha och r, 0 h paccMOTpHM ero paBHOBecne:

[or + dr) (r + dr) dQ — ofrd0 — (ae + -^- dQ^ dr ~ — 

— <yedr ++ + (xre + dQ^ dr — TrOdr + RrdrdQ = 0;

(CTe + ~^r dQ)dr ~ °edr + (Tr9 + ~^rdQ)dr "T” + 

+ Tredr + (xer + dr^ (r + dr) dQ — rerrdQ = 0.

IlpoH3BeAH Heo6xoAHMbie ynpomeHHH h ot6pochb BeAHHHHbi Bbicmero 
(TpeTbero) nopflAKa Majiocra, noJiyHHM AH00epeHUHajibHbie ypaBHeHHfl 
paBHOBecHfl AJifl njiocKOH 3aAaHH b nojiflpHbix KoopAHHaTax:

dor , 1 —ae , p n.~dT + V ~dT +------7------+ K - U>

^re , 1 5oe , 2Tre
dr + r 50 + r ~ U

(6.2)

OCT3HOBHMCfl Ha OAHOH OCO6eHHOCTH ypaBHeHHH (6.2), KOTOpafl BblTe- 
KaeT H3 aHajiH3a UAenoB, coAepJKamnx b 3HaMeHaTejie r. HeM 6jiH>Ke k 
Hanajiy KoopAHHaT pacnojioiKeH ajieMeHT, TeM 6bicTpee BO3pacTaioT sth 
qjieHbi ypaBHeHHH, thk KaK r HeorpaHHneHHO y6biBaeT. TaKHM o6pa3OM, 
ypaBHeiiHfl (6.2) Hejib3fl npHMeHATb ajih tohck, jieiKaiiiHX b Hanajie Koop- 
AHH3T, nocKOJibKy HAeHbi, coAepjKamne MHOWHTejib -+, o6pam,aioTCfl 

b 6ecKOHemiocTb.
nojiyHHM Tenepb 33bhchmocth MeJKAy KOMnoHeHTaMH Ae^xJpMaiiHH 

h nepeMemeHHH. O6o3HauHM cocTaBJiaiomyio nepeMemeHHfl b paAHajib- 
hom HanpaBjieHHH Hepe3 u, a b OKpyiKHOM — qepe3 v. JlecJiopMaiiHH pacTH- 
IKeHHfl B paAHaJIbHOM H OKpyiKHOM HanpaBJieHHflX o6O3HaHHM COOTBeTCT- 
BeHHO ef h eg. Ae4»pMan.Hio CABura, KOTopafl H3MepfleTCfl H3MeHeHueM 
npflMoro yrjia MeiKAy paAHycoM-BeKTopoM h KacaTeJibHofi k onncaHHOH 
hm OKpyiKHOCTH, o6o3HaHHM +0. H3 pHC. 6.2 CAeAyeT, HTO yAJiHHeHne 
dr ajieMeHTa ab noAynaeTCfl BCAeACTBHe pa3HHiibi nepeMemeHHH b paAH- 
aAbHOM HanpaBAeHHH TOueK a u b, t. e.

aa± = u', bbx = u + dr.
TaKHM o6pa3OM,

/ du \
u 4--------dr\ — udr )

dr dr •
'■ \ \86



JIetj)OpMaUHIO Eq MOJKHO paCCMaTpHB3Tb COCTOHIUefi H3 flByX COCTaB- 
jihioilihx. Bo-nepBbix, HMeeT Mecro yAJiHHeHHe BCJiencTBHe paanajib- 
noro nepeMemeHHH u ajieMeHTa ds — rdd npH H3MeHeHHOM yrjie dQ, t. e. 
Ayra ad nepexoAHT b nojio>KeHHe Ojd^. Otckw OTHocHTejibHoe yjyiHHeHHe

- (r -|- u) d0 — rdQ u
60 ~ +0 “ r ‘

Bo-BTOpbix, BCJieflCTBHe pa3HHHbi b nepeMemeHHHX ToneK a h d b HanpaB- 
jieHHH Jiyrn s (pnc. 6.3) noJiynaeTCH oTHOcHTejibHoe yAJiHHeHne

CKjiajibiBas o6e cocTaBJistomHe, nojivuaeM

ee =
1 dv , U' 
r dO + ~ •

PaccMOTpHM Tenepb AecjxjpMaiiHio CABHra yro. Ecjih 6bi TOHKa a ocra- 
Bajiacb HenoABH>KHOH, to H3MeHeHHe npHMoro yrjia bad fpnc. 6.4) onpe- 
nejiajiocb 6bi noBopoTOM ctopoh ab h ad cooTBeTCTBeHHo Ha yrjibi a h 0, 
t. e.

' i a dv ,Tr0 = a + 0 = _- 4 du __ dv ,
~ds~ ~~d7 +

1 du 
r 00 ’

IlycTb Tenepb ajieMeHT abcd noBopaHHBaeTCs BOKpyr och, npoxonamefi 
qepe3 HanaJio KOopjiHHaT nepneHAHKyjiapHO k njiocKOCTH qepTex<a, h 
3aHHMaeT HOBoe nojioxceHHe a'b'c'd’ (pnc. 6.5). flpH stom Towxa a nepe- 
MemaeTca no nyre s na BejiHHHHy v h 6jiaroAapn STOMy h3kjioh ajieMeHTa 
ab H3MeHneTCH Ha HeKOTopyio BejiHHHHy 6 = TaKHM o6pa3OM, nojiHoe 
H3MeHeHHe npnMoro yrjia bad, npeACTaBJiHioiii.ee ne^opMauHio CABHra,

dv v , 1 du
Vr0 “ ~Tr ~ + T~dT ’

87

npeACTaBJiHioiii.ee


PiTaK, KOMnoHeHTbi TeH3opa AeiJxjpMauHii ajih paccMaTpHBaeMoro cjiy- 
H3H HMeiOT BHA

1 dv
60 ~ r 50 (6.3)

dv v .1 du 
VrQ ~ ~dr “ + V “W *

CooTHomeHiiH MejKjiy HanpniKeHHHMH h AeijxipMaHHHMH ajih njiocKofl 
3aaaHH b noJiapHbix KoopAHHaTax 3anHCbiBaiOTC5i cjiaKTHHecKH tcmh »e 
ypaBHeHHHMH, HTO H B AeKapTOBblX KOOpAHHaTaX. OTJIHHHe COCTOHT TOJIbKO

b o6o3HaHeHHHx: BMecTO HHAeKCOB x h y nHiiiyTCH r h 0. ZIjih 0606- 
meHHoro njiocKoro HaripH/KeHHoro coctohhhh HMeeM

e/> = 4~ ~ VG^’

ee = 4- — wr);

2(1 +v)
E

B cjiynae njiocKOH aeijiopMaiiHH b ypaBHeHHnx (6.4) cJieayeT 3aMeHHTb
h v Ha v, = .1 1 —V
rjiaBe 6hjio noKa3aHO, hto o6ih,hm penieHHeM ajih 
ypaBHeHHH paBHOBeCHH (npH OTCyTCTBHH o6beMHOH

(6-4)

Tr0.

E na Fi = t_fv3

B npeAbijiymeH 
AHtjxjiepeHHHajibHbix 
CHJIbl) HBJIHIOTCH

Ox
<92(p _ 52<p

~dy^ ’ = ~dx^ ’ Txy =

(JiyHKiiHio HanpHHteHHH <p (x, y). Peman njiocKyio

*

BbipaHceHHbie <iepe3
3a,naqy b noJinpHbix KoopnHHaTax, c noMonibio ^Yhkuhh HanpaiKeHHH 
cp (r, 0) mo>kho noJiyHHTb aHajioTHHHoe pemeHHe h ajih ypaBHeHHH 
(6.2). HeTpyAHO y6eAHTbCH, hto ypaBHeHHH paBHOBecHH 6yayT to/khcct-
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eCJIH IIpHHHTb HanpHHCeHHfl T3KHMH: 
1 5<p , 1 32<p

°r~~7~ ~dT + “ ~1M~ ’

52<p .
CT° — ~d^~ '
1 52<p d ( 1 5<p \

neiiHO yAOBJieTBopeHbi,

(6.5)
5<p1

Tr0 ~ r2 50 r drdQ dr

ripH OTCyTCTBHH o6beMHOH CHJIbl JIIoSaH (JiyHKIIHH <p (r, 0), nOACTaB- 
jienHan b (6.5), nacT TaKHe cocraBJiHiomHe HanpHnceHHH, KOTopbie ynoB- 
JICTBOpHT ypaBHeHHHM paBHOBeCHH (6.2).

'JTofibi nojiyHHTb xapaKTep pacnpeaejieHHH HanpniKeHHfi b ynpyroM 
Tejie, Heo6xo^HMO yjioBJieTBopHTb TaKHce ypaBHeHHio cobmccthocth «e- 
(JiopMaHHH. B neKapTOBbix KoopflHHaTax ajih njiocKofi 3aAanH sto ypaB- 
iieHHe HMeJio bha

IIJIH

C yneTOM npiiHHToro KoopAHHaTHoro hchhcjichhh npeacTaBHM oto 
ypaBHeHHe b nojinpHbix KoopAHiiaTax. npHHHMan bo BHHMaHne 33bhch- 
MOCTH (6.1), 3anHHieM 3HaneHHH AJIH COOTBeTCTByiOLUHX npOH3BOAHbIX:

dr x Q <99 y-5— = — = cos 0; =------dx r dx
dr y . Q <90 =— = — = sin 0; -s— 5^ r

sin 0 
— -;

X cos 0
— T2"- ~r •

I10JIb3yHCb 3THMH BbipaHieHHHMH, HafijieM npOH3BOAHbie (JiyHKHHH 
(p (r, 0) no x h y.

= COS 0 --L s in e;
dx dr dx * d0 dx dr r dQ '

<-+++++-+sin0+v+“s0i 
-&--(+“••—+n0+H+“se—r-|rsin0)-

= -+~- cos2 ® ~ ~y- sin2 6----- — sin 0 cos 0 +
dr2 ' r dr r drdQ '

+ ^--grsin0cos0 +^4o2“sir,20; 
■|^“(+slne + +°se

-^swe+J-Aeos-e + ^-^t 

~ Ksin 0 cos 0 + 4* cos2 0-

-^-K4rsin0 + -7-^rcos0
2 52® . Q Q-—g- S1I10COS0 — drdQ

89



(jiojkhm ABa nocji?AHHX Bbipa>KeHHfl:
52q? . 52<p _  d2q> . 1 <?<p , I 32<p
dx2 ' dy2 dr2 ' r dr ' r2 d02 '

WcnoJib3yH nocjieflHee ypaBHeHHe h ToiKAecTBo
d4q> , o 04q> , cHq f d2 , d2 \ ( d2(p , d2cp )

dx* ' 2 dx2dy2 + dy1 ~ \ dx2 + dy2 )\ dx2 + ~dy^) ’

HaftaeM' ypaBHeHHe cobmccthocth Ae^opMauHH b nojiapHbix KoopAHHaTax:
d2 ,1 d ,1 
dr2 + r dr + r2

d2 \( d2q>
~dQ2~)\~dr2'

1 dq> 1 
r dr ' r2

OTCio.ua bhaho, hto JianjiacoB onepaTop yz2 b noJiapHOH CHCTeMe koopah-
HaT npHHHMaeT bha

v2 = -^- + _L_L_ , _LJL_
dr2 ~ r dr ‘ r2 d02

ypaBHeHHe (6.6) npeACTaBJiaeT co6oh ocHOBHoe AHtJxJiepeHHHajibHoe 
ypaBHeHHe ajih (fiyHKHHH HanpnjKeHHH <p (r, 0). Pemaa njiocKyio 3aAa- 
qy, Heo6xoAHMo noA^npaTb (JjyHKHHio <p (r, 0) thkhm o6pa3OM, iTo6bi 
OHa yAOBJieTBopHJia 3TOMy ypaBHeHHio.

§ 6.2. PacnpeAeJieHne HanpHMceiinii, cnMMeTpii'iHoe 

OTHOCHTejIbHO OCH

B npaKTHKe nacTO hmoot mccto CJiynaH, KorAa HanpHJKeHHH He 33bh- 
cht ot yrjia 0 h pacnpeAeJinioTCH chmmctphhho OTHOcHTejibHo och, npoxo- 

AHineH uepe3 TOiKy 0 nepneHAHKyjinpHO k hjiockocth xy (cm. pnc. 6.1). 
143 ycjioBHH CHMMeTpHH cjieAyeT, hto KacaTejibHbie HanpnjKeHHH rr0 
o6pamaioTCH b Hyjib h ocTaioTCH TOJibKO or h a0. H3 3thx ?Ke coo6pa?Ke- 
HHH AH$4)ePeHU‘HaJIbHtie ypaBHeHHH paBHOBeCHH (6.2) CBOAHTCH K OAHO-
mv:

dor , ar — CTe 
dr + r (6.7)

a ypaBHeHHe ajih onpeAejieHHH (JjyHKiiHH HanpHJKeHHH cp npHHHMaeT bha

EcTecTBeHHO, hto yneT cHMMeTpnH 3HaiHTejibHO ynpomaeT peineHne 
3aAaiH. CjieAyeT OTMeTHTb, hto, ecjin ecTb o6T>eMHafl cnjia R, ee hvikho 
npn6aBHTb k JieBOH nacTH ypaBHeHHa (6.7).

BbinojiHHM AHiJxJiepeHHHpoBaHHe b ypaBHeHHH (6.8) h BBHAy toto, 
HTQa (JiyHKHHH HanpHJKeHHH 33BHCHT TOJIbKO OT OAHOH IiepeMeHHOH r, 
nepefiAeM ot nacTHbix npoH3BOAHbix k o6biKHOBeHHbiM:

___ L J!5L , _L J^L = o (6 91 
« dr^ ' r dr2 r2 dr2 r3 dr

noJiyieHHoe ypaBHeHne c nepeMeHHbiMH KoacJxJiniiHeHTaMH (ypaBHe- 
HHe Sfijiepa) nyTeM 3aMeHbi r = e motkho npeo6pa3OBaTb b jiHHefiHoe 
OAHopoAHoe AHtJxJiepeHiiHajibHoe ypaBHeHne c nocTOHHHbiMH KO3(J)(|)HHHeH.

00
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i;imh. Hjisi 3Toro BbinmiieM cooTBeTCTByioinHe npOH3BOAHbie h y<rreM,

d2q>   d / dq> \  1 / d2q> dq> \ ,
dr2 dr \ dr ) r2 ' dt2 di / ’

d3q> 1 I d3q> „ d2<P , <-> dq> ),
dr3 ~ r3 \ dt3 6 dt2 dt )'

d4q> _ 1 / d4q> „ d3q> ... d2q> _ dq> \
dr*  ~ r4 \ dt*  ° dt3 dt2 dt )

YpaBHeHHe (6.9) nocjie noncTanoBKH sthx BbipaxceHHft npHHHMaeT bha

d4<p /i d3(P i4 d2g> o
dt*  dt3 _r dt2 (6.10)

PemeHHe nocjienHero ypaBHeHHH xopomo H3BecTHO. Ero xapaKTepnc- 
TimecKoe ypaBHeHHe

#4 _ 4&3 + 4£2 = 0

HMeeT 2 KpaTHbix KopHs:
#1,2 = 0; #3,4 = 2.

Hm cooTBeTCTByioT 4 uacTHbix penieHHa:
e°' = 1; te°‘ = t; e2t; te2t.

Tor/ia pemeHHe ypaBHeHHH (6.10) npHHHMaeT bha

cp = Aot + Bote2t + Coe2t + Do.

CoBepman Tenepb o6paTHbifi nepexoA ot t k r (t = ln r), h3xoahm 
o6mee pemeHHe ypaBHeHHH (6.9):

<p (r) = A ln r + Br2 ln r + Cr2 + D. (6.11)

Hcnojib3yfl (6.5), HeTpyjHO noKa3aTb, hto nojiyneHHoe BbipaxieHHe 
AJiH q> (r) npHBOAHT k CJieayiomHM BbipameHHHM cocTaBJiniomHX Hanpa- 
weHHa:

+ B(2 lnr + l) + 2C;

CT9=-S-=-4+S(21nr+3)+2C; (6-12)
Tre = o.

BapbnpoBaHHe 3HaneHHfi Tpex nocTOHHHbix HHTerpHpoBaHHn, bxoah- 
ujhx b (6.11), no3BOJineT H3MeHHTb Harpy3Ky, npHJioxceHHyio k noBepx- 
hocth Tejia. 3aMeTHM, hto cooTBeTCTByiomHe hm qacTHbie pemeHHH ynoB- 
JieTBOpHIOT yCJIOBHIO Tre = 0, HTO CBHfleTeJIbCTByeT, T3KHM o6pa3OM, 
06 oTcyTCTBHH KacaTejibHbix HanpnmeHHfi Ha noBepxHocTH.
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Ecjih paccMaTpnBaeMoe Tejio He HMeeT OTBepcTHii b Hauajie KoopAHHaT, 
TO nOCTOHHHbie A H B AOJIJKHbl 6bITb npHHHTbl paBIlblMH HyjHO, IIH3H6 
HanpsiJKeHHH or h c?e odpamaioTCfl b 6ecKOHeHHOCTb npn r — 0. OTCioAa 
cjieAyeT, hto or = og = const h Tejio, thkhm o6pa3OM, h3xoahtch b co- 
CTOSHHH paBHOMepHOTO paCTHJKeHHH HJIH OKaTHH.

CjieayeT eme oTMeraTb, hto b cjiyiae ocecHMMeTpHUHofi 3aflaHH nepe- 
MemeHHe HMeeT mccto TOjibKO b paAHajibHOM HanpaBJieHHH.

§ 6.3. 0 paBHOMepHOM AaBJieHiiii b tojictoctchhoh TpySe

3aAaua o pacnpeAejieHHH HanpHJKeHHH b cpeAHefi uacra ajihhhoh 
TOJICTOCTeHHOH Tpy6bl, HaXOAHlUeHCH nOA BO3AefiCTBHeM paBHOMepHblX 
BHyTpeHHero h BHeniHero AaBJieHHfi, H3Becraa KaK 3aAana JlaMe.

IlycTb HMeeTCH TOJicTocTeHHan Tpy6a c BHyTpeHHHM paAHycoM a 
h HapywHbiM b (pHC. 6.6). IloABeprHeM Tpy6y OAHOBpeMeHHOMy achctbhio 

AaBJieHHH pa H Pb, paBHOMepHO 
pacnpeAejieHHbix cooraeTCTBeHHO 
no BHyTpeHHen h no HapyjKHoft 
noBepxHOCTHM. Tpy6y cuHTaeM 
AOCTaTOHHO ajihhhoh h npHHHMa- 
eM, hto noA BO3AeficTBHeM AaBJie- 
hhh nepeMemeHHH BAOJib och ot- 
cyTCTByioT. B sthx ycjioBHHX b 
uacra Tpy6bi, AOCTaTomio yAa- 
JieHHOH OT TOpHOB, HMeeT MeCTO 
njiocKaa Ae^opMauHH, chmmctphh- 
H3H OTHOCHTejIbHO OCH.

Tan KaK paccMaTpHBaeMan 3a- 
Aana hbjihctch ocecHMMeTpnuHofi, 
to ajih onpeAejieHHH HanpsiiKe- 
IIHH npHMeHHMbl (JlOpMyjIbl (6.12). 
TpaHHHHbie ycjiOBBfl ajih onpeAe- 
JieHHSI nOCTOHHHblX, BXOASHHHX b 
9th (JiopMyjibi, TaKHe:

npH r — b
nDH r = a

KojiHHecTBO nocTOSHHbix HHTerpnpoBaHHsi (Tpn) He cooraeTcrayeT 
KOJiHHecTBy rpaHHHHbix ycJiOBHH (ABa). B paAe pa6oT, HanpnMep b [11], 
noKa3aHO, hto ajih noJiyneHHH AeficTBHTejibHoro pacnpeAejieHHH Hanpa- 
JKeHHH HyjKHO OT6pocHTb penieHHe, cooTBeTCTByiomee nocTOHHHOH B 
b (6.12). 0ah3K0 pemaTb 3Ty 3aAauy mojkho h npn Apyrnx AonymeHHHx. 
TaKHM o6pa3OM, 3AeCb B03M0JKH3 MHOrO3HaHHOCTb pemeHHH.

Oco6eHHocTb nocTaBJieHHofi 3aAanH 3aKJH0HaeTcsi b tom, hto b Heft 
HMeeTCM AByCBH3Hblfi KOHTyp. IdMeHHO 3TO H npiIBOAHT K 0nHC3HHbIM 
ocjiojKHeHHHM. Ecjih 6bi onpeAejisuiocb HanpajKeHHoe cocTosiHHe He 33mk- 
HyToro KOHTypa, a, HanpHMep, onpeAejieHHofi nacTii pa3pe3aHHoro KOJib- 
fta, to peuieHne, cooTBeTCTByiomee nocTOMHHofi B b ^opMyjiax (6.12), 
cJieAOBajio 6bi yAepiKaTb.
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HTaK, nojio>KHB B = 0, nojiyuaeM
ar = 4+2C;

A (6J4)

O0 -- ------+ 2C.

rioACTaBJiHH noonepeAHO 3HaqeHHH crr 113 (6.13) b 1-e ypaBHeHHe 
(6.14), noJiyHHM 2 ypaBHeHHH ajih onpeAejieHHH nocTOHHHbix A h C:

-pa = 4 + 2C;

— Pb = + 2C,
OTKyaa

A ~b^2-(Pb ~ PaY 2C = a2pa — b2pb
b2-a2

Hcnojib3yn nojiyneiiHbie 3HaueHHH, 3anHineM OKOHHaTejibHbie Bbipa- 
weHHa HanpHHceHHH:

a2Z>2 Pb — Pa I a2pa — b2pb . 
Ur~ b2 — a2 r2 ’r b2 — a2

a2b2 pb — Pa 1 a2pa — b2pb
9 — b2 — a2 r2 b2 — a2

(6.15)

B npHBeAeHHbix (JiopMyjiax Hanpn>KeHHH pa3JiHnaioTCH jiHinb3HaKaMH 
y nepBbix qjieHOB, h, cjieAOBaTejibHO, cyMMa HanpHnceHHH ajih Bcex 
ToneK Tpy6bi — nocTosiHHaji BejiHHHHa: or + ae = const. Y6eAHTbCH 
B 3TOM M05KII0 HenOCpeACTBeiPHblM CJlOMeHHeM.

Mojkho yKa3aTb h Apyrne cnoco6bi pemeHHH stoh BaAanH, no3BOJi$no- 
mne H36e>KaTb ocjioxcHeHHH, Bbi3biBaeMbix HajiHnneM ABycBH3iibix hjih 
MHorocBH3Hbix KOHTypoB. CooTHomeHHH Kohih (6.3) AJiH cjiynaH OCeCHM- 
MeTpiniHoro pacnpeAejieHH5i HanpHPKeHHH 6yAyT

u (6.16)

Yr0 = 0.
Bbipa3HM H3 2-ro 
no r h noACTaBHM 
COBMeCTHOCTH:

ypaBHeHHH (6.16) u — reg, npoAHfJxJiepeHUHpyeM ero 
b 1-e ypaBHeHHe. B pe3yjibTaTe nojiynHM ypaBHeHne

de0
er e0 r — = 0.

BoCnOJIb3OBaBHIHCb 33BHCHM0CTHMH MOKAy K0Mn0HeHT3MH Ae^OpMaiXHft 
h HanpnnceHHft (6.4) h yqHTbiBan (6.5), npHBeACM nocjieAHee ypaBHeHHe
K BHAy

v d<p 
T~dr

1 d(p 32<p <32<p
r dr V dr2 dr2

d<p v <32<p )
dr r dr2 )
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Ilocjie npeo6pa3OBaHHft HMeeM
d3<p 1 32<p 1 d<p

~dr*~  + T+r2 T2”*7 (6.17)

06mee pemeHHe nojiyueHHoro ypaBHeHHH 3-ro nopnAKa 6yaeT
<p (r) = Cj ln r + C2r2 + C3.

Tenepb mojkho 3anHcaTB Bbipa>KeHHH ajih KOMnoHeHTOB Hanpn>KeHH5i:

(6.18)

TaKHM o6pa3OM, mm nojiynHJiH TaKHe nce (JiopMyjiM sjih HanpH>KeHHH, 
K3K H (6.14).

OcTaHOBHMCH em,e Ha MeroAe pemeHHH 3a#aqH o paBHOMepHOM aaBJie- 
hhh b TOJicTocTeHHOH Tpy6e b nepeMem,eHHH£. CooTHomeHHH MeiKAy 
HanpHMeHHHMH h aeijiopMaiiHHMH (6.4) b cjiynae njiocKoii ae^opMaixHH 
peiHHM OTHOCHTejIbHO COCTaBJIHIOm,HX HanpHJKeHHH.’

cy = TZv"(e' + V160);

Oe = —^-2 (ee + Vjer). 
>~vi

rioACTaBHM ciOAa 33bhchmocth Kohih (6.16): 

(6.19)

h nojiyqeHHbie BbipaxteHHH HanpHiKeHnn, 3anHcaHHbie y>Ke b nepeMeiue- 
hhhx, BHeceM b ypaBHeHHe paBHOBecnH (6.7). 3Ta noacTaHOBKa aaeT 
jiHHeHHoe oAHopoflHoe AH^epeHHHajibHoe ypaBHeHne 2-ro nopnflKa

d2u , 1 du u n
dr2 + ~ ~dr r2 ~ U’

yAOBJieTBopniomee ycjiOBHHM paBHOBecnn h cobmccthocth AetJiopMauHH. 
O6mee pemeHHe 9toto ypaBHeHHH. co/iepjKHT ABe npoH3BOJibHbie nocTOHH- 
Hbie, KOTOpbie onpeflejiHiOTCH H3 ycjioBHH Ha KOHType. OKomiaTejibHO H3 
ypaBHeHHH (6.19) nojiyqHM (jiopMyjibi, coBnaflaiomHe c (6.15).

§ 6.4. Hhctnh hsth6 kphbmx 6pyci>eB

PaccMOTpHM KpHBOH 6pyc nocTOHHHoro nonepeHnoro ceneHHH b BHfle 
npHMoyrojibHHKa, ocb KOToporo onepqeHa no OKpyiKHOCTH (pHC. 6.7). 
Bpyc H3rn6aeTCH b njiocKOCTH CBoefi KpHBH3Hbi MOMeHTaMH M, npHJio- 
JKeHHblMH no KOHIiaM. BepXHHH H HHJKHHH nOBepXHOCTH CBo6o£HbI 0T 
Harpy30K. TaK khk H3rn6aiomHfi momcht nocTOHHeH no jjiHHe 6pyca, 



I io pacnpeaejieHHe HanpmKeHHH He 33bhcht ot nojinpHoro yrjia 9. Ilo- 
I nroMy 3flecb npnMeHHMo pemeHHe, nojiyneHHoe b § 6.2.

Ht3k,
o, = 4 + B(2 ln' + !) + 2C;

oe = —+ B (2 ln r + 3) + 2C;
Tf0 = 0.

riocTOHHHbie, BXOAHiHHe b ypaBHeHHH (6.20), onpeaejiHM H3 rpaHHH- 
iibix ycjiOBHH. FIocKOJibKy BbinyKJiaa 
('HOSoAHbl OT HOpMajIbHblX ycH-
JIHH, HMeeM

npn r — b h 
or = 0.

KpoMe toto, Ha BceM KOHTy- 
pe 6pyca, BKJnoqaa h 
iiue ceneHHH, oTcyTCTByioT Ka- 
eaTejibHbie ycHJiHa, noaTOMy 
na KOHType aoji>kho Bbinoji- 
IHITbCH yCJIOBHe

(6.20)

(6.21)

TOpHO-

HopMajiBHbix Hanpax<eHHH

h BomyTaH noBepxHocTH 6pyca

<j0 AOJDKHaHa Topuax paBHOAeiicTByiomaa 
paBHHTbca Hyjno:

b
j oedr = 0, (6.23)
a

a MOMeHT, CO3&aBaeMbIH 9THMH HanpHJKeHHHMH, npHBOAHTCfl 
MeHTOM M:

k nape c mo-

(6.24)
b

j" uerdr = — M. 
a

Ycjiobhh (6.22) ajih KacaTejibHbix HanpjDKeHHfi yAOBJieTBopaiOTCH 
TOIKAeCTBeHHO, T3K K3K (JjyHKHHH HanpHIKeHHH <p (6.11) 33BHCHT TOJIbKO 
ot r.

Ycjiobhh ajih paAHajibHoro HanpHxceHHH (6.21) npH HcnoJib3OB3HHH 
nepBoro ypaBHeHHH (6.20) npHBOAHT k cjie/iyiomHM ypaBHeHHHM:

4 + B(21n&+ 1) + 2C = 0;

4- + B(21nn+ l) + 2C = 0.

PacKpoeM Tenepb ycjioBHe (6.23). IloACTaBHM b Hero BbipaxteHHe ajia
nanpHHieHHH o®, 3anHcaHHoe qepe3 (JjyHKiiHio HanpsiiKeHHH:

a a

(6.25)
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Hcnojib3yH

OTCiOAa

(6.11),  HMeeM
-^=4+5(2rln/- + r) + 2Cr.

HJIH
dcp
dr

l&

(6.26) 

BbipaHceHHH b KBaapaTHbix CKoSKax, yMHo>KeHHbie Ha nocTOHHHbie a n 
b, nojiHOCTbio coBnanaioT c ypaBHeHHHMH (6.25). OTcioAa mojkho caejiaTb 
BblBOA, HTO npH COSjHOAeHHH yCJIOBHH (6.25) yCJIOBHe (6.23) TOJKJieCTBeHHO 
ynoBJieTBOpflexcH.

nepeiiAeM Tenepb k nocjieAHeMy ycjioBHio (6.24). FIoACTaBHM b Hero 
BbipaxeHHe HanpnjKeHHH 00 nepe3 (JiyHKHHio <p h bmhojihhm HHTerpnpo- 
BaHHe:

J °srdr = rdr = \rd (^) = r+^ 

a a a

d(p
= r++ 

yqHTbiBafl (6.26), nojiynaeM
r d<p

dr

a*

I6 l«—

d+|a-j^-df =

a
i&

= —Af.

= 0
|a

a

— a

h, cjieflOBaTejibHO,
<p|a = M.

Bocnojib3OBaBiiiHCb ypaBHeHHeM (6.11) ajih ^YHkhhh HanpsHteHHH, no- 
jiynaeM

(A ln b + Bb2 In b + Cb2 + D) — (X in a + Ba2 ln a + Ca2 + D) = M,
HJIH

A ln A + B (b2 ln b — a2 In a) + C (b2 — a2) = M. (6.27)

143 Tpex ypaBHeHHH (6.25) h (6.27) onpeaejiHioTca npoH3BOJibHbie no- 
CTOHHHbie A, B, C;

X = —^-^InA; 

^-(&a-a2);B

C = -y- [Z>2 — a2 + 2 (b2 ln b — a2 ln a)J.
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3aecb ajih ynpomeHHH npHHHTO o6o3HaqeHHe
N = (b2 — a2)2 — 4a2&2 (ln •

riocjie onpeaejieHHH nocTosHHbix g noMombio ypaBHeHHH (6.20) nojiy- 
iiaeM BbipajKeHHH ajih HanpHHteHHft, yAOBJieTBopmomHe BceM rpaHHH- 
HblM yCJIOBHHM:

G8=,_ ±+ (,• )„-^ + tfln-2-+l.«-a>); (6.28)

Tr0 = 0.
Ecjih ycHJiHH, o6pa3yiomHe H3rH6aiomyio napy M, pacnpe/iejieHbi 

na Topuax 6pyca k3k-to HHane, to pacnpeaejieHHe Hanpn>KeHHH y koh- 
Uob oTjiHuaeTCH ot pemeHHH (6.28). OAHaKO Ha ochob3hhh npHHUHna 
CeH-BeHaHa mo?kho nojiaraTb, hto sto oTKJiOHeHHe He6ojibinoe h hm 
MOzKHO npeHe6peHb Ha paCCTOHHHHX OT KOHHOB, 6ojIbHIHX, HeM BblCOTa 
ceneHHH 6pyca.

ToHHoe pemeHHe 3aAaHH o hhctom H3rn6e nojiynnji pyccKHH yneHbifi 
X. C. Tojiobhh b 1881 r.

§ 6.5. Hanpa;Keiiiia bo Bpainaioipnxca nncKax

PemeHHe 3aAanH o pacnpenejieHHH HanpHxceHHH bo Bpamaiom,HXCH ahc- 
xax h HHJiHHApax HMeeT BaxcHoe npaKTHnecKoe 3HaHeHHe. PaccMOTpHM 
CHanajia Bpam,aiom,HHCH ahck hoctohhhoh TOJiiiiHHbi, HaxoAHin,HHCH no,n 
AeHCTBiieM ueHTpo6e>KHbix chji. B o6m,eM cjiynae Ha Hapy?KHOH h BHyT- 
peHHefi noBepxHocTHX MoryT 6biTb npnjio>KeHbi paBHOMepHO pacnpeAejieH- 
Hbie paflnajibHbie Harpy3KH. EcTecTBeHiio, hto AecjiopMHpoBaHHoe coctoh- 
Hiie TaKoro ahckh ocecHMMeTpHHHoe h paAnajibHoe nepeMemeHne u 
JH060H TOHKH AHCKa 33BHCHT OT f, a V = 0. I43MeHeHHeM paAHajIbHblX 
h KacaTejibHbix HanpH»ceHHH no TOJiiHHHe AHCKa mojkho npeHe6penb,:ecjiH 
ero TOJim,HHa Majia no cpaBHeHHio c ero paAHycoM. TaKHM o6pa3OM, b 
AaHHOM cjiynae HMeeT MecTo njiocKoe Hanpn>KeHHoe cocTOHHHe.

B paccMaTpHBaeMOH saAane o6'beMHan cnjia npeACTaBJieHa neHTpo- 
6e>KHOH chjioh R:

R = pco2r,
rAe p — Macca eAHHHHbi o6T>eMa MaTepnajia AHCKa; co — yrjiOBan cko- 
pOCTb.

T[H4)(|)epeHHHajibHoe ypaBHeHHe paBHOBecHH

+ --v" + P®2'- = 0 (6.29)

BKjnonaeT ABe HeH3BecTHbie (|)yHKu.HH: or (r) h 00 (r). Bbipa3HM hx nepe3 
paAHajibHoe nepeMeineHHe u (r).

CoOTHOmeHHH KoniH AJIH OCeCHMMeTpHHHOH 3aAaHH B nOJIHpHblX KO- 
OpAHHaTaX HMeiOT BHA

^ = 4h 86 = -7-; Yrt) = 0. (6.30)
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(ee 4- ver)

Cjienysi 3aKOHy TyKa (6.4) h Hcnojib3y« cooTHonieHHH (6.30), HMeeM

1 _va (er + vee)
1 — Va

Tenepb c yqeTOM (6.31) npn/ieM k cjiejiyioiiieMy BbipaxeHHio hjih ypaBHe- 
HHH paBHOBeCHH (6.29):

d2u , 1
dr*  + r 9

du u 1 — va ■ pwV,dr r* E

d (ur) 1 1[ — va Y ©V,dr ] E g

HJIH
d 
dr

(3 + v) y©a a.' »

[4
r^e y — yaejibHbiH Bec MaTepnaJia; g — ycKopeHHe chjhj thjkccth. 
KHTerpnpyH nocjienHee BbipaiKeHHe, nojiynaeM

(l_Va)V&)M C2
u----------- giE i-cir+ r ■

Hcnojib3yn (6.31), mojkho ycTaHOBHTb 3HaHeHHH hckommx Hanpn>KeHHfi 
or h oe b 33BHCHMOCTH ot paiwyca r:

ECf EC2
+ ~ T=+ (1 + v) r’ 8g

ECi , EC2 (1 + 3v) Vco*  .2
ffe = T=V + (l+v)r»----------- 8i------ r ■

IlocTOHHHbie Cx h C2 onpeaejiHioTCH H3 rpaHHHHbix ycjiOBHfi 3aaaqH. 
B KanecTBe nepBoro npHMepa paccMOTpHM BpamaiomHficH cnjioniHOH 

Ahck nocTOHHHOH TOJiiHHHbi (pHC. 6.8). B flaHHOM cjiynae cjieayeT npHHHTb 
Cs = 0, TaK KaK HHane HanpHweHHH (6.32) 6yayT b ueHTpe hhckb fiecKo- 
HeHHO SojIbUIHMH. IlpOH3BOJIbHaH nOCTOHHH3H Cx OnpeflejIHTCH H3 
ycjioBHH <Jr = 0 npn r = b. Orao.ua

c>--!++3 + ’>‘’

(6.32)
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Tenepb (JiopMyjibi ajih cocTaBJisnomnx Hanpn>KeHH3 nojiynaiOT bha

o, = ^H(3 + v)(&2-r*)];  

a0 = ^g-[(3 + v)^-(l+3v)r«].

HeTpyAHO 3aMeTHTb, hto HandojibuiHe Hanpa>KeHHS SyayT b ueHTpe AHCKa 
(r = 0):

3 + v yo)a
Or max — max — 8 g & ’

flycTb Tenepb ahck HMeeT ueHTpajibHoe OTBepcTHe (pnc. 6.9) co cbo- 
fioAHbiMH ot Harpy3KH KOHTypaMH. Tor.ua rpaHHHHbie ycjiOBHH hmciot 
bha or = 0 npn r = a, r = b. Hcnojib3yH sth ycjioBHH, onpejiejiHM npo- 
H3B0JIbHbie nOCTOHHHbie:

7<a2
+F (3 + v) (a2 + b2)-,

4^++ + ’)“■»■■
TorAa

3 + v yrn3
8 g

PaflHajibHoe HanpsxieHHe or AOCTHraeT MaKCHMajibHoro 3HaneHHH npu 
r = y ab'.

’* Or max = (b2 — a2).

Hau6ojibiuee HanpsuKeHHe oe HMeeT MecTO Ha BHyTpeHHeM KOHType 
(r = a):

@0 max —
3 + V. W2 h2 (i , °2 1 —v )

4 g ° V + 3 + v )

npuMepHbie aniopbi HanpaxceHHH ajih AaHHoro cjiyqaa noKa3aHbi Ha puc. 
6.10. KaK OTCioAa bhaho, HaHbojibuine HanpniKeHHH hmciot mccto b ueHT- 
paJibHofi nacTH AHCKa. Hmchho noaTOMy ahckh TypbHH nejiaiOT, KaK 
npaBHJio, nepeMeHHOH TOJiiUHHbi, t. e. 6ojiee tojictmmh b ueHTpajibHOH 
iiacTH h MeHee tojicthmh y nepH^epHH.

Ecjih OTBepcTue r = a oueHb Majio, to b nocjiejmeM BbipaxjeHHii mo?kho 
iipeHeSpeub OTHOiueHHeM (alb)2 no cpaBHeHHio c eAHHHuefi. Tor.ua ffemax 
AJih cjiyuaa c ueHTpajibHbiM oTBepcTHeM 6y.neT b abh pa3a 6ojibiue, qeM ajih 
cnjiouiHoro AHCKa. TaKHM o6pa3OM, npu HajiHHHH b ahckc oTBepcTiia 
Majioro AuaMeTpa HaH6ojibuine Hanpn>KeHHH yABaHBaioTca.

Hcnojib3ys H3Jio>KeHHbiii MeTOA, mojkho nojiyuHTb pemeHHe 3aAaHH ajih 
BpamaioiuerocH AHCKa nepeMeHHOH TOAuijiHbi. IlycTb h — TOjmjHHa ahck3, 
aBAHlOUjaHCH (JiyHKUHeH paCCTOHHHH T OT OCH BpameHHH. BbipeiKeM H3
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nb i ,i micmciit (pHC. 6.11), HarpynceHHbiH noBepxHocTHbiMH h 06'beMHbi 
mii ciuiaMH. CnpoeKTHpyeM Bce chjih, npHJioiKeHHbie k BJieMeHTy, Ha Ha 
npaBJieHHe cpeflHero paflHyca h npHpaBHaeM k Hyjno hx cyMMy:

orrhdti + d (orrhd&) — orrhM — 2oehdr sin -y- + qrhdrdQ = 0. 

Sflecb q = ++-----HHTeHCHBHocTb oSbeMHofi Harpy3KH Ha pa^Hyce r

ytiTeM TaKiKe, hto

2sin -4+ w dQ.

Sr

Phc. 6.10

riocjie
Ajia cpeAHHX no TOjimnHe HanpflxceHnfi nMeeT bha

+ (orhr) — oeh + qhr = 0,

npeo6pa3OBaHHii AHijxfjepeHiiHajibHoe ypaBHeHHe

HJIH
Qr — CT0 I dh | y(d%r /c qo'

— +'----- r-----+ x-dr^ + —= 0- <6-33.

Kan h paHee, Hcnojib3yn ypaBHeHHn (6.31), nojiynaeM AH(|)(|)epeHiiHajib' 
Hoe ypaBHeHHe ajih paflHajibHbix nepeMemeHHH u:

d2u
dr2 +

u
r

(1 I 1 dh '\ du V dh \
k r h dr 11 dr l r h dr J

1 1 — V2
E g

(6.34) 

3to ypaBHeHHe mokct SbiTb 6e3 3aTpyAHeHHH npoHHTerpnpoBaHo ajih 
•lacTHoro cjiynan, Koraa TOJiiijHHa h pa/myc ancKa cBH3aHbi 3aBHCHMocTbio 
h = Cr~m, rjjfi C h m — HeKOTopbie nocTOHHHbie. Toraa BMecTO (6.34) 
HMeeM

d2u 1 — m du __ (1 + vm) _
r2

1 — V2 Y<D2
~E g~r‘
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06ui.ee pemeHne 3Toro ypaBHeHHfl rtyaeT
_________ 1 ~v2 __ _?®!_ rs _j_ r 4- C rn»

U~ [8-(3 + v)ml£ g r + CS ■
3jiect nx h n2 — KopHn xapaKTepHCTHuecKoro ypaBHeHHH 

n2 — mn — (1 + vm) = 0,
ii C, h C2 — nocTOHHHbie HHTerpnpoBaHHH. nocjieayiomaH npouenypa 
HblUHCJieHHH TaK3H xce, K3K H AJIfl AHCKa nOCTOHHHOH TOJIHIHHbl.

Bojibiuoe npaKTHnecKoe 3HaneHHe HMeioT thk Ha3biBaeMbie ahckh 
paBHOTO COnpOTHBJieHHH HJIH paBHOH npOUHOCTH. npo4)HJIb 3THX AHCKOB 
JlOJDKeH rtblTb T3KOB, UTOSbl B JIIOrtOH TOHKe HMejIO MeCTO paBCHCTBO

or = gq = a.

Hpn 3tom ycjioBHH H3 3aKOHa TyKa (6.4) cjie/iyeT, hto er = 8e. Tor.ua 
ypaBHeHHe cobmccthocth a-uh cjiyuas oceBofi chmmctphh

cboahtca k BHAy = 0 h, cjiejtOBaTejibHo, 80 = const. B pe3yjibTaTe 
SToro Hanps>KeHHH ar h ae He TOJibKO paBHbi, ho h nocTOHHHbi b jhoSoh 
TouKe AHCKa. Toma ypaBHeHHe paBHOBecHn (6.33) ynpomaeTcn h npHBO-
flHTCH K BHAy

OTcioAa

1 dh , ycD^r 
T ~dTa +------ -

yo)2/'2 

h = hoe^^.

3aecb h0 — nocTOHHHau, paBHaa TOJimHHe AHCKa Ha och BpameHHH.

§ 6.6. Hanpn;KeiniH bo spaiqaioiqnxcji ajihhhwx piiaiiHupax

Bojibmoii npaKTHuecKHH HHTepec npeACTaBJiaeT HCCJieAOBaniie Hanpn- 
HieHHOrO COCTOflHHfl BO BpaiH.aiOIII.HXCfl HHJIHHApaX (Bajiax).

/I,H4i(|)epeHHHajibHoe ypaBHeHne paBHOBecHH ajieMeHTa UHJiHHApa noji- 
HOCTbio coBnaflaeT c ypaBHeHHeM jyifl ahckh (6.29). Oah3KO b HHJiHHApe 
b ceueHHHX, nepneHAHKyjiapHbix k och BpameHHH, MoryT HMeTb mccto 
oceBbie HopMajibHbie nanpfl/KeHHH az. npH pemeHHH 3aAauH yAortHO boc- 
nojib3OBaTbcn npeanojioHceHHeM, hto ceueHHH HHJiHHnpa, HaxoAflin,HecH 
Ha AOCTaTOHHOM yaaJieHHH OT TOpHOB, HBJIHIOTCfl nJIOCKHMH H OCeBafl JIH- 
HeHHaa Ae<|)opMau.Hfl ez nocTOHHHa no ajihhc HHJiHHApa.

/[jifl paccMaTpHBaeMofi ocecHMMeTpHHHon 3aAauH 33bhchmocth MejKAy 
Ae<J)opMaHHJiMH h HanpflHceHHflMH c yueTOM ortbeMHOCTH HanpHJKeHHoro 
COCTOHHHH 6yAyT TaKHMHI

ee = -^-= -gr[O0 —V(az + ar)]; (6.35)

e2 = 4- [az — v (ar + ae)[.
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'mhh hiim ? <i ypaBHeHne (6.35) Ha rE h npoAHtJxjiepeHHHpyeM no ri
- du , dcig / , % ( doz . dar \E^r-^ + r—r—v(^+^)-wt—+ —h

H3 conocTaBJieHHM nojiyqeHHoro ypaBHeHHH c 1-m ypaBHeHHeM (6.35)
HMeeM

(<re-<M(H-v)+r^----- Vr(-^- + -^-) = 0. J

npoAH^xJiepeimHpyeM 3-e ypaBHeHne (6.35) no r h noACTaBHM 3HaneHHe 
npOH3BOAHoii ++- b nocjieAHee ypaBHeHne:

a0—ct, + (1—v)r-^- —vr-^- = 0. (6.36)

Cjiotkhm Tenepb ypaBHeHHH (6.36) h (6.29):
d , , . vcoV
dr (°> + oe) — g(1 _v) •

OTcioAa

+ + oe = - 2gT(f< +CX. (6.37)

B pe3yjibTaTe coBMecraoro pemeHiin ypaBHeHHH (6.37) h (6.29) HaxoAHM 
HHTepecyiomee nac HanpaiKeHHe or:

oe =

dr^- 23(1_% ^M + C^r;

(6.38) 
3 —2v y 0+«+ Cf -| Ca

r 8(1 — v) g + 2 d r2 ’

Hanpn»<eHHe oe Tenepb HaxoflHM H3 (6.37):

(6.39)
1 + 2v y

8(1—v) ~g

r 3 — 2v
+ “ 4(1 —v) +- ®2 (62 + a2y,

Tor,na

Oe =

3 — 2v
8 (1 — v) Mb2.

g

a2b2

3 — 2v Y
8(1 —v) ~g

1 + 2v „1
3—2v r J *

• ripoH3BOJibHbie nocTOHHHbie HHTerpHpoBaHHn Ci h C2 onpeaejiaiOTCH 
H3 rpaHHHHbix ycJiOBHH Ha noBepxHOCTH UHJiHHApa — aiiajiorHHHO TOMy, 
KaK 9to aejiajiocb b cjiyqae ahck3. JXjih nycTOTejioro HHJiHHApa, BHyTpeH- 
HHH H BHeUJHHH paflHyCbl KOTOpOTO COOTBeTCTBeHHO paBHbi a n b, a 6oko- 
Bbie noBepxHOcra CBoSoAHbi, HMeeM
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J(jih ciwioniHoro Bana paAnyca b noJiynnM

CT — 3~~2v___y_ 2 _ ay
r 8(1—v) g [ r >'

ae = 8(1lv) -f «2 [(3 - 2v) - (1 + 2v) r’].

HaHGojibiiiHe Hanpn>KeHHH ajih nojioro HHJiHHApa nweioT MecTO Ha 
BiiyTpeHHeii noBepxHOCTH:

3 —2v y 2,2 /i . 1—2v a2 \<10 max = 4(1_v) -f ( 1 + .

Rjik cnjioniHoro UHJiHH^pa MaKCHMajibHbie HanpjiJKeHHfl 6y#yT b ueHTpe:

&r max = ^0 max “ g “ &) t) .

Ecjih KOHHbi HHJiHHnpa b CHJiy ycjioBHH 3aKpenjieHHH He MoryT nepe- 
MemaTbcn, t. e. e2 = 0, to oceByio cocTaBJiHtomyio Hanpu>KeHHH jierKO 
onpexejiHTb H3 ypaBHeHHH

O2 = V (or + 00).

EcJIH JKe TOpHbl CBOSOflHbl H HHAHHAP MOzKeT ACljlOpMHpOBaTbCH B OCeBOM 
HanpaBJieHHH (e2 =+ 0), to oceBbie ueijiopMaiiHH h HanpnJKeHHe MoryT 
6biTb onpeAejieHbi H3 ycjiOBHH, hto pe3yjibrapyiomaH CHJia, AeHcrayiomaa 
no TopiiaM b HanpaBJieHHH z, paBHa Hyjno:

2n b

) o^rdGdr = 0.
0 a

.Kjih cnjioiHHoro hhahhapu hhjkhhh npe/ieji bo 2-m HHTerpajie paBeH Hy- 
jno. TaK KaK b paccMaTpHBaeMOM cjiyaae HanpHTKeHHH He 33bhcht ot 
yrjia 0, to nocjieAHee ycjioBHe 3aHHmeTca

b

zrdr = 0,
a

HJIH
b b

v j (+ + ce) rdr + Ee2 j rdr = 0.
a a

OTCiOAa
e, = — -j- “z + flZ)

H
^ = t(nrvrf“z^ + «2-^2)-

AHajiorHHHO onpeaejiHeTCH o2 ajih cnjiouiHoro UHJiHHnpa.
Tenepb He cocraBAHeT Tpyna onpenejiHTb H3 BTOporo ypaBHeHHH 

(6.35) 3HaneHHe paAHajibHoro nepeMemeHna:

» = -£- loe — v(o2 + or)J.
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§ 6.7. BjiiiHHiie OTBepcTiiH Majioro jjnaMeTpa
Ha HanpmKeHHoe cocTOflHne pacTflrnBaeMOH njiacTiiHKH

B OTJiimne ot npeflbiflymiix, paccMaTpnBaeMan 3aAana He othochtca 
K HHCJiy OCeCHMMeTpHHHblX.

riycTb HMeeTca njiacraHKa, noABepraroiHancsi fleiicTBHio pacTiirHBaio- 
m,Hx ycHJiHH S (pnc. 6.12). B cpe«HeH qacTH njiacTHHKH ecTb HeSojibmoe 
Kpyrjioe OTBepcTHe paAnyca a. TojmiHHy njiacTHHKH npHHHMaeM paBHoft 
eAHHHue.

Ecjih 6bi b njiacTHHKe He 6biJio OTBepcTHH, to ee HanpnjKeHHoe coctoh- 
HHe XapaKTepH3OBaJIOCb 6bl eAHHCTBeHHblM OTJIHHHblM OT HyjIH KOMnOHeH- 
tom HanpiuKeHHJi ox. HajiHHHe xte OTBepcTHS cymecTBeHHo CKa3biBaeTCfl

Ha pacnpeAejieHHH HanpHJKeHHH b TOHKax, pacnojio>KeHHbix b6jih3h ot- 
BepcTHH, h, Ha 0CH0B3HHH npnHiiHna CeH-BeHaHa, hohth He BJiHneT Ha 
HanpnjKeHHfl b tohkhx, AocTaTOHiio yAajieHHbix ot Hero. Hcnojib^yeM sto 
o6cTOHTejibCTBo npH pemeHHH nocTaBJieHHofi sajjanH.

KoHueHTpHnecKofi OKpyjKHOCTbio paxnyca b BbipenceM H3 njiacraHKH 
Tanyio qacTb, HTo6bi HanpnjKeHHH Ha aroft OKpywHOCTH no cymecTBy 
He OTjiHnajiHCb ot Hanpn>KeHHfi b njiacTHHKe 6e3 OTBepcTHn. TaKHM o6pa- 
3om BbiAejiaeM KOJibueByio njiacTHHKy h cboahm 3aAany k pacqeTy tojicto- 
cTeHHoro KOJibua (pnc. 6.13), y KOToporo HanpmKeHHn Ha kocwx njio- 
maAKax npn pacTHJKeHHH p — S cos 0. Z(ji5i npoH3BOJibHofi tohkh m, 
jiejKanjefi Ha HapyjKHofi OKpy>KHOCTH (pnc. 6.12), BO3AeficTBHe pacTHTH- 
Barc>mHX yCHJIHH M0JK6T 6bITb pa3JIO>KeiIO Ha KOMnOHeHTbi:

(ffr)r=6 = p cos 0 — S cos2 0 = —■ S (1 + cos 20);
. (6.40)

(Tr0)r=fc = — p sin 0 = — S sin 0 cos 0 =----- S sin 20.

W3 ypaBHeHHH (6.40) MO>KHO 3aKJHOHHTb, HTO Ha KOJIbHO AeftCTByiOT 
ycHJiHH AByx bhaob: nocTonHHoe pacTHTHBaiomee paAHajibHoe yciuiHe 

s s sHHTeHCHBHOCTbio -y, HopMajibHoe -y cos 20 ii KacaTejibHoe —sin 20 
ycHJiHfl, 3aBHcnm,HeoTyrjia0. BHyTpeHHHH noBepxHOCTb KOJibua CBo6oAHa 

,ot Harpy3OK.
HanpjDKeHHH, Bbi3biBaeMbie nocTOHHHbiMH ycHJiHHMH, JierKO onpe/ie- 

jiaioTCfl no (JiopMyjiaM (6.15):
_ aaZ>2 Pb—Pa I a2Pa — b2pb .

' b2—a2 . r2 ' &2 —a2 ’
' _ — a2b2 Pb—Pa , a2pa — b2pb
9 ~ b2 — a2 r2 b2 — a2
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B HaineM cnyqae pa = 0, pb =------S. 3HaK «MHHyc» roBopHT
0 TOM, HTO yCHJIHH, npHJIOJKeHHbie K HapyiKHOH nOBepXHOCTH TOJICTO- 
cTeHHOH TpySbi b paccMaTpHBaeMOH 3aAaqe, HanpaBJieHbi b npOTHBono- 
jiowHbie cTopoHbi. y+reM TaKme, hto HapyjKHHH paflHyc b a. TorAa 
nocjieflHHe Bbipa>KeHHH ynpocTnTcn h npHMyT bha

+ +++-7r)i 

ae “ + S(1 ++)'

TXjisi onpeaejieHHH iianpH/KeiiHH, H3MeHHiomHxca b 33bhchmocth ot 
yrjia 0, BOcnojib3yeMcn ' (JjyHKiiHeH HanpameHHn cjie/iyiomero BHfla: 

cp = f (r) cos 29.
lloACTaBHM ee b ypaBHeHHe cobmccthocth AeijiopMaiiHii (6.6) h, BbinoAHHB 
npeo6pa3OBaHHH, nojiyqnM oSbiKHOBeHHoe AHtJ+epeHUHaAbHoe ypaBHe- 
ime 4-ro nopAAKa:

( d*  ,1 d 4 \ ( d2f ,1 df 4/ \ _ „
\ dr« r dr r2 ) \ dr2 ' r dr r2 )

O6m.ee pemeHHe SToro ypaBHeHHH 6yAeT

f (r) = Ar2 + BD + C + D.
TorAa

<p = (xr2 + BD + C ~ + oj cos 29.

Tenepb, HcnoAb3yn H3BecTHbie HaM ypaBHemm
a 1 dq> , 1 d2<p
(fr~~ dr~ + ~ ~cW~ ’

" _ d2<p

d ( i a<p )
dr \ r dr ) ’

HaxoAHM BbipameHHH aah HanpnmeHHH, 3aBHcmnHX ot yrAa 9: 
m = — (^A + +-^-) cos29;

oe = [24 + 12Br2 + cos29; 

<6 = (2+ + 6Br2 - ---------sin 29.

BxoAHmne b BbipameHHH aah HanpnxeHHH npoH3BOAbHbie nocTOHH- 
Hbie HHTerpHpoBaHHH onpeAeAHM H3 rpaHHHHbix ycAOBHfi Ha BHyTpeHHeM 
h HapymHOM KOHTypax KOABiia:

ur = 0; Tre = 0 npn r = a;

or = -^-S cos 29; r,e =-----g- S sin 29 npn r = b.
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H3 9THX yCJIOBHfi, yHHTblBaH, HTO OTHOIIieHHe -^- = 0, HaXOflHM HHTepe- 

cyiomHe Hac KOHCTaHTbi:

B = 0;

a 3aTeM h HanpniKeHHH or, cie h
CKJiaAbiBan nojiyueHHbie HanpHxteHHH c HanpHweHHHMH (6.41), okoh- 

naTejibHo 6yaeM HMeTb

cos 20; (6.42)

HeTpyflHO 3aMeTHTb, hto c yBejimeHHeM r cjiaraeMbie b CKoSKax 
6biCTpo y6biBaioT h HanpHxceHHoe cocTOHHHe 6y.neT xapaKTepH3OBaTbcn 

HByMH KOMnoHeHTaMH or h T,e, onpe- 
HejineMbiMH (JjopMyjiaMH (6.40). C yMeHb- 
meHHeM r HanpH>KeHHH or h rre y6biBaioT 
h b npenejibHOM cjiynae (npH r = a) 06- 
pamaioTCH b Hyjib. OKpy>KHoe HanpHxce- 
Hne gq Ha BHyTpeHHeM KOHType npHHH- 
MaeT 3HaHeHHe

oe = S — 2S cos 20
h AOCTHraeT MaKCHMyMa (oe)max = 3S npn 
0 3T= — n 0 = —g— , t. e.

6r
n 11 snTHTrr^i ) xfTlWTTbv

Ha KOHuax
AHaMeTpa, nepneHAHKyjiHpHoro k HanpaBJieHHio pacTHJKeHHH. Ha koh- 
uax npoflOJibHoro AHaMeTpa (0 = 0; 0 = ji) HanpnjKeHHe Oe hb-
jineTCH okhmhiolhhm h paBHO (oe)min = —5 (pHc. 6.14). OnpeAejieH- 
Hbifi HHTepec npencTaBjineT HccjieaoBaHHe xapaKTepa H3MeHeHHH oe no 
pannycy. IIpH 0 = H3 ypaBHeHHft (6.42) HMeeM

OTcioAa cJienyeT, hto c yBejinneHHeM r OKpy>KHoe HanpH»eHHe y6biBaeT h 
6bicTpo npn6jiH>KaeTCH k 3HaneHHio S. 3to CBHneTejibCTByeT o tom, hto 
BJIHHHHe Majioro OTBepCTHH HOCHT MeCTHblH XapaKTep.

§ 6.8. HsrnS KpiiBoro 6pyca chjioh Ha Konije

PaccMOTpHM 6pyc npnMoyrojibHoro nonepenHoro ceneHHH. Oahh ko- 
Heu 6pyca 3am.eMjieH, a Ha apyroM aeftcTByeT b paAHajibHOM HanpaBJie- 
hhh H3TH6aioiH.aH CHJia P (pHC. 6.15). JXjih npocTOTbi TOJiuiHHy 6pyca 
npHHHMaeM paBHoft ejtHHHixe.
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B aaHHOM cjiynae KOMnoHeHTbi HanpH>KeHHH 33bhcht khk ot paanyca 
r, TaK h ot yrjia 0. rioaTOMy ajih onpeaejieHHa HanpHXKeHHoro coctoh- 
iihh, B03HHKaioiH,ero b 6pyce, BOcnojib3yeMCH ypaBHeHHeM (6.6) h noflSe- 
peM (jjyHKHHIO HanpHHieHHH T3K, HT06bI OHa 
yAOBJieTBopHJia STOMy ypaBHeHino.

Hcnojib3yeM nojio>KeHHe ajieMeHTapHOH Teo- 
pnH H3rn6a KpHBbix 6pycbeB, no KorapoMy 
OKpy>KHoe HanpHxceHHe o9 nponopHHOHajibHO 
sin 9. TaK KaK o0 = npnxoAHM k bm-
nofly, 'ito (JiyHKiiHH Hanpn>KeHHH cp (r, 9) aoji- 
>Kiia 6biTb nponopuHOHajibHa sin 0. 
pa3OM, nacTHoe pemeHHe ypaBHeHHH 
B BHfle

paflnyca. floACTa-OT

TaKHM 06-
(6.6) nmeM

(6.43)<P (r, Q) = f (r) sin 0,

THe f (r) — HCK0M3fl (JiyHKIIHfl, 3aBHCflIH,3fl TOJIbKO 
bhb (6.43) b ypaBHeHne (6.6), nojiynHM

r dr
l-f) = 0. (6.44)

3to o6biKHOBeHHoe AH(|x|)epeHHHajibHoe ypaBHeHHe c nepeMeHHbiMH 
KoatJxjiHHHeHTaMH nyTeM 3aMeHbi He33BHCHMOH nepeMeHHOH r = e{ mojk- 
ho npeo6pa3OBaTb b jiHHefiHoe AHijxJjepeHHHajibHoe ypaBHeHHe c nocTOHH- 
iibiMH KosiJxjiHiiHeHTaMH. O6iii,ee pemeHHe TaKoro ypaBHeHHn 6y«eT

f (r) = Ar3 + B -J- + Cr + Dr ln r.

3/iecb, KaK h paHee, A, B, C, D — npOH3BOJibHbie nocTOHHHbie HHTe- 
rpHpoBaHHH, onpeAejineMue H3 ycjioBHH Ha KOHType.

Tenepb cjiyHKiiHfl HanpnxieHHH HMeeT bhji

<p (r, 9) = (/lr3 + B + Cr + Dr ln r) sin 9.

Hcnojib3y5i 3to pemeHne h ypaBHeHHfl (6.5), 3annmeM BbipajKeHim ajih 
cocTaBjmiomHX Hanpfl>KeHHfl:

or = [^Ar — 2B —[- D -|-) sin 9;

o0 = ^6Xr + 2B —(- D -y-) sin 0; (6.45)

T,e = — (^2Ar — 2B + D -y-) cos 0.

ripoH3BOJibHbie nocTOAHHbie onpeaejifleM H3 ycjioBHfl, hto BHyTpeHHHH 
h HapyjKHasi noBepxHocTH 6pyca cbo6oahm ot Harpy30K h Ha hhx paan- 
ajibHoe h KacaTejibHoe Hanpfl>KeHHfl paBHbi Hyjno, t. e.

+ = Tre = 0 npn r = a; r = b.
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€ yqeTOM (6.45) sth ycjiOBHfl 3annmyTCH Tax:

2Aa — 2B~ + D — = 0;
a a (6.46)

2Ab-2B-^ +D± =0.

B to >Ke BpeMH KacaTejibHbie ycmiHJi, pacnpenejieHHbie no BepxHeMy 
TOpuy 6pyca, AOJHKHbi npHBOAHTbcn k CHJie P, hto AaeT 3-e hco6xoahmo8 
ycjiOBHe:

b 
f xrQdr = P, 
a

HJIH

+ = P. (6.47)

143 Tpex ypaBHeHHH (6.46) h (6.47) onpeAejiaioTCH npoH3BOJibHbie 
nocTOHHHbie HHTerpnpoBaHHH, a 3aTeM no (6.45) — BbipaiKeHHH ajih 
COCTaBJIHIOIII,HX HanpHJKeHHH.

CjieayeT oTMeTHTb, hto nojiyneHHoe pemeHHe mojkho pacnpocTpa- 
HHTb h Ha cjiyqaft npoH3BOJibHoro HanpaBJieHHH H3TH6aiomeft chjim P.

§ 6.9. J(eiicTBiie cocpejiOToqeiiiioii ciijibi 
Ha npHMOJiHHeHHbiH igiaii iiaacTiiiiKii

IlycTb k ynpyroMy nojiynpocTpaHCTBy, orpaHHneHHOMy njiocKOCTbio 
AB, npHJio>KeHa b TOHKe C HeKOTopaa cnjia P (pnc. 6.16, a). IIpoTa- 
>KeHH0CTb Tejia b HanpaBJieHHH, nepneHAHKyjiapHOM k hjiockocth aep, 
Te>Ka, Mo>KeT 6biTb hjih neorpaHHneHHoft (pnc. 6.16, 6), hjih BecbMa Ma- 

jioft (pnc. 6.16, e). B 1-m BapnaHTe HMeeM cjiynaft njiocKoft Ae^opMauHH, 
bo 2-m — o6o6m.eHHoro rwiocKoro Hanpn>KeHHoro coctohhhh. ripHHHH- 
nnajibHoro pa3JiHHHH b onpeAejieHHH HanpHHieHHoro coctohhhh sth BapnaH- 
Tbl He HMeiOT H nOSTOMy 6e3pa3JIHHHO, KaKOfi H3 HHX paCCM3TpHBaTb., 
0cT3H0BHMCH Ha 2-M.

HTaK, paccMOTpHM njiacTHHKy eAHHHHHofi TOjmiHHbi — ynpyryio no- 
jiynjiocKOCTb — noA neftcTBHeM chjim P, nepneHAHKyjiHpnoft k ee Kpaio 
AB (pHC. 6.17). Xoth npaKTHnecKH CHJia pacnpeAejieHa no Majioft njio- 
maAKe, 6yaeM CHHTaTb ee npHJioiKeHHoft b TOHKe C. I43-3a stoto b OKpecT- 
hocth tohkh C BO3HHKHyT 6ojibiHHe HanpHiKeHHH, npeBbiinaioiiijie npeneji
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pipyrocTH. noaTOMy 33MeHHM CHJiy P SKBHBajieHTHofi efi Harpy3Kofi, 
luiiTipenejieHHofi no nojiyoKpyiKHocTH paxnyca p. OnpeAejiHM HanpHHie- 
Iiiisi b TOHKax, jie>Kam,HX BHe 3Tofi o6jiacTH.

rio Mepe yAajieHHH ot tohkh npnjiojKeHHSi chjim BAOJib och x Hanpsi- 
menne y6biBaeT. EcTecTBeHHO npeAnojioxKHTb ero H3MeHsiioni,HMCH o6paTfi'0 
npoiiopuHOHajibHo pannycy r. KpoMe toto, c yBeJiHneHHeM otkjiohchhh 
o r nanpaBJieHHH AeftcTBHH chjih, t. e. ot och 
IKCIIHSI TOJKe y6bIBaiOT. Il03T0My MOSKHO npen,- 
IIOJIOJKHTb, HTO HanpSIJKeHHH Or H3MeHSHOTCH 
npsiMo nponopn,HOHajibHO cos 0.

Bo3bMeM Jiio6yio TOHKy M, onpeAejisieMyio 
KoopflHHaTaMH r, 0, h npoBejieM qepe3 Hee 
lUiomaAKy, HopMajibHyio k pajuiycy r. Torfla no 
vtoh njionjaAKe

t. e.

(6.48)

x, paAnajibHbie Hanpn-

npeAnojioH<eHHe, hto 
e.

, cos 0o, = — k--------»r r

i'fle k — noAJie>KamHH onpejiejieHHio ko9(Jx|)h- 
nneHT. TaKHM o6pa3OM, jho6oh ajieMCHT Ha 
paCCTOHHHH r OT TOHKH npHJIOJKeHHH CHJIbl HC- 
IILITblBaeT C/KaTHe (06 3TOM TOBOpHT 3H3K «mh- 
nyc») b paAHajibHOM HanpaBJieHHH.

OTHocHTejibHo HanpnsKeHnfi oq h Tre cflejiaeM 
no njiomaAKaM paAnajibHoro HanpaBJieHHn hx hct, t.

o0=O; i>e = 0. (6.49)

PacnpexejieHHe HanpsisKeHHft, onncbiBaeMoe (JiopMyjiaMH (6.48) h 
(6.49), Ha3biBaeTCH paduaMHbiM.

JlerKO y6eflHTbC5i, hto npHHHTbie hhmh 3HaneHHsi Hanpsi>KeHHft yAOB- 
JieTBOpHIOT AH(jx|)epeHHHaJIbHbIM ypaBHeHHHM paBHOBeCHH (6.2). BBHAy 
Toro hto npHMOjiHHeiiHbifi Kpaii, KpoMe tohkh C, KOTopyio mh hckjhohhjih 
H3 paCCMOTpeHHH, CBO6oAeH OT BHeiHHHX CHJI, yCJIOBHH Ha KOHType T3KJK6 
BbinOJIHSHOTCH.

Ko3$(|)HH,HeHT k HafiAeM H3 ycjiOBHH, hto6h paBHOAeiicTByiomasi ycn- 
jihh, AeiicTByioiHHX no HHJiHHApHnecKofi noBepxHOCTH paAHyca p, ypaB- 
HOBeniHBajia cnjiy P;

n
*2
f crrp cos 9d0 = P.
jt
2

noACTaBJineM cioAa crr M3 (6.48), npHneM onycKaeM 3HaK, tbk kbk oh 
y>Ke yHTeH npH Bbi6ope HanpaBJieHHH ycHJinfi. IlpoHHTerpHpoBaB, nojiy- 
qaeM

TaKHM o6pa3OM,
k = ~-n

_ 2P cos 9
r n r

i.
(6.50)

109



......... ... (6.50) h (6.49) 6y.neT tohhhm, ecJiH yaoBJieTBopHM h ypnn
IK IIIIIO COBMeCTHOCTH. AOKa3aTejIbCTBa 9T0r0 BBeaeM B paCCMOTpeilllr
«|>yiiKUHio HanpsDKeHHH

cp =----- ^-rOsinQ. (6.51)

IloACTaBHB (6.51) b (6.5), nojiynaeM BbipaiKeHHH ajih cocTaBJiflioinii x 
HanpsaieHHn, nojiHOCTbio coBnaAaiomHe c (6.48) h (6.49), t. e. (pyHKmisi 
(6.51) HBJIfieTCH HCTHHHOfi (JiyHKHHefi HanpH/KeHHH. riOACTaHOBKa (6.51)

b ypaBHeHHe cobmccthocth Ae^iopMa- 
HHH

d* , J_ _5_ , 1 d2 ) 
a*’ ' r dr ' r2 30a )

a_ _L d<p i aa<p \ _ „
~ r dr r r2 d& ) ~ "

noKa3biBaeT, hto oho TOJKjiecTBeiiHo 
yAOBJieTBopneTCH.

TaKHM o6pa3OM, mojkho yTBepjK- 
AaTb, hto nojiyneHHoe hhmh pemeHHe 
TOHHoe, a CAejiaHHbie npennojioiKeHHH 
COOTBeTCTByiOT AeHCTBHTejIbHOCTH.

npoBejieM AonojiHHTejibHoe nccjie- 
AOBaHHe, no3BOJi5iioinee Jiynme npea- 
CTaBHTb xapaKTep pacnpeiiejieHHH na- 
npHJKeiiHfi no nojiynjiocKOCTH.

TIOCTpOHM OKpyjKHOCTb, npOXOAH- 
myio nepe3 tohkh C h M (pnc. 6.17), 

njiomaAKH 40 nepeceneHHn c ocbio x b 
d, a OTpe3OK CM = r.

X

= 0

HanpaBJieHHeH npOAOJlJKHM
TOHKe N. ^.HaMeTp stoh OKpy^KHOCTH CN
Hs TpeyrojibHHKa CMN

a CM a rCOS 0 = , HJIH COS 9 = —rCN a

OraoAa 
cos 6 _ 1

r d

yHHTbiBaa (6.50), HMeeM

<j, =--------7- = const.r nd

3HaHHT, B' JIK)6ofi TOHKe OKpyJKHOCTH, 3a HCKJIIOHeHHeM TOHKH C, Ha 
njiomaAKax, nepneHAHKyjmpHbix k paAHycy-BeKTopy, paflHajibHbie Hanpn- 
JKeHHH OAHHaKOBbl. HHblMH CJIOBaMH, TaKyiO OKpyjKHOCTb MOJKHO CHH- 
TaTb TpaeKTopnefi paBHbix HanpaaceHHfi crr.

Tenepb nojiyuHM cooTHomeHHH, no3BOJimomHe Hafira xapaKTep pac- 
npeAejieHHH HanpsuKeHHfi Ha HeKOTopofi rjiy^HHe x ot noBepxHOCTH. 
PaccMOTpHM ycJiOBHH paBHOBecHH 3JieMeHTapHbix npH3M abc h a^b^Cx 
(pnc. 6.18). rijiomaAb rpaHH ab o6o3HauHM dF, Toraa njiomaAb rpaHH
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■ Ayftei dF cos 0. Z(jih npn3Mbi abc
'ZjnpX =0; — axdF + ar cos2 QdF = 0;
2npy = 0; — xxydF + ar cos 9 sin QdF = 0.

Jl i>i npH3Mbi ajbjC^
£npy = 0; — OydF + ar sin2 QdF = 0.

IIi ik, HMeeM
ax = ar cos2 0;
ay = ar sin2 0; (6.52)
rxy = a, sin 0 cos 0.

HtoCm 3anncaTb ypaBHeHHH (6.52) b neKapTOBbix KOopAHHaTax, boc- 

nojib3yeMCH (JiopMyjiaMH nepexo.ua r = V x*  + y2 ; cos 9 = -y—; sin 9 =

y . 
r

ax

ay =

T+, —

2P cos3 6 2P X3
n r n (xa + i/a)a

2P A _ 0 = 2P XI/2— sin □ cosnr n (x2 + l/a)a

---------sin 0 cos2 nr 0 = 2P xal/
n (xa + ya)a

»

»

HopMaJibHoe HanpnHteHHe ax nocTHraeT CBoero MaKCHMajibHoro 3Hane- 
HHH no JIHHHH fleHCTBHH CHJIbl P:

tftmas —
2P
nx

ii ySbiBaeT no Mepe yxajieHHH ot Hee bjicbo h BnpaBO, a TaKJKe c yBejiHHe- 
HHeM paCCTOHHHH OT npHMOJIHHeHHOTO Kp3H njiaCTHHKH. •

OSbiHHo npHHHMaioT, hto AeftcTBHe npHJio>KeHHoro ycHJiHH no rjiyfiHHe 
pacnpenejiaeTCH no# HeKOTopMM yrjioM (pnc. 6.19);

P P
Hxmax-----------

2
l,6x
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Tiikhm ofipa3OM, Ha rjiySnHe x rpy3 paBHOMepHO pacnpeAejiaeTCH rio 
ruiomaflKe ajihhoh 1,6 x. Tenepb He cjioikho onpenejiHTb yroji:

2z/=l,6x; tg0 = -^-=O,8;

0 « 38°.
nojiyneHHoe pemeHne mojkho o6o6m,HTb Ha cjiyqafi cnjioniHOH Harpy3- 

KH HHTeHCHBHOCTblO q (pHC. 6.20).
BbinejiHM 6ecKOHenHO Majibifi 9JieMeHT dy, Ha KoropbiH npHXOAHTCK 

Harpy3Ka qdy. B nojiapHOH CHCTeMe KoopAHHaT

QjieAOBaTejibHO, sjieMeHTapHaa Harpy3Ka Ha OTpe3Ke dy

dq = q rdQ
cos 0

floACTaBHM 3TO 3HaneHHe BMecTO ycHJiHH P b Bbipa>KeHHe (6.50):

Tenepb, BOcnojib3OBaBHiHCb ypaBHeHHHMH (6.52), mojkiio nepefiTH k 
HanpiOKeHHHM, BO3HHKaiOHI,HM B JHO60H TOHKe nOJiynJIOCKOCTH OT AeHCT- 
bhh Harpy3KH dq:

o, =------— cos2 0d0;* 31

o„ =------ ---  sin2 0d0;0 n

<txtl = — —— sin 0 cos 0d0.

Ecjih Harpy3Ka pacnpeAejieHa Ha 0Tpe3Ke AB h yroji H3MeHHeTCH ot 
0! ao 02, to, cyMMHpyn HanpsnKeHHH ot oTAejibHbix 9JieMeHTapHbix Ha- 
rpy30K, nojiyqHM

e2
ox =----- J q cos2 0d0;

0i 
0»

dy =----- q sin2 0d0;

^xy------ <7 sin 0 cos 0dO.

LlTo6bi npoHHTerpnpoBaTb sth Bbipa>KeHHH, b o6meM cjiynae Tpe6yeTca 
npeABapHTejibHO Bbipa3HTb Harpy3Ky q khk cjiyHKUHio yrjia 0. HaniSojiee 
npocTO 3aAaHa pemaeTcn b cjiynae paBHOMepHO pacnpeAejieHHofi Harpy3-
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ii B 3tom cjiyqae (7 = const) HMeeM

TjiaBa 7

ox = q
2n

sin 20 + 201 ";
P1

ie4
— sin 20 +29 ;|VfCTI/ 2n

^xy —
P
2n

ie„ 
cos 29

|e,

TEMIIEPATyPIIAH 3AJJAHA TEOPHH ynPyrOCTH

§ 7.1. TeMnepaTypHwe iianpn/KeHiui. OcHOBiibie ypaBHemia 
TepMoynpyrocTH

B nocjienHne roflbi c yBejiHneHneM TeMnepaTyp h cKopocTeii TenjiOBbix 
npoueccoB b coBpeMeHHoii TexHHKe BHanHTejibHO BO3poc HHTepeo k npo6- 
icMe TeMnepaTypHoro coctohhhh ynpyroro Tejia. Hccjie«OBaTb Hanpa- 

iKCiiHoe cocTOHHiie npH TeMnepaTypHOM bo3achctbhh HeodxoAHMO npn 
pa3pa0OTKe HOBblX KOHCTpyKHHH napOBblX H ra3OBbIX Typ6HH, paKeTHblX 
11 peaKTHBHbix ABHraTejiefi, HAepHbix peaKTopoB, b aBHauHH, MeTajwiyp- 
1 iih h t. a. OneHb HacTO npH stom npHXOAHTCH H3ynaTb h nepeMem,eHHH, 
iibi3BaHHbie H3MeHeHiieM TeMnepaTyp 11 onpeAejimomHe OTHOCHTejibHoe 
nojiojKeHHe ajieMeHTOB KOHCTpyKiiHfi b pa6oTe. KpOMe toto, b AeTajiax, 
pa6oTaiom.HX b ycjiOBHHX bmcokhx TeMnepaTyp, oco6chho npH HepaBHO- 
MepHOM HecTaiiHOHapHOM HarpeBe, mojkct HMeTb MecTO H3MeHeHHe (|)H3hko- 
MexaHHHecKHX cbohctb MaTepHajiOB. B AeTajinx H3 MaTepnajia noBbimeH- 
nofi xpynKocTH TeMnepaTypHbie HanpsiJKeHHii khk chmh no ce6e, thk h 
coBMecTHO c HanpniKeHHHMH ot BHemHHX chji MoryT npHBecra k noaBJie- 
iihk) TpemHH h k pa3pymeHHio. TaKHM o6pa3OM, TeMnepaTypHbie Hanpn- 
meHHn nrpaioT Ba>Kiiyio pojib npH oueHKe pa6oTocnoco6HocTH sjieMeHTOB 
KOHCTpyKHHH h, ecTecTBeHHO, HccjieAOBaTejib AOJiiKeH yMeTb BJiaAeTb Me- 
TOAaMH hx onpeAejieHHH.

PaccMOTpHM sjieMeHTapHbiH napajwiejienHneA, HarpeTbiH ao hckoto- 
pofi TeMnepaTypbi T. Ecjih hhhto He npennTCTByeT ero cBo6oAHOMy paG- 
iniipeHHio, to TeMnepaTypHbie HanpaxeHHH b hcm He B03HHKaioT. B pe3yjib- 
TaTe HarpeBaHHH ajieMeHT ajihhbi ds nojiyuaeT HOByio AJiiiHy 
(1 + aT) ds, rAe a — Koa+pHiraenT jiHHefiHoro TeMnepaTypHoro pac- 
HiHpeHHH, npeACTaBJiHioiHHfi co6ofi OTHOCHTejibHoe yAJiHHeHHe npn noBbi- 
meHHH TeMnepaTypbi Ha oahh rpaAyc. Ecjih Tejio oahopoaho h H3OTponHO, 
TO KO9(])(|)HHHeHT (X He 33BHCHT HH OT HanpaBJieHHS SJieMeHTa ds, HH OT 
KoopAHHaT. 06bmH0 AJis ynpomeHHH pacneTOB CHHTaioT, hto Koo+tiHHHeiiT 
a He 33BHCHT h ot TeMnepaTypbi, xoth TaKoe npeAnojio>KeHHe, Boo6me 
roBopn, onpaBAbiBaeTcn 6ojiee hjih MeHee npn6jiH>KeHH0. B cjiynae cbo- 
6oahoto pacmHpeHHH ajieMeHTapHoro napajuiejienHneAa yrjibi Me>KAy 
ero rpaHHMH He HCKaniaioTcs, BCJieACTBHe nero Ae(j)opMaiXHH cABHra ot- 
cyTCTByeT, a yAJiHHeHHH no BceM HanpaBJieHHHM HMeioT oAHHaKOByio
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(7.1)

Bejiii'iiiuy. TaKHM o6pa3OM, TeruioBbie AecfiopMamin

== 82 = aT;

^xy = ^yz — ^xz = 0.

Ecjih ajieMeHT He HMeeT bo3mo>khocth cboSoaho paciuHpnTbcn hjih Teno 
HarpeTO HepaBHOMepHO, to b HeM BO3HHKaioT TeMnepaTypHbie hjih TenjicJ 
Bbie HanpniKeHHJi. Toraa oSmaa necjiopMaiiHH CKJiaflbiBaeTCH H3 ynpyroft 
(,ex, ey, e2, ...) h TenjioBofi (e^, &y, e"z,...) Ae^opMauHH:

8*  = — [CT*  — V (Cy + CTZ)1 + «T;

Ej, = [ffj, — v (az + ct*)]  + aT; (7.2)

ez = -|- [<rz — v (ffx + ffy)] + aT.

I4cnojib3ya nojiyneHHyio cncTeMy ypaBHeHHH, moikho nojiyqiiTb Bbi>
paiKeHHH HanpniKeHHH nepe3 AeiJiopMaiiHn. Cjioikhm Tpn ypaBHeHHii 
(7.2):

= -L (1 _ 2v) 6 + 3aT. (7.3)

Tenepb, penian ypaBHeHHH (7.2) OTHOCHTejibHO iianpa/KeHHft h npHHHMasi 
BO BHHMHHHe (7.3), nojiynHM

<Tt = 7+ + 2Ge,--^r;

rtFTay = M + 2Gsy--^-; (7.4)

az = M + 2Ge2--^^.

Saecb X h G — ynpyrne nocTOMHHbie JlaMe. HanoMHHM, hto

, Ev E n
K~ (1 + v) (1 - 2v) H 2 (1 + v) “ U

ypaBHeHHH (7.4) npencTaBJimoT co6ofi 33koh TyKa b $opMe JlaMe npn 
TeMnepaTypHOM bo3A6hctbhh. 5

KacaTejibHbie HanpmKeiiHH onpenejinioTCH no odbiHHbiM BbipaiKeHHHM: 
^xy = Gyxy; txz = Gyxz; Tyz = Gyyz. (7.5)

JTjih Tejia, HcnbiTbiBaioiiiero TenjiOBbie HanpaiKeHHH, ocTaioTCH b chjic 
33BHCHMOCTH KOHIPI MeiKAy nepeMeiH,eHHHMH H AeiflOpMailHHMH H yCJIOBIIII 
coBMecTHOCTH AeijiopMaHHH CeH-BeHaHa. TenjiOBbie HanpaiKeHHH aojijkhm 
yAOBJieTBOpHTb ypaBHeHHHM paBHOBeCHH H rpaHHHHblM yCJIOBHHM.

rioACTaBHM Bbipa>KeHHH (7.4), (7.5) b ypaBHeHHH paBHOBecHH (1.5), 
nojiaraa, hto o6beMHbie chjih oTcyTCTByioT. B pe3yjibTaTe nojiynHM cjie-
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lyminne ypaBHeHHH paBHOBecna b nepeMemeHHHx:

I (^ + G)-^+GV2«—'
(*  + G)4£-+GV2y--T^-f- = 0; (7-6)

I (X4-G)^+GV^--^r^=0.
Ilpn HajiHHHH TeMnepaTypHbix BO3AeiicTBHH BbipaiKeHHfl (7.6) 3aMe- 

.... H ypaBHeHHH JlaMe (4.2) H H3BeCTHbI K3K ypOBHBHUH JJjOSClMeJlfl — 
llnhiaHa. ConocTaBJiHH (7.6) h (4.2) h nojiaran, hto HarpeB He H3Meii5ieT 
u< ..nin'iecKHX cbohctb MaTepHajia, bhahm, hto BJiHHHHe TeMnepaTypbi 
iii.i >i.iBaeT noHBJieHne b (7.6) (Jihkthbhoh chjim, nponopuHOHajibHoft TeM- 
mpnrypHOMy rpaflHeHTy.

1'paHHHHbie yCJIOBHH npH OTCyTCTBHH nOBepXHOCTHblX CHJI HMeiOT BH/I 
oxl + txytn + xX2n — 0;
xxyl + Oym + xyzn = 0;
xX2l + -Vyztn + azn = 0.

| miMoinbio ypaBHeHHH (7.4) h (7.5) ohh MoryTfibiTb npeo6pa3OBaHbi k kom- 
..... . nepeMemeHHH:

aET
1 — 2v ’

+G 1+w m+n) +

. ~ ( du , . dv . dw \ aET+ G(W + ~d^m + ~dT n) = m 1 — 2v ’

■ a . r, / dw , . dw . dw \ , n}+ + G (“dT 1 + ~dy~m + ~dT n) +

aET
1 — 2v

( paBHHBan (7.6) h (7.7) e cooTBeTCTByiomHMH ypaBHeiiHHMH o6bWHoii 
i ni'iii TeopHH ynpyrocTH, 3aMeqaeM, hto ohh Mencay co6oii nojiHOCTbio 

i uunaAaioT, ecjiH BejiHHHiibi
aE dT _ aE dT

1 — 2v dx ’ 1 — 2v dy ’
aE dT

1 — 2v dz (7-8)

npiniflTb 3a cocTaBJiaioniHe o6i>eMHbix chji, a aET
1 — 2v — 3a BHeniHee,

ih .pMiuibHoe k noBepxHOCTH aaBJieHHe.
I /laHHOM cjiynae paccMaTpHBaeTcn Tejio, KOTopoe HaxouHTcn noa BO3- 

i, in iBneM TOJibKO TeMnepaTyp, a Jiio6bie HHbie Harpy3KH OTcyTCTByioT.
1 u'AOBaTejibHO, nepeMemeHHH u, v, w, BO3HHKaiom,He ot H3MeHeHHH 
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rcMiiepaTypbi T, 6yAyT tohho thkhmh >Ke, khk nepeMemeHna npn AeficTBim 
ofi-beMiibix chji (7.8) h noBepxHocTHoro AaBJieHHH p_2v- Hhmmh cjiOBaMii, 
'reMnepaTypHan 3aAaqa npHBOAHTCH k o6biHHoft 3aAane TeopHH ynpyroc'iu 
Iipn H3JIHHHH 06beMHbIX CHJI C KOMnOHeHTaMH (7.8) H nOBepXHOCTHOIO 
AaBJieHHH HHTeHCHBHOCTbfO

aET
1 — 2v

AHajiorHHHO mohcho CKa3aTb, hto HopMajibHbie cocTaBJisnoiii,He nau- 
pHJKeHHH (7.4) COCTOHT H3 CJiaraeMblX, 06yCJI0BJieHHbIX BO3AeftCTBHCM 

n FToSbeMHbix chji (7.8) h noBepxHocTHoro AaBJieHHs

§ 7.2. TeMnepaTypHbie HaiipaiKcniia b tohkhx AiicKax

PaccMOTpHM b nojiapHoft cncreMe KoopAHHaT TOHKHft KpyroBoft ahck 
6e3 oTBepcTHH npn HepaBHOMepHOM pacnpeAejieHHH TeMnepaTyp. IlycTb 
TeMnepaTypa T — cjiyHKHHfl tojibko paAnyca r, a TenjioBoe coctohhh6' 
AHCKa ycTaHOBHBnieecH. nocKOJibKy oceBoft pa3Mep ahck3 Maji, HMeeM 
cjiynaft ocecHMMeTpHHHoro njiocKoro HanpniKeHHoro coctohhhh (<tz =»

ZIjih paccMaTpiiBaeMoro cjiynafl CBH3b MeiKAy KOMnoHeHTaMH Aeijiop- 
MaijHH h HanpaiKeHHH c yneTOM TeMnepaTypHoft Ae^opMaHHH 3anHmeTCH, 
corjiacHO (6.4), b BHAe

= -g~ (cr — we) + aT>

ee = (<Je — vo>) + aT; 

Tre = 0.
YpaBHeHHe paBHOBecnn

++ +....+rge =o
dr 1 r

(7-9)

(7.10)

6yAeT ToiKAecTBeHHo yAOBJieTBopeHo, ecjin bbccth b paccMOTpeHHe TaKyio 
(|)VHKuhio HanpaiKeHHft cp, htoOm

(7.11)

IloACTaBHM BbipaaceHHH (7.9) h (7.11) b ypaBHeHHe cobm6cthocth Ae- 
(JiopMaHHft (cm. § 6.3):

r~dT +8e—er = 0.

Ilocjie npeo6pa3OBaHHft nojiynHM AH^epeHiiHajibHoe ypaBHeHHe otho- 
CHTejibHO (JiyHKiiHH HanpHiKeHHft:

J_ 1 d(P____ 2_ _ dT
dr2 "*■  r dr r* ~ dr
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(iiiiiiicm 3T0 ypaBHeHne b BHfle, yaoohom ajih HHTerpHpoBaHHn:
-37-[4-4M=-“£4-' <7-12»

|HiiniTcrpHpoBaB ABa>KAbi (7.12), nojiyHHM
r

<P =-----^-J T(r)rdr + -^-+~^-- (7.13)
o

h'iiepb He npeACTaBJineT Tpyaa, Hcnojib3ya (7.11) h (7.13), HafiTH 
(MpllMCHHfl AJI5I HanpSIHieHHH:

or = - T (r)rdr + -^- + -^- ;
r o r ■ (7-14>

0-0 = aE f— T (r) + J T (r) rdr\ + — -yj- ■

L o J
I lOCTOHHHbie HHTerpHpOBaHHH Ca H C2 OnpeaejIHlOTCH H3 yCJIOBHH 

lin KoiiType. Ecjih ahck cnjioniHofi, to H3 ycJiOBHH, hto Hanpn>KeHHH b 
iii mpe AOJDKHbi HMeTb KOHeHHbie 3Ha«ieHHH, cjiesyeT C2 = 0. B cjiynae 
iii' \ ictbhh Ha Hapy>KHOM KOHType BHeniHHX chji or = 0 npH r = b h 
iii i'iciiHe Cx HaxoAHTCH H3 nepBoro ypaBHeHHH (7.14):

C^^-^T^rdr.
o

< )KOHHaTejIbHO BbIpa>KeHHH AJIH HanpHJKeHHft npnMyT BHA
b r

+ = (-^- J T (r)rdr----- J T (r) rdr);
* 0 (7.15)

b r
oe = aE (— T (r) + ~ J T (r) rdr + -75- f T (r) rdr} •

X 0 0

Iiijk nanpHJKeHiifi onpeAejineTCH BejiHHHHaMH qjieHOB b CKoSKax. TaK, 
nmpHHieHHe or Ha paccTOHHHH r ot ueHTpa ahckh 6y.neT pacTHTHBaio- 
111 iim, ecjiH cpeflHHH TeMnepaTypa AHCKa 6ojibme cpeAHefi TeMnepaTypbi 
niiyTpeHHefi nacTH flHCKa, onepneHHofi paflHycoM r. B ueHTpe AHCKa 
mpii r = 0) paflHaJibHoe h OKpyiKHoe HanpniKeHHH paBHbi.

Momho noKa3aTb eme oahh BapnaHT BbiBo.ua Bbipa>KeHHH KOMnoHeHTOB 
11 iupHJKeHHfi flJifl TOHKoro AHCKa c paAHajibHbiM pacnpeAejieHHeM TeMne- 
pmyp.

PaflHajibHbie nepeMemeHHH u BCJiejicTBHe chmmctphh 3aAanH 33bhcht 
lojibKO ot paAHyca r, a nepeMenjeHHH v b HanpaBJieHHH 0 paBHbi Hyjno. 
I lOSTOMy

8, = ~ = ~ (Or — VOg) + aT-,

ee = ^- = ~ (oti — vor) + aT; (7.16)

yre = 0.
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\ l> ii.h> ini>i (7.16) OTHQCHTejibHo HanpaaceHHfi, nojiyqnM

E
1 — V2

[^-+vi-(l+v)«T];

“•=-++- |-r + ’•$—<*  + ’)“’’]■

nOACTaBHB 9TH Bbipa>KeHHH B ypaBHeHHe paBHOBeCHS (7.10), 
ypaBHeHHe ajih paAnajibHoro nepeMemeHHH:

cPu ,
dr2

(7 II,

naii t.«

HJIH

4-M = (1+v)a"^’ !
riocjie HHTerpnpoBaHHH nocjieAHero ypaBHeHHH HMeeM

a (1 + v) foi/v . , C,r , C,« = r J T (f)rdr + ~~2~ + ~T~ *

Pacnojiaran Bbipa?KeHHeM ajih nepeMemeHHJi u, nojiynHM H3 (7. 
(JiopMyjibi ajih HanpHHceHHH:

r

\ T (?) rdr + 2(1 _—— Cx — —(1 + v) f2 C2;
0 (7.
r

« =+-^W^+^(t+)-c,+ (,/v)„ c„

aE
°r^- —

yqHTbiBan, hto jjnn cnjioniHoro ahck3 nocTOHHHan hht< 
C2= 0, nocTOHHHyio Cj HaitaeM H3 ycjiOBHH, hto npn r = b 
HanpHJKeHHe or = 0:

C^-^+^ fT(r)rdr.
o

Toraa BbipaxceHHH ajih Hanpn>KeHHH npHBOjiHTCH k BHuy (7.15).
I B KanecTBe npHMepa paccMOTpnM tohkhh ahck, y KOTOporo] TeMnepa' 
Typa b TOHKe, onpeflejiHeMOH paflHycoM r, BbipaHcaeTCH (jiopMyjioH

(^-A)-^-?,) -J.

rae 7\—TeMnepaTypa b ueHTpe jjncKa, a T2—TeMnepaTypa y KOHTypa. 
Tor/ia H3 (7.15) nocjie HHTerpnpoBaHHH nojiynaeM

or = -4«£ (7\-T2)(l

oe = --L-aE ^-T,) (1--^-)«
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||m iiick HMeeT ueHTpajibHoe OTBepcTne paOTyca r = a, to b cjiynae 
hlllillil IIIieiHHHX CHJI nOCTOHHHbie

<'\~-i^r$T(r)rdr, C2 = - J T (r) rdr
a a

To (7.15) nojiyHHM
& ' b

= «£ — -L J T (r) rdr + &22q2 J T (r) rdr —
L a a

r2 (bI 2 — a2) S ? (r) r<^r\ ’

I nwAaH TOHKa HHJiHHApa 6yAeT nepeMemaTbcsi • PHC- 7.1
i i. ii,ko b HanpaBJieHHii paAHyca r Ha BejiHHHHy u h
impajiJiejibHO och z Ha BejiHHHHy w. Hh u, hh w He 3aBHC5iT OTyrjia 9.
' '11‘AOBaTeJIbHO, OTHOCHTeJIbHbie yAJIHHeHHH B paAHaJIbHOM H OKpyHiHOM 
lllllipaBJieHHHX MOJKHO Bbipa3HTb (JiopMyjiaMH

' a

b b
oe = aE — T + -L- J T (r) rdr + -g-24-a- J T (r) rdr +

L a a
i

b
+ r2 (b2 — a2) S ? (r) rc^r ]'

t

§ 7.3. TeMnepaTypHbie HanpHJKeHiia b miaiiHApe

1’llCCMOTpHM AJIHHHblfi TOJICTOCTeHHblH H.HJIHHAP (Tpy6y), HaXOA5HH,HilCH
..... icMiiepaTypHbiM BO3AeficTBHeM. nycTb Ha KOHType oTcyTCTByioT BHew- 
iiih chjim, a pacnpeAejieHHe TeMnepaTyp CHMMeTpH'iHO OTHOCHTejibHO och
iiii imiApa h He H3MeHHeTCH b oceBOM HanpaBJie- 
imii, t. e. T = T (r). BHyTpeHHHii paAnyc uh- 
niiiApa paBeH a, HapyjKHbift — b (pnc. 7.1).

I locKOJibKy TeMnepaTypa nocTOHHHa no ajih- 
iii-, mojkho nojiaraTb, hto Ha AOCTaTOHHOM yAa- 
i. iiiiii ot kohhob Bce ceneHHM HHJiHHApa, nepneH- 

/iiikyjiapHbie k ero och, ocTaiOTC5i njiocKHMH h 
|i;|luiraidT B OAHHaKOBblX yCJIOBHSIX. TaKHM o6pa- 
loM, oTHOCHTejibHoe yAJiHHeHHe no HanpaBJieHHio 
" ii z cjieAyeT CHHTaTb hoctohhhoh, ho noKa He- 
II IIICCTHOH BejIHHHHOH.’

2b
2a

r

p

z
dw ,ez = — = const. (7.19)

(7.20)
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I I !ih 11IIIM, HTO B nOJiapHOfi CHCTeMe KOOpAHHaT 33KOH TyKa B (J)OpM»
JIiimc npn iiajiHHHH TeMnepaTypHoro BO3neficTBHH HMeeT bha 

aET
1 — 2v ’ar = Zfl + 2Gsr —

aET
1 — 2v

C yneTOM (7.20) sth ypaBHeHHH MoryT 6biTb 3anncaHbi b Apyrofi <j)OpM»; 
= x(++i + e.) + 20 + -

<’»-j-(t7-+v+'«) + 2g-T-

aET
i — 2v ’
aET

(7.21)

1 —2v
IloACTaBHM Tenepb or h oe W3 (7.21) b .HHijxjiepeHHHajibHoe ypaBHeHne paB- 
HOBecHs (7.10), 3anHcaHHoe ajih cjiyqan —
npeo6pa3OBaHHH noJiynHM

d2u | 1_ du_____ u
dr2 r dr r2

OTCyTCTBHH BHeiHHHX CHJI. II0CJI8

1 + v dT 
t-— a ~r~1 — v dr (7.22)

oq = Xifr + 2Geq

C HHTerpHpoBaHHeM TaKoro ypaBHeHHH, OTJiHnaionierocH ot (7.22) 
TOJibKO KO3(J)(j)HHHeHTOM b npaBofi HacTH, Mbi BCTpenajiHCb b § 7.2. PemeHHe 
ypaBHeHHH (7.22) HMeeT bha

fT (r)rdr + -^- + -7*-  • (7.23)

Ecjih nepeMemeHHe u H3BecTHO, to no (jiopMyjiaM (7.21), me TeMnepa- 
Typa T 3aAaHa, mojkho HafiTH HanpnjKeHHa ar h oe. Oah3ko b BbipaiKeHH- 
hx (7.21) npncyTCTByeT nocToaHHan BejiHHHHa ez, 3HaneHHe kotopoh em.e 
He ycTaHOBJieno. TaKHM o6pa3OM, KpoMe nocTOHHHbix Cx h C2 Heo6xoAHMo 
TaKiKe Haft™ 3-io nocTOHHHyio — ez.

/Ijih onpexejieHHH Cj h C2 Hcnojib3yeM ycjioBHH Ha KOHType:

ar \r=a = a„ \r=b = 0. (7.24)
/Ijih onpenejieHHH ez BOcnojib3yeMcn ycjioBHeM, hto hhjihhap He HeceT 
oceBoft Harpy3KH, hhmmh cjiOBaMH, paBHOneftcTByiomaH b HanpaBJieHHH 
och z paBHa Hyjno:

b
2n J azrdr = 0. (7.25)

_ a
Hs ypaBHeHHH

ez = — [ctz — v (ar + ct0)] + aT

Bbipa3HM ctz nepe3 ez h noncTaBHM ero b (7.25). Tor«a 2 ycjioBHS (7.24) h 
ycjiOBHe (7.25) jiaioT hhm cncTeMy Tpex ypaBHeHnft OTHOCHTejibHo Tpex no- 
CTOHHHbix — Cx, C2, ez. Peiiian 3Ty cncTeMy, HaxoAHM HCKOMbie 3HaneHHH

ipo



Rlll'l i )|l II IIUX!

c1 =
2a (1 — 3v) 

(&l 2 — a2) (1 — v)

l eMnepaTypHbie HanpniKeHHa b stom cjiynae onpeAeJiaiOTca H3 cjieAyioiUHx
ijiopMyji:

b
$T(r)rdr,
a

C2 = aa2 (1 + v) 
(b2 — a2) (1 — v) (7.26)

b

■z - -^2' I T (r)rdr.

I loACTaBJiflJi nocTOHHHbie (7.26) b (JiopMyjibi ajih HopMajibHbix Hanpa- 
mi iniii, nojiynaeM hx OKOHnaTejibHoe Bbipan<eHHe:

= +f— [-+ST wrir + 2-*)  \T wrir] •

°> - ++ [+ [ T W rir + + frj rdr - T ]l
L a a J

L a

II paccMaTpHBaeMOM cjiynae Bce cabhth, a cjieaoBaTejibHO, h KacaTejibHbie 
lUllipHJKeHHH Sy/iyT OTCyTCTBOBaTb.

Cjie/iyeT oTMerara, hto neM TOHbine ctchkh UHJiHHApa, TeM Tonnee 
i i.iiioJiHneTCH ycjiOBHe OTcyTCTBHH HanpsraeHHH cr2 Ha Topue.

Ecjih b cTeHKax miJiHHApa HMeeTMecTo ycTaHOBHBniHHcn TenjioBofi no- 
r<)K, npnneM TeMnepaTypa Ha BHyTpeHHeft noBepxHocra Ta, a Ha BHeniHett 
i' iiina Hyjno, to Ha paccTonHHii tot ueHTpa 3aBHCHMOcra TeMnepaTypbi ot 
piAnyca npe/iCTaBJiHeTcn ijiopMyjiofi

-------aETa - I — ln 2 
2(1 —v) ln— L ra

b2
r2 J

aETa

2 (1 — v) ln —' a

a2 
b2 — a2

, aETa

2(1 —v) ln —' a

2a2
62—a2

PacnpenejieHHe HanpsnceHHfi no TOJiniHHe ctchkh hhjihhapb noKa3a- 
no Ha pHC. 7.2. npn nojioxHTejibHofi TeMnepaType Ta HanpaiKeHHn Ha

121



IUI l |H lllK'/i IIOBCpXHOCTH SyflyT OKHMaiOIUHMH, a Ha BHeiHHefi — paCTHTHBa 
lolHIIMII. I IpHHeM HanpHJKeHHH Oe H O2 no aScOJIIOTHOfi BejIHHHHe OAHH3KO- 
Bbl K3K Ha BHeiHHefi, T3K H Ha BHyTpeHHefi nOBepXHOCTH. PaflHaJIbHOC 

Hanpn>KeHne bo Bcex tohkhx ceneHHn ciKHMaioin.ee, 
a Ha noBepxHOCTHx paBHaeTca Hyjiio.

Ecjih uhjihhap HMeeT tohkhc ctchkh, t. e. otho- 
weHHe paAHycoB 6jih3ko k euHHHue, to Bbipa>KeHHsi 
AJifl HanpniKeHHfi mojkho npnSjiHHieHHO 3anncaTb n 
BHfle

(Oe)r=a = (C^)r—a =----- 9 !

(ffe)r=i> = (a2)r=& = 2(1 _av) •

B cjiynae cnjioniHoro HHJinHApa nocTOHHHas C2 no TeM nce coo6pa>KeHH- 
HM, HTO H B § 7.2, A0JIJKH3 6bITb paBHa HyjHO. noCTOHHHaH

c,= ST(r)rdr. I

h HopMajibHbie HanpniKeHHH 3anHmyTCH b 6oJiee npocTofi (JiopMe:
r r b 1

= + T(r)rdr\;

r r 6 i»•= -S-[-3-fT(r)r*+  ^-fTIDrdr-Tj!

^--rMTHnrlrJr-T]. 
L 0 J

TeMnepaTypHbie HanpniKeHHH b njiacTHHKax h o^oJiouKax paccMOTpeHbi 
b § 10.6 h 11.5.

TjiaBa 8
KPyLIEIIIIE CTEPJKHEH

§ 8.1. IIocTaHOBKa Bonpoca. Peinemie aaflami 
o KpyneHim c noMombio (fiyHKnmi Kpy'ieHiia

143ynaH pa6oTy peajibHbix ynpyrnx CTpyKTyp, HH>KeHep-HCCJieAOBaTejib 
nacTO cTajiKHBaeTCH c 3aAanaMH KpyueHHH. TaKHe 3aAauH BCTpeqaioTCH 
npeiKAe Bcero npn pacneTe BceBO3MoncHbix ManiHHHbix BajioB. B 6ojibuiHH- 
CTBe CBoeM 3th Bajibi HMeioT Kpyrjioe nonepeHHoe ceueHHe, ho 6biBaiOT h 
OTKJiOHeHHH ot 3T0T0 npaBHJia. HepeAKO Ha KpyueHHe pa6oTaiOT CTepiKHH 
npHMOJiHHefiHoro onepTaHHH, BXOAHiHHe b cocTaB cjiomhmx coopyiKeHHft 
(moctob, 4)ePM). 6ajiKH cyAOBoro Ha6opa h ap.

3aAaHa o hhctom KpyueHHH npnMbix npH3M3THHecKoro h HHJiHHApHHe- 
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i h"K> cTepjKHefi pemaeTCH cjieflyiomnM o6pa3OM. PaccMOTpHM ynpyrnft 
i n [»KeHb npoH3BOJibHoro nonepeHHoro ceneHHH, Harpy»ceHHbift JiHinb Ha 
jopHOBbix noBepxHOCTHX, nepneHAHKyjiHpHbix k och CTepjKHH, Harpy3Ka- 
Mll, CTaTHneCKH SKBHBaJieHTHblMH KpyTJimeMy MOMeHTy. O6beMHbIMH CH- 
nnMii npeHedperaeM.

I loMecTHM Hanajio KoopAHHaT Ha JieBOM Topue, ocb z HanpaBHM BAOJib
• ■ n crepjKHH, a och x h y — no rjiaBHbiM ochm ocHOBaHHft. rpaHHHHbie

■ lonnfl 3anHinyTC5i cjieayiomHM o6pa3OM:
lia 6OKOBOH nOBepXHOCTH

pNx = ox COS (N, x) + rxy cos (N, y) = 0;
PNy = rxy cos (N, x) + oy cos (N, y) = 0; (8.1)
pNz = cos (N, x) + <cyz cos (N, y) = 0,

na Topuax i
Qx = jj ^xzdF = 0; Mx = jj azydF = 0;

F F
Q.y=\\*yzdF = 0; My = ozxdF = 0; (8.2)

F
Qz = ^ozdF = 0; M2 = (xyzx — xxzy) dF.

F F
npH BbinojiHeHHH rpaHHHHbix ycjiOBHft (8.1), (8.2) BO3HHKaeT nucmoe 

hpyuenue. CymecTBeHHo 3jiecb to, hto 6pyc HMeeT nocTOHHHoe ceqeime h
i pyTflmnft MOMeHT TaKHce nocTOHHeH no ajihhc cTepjKHH. Ecjih sth ycjiOBHH 
ne BbinojiHHioTCH, a hmchho: KpyTiimHft MOMeHT HBJineTCH (JiyHKHHeft ot 
.-, a Ha ropuax noMHMo KpyTsmiHX momchtob AonoJiHHTejibHO AeftcTByiOT 
• .iMoypaBHOBemeHHbie HopMajibHbie Harpy3KH, to KpyneHHe, B03HHKaiomee
ii 3tom cjiynae, hocht H33BaHHe cmecH.eHH.oeo.

3aflaqy o hhctom KpyneHHH CTep>KHH 6yaeM pemaTb, HcnoJib3yH nojiy- 
oftpaTHbift MeTOA CeH-BeHaHa. npn stom caejiaeM HeKOTopbie npennojiojKe- 
HHfl OTHOCHTejibHO 3aKOHa pacnpeaejieHHH nacTH HanpMHieHHft, ocHOBbma- 
ncb Ha pe3yjibTaTax gjieMeiiTapHoro pemeHHH ajih Kpyrjioro CTep>KHH. 
laTeM nonbiTaeMCH onpe/iejiHTb ocTajibHbie KOMnoHeHTbi HanpsuKeHHft thk, 

>rio6bi yxoBJieTBopHJiHCb Bce ocHOBHbie ypaBHeHHH Teopnn ynpyrocTH. 
I'cjih TaKan nonbiTKa OKa>KeTC5i yaaqHoft, to Ha ochob3hhh TeopeMbi o 
e/iHHCTBeHHOCTH pemeHHH mojkho 6yaeT yTBepayiaTb, hto pemeHHe, nacra- 
'iiio npeAyraaaHHoe, HBJiaeTCH pemeHHeM (npaBHJibHbiM HacTOJibKO, Ha- 
cKOJibKO BepHbi cflejiaHHbie paHee Aonymemm) nocTaBJieHHofi 3aAann.

KraK, npHHHMaeM
o2 = 0, oy = 0, oz = 0, rxy 1 0, (83)

— rxz (x, y), xyz = T^ (x, y).
B 3T0M cjiyuae ypaBHeHHH paBHOBecHH ynpocTJiTCH h npHMyT bha

(8-4)
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II.i ....... .. iioBcpxnocTH nepBbie 2 ypaBHeHHn (8.1) bbihojihhiotch
i< > i. i.< > nieiuio, a 3-e npHHHMaeT bha

ixz cos (N, x) + Tjk cos (N, y) — 0. (8.5)
Ha Topuax cos (N, x) — 0 h cos (N, y) = 0, a cos (N, z) = 1. riosTOMy 

KOMnOHeHTbl pNx, pNy H pNz H3 (1.7) 6yAyT paBHbl COOTBeTCTBeHHO TXI, 
xy2, +■ HtoSm ofijierqHTb 3aAany, nonbiTaeMcn bmccto KacaTejibHbix na- 
np5i>KeHHH xxz h Xyz nofloSpaTb KOMnoHeHTbi BeKTopa nepeMemeHHH. 3Ha- 

neHHH nocjieflHHX jierKO onpexejiHTb H3 He- 
cjiojkhbix reoMeTpHnecKHX nocTpoeHHH.

PaCCMOTpHM npOH3BOJIbHyiO TOHKy A (x, 
y, z) BHyTpn KOHTypa s ceneHHH (pnc. 8.1).
PaCCTOHHHe OT TOHKH A ftO HaHaJia koopah-‘ 
HaT o6o3HaHHM Hepe3 p. riocjie neijjopMaHHii 
CTep>KHH, KOTopas, ecTecTBeHHO, npHHHMaeT- 
ch Majiofi, TonKa A nepeHfleT b nojio>KeHHe I 
A'. KoopjjnHaTbi ee Tenepb 6yayT cootbctcT'B 
BeHHO x + u; y + v; z + w. Yroji 3aKpyqH- 
b3hhh npH nepeMemeHHH tohkh A b nojioxe- 
HHe A' o6o3HaHHM nepe3 a. ByaeM cHHTaTb, 
hto npH Majibix Aei^opMaHHHX stot yroji jih-

HeiiHO 33BHCHT ot paccTOHHHH, Ha KOTopoe ceneHHe yaajieHO ot Hanajia I 
KOOpflHHaT:

a — kx,
r^e k — yroji 3aKpyqHBaHHH Ha eAHHHiiy ajihhh; oh Ha3biBaeTca HHor.ua 
KpymKou.

MajiocTb ^e^opMauHH, KOTopaa npeflonpeAeJiHeT MajiocTb yrjia a, 1 
no3BOJUieT npeAnojioiKHTb, hto

sin 2= a; cos a « 1; OA = 0A' = p.
113 nepTOKa cjieAyeT, hto

u = p cos (a + P) — p cos P;
v = p sin (a + 0) — p sin p. 

OTcioaa c yqeTOM (8.6)
tl = — kyz; v = kxz.

(8-6)

(8.7)

(8-8)
npoBeneHHbie reoMeTpnHecKHe paccyjKfleHHii hh b Koefi Mepe He mo- 

ryT npeTeiiAOBaTb Ha HcnepnbiBaiomyio noJiHOTy. ripaBHJibHOCTb Bbi6opa 
Tex hjih HHbix 3aBHCHMOCTefi fljifl nepeMem,eHHH onpeflejineT to, HacKOJibKO 
tohho ohh yaoBJieTBopnT ochobhmm ypaBHeHHHM TeopHH ynpyrocTH H 
rpaHHHHblM yCJIOBHHM.

Ha nepeMemeHHe w He HaKJiaflbiBaioTCH HHKaKHe orpaHHneHHH, KpoMe 
npennojioiKeHHH o tom, hto oho He 33bhcht ot KoopAHHaTbi z, a sto 03HanaeT, 
hto nenjiaHaiiHH Bcex nonepeHHbix ceneHHH OAHHaKOBbi;

w = k<p yx, y), (8.9)
rne <p — HeH3BecTHan ijiyHKHHsi ot x h y, Ha3biBaeMaH (fryuKyueu. Kpy- 
neuuH.
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I Sflecb npn cTporoM nccJieAOBaHHn 3aaanH o KpyqeHHH npH3MaTHuecKO- 
|u CTepjKHH y>Ke He AeJiaeM npeAnojio»<eHHH o HeH3MeHH0CTH(jiopMbi none- 
|h 'inoro ceneHHH, KOTopoe 6buio noATBepjKAeno SJieMeiiTapHofi TeopneH npn 

Ki iin'iiiiii 3aAaHH ajih Kpyrjioro 6pyca. PemeHHH (8.8) h (8.9) He npoTHBO- 
,»»"iiii'panee cxeJiaHHOMy npejinojio>KeHHio (8.3) OTHOCHTejibHO HopMajibHbix 
iiniipiiiKeHHH h KacaTejibHoro HanpHHceHHH xxy. HTo6bi y6eflHTbCH b CKa- 
IiiiniioM, nepffiAeM npH noMomH o6o6m,eHHoro $H3HnecKoro 3aKOHa ot 

h I) k OTHOCHTejibHbiM AeijiopMaHHHM:
Bju — 0, — 0, e2 = 0, yxy — 0. (8.10)

|l|.ipa>KeHHH (8.10) MO/KHO CHHTaTb SKBHBaJieHTOM (8.3). C Apyroil CTOpOHbl, 
lin iciaBHB (8.8) h (8.9) B ypaBHeiiHH Kohih, onHTb-TaKH nojiynHM a^ih 
miini'iiTejibHbix Ae^opMaiiHH 3HaneHHH, coBnaAaioiHHe c (8.10). Bbipaate- 
ini i ajih KacaTejibHbix HanpHJKeiiHfi xxz h Ty2 HaftAeM HenocpeACTBeHHoft 
imic raiiOBKofi:

—«(+++)-^(+-+
(8.H)

Tcnepb npoBepHM, yAOBJieTBopnioT jih (8.8) h (8.9) ochobhhm pa3pe- 
iiinioujHM ypaBHeHHHM TeopHH ynpyrocra h rpaHHHHbiM ycjiOBHHM, c TeM 
■uo6bi nojiyuHTb HenpOTHBopeuHBbifi pe3yjibTaT.

Ecjih noACTaBHTb (8.11) b (8.4), to nepBbie 2 ypaBHeHHH H3 (8.4) yAOB- 
■ii'TBopHioTCH To>KAecTBeHHo, a 3-e npeo6pa3yeTCH b

<92<p . d2<p
3x2 1 dy2

IIJIII

V2q> = 0.
TaKHM o6pa3OM, (JiyHKiiHH KpyneHHH — rapMOHHHecKaa tjiyHKHHH, 

iiiipeAejineMaH H3 ypaBHeHHH Jlanjiaca.
TpaHHHHbie ycJiOBHH (8.5) nocjie noACTaHOBKH (8.11) npHo6peTyT cjie- 

Ayiomnfi bha:

cos (N, x) + -|^- cos (N, y) = ycos(N, x) — xcos(N, y). (8.12) 

O'ieBHAHO, hto jieByio uacTb (8.12) mojkho 3anncaTb 6ojiee KOMnaKTHo: 

^_cos(AZ, x) + -f2-cos (lV, i/) =^--^-+ .

, 3<p dy 5<p
■ ~~dy dN~ ~ ~dN~ ’

n nosTOMy (8.12) npHMeT bha

-fy- = y cos (N, x)—xcos(N, y). (8.14)

I Ithk, 3aAaHa o KpyueHHH cBejiacb k onpeAejieHHio (JiyHKiiHH KpyueHHH q>, 
KOTopan BHyTpn KOHTypa ceueHHH aojijkh3 yAOBJieTBopnTb ypaBHeHHio
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= f (»)< II iii I.U ,i \/'<l’ ’’ 0» a Ha KOHType — ycjiOBHio (8.14). TaKasi 3a,naHa, koiaI 
inii \ r pcnieiiHe ypaBHeHHH Jlanztaca b o6jiacTH, HMeiomeH Ha rpaHHHe i 
lanaiiHyio HopMajibHyio npoH3BOAHyio ot hckomoh (JiyHKHHH 1

(//V (rp 
hocht Ha3B3HHe emopoii epanuHHou 3adauu hjih 3adami HeuMana.

EcJIH H3BeCTH3 (JjyHKHHH KpyqeHHH cp, MOSKHO JierKO OTblCKaTb K3K IIC 
peMemeHHH, T3K H HanpSIJKeHHH C TOHHOCTblO AO nOCTOHHHOrO MHO/KHTCJHI 
k, KOTOpblH OnpeAejIHTCH H3 HHTerpajIbHblX BbipaSKeHHH AJIM yCHJIHli llll 
Topuax CTepJKHH:

Qx = f j xX2dxdy,
F

Qy=^xyzdxdy, (8.15)
F

= n (xiyz — yxX2) dxdy.
F

Ilpeo6pa3yeM 1-e Bbipa>KeHHe (8.15), ajih nero npn6aBHM k noAbiHTc- I 
rpajibHOMy BbipaJKeHHio 3-e H3 ypaBHeHHH (8.4), yMHOxceHHoe Ha x. Takasi 
onepauHH, ohcbhaho, He h3mchht 1-ro BbipaxeHHH (8.15), KOTopoe b stom 
cjiynae npno6peTeT bha

F

(xtxx) + (xt^)] dxdy.

Ha ocHOBaHHH (JiopMyjibi TpHHa Bbipa?KeHHe ajix Qx moikho npeo6pa- 
3OBaTb k KOHTypHOMy HHTerpajiy:

Qx = j X [Xxz cos (N, x) + Xyz cos (N, t/)] ds,
s■

KOTopbiH paBeH Hyjiio, noTOMy hto paBHO Hyjiio BbipasKeHHe (8.5) noa ] 
3H3KOM HHTerpajia. AHajiorHHHO mojkiio nojiywTb, hto Qy — 0. HTaK, 1 
Qx= 0; Qy — 0, hto h 6biJio npeAnoJioxeHO paHee b (8.2).

Wcnojib3yeM 3-e Bbipa>KeHHe (8.15):

' Mz = kG j j (x ----- y -^- + x2 + t/2) dxdy. (8.16) |

F

143 Hero, nocjie toto kbk onpenejieHa (JiyHKHHsi KpyqeHHH <p, mojkho onpe- I 
AejiHTb*eAHHHHHbiH  yroji 3aKpyHHBaHHH k, a 3aTeM jierKO HafiTH Bce Hanpn- 
>KeHHH h nepeMemeiiHH [(8.11), (8.9), (8.10)].

BbiBaioT cjiynaH, KorAa rpaHHHHbie ycjiOBHsr (8.5) yAO^HO npencTaBHTb 
b HecKOJibKo hhom BHAe, wm 9to 6bijio CAejiaHo paHee.

Tlojiarasi nojio>KHTejibHbiMH HanpaBJieHHe BHemHeii HopMajiH h o6xoa 
KOHTypa npOTHB HaCOBOH CTpejIKH, B COOTBeTCTBHH C pHC. 8.2 MOJKeM 3aiIH-
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(8.17)

II. cos (N, x) = cos ax = -|^ = = cos (s, y)-,

cos (N, y) = cosa2 = cos =
dx dy . .= — sin at = — -^- = —K- = — cos (s, x).

II" n raBJiflfl 3th 3HaqeHHfl AJifl cos (N, x) h cos (N, y) b (8.5),

^xz dy 
ds ' Tyz

dx 
ds

II 'III (Tyz ) ( dy ) ,

/ rp \ dx / rp

nojiynnM

(JiyHK-0

<I>ii3HHecKHft cmhcji noJiyneHHoro pa- 
ni'iii rua coctoht b tom, hto nojiHoe Kaca- 
l<vn.H0e Hanpn>KeHHe HanpaBJieHO no Ka- 
llllCJIbHOH K KOHTypy.

Khk y>Ke yKa3biBajiocb, saaana o Kpy- 
'iciiHH b toh nocTaHOBKe, b k3koh Mbi ee 
p.ii cMaTpHBajiH, CBejiacb k 3aAane HeftMa- 
n. i I leTpyAHO noKa3aTb, hto 3aAaiy o Kpy- 
'ii'iiiui mojkho cBecTH k saflaieXtnpHXJie — 
niAa«ie HaxojKfleHHn rapMOHHiecKOH tjiyHK- 
miii F BHyTpH HeKOTopoii o6jiacra, yAOB- 
ir mopniomeH ycjiOBHio Ha rpaHHixe F (s) = 

• • f (s), rjje f (s) — H3BecTHan (JiyHKHHH 
nf KoopAHHaT ToieK s KOHTypa. 3aAana 

I npnxjie Ha3biBaeTca TaKwe nepeou Kpae- 
ih >il 3admeii.

LlTo6bi nepeiiTH ot 3aAaiH HefiMaHa k 
i.iAaie TlHpnxjie, BBeAeM HOByio (JiyHKHHio F (x, y), CBH3aHHyio 
mieft KpyieHHH <p (x, y) cjieAyiom,HMH cooTHonieHHHMH:

5cp __ dF dip __ dF
dx ~~ dy ’ dy ~ dx

< ^ooTHonieHHH (8.19) hocht H33BaHHe ycAosuil Koum — PuMaua h onpeAe- 
jihiot ABe conpa>KeHHbie rapMOHHnecKHe (JiyHKiXHH, Koropbie, Boo6m,e tobo- 
|)',l, M0/KH0 paCCM3TpHBaTb K3K AeiiCTBHTeJIbHyiO H MHHMyiO 13CTH aH3JIHTH- 
'iecKofi (JiyHKiiHn KOMnjieKCHoro nepeMeHHoro.

<&yHKHHH F Ha3biBaeTCH conpnetc-eHHou eapMOHUHecKoil (pyHKyueu q>. 
'l'yiiKHHH F TaKme rapMOHHnecKan. B stom Jierno y6eAHTbcn, ecjiH npoAH$- 
i|icpeHHHpOBaTb 1-e Bbipa>KeHHe (8.19) no x, 2-e —- no y h pe3yjibTaTbi cao- 
JKHTb.

npeo6pa3yeM rpaHHHHbie ycjioBHH g noMomwo cooTHonieHHii (8.19) 
ii (8.17):

(8.19)

ds
dF 
ds (8.20)
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I Icnojib3y;i (8.20), npoofpajyeM (8.14):
dF ... , /»r \ dx , dy d [ x2 + y2 \ I
— ~yc<»W, x)-xcos(N, y) = x^~ +z/_^ = —

HHTerpnpyn, nojiyHHM
F — -+- (x2 -]- y2) + B (Ha KOHType s).

.ZJjifl 0AH03HauHbix oOjiacTeft, He Hapyniaa o6ih.hocth, mojkho cqHTaTb 
B = 0.

OnpeAejiHM b 3aKjnoneHHe qepe3 (JjyHKiinio F KacaTejibHbie HanpsDKeini>i
(8.11) H KpyTHipHH MOMeHT (8.16):

. T-=^G ^ = -^(t~x)! <8-21>

Afz = z-oJJ(-x-g—y~^~ + x2 +y2jdxdy-

F
H3 nocjieAHero BbipajKeHun (8.21) onpeAejineTCH k.

§ 8.2. KpyqeHiie aajiniiTiPiecKoro n Kpyrnoro CTep/KHoii

PeinHM 3aAaqy o KpyqeHHH sjuinnTHqecKoro CTep>KHH, ncnojib3yn 
pe3yjibTaTbi, nojiyqeHHbie b npeAbmymeM naparpacjje.

KaHOHHnecKoe ypaBHeHHe ajijinnca, oTHeceHHoro k ochm x h y, 3anHCbi> 
BaeTcn TaK:

y2
■ (8.22)

LIonpolSyeM peuiHTb 3aAauy, npHHHB 4>yHKUHio KpyqeHHn b BHAe
<p = Axy, (8.23)

rAe A — KOHCTaHTa, KOTopas b nocjieAyiomeM 6yAeT onpeAejieHa qepe3 
napaMeTpbi ajijinnca. HenocpeACTBeHHOH noACTaHOBKOH jierKO y6eAHTbcn, 
hto <p H3 (8.23) yAOBJieTBopneT ypaBHeHHio Jlanjiaca. IIomhmo ypaBHeHHH 
V2(p = 0 npHHHToe Bbipa>KeHHe jynn cp aojukho yAOBJieTBopnTb h rpaHHq- 
HblM yCJIOBHHM (8.18).

OnpeAejiHM KOHCTaHTy A. Hjih stoto Aua>KAbi coct3bhm OTHOineHne — 
Xxz 

IlepBbiH pa3 Hcnojib3yeM BbipajKeHHH (8.11), b KOTopbie cp noACTaBHM H3 
(8.23):

xyz _  A + 1 x
^xz ~ — i

BTOpHqHO 3T0 OTHOUieHHe MOJKHO nOJiyqHTb H3 (8.5), (8.17) H Bbipa- 
HteHHsi =------|j- +----- pe3yjibTaTa AH^epeHUHpoBaHHH ypaBHe-

hhh KOHTypa (8.22). B stom cjiyqae

xyz _   b2 x .
tX2 ~ a2 y
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(8.24)

fllih i nutii nojiyqeHHbie pe3yjibTaTu, bhahm, hto

A =____a2~bL.
“ a2 + b*

Rlill'i ofipa3OM,

<P = — xy. (8.25)

II iii.ipa»ceHH5i HanpaxeHHH (8.11), a TaiQKe nepeMemeHHH (8.8) h 
I" 'H HXOAHT eiH,e eAHHHHHblH yrOJI 33KpyTKH k.

I lo/(< t3bhm b BbipaHteHHe (8.16) (JiyHKHHio KpyneHHH b Bn#e (8.25), 
#•1111.111, 'ITO MOMeHT M H3BeCTeH.‘

[ M, = kG J J (- x2 + y* + x2 + y^ dxdy =
F

= -52^2-JJ (^2*2 + «V) dxdy = ■ (a2Jx + b2Jy).
F

I I' ■ I. Jx H Jy — MOMeHTbl HHepHHH OTHOCHTeJIbHO OCefi X H y, KOTOpblS 
n ri iJiJiHnTH'iecKoro ceneHHH cooTBeTCTBeHHO paBHbi:

, nab3 . , na3b
J* — 4 > + = 4 '

l imcTaBJiHfl 3th 3HaneHHH b nocjieAHee paBeHCTBO h pa3peniaa ero othoch- 
ir.ii.no k, nojiyuHM

Mz (a*  + fe2) 
nGa3b3- (8.26)

Iiiiih k, o6paTHMCH BHOBb k Bbipa>KeHHflM (8.8), (8.9) h (8.11). Ilocjie noA-
> hiiiobkh nojiyflHM

yz\ tXz — _2Mz_ .._  __  ■
nab3 y 2JX

2MZ M2
X — X.na3b 2Jy

“ — nGa3b3

_ Mz (a2 + b2)
v ~ nGa3b3

(«2~fe2)
w ~ nGa3b3

IlpoaHajiH3HpyeM nojiyneHHbie pe3yjibTaTbi. KacaTejibHbie

XZ', %yz =

xy,

y>

(8.27)

IlpoaHajiH3HpyeM nojiyneHHbie pe3yjibTaTbi. KacaTejibHbie HanpHJKe- 
mifl H3MeHflioTCfl no jiHHeiiHOMy 3aK0Hy h AOCTHraioT HaHdojibmero 3Ha- 
'iaiiHfl Ha KOHType cTep>KHfl. nojiHoe HanpHJKeHHer onpeAeJifleTCH cJieAyio- 
IHHM o6pa3OM:

n2a2ft2 (8.28)

HaftAeM Bbipa>KeHiie ajih HaH6ojibinero nojiHoro HanpflJKeHHH, KOTopoe, 
oieBHAHO, 6yAeT Ha KOHType ajuiHnca. B stom cjiynae x h y, BxoAflmne b 
(8.28), CBH3aHbi Me>KAy co6oh ypaBHeHHeM (8.22). Peinafl (8.28) h (8.22) 
COBMeCTHO, nOJiyHHM

4A12
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BbipaweHHe t AOCTHraeT HaHdojibinero 3HaHeHHH npn x =*  0 (a > b\

(8.2!))

HTaK, HaHfiojibmee HanpnjKeHHe 6y.neT 
och sjuiHnca, t. e. Ha HaHMeHbmeM

y

HMeTb MecTO b KOHiie Majiofi nojiy- 
paCCTOMHHH OT U.eHTpa SJIJIHneil 

(pHC. 8.3).
Ecjih b 3-m paBeHCTBe (8.27) 

3aMeHHTb nepeMemeHHe w Ha z, 
to nojiyHHM ypaBHeHHe aecraB 
MHp0B3HH0fi nOBepXHOCTH no*  
nepenHoro ceqeHHn:

z = axy, (8.30) 
rne

M (a2 — fe2)
nGa3b3 = const.a = —

Phc. 8.3 rioBepxHOCTb (8.30) — rnnep-
6ojiHHecKHft napaOojioHfl.

B 3aKJimeHHe paccMOTpnM KpyqeHne Kpyrjioro cTepjKHn. Rmi 
coKpameHHS o6"beMa BbiKJianoK He 6y^eM BocnpoH3BOAHTb Becb Bbi- 
boa (xoth 3to BecbMa npocTo caejiaTb), a TOJibKO npeo6pa3yeM ywe nojiy- 
ueHHbie pe3yjibTaTbi, npHHSB a = b h x2 + y2 = p2.

OyHKUHH KpyneHHH ajiji Kpyrjioro CTepiKHH 

(Ajih Kpyrjioro cTepjKHH mojkho nojiynHTb peiiieHHe h b tom cjiyqae, Kor,n,a 
(p = const. nopnAOK pemeHHn npn btom tot >Ke.) Ohcbhhho, hto ypaBHe- 
Hne Jlanjiaca npn stom 3HaneHHH <p 6y.neT ynoBJieTBopeHO. TpaHHHHoe 
ycjiOBHe (8.14) TaKJKe BbinojiHneTcn. AeficTBHTejibHO, = o, a

cos (N, x) = -y-; cos (N, y)=-^-. (8.31)

rioACTaBHB 3TH 3HaHeHHH KOCHHycoB b npaByio nacTb (8.14), nojiyqHM, 
HTO = 0.dN

Bbipa>KeHHe ajih k HafineM, hojiojkhb b (8.26) a = b. Torna k = 
=“ -^-, rne Jp — nojinpHbifi momcht HHepunH; Jp = 2JX = 2Jy = -2g—.

KoMnoHeHTbi HanpnJKeHHfi (8.27)

^xz =

riojiHoe KacaTejibHoe HanpaxeHHe (8.28) npHMeT bha

_2 4Al2p2 Af^p2 M&
T " nW " 2J2 = J2 ’
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T = P- (8.32)

WyAn
Mz
Jp

II i 3-ro ypaBHeHHS (8.27) cjieayer, hto w = 0. TaKHM o6pa3OM, cene- 
ii i pyrjioro cTep>KHH npn hhctom KpyueHHH ocTaioTCH hjiockhmh, khk 
hi iipeAnojiarajiocbrHnoTe3OH njiocKHX ceneHHH, npHHHMaeMofi b conpo-

....... MaTepnajiOB.
I lcpeMemeHHH u h v aah Kpyrjioro crepjKHH npnoSpeTaioT bha u =

■ yZ', V — - — XZ. 143 3THX 33BHCHMOCTefi JieTKO nOJiyHHTb
UJ P (jj p

Hnp wKenHe ajih yrjia 3aKpyHHBaHHH a, oraecH MaKCHMaJibHoe CMemeHne 
» npii y = r k paflHycy:

BbipaxceHHH ajih t h a nojiHocraio coBnaflaioT c pe3yjibTaTaMH, HMeio- 
IHIIMIICH B COnpOTHBJieHHH M3TepH3A0B, HTO nOATBepJKflaeT AOCTOBepHOCTb 
ii<> lyqeHHoro TaM pemeHHH ajih CTep>KHH Kpyrjioro ceneHHH h no3BOJineT 

< 'iiirara ero TOHHbiM c no3HHHfi TeopHH ynpyrocra.

§ 8.3. PenieHHe 3aBaHH o KpyieHiin CTepiKHji 
npn nOMOUIH ({)VHKII,HH HanpHzKeHIIH

3Aecb H3JiojKeH Apyrofi noAXOA k 3aAa>ie o KpyueHHH CTepiKHH. 3tot 
iioAxoa HMeeT paBHoe (ecjiH He fiojibinee) npaBO Ha cymecraoBaHHe no ot- 
iimueHHio k yxe npHBeAeHHOMy.

He 6yAeM Aejiara hhk3khx npeAnojio>KeHHfi oraocHTejibHo xapaKTepa 
pncnpeAeJieHHH nepeMemeHHfi, khk 9to Aejiajiocb paHee b (8.8) h (8.9). 
(IrnoBonojiaraioiHHe AonymeHHii (8.3) ocTaiOTCH b CHJie.

Hcxoahmmh ypaBHeHHHMH ajih pemeHHH nocTaBJieHHofi aaAauH 6yAeT 
3e ypaBHeHHe paBHOBecHs (8.4);

3t„, dx„,
+ (8-33)

ii ypaBHeHHH BeAbTpaMH — MHraejuia, KOTopbie c yneTOM(8.3) 3anncbiBa- 
iotch thk:

V2TX2 = 0 H V2Tj,2 = 0. (8.34)

CocraBHM BbipajKeHHH [(8.33)] — V2tX2 h [(8.33)] — V2^. B pe- 

ayAbTaTe noAyuHM

143 (8.35) bhaho, HTO

d ( ^y* ^xz \

dy \ dx dy )

d ( dxxz ^yz )
dx \ dy dx )

^xz ^yz
dy dx

(8.35)

(8.36)
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r«e C = const. llocjie sthx npeodpa3OBaHHH hcxoahhimh ypaBHeHHHMii 
cTajiii He (8.33) h (8.34), a (8.33) h (8.36).

nOflCTaBHM B (8.36) BblpaXKeHHH AJIfl HanpHHfeHHfi Xx2 h tyz, BbipaiKeii- 
Hbie uepe3 nepeMeineHHH npn noMouiH 3aBHCHM0CTefi Koihh:

Txz = Gyxz

= Gyyz = G .

C yneTOM (8.37) BbipaiKeHHe (8.36) nepenHmeTCH thki 
r d ( du dv \

(8.37)

rae co2 =

^jcz ^yz
dy dx

i / dv du \
2 l dx dy J

(8.38)

KOMnoHeHT ojieMeHTapHoro BpameHHH BOKpyr
OCH Z.

CpaBHHBan (8.36) h (8.38), HMeeM

_ 2G = C.
dz (8.39)

Hs (8.39) cjieayeT, hto —~-----nocTOHHHan BejiHHHHa. OHa xapaKTepn-

3yeT yroji 3aKpyHHBaHHH Ha enHHHiiy ajihhm CTepJKHa. PaHee TaKOH yroji 
Mbi o6o3HanajiH 6yKBOH k h Ha3biBajiH KpyTKofi. C yneTOM cKa3aHHoro

C = —/2Gk.
Hthk, HCxoflHbie ypaBHeHHH (8.33) h (8.34) npeo6pa3OBaJiHCb b 

= 0;

dy
= — 2Gk.

(8.40)

PeineHne STofi CHCTeMbi 6y^eM HCKaTb b. BH#e

(8.41)

+

rfle Q (x, y) — HeKOTOpaa (JiyHKiiHH KoopAHHaT x h y, Ha3biBaeMaa 
(pyHKyueu HanpHJKenuH npu Kpyuenuu hjih cpyHKyueu IlpaHdnuH.

PlepBOMy ypaBHeHHio (8.40) ynoBJieTBopHT JnoOan ABaambi AHijxJiepeH- 
HHpyeMaa (pyHKHHH <D (x, y). HTo6bi 3Ta ^ynKHHH ynoBJieTBopsijia h 2-My 
ypaBHeHHio, Heo6xonHMO noTpe6oBaTb, HTo6bi oHa yAOBJieTBopajia ypaBHe- 
hhk) IlyaccoHa. XleficTBHTejibHo, noncTaBJiHH (8.41) bo 2-e ypaBHeHne 
(8.40), y6ezKjiaeMCH, hto

Gk^-+Gk^-=-2Gk, (8.42)

hjih v2® = —2 (ypaBHeHHe ElyaccoHa).
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i
l p.iiiii'iin,ie ycjioBHH Ha 6okobo3 noBepXHOCTH c yneTOM (8.4) CBeAyTcsi, 

... ........ .. k OAHOMy ypaBHeHHio:

cos (N, x) + Tjjz cos (N, y) = 0,
. ..... poi' paiiee 6mjio npHBeAeHO k BHAy (8.18). C yqeTOM (8.41) oho 3anH- 
IIIWI < >1 TaKt

(8.43)
rp

dy ' rp

j II' (H.43) cjieAyeTi

ll/lll
d<Drp = 0.

....... OBHTCH OHeBHAHblM, HTO (JiyHKUHH H3np5I>KeHHft Ha KOHType A0JISKH8
■ "xpaiiHTb nocTOHHHoe 3HaqeHHe:

<Drp = const.

I III OAHOCBH3HbIX KOHTypOB BejIHHHHa 9T0H K0HCT3HTbI HecyiH,eCTBeHHa, 
i ii. KaK Ha ocHOBaHHH (8.41) KacaTejibHbie HanpHJKeHHH npn KpyneHHH 
l IHHCflT TOJIbKO OT npOH3BOAHbIX (|)yHKHHH KpyHeHHH. Ha 3TOM OCHOB8- 
IIIIII MOJKHO npHHHTb, HTO

<Drp = 0. (8.44)
I' iik jierKO BHAeTb, rpaHHHHbie ycjiOBHH npn pemeHHH 3aAann c noMombio 
i|i\ IIKHHH HanpHJKeHHH 3H3HHTeJIbH0 npOIH,e TeX, KOTOpbie HyjKHO SblJIO Bbl- 
llilJIIIHTb, KOFAS npHMeHHJiaCb (JiyHKIXHH KpyqeHHH HJIH (JjyHKHHH, C Hefi 
rillipHJKeHHaM.

Bo Bcex npHBeAeHHbix nocTpoeHiiax (JiyHKHHSi HanpsJKeHHfi BBOAHJiacb 
llr I3BHCHMO H B HHKOefi Mepe He CBH3bIBaJiaCb C (JiyHKHHefi KpyneHHH. 
VnaweM Tenepb Ha cBM3b Meamy hhmh. BBeAeM (jjyHKixnio HanpajKeHHn 
npn noMoniH (jiyHKiiHH, conpajKeHHofi c (JiyHKiiHefi KpyneHHH.

PaCCMOTpHM (JiyHKUHIO
<D*  (x, y) = F(x,y)--+y--. (8.45)

HtoSbi ycTaHOBHTb, KaKOMy ypaBHeHHio yAOBJieTBOpHT (JiyHKHHH (8.45), 
noabMeM jianjiacnaH ot odenx HacTefi stoto paBeHCTBa:

V2(D*  = V2/7 — 2. (8.46)
Panee SbiJio ycTaHOBJieHO, hto (pyHKHHH F rapMOHHHecKaa. CjieAOBaTejibHO, 
V2F =• 0 h (8.46) nepenHnieTCH Tan:

V2(D*  = — 2.

('paBHHBan nojiyneHHoe ypaBHeHHe c (8.42), ySeiKAaeMCfl b hx HAeHTHH- 
hocth. TaKHM o6pa3OM, BBeAeHHaa (JiyHKHHH <D*  ecTb He hto HHoe, Kak 
(JiyHKUHH HanpnjKeHHfi npn KpyueHHH.
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BejiH^HHy KpyTKH k onpeaejiHM H3 BbipaiKeHHH (8.2) ajih KpyTflmcr 
MOMeHTa, BOcnpHHHMaeMoro ceneHHeM:

IlepenHmeM sto BbipaiKeHHe, Hcnojib3ysi (8.41):
“ JP T - iG f f » T ■ 

F p
(8.47)

YnpocTHM BbipasKeHHe (8.47), 
JHjih 9Toro paccMOTpHM nonepeHHoe cc. 
neHHe CTepiKHH (pnc. 8.4). BbiflejniM 
flByMH npHMblMH t/, = const h t/2 = t/rl’ 
+ dy, napajuiejibHbiMH och x, nojiocKy 
hihphhoh dy. KoopnHHaTbi, onpeflejisi. 
iomHe Hanajio h kohch nojiocKH, coot< 
BeTCTBeHHO paBHbl Xj H x2.

nepBbifi HHTerpan nepenHineM tbk:

BHyTpeiiHHH HHTerpaji npOHHTerpnpyeM no nacraM:
y2 x2

yt x,
ya r

Vi

*1Vi

OyHKHHH C> (x2 t/) H <D (Xjt/) — He HTO HHOe, K3K 3HaHeHHH (JjyHKHHH 
HanpsiiKeHHH Ha rpaHHHe ogjiacra. Ha ochob3hhh (8.44) ohh paBHbi Hyjiio. 
TaKHM o6pa3OM,

Vx X2 y2 x2J dy j x dx = — j dy § (£>dx = — j $dF.
Vi X, y, x, F

AHajiorHHHbie npeo6pa3OBaHHH moikho npoBecra h ajih 2-ro 
riosTOMy (8.47) nepenHmeM thk:

M2 = 2kG J f QdF.
F

HHTerpajia.

(8.48)

H3 3Tofi 3anncH, 3Haa 0, moikho onpeaejiHTb k.
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§ 8.4. Kpyqenne CTepiKHji npnMoyronbHoro ceneHiin

11. • n> nonepeHHoe ceneHHe CTepjKHn orpaHHneHO npnMbiMH x = ± a h (•■ i. h, o6pa3yiomHMH npHMoyrojibHHK co cTopoHaMH 2cz h 2b, OTHomeHHe 
....... . KOIieHHO. ZjjIS 3TOTO npO(|)HJI5I nOfloSpaTb 4>yHKH,HIO HanpjDKeHHfi 

|| n iMKiiyTOM BH«e, yAOBJieTBopmomyio oAHOBpeMeHHO (8.42) h (8.44), 
m n |" 'iciaBJiHeTCfl bosmojkhmm. Mojkho nojiyHHTb jiHHib npnSjiHJKeHHoe 
■ i un'lllie (b pHflax), XOTH H C JH060H CTeneHblO TOHHOCTH.

1 II MMeTpHHHOCTb npHMOyrOJIbHOTO CeneHHH OTHOCHTeJIbHO ocefi KOOp- 
iiui ii x h y npeAonpeAejiaeT neTHOCTb (JiyHKHHH HanpnjKeHHH oTHOCHTeJib- 

■>> nOeiix nepeMeHHbix x h y. ByxeM HCKaTb pemeHne mctoaom pa3AejieHHH 
ih piMeiiHbix (MeTOflOM <Pypbe). IlpHMeM

<D(x, z/)= Jr„(y)cos-^-, (8.49)
rt= 1

i n‘ Yn—noxa HeH3BecTHbie (JjyHKijHH ot y. rpaHHHHbie ycjiOBHH 6yayT 
iii.iiiojiiieHbi, ecJiH npn x = ±a h y = ± b 4)yHKHHH HanpnjKeHHH <D 06- 
p,i i iiTCH b Hyjib. nepBoe ycJioBHe BbmojiHHeTca, ecjiH b psme (8.49) coxpa- 
iin n> HJieHbi c HeneTHbiMH n. O6w,HOCTb pnaa (8.49) ot stoto He HapyuiHTca, 
l«K K3K B psm

<D(x, y) = f y„(y)cos-^H- (8.50)
n—Heq

miokho b npeaejiax ot x = —a ao x = ± a pa3Jio?KHTb BCHKyio neTHyio 
ijiynKHHio, yAOBJieTBOpnioiiiyio ycjiOBHHM JlnpHXJie.

JIjih toto HToObi BbinojiHHTb 2-e ycjiOBHe, a hmchho: <D = 0 npH y = 
— ± b, HeodxoAHMO nonoOpaTb Yn thkhm o6pa3OM, HTodbi ohh thkjkc 06- 
pamajiHCb b Hyjib npH y = ±b. Bha sthx (JiyHKunfi onpe/iejiHTCH nocjie 
njro, KaK mm noAHHHHM pemeHHe (8.50) ypaBHeHHio (8.42):

“ frz' z \ n2n2 TZ 1 nnx n /o enS PMi/)------cos-^- = -2. (8.51)
n—Heq L J

.HcByio nacTb (8.51) 6yaeM TpaKTOBaTb KaK pa3Jio>KeHHe b pnn Oypbe no 
KOCHHycaM c nepnoAOM 4a, KOTopoe b HHTepBajie — a x a paB- 
no — 2. JIjih onpenejieHHH HeH3BecTHbix 4>yHKiiHfi Yn, KOTopbie bxoaht 
b Koa^HHHeHTbi paaa (8.51), pa3Jio?KHM h npaByio nacTb (8.51) b paA no 
KOCHHycaM Ha tom xce HHTepBajie: x

o ±i nnx~2= S CnCOS-^.
n—Heq

IlpHpaBHHB qjieHH npn KocnHycax, nojiyqnM
Y"n(y)-^-Yn(y) = Cn. (8.52)

Onpe&ejiHM Cn khk KO3(|)4)HiineHTbi pn«a Oypbe:
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Y'n

< ............ 11 ■ n i > pjiuencTBo (8.52) MostHo 3anncaT& T3Ki

ft2,t2 y _____ 8 ,__ ,. g
4a2 n nn '

ypaBHeHne (8.53) ecTb jiHHeiiHoe AHtJxjiepeHHHajibHoe ypaBHeHHe c noJ
CTOHHHbiMH Koa^xJiHHHeHTaMH h c nocTOKHHOH npaBofi nacTbio. OHa 110 
SBOJiaeT HCKaTb nacTHoe pemeHHe b bhac

y; = Dn.
HenocpeACTBeHHoft noACTaHOBKofi nojiynaeM, hto nacraoe pemeHHe

(8.5.n

Rjih HaxojK^eHHn oQmero HHTerpajia ojiHopoAHoro ypaBHeHHa 3anHmcM 
ero xapaKTepHCTHnecKoe ypaBHeHne:

OTKyaa
' k = 2a

06mee peineHne ypaBHeHHn (8.53) onpeflejiHTca KaK cyMMa jmyx pe- 
meifHH — nacTHoro peineHHH (8.54) HeoAHopoflHoro ypaBiieHHH h o6m,ero 
pemeiiHfi OAHopoflHoro, eMy cooraeTCTByiomero:

Yn (y) = Ane y + + -g+- (- 1)~ *

C paBHbiM npaBOM nocjieflHee BbipaxxeHHe mojkho 3anHcara h TaK:

yn(!/)=Ach-^ + Bnsh^. + ^-(-l)— I

HpOH3BOJIbHbie nOCTOHHHbie An H Bn OnpeaeJIHM H3 yCJIOBHH, HT0 
Ha rpaHHue y — ± b (JiyHKHHH Yn, a no3TOMyH<D (x, y), o6pam,aioTca b 
Hyjib. PeajiH3yeM ara ycjiOBHH:

a u nnb 1 o u nnb 1 32a2 , ,,—5— „ ^ch-2r + B»shir + -++~1) 2 = 0;

+n Ch
Peman CHCTeMy

n—1

n—\

/2—1

2a - ' n 2a ' n3n3

nnb „ , nnb , 32a2 , ,,—5— _ 
-2^—^sh-2r + -7^-(-1) 2 = °-
(8.55), nojiynHM

n3n3

(8.55)

chn3n3 , nnb ’ ch —=— 2a
TaKHM o6pa3OM,

n—I,z , , 32a2 , ,,—;
Yn (y) = 8 ? ( 1)n3n3

ch2̂a
, nnb

ch -o— 2a
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Tenepb (JjyHKUHH

n—I
flTlX / Q r» z> \cos . (8.56)

11 wioineHHoe aaeT ocHOBaHne yTBepxAaTb, hto (JiyHKiiHH <D (x, y) yflo- 
H i' mopaeT He TOJibKO pa3pemaiomeMy ypaBHeHHio (8.42), ho h rpaHHHHbiM 

■ IOIIHHM. CxOflHMOCTb pHAa, BXOAHHI,erO B (8.56), 33BHCHT OT BeJIHHHHbl 
niiioiiieHHH neM oho MeHbme, TeM cxoAHMOCTb Jiynme.

OnpeAejiHM Mz H3 (8.48):
Mz — 2kG j j <D (x, y) dxdy =

F

64a2£G
a b oo

J J s 4 <->) ’
-a —b

n~ 1 nnx , , cos —^-dxdy.

OneBHAHO, HTO

4

Mz = 256a3/eG C y
4JT4

oo
' 1

4 n—n&i
dz/

ii 3aTeM

512a36Z?G
rt*

n—HCM

tinb \
~2aj *

< yqeTOM toto hto

n—Heq

nbipaxKeHHe ajih Mz nepenHineTCH Tan:

192 a 
b

Mz = -^-a3bkG^ — -

H3 (8.57) mojkho onpe/iejiHTb k: 
k-^~K— ,

jt5

iAe
192 a yt 
ns b 2-1

n—Heq

(8.57)

(8.58)

(8.59)
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n—1 sh

C'iiiTan npoH3BefleHHe kG H3BecTHbiM, HaftaeM Hanp«>KeHHa
, nny nnx~ sh —o - - cos —=—

S 2° ;
n— Hen ch —=—-2a

+ ~r-kG £ _L(—1)

n—Heq
3T2

n—1 ch2̂a
, nnb

Ch-2T 2a

HccjieAyeM nojiyieHHbie pe3yjibTaTbi.
CHanajia npocjieflHM, Kax H3MeH5HOTCH 

BAOJib och x (y = 0);
KacaTejibHbie HanpjDKeinni

ji2
1

. nnt ch-^- 2a

. nnx
sin"2F*

—

B neHTpe ceneHHH (x = 0; y = 0)
T'XZ = 0; Xy2 = 0. 

IlpH x = a (nocpeflHHe CTopoHbi)
Txz = 0;

Xyz~-^kG S 1
/z—Heq

1
n3 , nnb I * 

ch-27- /

B#0Jib och y (x = 0) Hanpn>KeHHH hmciot bha

, nnu

, nnb ch-—— 2a
ji2 n3

*« =----- ~kG £ -^(-1) 2

n—Heq
>

Tjb = o. 
B neHTpe ceneHHH (x = 0;' y = 0)

t*z = 0; Xyz = 0. 
IlocpeAHHe cTopoHbi (y = b)

Xxz — 0;

^ = —^-kG £ 1

n—Heq

n—\

ji2 n3
(-1) 2 th^

flocpeAHHe ctopoh npHMoyrojibHHKa SdjibmiiM 6y.neT to Hanpsi>KeHHe, 
KOTopoe npHHaflJieniHT 6ojibineft cropoHe.

3anHmeM BbipaMeHne HanpaxeHHft no KOHTypy npaMoyrojibHHKa Ha
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• l

)|hhi.ix, iiapaJiJiejibHbix och y,
^XZ —
00

I6a V 1 
na n8rz—Heq

(-1) 2

X
,, tinb nnx 
th^rcosT*

« < mponax, napajuieAbHbix och x,
oo n—1

16akG S 4 
n—Heq

2b

k
— 0-

l',n ripeAejieHne HanpnnieHHH noKa3aHo Ha pnc. 8.5.

§ 8.5. MoflejinpoBaHHe HanpniKeiiHoro coctohhhh npn KpyqeHiiii

71/ih mhothx TexHHHecKHx peajiH3an,HH, BCTpenaiomHxcn b HiDKenep- 
II-.i'i iipaKTHKe, nojiyneHHe aHajiHTHnecKoro pemeHHH, xoth 6bi b BHfle pn- 
II. III, CBH33H0 CO 3HaHHTejIbHbIMH, a HHOTfla H HenpeOflOJIHMblMH 3aTpyfl- 
.1' hiijimh. CpeAH 3aAan o KpyneHHH b nepByro onepeAb cjieAyeT ynoMHHyTb 
|| n 'ICTbl npH3MaTHHeCKHX CTepJKHCH CO CJIOJKHblMH npOljlHJIHMH, npHHeM B 
uiyqae MHorocBH3Hbix npoijiHJieH cjio>KHOcTb 3aAaHH 3naHHTejibHO BO3pac- 
i.iit. IlpeAnoqTHTejibHbi, KOHeHHO, TOHHbie aHajiHTHnecKHe pemeHHH. OAHa- 
iiu oiiHcaHHbie TpyAHOCTH 3acTaBJiaioT npnSeraTb k HHCJieHHbiM MeroAaM,

■ < ipomo aAanTHpoBaHHbiM k 3BM, BapnaiiHOHHbiM MeTOAaM h k SKcnepHMeH- 
1.1 IbHO-MOAeJIbHblM MeTOASM (nO yCTaHOBHBIIieHCH TpaAHHHH 3TH MeTOAbl 
nocflT Ha3BaHHe Memodoe aHaAoauu).

KpaTKO ocTaHOBHMes Ha o6iii,hx Bonpocax MOAeJiHpoBaHHH. IIohhthio
■ MOAejib» npHAaioT pa3JiHHHbiH cmmcji, noaTOMy npeiKAe Bcero cneAyeT 
\ TOHHHTb OnpeAejieHHH Bcex HeoSxOAHMblX nOHHTHH.

rioA Modejibio noHHMaioT Taxyio MbicJieHHO npeACTaBAHeMyio hjih hc- 
uyccTBeHHO peajiH3yeMyio MaTepnajibHyio CHCTeMy (KBa3Ho6beKT), koto- 
paa, OTpa^Kan rjiaBHeHinHe CBOHCTBa o6beKTa hjih npouecca HccjieAOBaHHH, 
cnoco^Ha onpeAejieHHbiM o6pa3OM 3aMeHHTb ero TaK, hto npn ee H3yneHHH 
nojiynaioT HOByio HHijiopMauHio 06 stom o6beKTe. K hohhthio «MOAejib» 
nenocpeACTBeHHO npHMbiKaeT iiohhthc ModejiupoeaHue, KOTopoe o6o3HanaeT 
npoiiecc HCCJieAOBaHHH Ha MOAeJiax. MoAejinpoBaHHe b hihpokom cMbicJie — 
aro ecTecTBeHHbiH h, no>KajiyH, eAHHCTBeHHbifi MeroA no3HaHHH npnpoAbi. 
MoAejiH, KOTopbiMH nojib3yioTC5i npn HCCJieAOBaHHH ynpyrnx CTpyKTyp, 
o6biHHO AejiaT na nHTb 6ojibuiHX rpynn. (ripHBeAeHHaa HH>Ke KJiaccH^HKa- 
Uhh, KaK, BnponeM, h BCHKasi KJiaccH(J)HKaH.Ha, b onpeAejieHHofi CTeneHH 
ycjioBHa.)

JIornHecKne moacjim Ha ocHOBe onpeAejieHHbix $H3HHecKHX AaHHbix 
SKcnepHMeHTa, aHajiorHH hjih MaTeMaTHnecKHX cooTHomeHHH AaiOT npeA- 
cTaBJieHHe 06 H3ynaeMOM hbjichhh. K TaKHM MOAejinM mojkho othccth 
MOAejib aTOMa, MOAejib cnJiomHoro Tejia h Ap- CiOAa c onpeAejieHHbiMH 
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(II ollopKaMH MO/KHO OTHCCTH IiporpaMMbl BMHHCJieHHH, COAep>KaiII,He yi(.P |; 
iiiiH Ha nocjieAOBaTejibiiocTi. oiiepamiH npn HCCJieflOBaHHH toto hjih iiiioiw 
oSbeKTa.

TeoMeTpHHecKHe moacjih BOcnpon3BOAHT pa3JiHHHbie peajibHbie o6i.<iu 
Tbi c coSjnoAeiiHeM reoMeTpHnecKoro noAoSHH. noAodne hbjichhh b hii* 
oSbiHiio ne coOjnoAaeTCH. OSbiHHO ohh AaioT jiHinb BHemHee npeACTanjii" 
HHe naTypbi h cjiyncaT b ochobhom ajih AeMOHCTpauHOHHbix uejieii.

* ll30M0p<pHblMU C'IHTaiOT THKHe flBe CHCTeMbl A H B OgbeKTOB, AJIH KOTOpblX BblnOJI- 
hhiotch cJieayiomHe ycjiobhh:

1) KaiKAOMy ofiteKTy (napaMeTpy) a/ H3 CHCTeMbi A OAHO3Hanio cooTBeTCTByeT 
ofibeKT (napaMeTp) bi H3 chctcmh B, h HaofiopoT;

2) KaxnoMy oTHonieHHio b cHcreMe A 0AH03HaHH0 cooTBeTCTByeT OTHOuieHHe b chc- 
TeMe B, h HaoOopoT;

3) ecjiH HeKOTopbie oCbeKTbi (napaMeTpw) a1( a2, ... b cHCTeMe A CBH3aHM HeKOTO- 
poft 3aBHCHMOCTbK> F (aJ( a2, ...) = 0, TO B CHCTeMe B AOJDKHH SblTb CBH33HbI COOTBeTCT- 
ByiouiHe oSbeKTbi: F± (blt b2, ...) = 0.

rOMOMOptpHblMU Ha3blBaiOT J(Be CHCTCMbl A H B, MeiKJiy KOTOpblMH HeT B33HMHO OflHO- 
BHaHHoro cooTBeTCTBHH, t. 6. oahs CHCTeMa HBjiaeTCH ynpoineHHoii Konneft Apyroft.

4>H3H4ecKne MOAeJiH npeAHa3HaHeHbi rjiaBHbiM o6pa3OM ajih Bocnpm 
H3BeAeHHH 4)H3HKH npOHCXOAHHXHX HBJieHHH Ha yCTaH0BK3X (MOAejIH\l, 
pa3JiHHaioLii,HxcH napaMeTpaMH h MacuiTaSoM. OH3HnecKoe MOAejiHpoBaiinu 
coxpaHHeT ocodeHHocTb npoBeaeHHH SKcnepHMeHTa, ho cymecTBeHHo ynpo« 
HjaeT nojiyneHHe hckommx pe3yjibTaTOB, T3K k3k b stom cjiynae BbiSnpa- 
iotch yAodHbie pa3Mepbi, AHana3OH H3MeHeHHH HccjieayeMbix BejiHHHii 11 
t. a. W3MepeHHH Ha moacjih npiixoAHTCH npoBOAHTb h Torfla, Kor,n,a pc- 
ajibHbifi oObeKT enje TOJibKO npoeKTHpyeTcn. B stom cjiynae MOAejibHbie nc- 
nbiTaHHH yHHTbiBaioTCH npH npoeKrapoBaHHH. KccjieAOBaHHH Ha 4>h3H'K'- 
ckhx MoaejiHx npHMeiiHioT h TorAa, KorAa H3-3a cjiohchocth caMoro odbeKia 
jih6o rpaHHHHbix ycjiOBHii paccnHTaTb ero BooSme hcbo3mo}kho hjih ao- 
CTOBepHocTb pacueTa TpeSyeT TmaTejibHoft 3KcnepHMeHTajibHoft npoBep- 
kh. TaKHe >Ke HccjieAOBaHHn npOBOAHT, hto6m anpo6HpoBaTb HOBbie 
pacneTHbie MeTOAbi, npHMeHeHHbie ajui em,e HepemeHHbix 3aAan.

K ^HsnqecKOMy MOAejiHpOBaHHK) mojkho OTHecra, HanpHMep, BCe HC- 
CJieAOBaHHH Ha TeH3OMeTpHHeCKHX MOAeJIHX.

MaTeMaTHHecKHe moacjih He Tpe6yioT reoMeTpHHecKoro hjih 4ih3h- 
necKoro hoao6hh MeiKAy MOAejibio h o6beKTOM. Ohh ocHOBaHbi Ha BO3- 
mojkhocth npHMeHHTb ypaBHeHHH (naHi,e Bcero AHtjxjiepeHHHajibHbie), 
onncbiBaioiAHe npouecc hjih CHCTeMy, k HaType h moacjih.

B MaTeMaTHnecKOM MOAejiHpoBaHHH OAHa CHCTeMa hohhthh nepeBOAHTcn 
b Apyryio. npnpoAa hbjichhh b o6i>eKTe h moacjih moikct 6biTb coBepmeH- 
ho pa3JiHHHa. ToiKAecTBeHHOCTb ypaBHeHHH, onncbiBaioiUHx HaTypy h mo- 
Aejib,— ocHOBa MaTeMaTHnecKoro MOAeJinpoBaHHH, hjih MOAeJinpoBaHHH 
no aHajiorHH. MaTeMaTHnecKoe MOAejinpoBaHHe hbjihctch TexHHnecKoft 
peajiH3auHeft aHajiornH. OcymecTBJineTCH oho, HTo6bi nojiyHHTb hhcjich- 
Hbie sHaneHHH BejiHHHH, xapaKTepH3yiom,Hx HaTypHbift o6beKT, no AaHHbiM, 
H3MepeHHblM Ha MOAeJlH. MOAeJIb o6bIHHO nOA^HpaiOT T3K, HTO^bl 3TH 3aMe- 
pbi mojkho 6buio npoBecTH c. MeHbineft TpyAoeMKocTbio, neM Ha HaTypHOM 
oft'beKTe.

MoAejib o6beKTa (jiHKCHpyeTCH MaTeMaTHnecKoft CTpyKTypofi, KOTOpaa 
CnOCO^Ha H3OMOp(J)HO HJIH TOMOMOptJlHO * OTp33HTb CBOftCTBa o6beKTa, 
npoHBJineMbie hm b pa3JiHHHbix SKcnepHMeHTajibHbix ycjioBHax.
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I' UllCCHHeCKHM EtpHMepOM MaTeMaTHHeCKOH MOflejIH MOHteT CJiyjKHTb 
I'1'llieJIbHbIH SJieKTpHHeCKHH KOHTyp, COCTOJHHHH H3 eMKOCTH, HHflyK- 

iui'" III H aKTHBHOTO COnpOTHBJieHHH, KOTOpblH MOflejIHpyeT KOJie6aHHH 
mimmecKoro ManTHHKa. /j[BH>KeHHe TaKoft HHepunoHHoft Maccbi onHCbi- 
i'irn na ocHOBe 33KOHOB HbioTOHa h A'AjiaM^epa cyMMHpoBaHHeM Bcek 

i (H Mepy HAeajiH3au.HH paccMaTpHBaeMoro npouecca), AeiicTByioiHHX 

Ta6jiuufl 3

1 HM' 
*<MI nfi- 
Hiriu 
Hinii- 
lii'iimi

a y P 9 (0 w dw
~dT

d2w
IF2'

1 Inpfl- 
Mrip

Macca KO3(J)- 
(j)HIXHeHT 
ynpyro- 
CTH

Mexanuue
Kostj)-

TpeHHH

CKue KOJiefi
Biieiu-
HHH CH-
Jia

anuH

Otkjio- 
HeHHe 
nojio>Ke- 
HHH paB- 
HOBeCHH

Cko- 
pOCTb

ycKopeHHe 
(CKOpOCTb 
H3MeHeHHH 
CKOpOCTH)

Chm- 
Ioji m k r X

dx
~cU=v

d2x dv
~dt2==~lu

ll/ipa- 
MCTp

Hhayk-
THB-
HOCTb

Akthb- 
Hoe co- 
npOTHB- 
jieHHe

djieumpun
BejIHHH-
Ha, 06- 
paTHaa 
eMKOCTH

?CKue KOJiet
3AC

'iOHUJl

3jieK- 
TpHie- 
CKHH 3a- 
pstA

OjieK- 
Tpnqe- 
CKHH 
TOK

CKOpOCTb
H3MeHeHHH
TOKa

Chm- 
UOJI L R 1 

C
E (0 <7 dq , 

~dF = /
d2q dl
dt2 ~ dt

iiii 9Ty Maccy. B cocTaB cyMMbi npn HyjieBbix HanajibHbix ycjioBHHx bxo- 
ni r: CHJia HHepHHH Maccbi, AeMncjiHpyioinan CHJia B03AymH0H cpe#bi, ch- 
'iii npyjKHHbi. CyMMa paBHa CHJie, KOTopaa HanpaBJieHa BBepx h nrpaeT 
pOJIb HCT0HHHK3. /JjIH SJieKTpHHeCKOH UenH, Ha OCHOB3HHH 33K0H0B KnpX- 
ro(|ia, cyMMa naaeHHH HanpnxceHHH b 33MKHyT0M KOHType paBHa Hyjno, 
njiii HHaqe: cyMMa naaeHHH HanpnxKeHHH Ha HHAyKTHBHOCTH, cmkocth h 
IIKTHBHOM COnpOTHBJieHHH paBHa HanpHJKeHHIO HCTOHHHKa.

O6a npouecca mojkho onncaTb oahhm h TeM xte AH4’4)ePeHU'Ha'JIbHbIM 
ypaBHeHHeM

d2w , a dw , , Q ,,.«-dZ—+ P^f + y“’ = 0(O.

WHTepnpeTaHHH chmbojiob stoto ypaBHeHHa ajih MexaHHwecKHX h 
wjicKTpHnecKHX CHCTeM npHBeAeHa b Ta6ji. 3. <&H3HqecKaa npnpoAa sthx 
lipOIieCCOB COBepmeHHO pa3JIHHHa, HO OHH H3OMOp(|)HbI. U3MepHTb 9JieK- 
rpnnecKHe BejiHHHHbi Ha moacjih mojkho ropa3Ao 6ojiee tohho, neM H3OMop(})- 
llbie C HHMH BejIHHHHbl Ha HHTypHOM o6'beKTe.
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1 i b 1 |.j-—i

Ot Bcex MOAejiefi MaTeMaTHHecKHe OTjiHHaiOTCH TeM, hto cpeACTBOM oiui 
caHHJi MOAejieii h hx H3yqeHHH HBJiHeTCH ^opMajibHO-JiorHHecKHfi annapaf 
MaTeMaTHKH. Xtpyroe BaxcHoe npenMymecTBO MaTeMarauecKHX MOAejieii • 
yHHBepcajIbHOCTb H3bIKa MHTeMaTHKH, BO3MOJKHOCTB HCnOAb3OBaTb OAHU 
h Te x<e MOAejiH ajih HccjieAOBaHHii pa3AHHHbix no cBoefi cyra 4)H3HHecKn i 

CHCTeM. Ha stom h ocHOBam.i 
HameAniHe HiHpOKoe npHMeim 
HHe aHaAoroBbie ManiHHbi.

IJiHjipoBbie MaTeMaTHHecKiu 
MOAeAH — yCT3H0BKH, COACp 
xomne HHcJjpoBbie 6bicTpOAeiic i ■ 
Byronrae AHCKperabie MamHHiJ, 
HacTpoeHHbie Ha padoTy n<> 
onpeAeAeHHoii nporpaMMe • I 
AOTHHeCKOH MOAeAH.

H3 Bcex npHBeAeHHbix tii- 
noB MOAeAeii b AaAbHeiimeM no- 
APO6HO paCCMOTpHM AHIIIb Ma- 
TeMaraqecKHe. EIpHMeHeHHe nx 
Aah pemeHHH 3aAan Kpyqe- 
hhh AaeT nopa3HTeAbHbiii 9(|>- 
(JieKT.

ByAyT paccMOTpeHbi cAeAy- 
roiirae MaTeMaranecKHe moac- 
AH-aHaAorn: 1) MeMdpaHHaa; 
2) THApOAHHaMHHeCKHe; 3) 3AeK- 
TpOAHHaMHqecKan.

1. MeMSpaHHaa MOAeAb (aHaAorHa) ycTaHOBAeHa b 1904 r. JI. npan- 
ATAeM.

PaccMOTpnM >KecTKHH KOHTyp, C0BnaAarom,HH c KOHTypoM cKpyqHBae- 1 
Moro cTepjKHH. Ha stot KOHTyp HararHBaeTcn oAHopoAHaa MeMdpaHa, ' 
KOTopaa noABepraeTCH paBHOMepHOMy nonepeiHOMy nocTOHHHOMy AaBAe- ! 
HHIO HHTeHCHBHOCTH p. BBHAy M3A0CTH TOAIH,HHbI MeM6paHa MOMeT pa6o- 
TaTb TOAbKO Ha pacrajKeHHe. B paBHOBecHH OHa yAepJKHBaeTCfl pacrariiBa- 
ioihhmh CHAaMH q, paBHOMepHO pacnpeAeAeHHbiMH no KOHTypy (pnc. 8.6).

BbipexieM H3 MeM6paHbi SAeMeiiT dxdy h coct3bhm ypaBHeHHe ero paBHO- 
BecHfl, cnpoeKTnpoBaB Bce npHAOHceHHbie k HeMy cham Ha BepraKaAbHyio 
ocb z. IlepeMeineHHe MeM6paHbi b HanpaBAeHHH och z o6o3HanHM nepea 
w. YroA HaKAOHa KacaTeAbHOH b CHAy MaAocra AetJropMairaii npHMeM a «

OyHKiraa w = w (x, y), h noaTOMy yroA HaKAOHa b TOHKe b

. da , dw , d2w , a+_dx«_ + __dx.

K CTopoHe aa' SAeMeHTa abb'a' npHAOJKeHa cHAa Hara>KeHHfl qdy. 
C yneTOM HanpaBAeHHfl och z npoeKHHfl stoh cham Ha ocb z paBHa — qdy-^-. 

npoeKHHH Ha Ty xce ocb cham, AeHCTByroineii no CTOpOHe bb', cooTBeT- 
CTBeHHO paBHa qdy dx'j. OnycKaa AaAbHeiimHe noflCHeHHH,
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.... . i \ p itiiiciine paBHOBecHH gjieMeHTa MeMopaHbi!
c)a> , , / dw , d2w , \ ,-q^dy + qi^ + ^-dxjdy-

-q wdx +q (w + dy) dx + pdxdy = Q-

|||iniiiaii, uojiyqHM

dx2 + dy2 q ' (8.60)

pm iiruiH MeMfipaHbi Ha KOHType He 6y«eT H3-3a jkcctkocth KOHTypa, t. e.
w = 0 Ha L (L — KOHTyp MeMdpaHbi). 

I Iojiojkhm Tenepb
(8.61)

® (x, y) = -^- <D (x, y). (8.62)

....... ...  (8.62) b (8.60) npnfleM k ypaBHeHHio

• ....... . .. coBna#aeT c (8.42), a KOHTypHoe ycJiOBHe (8.61) nocjie
•n !■ iii.i (8.62) — c KOHTypHbiM ycjiOBHeM (8.44).

'I .ikiim o6pa3OM, 3HaneHiiH (JjyHKUHH HanpnxeHHH <D (x, y) npn Kpyne- 
ii n ii . njioHiHoro ynpyroro cTepjKHH nponopnHOHajibHbi MajibiM nporndaM 
H' i' ibpaHbi, HaTHHyTOH Ha KOHTyp, noAoOHbiii KOHTypy nonepeHHoro ce- 
>iuiii'.i cTepjKHn, h noABeprHyTOH oAHOCTopoHHeMy paBHOMepHOMy AaBJie- 
IIiiih BbinyKJiyio noBepxHOCTb MeMdpaHbi JI. TlpaHATjib Ha3Baji xoamom

AiiajiorHH M0>KeT npeTeHAOBaTb Ha npaBo cymecTBOBaHHH npn co6jiio- 
i' miii cjieAyiomHX ycjioBHfi:

1) CHJibi, AeficTByiomHe napajwiejibHO njiocKocTH xy, paBHOMepHO pac- 
np<AejieHbi no Bcefi MeM6paHe;

2) iiaTHJKeHHe tohkoh MeM6paHbi HacTOJibKo bcjihko, hto nporn^bi 
!'<■, o6ycjiOBJieHHbie co6cTBeHHbiM bccom, npeHe6pe>KHMo Majiw;

3) HaKJiOH MeM6paHbi no Bceft ee njiomaAH He6ojibinoH.
MeM6paHHyro aHajiornro mojkho Hcnojib3OBaTb He TOJibKO npH H3yneHHH 

hpV'iCHHH npii3MaTHHecKHX CTepJKHefi, a h AJia MaTeMaTHnecKoro moacjih- 
pmianHH Bcex AeyMepHbix nojieii, onncaHHbix ypaBHeHHeM IlyaccoHa.

BmAcjihm Ha AeiJiopMHpoBaHHOH MeM6paHe mhojkcctbo tohck, HMeromHX 
pjinibie nporH6bi (w = const). JIhhhh, Ha Korapbix AexiaTsth tohkh (jihhhh 
p iinibix nepeMenjeHHH), mojkho paccMaTpHBaTb khk cjieAbi ceneHHH Ae- 
'1'ipMHpOBaHHOH MeM^paHbl Ha6opOM SKBHAHCTaHTHblX nJIOCKOCTefi, napaji- 
n ibHbix KOHTypy,— TonorpaiJiHqecKHX ropH3OHTaAefi. 3th ahhhh ecTe- 

i uichho Ha3BaTb zopu3OHtnajia.MU. IIoctohhctbo nepeMemeHHH W Ha 
dau n 11>pii3OHTaA5ix noATBepiKAaeT npaBOMepHocTb yTBepJKAeHHH = 0.

ycTaHOBAeHHaa paHee aHaAorHH no3BOAHeT 3aKAioHHTb, hto

(8.63)

n nosTOMy Ha ropH3OHTaAHX <D = const.
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OnpeaejiHM b tohkc A npoeKuw KacaiejibHoro HanpHJKeHHH Ha Hopm rn, 
N (pnc. 8.7):

tjv = txz cos (N, x) + xyz cos (N, y).
Hcnojibsyn (8.41) h (8.17), nojiyqHM

dy 
ds

30)
dx

dx \ 
ds ]

TaKHM o6pa3OM, yqHTbiBaa (8.63), HMeeM

t. e. cocTaBJimoman KacaTejibHoro Hanpfi>iv<«< 
hhh, HopMajibHaa k ropH3OHTajiH, OTcyTCTnycr,] 
OTcioAa cjieayeT, hto nojiHoe KacaTejibHoe n.i 
IipHJKeilHe B JII06OH TOHKe rOpH3OHTaJIH Hanpilli 
jieHO no KacaTejibHoft k Hefi. Ha stom ochoiui 
hhh ropH3OHTajiH nacTO Ha3biBaioT mpaeKmin 
ptiHMii KacamejibHuxHanpaaiceHuu.

HaiiAeM Tenepb paBHOAeiicTByioiii.ee Kacio 
TejibHoe HanpjuKeiiHe. Ero mo>kho nojiyqim., 
ecJiH cnpoeiiHpoBaTb cocTaBJimoiiiHe (yqHTbinaii 
paHee npnHHToe nojioiKHTejibHoe HanpaBJieiinc) 
Ha KacaTejibHyio k ropH3OHTajiH (pnc. 8.7):

T = xX2 cos (N, y) — xyz cos (N, x) = kG <?d> dy , d® dx
~dy + ~§T ~dN ’

HJIH

+
TjV = 0,

Ecjih nepeiiTH k nporndaM MeMSpaHbi (8.62), to ajih t nojiyqHTCn TaKoc
BbipaiKeHiie:

PI3 (8.64) bhaho, hto TaHreHHHajibHoe HanpHHieHHe nponopuHOHajibiio 
TaHreHcy yrjia HaKJiOHa MeMSpaHbi k ropH3OHTajibHoii hjiockocth, npoxoAH- 
iixeii qepe3 paccMaTpnBaeMyio ropH3OHTaJib. MaKCHMajibHoe KacaTejibHoe 
HanpaxceHHe cooraeTCTByeT toh TOHKe, rAe yKJion noBepxHocra mhkchmb 
JieH. IIOCKOJIbKy T0pH30HTaJIH npOBOAHT 3KBHAHCT3HTH0, T0 HaHfiOJIblHHli 
yKjioH (HaHSojibinee KacaTejibHoe HanpniKeHHe) Ha6jnoAaeTcn b MecTe cry- 
tn,eHHM ropH3OHTajieii:

'Imax (8.65)

BejiHHHHa y, BXOAHman b (8.65), noKa He onpeAejieHa. KacaTejibHbie 
HanpH>KeHHH MaKCHMajibHbi y KOHTypa ceneHHH, noaTOMy ajih hx onpeAe- 
JieHHH npoBOAHT OAHy ropH3OHTajib b HenocpeACTBeHHoii 6jih3octh ot koh- 
Typa. B toh TOHKe, r^e ropH3OHTajib Han^ojiee 6jih3ko Hoaxoaht k KOHTy- 
py, h HinyT HaH6ojibinee HanpniKeHHe (8.65). Hto^m h3hth BejiHqiiHy -y, 
Bocnojib3yeMcn BbipajKeHHeM (8.48) ajih Mz. 3aMeHHB b HeM npn noMomn
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Hl',h 'I' im u>, no/iyuHM

M, = 2kG$j QdF
F

= 4&G-Mf u>dF = 4fcG-S-V, 
P J/ p

B|| I o6l.eM, 3aKJHOHeHHblfi MeiKAy AetjlOpMHpOBaHHOft MeMdpaHOft H
Hi|...... . njiocKOCTbio, npoxoAHiiieft nepe3 KOHTyp (o6beM Hanpn-
■niniii 1 l i (8.66) cjienyeT, hto

q Mz
p 4kGV ’

■ ii".niMy BbipaweHHH (8.64) h (8.65) 3anHinyTCH Tax:
M, dw

T = ~^7~~dN~'

/ dw \

w.
2V

Mz 
'fmax 21/

(8.66)

I*.  Hi 11 2V, to
max

dw , 
T = =

Tmax — f'av") = (tga)max-

\ /max

lnncpmaH o6cy>KAeHHe nojiyqeHHbix pe3yjibTaTOB, 3aMeTHM, hto mcm- 
i ........m Moaejib-aHajior «aeT B03M0>KH0CTb SKcnepHMeHTajibHO H3yHaTb
'I .iip>|>KCHH0e COCTOHHH6 CTep/KHefi, Ha (JlOpMy KOHTypa KOTOpblX He Ha- 
i inti.iBaiOTCH HHKaKHe orpaHHneHHH. TaKHecTepxi- 
llll ('JIO/KHOrO npo4)HJIH o6bIHHO H3-3a 9TOfi CJIOJK- 
iini m ne HMeioT npneMJieMoro penieHHH. B skc- 
ii>>|iiiMeiiTajibHbix ycTaHOBKax b KanecTBe MeM6pa- 
111,1 lipiIMeHHIOT pe3HHOByro H MblJIbHyiO njieHKH,

i ii.i naKJioHa H3MepHi0T npn noMoinji pasjiHHHbix 
"iiiipicckhx ycTpoiicTB. <Ihcjio H3MepHeMbix napa- 
‘n ipoB b tbkhx SKcnepHMeHTax HeBejiHKo: yKJioH 
H'lliepXHOCTH MeM6paHbI H o6beM, 3aKJH0HeHHbIH 
.... . nefi. MeM6paHHan aHajiornH aaer bo3mo>k- 
ii"'ti. cocTaBHTb HarjiHAHoe npeacTaBJieHHe o xa-
pnK iepe (jiyHKUHH <D, a cjieAOBaTejibHo, h o TpaeKTopiiHX KacaTejibHbix
II HipiIIKeHHH.

i(jIH IIJIJHOCTpaUHH Bcero H3JIO>KeHHOrO paCCMOTpHM HeKOTopbie npn- 
Mrpbl.

OnpeaejiHM HanpHiKeHHH b CTep/KHe Kpyrjioro ceneHHH. 3tot cjiynaft 
ninepeceH TeM, hto ajih Hero b § 8.2 nojiyneHO TOHHoe penieHHe. ripeiKAe 
i" i ro HafiaeM bha xoJiMa HanpHxteHHfi, noKa3aHHoro Ha pnc. 8.8. Ajih stoto 
myMH 6jih3khmh napajuiejibHbiMH och chmmctphh z hjiockocthmh x ■=*  

*• x0 h x = x0+ dx BbiaejiHM nojiocKy, KOTopyio 6y«eM TpaKTOBaTb kbk
III TOByiO HHTb C 3aKpenJieHHbIMH KOHTypaMH. KpHBaH, no KOTOpOft H3O- 
I HPTCH 3Ta nOJIOCKa, HOCHT Ha3B3HHe l^enHOll AUHUU. OhB OnHCblBaeTCH 
ypiiBHeHHeM

(8.67)

w = a ch -y-, (8.68)
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Hennyio jihhhio c AOCTaTOHHofi CTeneHbio tohhocth mojkho annpoKciiMin 
poBaTb napafiojioii. .HeficTBHTejibHO, pa3Jio>KHM npaByio qacTb (8.68) u 
CecKOHenHbiH paa

Kor.ua MaKCHMajibHaa CTpejia npoBHcaHHH wmax Majia, ajih Majibix 3h<tic« 
hhh x qjieHbi pafla obicTpo ySbisaioT. 3to aaeT B03M0?KH0CTb orpaHHHH'rmi 
jiHnib AByMH nepBbiMH qjieHaMH pnfla, hto SKBHBajieHTHo 3aMeHe ueniioA 
jihhhh KBaApaTHoii napaSojioii

w=a + -Wxi- |

YAodHee npeAcraBHTb 3Ty (JiopMyjiy b BHfle

= (8.69)

riOCTOHHHbie R H 33BHC5IT OT a U HMeiOT (JlHSHHeCKHft CMblCJi: H — Maii 
CHMajibHan CTpejia npoBHcaHHs; R — pamiyc cKpyqnBaeMoro cTep>Kii>i 
ZXjih onpeaejieHHH H ncnojib3yeM 33BHCHMocra Mz = 2V. OSbeM napa 
fiojiOHjia BpameHHH

y==nJ^ = 2^.
0 

ripHpaBHHBafl
V = H V = -5^-,

nojiyHHM
# = -^F • (8.70)

flocjie noacTaHOBKH (8.70) b (8.69) bhahm, hto

HanpsoKeHne t onpeAejiHTCs no (8.67);
_ dw _ Mz Q.. _ Mzx Mz ..
~ dx ~ aR*  X ~ aR*  ~ Jp Xl

2
TaKHM o6pa3OM, Mbi npHinjiH k paHee nojiyueHHOMy pe3yjibTaTy (cm. § 8.2).

B KanecTBe 2-ro npnMepa paccMOTpHM KpyqeHHe npH3Mara<iecKor<> 
•CTepiKHH c ceneHHeM b BHjie y3Koro npHMoyrojibHHKa 2a X 2b (pnc. 8.9. 
a). Xojim HanpajKeHHH 3£ecb cHMMeTpnqeH oraocHTejibHO odenx ocefi-- 
x h y. B HanpaBJieHHH och y H3orHyTaH MeM6paHa (3a HCKJHoqeHHeM o6jiac- 
ra, HenocpencTBeHHo npnMbiKaioinefi k rpaHimaM npnMoyrojibHHKa y • 
= ± b) npeacTaBHT co6ofi. ijHJiHH/ipHHecKyio noBepxHocra — «nojiymi- 
jihhap», HanpaBJimoinaH KOTopofi, c yneTOM 3aMeqaHnii npeAbiAymero npn- 
Mepa, MOJKeT 6bira npHHHTa 3a napa6ojiy (pnc. 8.9, 6):

x*=-^z.  (8.71)
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(8.71) HecKOJiBKO OTJiHnaeTCH ot (8.69) bhaom kohct3ht.
.......... crpeMJieHHeM npnaaTb nocjieaHHM (JiHSHnecKHH cmhcji: H —
M> ii i.i n.naH CTpeJia npornSa MeM6paHbi; a — nojiOBHHa uiHpHHbi xoji- 
........ . OueBHAHO, HTO o6"beM «nojiyuHJiHH/ipa» 

V = -^-abH.

MzH'no u.i<y V = —~,

jj__ 3Mg
~ I6ab -

l> .b arejibHoe HanpHJKeHHe onpe/iejiHTca khk np0H3B0AHaa ot nporn- 
(H /I);

3At

< i'K BHAHO, hto HaH6ojibiiiee Hanpn>KeHHe Ha ajihhhoh cTOpOHe 6y.neT 
n r “■ a:

3M
Tmax ~ 8a2b ‘ (8.72)

)i..i >m‘ pe3yjibTaT mojkho nojiynHTb H3 tohhoto pemeHHH b panax ajih 
BpMMnyrojibHHKa (cm. § 8.4), nojiowHB, hto — AOCTaTOHHO Majio.

M u6paHHyio aHajiorHio JierKO o6o6in,HTb ajih cjiynan MHorocBH3Hbix 
ll'i' iiiieii. CjienyeT cpa3y otmcthtb, hto npoBecTH 9KcnepHMeHT ajih 

Phc. 8.9

tin ii ■; cTepJKHeii oneHb TpyAHO. nosTOMy Hcnojib3OBaHHe aHajiorHH cbo- 
i.i i. .i i< nojiyneHHio tojibko KanecTBeHHbix oiienoK. IIo sthm npHHHHaM He 
|y i. i ACTajibHO o6cy«<AaTb h o6ocHOBbiBaTb cnoco6bi MOAejinpoBaHHH ajih 
MII..I i)CBH3HbIX CTepjKHeii, a OTMeTHM JIHIHb OCHOBHbie peK0MeHA3HHH;

I llliemHHH KOHTyp MeM^paHbl AOJHKeH 6bITb HAeHTHieH BHemHeMy 
|t>n i ypy cTep>KHH; nepeMemeHHH stoto KOHTypa 6biTb He aojdkho.

" BnyTpenHHe nycTOTbi-KOHTypbi MOAeJinpyioTCH HeBecoMbiMH hjio- 
. .1 >iii iwiacTHHaMH — AHCKaMH, HMeromHMH ijiopMy BHyTpeHHHX nyCTOT H 

iMpiijuieJibHbiMH Me?KAy co6oh. 3th ahckh AOJHKHbi 6biTb npHKpenjieHbi K 
M' io|>;me h cbo6oaho nepeMemaTbca b HanpaBJieHHH, nepneHAHKyjinpHOM
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k hx iijiockocth (pHC. 8.10). IloBepxHOCTb HeHarpyjKeHHoft MeMOpa- 
Hbl nOCJie H3bflTHfl flHCKOB AOJDKHa HMeTb BHfl npo^HJiH HccjienyeMoro 
CTepjKHH.

3. 3arpyjKaioT ahckh tcm >Ke paBHOMepHbiM AaBJieHHeM, hto h MeM- 
SpaHy.

npaKTHHecKoe ocymecTBJieHne MeM6paHHoro MOAejinpoBaHHfl mojkho 
ycJiOBHO pa36nTb Ha Tpn rpynnbi:

1. B KaqecTse MeMgpaHbi Hcnojib3yeTC5i MbiJibHaa njieHKa hjih mchhck 
pa3flejia Mexcay HecMeniHBaiomHMHCfl jkhakocthmh. IIoBepxHOCTb njieHKH, 

HaxoAHmeficH noa AaBJieHHeM, 
4>oTorpa4)HpyeTC5i. IIo nojiy- 
qeHHbiM CHHMK3M onpeAejiflioT-■ 
ca yKJiOHbi ToneK njieHKH. IIo- 
jioiKHTejibHbie cTopoHbi 3TOH pe- 
ajiH3amiH — npocTOTa h MaJiasi 
3aTpaTa BpeMeHH Ha onbiTbi, ot- i 
pHuaTejibHbie — HeaocTaTOHHaii 
TOHHOCTb B 3OHe BXOA5HU.HX 
yrjiOB KOHTypa h onpeAejien- I 
Hbie TpyAHocTH npn o6pa6oTKO 
rpatJiHHecKoro MaTepnaJia.

2. XleiJiopMHpoBaHHbie MeM- I 
SpaHbi, npHMeHaeMbie 3flecb, ts 
Hce, hto h b npejibiAyiHeM cjiy- I 
nae. OAHaKO ajiii H3MepeHiifi 
npHMeHaeTCH mctoa Henocpex- I 
CTBeHHOTO H3MepeHH5I npOTH- I 
6ob h yrjioB HaKjioHa KacaTejib«B 
Hbix. IIojio?KHTejibHoe KanecT- I 
BO — BO3MOJKHOCTb H3MepHTb 

6ojibniHe yrjibi, oTpHuaTejibHoe — cjioxKHocTb o6opyAOBaHHH h AJiHTejib- I 
HOCTb SKCnepHMeHTOB.

3. MeM6paHy H3roTOBJiaiOT H3 tohkoH pe3HHOBoft njieHKH. flpeHMy-1 
mecTBo 3thx MOAejieft — hx AOJiroBeHHocTb, a HeAocTaroK — HeaxeKBaT- 1 
HOCTb MeM6paHbI Tpe6OBa.HHHM HHajIOrHH AJI51 CJIO/KHblX KOHTypOB.

HTo6bi noKa3aTb, khk ocymecTBJiniOTCH H3MepeHHfl Ha npaKTHKe, Kpar- I 
KO H3JIO5KHM OAHH H3 MeTOAOB, OCHOBaHHblft Ha (})OTOrpa(|)HpOBaHHH MblJIb- I 
Hoft njieHKH. Ha pnc. 8.11 noKa3aHa nycTOTejiaa Kopo6Ka 7< c Ha6opoM 
KpblHieK, OTBepCTH5I 0 B KOTOpblX nOBTOpHIOT (JlOpMy HCCJieAyeMblX CTepIK- | 
Heft (3TH OTBepCTHH CJiyiKaT KOHTypaMH AJI5I MblJIbHblX njieHOK). KpblHIKH 
njioTHO npHJieraiOT k Kopo6Ke, b KOTopyio HHJiHHApHnecKHfi Hacoc H Ha- 
THeTaeT BO3Ayx. O6beM BO3Ayxa, nocTynHBinero b Kopo6Ky (o6beM cer- | 
MeHTa MeM6paHbi), onpexejiHeTCH H3MepeHneM xoaa bhht3 Hacoca, CBH3an- 
hoto c nopniHeM.

Ha/t Kopo6Kofi pacnojiaraeTCH Kpyrjibifi ahck /( c ueHTpajibHbiM Bbi- 
pe3OM B, Hajt KOTopbiM HaxoAHTCH HaKJioHHoe 3epKajio 3, BH3npyeMoe ‘ 
o6beKTHBOM 06 ot (JioTOKaMepbi <£>. Ha hh?khioio crapjHy ahck3 HaHeceiia 
peryjiapHafl ceTKa C H3 nepHbix h 6ejibix KBaApaTOB. Ha MbiJibHoft njieHKd 
npH CHJibHOM ocBeixjeHHH OTpaxKaeTCH «maxMaTHbifi» ahck, OTpa?KeHHe ko-
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loporo (J)HKCHpyeTCJi (JxrroKaMepofi <i>. JIjih pacniH(|)poBKH nojiyneHHbix 
IIIIIMKOB HeoSxOflHMO 3H3Tb MaCHITa6 «HiaXMaTKH» flHCKa, paCCTOHHHe MeM- 
fip.iin>i ot m,HTa h pa3Mep KOHTypa. Bmhhcjihb no 4)OTorpa(J)HHM yroji Ha- 
i' lona MeMdpaHbi, mojkho onpeaejiHTb BejiHHHiiy h HanpaBJieHHe Hanpsi- 

■ t imsi h ero cocTaBJimomHX b HHTepecyiomHX TOHKax ceneHHH ae^iopMH- 
pollllllIIOrO CTepjKHH.

2. rnnpoflHHaMHHecKaii MOflejib no3BOJiaeT KanecTBeHHO oueHHTb xa- 
piihiep npoHcxoAHiu,HX npoueccoB npn KpyneHHH CTepjKHefi. TaKHx 
HlliL'IOrHfi CymeCTByeT HeCKOJIbKO. OcTaHOBHMCH Ha OCHOBHblX.

A li a ji o r h h ByccHHecKa. X ByccHHecK nepBbifi 3aMeTHJi, 
•iio ypaBHeHHe (8.42) h rpaHHHHoe ycjiOBHe (8.44) ajih OTbiCKaHHH cjiyHKHHH 
lompsiJKeHHfi 0 npH KpyneHHH CTepncHefi aHajiorHHHbi ypaBHeHHio h rpa- 
llll'IHblM yCJIOBHHM, OnpeAejI5HOHIHM CKOpOCTH CJIOeB.BH3KOfi jkhakocth npH 
" uiMHHapHOM TeneHHH(7?e < 2200) no Tpy6e, KOHTyp KOTopofi coBnaaa- 
• I I' KOHTypOM CTepJKHH, nOflBepFHyTOTO KpyneHHIO. npH ABHHieHHH )KHA' 
hOCTl! no Tpy6e C OCblO, OpHeHTHpOBaHHOfi no OCH Z, CKOpOCTb JKHflKOCTH 
i' DKiia yAOBJieTBopaTb ypaBHeHHio nyaccoHa:

^+>=-^4=^ <8-73>

3 nrc i>
•*/»ij — naAeHHe rnApoAHHaMHHecKoro AaBJieHHH, npHHHMaeMoe nocTO- 
..... .. npH yCTaHOBHBHieMCH ABH)KeHHH; Po— KOSfJxjjHHHeHT a6cOJHOTHOfi 
l' IIKOCTH JKHAKOCTH.

I la cTeHKax Tpy6bi ckopocth jkhakocth paBHbi Hyjno (ycjiOBHe Pefi- 
HoJibAca):

w = 0. (8.74)
VcJIOBHH (8.74) H (8.44) HAeHTHHHbl. AjIH HAeHTH^HKaiJHH ypaBHeHHft 

(i< 73) h (8.42) Heo6xoflHMo nojio)KHTb
Idp g

Po dz -

..... BJieneT 3a co6oft Tpe6oBaHHe jiHHeftHoro H3MeHeHHH rHApaBJinqecKoro 
i.iiiJieiiHH no /yiHHe Tpy6bi:

P = — 2|V-
A h a ji o r h s A. TpHHXHJiJia. Abtop aHajiorHH noKa3aji, 

'ii" (|)yHKHHH HanpsDKeHHfi Q npH KpyneHHH coBnaaaeT c (JiyHKHHefi TOKa 
II U IIJIbHOfi )KHAKOCTH npH njIOCKOM TeHeHHH ee B Tpy6e, npo([)HJIb KOTOpofi 
n'HlofieH ceueHHio CKpynHBaeMoro CTepMHs. UjipKyjiHHHH jkhakocth b 
i pyrte npoHCXOAHT npn HajiHHHH BHxpa, paBHoro — 2.

U3 THApOAHHaMHKH H3BeCTHO, HTO npoeKHHH CKOpOCTH )KHAKOCTH
fi(D*  _ d(D*

Vx" dy~ ’ vy~ dT (8.75)

1 'IIII AOJDKHbl 6bITb nOAHHHeHbl yCJIOBHK) HeC)KHMaeMOCTH HAeaJIbHOfi )KHA- 
hocth;

dx 1 dy
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KpoMe Toro, aoji>kho BbinojiHflTbCfl ycJiOBHe nocTOHHcraa KOMnoHeHra bh| 
p« OTHOCHTejIbHO OCH 2.'

dvx dvy   d2<D*  . d2<D*
dy dx dx2 dy2 (8.7(1)

VpaBHeHHe (8.76), K3K bhahm, coBnaaaeT c (8.42).
CpaBHHBaa (8.41) c (8.75), 3aMenaeM, hto

^XZ — Gkvx', tyz = GkVy.
FpaHHHHbie ycJiOBHH TaKJKe coBnaaaioT: KacaTejibHbie HanpajKeHHii n 
ckopocth ABH>KeHHH HacTHH >khakocth HanpaBJieHbi no KacaTejibHoii M 
KOHTypy.

B 9TOH aHaJIOFHH KOMnOHeHTbl CKOpOCTH TeneHHH JKHflKOCTH MOAeJinpyl 
<ot KacaTejibHbie HanpnjKeHHH, h HaoSopoT. Pe3yjibrapyioiii,aH KacaTejn. 
Hbix Hanpa>KeHHH 6y.neT cooTBeTcraoBara o6men cKopocra jkhakochi 
rHApoAHHaMHHecKaa MOAejib npHBOAHT k yraep>KAeHHio, hto b BbiCTynaio 
ihhx no oraoineHHK) k KOHTypy rpy6bi yrjiax CKOpocra jkhakocth npH^Jlnl 
HcaeTca k Hyjiio (oHa raM 3acTaHBaeTca), hto roBopiiT 06 OTcyTcraiiii n 
9toh 3OHe KacaTejibHbix HanpH>KeHHH. Bo bxoahhihx yrjiax CKOpod 
th jkhakocth TeoperanecKH pacTyT 6ecK0He<iH0, hto BJieneT 3a co6(iii, 
KaK cJieAcrane, yraepJKAeHHe o 3HanHTejibHofi KOHueHTpauHH HanpHHK’- 
hhh b 9toh 3one. OTcioAa Me cjieAyeT, hto Majibie no BejiHHHHe Kpyramm 
MOMeHrai MoryT Bbi3biBara b 30He bxoashhhx yrjioB MBJieHHe TeKynecra y 
njiacTHHHbix MaTepHajioB h nonBJieHHe Tpenjnii y xpynKHX.

rHApoAHHaMHHecKan aHajiorHS HarjisiAHO noKa3biBaeT, hto ajih ABy- 
cBH3Horo rjiaAKoro KOHTypa CKopocra (KacaTejibHbie HanpnxeHHn) 6ojii,- 
uie y BHertiHero KOHTypa. B TOHKOcreHHbix Tpy6qaraix KOHTypax H3M61 
aeHHe CKopocra no TOJimnHe Majio, h noaTOMy mojkho CHHTara, hto Hanpsi- 
KeHHH BAOJIb TOJIIHHHbl CTeHKH nOCTOHHHbl. J(efiCTBHTejIbHO, CyMMapiIOU 
ycHJine T no TOJiiii,HHe h

T = Tcp/l,
tcp — cpeAHee no TOJimHHe iianpn/KeHHe. 3to ycjioBHe cooraeTcrayci 
pacxoAy jkhakocth b eAHHHuy BpeMeHH, npoTeKaiomeH <iepe3 oceBoe ce- 
qeHHe ® = h • 1. OTCiOAa mojkho 3aKJHOHHra, hto npn H3MeHeHHH tojiiah- 
hh CTeHKH BAOJib KOHTypa: h = h (s) KacaTejibHoe HanpH>KeHHe TO>Ke Me- 
HneTca o6parao nponopHHOHajibHO TOJim,HHe ctchkh.

ripoHJiJiiocTpHpyeM npHMeHeHiie rHApoAHHaMHuecKofi aHajiornH im 
necKOJibKiix npHMepax. Bbi6epeM y>Ke pemeHHbie 3aAa*iH,  pacnojio>KHB iix 
b nopHAKe Hapacraiomefi cjioikhocth.

1. CmeptxceHb Kpyejioeo ceneHun. XnAKOcra abh^kctch b Kpyrjiofi Tpy6e 
C nOCTOHHHOfi CKOpOCTblO. JlHHeHHbie CKOpOCTH >KHAKOCTH, COOTBeTCTBy- 
lOHlHe pa3HbIM TOHKaM paAHyCa, JIHHefiHO 3aBHCHT OT paCCTOHHHH, KOTOpOe 
OTAejiaeT hx ot ueHTpa Tpy6bi. 3Aecb Ha6jnoAaeTCH oceBaa chmmctphh ot- 
HocHTejibHO och BpameHHSi. Hanpn>KeiiHH b KpyrjioM cTep>KHe pacnpeAe- 
JI5HOTCH T3KHM >Ke 06pa30M.

2. CmepjKenb dJiJiunmuHecKoeo ceHeHun. JlHHefiHbie CKopocra >khakoc- 
th b cocyAe, ocHOBaHne KOTOporo HMeeT cjiopMy gjijiHnca c ochmh a h b (a > 
> b), 6ojibme b fex tohkhx ajwiHnca, KOTopbie HMeioT MeHbmyio KpHBH3Hy, 
t. e. CKopocra b TOHKax, Jie>Kam.HX Ha KOHuax och a, MeHbrne CKopocra u
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i \, JK'>Kaui,HX Ha KOHiiax ocn b. CnpaBeflJiHBOCTb TaKoro yTBep>KAeHHH 
■ln i<" ycMaTpHBaTb b tom, hto o6"beMbi jkhakocth, npoTeKaiomeH Hepe3
■ lll 10'11(11 B eflHHHHy BpeMeHH, flOJDKHbl 6bITb paBHbl Me>KAy C060H. TaKHM 
Hflpn iom, KacaTejibHbie HanpnxKeHHn, KOTopbie b stom cjiyuae MoaejiHpy-
■ 'HU CKOpoCTHMH IKHflKOCTH, flOCTHTHyT HaH^OJIbUierO 3HaHeHHH Ha KOH- 

IIII' ocn b.
1 ('.meptHcenb npHMoyeoAbHoeo ceneHua.. Xoa paccyiKAeuufi ocTaeTcn 

■iii'UM >kc, KaK h b npenbuyiiieM cjiyuae. B cpenHefi qacTH 6ojibniHX ctopoh
■ 'I' 1.1 JlHHHfi T0K3 yMeHbHiaeT KpHBH3Hy H npn6jIH>KaeTCH K npHMOJIHHefi- 
■"h CreneHb npn6jiH>KeHH5i 33bhcht ot cooTHomeHHn ctopoh npHMo- 
■1" ujiiiKa. 4eM y>Ke ceueHHe npaMoyrojibHHKa, TeM 6ojibme k npsMOJiH-
IH'liiinMy ouepTaHHio npn6jiH>KaK)TCfl jihhhh TOKa y 6ojibniHX CTopoH. 
|l 11.1X npaMoyrojibHHKa ikhakocth 3acTaHBaeTCH. IloaTOMy mo>kho ro- 

■npnTb 0 Majiofi BejiHHHHe hjih nojiHOM OTcyTCTBHH KacaTejibHbix HanpjiiKe- 
11111) II 3THX 3OHaX.

A 11 a ji 0 r h 8 ToMCOHa h T a t a ocHOBaHa Ha tom, hto ecjin 
■i' unaTb Tpy6y BOKpyr ee och c nocTOHHHoft yrjiOBofi CKopocTbio co, 
I" iJiyilKHHH <D (x, y) T0K3 HfleaJIbHOfi >KHflKOCTH OTHOCHTejIbHO ocefi X 
n u. ikcctko CBH3aHHbix c BpamaiomeficH Tpy6ofi, 6y«eT rapMOHHqecKofi:

V2O> = 0.
I |'1iiniHHbiM ycjiOBHeM b 3tom cjiyuae 6y#eT Tpe6oBaHne, hto6m Ha BHyT- 
i" iiiiefi noBepxHOCTH Tpy6bi BbinojiHHJiocb paBeHCTBo

<D = -^--|-C, (8.77)

I i>- C — const, a R — paflHyc Tpy6bi (R2 = x2 4- y2).
113 conocTaBJieHHH (JiyHKUHH Q h conpniKeHHofi cjiyHKiiHH KpyqeHHH F 

1111 (iio, hto o6e ohh rapMOHHuecKHe, a rpaHHHHbie ycjioBHH (8.20) h (8.77) 
"riianaiOT, ecjiH nojioxHTb co = 1. ZIjih peaJiH3aiiHH 3Tofi aHajiorHH 6biJi 

ii"< raBJieH 9KcnepHMeHT, b kotopom (JioTOKaMepy coeAHHHJiH c Bpama- 
i' 'in iimch cocynoM. K BOfle npHMeiiiHBajiH ajuoMHHHeByio nyapy. Ha CHHMKe 
ii'i lyqajiHCb jihhhh KacaTejibHbix HanpmKeHHfi.

3. SjieKTponHHHMHHecKaji MOiieJib (aHajiornfl). Bbi6op MOflejiHpyioiiiHX
■ ii' k'M onpeAejiHeTcn y£o6cTBOM npoBe/ieHHH aaMepoB h SKcnjiyaTaiiHH, 
\ IIIIIICpCaJIbHOCTblO H SKOHOMHUHOCTbK).

>)jieKTpHuecKHe moacjih nauajiH npHMeHMTb 3HauHTejibHo no3>Ke, hcm 
Ml'M6paHHbie H THApOAHHaMHHeCKHe. SjieKTpHHeCKHe MOHeJIH OTBenaiOT 
ii' l>("iHCJieHHbiM paHee Tpe6oBaHHHM h KpoMe toto oTJiHuaioTcn 6ojibinofi 
im/loKHOCTbK). Ohh npome b H3roTOBJieHHH h, caMoe rjiaBHoe, yHHBepcajib- 
III.I StO OTHOCHTCH K3K K ypaBHeHHHM, nOAJie»aUlHM MOflejIHpOBaHHK), 
I.IK H K TpaHHUHblM yCJIOBHHM.

OcHOBHbie THnbi sjieKTpoAHHaMHHecKHx Moaejiefi — npoBOAHiu,He 
' |n7(bi h njiacTHHbi, ajieKTpojiHTHuecKHe MonejiH, a T3K>Ke uenn c cocpe- 
KiioMeHHbiMH napaMeTpaMH.

Hojih, onucbiBaeMbie ypaBHeHueM Jlanjiaca, mo>kho CMoaejiHpoBaTb,
II IMepHfl Ha COOTBeTCTByiOmeft MOflejIH OflHH H3 Tpex SJieKTpHMeCKHX na- 
|'.IMCTpOB: COnpOTHBJieHHe, eMKOCTb HJIH HHHyKTHBHOCTb. ft3MepMTb CO- 
npoTHBJieHHe 6ojiee npennouTHTejibHO, thk khk hh HHflyKTHBHyio, hh eM- 
1 ocTiiyio Moaejib, He coAepxamue aKTHBHoro conpoTHBJieHHH, co3naTb 

151



HeB03M0>KH0, a aKTHBHbie COnpOTHBJieHHfl COflepjKaT JIHHIb He3HaHHT('JIM 
nyio peaKTHBHocTb. $opMa npoBOAnmeH cpe/tbi oSbiHHO reoMeTpHHecMi 
no/ioSHa cpopMe npoTOTHna (ceneHHH). rpaHHHHbie ycjiOBHM 3aAaioTci| 
npn noMoniH tokob hjih Hanpn>KeHHH. PacnpeaejieHHe HanpH>KeHHfi I 
npoBOAnmefi cpe#e perHCTpHpyeTCfl ajieKTpHnecKHMH H3MepHTejibHbiMH npn< 
fiopaMH.

SjieKTpoflHHaMHHecKoe MoaejiHpoBaHHe, ocHOBaHHoe Ha ceTOHHbix au 
npoKCHMaiiHnx h npHMeHeHHH aHajioroBbix MamHH HenpepbiBHoro Aeft< 
Gtbhh, 3flecb ocBemaTb He SyneM.

§ 8.6. TeopeMa o mipKyjiHnjiii KacaTejibHoro iianpaiKeHiin 
npn KpyqeHHn

HupKyjinyueu Kacamejibuoeo natip Mce/iu nHa3biBa&rcfi KpHBOJiiiHeftnbifi
HHTerpaji

(8.78)

B3HTbift no 33MKHyTOMy KOHTypy L BHyTpH nonepeuHoro ceqeHHa CKpyHii-
BaeMoro CTepjKHH (pnc. 8.12). (J[ajibHeftniee H3Jio?KeHHe npHMeHHMO k

Phc. 8.12

CTep>KHHM C OflHO- H MHOTOCBH3HbIM C0- 
ueHHeM).

IXnpKyjiHUHH nojiH no KOHTypy L —- 
3T0 pa6oTa, coBepniaeMan npn nepeMe- 
HI,eHHH TOHKH B nOJie BflOJIb KOHTypa L. 
B (8.78) tsz — npoeKHHH KacaTejibHO- 
ro HanpHJKeHHH i B npOH3BOJIbHOft TOH- 
Ke KOHTypa Ha HanpaBJieHHe KacaTeJib- 
HOfi K KOHTypy B 3TOft TOHKe:

tS2 = t„ cos (s, x) + t^ cos (s, y).
(8.79) 

Wcnojib3yH (8.17), nepenHmeM (8.79):

EcJIH HCnOJIb3OB3Tb IpOpMyjIbl (8.11), TO

*
OTcioAa

Tsz

rszds = kG

HJIH
TS2ds = kG [dcp + (xdy — ydx)]. 

rioACTaBHM (8.80) b (8.78);

c| Tszds = kG (j) dq> + kG ■ J (xdy — ydx).
L L L

(8.80)

(8.81)
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l' piuiiuiniieftHbifi HHTerpaji ot nojiHoro AH^epeimHajia BAOJib jno0oro 
..............  KOirrypa L, jiejKamero BHyTpn oSjiacTH (ceneHHH) F, paBeH
ih' lln sitom ochobhhhh 1-e cjiaraeMoe b npaBoft nacTH (8.81) paBHo 

7IIII lllKHM o6pa3OM,

‘Szds = kG ® (xdy — ydx). (8.81a)
L L

* 'I iorti.i BbiHHCJiHTb HHTerpaji, o6paTHMc« k4>opMyjie OcTporpaACKoro —
........   KOTopaa HBJiaeTCH hjiockhm aHajioroM (jiopMyjibi CTOKcai

p (Pdx + Qdy) = j j dxdy. (8.82)
s

|*rii  i. /’ II Q — HenpepbiBHbie 4>yHKii.HH c HenpepbiBHbiMH nacTHHMH npo- 
.... IHI.IMII 1-ro nopHAKa BCioAy b o6jiacTH SnHaee rpaHHixe.
(i|n)pMHpyeM jieByio nacTb (8.82) tbk, hto6m OHa coBnajia c HHTerpa- 

t»M, i toiuuhm b npaBofi nacTH (8.81a), nojio>KHB ajih stoto P = —y, a
► VI <

(xdy — ydx) = 2 f j dxdy = 2F.

I IKIIM o6pa3OM,

(8.83)

I'iiiichctbo (8.83) hocht Ha3BaHHe meopeMbi o pupKysiHyuu KacamejibHbix 
U/ui/i'UKeHuu. 3Ty 4>opMyjiy coBepmeHHo hhhm nyTeM, 6e3 npHMeHeHHH 
E.|i lyjibi CroKca, nojiynHJi b 1896 r. P. BpeflT. TeopeMa BpeflTa $opMy- 

iup rrcfl cjiejiyiomHM o6pa3OM: HHpKyjiflHHfl KacaTejibHoro HanpnjKeHHfl 
H' iMKiiyTOMy KOHTypy, hcjihkom jieJKameMy b npeaejiax nonepeuHoro 
h 1'111111, paBHa njioinaflH, orpaHHneHHoft sthm KOHTypoM, yMHOJKeHHoft
ii ii ikG.

l eopeMa Bpeura — Heo6xoAHMoe h AOCTaTOHHoe ycjiOBHe OAHO3HanHoc-
iii yiipyrnx nepeMemeHHft b cKpynnBaeMOM cTep>Kiie, onpeflejifleMbix ue- 
|h i i|iyiiKHHio KpyneHHH. Ecjih Bbipa3HTbTs2qepe3 (JiyHKHHio HanpajKeHHft, 
iu (H.83) 3anHineTCH TaK:

(8.84)

|i. i reopeMa no3BOJifleT nojiynHTb KOHTypHbie 3HaneHHfl (pyHKUHH Hanpa- 
■> uimft O Ha Bcex n BHyTpeHHHX KOHTypax. TXeftcTBHTejibHO,



|. , .. HlipKyjISmHH K.'ICII ICJlbllblX HanpHJKeHHH oco6o B3JKH3 npH |)fl|
< niiii MHorocB5i3in.i x < repjKHefi. B 3tom cjiyqae4>yHKiiHH HanpsijKeiiiit 
<.. 1 niia yAOBJieTBopsrn. ypaBHeHHio IlyaccoHa h, noMHMO toto, AonojinB 

<< ibHOMy ycjiomiio (8.84), KOTopoe rapaHTHpyeT OAHO3HanHOCTb ocem.i 
^enjiaHaiiHH b cKpyHHBaeMOM cTepiKHe.

§ 8.7. KpyneHiie TOHKOCTeHHbix CTepatHeS

B HH»eHepHbix coopyjKeHHHx Bce name npiiMeHHioT KOHCTpyKmiH 11 
TOHKOCTeHHblX CTepHCHefl: B aBHa-, paKeTO- H CyAOCTpoeHHH, CTpOHTeJlb 
CTBe h ap. OSycjiOBJieHo sto tcm, hto TaKHe CTepxHH nponHbi h jkcctkh npi 
HeSojibnioM coScTBeHHOM Bece.

ToHKOCmetiHblM Ha3bIBaiOT T3KOH CTep>KeHb HHJIHHApHHeCKOfi HJIH tlfl 
8M3THHeCKOfi (JlOpMbl, BCe TpH H3MepeHHH KOTOpOTO HMeiOT pa3JIHHHbM 
nopnAOK: TOJimHHa 6 ctchok Majia b cpaBHeHHH c jyiHHofi d KOHTypa no 
nepenHoroceqeHHB, a nocjieflHHH Majia b cpaBHeHHH c AJiHHofi l CTepiKiuii 

4->8^10; 4->s-fio.

no (JiopMe ceneHHH TOHKOCTeHHbie npoiJiHJiH pa3AejimoT Ha OTKpbiTbil 
(OAHOCBH3Hbie --- pHC. 8.13) H 3aMKHyTbie (ABy- H MHOTOCB5I3Hbie -I
pnc. 8.14).

Pa3JiHHaioT HHCToe h cTecHeHHoe KpyneHHe TOHKOCTeHHbix cTep>KHefi| 
TucmbiM, hjih ceH-eenaHoecKUM, KpyueuueM Ha3biBaeTcsi Taxoe Kpyqeniio 
CTep>KHH, Korjia Bce nonepenHbie ceneHHH aenjiaHHpyioT oflHHaKOBol

jLD IT 1 r -) r
L J L

Pnc. 8.13 Pnc. 8.14

npofloJibHbie BOJioKHa coxpaHaioT cboio AJiHHy h, K3K cjieACTBHe, nones 
peuHbie ceneHHH CBodoflHbi ot HopMaJibHbix Hanpn>KeHHfi, KacaTejibHbie 
we pacnpeAeJiniOTCH no BceM ceneHHHM oahh3kobo. npH CTecHeHHOM 
KpyneHHH (hhotah ero Ha3biBaiOT u3eu6HbiM KpyueHueM') hmciotch Te hjih 
HHbie npenHTCTBHH CBo6ojHOMy HCKpHBJieHHio ceneHHfi. B 3tom cjiynae 
npoAOJibHbie nepeMemeHHH cTepiKHH cTecHeHbi, CTepxceHb HCKpHBJiHeTcii 
h b ceneHHHX, nepneHAHKyjiHpHbix k och, KpoMe KacaTejibHbix Hanpsi-1 
xeeHHH BO3HHKaioT em,e h HopMajibHbie pacTHTHBaioinHe h cxHMaiomHcl 
HanpnjKeHHM, oSycjiOBJieHHbie h3th6om npoAOjibHbix sjieMeiiTOB b AByx' 
nJiocKOCTHX. rioMexofi cBo6oAHOMy HCKpHBjieHHio nonepeHHbix ceneHiiii 
TOHKocTeHHoro cTepjKHH MoryT cjiy?KHTb: 1) 3aKpenJieHHe KOHHOB CTepjKHJI 
b HenoABH>KHofi cpeje hjih coenHiienHe TopuoB ero c jk6ctkhmh nna- 
4)parMaMH; 2) H3MeHeHne no AHHHe cTep>KHH KpyTJHiiero MOMeHTa; 3) ne-i 
peMeHHocTb ceneHHH no /yiHHe CTep?KHH.

OCT3HOBHMCH JIHHIb Ha HHCTOM KpyHeHHH.
KpyneHHe OTKpbiTbix (oahocbh3hmx) CTepiKHefi. PaccMOTpHM HHCToe 

KpyneHHe oahocbh3hoto TOHKocTeHHoro cTep>KHH, cocTaBJieHHoro H3 npa- 
MoyrojibHbix nojioc (pnc. 8.15). ByaeM nojiaraTb, hto TOJiniHHa nojioc no- 
OTOHHHa. JJjih npoKaTHbix npo<|)HJiefi sto Tpe6oBaHne BbinojiHHeTCH He CTpo-

154



..... . nepBOM npH6jiHJKeHHH ycpejmeHHbie TOJimHHbi mojkho cnHTaTb
• Mi'llllblMH.
I |inii.iTaeMCH Hcnojib3OBaTb pemeHHe ajih cTepxcHH c nonepenHbiM

■ iini'M b BH«e BbiTHHyToro npHMoyrojibHHKa (cm. § 8.5). MbicjieHHO 
........ . TOHKOCTeHHblH CTepjKeHb (pHC. 8.15) Ha SJieMeHTbl, KaXAblH H3 

KOTopbix HMeeT npHMoyrojibHoe ceneHHe 
l( X /z(-. ITpH6erHeM k MeM6paHH0H aHa- 
JIOTHH.

i I'.cjih cpaBHiiTb xojimm HanpHxceHHH ajih Bcero ceneHHH h oTjiejibHbix 
UpllMoyrOJIbHHKOB, TO MOJKHO npeAnOJIOJKHTb, HTO npH npOHHX paBHbix 
\. huihhx nporHSbi, cooTBeTCTByioiHHe npnMoyrojibHHKaM, 6y,nyT 6jih3KH 
ii u|M>rn6aM, cooTBeTCTByioinHM BceMy ceneHHio. Otjihhhh Ha6jnonaiOTCfl b 
.... .  pa3pe3OB, nocKOJibKy b sthx MecTax nporH6oB MeM6paHbi He 6y.neT.

I ’ K'HosaTejibHO, o6i>eM xoJiMa HanpnxKeHHH Bcero ceneHHH npn6jiH3HTejib- 
im pimeH (ouih6kh HaKonjuiiOTCH b cTbiKax) cyMMe o6T>eMOB xojimob Hanpn- 
M'iinii OTflejibHbix npHMoyrojibHHKOB. 9to, -b cboio ouepeAb, 03HanaeT, 

I hiii iKccTKOCTb cocTaBHoro TOHKOCTeHHoro cTepjKHH npH KpyneHHH paBHa 
I |i onpeAejieHHofi norpeniHocTbio) cyMMe >KecTKOCTeH cocTaBJiniomHX 
! •ll|H!CTbIX» CTepJKHeH.

I locKOJibKy ajih TOHKOcTeHHoro CTep>KHH -----MaJian BejiHHHHa, to

I II (8 59) MOJKHO OnyCTHTb 2-H HJieH. Tor.ua JKeCTKOCTb H KpyTHIIXHH MOMeHT 
C = -y-Ga3d; M = -^-Gkasb. (8.85)

OueHHM norpeniiiocTb, KOTopan npn 3tom B03HHKaeT. Ecjih H3 (8.59) 
111.1'iecTb (8.85) h noAejiHTb Ha (8.59), to pe3yjibTaT, b3hthh no Monyjiio, 
II 'IIICT BejIHHHHy OTHOCHTejIbHOH norpeniHOCTH.’

A 192 a
5 b

n—iien

nnb
2a

I niiep6ojiHHecKHfi TaHreHC HHKor.ua He Bbime enHHHHbi, a noaTOMy

n—Heq

nnb
~2a~ < S 1.0045.

n—He«i
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, , A 192 b x n ao b r. b . 1C yqeTOM SToro A = —5------ , hjih A — 0,63 — . Ecjih — < ~nr In a cz cl 14 i
to A He npeBbiCHT 5%, uto ajih TexHHnecKHx pacneTOB cjieayeT cHHTaid 
npneMJieMbiM.

B o6o3HaqeHH5ix pnc. 8.15 (JiopMyjibi (8.85) mojkho nepenncaTb CJie/iyJ 
ioiiihm odpa3OM:

C = 4- Gh*l\  A1 = 4" Gkh31- (88,i)

B 3thx >Ke o6o3HaqeHH5ix (JiopMyjia (8.72) 6y#eT BbirjisiAeTb Tan:
_ 37W

Tmax = ,

hjih c yqeTOM (8.86):
Tmax = Gkh.

RraK, AJi5i npotJiHJiH, cocTaBJieHHoro H3 y3KHx npiiMoyrojibHHKOn,

't'Z max ^Gkhi^G — hi^ 3Mhj
(8.87)

B nojiocax npsiMoyrojibHoro ceneHHii, H3 kotopmx cocTaBJieH npo^HJib, 
HaH6ojibmee nanpHHieHHe BO3HHKHeT B^ojib kpomok HanSojiee niHpoKoll 
nojiocbi.

Cjie/iyeT oTMeTHTb, hto nojiyneHHbie (jiopMyjibi He ynHTbiBaioT kohucht- 
pauHH Hanp5i>KeHHH b yrjiax, o6pa3yiomHXC5i npn conp^DKeHHH nojioc.

KpyneHHe 3aMKHyTbix (ABycBH3Hbix CTepjKHeii). B tohkoctchhom 3aM- 
KHyTOM cTepiKHe TOJiniHHa CTeHOK (Boo6m.e roBopii, He o65i3aTejibHO no- 
cTosiHHoro ceneHHii) Majia no cpaBHeHino c ocTajibiibiMii pa3MepaMH nonepea- 
hoto ceqeHH5i. B stom cjiynae xojim HanpiUKeHHH c 6ojibmoH cTeneHbio 
flOCTOBep HOCTH M05KH0 annpOKCHMHpOB3Tb KOHHHCCKOH nOBepXHOCTblO 
(pHC. 8.16). 3to paBHOpHaHHO nonymeHHio, hto yKJiOH MeM6paHbi b npe- 
Aejiax TOJiiiiHHbi ctchkh npaKTnqecKH He MeHiieTcn.‘

IlpHMeHeHHe MeM6paHHofi aHajiorHH ajisi Tpy6qaTbix CTepjKHeii c yqeTOM 
caejiaHHbix 3aMeqaHHH npHBOflHT k thkhm nonymeHHSiM: 1) KacaTejibHbie 
Hanp5i>KeHH5i b cTeHKe TOHKOCTeHHoro npo<|)nji5i napajwiejibHbi b Ka>K,noii 
ero TOHKe KacaTejibHoii k cpeAHHHOH jihhhh b stoh TOHKe (cpeduHHbiM koh- 
mypoM ceueHua., hjih cpeduHHou Jiuuueu, Ha3biBaiOT jihhhio, npoBejieHHyio 
nocpenHHe Me»ay BHemHHM h BHyTpeHHHM KOHTypaMH); 2) KacaTejibHbie 
HanpnHieHHH He H3MeHHioTC5i no TOJiiHHHe ctchkh.

Cjienyii IlpaHATJiio, onpeaejiHM HanpiDKeHHe x KaK yKJiOH MeM6paHi>i 
(pHC. 8.16):

’-T73-. *8-88»

r«e h — pa3H0CTb ypoBHeii; 6 (s) — TOJiiHHHa ctchkh CTepJKHH, nepeMen- 
Haii no KOHTypy.

CB5i>KeM iianp5i>KeHHe x c KpyTsmiHM momchtom M. PaHee 6biJio ycTaHOB- 
JieHO, hto KpyTnmHH momcht paBeH yABoeHHOMy o6beMy xojiMa Hanpn- 
weHHii:

M = 2Fh, (8.89)
1
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t
|*  F njioinaAb, oTBeqaiomaa cpeAHHHOMy KOHTypy ceneHHH. Ee moikho
|n Miirpniiarb khk cpeflHee apHtJjMeTHwecKoe Meauiy njiomaflHMH Hapyat- 
hhi ii niiyTpeiiHero KOHTypoB.

Ihm< iauHB (8.89) b (8.88), nojiynHM

(8.90)M
T — 2F6 (s) ’

I Kiu aTCJibHoe HanpaHteHHe saMKHyToro KOHTypa H3MeHHeTCH b 33bhch- 
Itaiii oi iwim.HHbi CTeHKH KOHTypa h AocraraeT MaKCHMyMa b chmom 
K.iii u'1 mcctc. B OTKpbiTOM >Ke KOHType HaHGojibniHe HanpaHteHHH (8.87) 
K iiiiiijiior b MecTax, rae TOjmiHHa ctchkh HaHdojibmaH.

1 Irofibi onpeaejiHTb KpyTKy k, t. e. yroji 3aKpynHBaHHH Ha eflHHHuy 
|iiiiii.i, uocnojib3yeMCH TeopeMoii o HnpKyjiHiiHH KacaTejibHoro HanpHHce- 
lini, npiiMeHHB ee k cpeAHHHofi jihhhh:

(j,- xds — 2kGF.

(1'1'1' i iijiib ciOAa t H3 (8.90), noJiyiHM

k = A1 C ds 
4F2G 6 (s) "

)l m cjiy'ian, Koraa 6 (s) = 6 = const,

K~ 4F2G6 ' (8.91)

I limfiojibHiaH njiomaAb cpeflH KOHTypoB y Kpyra. FIoaTOMy HaHMeHb- 
iiiiii- iianpHJKeHHH h HaHOojibiiiaH jKecTKOCTb npHcymH Kpyrjiofi TpySe.

IhiTepecHO cpaBHHTb jKecTKocTb Kpyra h Apyrnx ceneHHfi, HToObi 
i •■ niuecTBeHHO npocjieflHTb npeHMymecTBa Kpyrjioro ceneHHH.

I lcpenHmeM BbipaJKeHHe (8.58) ajih jkcctkocth h yiTeM npnsTOM (8.91)!

C = 4G6 —.s

hi i iiicjihm 3HaueHHe C ajih HeKOTopbix npoipHJiefi, nojiaran, hto ajihhs
.... ..  . s y Bcex bthx KOHTypOB oflHHaKOBa:

ii) Tpyda Kpyrjioro ceueHHH 
s = nD', F = n2D2

4n
jt£)2
~F~

/72 s3
s 16n2 ’

fi) iipHMoyrojibHoe ceieHHe = n (b > a)

s = 2a + 2b\ F = ab\ 
i

s = 2a (1 + n); F = a2n\

a = s . c S2rt
2 (1 +n) ’ r “ 4 (1 +n)a ’

F2 n2s3
~ ~ 16(l+n)*  ’
C n2

4(1 + n)4 G6s3.
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TaGjiuqa

CptiuiiHiiaeMoe
ceqeHue

Sjuihitc npHMOy TOJIbHHK
PaBHOCTOpOIH
HHii Tpeyrojiu 

HHK± = 2
a

±=3 
a — = 1 a

i=2
a — = 3. a

OTHomeHne 
xecTKocTefi

Cj
CKp 0,68 0,32 0,62 0,49 0,35 0,37

JXjih KBaapaTHoro ceqeHHa

Cocthbhm oTHomeHHe MecTKocTefi KBaflpaTa h Kpyra

£kb_

CKP
= 0,62.

TIoAofiHbie cooTHomeHHH moikho nojiynHTb, cpaBHHBaa CKp c wecT- 
KocTbio Apyrnx npo^iHJiefi. OnycKan noscHeHHH, CBe#eM pesyjibTaTbi n 
TaCji. 4. TaK eme pa3 ydejK/iaeMcn b npeHMymecTBax Kpyrjioro ceqeHHii.

KpyneHHe MHorocBH3Hbix cTepiKHeft. PacneT Ha KpyqeHHe tohkoctch-
HOTO MHOrOCBH3HOTO CTepjKHH no CyTH He OTJIHHaeTCH OT paCCMOTpeHHOTO. 

B CHJie ocTaioTcn AonymeHHa o (JiopMe 
xojiMa HanpnjKeHHH h, khk cjieacTBHe, 
AonymeHHH, npHHHTbie npn npH6jiHX<eii- 
hom onpeaejieHHH npoH3BOU,Hbix. JTjih mho- 
rocBH3Horo KOHTypa TeopeMa o HHpKy- 
jiiihhh KacaTejibHoro HanpnjKeHHJi npHMe- 
HsieTCM y>xe He oahh pa3, khk sto 6mjio 
caejiaHo paHee, a cTOJibKO, cKOJibKO BHyT- 
peHHHX KOHTypOB COflepTKHT MHOTOCB5I3- 
Hoe ceneHHe.

CHanajia paccMOTpnM npocTyio 3aaa>iy 
AJi5i KOHTypa, HMeiomero Bcero ABe BHyT- 
peHHHe nojiocTH, a 3aTeM HaMeTHM ny™ 
pemeHH5i ajiii 6ojiee cjiojkhoto cjiyqan.

PaCCMOTpHM CeqeHIie C £ByM5I BHyTpeHHHMH nOJIOCTHMH (pHC. 8.17). 
Sflecb IiyHKTHpHblMH JIHHII5IMH 0603Ha>ieHbI 0>iepTaHH5I KOHTypOB KO- 
Topbie oxBaTbiBaioT cooTBeTCTByiomne njiouiaflH F( h acjiht nonojiaM toji- 
iijHHy CTeHOK npoi|)HJi5i, nocT05iHHyio AJI5I Kax<Aoro yqacTKa. 3th KOHTypbi 
pacnojiojKeHbi b pa3Hbix njiocKocTsix, thk khk nepeMem,eHHH ikcctkhx ahc- 
kob, cooTBeTCTByiomnx njiomaAsiM Fit HeoAHHaKOBbi. KacaTejibHbi*  Ha- 
npHXteHHII o6O3HaHHM, K3K H O^blHHO — 6yKBOH T C AByM5I HHAeKCaMH. 
HyMepau,H5i hhackcob cooTBeTCTByeT HyMepau,HH nojieft (njionjaAefi),
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...... iiuiioujhx k CTeHKaM npoi|)HJifl, rae B03HHKaeT sto KacaTejibHoe na- 
■i i riiiie, npHHeM BHemHee nojie o6o3HaflHM hhackcom «HOJib»: 

^0=-^-; t2o=-^; (8.92)
°10 °20

Tla = =■ T1°61~T2o6s . (8.93)
012

I' pvTflmnii MOMeHT mojkho onpeflejiHTb, yABanBafl o6i>eM xojimh Ha- 
ni hi'iiiiii abbcca:

M = 2 (F^ + Fth2),
■fiii, ncnojib3yfl (8.92);

M = 2Fx610t10 + 2F2620t20. (8.94)
llpiiMeHHM TeopeMy o HHpKyjiaiiHH KacaTejibHbix HanpjiJKeHHH ajih 

MNI iioro KOHTypa:

(8.95)

s, 4321 14

J-&++J
sa 1654 41

1'iHu'piieM HHTerpajibi (8.95), npHMeHHB ajih 0Tpe3K0B nyHKTiipHbix 
miiiiii Ty »e CHCTeMy o6o3HafleHHH, hto h ajia KacaTejibHbix Hanpn- 

'iit'iiiift:

= 2GkFt.

s12 = 'IGkF^,

(8.96)

[ iluiojib3yfl (8.92), (8.93) h nojiaraa, hto Sy =*  Sji, BbipaiKeHHH (8.96) 
I mii/kho 3anncaTb b komh3kthom bhac:

tiosio 4“ Ti2si2 = %GkF'x;

t20s20 — T12S12 =• ZGkF2. (8.97)

/(jifl onpesejieHHfl neTbipex hckomhx BejiimHH t10, t20, t12 h k b HameM
I lincnopflHteHHH 4 ypaBHeHHfl — (8.93), (8.94) h (8.97), pemaa KOTopbie, 
I HOJiyflHM

^20S12 (f i + F2)

^12siqF2 + 6ioSj2(-8i + F2)

T12 ~ M
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T12

Ecjih cTeHKa 1—4 HBJineTCH njiocKocTbio cnMMeTpnn ceneHHH (pHC. 8.17), 
«10= s20> §1O= S20 H Fi = F2. Torna KacaTejibHoe Hanp$i>Keiiu»

= 0, a 3TO O3HanaeT, HTO KpyTHIHHH MOMeHT BOCnpHHHMaeTCH TOJII.HK 
HapyxcHOH cTeHKOH TpySbi; iipo 
Mex<yTonHas nepeMbiHKa 1—4 <ic< 
TaeTca HeHanpmKeHHOH. Bnyh 
peHHHH nepeMbiHKa MoxteT o< 
TaTbCH HeHanpxjKeHHOH h b cji\ 
nae HecHMMeTpHHHoro npocjDHJin, 
ecjiH yaacTca noaoSpaTb reoMer< 
pHHecKne napaMeTpbi TaK, hto(%| 

^10S20^° 1 = ^20S10^ 2'
BbipaxieHHe ajih yrjia 3aKpy-

HHB3HHH k MOJKHO nOJiyHHTb, eCJIH nOflCTaBHTb 3H3H6HHH T B (8.97).
OSpaTHMCH k 6ojiee cjioxcHOMy npHMepy, Koraa noJiocTb, BOKpyr ko> 

Topoii coBepmaeTCH o6xoa, rpaHHWHT yx<e He c oahoh, a c HecKojibKHM|l 
nojiocTHMH (pHC. 8.18). IIocTpoeHHe pacneTHbix ypaBHeHHfi 6y«eT aHfl- 
JIOI'HHHblM TOJIbKO HTO npOBefleHHOMy. IIO3TOMy

*+$

72

ds + f —2g~-3 ds = 2GkF2',
J 23
74

-'-^■ds^GkF^ 
O12

f j A+*+)  A+* -20^.-
ss 456 67 74

YnpomaH, nojiyqHM

'■>f^-M£-',>R=20w'>:
s, 72 67 ,

^2 ds
6 (s2) -M ds

612
ds

623 = 2GkF2',
(8.98)

s2 27 74

ds
6 (sg)

ds
613

HaJ
ds
623

= 2GkF3.
«3 67 74

CncTeMa (8.98) ctpohtch no enHHOMy npaBHJiy, Bce HHTerpajibi, bxoah- 
mne b Hee, nojioxcHTejibHbi no jiorHKe BbiBojia h noaTOMy oHa mojkct chht3- 
TbCH KaHOHHHecKofi. B KaxiAOM ypaBHeHHH nepBbifi njieH hbjihctch HHTe- 
rpajiOM no KOHTypy, BOKpyr KOTOporo coBepinaeTca o6xoa; b 3HaMeHaTejinx 
9thx HHTerpajioB BejiHHHHa 6 (sj ycJioBHo o6o3HanaeT TOJim,HHy ctchkh 
KOHTypa, npHMbiKaiomefi k AaHHOMy KOHTypy. OcTajibHbie HHTerpajibi 
6epyTCH no OTpe3K3M cTeHOK, OT/iejiHioiHHx paccMaTpHBaeMyio nojiocTb 
ot Apyrnx. nojiHoro pemeHHH aaflaHH Heo6xo«HMO k ypaBHeHHHM
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tm) npiirtaBHTb eme oaho:

M = 2 £ htF{.

Ili 'III B TOHKOCTeHHOM CTepJKHe CJIO2KHOTO npO(j)HJIS eCTb K3K OTKpblTbie, 
R...... IIIMKIiyTbie KOHTypbl, TO CTepxeHb 33MKHyT0T0 KOHTypa H npHMblKa-
■hiih'' k neMy npHSMaTHHecKiie (HHJiHHApHnecKHe) crepjKHH cjieAyeT pac- 
■MiiipiiuaTb OTAeabHO. O6mafi JKecTKOCTb Bcero CTepjKHH onpeAejiHTCH 
> i mpoBaHHeM jKecTKOcTefi, ero cocTaBJisiioiUHX.

1' li CMaTpHBaH pa6oTy TOHKOCTeHHblX npO(J)HJieH, OCO6eHHO MHOTOCB5I3- 
iii i ■. necbMa nojie3Ho Bocnoub3OBaTbCH THApoAHHaMHHecKOH aHauorHeft 

I piniXHJUia, KOTOpaa AaeT HarjiHAHoe npeACTaBJieHHe o npoueccax, 
"P iiirxoAHHlHX npn KpyueHHH.

McroAbi, ocHOBaHHbie Ha Hcnojib3OB3HHH MOAeueii-aHajioroB npH pe- 
■< min aaAau KpyneHHH auh TOHKOCTeHHbix cTepJKHefi, He hbjihiotch cahh- 
|»iik-iiiibimh. TpyAaMH C. H THMOineHKO, B. T. TajiepKHHa, JI. C. Jlefi- 
iniioiia, B. 3. BjiacoBa, T. IO. JX>KaHajiHA3e, B. B. HoBOJKHJiOBa, 
A, A. YMaHCKoro, A. H. Jlypbe, A. JI. TojibAeHBeH3epa, H. T. IlaHOBKO 
ii ip. 6biJia co3AaHa 3aKOHHeHHaa, aKcnepHMeHTajibHO npoBepeHHan Te- 
HpiiN, mnpoKO npHMeHseMaa b npaKTHKe HHJKeHepHbix pacneTOB. 3Ta 
i' npnn 0Tpa>KeHa b MHoroHHCJieHHbix cneiiHajibHbix MOHorpac])H5ix h 3Aecb 
iK' paccMaTpHBaeTCH.

TjiaBa 9
obhjhe TEOPEMbi TEOPnn ynpyrocTn

§ 9.1. O6njee BbipajKeHiie ajih paSoTbi BHeniHiix chji

I IpnuojKHM k ynpyroMy Teuy HeKOTopyio CHCTeMy bhchihhx chji. One- 
iniAiio, hto b pe3yjibTaTe TaKoro bo3^hctbhh tcjio H3MeHHT cbok) (JiopMy 
" nojiojKeHHe b npocTpaHCTBe. He^opMHpya Tejio, BHeuiHHe chjim npn' 
•»n)M coBepmatoT onpeAejieHHyio pa6oTy, KOTopaa (ecun hckjhohhtb Ten- 
iniibie, ajieKTpoMarHHTHbie h Apyrne Heo6paTHMbie siBJieHHn) noJiHOCTbio 

111‘pexoAHT b noTeHHHajibHyio SHeprHio ynpyrofi CHCTeMbi. OnpeAejiHM, 
i .u<yio pa6oTy aojijkhm coBepniHTb BHemHHe chjim ajih toto, HTo6bi tohkh 
n',iia nojiyuHJiH nepeMemeHHH u, v, w.

Kax H3BecTHO, BHeniHHe chjim AeJiHTca Ha o^'beMHbie h noBepxHocTHbie. 
Ila BbiAeJieiiHbiH BHyTpn Tejia gjieMeHTapHbiii o6neM AeficTByioT o6i>eM- 
IU.IC CHJibi c cocTaBJinioiHHMH Xdxdydf, Ydxdydz; Zdxdydz. B to jkc BpeMH 
ii.i i<a»AHiH ajieMeHT noBepxHOCTH MOJKeT AeiicTBOBaTb cnua c cocTaBJisno- 
iiiiimh PXNds; PyNds; PZNds (ds — njiomaAb sjieMeHTa noBepxHOCTH ynpy- 
mro Tejia). Ohcbhaho, hto cyMMa pa6oT Bcex bhcihhhx chji, AeiicTByiomHX 
na Tejio Ha HeKOTopbix npoH3BOJibHbix nepeMemeHHHX u, v, w,

A = (Xu + Yv + Zw) dxdydz +

+ J j (Pxnu + PyNv + Pznw) ds. (9.1)
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.VpannenHe (9.1) He H3MeHHTCs, ecjiH k npaBofi nacTH npnSaBHTb n»- 
KOTopyio BejiHHHHy

=n [(^+ Txytn + Xxztl) U + (Xyxl + + Xyzn) v +

+ (xzxl + xzym + o2n) w] ds. (9.1
npHMeHHH k (9.2) (JiopMyjiy OcTporpascKoro — Taycca 

n j" dxdydz ~*̂ P(x’y’ dydz

H yHHTbIB3H COOTHOUieHHH
ds • l = dydz-, ds • m = dxdz; ds • n = dxdy, 

nOJiyHHM, HTO

11 = WII ^xU + T*1,V + T*2tiy) + +7" (Ti,xU + a*u + XyzW^ +
+ (W + xzym + ozn) j dxdydz. (9.3)

npnSaBHM Tenepb k npaBofi qacTH (9.1) BbipanreHHe (9.3) h h3 no.>iy« 
qeHHoro pe3yjibTaTa BbMTeM ToxrnecTBeHHO paBHoe eMy BbipajKeHwe (9.2), 
riocJie npeo6pa3OBaHHfi HMeeM

^4 = H [(+v — +Z — xxym — xxzn) u +

+ (PyN ~ xxyl — oym — xyzn) v + (PzN — xxzl — xyzm — o2n) o>] ds -|-

+ Xyz

>+2r)“ + (>' + %L + ^ + 
T + J+l~'+)“,| dxd«dl +

u . dv , dw . [ du , dv\ ,
7 + + 17 + + +T + T++v 17 + 17/ + 

>t> , dw \ [ dw , du \1 , , , ,n J
7 +17/ + Xxt t + 17/Jdxdydz-

B noJiyneHHOM BbipanreHHH BHemHHe CHJibi, KOMnoHeHTbi nepeM«m,eHii>i 
H HanpHHteHHH COOTBeTCTByiOT K3K 6bl TpeM pa3HbIM npOH3BOJIbHbIM Haripil- 
HceHHbiM coctohhhhm ynpyroro Tejia.

Tenepb npn6aBHM h BbmeM H3 npaBoft nacTH (9.4) BejiHHHny /s, 
paBHyio

jJJ (<Jx8x + + <xztz + Xxyyxy + xuzyyz + TxzYxz) dxdydz.

3tHM Mbl BBOAHM B paCCMOTpeHHe KOMnOHeHTbl AeijlOpMaHHH ex, &y,... 
...,Yxz, cooTBeTCTByioiHHe HeKOTopoMy 4-My npoH3BOJibHOMy HanproKeHHOMy 
COCTOHHHIO. ToTfla

A = H [(P*jv  — oxl — Xxym — Xxzn) u + 

+ (PyN — Xxyl — oym — xyzn) v + (PzN — Xxtl — Xyzm — o2n) o>J ds +
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I + (z + + +rH dxdydz +
I i ,ro

>- Xxy +“£— H+Xyz ("£~+iyz)+
+M4r+-£- - Hldxdydz+

B \ (<Tx8x + ay&y + +sz + ^xyfxy + VyzYyz + Xx2yxz) dxdydz. (9.5)

' paBiieHHe (9.5) npeACTaBJiaeT co6ofi o6m,ee BbipaiKeHHe ajih pa6oTbi 
|l....... .. chji. H3 Hero cjieayeT, hto pa6oTa BHeniHHX chji, cooTBeTCTByio-
L neKOTopoMy npoH3BOJit>HOMy HanpaxieHHOMy coctohhhio, npOH3BO- 
■i iiin na nepeMenjeHHHX, cooTBeTCTByiomHX apyroMy HanpaHieHHOMy 
■■■ mailHIO, CBH33Ha C COCTaBJIHIOmHMH HanpHJKCHHHMH H KOMIIOHeHTaMH 
mi|IMaiIHH, COOTBeTCTByiOmHMH HeKOTOpblM HOBblM npOH3BOJIbHbIM HanpH- 
• ■ UIII.IM COCTOHHHHM.

I lecMOTpH Ha to hto BbipaiKeHHe (9.5) nojiyneHO nyTeM (JiopMaJibHbix 
|in i \ iKneHHfi, oho oneHb yao6Ho ajih A0Ka3aTejibCTBa mhothx o6ih,hx 
IfOpCM.

§ 9.2. Teopeaia KaaneiipoHa

UycTb cocTaBJiHiomHe o6i>eMHbix h noBepxHOCTHbix chji, a thkjkc kom- 
itoiieiiTbi HanpniKeHHH, aecJiopMaiiHH n nepeMeiyeHHH, BXOAHiirae b Bbipa- 
IIU'IIHH flJIH pa^OTbl BHeiHHHX CHJI (9.5), COOTBeTCTByiOT OflHOMy H TOMy JK8 
ii inpHxeHHOMy coctohhhk). B 3tom cjiynae ypaBHeHHe (9.5) 3HanHTejibH0 
ynpocTHTCH. Tan Kai< ynpyroe Tejio h3xoahtch b paBHOBecHH, to nepBbie 
' mrrerpajia b npaBofi nacra (9.5) o6pamaioTCH b Hyjib Ha tom ocHOBaHHH, 

i|iu ajih Bcex ToneK Tejia aojdkhh yaoBJieTBopHTbCH AHiJxfiepeHiiHajibHbie 
\p.iniieHHH paBHOBecHH, a Ha KOHType — rpaHHHHbie ycjioBHH. Tperafi 
miierpaji o6pamaeTcn b Hyjib Ha ocHOBaHHii 33BHCHM0CTefi Kohih. Tenepb 
iibipaiKeHHe «jih pa6oTbi bhciiihhx chji moikho npe^cTaBHTb b Bnu,e

A = j ff + rxyyxf/ + t^ + T„y„) dxdydz.

B § 3.3 6buio noKa3aHO, hto ecjiH Tejio cjienyeT 3aKOHy TyKa, to no- 
■ iimiajibHaH sHeprnH eflHHHiibi o6beMa Tejia, hjih yaejibHaH noTeHiraajib- 

n in 3HeprHH
tt7 = 4“ <°* 8* + aifiy + +e* +

I .IKHM o6pa3OM,
A = 2 JJj Wdxdydz = 2V, (9.6)

i ir V — noTCHiraaJibHaH sHeprnH Tejia.
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IlocjieAHee BbipaaceHne npeACTaBJineT co6oh TeopeMy KJianefipona 
pafioTa BHeniHHX chji, np0H3B0AHMaH Ha cooTBeTCTByiomHX hm nepeMC' 
meHHHx, paBHa yflBoeHHOH noTeHHHajibHoft aHeprHH AetjiopMauHH Te.1.1 
B HanpHHCeHHOM COCTOHHHH, COOTBeTCTByiOIHeM AeftCTBHIO 3TH-X BHeilt 
HHX CHJI.

§ 9.3. Hanajio bobmo/Khbix nepeMeineHiift. 
npiiHijHn MHHHMysia ajih nepeMemeHiift (npnHpim JlarpaHiKa)

B TeopHH ynpyrocTH HCCJieAyeTCH ynpyroe Tejio, npeACTaBJiniomee co«i 
6oft coBOKynHOCTb MaTepnajibHbix tohck h HaxoAameecH b paBHOBecHH no;i 
BO3AefiCTBHeM CHCTeMbl BHeiHHHX CHJI. TIo OTHOILieHHK) k MaTepHajibHoft TOM*  
Ke, HaxoAHmeftcH b paBHOBecHH, Hauajio bosmojkhhx nepeMemeHHfi an- 
KJHOnaeTCH b tom, hto nojiHaH cyMMa paSoT BHeniHHX chji, AeficTByioiHHX mi 
Hee Ha jiio6om bosmoikhom nepeMemeHHH, paBHa Hyjno. Touho thk xie n 
nojiHaa pa6oTa, coBepniaeMan bccmh chjihmh, npnJiOJKeHHbiMH k Tejiy, 
o6pamaeTCH b Hyjib.

IlycTb nepeMemeHHH u, v, w, HanpniKeHHH ox, oy, o2, rxy, ryz, txz 11 
AeijiopMaHHH ex, ey, ez, yxy, yyz, yxz b ypaBHeHHH paooTbi BHeniHHX ciui 
(9.5) cooTBeTCTByioT BHeniHHM Harpy3KaM h npHHaAJiexcaT OAHoft h Tofi >ko 
CHCTeMe. IlycTb Hamn nepeMemeHHH nojiyuaioT HeKOTopbie 6ecKOHeqii<> 
Majibie npHpaujeHHH 6«, 6t>, 8w, KOTopbie AonycKaioTCH cbh3hmh h He hii- 
pymaioT hx. HanpnMep, ecjin HeKOTopan uacTb Tejia 3aKpenjieHa Heno*  
Abhjkho, to b Hefi aojdkhbi BbinoJiHHTbCH cjie.nyioiii.He ycjioBHa:

8u = 8v = 8w = 0.
npH HajiHHHH HeKOTopofi CHCTeMbi nepeMemeHHft pa6oTa, 3aTpaHHBaeJ 

MaH Ha npeoAOJieHHe B3aHMOAeficTBHft Mexcny uacTHuaMH Tejia, paBHa no< 
TeHHHajibHofi SHeprHH necjiopMaHHH, cooTBeTCTByiomefi bthm nepeMemenn- 
hm. Bhuhcjihm pa6oTy 6/1, Koropyio npoH3BeAyT BHeniHiie CHJibi Ha bo:i«| 
mo/kho Majibix npHpamemiHX 8u, 8v, 8w. ,H,jih stoto b ypaBHeHHii pa6on.i 
(9.5) 3aMeHHM nepeMemeHHH h Ae^opMauHH hx npHpameHHHMH. Torjiii 
H3 (9.5) cjieAyeT

6/1 = JH ^x8&x + °i>8en + °>68z + + xy^Yyz + txz8Vxz) dxdydz.

ripHHHMaH bo BHHMaHHe cymecTBOBaiiHe noTeHHHajia ynpyrnx ciui 
(§ 3.3), npeo6pa3yeM npaByio uacTb nocjieAHero ypaBHeHHH:

cxSsx + <+6e„ + . . . + xxz8yxz =
dW R . dW . . , dW « Slr,- + •■ • • + 67x2 ~8W'

TorAa
8A = 6 J£f Wdxdydz = 67. (9.7)

IdTaK, npn bchkom bo3mo>khom oTKJiOHeHHH Tejia ot nojioxeHHH pan 
HOBecHH cyMMa pa6oT bhchihhx chji Ha sthx B03M0>KHbix nepeMemeHiisi x 
paBHa noTeHHHaJibHoft SHeprHH Tejia. Hhmmh cjiobhmh, mm HMeeM npH3Hiut 
paBHOBecHH: nojiojKeHHe Tejia, npn MajioM otkjiohchhh ot KOToporo pa6< >•
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in mieiuHnx chji paBHa npnpameHnio noTeHHnajibHon SHeprnH Tejia, hb- 
I /IIH IVH HOJIOJKeHHeM paBHOBeCHH. 3tOT npH3H3K MOJKeT 6bITb HCnOJIb3O- 

|nn ajih onpeAejieHHH nojio>KeiiHH paBHOBecHH CHCTeMbi.
JlenaH nacTb ypaBHeHHH (9.7) npeACTaBJiaeT coSoii paSoTy 06'beMHbix 

n iniiiepxHOCTHbix chji Ha B03M0>KHbix nepeMeiii,eHH5ix 6», 6t>, 8w h paBHa 
{niniaHHH (H3MeHeHHio) noTeHHHajibHOH SHeprHH Tejia. O6o3HanHM ee 
r Tor.ua, corjiacHo (9.7),

8U = 67,
ii iii, mto to >Ke:

6 (V — [/) = 63 = 0. (9.8)

BbipaiKeHHe b Kpyrjibix CKoSKax npeACTaBJineT co6oii nojiHyio noTeH- 
i lin i ibiiyio sHeprnio ynpyrofi CHCTeMbi 3. OTCioAa mojkho 3aKJHOHHTb, hto 

III prMCmeHHH, AeHCTBHTeJIbHO HMeiOm.He MeCTO nOA B03AeHCTBHeM BHem- 
MIIX ciiji, o6pam,aioT b Hyjib npnpameHHe nojiHofi noTeHHHajibHoii aHeprHH E in it'Mbl Ha jiio6om bo3Mo>khom nepeMemeHHH ot nojioHieHHa paBHOBe- 

■ iiu ' )to aKBHBajieHTHO ycjiOBHio paBHOBecHH ynpyroro Tejia. PaBeHCTBo 
||i, 110 1-h BapnauHH ot 3 roBopHT o tom, hto noTeHHHajibHaii SHeprHH HMe- 

11 iKc rpeMajibHoe 3HaneHHe. Ecjih B3HTb 2-io BapHauHio ot 3, to mo>kho 
iinha iaTb, hto OHa nojio>KHTejibHa, a cjieAOBaTejibHO, b coctohhhh paB- 
liuiieciiH noTeHHHajibHan 9HeprH« HMeeT MHHHMajibHoe 3HaneHHe:

3 = min.

l enepb mojkho c^opMyjiHpoBaTb npHHiijin MHHHMyMa ajih nepeMem,e- 
iiiiIi, iijih npHHHHn JlarpaHiKa: H3 Bcex bosmojkhhx chctcm nepeMemeHHH 

llnpyroro Tejia nepeMemeHHH, AeficTBHTejibHO HMeiomHe MecTO, coo6m,a- 
nu iuiTcimHajibHOH SHeprHH MHHHMajibHoe 3HaHeHHe. EIpHHHHn JlarparoKa 
iuiii'KaeT HenocpeACTBeHHO H3 Hauajia bosmotkhhx nepeMemeHHH.

(JieAyeT oTMeTHTb, hto ypaBHeHHe (9.8) cnpaBeAJiHBO TOJibKO b cjiynae 
'in|iopMHpoBaHHH npH nocTOHHHOH TeMnepaType. B nporaBHOM cjiyuae 
|l UipiDKeHHH H Ae<|)OpMaH,HH BO3HHKHyT He33BHCHMO OT HajIHHHH BHCLHHHX 
111 1 TorAa noTeHHHajibHaa sHeprnH Ae(j)OpMauHH V 6yAeT H3MeHMTbC5i h 
fll'l pa60TbI BHeiHHHX CHJI.

<1 9/i. Hanajio BiipTyaJibHbix imieHeHnii HanpaiKCHHoro coctohhhh. 
npiIHIJIin KaCTIIJIbHHO

B npeAbiAymeM naparpa<|)e 6bui ycTaHOBJieH npH3H3K paBHOBecHH 
^npyroro Tejia, HaxoAnmerocn noA BO3AeiicTBHeM cncTeMbi BHeniHHX chji 
upii iriMeHeHHH nepeMemeHHH. PaccMOTpnM Tenepb iianpHJKeiiHH, cootbct- 

■ inyioimie nojio>KeHHio paBHOBecna Tejia.
llycTb KOMnoHeHTbi HanpHHieHHH, Aecj)opMaHHH h nepeMem,eHHM coot- 

h myioT HeKOTopoft cncTeMe bhcihhhx chji, AeficTByiomeH Ha ynpyroe 
n i, npimeM nepeMemeHHH h Ae<|)opMaHHH CBimaHbi MemAy co6oh cooTHome- 

l<n 1111 Kohih. Hcnojib3yH ypaBHeHHe (9.5), onpeAeJiHM pa6oTy, npoii3BO- 
niMyio npHpameHHHMH BHemHHx chji 6%, 8Y, 8Z, 8Pxn, 8PyN, 8Pzn Ha 
i'iiinibix nepeMemeHHnx tohck npHJio>KeHHH chji.
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t. e.

ll3MeHeHH5i HanpsijKeHHoro coctohhhh, npn KOTopbix npHpameiiim 
BIiemHHX CHJI CBH3aHbI C npHpaiH,eHHHMH KOMnOHeHTOB HanpHJKeHHH ypan 
HeHHHMH CT3THKH,

(6ox) + -^- (6tx//) + (6r«) + 6X — 0; (9.9)

I
bPXN = (6ax) l + (6^) m + (6tX2) n;

H33bIBaiOTCH BUpmyaJlbHblMU U3MeHeHURMU HartpJWCeHHOZO COCmOHHtl'l
IloABeprHeM Hame Hanpa>KeHHoe coctohhhc TaKoft npoH3BOJibHOH Bapn- 

aiiHH (H3MeHeHHio), HToSbi HOBoe Hanpn>KeHHoe cocTOHHHe, xapaKTepnav 
eMoe KOMnoHeHTaMH 6ox, 6ay, 6az, 8xxy, 6xyz, 6tX2, 6mjio cTaTHHecKii 
BO3MOzKHbIM. ,D,JIH 3TOTO A0CT3T0HH0, HToSbl yflOBJieTBOpHJIHCb ypaBHeHIIM 
(9.9) h (9.10). 143 (9.5) nojiyuHM

M = JjJ (e*6a* + 8/av + e*6a* + y^xy+'

+ yyz8x;yz + yxz8xxz) dxdydz. (9.11)
BHeceM (3.9) b BbipajKenne yxejibHOH noTeHHHajibHoft SHeprnn

2W = oxex + ayey + ozez + xxyyxy + xy2yyz + Txzyzz.
riocjie npeo6pa3OBaHHH HMeeM

2W = O2 + 2G (ex + e)) + e2) + G (yxy + y2yz + y* 2).
BHeceM ciojia ypaBHeHHH (3.10) h yxy, yyz, yxz H3 Tpex nocjieAHHX ypan 
neHHH (3.9). Tor.ua

W = ItE [a* + 2v +*+ + +a* + +

+ "2Q~ (t*£  + T^2 + Txz). (9.12)

ZlHijxJiepeHiiHpyH sto ypaBHeHHe, c yneTOM (3.10) h (3.9) nojiyHHM
dW _ o dW dW dW dW dW
dox Cx’ doy ~ +’ do2 ~ +’ dxxy ~ y+’ dxyz ~ dxxz ~

= yxz. (9.13)
IlojiyqeHHbie cooTHoineHHH Ha3biBarc>TCH (popMyjtaMU KacmuAbHHO.

YjiejibHaH noTeHUHajibHan SHeprHH (9.12) hbjihctch (JiyHKUHeft mec'ni
KOMnoHeHTQB HanpHxseHHoro coctohhhh, cjieaoBaTejibHo, 

hjih, npHHHMaa bo BHHMaHHe (9.13):
6tt7 = ex6ox + ey6oy + e26o2 + ?x&6t^ + yy28xy2 + yX26xX2. (9.14)

CjieflyeT oTMeTHTb, hto (jiopMyjibi KacTHJibHHo (9.13) h ypaBHeHHe (9.11) 
HMeiOT MecTO b cjiynae, ecjiH ynpyroe Tejio cJieflyeT 3aKOHy fyKa.
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r
I (' v'ictom (9.14) H3 (9.11) nojiyqaeM

6A = Jj j dWdxdydz = 67. (9.15)

I IIKHM o6pa3OM, npn BCHKOM BO3MO>KHOM H3MeHeHHH HanpHJKeHHOrO
■ ..... .. Tejia cyMMa pa6oT, npoH3BOAHMaH npHpameHHHMH Bcex BHem-
Hiiii ciui na nepeMemeHHJix, hm cTaraqecKH cooraeTcrayioLirax, paBHa npn-
■ ......iihio noTeHHHajibHoii sHeprHH Tejia.

[ I•.cjih b ypaBHeHHH (9.5) 3aMeHHra BHeniHHe chjih h KOMnoHeHrai Hanpa- 
|N ' HHH HX npHpameHHHMH H npHHHTb BO BHHM3HHe, HTO npH 3T0M yflOBJieT- 

* iiotch paBeHcraa (9.9) h (9.10), a raK®e, corjiacHO (9.15), HMeeT 
HrilH 33BHCHMOCTb

67 = yjj (ex6ox + e^6op + . . . + kz6t«) dxdydz,

i iipiiaeM k BbiBoay, hto 3-h HHTerpaji b (9.5) aojdkch 6bira paBeH Hyjiio. 
Mihjmh cjiOBaMH, H3 HanaJia BHpTyajibHbix H3MeHeHHft HanpHMeHHoro co- 
jiloilllHH BblTeKaiOT yCJIOBHH CnJIOHIHOCTH, (|)OpMHpyeMbie ypaBHeHHHMH 

l< I »11111.
IIpaBan nacra ypaBHeHHH (9.15) npeacraBJiHeT co6oh HHTerpajibHyio 

i' niy (9.1) pa6oT ofrbeMHbix h noBepxHocrabix chji Ha HeKOTopbix npOH3- 
i>" iijibix nepeMemeHHHx u, v, w. Ecjih nojioxrara BapiiauHH o6i>eMHbix 
i'n i paBHbiMH Hyjno, t. e. noTpe6oBara, HTo6bi chjim He MeHHJiHCb, to, Bbi- 
iit ■ >i BiiaK BapnauHH 6 3a 3H3kh HHTerpajioB, nojiyHHM

6 [ Wdxdydz — (Pxnu+ PyNV + PznW) ds] = 63j = 0.

ijircb npeacraBJineT co6oh HenojiHyio noTeHiraajibHyio aHepiraio, t. e. 
•in'piraio noBepxHOCTHbix chji. PaBeHcrao nepBoii Bapnairan noTeHunajib- 
llnli HieprHH HyJHO CBHACTejIbCTByeT 0 TOM, HTO OHa HMeeT SKCTpeMaJIb- 
m »»• iHaneHHe. Bropan BapHau.HH ot 3j nojioxraTejibHa, cjieaoBaTejibHO, 
>i iiMeeT MHHHMajibHoe SHaueHHe, t. e.

= min.
'I'aKHM o6pa3OM, H3 Bcex crarauecKH B03M0>KHbix CHCTeM HanpHiKe- 

lliiil TOJIbKO Ta CHCTeMa HMeeT MeCTO, AJIH KOTOpOH SHepTHH BHyTpeHHHX H 
lliiliepXHOCTHblX CHJI HMeeT MHHHMyM. B 3TOM 3aKJHOHaeTCH BapHaUHOHHblil
■ ipiiinran KacrajibHHo, BbipaxraioiiraH b SHepreranecKOH (JiopMe ycjiOBue 
t UHMeCTHOCTH Jie(|)OpMaHHH. JJeftCTBHTejIbHO, HCTHHHOe HanpHHieHHOe 
('ocTOHHHe Tejia, HaxoAHmerocn b paBHOBecHH, OTJiHuaeTCH ot jiio6oro 
ipvroro BO3MO>KHoro HanpH>KeHHoro coctohhhh TOJibKO TeM, hto AJiH Hero 

\ iiiinjieraopmoTCH ycJioBHH coBMecraocra Ae(j)opMaHHH.
B npHHirane KacrajibHHo, b otjihuhc ot npiiHirana JlarpaHxa, Bapbii- 

Pviotch HanpniKeHHH. Oah3ko o6a sra npHHirana npeAnojiaraioT, hto
■ IU-prHH CHCTeMbl B AeHCTBHTeJIbHOM COCTOHHHH HMeeT MHHHMajIbHOe 3Ha- 
'icnne.

§ 9.5. TeopeMa KacTnjibjmo n Hanajio HanMeHbineH pa6oTbi

TeopeMa KacrajibHHO BbiTeKaeT kbk cjieAcrane H3 Hanajia BupTyajib- 
111.1X H3MeHeHHft HanpHHceHHoro coctohhhh.

I IycTb Ha ynpyroe Tejio, nepeMemeHHH onopHbix ToueK KOTOporo paB- 
iii.i nyjno, BO3AeftcrayeT cnjia P, KOTopan MeHHeT cboio BejiniHHy Ee 
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INip j iMtor iiBMeneHHe ecTb 8P. Cnjia npmiojKeHa b HeKOTopofi to'ikp, 
ih |n'Mcineniia KOTopofi paBHbi u, v, w, a HanpaBJieHHe ee jieficTBHH onpcjin 
jiHercfl HanpaBJiHtomHMH KOCHHycaMH Z, m, n. EcTecTBeHHO, hto BHpiy I 
ajibHbie H3MeHeHHH npoeKHnfi 9toh chjihi Ha KOopjraHarabie och Syjiyr 
18P, mbP, n6P.

CorjiacHo Hanajiy BHpTyaJibHbix H3MeHeHHft Hanpa>KeHHoro coctohiiiih, 
Ha OCHOBaHHH ypaBHCHHH (9.15) MOJKHO 3anHCaTb

6V = (ul + u/n + wri) 8P.
KaK H3BecTHO, ajih onepaTopa 6 npHHHrai Te nce npaBHJia, hto h jvihI 

AiKjxJiepeHHHajibHoro onepaTopa d. Pa3Jirarae coctoht TOJibKo b tom, 'iuil 
CHMBOJI d OTHOCHTCH K fleftCTBHTeJIbHOMy H3MeHeHHIO, a 6 — K BO l- 
MOJKHOMy. IlooTOMy BMecTo nocjieflHero paBeHcma HMeeM

dV , ,-gp- = ul + vm + wn.

npaBas uacTb stoto ypaBHeHHH npeACTaBJineT coSoft npoeKHHio ne« 
peMemeHHH paccMaTpiiBaeMoft tohkh Ha HanpaBJieHHe AeftcraiiH chjih 
O6o3HanHM 9Ty npoeKHHio nepe3 p. TaKHM odpa3OM,

dV
dP ~~ p'

3thm Bbipa?KeHHeM (JiopMyjiHpyeTCH TeopeMa KacrajibHHo: Hacraan npo- 
H3BOAH3H noTeHHHajibHofi SHepTHH ynpyroro Tejia no JiioSoft npHJio>KeHHoft 
k HeMy CHJie paBHa npoeKHHH nepeMemeHHH tohkh npHJioxceHHH chjim iiii 
HanpaBJieHHe ee neftcTBHH.

ripHHHHn HaHMeHbinefi paSoTbi TaraKe BbrreKaeT H3 Hanajia BHpTyajibJ 
HblX H3MeHeHHH HanpHJKeHHOTO COCTOHHHH H HMeeT Ba>KIIbie npHJIOHCeHIIM 
b MexaHHKe raepAoro AeijiopMHpyeMoro Tejia.

Ecjih BHeniHHe chjim, npHJio>KeHHbie k ynpyroMy Tejiy, He mchhiot- 
ch, t. e.

6+ = 8Y = 6Z=0;
SPxN — SPyN = ^PzN — 0,

to b CHJiy (9.15) HMeeM
6E = 0. (9.16)

OTCiOAa cjieayeT, hto noTeHUnajibHaa SHeprHH b sthx cjiyqanx nocraraeT 
oraocHTejibHoro SKCTpeMyMa, npnneM, KaK sto OTMenajiocb, oh cooraeT- 
crayeT MHHHMyMy, a He MaKCHMyMy noTeHHHajibHofi SHeprHH.

YpaBHeHHeM (9.16) BbipajKaeTcn TaK Ha3biBaeMoe Hanajio HaHMeHbinefi 
pa6orai, KOTOpoe mo>kho ctJjopMyjiHpOBara thk: H3 Bcex bosmojkhhx Ha- 
npnJKeHHbix cocTOHHHfi Tejia, cTaranecKH cooreeTCTByiomHx 3aAaHiiofi 
BHemHeft Harpy3Ke, TOJibKO to yjioBJieTBopneT ycjiOBHHM chjioiiihocth, 
KOTopoe ofipaiuaeT noTeHiraajibHyio aHeprnio AetjjopMauHH Tejia b othoch- 
TejibHbifi MHHHMyM. TaKHM o6pa3OM, 3to eflHHCTBeHHoe HanpnjKeHHoe co- 
CTOHHiie, yjioBJieraopHioiHee ypaBHeHHHM cTaraKii h ycjiOBHHM cnjioniHoc- 
th, MoxieT 6biTb nojiyneHO H3 ycjiOBHH paBeHcraa Hyjno BapnairaH no- 
TeHiraajibHofi sHeprHH Tejia V.

CjieAyeT noAnepKHyTb, hto Hanajio HaHMeHbmefi pa6orai HMeeT Mecra 
TOJibKO b tom cjiynae, ecjra ynpyroe Tejio cjiexyeT 3aKOHy fyKa.
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I'biicc paccMaTpnBajincb pa3JiHHHbie, b ochobhom npocTeftiHHe, npn- 
Mrpi.i iaAa<i TeopiiH ynpyrocTH, aonycKaiomHe Tomibie peineHHH. Bce ohh 

Ua i iii nojiyqeHbi TeM hjih hhmm nyTeM HenocpeflCTBeHHO H3 AHtJxJiepeHHHajib- 
Hi.i\ ypamieHHft paBHOBeciiH. Ecjih >Ke ypaBHeHHfl He no/uaioTCH TOHHOMy 

....... to npnderaioT k niicjieHHbiM MeTOAaM hx HHTerpHpoBaHHH. Cy- 
|i'i inyeT, OAH3KO, h apyrofi noflxoA k npHfijiHXceHHOMy pemeHHio 3aaaH 

H'npiiii ynpyrocTH, KOTopbifi onHpaeTcn Ha BapnaHHOHHbie npHHiiHnbi 
M< lilllllKH H COCTOHT B MHHHMH33IIHH (JiyHKIIHOHajia. 0cT3H0BHMCfl Ha HeKO- 
|upl.lX pa3HOBHAHOCTHX T3KOTO nOflXOAa.

llcxoAHbiM (JiyHKUHOHajioM ajih peineHHH 3a«an TeopHH ynpyrocTH hb- 
/IHi'Tcsi BbipaxceHHe noTeHHHajibHoft sneprHH Bceft CHCTeMbi:
•< (([ WdV— [[[ (Xu + Yv + Zw) dV — Jj (PxNu + PyNv + PxNw) ds.

(9-17) 
H u xaiiHKe AOKa3aHa TeopeMa, no KOTopoft (JiyHKunoHaji SHeprpH (9.17) 
«>n inraeT MHHHMyMa Ha (JiyHKiiHnx u, v, w, nojiHocraio onpeAejimomHX 
nci|ii ipMHpoBaHHoe cocTOHHHe CHCTeMbi, ecjiH OHa noA BO3AeftcTBHeM 3aAaH- 
III.I X C.IIJI (X, Y, ..., PzN) HaXOAHTCH B yCTOftHHBOM paBHOBeCHH. IlpH 3T0M C 
ln'IKII 3peHHH BapHaHHOHHOTO HCHHCJieHHfl (JiyHKHHH U, V, W AOJIJKHbl yAOB-
ii inopaTb ypaBHeHHMM Sfijiepa, KOTopbie a^ih 3aAan TeopHH ynpyrocTH 

lln IIIIOTCfl ypaBHeHHHMH paBHOBeCHH. HTOSbl B 3T0M yfieAHTbCH, 3anHHieM
iii iifixoAHMoe ycjiOBne MHHHMyMa (JiyHKiiHOHajia (9.17) hoapoShoi

so C C C f d (M i d V>v) , d (6u>)

+

y dy

+ ^xz

d (6u) , d (8v) ]
dy 1 dx ]

d (6t>)
dz

dxdydz—

+ xyz

f d (6u>) . d (6u)
[ dx + dz

1 i (X8u + Y8v + Z8w) dxdydz — J [ (PxN&u + PyN§v + PzN8w) ds = 0

(9.18) 
n i< Ka>KAOMy cJiaraeMOMy 1-ro TpoftHoro HHTerpana npHMeHHM (jiopMyjibi 
niiierpHpoBaHHH no nacraM, ynHTbiBaa cooraoineHHH Ids = dydz; mds =• 
— dxdz; nds = dxdy. HanpnMep:

[[[ 9 ■ dxdydz — ^ax8ulds — \ \ J 8udxdydz;

■ dxdydz = J \ xxy8umds — JJJ —gXyv 8udxdyda;

xx d - dxdydz = [ [ xxx8unds — J[J - Sudxdydz

ii r. a. rpynnnpyH nocjie 3Toro ABOHHbie h TpofiHbie HHTerpaJibi h ofibe- 
lllllflfl 3aTeM Bbipa>KeHHfl C OAHHaKOBblMH BapnaHHflMH, nOJiyHHM

dox i dxXy i d^xx 
dx 1 dy +

dOj 
~Sy

_ + x)8m + 

+ y) 6u +

M«(

+ \ 6% ' a)dz
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+ (-^T- + + T + Z) H dxdydz-

— n [ (<V + + txzn — PxN) 6u +

+ (xxyl + Gytn + xyzn — PvN) 6v + 

+ (xxxl + xytm + ozn — PzN) 6®] ds = 0.
IlocKOJibKy Bapnaunn 8u, 6v, 8w no CBoeii cyra — BejniHHHbi npon i 

BOJibHbie, odpameHHe b Hyjib Bbipa>KeiiHH (9.19) bo3mo>kho Jinnib npn yc 
JIOBHH paBeHCTBa HyjHO KO3(j)(j)Hn,HeHTOB npH 3THX BapnaHHHX. TaK H3 b;i 
pnaHHOHHoro ypaBHeHHH 63 = 0 nojiyqaioTCH yace H3BecTHbie ypaBHenmi 
paBHOBecHH (1.5) h rpaHHHHbie ycjioBHH (1.7), KOTopbie npn ncejiaHHH mo>i» 
ho 3anHcaTb b nepeMemeHHax u, v, w. JLjih stoto AocTaToqHO Bocnojib3<i' 
BHTbCH (f)H3HHeCKHMH (3.9) H reOMeTpHHeCKHMH (2.7) COOTHOHieHHHMH, K.IK 
3to SbiJio cnejiaHO b tji. 4 (§ 4.2) npn nojiyqeHHH ypaBHeHHH JlaMe.

PlTaK, ajih nojiyqeHHH ToqHoro pemeHHH BapnaiiHOHHoro ypaBHemm 
63 = 0 cjieayeT oSpanxaTbCH k BbiTeKaiomHM H3 Hero ypaBHeHHHM Sfijiepa. 
Oah3KO ecJiH Hac ycTpanBaioT npnSjiHiKeHHbie pe3yjibTaTbi, to He o6h3;i- 
TejibHO nojib3OBaTbCH AH^epeHHHajibHbiMH ypaBHeHHHMH, mojkho onepn 
poBaTb HenocpencTBeHHo BapnaiiHOHHbiM ypaBHeHHeM. Kan sto AejiaeTCH, 
BnepBbie noKa3aji Phth,.

HeTpy/iHO npexcTaBHTb, hto nocjie noACTanoBKH pemeHHH b BH«e
X L M

u = £acU{; v = PA; ® “ S V?®?, (9.20)
1=1 /=1 <7=1

rne ab pz, yq— HeH3BecTHbie napaMeTpbi, a ub v/t wq — 3a,naHHbie (JjyHKmm 
KoopAHHaT x, y, z, BbipaiKeHHe (9.18) 6y.neT 3aBHceTb TOJibKO (I) ot HeH3- 
BecTHbix ab P/, yq. B pe3yjibTaTe Mbi HMeeM aejio y»e He c (JiyHKHHOHajiOM, 
a c o6biqHOH (JiyHKiiHeH HecKOJibKHx nepeMeHHbix. EcTecTBeHHo, hto tc- 
nepb h ycjioBHe (9.18) aojiikho npeo6pa3OBaTbca b Heo6xoAHMoe ycjiOBHe 
SKCTpeMyMa (JiyHKiiHH mhothx nepeMeHHbix:

d3 ~ d3 _ ~ d3 (9.21)

rae i = 1, 2, . . ., K; / — 1, 2............ L; q = 1, 2, . . ., M.
JJjIH KBaApaTHHHblX (JiyHKHHOHajIOB, K3KHM HBJIHeTCH BbipaiKeHHe 

(9.17), cooTHomeHHH (9.21) npencTaBJiHioT co6oh cncTeMy jiHHefiHbix aji- 
re6panqecKHx ypaBHeHHii oraocHTejibHo hckommx napaMeTpoB ab 0/, yq, 
onpenejiHiomHX b KOHeqHOM HTore npi+jiHxeHHoe pemeHHe 3anaqH (9.20).

3Aecb Mbi paccMOTpHM TpH ochobhmx cnoco6a npHMoro pemeHHH Bapna- 
hhohhoh 3aAaqH, OTjinqaioiiiHXCH cbohm oraomeHHeM k non6opy koopah- 
HHTHblX (JiyHKHHH.

no MeTony PnTiia KaiKnaH KOopAHHaraan (JiyHKHHH AOJiiKHa o6H3aTejib- 
ho yAOBJieTBopHTb KHHeMaTHqecKHM ycjiOBHHM Ha rpaHHiie. OqeBHAHO, 
hto c TaKHM Ha6opoM (JiyHKHHH pemeHne (9.20) nocjie onpeuejieHHH napa- 
MeTpoB ab pb yq H3 CHCTeMbi (9.21) 6y.neT npH6jiHXKeHHo yAOBJieTBOpHTb 
K3K AHlJxJiepeHHHaJIbHblM ypaBHeHHHM paBHOBeCHH, T3K H CHJIOBblM KpaeBblM 
yCJlOBHHM.
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I' tuipnaiiTe rajiepKMHa (JiyHKHHH uh vjt wq hoothhhiot BceM KpaeBbiM 
■i >i..... iim TaK K3K b 9Tom cjiyHae KOHTypHbie HHTerpajibi (9.196) tojkacct-
■ ....n ofipamaioTCH b Hyjib, ajih nocTpoeHHH pa3pemaiomeH cncTeMbi 
Euu >iin.ix ;uire6paHqecKHX ypaBHeHHH bmccto BbipajKeiiHH nojiHofi aHeprHH
■ I, i .ifnjmio Hcnojib3yioTCH HHTerpajibi, coAepxcamHe AH<Jx|)epeHHHajib-
■ .. piiHHeHHH 3aAanH (9.19a), 3anHcaiiHbie b nepeMemeHHHx:

+ - + Xj u-idxdydz = 0;

+ —+ yjvjdxdydz = 0;

’ + wQdxdydz =■ 0.

dax 
dx + - dy
^xy 1 d(Jy

j j j \ dx 1 dy

ff (7. ^xz
- 4-

dxyz
+q J J J \ dx 1 dy

I' rpeTbefi pa3HOBHAHOcra (MeTOA Tpecjma) othochtch cjiynafi, Koiyia 
uiiiaTHaH nocjieaoBaTejibHOCTb coctoht h3 (JiyHKiiHfi, hbjihiohi,hxch 

......rpaJiaMH AH^epeHijHajibHbix ypaBHeHHfi 3aflaqH h He yAOBJieTBopn- 
■iinix KpaeBbiM ycjiOBHHM. FIo3TOMy npn nocTpoeHHH cHCTeMbi ajire6pa- 
ici.. kiix ypaBHeHHfi onnpaioTCH Ha Bbipa>KeHH?i KOHTypHbix HHTerpajiOB 
(II 196):

d9
dai
d3
^P/
d3
+q

= f f (oxZ + rxym + xxzn — PxN) uLds = 0; 

= H (^xyl + + xyzn — PyN) Vjds = 0;

= j j (<r«Z + Hyzm + ozn — PzN) wqds = 0.

TaaBa 10
TEOPHH H3rHBA TOHKHX njIACTHH

§ 10.1. OcHOBHbie jjonymeHHH h onpe/jejieHiia

llaacmuHou 6yaeM Ha3biBaTb Tejio, HMeiomee $opMy npHMofi npH3MM 
ii iii npHMoro HHJiHHnpa, HaH6ojibma.H BbicoTa h KOTopbix, H3MepeHHan Mex- 
HV nJIOCKHMH 0CH0B3HHHMH, MaJia nO CpMBHeHHIO C pa3MepaMH OCHOBa- 
mifi (pnc. 10.1). BbicoTa (TOJiiiiHHa ) h, Boo6me roBopn, mojkct 6biTb nepe- 
•iciinofi. Ecjih h = const, njiacraHa Ha3biBaeTcn nAacmunou nocmonn- 
not'l moAuiUHbt, a njiocKocTb, paBHoyaajieHHaH ot ocHOBaHHft,— cpeduHHod 
iiAOCKOcmbio. CrporaH Teopnn njiacTHH 6e3 ynpomaiomHX AonymeHHfi 
necbMa cjio>KHa h npe,acTaBJiHeT co6oft ojtny H3 TpyAHefiniHX 3a«aH MaTeMa- 
Tii'iecKofi 4jh3hkh. B aajibHefimeM paccMOTpHM njiacTHHbi TOJibKO nocTOHH- 
HOfi TOJILIJHHbl.

4to6h cHCTeMaTH3HpoB3Tb MeTOflbi pacueTa njiacTHH, nocjieflHHe b 
I.IUHCHMOCTH ot TOJiiii,HHbi pa36HBaiOT Ha cjieflyioin,He rpynnbi:

1. TojimHHa njiacTHHbi BecbMa Majia h He npeBOCxoflHT 1,25% HaHMeHb- 

mero pa3Mepa a ocHOBaHHH TaKne njiacTHHbi, Ha3biBaeMbie
MCM6paHaMu, o6jia/iaioT He3HanHTejibHoft H3rH6Hofi xcecTKOCTbio h pa6oTa- 
IOT B OCHOBHOM Ha paCTJDKeHHe.
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2. ToJimnHa njiacTHHbi npeBbimaeT 20% HaHMeHbinero pa3Mcp.i d 
ocHOBaHHS (h, > -|-j. TaKan njiacraHa Ha3biBaeTcn mojicmoii njiumuill 

3th 3aAaHH othochtch k npocTpaHCTBeHHoft 3aAaHe Teopnn ynpyrocTii, if 
pemeHiie hx BCTpenaeT qpe3BbiHaftHO OojibniHe TpyAHOcra.

3. TojimnHa njiacraHbi HeBejiHKa n KOJieSjieTcn b npe/iejiax 1,25—2()"nl 
ot MeHbmero pa3Mepa a ocHOBaHHH (-^y- h -|-j. IljiacraHbi Taxofl 

TOJIIH,HHbI Ha3bIBaiOT mOHKUMU. Hx paCHeT MO/KHO ynpOCTHTb 3a CHeT BIIM 
AeHHn HeKOTopbix AonojiHHTejibHbix Aonymeniift. Hmchho stoh KaTeropmi

njiacraH nocBHineHa b ochobhoM 
HacTonman rjiaBa. npeAejibi tojiI 
IH.HH TOHKHX nJiaCTHH MOIKHO Iipi'- 
o6pa3OBaTb,_ ho OAHOBpeMemio u 
9THM yMeHbHIHTCH npaBOMepHoc 11. 
npHHHTbix nonymeHHH, hto, n 
cbok) onepeflb, HeMeuJieHHO ckii< 
HteTCfl Ha AOCTOBepHOCTH OKOIIMa 
TejIbHblX pe3yjIbTaTOB.

njiaCTHHbl KJiaCCH(j)HHHpyiOT II 
no hx AecjiopMaTHBHOH cnoco6HOc>

ra. TaK, ecJiH Han^ojibHiHH nporn6 npn H3rn6e He npeBOcxoAHT/z/5, to njiac 
THHa cnHTaeTcn ofcecmKOu. h HanpnxeHHHMH pacTHxceHHH (cjKaran), neii 
CTByiomHMH b ee cpeAHHHoft njiocKocra, npeHe6peraiOT. Ecjih nporn6i>i 
SHayHTejibHbi — 6ojiee /i/5, to njiacraHa Ha3biBaeTcn zu6kou. HanpniKe- 
HHH B CpeAHHHOH nJIOCKOCTH B 3TOM CJiyqae HMeiOT OAHH nOpSAOK C H3Th6- 
HbiMii h hmh, ecTecTBeHHo, npeHe6penb Hejib3n. rH^Kan njiacraHa, b koto- 
pofi nporH6bi npeBbiniaioT 5/i, Ha3biBaeTcn MeMdpauou.

BHeniHHe Harpy3KH h o6beMHbie chjim b cjiynae, KorAa ohh ymiraiBa- 
iotcii, 6yAeM CHHTara npnjioiKeHHbiMH k cpeAHHHoft hjiockocth. 3ra na- 
rpy3KH mojkho BcerAa pa3Jio?KHra Ha abc cocTaBJimom.He, OAHa H3 KOTopbix 
AeficTByeT b cpeAHHHoft njiocKocra, a Apyran — nepneHAHKyjinpHo k Heii. 
Ecjih chjiw AeHcrayioT b cpeAHHHoii njiocKocra, to njiacraHa ncnbiraiBaeT 
iuiocKoe HanpnxKeHHoe cocTOHHHe (stot cjiynaii pa3o6paH b npeAbuy- 
iiihx rjiaBax). Chjim, ACftcTByiomHe nepneHAHKyjinpHO k cpeAHHHofi iijioc- 
kocth, Bbi3biBaioT nonepeqHbift h3th6 njiacraHbi.

npH nOCTpOeilHH HHJKeHepHOfi TeopHH TOHKHX njiaCTHH npiIMeM CJie- 
Ayiomne AonymeHHH (rHnoTesbi).

Ochobhhh THnoTe3a o npHMbix HOpMaJiJix Knpxrotjia — JlaBa: npnMo- 
jiHHeftHbie OTpe3Kii, BbiAejieHHbie b Tejie njiacTHHbi, HopMajibHbie ao Ae- 
(popMaiXHH k cpeAHHHoft njiocKocra, ocTaiOTCfl nocjie Ae^opMaiiHH npnMOJiH- 
HeftHbiMH h HopMajibHbiMH k cpeAHHHofi noBepxHOcra, b KOTopyio nepefi- 
AeT cpeAHHHan njiocKocra. 3Ta rnnoTe3a aHajiorHUHa rnnoTe3e njiocKHx 
ceneHiift, noBceMecrao Hcnojib3yeMofi b conporaBJieHHH MaTepnajiOB. 
B AeficTBHTeJibHocra npHMOJiHHeftHbie gjieMeHTbi npH H3rn6e cjierKa hc- 
kphbjihiotch. 3to HCKpHBJieHHe 3HaHHTejibHO MeHbine, qeM nepeMemeHim 
z (pHC. 10.2, a) h z -^- (pHC. 10.2, 5), o6ycjiOBJieHHbie noBopoTOM Hop- 

M3JIH, KOTOpblfi BO3HHK3eT H3-3a HCKpHBJieHHH CpeAHHHOft nJIOCKOCTH.
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■lllllll'iy npHMblX HOpMajiefi MO/KHO TpaKTOB3Tb K3K Tpe6OB3HHe HCH3- 
■ciiii'K III lipflMblX yrjIOB B njIOCKOCTHX XZ H yZ, a STO 3HaflHT, hto cabht b 
||h IKIOCKOCTHX AOJUKeH OTCyTCTBOBaTbl

Vxz = 0; yyz = 0.

I iuiOTcaa o BepTHKajibHOM CMeipeHHH tohck cpeAHHHoft iijiockocth: 
■''ii ii cpeAHHHOH njiocKocra npn Majibix aeijiopMaHHHX cMemaKrrcfl

Phc. 10.2

liribKO b HanpaBJieHHiix, k Heft nepneHAHKyjinpHbix, t. e. no HanpaBJie- 
IIIIIII OCH Z. rOpH3OHTaJIbHbIMH nepeMeiH,eHH5IMH BCJieACTBHe M3JI0CTH 
ii|n'iie6peraioT:

u0 =0; t>0 = 0; w0 = w (x, y).

l/n'cb u0, v0 h w0— nepeMemeHHH cpeAHHHofi njiocKOCTH.
l nnoTe3a 06 OTcyTCTBHH nonepeHHoro AaBjieHHn: cjioh njiacTHHbi, na- 

|i.uuiejibHbie cpeAHHHOH hjiockocth, He HaA3BAHB3ioT npyr Ha Apyra. 3to 
■ ma'iaeT, hto Ha njiomanKax, napaJiJiejibHbix cpeAHHHofi njiocKOCTH, mojk- 

iio npeHefipeHb HopMaAbHbiMH HanpHJKeHHHMH:

<j2 = 0.

■»ra THnoTe3a aHajiorHHHa yTBep>KAeiiHio, hto Jiio6ofi cjioh, napajuiejib- 
llblfi CpeAHHHOfi nAOCKOCTH nAaCTHHbl, HaXOAHTCfl B nAOCKOM HanpflXKeHHOM 
COCTOflHHH.

Ha caMOM AeAe HeKOTopoe Ha>KaTHe caocb cymecTByeT. BHemHflji Ha- 
i py3Ka He TOAbKO H3rn6aeT nAacTHiiy, ho h HaAaBAHBaeT Ha nAOCKOCTb oc- 
noBaHHfl, Bbi3biBafl TeM caMbiM Ha caohx, napaAAeAbHbix HefiTpaAbHofi nAoc- 
KOCTH, HanpflXKeHHfl CJKaTHfl OaHBKO 9TH HanpflXKeHHfl Ha Tpn nopflA- 
Ka HHXKe H3TH6Hbix, h hmh c noAHbiM npaBOM mojkho npeHe6peqb.

IlocAe toto K3K npHHATbi HeKOTopbie AonymeHHfl, coBMecTHafl cncTeMa 
ocnoBHbix ypaBHeHHH TeopnH ynpyrocTH — ypaBHeHHfl HaBbe, Kohih, 
CeH-BeHaHa h TyKa — pacnaAaeTCfl h pemeHHe ee 3HaHHTeAbHo ynpomaeT- 
Cfl. HmCHHO B 3TOM H 3aKAlOHaiOTCfl CMblCA H Ha3HafleHHe npHHHMaeMblX AO- 
iiymeHHfi. Ha ochob3hhh npHHATbix rnnoTe3 3aAafla peinaeTca — onpeAe- 
JBHOTCfl HanpflJKeHHfl, KOTOpbie MO>KHO yCAOBHO Ha3BaTb «OCHOBHbIMH» B 
OTAHHHe OT OT^pOHieHHblX — «BTOpOCTeneHHbIX». 3HaHHe «OCHOBHbIX» Ha- 
opflJKeHHft no3BOA5ieT onpeAeAHTb BHaiaAe OT6poineHHbie — «BTopocTe- 
oeHHbie». IIocAeAHHe HaxoAflT npn noMomn H3BecTHbix yjxe «ochobhmx».
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§ 10.2. JJn(f)(f)epeHijiia.u>Hoe ypaBHeHiie ii3rn6a 

TOHKHX njiaCTIIH

PeajiH3yeM AoriymeHHH, cAe^aHHbie b § 10.1, o TeM <iTo6bi, Hcnojib iyd 
ocHOBHbie 33BHCHM0CTH tji. 4, nojiyHHTb pa3pemaioinee ypaBHeHHe a.i» 
TOHKHX nJlaCTHH.

143 1-H THnOTe3bI npH HCnOJIb3OB3HHH ypaBHeHHH KoHIH HenOCpeACTBi ll
ho cjieayeT:

dw , du „
yxi ~ ~dx~ + TJ7 °’ ]

(10.1 
dw , dv n

yux^~df + ~dT ~ °-

BTopaa rnnoTe3a yTBepxcnaeT, hto w = w (x, y) He 3aBHCHT ot z. T<>i 
Aa H3 (10.1) HBCTByeT, HTO

(10.2)
v = ~ 2 + C'2 (%i

BHOBb BOcnojibayeMCH 2-h rHnoTe3ofi: Ha cpeAHHHofi njiocKoc™, t. e 
npn 2 = 0,

u = u0 = 0; v = v0 = 0.
npH Hcnojib3OB3HHH 3thx ycjiOBHH ypaBHeHHH (10.2) ynponjaioTCH:

du , dv _ d2w
yxv ~ dy + ~dT zz ~dxdy •

dw dw
—------ a~ Z-dy (10.3)l'i' -» <- 1 Vdx

OTHOCHTejIbHbie Ae^JOpMailHH Ex, Ey H
Koihh. C yneTOM (10.3)

yXy onpeaejiHioTCH H3 ypaBHeHiiii

du dau>
dx dx2 Z'

dv d2w
(10.4)dy =- dy2

nojiyHHM Tenepb H3 (10.4) BbipaiKeHHa ajih Hanpa>KeHHH ox, oy h rxy, 
Hcnojib3yn 3-io rHnoT63y, corjiacHO KOTopoii o2 = 0, h ypaBHeHHH 0606- 
meHHoro 3aKOHa TyKa, pa3pemeHHbie OTHOCHTBJibHO HanpM>KeHHfi:

E , , < Ez / d2w . d2w \
°x = 1 — v’ (8-» + Ve^ 1 — v2 + V ~dy2~ / ’

< i \ Ez / d2w . d2w \ zin
°y~ i■_vi (*v  + ve*)  •= — T=“v’ (tT’ + v ~dX2~ ) : (I0+)

_ £ Ez d2w
xu ” 2 (i + V) y*u ~ T+V W ■

HanpaiKeHHH CBH3aHbi Mextay co6oii npn noMonjH ypaBHeHHii Haibe 
(o6beMHbie CHJibi He yHHTbiBaioTCH; b cjiyuae hco6xoahmocth hx mojkho
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Ihiii. nKjimeHHbiMH bo BHeiiiHioio Harpy3Ky). 143 1-ro h 2-ro ypaBHeHHft 
i.iMi i m.ipa3HM txz h Tj,, qepe3 ox, ou h Txy, yHHTbiBaa (10.5). IIojiy«iHB 
......iiiipiiiKeHHn nepe3 nepeMemeHne w, noncTaBHM hx b 3-e ypaBHeHne 

I Ithk, corjiacHO npHHHTOMy njiaHy,
Ez

1 —V2
Ez

1 —v2

dxxz dxxy_____________ dax___________
dz dx dy

dxyz __ _ day _ dxxy
dz dy dx

HI..... pnpya (10.6) no z, nojiyHHM

Eza ( daw , daw \ , x /„ ,A.
T*2 ~ 2(1 —v2) \ dxa + dxdya / + '1 (x> y>’

Eza ( d3w , <53c4> ) , t z„ ,A
Xyz ~ 2(1 —v2) \dya' ^TWdy)' 'a y’-

........ .  (jiyHKiiHH fr(x, y) h f2(x, y) onpenejiHM H3 cjienyiomHX rpa- 
Hll'lllbix yCJIOBHHI

-z = ± 0,5/i; txz *=  0; Tyz =» 0.
Ilpn Hcnojib3OBaHHH (10.8) BbipaiKeHHH (10.7) nepenHinyTCH thki

TjC2 = 2(1 —v2) (

E
~ 2(1—v2)

£ f i
Xyz ~ 2(1 —v2) \

dx (10.6)

(10.7)

(10.8)

(4-«*  
r(4- 
ha

(10.9)

E
2(1 — v2)

143 Bbipa>KeHHH (10.5) h (10.9) cJiesyeT, hto HanpHJKeHHH ox, oy h 
I . 33BHCHT OT KOOpflHHaTbl Z JIHHeHHO, a Txz H Tyz — no KBaUpaTHHHOMy 
n iKOHy (pHC. 10.3).

nojicTaBHM (10.9) b 3-e ypaBHeHne HaBbe, npeABapHTejibHO pa3pemHB 
nocjieAHee oTHocHTejibHO

ddz_________ dxxz_______ dxyz _

dz dx dy

E ( ha _2\ ( d* w 1 o d* w 1 d* w 'l
— 2(1 -v2) \~4 Z ) \~dxr + 2 dxadya + '

HnTerpHpya no z, nojiyHHM
E / ha 1 3\ / d*w . o d*w . d*w \ , t / \= -277—(^F 2 - Tz J T + 2 H (x’

(10.10) 
ISyaeM nojiaraTb, hto no BepxHeft rpaHH rwiacTHHbi AeftcTByeT HopMajib- 
naa k Heft HarpyaKa q «= q (x, y), hhjkhhh rpaHb CBofionHa ot HMrpysKH: 

az (x, y, 0,5h) = 0; <jz(x, y, — Q,5h) — —q. (10.11)
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IloflqHHeHHe 3hbhchmocth (10.10) 1-My ycjiOBHio H3 (10.11) AaeT cjieayio- 
ni.ee BbipaxeHne ajih <rz:

Hcnonb3OBaHHe 2-ro rpaHHHHoro ycjiOBHH npiiBOAHT k ncKOMOMy jhk|)- 
(JiepeHHHaJibHOMy ypaBHeHHio H3OTHyTOH cpeAHHHoft noBepxHocra njiacTii-
Hbi:

d*w  , o (Pw , d4w q
dx4 + 2 dx2dy2 + dy4 ~ D ’ (10.12)

HJIH

V2V2® = ,

rfle D =*  Eh3 12_I (1 — v2)-1— HHJiHHApHnecKan JKecraocTb njiacTHiibi. 
ypaBHeHHe (10.12) hocht Ha3BaHne ypoBHenua. Cocjm )KepMen.; I 
UjHJIHHApHHeCKaH IKeCTKOCTb nJiaCTHHbl HMeeT TOT >Ke CMblCJI, hto 

H HieCTKOCTb EJ SaJIKH npH H3TH6e. UHJIHHflpHHeCKaH IKeCTKOCTbD H >KeCT- 
Kocra SaJiKH npnMoyrojibHoro ceneHHM, HMeiomeft Ty xce BbicoTy h, hto 
h njiacTHHa, a niHpnHy, paBHyio euHHHixe, oTJiHnaioTcs JiHuib Ha BejiH'nmy 
0 < 1 --- V2 < 1. noaTOMy pa3JIHHHe Me>KAy HHMH HeBejIHKO, a D > EJ.
143 AByx nepeKpbiraft, oaho H3 KOTopbix — njiacraHa TOJiiiiHHoft h, a #py- 
roe — HaSop He CBH3aHHbix MerKAy codoft SajioK roft nce BbicoTbi, HMeio- 
ih,hx eAHHHHHyio niHpHHy, npn npoqnx paBHbix ycnoBHflx 1-e 6y«eT npe/v 
noHTHTejibHeft.

Otmcthm, hto Hcnojib3OBaHHbie flo chx nop rpaHHHHbie ycjiOBim (10.8) 
h (10.11) hocht cTaranecKHft xapaKTep h He HaKJiaAbiBaioT HHKaKiix 
orpaHHHeHHft Ha reoMeTpnqecKHe KOHTypHbie ycjiOBiin (ycjioBHa 3aKpen 
jieHim), a TaK>Ke Ha 3hkoh H3MeHeHHH Harpy3KH no BepxHeft noBepxHocTii 
njiacTHHbi.
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PaccMaTpHBaH pa6crry HarpyjKeHHofi njiacTHHbi, nacTO (HanpnMep, 
ll|lll (|)0pMHp0B3HHH TpaHHHHblX yCJIOBHfi) npHXOAHTCH HCnOJIb3OBaTb Bbl- 
pniKCHHH ajih chji h MOMeHTa, KOTopbie AeficTByioT Ha njiomaflKax, nepneH-

miKyjHipHbix k ocHOBaHHaM. CjiejiyeT oTMeTHTb, hto Ha 3Thx njioinaflKax 
lllipflAy c H3rH0aiOIHHMH MOMeHTHMH MOryT AeHCTBOBaTb H MOMeHTbl Kpy- 
HllHlie, B03HHK3IOIIIHe OT fleHCTBHH KaCaTejIbHblX HanpflJKeHHH. C>H3HKy 
II'> IHIIKHOBeHHH KpyTHHIHX MOMeHTOB JierKO yHCHHTb Ha cjieAyiomeM npoc- 
i'iM iipHMepe. npaMoyrojibHyio njiacTHHy, 3am.eMjieHHyio no rpaHH OB, 
i|.ICJieHHO paCCJIOHM Ha pHfl 

fuuioK-noJioc (pHC. 10.4, a).
I HJia P, BO3AeHCTByH TOJIbKO 
itn ry nojiocKy, k kotopoh npn- 
'iniKCHa (nojiocKa 3), H3orHeT ee.
II (Tijiohihoh njiacTHHe nojioc- 
iii 2 n 4, coceflHHe c HarpyjKeH- 
iioli, SyuyT HcnbiraBaTb ycn- 
iiiie P', nepe/iaBaeMoe nojioc- 
1(1 >li 3 (pHC. 10.4, 6) riOJIOCKH 
/ ii 5, npHMbiKaioniHe k nojioc- 
hiiM 2 h 4 c Apyrofi cTopoHbi, 
OyjiyT BbiAepjKHBara ycnjine P". 
illl C*ieT  pa3JIHHHH P' H P" BO3- 
iniKaiOT paBHOfleiiCTByiomaH R 
ii napa H (pnc. 10.4, e).

lh'o6bi nojiynHTb BbipaiKeHHH ajih chji h MOMeHTOB b Han6ojiee o6m.eM 
• 'iyiae, paccMOTpHM njiomaflKy abcd (pnc. 10.5). HopMajib N k njiomafl- 
i '■ iienapajuiejibHa hh oahoh h3 KoopanHaTHbix oceii, caMa xce njiomaAKa 
IU'piieHHHKyjIHpHa K 0CH0B3HHHM nJiaCTHHbl. FlOMeCTHM HOpMajIb N B cpe- 
hiiiihoh njiocKOCTH njiacTHHbi, b toh xse njiocKocTH oTMeTHM HanpaBJieHHe

I IanpaBJieHHH N h s Bbi6epeM TaK, HTo6bi ohh 6mjih KOHrpyaHTHbi ochm 
I II tj. HanOMHHM, HTO KOHrpySHTHblMH H33bIBaiOT TaKHe (JiHrypbi, KOTOpbie 
M(»KHO COBMeCTHTb B pe3yjIbTaTe HeKOTOpOTO HBHJKeHHH. CHCTeMbl KOOp 
HllliaT KOHrpySHTHbl B TOM CJiyHae, eCJIH npH COBMeiHCHHH COOTBeTCTByiO- 
iiiiix oceii coBMecTHTCH h Apyrne och.

BbiaejiHM Ha njioinaAKe abcd 3JieMeHTapHyio nojiocKy 1 X dz, yaajieH- 
nyio qt cpeflHHHoii njiocKocra Ha paccTOHHHe z (pHc. 10.5). HanpnjKeHHe, 
ni'iicTByioiiiee no stoh njiomaAKe, pa3JioiKHM Ha cocTaBJinioiiuie ciy, tnz h
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Xns- SjieMeHTapHbie ycHJiH3, AeficTByiomHe Ha nojiocKe, TaKHe: oxdz (nopl 
MajibHue); XNxdz h x^sdz (KacaTejibHbie). HtoSh nojiynHTb ycHJinn, npu< 
xoAHmnecsi Ha eAHHHHHyio nojiocy a'b'c'd', oneBH/iHo, cjieayeT npoHinol 
rpnpoBaTb oth BbipajKeHiin no z b npeaejiax ot —h/2 ao h/2:

h/2
Tn= C o^dz — HopMajibHoe ycHJine (b HanpaBJieHHH och N);

h/2
h/2

Sn =\ T:Nsdz — KacaTejibHoe ycHJine (b HanpaBJifeHHH och s);
—h/2

h/2

Qn = iNzdz — nonepenHoe ycHJine (b HanpaBJieHHH och z); (10.13)
—h/2

h/2

• Mn= ONZdZ — H3TH6aiOni,HH MOMeHT OTHOCHTeJIbHO OCH SJ
—h/2

h/2
Hn = j" ^NsZdZ — KpyTHHIHH MOMeHT OTHOCHTejIbHO OCH N.

pnc. 10.5 Bce ycHJiHH noKa3aHbi

Ychjih5I Tn, Sn hQn nojio*  
XKiiTejibHbi, Koraa opneHTHpoBa*  
Hbl B CTOpOHy nOJIOJKHTejIbHblX 
HanpaBJieHHH oceH, noKOTopbiM 
/jeficTByiOT (fljifl HopMajibHoro 
yCHJIHH Tn 3T0 COOTBeTCTByer 
pacTHJKeHHio). Momcht Mn no« 
jio/KHTejieH, Kor^a pacTHriiBa- 
eT hhjkhioio noBepxHocTb njiac- 
THHbl. KpyTHHI,HH MOMeHT //,V 
CHHTaeTCH nOJIOJKHTejIbHblM, 
Kor.ua HanpaBJieH no cTpejixo 
HaCOB, eCJIH CMOTpeTb CO CTOpO- 
Hbi nojioiKHTejibHoro HanpaBJic- 
HHH BHeiBHeH HOpMaJIH. ' Ha 

nOJIOJKHTejIbHblMH.
COBMemaH BHeiHHIOK) HOpMaJIb C KOOpflHHaTHblMH OCHMH X H I/ 

(pHC. 10.6), H3 (10.13) nOJiyHHM COOTBeTCTBeHHO
h/2 h/2

Tx = <Jxdz; Ty = C aydz;
—h/2 —h/2 .

h/2 h/2
Qx = f xX2dz; Qy = C xyzdz;

—h/2 V
—h/2

h/2 h/2
Sx = j xxydz; Sy = f xyxdz; (10.14)

—h/2 —h/2

178

Kor.ua


ft/2
Mx = C oxzdz’,

—h/2
h/2

Hx= XxyZdZ',

—h/2

h/2 
My = OyZdZ',

~h/2 
h/2 

Hy = J ^yzZdZ.
~h/2

IIhkoii napHOCTH KacaTejibHbix HanpinKeHHft xxy — xyx npnBOAHT k 
.'l\lollIJlM 3aBHCHMOCTHM:

Sy — Sx‘, Hy = H x.
r. neKOTopbix cjiyqanx BO3HHi<aeT HeoSxoAHMOCTb Bbipa3HTb na- 

■m 11-11113 h ycHjiHH Ha njiomaAKe,
ii in' napajwiejibHOH hh och x,

i i" n //, Hepe3 «oceBbie» Hanpn- 
riiiiu ox, oy, xxy, xXz, xyz. TaKHe 
ih i' iimocth MoryT noHaAoSiiTb- 

llpll C0CT3BJieHHH rpaHHKHblX
I HHIIlii AJIH njiaCTHH, HMeiOIII,HX
iii n|i.iniiJibHyio» tjiopMy: npHMO- 

hn n iiiiKa co CKomeHHbiM yrjioM, 
lihllll'HHH H T. A- KpOMe TOTO, 
ttll COOTHOHieHHH nO3BOJIHT Bbl- 
Iiihiii. neKOTopbie sKCTpeMajibHbie 
■ ■llllti'IIMOCTH Me>KAy COCTaBJIHIO- 
llin ill yCHJIHH.

1’necMOTpHM npH3My, BbiceneH- 
||\HI 113 nJiaCTHHbl TpeMH nJIOCKOC- 
1 iii, nepneHAHKyjinpHbiMH k ee 
|t IIOII/IHHHM. ,n,Be H3 9THX nJIOC-

■ u'ii napajwiejibHbi KoopAHHaT- 
| III.IM IIJIOCKOCTHM xOz H yOz 
|(i ii 10.7, a). rijiomaAbabfe 0603-
■ i'iiim dF, TOTAa njionjaAH rpaHeft

11 cdfe&y/jyx cooTBeTCTBeHHO 
■/ ■ cos a h dF • sin a. lIto6m
■ ii'i >i<aTb peuieHnn CHCTeMbi ypaB- 

 ili, cnpoenHpyeM ycHJiHH He
1 |m och x, y, z, a Ha N, s h ; 
[ J'iipA/ —

HopMajibHofi k cpeAHHHofi noBepxHOc-

6..Sina

6 cosa

1

y

Ceyenue 
no cpeduHHOu. 
nnocKocmu.

2i
X /\ /

fysina

■ t...stna
axVina
^r^cosa.

5
Pne. 10.7

COOTBeTCTBeHHO (pHC. (10.7, 6): 
xxydF • cos a sin a - 
0;

z
oxdF • cos a cos a — oydF • sin a sin a

— xxydF • sin a .cos a + UNdF
■,,, OjcdF-cosasina — c^dF-sinacosa + r^dF-sin a sin a— (10.15)

— xxydF • cos a cos a + xNsdF = 0;
Snp2 = — xxzdF • cos a — xyzdF • sin a + XNzdF = 0.

lliHvie oneBHAHbix ynpomeHHH (10.15) npeo6pa3yioTca b cjieAyiomHe 
\ puniieHHii:

ipi

(10.16)
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£IoACTaBHB (10.16) b (10.13), c yneTOM (10.14) nojiywM 
Tn = TX cos2 a + Ty sin2 a + Sx sin 2a;

SN =-----— 2 sin 2a + Sx cos 2a;

Mn = Mx cos2 a + My sin2 a + Hx sin 2a; 
Qn = Qx cos a + Qy sin a;

(10.17)

HN = —Mx 2 My sin 2a + Hx cos 2a.

PaccM3TpnB3H pe3yjibTa™ (10.17), JierKO yBHAeTb, qra 1-e u 3-e, n 
TaKxe 2-e n 5-e BbipaHcennH nMeiOT OAHHaKOByio cTpyKTypy. flooTOMy, 
ue BAaBancb b noApoSHOCTH BbiBOAa, yKa>KeM, hto ycjiOBHH 3KCTpeMyM.i

arctg [2SX (7\ — Ty) ‘1, a TaK>Ke a = 2 1 arctg \2HX (Mx — My) '|. 
yCHJIHH Sn H KpyTHLUHH MOMeHT HN B CeHeHHHXC T3KHM yTJIOM a oGpamJ 
jOTCH B Hyjlb. SKCTpeMaJIbHbie 3HaneHHH AJIH Tn H Mn HMeiOT BHA

^max = 2-1 (Tx + Ty ± ]/~(Tx - TJ2 + 4Sx); (10.18)
min

^max = 2_I (Mx + My±V(Mx- Myf + 4H2 ). (10.1!))
min

YcTaHOBHM Tenepb 3HaneHHH MN h Tn AJin ceneHHH, KOTopbie noBepny- 
ibi Ha yroji +- no OTHOineHHio k ceneHHHM c HopMajibio N (HopMajib i< 
noBepHyTbiM ceqeHHHM o6o3HaiiiM qepe3 n):

Mn = Mx cos2 ■ a + -J-) +My sin2 (« + -tt) + Hx sin 2 (a + -+) ; 

Tn = Tx cos2 (a + ~) + Ty sin2 (a + ~) + Sx sin 2 (a + +-) ,

juih

Mn — Mx sin2 a + My cos2 a — Hx sin 2a; 
Tn = Tx sin2 a + Ty cos2 a — Sx sin 2a.

Qoxhb nonapHO Mn h Af„, Tn h Tn, nojiynHM
TWw + Mn = Mx + My, 
TN±Tn = Tx + Ty.

(10.20)

(10.21)

pe3yJibTaT (10.21) mojkho ciJiopMyjiHpoBaTb cjieAyioiiiHM o6pa3OM: cyMMii 
H3ni6aioiHHX momchtob (HopMajibHbix ycHJinfi) HHBapnaHTHa OTHOCHTejib- 
ho jno6bix Asyx B3aHMHO nepneHAHKyjiapHbix nonepenHbix ceneHHH.

Bbipa3HM Tenepb cocTaBJisnomne H3TH6aioin,HX h KpyTHiiinx MOMeHTOii, 
a TaioKe cocTaBJimoniHe HOpMajibHbix h KacaTejibHbix ycHJinfi qepe3 nepe 
jiemeHHH w, noACTaBJiHH ajih stoto (10.5) h (10.9) b (10.14). OnycKaa co-
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|iiin"iiio ajieMeHTapHbie BbiKJiaAKH, nojiynHM 
. , T-V ( d2W , d2W \ Z,Mx ~ — D\dx2' + V ~dy2') ’ ®x~

,. r, / d2W , d2K> )
My~~D \~d^ + v 1? / ’ ^y ~

(10.22)

>^=^ = -D(l—)-W

Tx = 0; Ty = 0; Sx = 0; Sy = 0.
I IIHJKeM Bbipa>KeHHe flJIH HHJIHHApHHeCKOH JKeCTKOCTH C H3Th6H0H H<eCT- 

i ■■■ ibio 6ajiKH-nojiocKH ceneHHH 1 x h. OceBofi momcht stoh 6ajiKH, one- 
,6 1 • h3 Di " "io, J = —jg—. B 3tom cjiyqae

F I6 D = ———

, n l'J6 — >KecTKOCTb 6ajiKH yKa3aHHoro ceqeHHH.
< hipeaejiHM Tenepb HanpnjKeHHH ox, ay, rxy, txz, Tyz qepe3 Mx, My., 

//,, Qx h Qy. Ks (10.22) HenocpeacTBeHHO cjieayeT, hto

d2w , d2w Mx ,
"±2~ + V ̂ ly2 ~~ D '

d2w . d2w ___ My ,
dy2 V dx2 D ’

(10.23)

(10.24)

• <mocTaBJiHH (10.5) c (10.24), ajia gx mojkho nojiymTb cjiejjyiomee Bbipante- 
mie:

— Ez
°X — 1 __  V2

Ijifi ay h rxy aHajiorHHHO nojiynHM
AL Q — ---- V.

y J6
hx

Xxy =

TaKHM o6pa3OM, onepnpya c 6ajiKaMH-noJiocK3MH

(10.25)z;

, h noJiynaiOT npH z = ±

TaKHM o6pa3OM, onepHpya c 6ajiKaMH-noJiocKaMH eAHHHHHofi mnpHHbi, 
1'irKIIO yCMOTpeTb CBH3b MOKAy H3Th6oM 3THX 6aJIOK II njiaCTHH. HopMaJIb- 

m,ie iianpHTKeHHH H3 (10.25) coBnaAaioT c (JiopMyjiaMH sjieMeHTapHofi Teo- 
|iim (HanpajKeHHH rxy b ajieMeHTapHofi TeopHH He paccMaTpiiBajiHCb). 
I l.iu6ojibniHe SHaneHHH sth iianps;KeHHn

< )6o:maqaH —= W6, nojiyuHM
T

max   Mx nmax   My .
ax ~ W6 ’’ y ~ W6 ’

max    Hx
Xxy ~ U76 '
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Z[jia onpeAejieHHH <vxz h xyz BOcnojib3yeMcn (10.22) ajiji Qx h Q„.
IloACTaBHB?-^- V2 w H3 (10.22) b 1-e ypaBHeHne (10.9), HMeeM

Bbipa>KeHHe ------z2j ecTb He qTo HHoe, khk CTaTHuecKHH MOMeiiT

nJiomaAH nonepeHHoro ceaeHHa, jiejKamen no OAHy CTopoHy ot toh jihhhii,

Piic. 10.8

Ha KOTopofi onpeAejiaeTca rZ2 (Ha pnc. 10.8 3Ta njiomaAKa BbiAeJieHa to- 
HeHHOH HITpHXOBKOH). JJeHCTBHTejIbHO,

h

3th (JiopMyjibi coBnaAaioT c H3BecTHbiMH (JiopMyjiaMH sjieMeHTapHofi Teopnn 
A.th OajiOK npH b = 1.

OnpeAejiHM thkhm >Ke o6pa3OM HanpaxceHHH Ha «Kocbix» njioipaAKax. 
rioACTaBHB (10.25) b (10.16), nojiyqnM

TorAa Bbipa>KeHHe ajih Txz, a no aHajiornH h t^, mojkho 3anHcaTb TaKi

^XZ —
QxS*  . _ ' QyS*

' l-J6 ' 1 ■ ’

IIpocjieAHM Tenepb, khk 6yAyT H3MeHSTbca pe3yjibTaibi ajih HeKOTopbix 
nacTHbix cjiyaaeB H3rn6a njiacTHH. OnpeAeJiHM KOMnjieKT bcjihhhh, coot- 
BeTCTByiOIHHH 9THM cjiynanM.

H hcthS h 3 r h 6. rio KpoMKaM njiacTHHbi (pHC. 10.9) AencTByioT 
TOjibKO noroHHbie H3rn6aiom,He MOMeHTbi Mx h My. KpyTimiHX momch- 
tob h nonepeqHbix chji HeT. IIjiacTHHa naxoAHTcn b coctomhhh hhctoto 
H3rH6a b Asyx HanpaBJieHHHx, HopMajibHbix Apyr k Apyry. II pn hhctom 
H3rn6e Hx = 0 h Hy = 0, a noaTOMy = 0 h, KaK cjieACTBne, xxy = 
= 0, a = ipj (x) + ipa(y).
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'IncToe KpyieHHe B03HHKaeT b njiacraHe, Korxa BHem- 
IK'i' BO3AeHCTBIie CBOAHTCH JIHIHb K nOTOHHblM KpyTHHJHM MOMeHTHM 
(piic. 10.10).

YpaBHeHHe H3orHyToft cpeAHHHoft noBepxHocra, ohcbhaho, 6y.neT

Pnc. 10.10 Phc. 10.11

H3 (10.26) jierKO nojiyraTb o6in.ee peineHHe:
HW =------D(1_v)- xy + f (x) + q> (y).

,'1/iccb f (x) h cp (y) — npoH3BOjibHbie cjiyHKHHH. Kor/ia ohh paBHbi Hyjno, 
\ paBHeHne H3orHyrofi noBepxHocra ynpomaeTCn:

w = Axy, (10.27)
i7ie t

VpaBHeHHe H3orHyToft cpeAHHHoft noBepxHocra njiacraHbi b bhac (10.27) 
ccTb He hto HHoe, KaK ypaBHeHHe rHnepOojiHnecKoro napa6ojiOHAa 
(pnc. 10.11). TaKHM o6pa3OM, rHnep6ojiHnecKHft napa6ojioH,n ecra TOJibKO 
<>AHa H3 BO3MO>KHbix noBepxHOCTeft, no KOTopbiM HCKpHBHTCH cpeAHHHan no- 
nepxHocra njiacTHHbi npn hhctom KpyneHHH.

HopMajibHbix nanpn/KeHnft b njiacraHe npn hhctom KpyneHHH He 6yaeT, 
a oTJiHHHoe ot Hyjin KacaTejibHoe HanpazKeHHe onpeAJiHTCH no (jiop- 
Myjie

PJ/
= d (1 —v2) Z'

UHJIHHSpHKeCKHfi H 3 T H 6 nJiaCTHHbl BO3HHK3eT TOT- 
Aa, Koraa nox AeftcraneM BHeniHefi Harpy3KH ee cpeAHHHan njiocKocra npe- 
npamaeTCH b HHJiHHApHiecKyio noBepxHocra (pnc. 10.12). 3thm h o6ycjiOB- 
jieHO Ha3B3HHe paccMaTpHBaeMoro cjiynasi H3rn6a.

EIjiJiHHApHHecKHft h3th6 MoxeT BO3HHKHyra jiHinb b Tex njiacTHHax, 
KOTopbie 3aKpenjieHbi no oahoh hjih AByM napajijiejibHbiM cToponaM; 
ABe Apyrne napajuiejibHbie CTopoHbi aojdkhm 6bira He 3aKpenjieHbi. ByAeM 
Aajiee nojiarara, hto njiacraHa HMeeT BecbMa pa3BHraift pa3Mep b HanpaB- 
jieHHH och y h HeceT Harpy3Ky, KOTopan H3MeH?ieTC5i TOjibKO no och x, oc- 
'raBancb HeH3MeHHofi BAOJib y. B 3tom cjiynae nporn6bi njiacraHbi 3aBHCiiT
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TaK>Ke TOJibKo ot KOopAHHaTbi x h He 33BHCHT ot y. ToTAa —II, 
<92uJ A / x o J

dxdy — 0, TaK KaK w = w (x), a 2-a nacTHan np0H3B0AHaa ot nporiiOn

no x nepeiiAeT bo 2-ro oSbiKHOBeHHyro d2w d2w ,, InpoHSBOAHyro: — = —. 1JI4
AejieHHan H3 njiacTHHbi eAHHHHHaa 
nojiocKa, cTopoHbi kotopoh nep- 
neHAHKyjispHbi k 3aKpenjieHHbiM 
CTOpOHaM nJiaCTHHbl, HaXOAHTCH

Phc. 10.12

b ycJiOBHHX njiocKofi AecJropManHH, h6o kohthkt c coccahhmh nojioc- 
k3mh He no3BOJiaeT efi AetJropMHpoBaTbCH b HanpaBAeHHH och y. 3to bjic« 
neT 3a co6oh, khk cjieACTBHe,

sy = 0.

•TorAa H3 ypaBHeHHH o6o6m,eHHoro 3aKOHa TyKa aah njiocKoii Ae^opMamin 
nOJiyHHM, HTO

<jy = vax. (10.28)

CaMH 3HaqeHHH Hanpsi>KeHHH <jx h <Jy noAyHHM c yqeTOM paHee cAeAaHHbix 
3aMenaHHH H3 (10.5):

~ Ez d2w
1—V2 ~dx2~ ’

~ Ez d2w
~~v i —V2 ~d^2' ’

TXy = 0.
YpaBHeHHe C. ^Kepwei-i aah HHAHHApHnecKoro H3ni6a 6yAeT

d^w __ q (x)

(10.2!))

(10.30)

CpaBHHBaa sto ypaBHeHne c ypaBHeHHeM H3orHyTOH och 6aAKH, KOTopou 
6mao noAyqeHO b SAeMeHTapHOH TeopHH:

d^w __ q (x)
“ ~eT ’ (10.31)

BHAHM, HTO HX OTAHHaiOT AHHIb BbipajKeHHH AJIH /KeCTKOCTH, CTOHEHHe II 
3HaMeHaTeAe npaBOH nacTH.
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IAJI3 H3rn6aiOIHHX MOMeHTOB (10.22) npHMeHHTejIbHO K 
|x,'iilll HHJIHHApHHeCKOrO H3TH6a HMeiOT BHA

Mx d2w 
dx^ ’

(10.32}

.........  nepBbie BbipajKeHHH (10.29) h (10.32), nojiynHM H3BecTHyio H3 
lii'Mi mapHOH TeOpHH 3aBHCHMOCTb:

I'h'c paccyjKAeHHsi, npHBeAeHHbie ao chx nop, npeAycMaTpHBajiH khk 
KifixoAHMoe ycJiOBHe to, hto napa napajuiejibHbix CTopoH njiacTHHbi o6a- 

3aTejibHO AOJDKHa 6biTb cbo6oahoh. )KecT- 
KOCTb 3T0T0 Tpe6OBaHHH MOJKHO CMHTHHTb, 
ecjiH ynecTb, hto pa3Mep b njiacTHHbi b Ha- 
npaBJieHHH och y 3HaHHTejibHO 6ojibiiie pa3- 
Mepa a, napajuiejibHoro ocn x (pnc. 10.13). 
nOSTOMy BJIHHHHe 3aKpenJieHH5I Tex KpOMOK 
njiacTHHbi, KOTopbie Bce BpeMs cmiTajiHCb 
CBO^OAHblMH, Ha miJIHHApHHHOCTH (^OpMbl 
CpeAHHHOH nOBepXHOCTH CKaJKeTCH JIHIHb B 
HenocpeflCTBeHHoii 6jih3OCth ot 3aKpenjie- 
HHa (pHC. 10.13—■ ceneHHe /7—77). O6jiac- 
th njiacTHHbi, ynajieHHbie ot stoto 3aKpenjie-

Hiii, || B 3TOM CJiyHae H3TH6aiOTC5I nO HHJIHHApHHeCKOH nOBepXHOCTH 
f|iin 10.13 — ceneHHe I—7). ToneHHOH ihtphxobkoh Ha pnc. 10.13 Bbi- 
H: 11 113 3OHa HHJIHHApHHeCKOTO H3TH6a.

•Iiictmh h3th6 njiaCTHHbi MOMenTaMH, pacnpexejieHHbiMH BAOJib AByx 
iinonojioiKHbix napajuiejibHbix ctopoh njiacTHHbi, KOTopbiH BbiTeKaeT 

H Oujiee o6m,ero CJiyqan, paccMOTpeHHoro paHee, 5iBJineTC5i, no cyTH, 
..... IIIIApiIHeCKHM H3Th6oM (pHC. 10.14).

IpaiiHHHbie ycjioBHH ajih npsiMoyrojibHoii njiacTHHbi. PeineHHe AHijxjie- 
■ iiiuiaJibHoro ypaBHeHH5i (hjih CHCTeMbi), onHCbiBaiomero nocTaBJieH- 
Hin. lanany, aojukho 6biTb nonHHHeHo AonojiHHTejibHbiM ycjiOBHHM, koto- 
l'l I. IIOCHT Ha3B3HHe ZpaHUWblX, Kpa£6bl.X HJIH KOHmypHbLX. TaKHe yCJI0BH5I 
■fi inujiHioT BbiAejiHTb JiHHib oaho HHTepecyiomee Hac pemeHHe, KOTopoe 
........ . KOHKpeTHyio 3aAany. fpaHHUHbix ycjiOBHH aojijkho 6biTb «He
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.'iniiiKOM MHoro», mo6bi cymecTBOBajio pemeHne, yAOBJieTBOpaioniee n 
3th ycjioBHa AOJDKHbi oSecneHHTb pemeHHio cymecTBOBaHiie h eflHiK iiii 
HOCTb,

rpaHHHHbie ycjiOBHH 3aAan TeopHH ynpyrocTH MoryT HMeTb rm' 
necKHH h reoMeTpnHecKHH xapaKTep (cymecTByioT h CMemaHHbie Kpa<*|  
yCJIOBHH). Co CTHTHHeCKHMH TpaHHHHblMH yCJIOBHHMH Mbl y>Ke BCTpe'iaJI) 
paHee, Kor.ua bboahjih npeAnojio>KeHHe o tom, hto hhjkhhh rpaHb cbo(iu/i 
ot bchkoh Harpy3KH, a BepxHHH 3arpy®eHa TOJibKO nepneHAHKyji;ipii

k HeH pacnpeAejieHHOH Harpy3K0H q — q (x, y) [ycjiOBHH (10.11)]. BjiiiI 
HHe 3THX CTaTHHeCKHX TpaHHHHblX yCJIOBHH HaHIJIO CBOe OTpaJKeilllH 
ochobhom pa3peinaK)ineM ypaBHeHHH TeopHH H3TH6a tohkhx njiadi 
(10.12), rjie b npaBOH Hacra npncyTCTByeT (|)Vhklihh BHeniHeii HarpyaKii < 
q (x, y). I< HHCJiy BbipaiKeHHH, nocpeACTBOM KOTopbix motkho aa'im 
cTaTHnecKHe rpaHHHHbie ycjioBHH, oTHeceM (10.13), (10.14), (10.17) n i|

OcTaHOBHMCH noApoSHefi Ha reoMeTpnqecKHX KOHTypHbix ycJiowM 
51X, T3K K3K AO CHX nOp 3TOT BOnpOC He 3aTpaTHBajICH.

1. BoKOBaa rpaHb ruiacTHHbi 3aujeMJieHa b wecTKoe ocHOBaHHe. !■ 
iyeMjieHne Kpan ycTpaHaeT jnodbie ero cMerpeHHH — khk jiHHefiHbie b mplfl 
30HT3AbH0M H BepTHKaJIbHOM HanpaBJieHHHX, T3K H yTJlOBbie. Ha 9TOM <KM 
HOBaHHH ajih ToueK 3am.eMjieHHOH rpaHH (pnc. 10.15) mojkho 3anHcaTi> 'IHfl 
ycjioBHH:

i n dw I dwn n
®|rp = ®o = O; w |rp = = 0. (lOiM

C Apyroft cTopOHbi, ecjin 3aaaTb yroji Mexcny HopMajibio N h oci.m • 
(pnc. 10.16), Bbipa>KeHHH (10.33) JierKO npeACTaBHTb b ApyroM BHAe. 'I-■» 
CTBHTeAbHO, B OHeBHAHOM BblpaJKeHHH

x 3te>0 dw„ dx , dw„ dy
< -dN^-dT hn+^thw

mojkho npoH3BecTH cneAyiomHe 3aMeHbi:
dx n du . n—— = cos 0; -~ ~ sin 0.dN ’ dN

C yqeTOM sthx 3aBHCHMOCTeH rpaHHHHbie ycjiOBHH (10.33) npHMyT biia

®|rp=0; |^-cos0+^sin o]rp = 0. (10 i|)

Ecjih och KoopAHHaT x h y coBnaAaioT c rpaHHMH paccMaTpHBaeMoii iipH»| 
MoyroAbHoii nAacTHHbi, rpaHHHHbie ycAOBHH (10.34) 3HauHTeAbHO yiipmnK
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f Tiik, ccjih 3ameMjieHHaa rpaHb napaJiJiejibHa och z/(b stom cjiyuae
(I), iD ycjioBHH (10.34) npeo6pa3yioTCH b

^|rP = 0; -^l =0. (10.35)
|rp

CSo5o9ho- 
onepmue

lioKOBan rpaHb njiacTHHbi cboSoaho onepTa Ha xcecTKyio onopy. 
luiiuiiiiiepTaH rpaHb njiacTHHbi He cMemaeTCH b BepTHKajibHoii njioc- 
I, III) MOHieT CMemaTbCH B TOpH3OHTaJIbHOH H nOBOpaOHBaTbCH. TaKHM 
iiim, uepTHKajibHoe CMenjeHne 
l'll.... . rpaHH paBHo HyjIIO
11 ri- noBopoTa b o6iH,eM cjiyiae 
i in' paBeH. HopMajibHoe na- 
iriiiii' na onepToii rpaHH paBHO
>,
•"'riio paccMOTpeTb cjiynaii 

liupiioro onHpaHHH, c TeMHToSbi 
•ii.iii iimeM o6ben,HHHTb o6a cjiy- 
|'IIII|I;IHHH — mapHHpHoe H CBO- 
i", IIIapHHpHO-onepTaH rpaHb 

H'ineTCH ot cBo6onHoonepTOH 
'II. II'M, 'ITO OHa He MOJKeT CMe-

1.1 >1 II TOpH3OHTaJIbHOH njIOCKOC- 
I.IIIOMHHM, HTO Mbl paCCM3TpHBaeM JKCCTKHe
\.hc OTMenajIOCb, paCTHTHBaiOIH,HMH HanpHJKeHHHMH B CpejIHHHOH 

i '" iii npeHe6peraioT h noaTOMy Bce 4>opMyjibi, KOTOpbie 6yayT nojiy- 
I, n paBHofi cTeneHH npnroAHbi ajih o6ohx cjiynaeB.
Ii n . rpaHHHHbie ycjiOBHH ajih CBo6oAHoonepToii rpaHH (pnc. 10.17) 
yioipne: ■

Piic. 10.17

njiacTHHbi, a ajih hhx,

tt)|rp=0; on — 0. (10.36)
hii'matiHH BbipaaceHHH ajih MN (10.13) sth ycJiOBHH mojkho TpaKTOBaTb

(10.37)

II I" " II0JIb30BaTbCH COOTHOHieHHHMH (10.16) H (10.5), TO BbipaJKCHHH 
' i’uiii'iiibix ycJioBHH (10.36) npeo6pa3yioTCH b

•■|.p 0; (cosa + vsina) + (sina + vcosa) +

+-w(i-v)sin2“L=°' <io'38>
■I ■ pi iyjibTaT mojkho nojiyqHTb, ecjin MN (10.37) 3aMeHHTb nepe3 

I.) n (10.22).
II iii. onepTaH rpaHb napajiJiejibHa, HanpHMep, och y, Tor#a HopMajib 

ii i 1.11T c ocbio x. B 9tom cjiynae (sin a = 0) 2-e H3 ycjiOBiifi (10.38) 
|n nii' a n ohh npHMyT BHA

“•h-0' HS-+v t£-L - <io-3s»
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Ha 1-ro ycjiOBHH (10.39) (oi0 TOJKAecTBeHiio paBHO Hyjiio) HBCTByer, 
dw I 

dy Irp
0 H

= 0.

=0dy2 Irp u-

TaKHM o6pa3OM, rpaHHHHbie ycjiOBHii (10.39) eiue 6ojie'e ynpouiaim
1 „ d2w | „ d2w |w lpp ~ 0; |rp - |rp

JlerKO yBHAeTb, hto sth ace ycjiOBH5i coxpaH5iTC5i h AJm cbo6oahooiic|iii 
rpaHH, napajuiejibHofi och x.

B 3aKJHoneHHe 33MeTHM, hto b o6m,eM cjiyuae KpyTiimHH momciii I 
He MO5K6T 6bITb TO5KACCTBCIIHO paBeH HyjIIO. XteftCTBHTeJIbHO, npHpailll 
ero k Hyjiio, Ha ochob3hhh (10.22) npnjieM k

d2w

He3ann> 
|rp

dxdy |rp

a 9TO 3H3HHT, HTO yTOJI nOBOpOTa Ha CBO^OAHOfi onope --H

ot y, hto He mo>kct BbinojiHHTbcn ajih o6m.ero cjiynan HarpyjKeHHH. .)i|i 
o6i>5icH5ieTCH TeHAeHHH5i k BepTHKajibHOMy cMein.eHiiio yrjiOB np5JMoyrt>.'i| 
hoh CBo6oAHOonepTofi njiacraHbi npn HopMajibHofi Harpy3Ke.

Ecjih Ha inapHHpHO-onepTbifi Kpafi AeficTByeT MOMeHTHaii pacnpejie.ii'( 
Ha5i Harpy3Ka HHTeHCHBHocTbio m, to 2-e H3 ycjiOBiifi (10.39) npHMeT bii;i

I d2w . d2w 
[ dx2 V dy2 I

m
rp D ’

hjih, khk h paHee:
d2w _  m 

Sy2 |rp ~ D •

3. BoKOBan rpaHb njiacTHHbi JiHmeHa onopHbix CB«3eH (cbo6oaiih<
rpaHb)., Ha thkoh rpaHH Bce HanpswKeHHn tais h Tnz aojdkhm otc)H 
CTBOBaTb. noaTOMy H3 (10.13) cjieayeT, hto

Mn = 0; HN = 0 h Q.v = 0. (10. *!(■
JJo chx nop Ha KajKjjoii H3 rpaHefi npjiMoyrojibHOH njiacTHHbi Mbi n<>.iy«l 

qajiH no flBa He3aBHCHMbix rpaHHHHbix ycjiOBHH (o6m,ee hhcjio ycjiOBiii'i > nitl 
peAejineTCH nopHAKOM AHifxJiepeHHHajibHoro ypaBHeHHn). TpeSoBaHne y/miM 
JieTBOpeHHH Ha CBoSoAHOH rpaHH TpeM TpaHHHHblM yCJIOBH5IM (10.'l<») II 
COBOKynHOCTH C APyrHMH rpaHHHHblMH yCJIOBHHMH npHBejIO K MaTeMflTll'll 
ckoh Hepa3pemHMOCTH saAann. OObhchhji sto npoTHBopenne KHpxn«|> 
Oh noKa3aJi, hto BMecTe Bce Tpn ycjiOBHH BbinojiHHTbCH He MoryT. 3to iim 
jineTCH cjiexcTBHeM paHee npHHSTOH THnoTe3bi npnMbix HopMajieft, k» 
Topaa HaKJiaAbiBaeT AonojiHHTeJibHbie ycJiOBHH Ha Ae^opMaiiHio njiaci iiiiij

B jiio6oh tohkc Tejia npn pemeHHH 3aAaq Teopnn ynpyrocTH aojdkiiuI 
yAOBJieTBOpHTbCH ypaBHeHHH paBHOBeCHH H ypaBHeHHH COBMeCTHOCTII /1» I 
(JiopMaHHH. Ecjih npiiHHTb THnoTe3y npHMbix HopMajiefi (reoMeTpHuccKyul 
THnoTe3y), ypaBHeHHH cobmccthocth yAOBJieTBopaTCH aBTOMaTHWKlfl 
ypaBHeHHH paBHOBeCHH TOHHO yAOBJieTBOpHTb y>Ke HejIb3H, h6o B • !"'• 
cjiynae mh hmcjih 6bi TOHHoe peineHne. Ecjih He Hcnojib3OBaTb thhok iy 
npnMbix HopMajiefi, nopsAOK AH<j)(|)epeHHHajibHoro ypaBHeHHH BO3paci .i«'t
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■ nno. I IpH 3tom MoryT 6bira yAOBJieraopeHbi Bce Tpn rpaHHHHbix 
iiii ,/I.jim ycTpaHeHHH TaKoro nporaBopenHH cJie/iyeT, no npeAJioxceHHio 
11 ii|i;i, oG'beflHHHTb ycJioBHH, onpeAejiaiomHe QN h Hn. KpyramHH mo- 

iii ocriOBaHHH npHHirana 
liinana 3aMeHneTca chctc-
Aityx aKBHBajieHTHbix chji, 

i|h.i< iaTeM cyMMHpyiOTCH c
lli 'llioii CHJIOH.
1.1 IJICMeHT flJIHHbl CBOdOJl- 
ipaiiH ds (pnc. 10.18, a) 

i inyri' KpyramHH momcht
I (momciit HN AeftcTByeT no
nii'iiioft iuiomaAKe). Oh o6pa- 
....... .. CHJI, BO3HHKatOIH,H- 
ni iieiicTBHH KacaTejibHbix Ha- 
iKrllllii XNs. 
II' r iniKaKHX. OCHOB3HHH no- 
aii., 'ito KpyraiHHe momchtm 
ni" lejieiibi no cbo6oahoh rpa-
II 1.11 THHbl paBHOMepHO. flo-

IMV fiyaeM CHHTaTb, HTO HX Be- 
'11111.1 napacraeT b HanpaBJieHHH 
l" I II ICJIbHOH OCH S. TaKHM 06- 
i" 1, KpyraiHHH MOMeHT Ha 

1 iviomeM ynacrae ajihhoh ds 

jou 1 ywe (HN + dHN) ds, hjih (Hn +
iimli MOMeHTHaynacTKedsmojkhocmiTaTbo6pa3OBaHHbiM AByMn paBHbiMH 
1'illMlJIbHbIMH CHJI3MH P, OTCTOHIHHMH Apyr OT Apyra Ha paCCTOHHHH 
(l'iic. 10.18, 6). Khmmh cjiOBaMH, oh paBeH Pds. Ha cjieayioineM yqacT- 

L ' 1 'i nejiiiHHHa BO3pacTaeT ao ^P + dsj ds. npHpaBHHBan ara Kpy-

■ ..... MOMeHTbi (HNds h Pds), y6e»AaeMcn, hto

P = Hn. (10.41)

■ i"puii h3 MOMeHTOB, KOTopbie Mbi TOJibKo hto paccMOTpejiH, o6pa3opaH
Hllllft *

Pnc. 10.18

//
—ds)ds. C Apyroft cTopoHbi, Kpy,

J----------y / =P+^ds.

ds os

lln ofimefi rpaHHije sthx AByx cMexcHbix yqacTKOB cyMMapHan Bepra- 
j||l li II.IH CHJia, OieBHAHO,

ds — P =

dH......... yqeTOM (10.41): ■ gN ds. Ha eAiiHHijy ajihhm cbo6oahoh rpaHH 
™NS

|l|ill 'IJIHTCH yCHJIHe —.
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IdTaK, ajih cBo6o,n,Horo Kpaa bmccto ycjiOBHii, TpedyiomHx paBeiicrni
Hyjno Qn h Hn, bboahtch oaho o6i>eAHHeHHoe ycjiOBHe, KOTopoe Tpe6ycT 
hto6m cTaTHnecKH SKBHBajieHTHan Qn h Hn BepTHKajibHan CHJiaQyv panim
jiacb Hyjno:

Qn = Qn + ds = 0.

B tom cjiynae, Korxa HopMajib N coBnaaaeT c ocbio x, a ocb s — c oci.u) 
y (cBo6oAHaa rpaHb napajuiejibHa och y),

M, = -p[
+ +<2-’:

Ha cbo6oahoh rpaHH, napajiJiejibHofi och x,

^--Di[->+<2-’>

d2w , d2w 
~dx2' + V 'ly2 

d2w . /n ,

0;

= 0.
Irp

(10.4?)

(10.43)

KoppeKTHOCTb TaKOH (j)OpMbl rpaHHHHblX yCJIOBHH COMHeHHH y>Ke He BbI31>l 
BaeT.

Ecjih Ha cbo6oahom Kpae njiacraHbi npHJioxteHbi H3rn6aiomHH MOMem 
m h pacnpeaejieHHaH Harpy3Ka q, to b npaBbie nacTH (10.42) hjih (10.43) 
BMecTo Hyjieii cjieayeT noACTaBHTb cooTBeTCTBeHHo m h q.

3aKaHHHBan paccMOTpeHiie rpaHHHHbix ycjioBHH ^jih cbo6oahoh rpami, 
OTMeTHM, hto nocjie npeo6pa3OBaHHa KpyTHiuero MOMeHTa b SKBHBajieiiT- 
Hyio nonepenHyio Harpy3Ky Ha jicbom h npaBOM ee KOHuax 6yAyT npHJioxre- 
Hbi Ase HeypaBHOBemeHHbie cocpe/ioToneHHbie chjih, KOTopbie ocTajincb ot 
«KpaiiHHX» nap. 3th chjih paBHbi Me>KAy co6oii -h HanpaBJieHbi no BepTHKa- 
JIH B pa3Hbie CTOpOHbl (pHC. 10.18, e). EcJIH CTOpOHbl nJiaCTHHbl, npHMbl- 
KaiomHe k cBo6oAHOMy Kpaio, 3am,eMjieHbi hjih onepTbi, to ymiTbiBaTb stii 
CHJIbl HeT Heo6xOAHMOCTII, T3K K3K OHH 6yAyT HeHTpajIH3OBaHbI peaKHHHMII 
onop. ECJIH «npHMbIKaiOIH.He» CTOpOHbl TOIKC CBO^OAHbl, TO 3TH CHJIbl HT- 
HOpHpOB3Tb yxe HejIb3H H OHH AOJHKHbl 6bITb yHTeHbl.

4. BoKOBan rpaHb miacTHHbi ynpyro 3aKpeiwieHa b ikcctkhh KOHTyp. 
PaccMOTpnM cjiynaii, KOTAa 3aKpenjieHHbiii thkhm o6pa3OM Kpaii coBnaAa- 
eT c oahoh H3 KoopAHHaTHbix oceii, HanpHMep c ocbio y. CBH3b MeiKAy yrjioM 
noBopoTa njiacTHHbi h H3rn6aioiJHHM momchtom 6yAeM cmiTaTb jiHHefiHoii. 
C yqeTOM sthx 3aMeqaHnfi Ha paccMaTpHBaeMofi rpaHH 6yAyT BbinojiHHTbcii 
cjieAyioniHe rpaHHHHbie ycjiOBHHi

w |rp = 0;

+ V
d2w 1   dj/&,
dy2 Jrp dx ’

TAe % — Koa^HHHeHT noAaTJiHBOCTH 3aAeJiKH njiacTHHbi.
5. BoKOBan rpaHb miacTHHbi cbo6oaho onepTa Ha ynpyryio onopy 

(ynpyryto 6ajiKy). Ecjih onnpaHHe njiHTbi npoHCxoAHT 6e3 OTpbiBa 01 
ynpyrofi onopbi, to moikho cniiTaTb, hto BAOJib jihhhh KOHTaKTa BbinojiHii-
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ycjioniie
Irp = 0.

i ii k jiiim ynpyroe pedpo ot njiacraHbi h Harpy3HM ero chjihmh b33hmo- 
Ii IHIIII. 7J.JI5I 6ajIKH 3TH CHJIbl MOJKHO OnpeflejIHTb H3 SJieMeHTapHOH Te- 
IHI

r- 7 d*w
EJ~W = ~q'

III I pllBHHTb 3TO BbipaiKeHHe C Bbipa>KeHHeM AJIH Qx H3 (10.42) (3aMeTHM,
ii ./ ii Qx cyra OAHiiaKOBbie BejiHHHHbi, xapaKTepH3yioui,He

\ i loime KOHTaKTa mojkho peajiH3OBaTb, 3anncaB
AaBJieHHe),

dlw | D d I d2w 
dy' Irp EJ dx [ dx2 + (2-v)

d2w 1 

dy2 Jrp '

•iii ynpyroonepTan rpaHb MO/KeT cboQoaho BpamaTbcn,
in. ni.iiiojiHeHO ycjiOBne

Mx |rp = 0, t. e.
d2w d2w I
IF" + V -^2" |rp = 0.

(10.44)

TO AOJOKHO

(10.45)

inin iimocth (10.44) h (10.45) 6yAyT rpaHHHHbiMH ycjioBBHMH ajih paccMa- 
imaeMoro cjiynan.

§ 10.3. PenieHHH HaBbe n JleBii ajih npHMoyrojibiioii njiacTiiHM

llpiiCTynHM k penieHHto 6HrapMOHHnecKoro ypaBHeHHH (10.12) npH 3a- 
..... ... rpaHHUHbix ycjioBHHx. CpeAH MHOJKecTBa MeTOAOB pemeHHH stoh 

(111.1'111 OCTaHOBHMCM Ha AByX KJiaCCHHeCKHX pemeHHHX B TpHTOHOMeTpH-
■ i. nx pHAax JI. HaBbe h M. JleBH.

1'eiiieHue b abohhmx TpHroHOMeTpHHecKHX piiAax (pemeHHe HaBbe). 
11 i.iuy 06 H3TH6e npuMoyrojibHOH CBo6oAHOonepTOH njiacTHHM no npeA- 

i i '111110 >K. Oypbe BnepBbie paccMOTpeji h pemnji JI. HaBbe b 1820 r.
I Ipn BbiBOAe ypaBHeHHH (10.12) oraocHTejibHO (JiyHKUHH q = q (x, /) 

n n(>.'iacTH, rAe OHa onpeAejieHa, He6bijiocAejiaHOHHKaKHX orpaHHUiBaic- 
IHiix AonymeHHH KpOMe toto, hto Harpy3Ka AeficTByeT HOpMajibHO k cpe- 
..... . nOBepXHOCTH nJiaCTHHbl. IloaTOMy, HT06bI coxpaHHTb HaH60JIbHiyiO 

nrnUHOCTb pemeHHH, npeACTaBHMHarpy3Ky<7BBHAeABOHHoropnAa Oypbe:
oo oo

= qmn sin —sin ++ . (10.46)
m—l n=l

PemeHHe ypaBHeHHH (10.12) TaKxce 6yAeM HCKara b BHAe abohhoto Tpn- 
iuiioMeTpmiecKoro pnAa:

oo OO

w(x, y) = \+Msin+|+-sin++-. (10.47)
m=\ n=\

l'UCb, K3K H B(10.46),£ZHb --- A^IHHbl CTOpOH npHMOyTOJIbHOH njiaCTHHbl
(|inc. 10.19). JlerKo BHAera, hto pemeHHe (10.47) yAOBJieraopaeT rpaHHi-
III.IM yCJIOBHHM CBo6oAHOTO OnnpaHHH. JleHCTBHTejIbHO, npn

x = 0 ] „W = 0 H
x = a J

d2w 
~dx2~ ~~
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a npH

y = 0 
y = b W == 0 H dy2 U'

Pnc. 10.19

B $opMe ABOHHoro p>u|| 
C>ypbe npe^CTaBHMa bii\ ipM 
npHMoyrojibHHKa 0 v I 
sjL a, 0 y b jiiihiiih 
cjiyHKHHfl Asyx nepeMeiiin.it, 
yAOBiieTBopHioniaa rpami'i 
HblM yCJIOBHHM. STOAai'l I" 
HOBaHne cnHTaTb peiiii iiin 
(10.47) Handojiee oOiiinM 
AJIH HCKOMOH (JiyHKHHH tt» I

Ecjih noACTaBHTb (10.10) 
h (10.47) B (10.12), TO IHI 
npHBefleHHH moikho iiojim 
HHTb

fiiurii cyMMe HHAeKc cyMMHpoBaHHH m npoCeraeT 3HaneHHH ot eAHHHHb1 
n<’i hoilCHHOCTH. 3t0 TeKyilJHH, H3MeHHK)IH,HHCH HHfleKC.
iii ip.i>KCHHe, CTOHHi.ee b npaBOH nacTH (10.51), mojkho 3HanHTejibH"o 

p>» H1TI>, eCJIH HCnOJIb3OBaTb CBOHCTBO OpTOTOHaJIbHOCTH CHCTeMbl TPH- 
iin n ipnnecKHX (JiyHKHHH. J4cnojib3yeMan h3mh CHCTeMa CHHycoB

(10.52)

£ £ K-"‘ + -S-P ^4" ^sin SL = 0.   

Pha, CTOHIIIHH b jieBoii HacTH (10.48), MO/KeT SbiTb paBeH Hyjno npil Jllll 
6bix x h y B TOM cjiynae, KorAa KaJKAbiH hb ero ko^hhhchtob hmcct u\ 
jieBoe BHaneHHe. PeajiHsauHH stoto TPe6oBaHHH:+ -L- jJ .- - (io. J

npHBejieT k tom^, hto (10.48) o6paTHTcn b to^ctbo. VLs (10.49) cjie/iyn,

|........ . i(o npoBepHTb, opToroHajibHa Ha OTpe3Ke (0, a)i
npn tn=£m

a —c . mnx . mnx , nsin------sin------- dx — 0;J a a
0

npn tn = m
a a(* . mnx . mrcx < (* . 2mnx , a .Jsin— sin — dx = j sin—dx = T j 
0 0

IHii'iuriHiHO npn n^=n
Lin^sin^dyss.O;

upn n = n
?sin sin Ja- dp - f sin= 4 .

0 0

t 'u roM (10.53) BbipajKeHHe (10.51) mojkho nepenncaTb tbki

(10.53)

Amri = ^mn

nVD ( H n2 \2
\ a2 1 b2 /

Koropbie BMpaacaeTca 4.^
OOTT^xT, - j ||(|

C 11« II
mztx

h npoHHTerpHpyeM b npe/iejiax «u

L(x, y) sin-S-dx^

0 a
00 00 a —

= S«»sta.^£ fsta^sto-SL*.  (1OJ,„ 
m=l 0

OcTaHOBHMCH noApo6Hee Ha Bbi6ope 3HaneHHH m b apryMeHTe CHiiyi .1 u| 
npocjieAHM, khk BeAeTca cyMMHpoBanne b npaBoii na?™ (10.51). B 110
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yMHOJKHM odenacTH (10.46) Ha sin
0 uo a:

j q (x, y) sin dx =J 7™ sin . (10.54)
0 /2=1

ll 'inopHM npHMeHHTejibHO k (10.54) Ty >Ke npone/iypy, KOTOpan 6bwia 
tipiiMcneHa npn BbiBone (10.51):
1 j’ </(x, y)sln-^-dx\sin-^-dy = -^- ^qmn Jsin-^-sin-^ dy.

J n=l 0

(10.55) 
I III, K3K H npe>KAe, BOCnOJIb3OBaTbCH yCJIOBHHMH OpTOTOHaJIbHOCTH 
(lo !>3), to (10.55) jierKO nepeiUeT b (jiopMyjiy ajih onpe/iejieHHH qma:

, a b4 p c z . . tnnx . tmu , , 
7^ = J J 7 (*>  7) sm — sin-f- dxdy.

0 0

H" mpamancb k (10.50), nojiynHM
a b

, C C , x s mitx

A — 00ftmn —

. nny , . sin —axdy

,n , ( m? n2 V2
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Tbkhm o6pa3OM, HCKOMoe pemeHne (10.47) npno6peTaeT bha

4 J J q (x, y) sin — sin nnV ^xdy
“---------- ----------sin^Lsin^-. (10.H«>

_ . . / . na V a b v
Dn^ab

no (JiopMyjiaM (10.19), (10.42), (10.43) JierKO onpeAejunoTCfl H3rH6aionun 
MOMeHTbi, nonepenHbie chjih, npHBeaeHHbie nonepenHbie chjim h ;ip. I'< 
ineHHe (10.56) ajih Kaxnofi KOHKperaofi 3aflaHH onpeAejiaeTcn bhaom ())yim< 
Hhh q (x, y). PaccMOTpHM, cjiejiyH JI. HaBbe, HeKOTOpbie qacTHbie cjiy'hiu

1« Harpy3Ka paBHOMepHO pacnpenejieHa no Bceii noBepxHocTH iuin< 
THHbi: q (x, y) = q0. HanHeM c BbiiHCJieHHH KoacjxpHHHeHTOB Am„i

) 0 0

^6Amn
„ , .( m2 n2

4?0 ab
2 n2mnm2 ti2 y

a2 + b2 )

Koma m h n ojiHOBpeMenno hjih
K8K BHAHO H3 (10.57), Amn = 0. .H.JI5I
n = 1, 3, 5, ...)

Amn 5=5 7 2---------TTs- •n*Dmn + "^)
n'Dab (

(1 — cosmn)(l — cos nn). (10.!>7)

B OTJiejIbHOCTH HeTHbie HHCJia, 'lo, 
HeneTHbix m n n (m = 1, 3, 5, ...;

16?o

TaKHM o6pa3OM, BbipaxieHHe ajih (JjyHKHHH npornSoB HMeeT bha

OO OO

w(x> =

m=l n=:

mnx . nnu sin—~ 
ba

1
1 mn

( m2 + + r
\ a2 + &)

(10.58)

r/ie m = 1, 3, 5, ...; n = 1, 3, 5, ... .
MaKCHMajibHbifi nporn6 njiacTHHbi wmav OyaeT Ha^jnoAaraca b HeHTpw

njiacTHHbi

oo oo

_ J6%_ 
^max “ n*D

m=l n=l mti

(-1) 2
/ „2

a2 + b2 )

2. Harpy3Ka Ha miacTHHy cocpenoToieHa b oahoh ToiKe (h3th6 njia< 
THHbi cocpenoTOHeHHofi cHJiofi). CocpeAOToqeHHyio CHJiy P 6yneM annpoKcn- 

„■ „ „ — i>MHpoBaTb pacnpeAejieHHOH Harpy3KOH hoctosihhoh BejiHiHHbi q = ,
AeftcTByiomefi Ha Majiofi KBaApaTHoft njiomaAKe 6 npn 6 -> 0. 3Ta pacnpc- 
AejieHHaa Harpy3Ka paBHa Hyjiio noBcioAy 3a HCKJHoieHHeM KBaAparaoi o
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■^K'iti.1, <>6pa3OBaHHoro nepeceneHHeM napajijiejibHMX jihhhh x = £; 
K t i fi n y = n; y = n + 8-

p
i niiiiiicm cnanajia BbipaJKeHne ajih qmn npn q — a 3aTeM SyjeM 

h i nii. <*i <> iipe,neji npn 6 -> 0, Hcnojib3ya TeopeMy o cpeflHeM:

I I I 'IOJKeHHblH MeTOA penieHHH B JIBOHHblX TpHTOHOMeTpHHeCKHX paaax 
II I Imibe HapnAy c npocTOTOH h npe/iMeTHOCTbio BbiKJiajioK oSjiaaaeT h cy- 

III, ■ IIU'IIHblMH HejlOCTaTKaMH:
I) CKOpOCTb CXOAHMOCTH pHflOB, BXOASHIHX B peilieHHe, Hpe3BbIHaHHO 

H> 'i i, a b HeKOTopbix cjiynaax sth pnabi Boo6in,e pacxoAHTcn;
'i ncpeHeceHHe MeToaa Ha Apyrne KJiaccbi rpaHHHHbix ycjioBHH BecbMa 

4<ll|i\HIIHTeJIbHO, a HHOTja npOCTO HeBO3MO>KHO.
i l<> iTOMy nepeHfleM k H3Jio>KeHHio 6ojiee npneMJieMoro MeTOAa penieHHH 

|H i.i'in 06 H3rn6e npHMoyrojibHOH njiacTHHbi.
l+iiieHHe b o/iHHapHbix TpHTOHOMeTpHHecKHX pfl^ax (pemeHHe JleBH) 

(i> i. niJBaeT KJiacc 3aAan 06 H3rn6e njiacTHH, y KOTopbix ABe npoTHBono- 
. ■ ■ i.ni.ie rpaHH cbo6oaho onepTbi. Ha /iByx Apyrnx rpaHax rpaHHHHbie 

y< imuifl npeAnojiaraioTCfl npOH3BOJibHbiMH. TaKHM o6pa3OM, sto pemeHHe 
...........  o6w,hh xapaKTep, qeM pemeHHe HaBbe. KpOMe toto, oho yno6- 
•..........  HHCJieHHOH. peajiH3an,HH.

I |i.iiih OC h AB njiacTHHbi (pnc. 10.20) cbo6oaho onepTbi. KpaeBbie 
V< 1'1'1111 Ha 3thx rpaHnx, KOTopbie 6yneM Ha3biBaTb doMUHUpyiou^UMU,

5+6 n+64 f (‘ P . mnx . nny
= ~W J J "6T Sin — Sln — dxdy =

5 n

= -±- 4- sin (g + 66) sin (n + 06) 6I 2 ->

4P
ab

nw]
~b~ (10.59)

Mi-i i nojiyqHTb Bbipa>KeHHe ajih w He npeACTaBJineT 3aTpynHeHHH: 
ay (x, y) =

4P
i^thib

OQ OQ

ss 1
/ m2 1 "M2\ a2 1 i2 )

sin mnE . wtr) —- sin—~ a b

(10.60)

i 1.1’iiicjihm npornS b cepeAHHe njiacTHHbi. IlycTb b stoh n<e TOHKe npn- 
ft< i. H.I h CHJia P. Tor#a x = g = y = t] = BbipanteHHe (10.60) 
• »i..M cjiyHae 6yneT HMeTb bha

^max •—
4P 

n^Dab n* \2 ’
)
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mojkho 3anncaTb thk:

d2w _  „~ U<
KpaeBbie ycjioBHH Ha rpaHHx y = 0 h y — b noKa He ^opMyjinpyeM. 

PemeHHe b OAHHapHbix TpHTOHOMeTpHHecKHX pnflax HBjineTcn npoefl
HHeii Ha paccMaTpHBaeMyio 3aAaqy 6ojiee o6m,ero MeTOfla — Metojia pai 

AejieHHH nepeMeHHbix Oypi,c 
B tom cjiynae, KOTAa hckomiih 
(JiyHKHHH 3aBHCHT OT flByX II' 
peMeHHbix, pemeHne nmeTcn n 
BHAenpoH3BeAeHH« AByx (jjym, 
uhh oflHoro nepeMeHHoro:

co 

w(x, y) = £Xm(x)Ym(y). 
m=i .

(10.61) 
rioACTaBJiJifl peineHne (10.61) 
b ypaBHeHne C. XepMeH, no« 
JiyHHM

oo

V (XlmYm + 2XmYm + 
m=l

S (Ym + 2SYm + S*Ym) Xm = •
m=i

JlerKO yBHAeTb, hto ycjioBHe (10.63) 6y.neT BbinojiHeHO, ecjiH npHHMTb
v, . mnxXm = sin------- •m a

B 3tom cjiyqae pemeHHe (10.61) 6y.neT HMeTb bhh
oo
v IZ • mnx1 sin —— ■

m=l “

Hmchho b t3kom bhac HCKaji penieHHe M. JleBH. B cboio onepenb, (10.64) 
c yneTOM (10.65) 3anHHieTcn 6ojiee npocTo:

S
°° /iziv o ,z" , m4ni * *

„^i\m 2 * “2 Ym + “4

q(x, y)
D (10.62)

YpaBHeHHe (10.62) mojkho 3HaHHTejibHo ynpocTHTb, ecjin ynacTCH no- 
AO6paTb (JiyHKHHIO Xk T3K, HT06bI

xk = sxk.
B 9tom cjiyqae (10.62) nepeiUeT b

(10.63)

(10.64)

>

(10.65)

• fTVTlX Q / A Dsm— = -fr- <10-66)
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H i- i iim iipanyio uacTb (10.66) b psijx no cnHycaM. TaKoe pa3jioiKeHne 
W;i<iiijii'IIO tcm, 'ito h jieByio nacTb mojkho TpaKTOBaTb, kbk pn# <2>ypbe, 

iio cmiycaM. Tor/ia
oo

= S qm («/) sin . (10.67)
u m=l “

. Hi noACTaBHM (10.67) b (10.66), to nojiyHHM
Si[^v-2-^r; + -^-yrt-9Bta/)] = o. (10.68) 

l> <> «|)(|)HmieHTbi pn^a <&ypbe qm(y) onpeflejiHTCH no (jiopMyjie, H3BecT- 
h n iti icypca MaTeMaTHnecKoro aHajiH3a:

a
2 C / \ . mnx jqm=-^}q(.x, y) sin dx. 

0
Pha (10.68) paBeH Hyjno npn Jiio6bix x h y b tom cjiyqae, KOiyia KaxyjbiH 

lli I'l O K03(jxj)HH.HeHT0B T3K)Ke paBeH HyJHO. IIoaTOMy
^-2-^ Ym+^-Ym^qm(x,y). (10.69)

TaKHM o6pa3OM, pemeHHe AHtjxjiepeHHHajibHoro ypaBHeHHH b nacT- 
III,IX npOH3BOAHbIX V% = -jy- CBejIOCb K HHTerpHpOBaHHIO 06bIKH0- 
iu'nHoro jiHHeHHoro HeoAHopoAHoro ypaBHeHHH (10.69). PemeHHe hcoaho- 
P Minoro JiHHefiHoro AH(j)cj)epeHn.Ha.ribHoro ypaBHeHHH, khk H3BecTHO, CKJia- 
ujBaeTCH H3 KaKoro-JiH6o ero qacTHoro pemeHim h o6m,ero pemeHHx co- 

orneTCTByiomero OAHopoflHoro ypaBHeHHn:
V = Y°+ 4- Ymv

OAHopoAHoe ypaBHeHHe, ajieKBaTHoe (10.69), BbirjmAHT thk:

(10.70)

XapaKTepHCTHuecKoe
HMeeT bha

ypaBHeHHe stoto AHtjxjjepeHimajibHoro ypaBHeHHH

Ero KopHHMH 6y«yT
k* 2 a2 k2+

m4n4 n
a4 U’

, mn . b , mn
Kn — 12 a *^3 — a ' a

O6ih,hh HHTerpaji (10.70) MOxceT 6biTb npeACTaBjieH b BHAe

HraK,
y + ch +

+ Bm.y sh y + B^y ch -^- y + Ymv. (10.72)
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TaKHM o6pa3OM,
w(x, y) = ^ \b^ sh — y + B^ ch ~ y + y sh-^- y 4- 

m=-ll u u u
+ B^i/ch-^i/+^p]sin-^x. (10.73)

IIojiHoe pemeHHe (10.73) npeACTaBJineT co6ofi penieHHe ypaBHeHiui 
C. XepMeH h yAOBjieTBopneT AOMHHHpyiomHM KpaeBbiM ycjioBHHM Ha cbo 
6onHoonepTbix rpaHax. FIpoH3BOJibHbie nocTOHHHbie Bm, BxojmmHe b pe 
meHHe, onpeaejiHiOTCH t3khm o6pa3OM, hto6m oho 6biJio noauHHeHo Kpae 
BblM yCJIOBHHM Ha JJByX OCTaBHIHXCH fpaHHX. HhCJIO 3THX TpaHHHHblX 
ycJioBHH paBHO neTbipeM, hto cooTBeTCTByeT nncjiy npoH3BojibHbix nocToan 
HblX, BXOAHHIHX B (10.73).

MacTHoe pemeHHe 6y#eM HCKaTb no npaBHJiy Kolhh:
y

Y'n? = ^Ym(y-h) qm (h) dh, (10.74)
o

rae Ym— nacTHoe pemeHHe oahopoahoto ypaBHeHHn (10.70), ynoBJieT- 
Bopaiomee HanajibHbiM ycjioBHHM

Km(0) = 0; Km(0) = 0; 7^(0) = 0; KX(O) = 1; (10.75)

qm — npaBan nacTb (10.69); h — napaMeTp.
npn nocTpoeHHH Ym Hcnojib3yeTcn npoHeaypa Kouih. OHa 'coctoht, 

k3k H3BecTHo, b tom, hto o6m,ee pemeHHe onHopoAHoro ypaBHeHHS no;i- 
HHHHIOT yCJIOBHHM (10.75), OIipeHejIHH TeM CaMblM KO3(j4)HHHeHTbI, BXO- 
AHHIHe b 3to pemeHHe. Ymhoxkhb sth KoatjxjiHHHeHTbi Ha cooTBeTCTByioiHHe 
hm pemeHHH H3 (JiyHAaMeHTajibHOH cHCTeMW, mojkho nojiyuHTb Ym. Pea- 
jiH3au,Hio HaMeueHHoro HauHeM c toto, hto npoAHtjxjiepeHHHpyeM tphjkam 
(10.71):
v' t..\ o(l) / t d(2)/ mn ) u mn . Di+( mn , mn ,Ym(y) = Bm’ ) ch—i/ + B+| —)sh —y + B^( —ych —y +

+ sh-—I/J+SV(—z/sh —y + ch — y) ,

i.\ d(>) I mn \2 u mn i d(2) I mn 3 , mn ,Ym(y) = B+[—) sh— y + B^—) ch — y +

I d(3) [o mn l, mn i I mn '2 U mn 1 I d(4) in mn L mn < + £„ [2— ch — y+ (—, ysh — y\ + B^(2—sh—y +

+ 1—) ^ch — y\’

v"' /.\ d(>) / mn ? u mlT r d(2) / nm\3 , nm ,Ym(y) = B+[—l ch—y + B^l—) sh— y + 

r d(3) I o I mn |2 i, mn i wiJt i3 I. mn , + Bm>(3 (—) sh— + y —) ch—y + 

, d(4)To I mn l2 i, mn , mn >3 u mn | + B^|3( —) ch — y+ —) i/sh —y|.
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M uiorBeTCTBHH e (10.75) cocTaBHM ycjiOBHH hjih onpeAejieHHH Bm: 

B®==0; -^B^ + B^ = 0;

Bg' = 0; (JEC)'Bo> + 3.(2=.)
a

3

\ B® = 1.
CoitMCCTHoe pemeHne 2-ro n 4-ro ypaBHeHHH btoh CHcreMbi jjaeT

Rikicii onpeAejieHHbie thkhm o6pa3OM Bm b (10.71), nojiyuHM 
Y ™ = 2mW (ych

>iy ipyHKHHio HHoma Ha3biBaioT (pynKyueu Kotuu.
IIpeo6pa3yH apryMeHT Fmp b cootbctctbhh c (10.74), nojiyHHM pa3bb 

ihimaeMoe qacraoe pemeHne (10.69):

0
a mn(y — h)

mn a

mn a , trut \
----- y sh —— y . 

a J tnn a J /

m2n2D
mn (y — h)

a
a
( q (x, h) sin dx ■ dh.

J o a
Kax yx<e yKa3biBajiocb, ajih onpejejieHHH npoH3BOJibHbix nocTOHHHbix 

t B tyeT Hcnojib3OBaTb KpaeBbie vcjiobhh Ha rpaHHX, npHMbmaiomHX K 
riutfioAHOonepTbiM. Ao chx nop sth ycjioBHH He 6bum ctjiopMyjiHpoBaHbi 
iir< MOTpn Ha to, hto pemeHHe yxce 6jih3ko k 3aBepmeHHio. 3to npmiaeT 
Hi iuOAy o6inHOCTb, hto BbiroAHO oTJiHnaeT ero ot pemeHHH HaBbe.

KoHKpeTH3HpyeM rpaHHHHbie ycjioBHH. PaccMOTpHM cjiynaii, KOTfla 
i piiiiH njiacTHHbi OA h CB (pnc. 10.20) xkcctko 3aAejiaHbi. TpaHHHHbie yc- 
i'inim b 3tom cjiynae TaKne:

i/ = 0)
"P" S = M a’“(

i ■ \ 'icTOM (10.65) hx mojkho nepenHcaTb

"p” u = « -
L Ym (b) sin —— = 0;

m=l “

oo
TZ*  Z/X\ I tlUlX 2j Ym(0) sin——- 

m=l a
oo

S
5Z*  /f\ * 1TIRXYm (b) sin —— 

m=l “

= 0|

0.
(10.76) 

Vcjiobhh (10.76), npencTaBJieHHbie b BHAe pnna, cnpaBemiHBbi npn jiioSom 
i -.,.r^aB tom cjiyqae, Korna Ha 3am,eMJieHHbix rpaHax 

ym(0) = 0; 14(0) =0;

ym(/?) = 0; Ym(b) = 0.
(10.77)
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Pa3BepHyB ycjioBHH (10.77) npn noMomH (10.72), nojiynHM CHCTeMy A 
HefiHbix ajireOpaHnecKHX ypaBHeHHH:

Bm = 0;

n(i) mn i im
Bm ------sh-----a a

mrt

B% + -^B% = 0;

B^Gh-^-&4-B^&Gh-^-6 + B^sh-^d+B^6sh-^-&-|-y(&) 

b + B$(ch^b + b^Gh^-b) + 

+ B% -^-ch -^-b + B^ (sh -^-b + b ^-ch -^- b) + Y'(b) =

H3 9T0H CHCTeMbl HaXOflHM B%:
B^ = 0;

r_m+/sh^Lfc + fc-^Lfcch—^K(fc)-
[ a ( a 1 a a ) -

(

0.

1

a

B%
sh2-^&

a
—£—b2
a2.

Bw - /,2 sh -^-&/(&) —

. t, . m. + osh — a
1

sh2-----b---------- =— b2
a a2

- (sh 6 - d ch F' (6) ] . 1
Otmothm, hto pemeHHe nojiyneHO ajih npoH3BOjibHoft Harpy3KH (x, y) 
Bojibman 3acjiyra b pa3pa6oTKe penieHHH Tnna (10.65) npHHaAJie>KHi 

B. T. TajiepKHHy, peniHBmeMy dojibmoe hhcjio 3aaaH ajih npnMoyrojibHbi? 
njiaCTHH npH pa3JIHHHbIX rpaHHHHblX yCJIOBHHX.

§ 10.4. PemeHae sa^a^n 06 H3rn6e Kpyrabix njiacTini

KpyzjibtMU njiacmuHaMu nocmoaHHou mojttquHbi 6yaeM Ha3biBaTb njiac 
THHbl, KOTOpbie O0pa3OBaHbI OflHOH HJIH AByMH HHJIHHJipHHeCKHMH nOBepX' 
HOCTHMH, HOpMajIbHblMH K nJIOCKOCTHM nJiaCTHHbl.

^TO^bl COXpaHHTb npeeMCTBCHHOCTb BblBOflOB, He 6yfleM, K3K npe/KJie 
BbinejiHTb ajieMeHT Kpyrjioft njiacTHHbi h noBTopnTb aHajior yx<e npoBe 
^eHHoro BbiBOAa. nonbiTaeMca npeo6pa3OBaTb y>Ke nojiyneHHbie ypaBHe. 
hhh ajih cjiyqaa nojiapHbix KOOpAHHaT (pnc. 10.21) , npHMeHeHne KOTOpbia 
npn paccMOTpeHHH Kpyrjibix njiacTHH ecTecTBeHHO.
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I' iiojmpHofi CHCTeMe KOopflHHaT npornd w h acconimpyioiHHecH c hhm 
> niiuiiHbi M, Q, a TaKXce Harpy3Ka q 6yayT y>Ke (jjyHKHHHMH ne x h y, a 
ii ii < B5i3b Meacny AeKapTOBbiMH h nojiapHbiMH KOopAHHaTaMii ycranoBJie- 

m n § 6.1. TaM xe nojiyqeHO BbipanceHHe ajih onepaTopa Jlanjiaca b iio- 
|ii|iiioii CHCTe'Me KOOpAHHaT:

Z. xl -L + l JL'.y ~ dr2 r dr r2 d62
hl'iiMCiiHH 3tot onepaTop ajih nepeMemeHHH w, nojiynHM 

, w-(-+4 * ■ ■ *

(10.78)

(10.79)w.dr + r2 ae2)

Pnc. 10.21 Phc. 10.22

lii'|x|)epeHiiHajibHoe ypaBHeHne nporHSoB njiacTHHbi (10.12) V2V2 = — 
i 'u roM (10.78) h (10.79) mojkho 3anncaTb Tan:

(10.80)

IIcpefiAeM k onpeaejieHHio ynpyrnx ycHJiHH Kpyrjioii njiacTHHbi: 
....... Mr, Mq h KpyTsiniHX Hr, Hq momchtob, nonepeHHbix chji 
i '.. Qo. 3th ycHJiHH AeficTByiOT b paAHajibHbix (r) h TaHreHiiHajibHbix (0) 
ii'iiicpenHbix ceueHHHx. HopMajib k nepBbiM HanpaBjieHa no paanycy, a
■ ■ HTopbiM — no KacaTejibHoft (pnc. 10.22).

linoBb noAnepKHeM, hto sth ycHJina hbjihiotch noroHHbiMH, t. e. Bbi- 
•i'" jdiiotch no njiomajiKaM, HMeroiu,HM bmcotoh bcio TOjiin,HHy njiacTHHbi 

I'ito 6biJio yxce yqTeHO npn BbiBone (10.22)] h niHpiiHy He rdQ, a paBHyro
■ imiiine. 3jiecb r— TeKymHH, npoMexcyTOHHbiH pa#Hyc.

Iiikhm o6pa3OM, Ha pa/iHajibHOH njiomaflKe ABCD AeficTByroT cjieayid- 
iiiiii' ycHJiHs:

MrrdQ; HrrdB h QrrdQ.
iipyrne ycHJiHH b Kpyrjioii njiacTHHe nojiyuHM H3 (10.22), nepeiUH k 

" ■ mpiibiM KOOpflHHaTaM npH noMom,H (10.78), (10.79). Cobmccthm ocb 
t ■ pajinycoM r. B stom cjiynae 0=0, hto cjieayeT yuecTb npn Hcnojib3O- 
>1111111 (10.78), (10.79). Toraa
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44 n ( i . d2w 'i n T i ( \ dw . d'2w \1 ,” D \,~w + v -^r)e-o = “ D + v (— ~oT + v iHj ’

44 n ( d2® , , 52ai \ n [ 1 dw , 1 d2w , d2w 1 .A10==-D(+7' + v+^Lo=-D[v+r + ^T+V++-J’

(10.81)
PenieHne 3anaHH ajih Kpyrjiofi acHMMeTpHHHO 3arpyn<eHHOH njiacTHHbi 

BnepBwe 6mjio nojiyneHO A. KJieSineM.
HcKOMoe nepeMemeHHe w (r, 0) h 3anaHHyio Harpy3Ky q (r, 0) npea- 

CTaBjiaioT b BHne phaob Oypbe:

d2w 1 dw )
r drdQ r2 50 )

1 d2w \ .
r2 dO2 ) ’

1 1 d2w \
1 r2 <502 )

CQ OQ

q (r, e) = S Qk (r) cos kQ + £ nk (r) sin 60;
fe=0 fe=0

CQ CQ

u> (r, 6) = S wk (r) cos kQ + ak (r) sin kQ.
t=o fe=0

(10.82)

KoatJttjiHHHeHTbi qk (r) h nk (r) HaxoflHT npn noMomn o6meH3BecTHbix cfiopMyji 
2n 2n

<7*  W = j <7 (r, 0) cos kQdd; xk(r) = -^-\q (r, 0) sin kQdQ;
0 0

2je
<7o (') = -yr j*  <7 (r, 0) dQ.

0
Kos^HUHeHTbi wk (r) h co*(r)  onpeziejiHM, noACTaBHB (10.82) b (10.80)!

S{|(^- + 44— 4)wk(r)-^\wskQ + 

k=0
+ |(4- + -7-4--4'Cd^r)--#L]sin^3 °- (10-83) 

YpaBHeHHe (10.83) mojkct 6biTb ynoBJieTBopeHO npn jho6mx r h 0 jiHHib u 
tom cjiynae, Kor.na

npn jiio6om k.
O6mee pemeHHe (10.84) hhictch, kbk o6biqiio, b BHjie cyMMbi

W = U)q-P + K)°-P .

( d2 1 1 d ( d2wk , 1 dwk k2 , Qk (r)
L dr2 1 r dr r2 ) l dr2 1 r dr r2 wk 1 - ’ 1 D

1 d ki\ 1 d2ak , 1 dwk k2 ®fe) = , x*  (r)
\dr2 1 r dr r2 I \ dr2 1 r dr r2 ' 1 D

202



r/ie w'v — uacTHoe pemeHne ypaBHeHHH c npaBOH wacTbio; a»°-P — 06- 
ni.ee pemeHHe oAHopoAHoro AH$$epeHHHajibHoro ypaBHeHHH, cooTBeTCTBy- 
toinero (10.84).

TXaiiee b stom naparpaijie nonpoSHO paccMOTpeHa ocecHMMeTpHHHan 
i wana jijiii Kpyrjiofi njiacTHHbi. TaM nce npoBefleHo peineHHe oAHopoAHoro 
VpaBHeHHH npH k = 0. 3Aecb jinmb npHBOAHM y>Ke roTOBbie pe3yjibTaTbi: 
li = 0

w0 (r) = a01r2 ln r + a02r2 + a03 ln r + a04;
l< — 1

(^) = aur3 + a12r ln r + alsr + a14 J (10.85)

/.■ = 2, 3, 4, ...
wk (r) = aM rk+2 + ah2r k+2 + ak?,rk + aMr \

B cnpaBeflJiHBOCTH pemeHHH (10.85) JierKoySenHTbcn, noACTaBjum hx b
I e Bbipa>KeHHe (10.84). AHajiornHHbie penieHHH mojkho npHBecTH h ajih mk.

EcJIH B KOHKpeTHOH nJiaCTHHe MO/KHO BbmejIHTb HeKOTOpyiO njIOCKOCTb, 
.'l lIOCHTeJIbHO KOTOpOH 6y.HeT CO6jIIOHaTbCH CHMMeTpHH HJIH 06paTHaH CHM- 
Mi“TpHH Harpy3KH h rpaHHHHbix ycjiOBHH, 2-e penieHHe (10.82) ynpocTHTCn.
II ejiyqae CHMMeTpHH Harpy3KH h rpaHHHHbix ycjioBHii b hcm cjienyeT onyc- 
niTb 2-e cjiaraeMoe, conepxamee HeneTHbie (JiyHKHHH sin &0, hjih o6paT- 
IIOCHMMeTpHHHOH Harpy3KH HCKJIIOHaeTCH 1-fi HJieH, B COCTaB KOTOpOTO 
RXOAST CHMMeTpHHHbie (JjyHKHHH COS&0.

liocjie toto khk 6y.neT nojiyneHO pemeHHe oflHopoAHbix ypaBHeHHii, 
i H'JiyeT npndaBHTb k hhm Jiio6oe qacTHoe pemeHHe HeoAHopoAHoro ypaB- 
ih'iihh. C/rpyKTypa stoto qacTHoro pemeHHH onpenejiHTCn bhaom npaBoft 
•iuth (10.84).

PaCCMOTpHM nJiaCTHHbl, H3rH6aeMbie CHMMeTpHHHO OTHOCHTejIbHO HeHT- 
p uibHOH och. B 3tom cjiyqae rpaHHqHbie ycjioBHH h Harpy3Ka o6jianaioT 
nuMeTpHefi BpameHHH, t. e. He 33bhc5it ot nojiHpHoro yrjia 0. IlpH chm- 

MnpnqHOM H3rn6e yroji noBopoTa (neBHaHHn) b ueHTpe paBeH Hyjiio, a Ha 
HH iimnpHqecKHX noBepxHOCTHX npoH3BOJibHoro paiiHyca Bce pacqeTHbie 

niqHHbi (HanpqjKeHHH, nporndbi, MOMeHTbi h t. a.) He H3MeH5HOTcn.
Hpeo6pa3yeM (10.80) h (10.81) ajih cjiyqan CHMMeTpnqHoro H3rn6a.

II.-  n/iaBaiiCb b noflpo6HOCTH BbiBO.ua, npHBeaeM jiniiib pe3yjibTaTbi: 

H'iit (npoBepbTe!)

/ d2 . 1 d \ / d2w . 1 dw \ _ q(r)
(dr2 1 r dr dr2 ‘ r dr ) ~ D ’

(10.86)

Hr = He = Qe = 0;
(10.87)
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CrpyKTypa (10.86) TaKOBa, kto HaxoxaeHHe ero peineHnn cboahtch ■ 
nocjie/ioBaTejibHOMy HHTerpupoBaHHio:

^ = 4 j'r{Jr|4-(^(r)rdr) dr\dr\dr + A^lnr +

-j- A,r2 A3 In r -|~ At. (IOH'h
HtoSm onpeAejiHTb npoH3BOJibHbie nocTOHHHbie Ah cjie^yeT c<|)opMyjiii|"> 
BaTb rpaHHHHbie ycjiOBHH ajih Kpyrjibix h KOJibueBbix njiacTHH.

rpaHHMHbie yCJIOBHH AJIfl KOJIbljeBOH njiaCTHHbl (HapyiKHblH paAHV 
7?rp, BHyTpeHHHH — rrp)
IIIapHHpHoeonHpaHne 3ameMJieHii«

no Hapy>KHOMy KOHTypy
= Md*r P = 0; ®kP = c

no BHyTpeHHeMy KOHTypy
®|rrp = °; Mr\rr = 0; J =0;

r rp 

CBoSoflHbiH k p a h y n p y r o o
HapyxcHbiH

Qr |«rp = 0; Mr |«rp = 0; ®r |«rp = kw< Mr |* rp = 0;

BHyTpeHHHH
Qrkrp = 0; ^Qpp^O; Qr\rrp = kW, Mr|rrp = 0.

3/iecb k — Koa^nuneHT jkcctkocth onopbi Ha ocaflKy.
y n p y r 03aKpenjieHHbiH k p afi b jk e c t k h fi koii« 

Ty p

=o-’ dr |Rrp U’

=°- 
dr lrrp

n e p t bi fi k p a n

HapyjKHbifi w |flrp = 0; ^|«rp == X dw
dr

BHyTpeHHHfi W |rrp = 0 ; M4rp == x dw 
dr

, TaKHM o6pa3OM, ajih onpeflejieHHH qeTbipex np0H3B0JibHbix nocTonii' 
Hbix Bcerjja ecTb qeTbipe He33BHCHMbix rpaHHHHbix ycjioBHH.

rpaHHHHbie yCJIOBHH AJIH CnjlOIHHOH njiaCTHHbl. JJjIH njiaCTHHbl, y KM 
Topofi HeT ueHTpajibHoro Bbipe3a, b npHBefleHHbix rpaHHHHbix ycjioBHiix 
MOJKHO HCnOJIb3OBaTb JIHHIb Te, KOTOpbie OTHOCHTCH K Hapya<HOMy Kpaio. 
thk KaK b neHTpe njiacTHHbi (r ~ 0) HMeeTcn ocofieHHOCTb: oTHomeHHe -!»J 

BxoAHinee b CTpyKTypy pemeHHH, b aToft TOHKe He cymecTByeT. (Kor./i.i 
onopHan OKpyacHOCTb njiacTHHbi r0 (rrp < r0 < 7?rp) He coBnaaaeT c rpn 
HHHHbiMH (rrp h 7?rp), KpaeBbie ycjiOBHH MoryT SbiTb 3aaaHbi Ha r0, a TflK 
>Ke Ha KOHTypHbix OKpyjKHOCTHX.) Ucnojib3ya ycjioBHH Ha HapyjKiioM 
Kpae, yAaeTCH 3anncaTb 2 ypaBHeHHH ajih onpeflejieHHH npoH3BOJibiii.o 
nocTOHHHbix. rioKajKeM, KaK 3to AejiaeTCH.

B ijeHTpe njiaCTHHbi, npn r = 0, nepeMem,eHHe w aojdkho coxpana ii. 
KOHewHoe 3HaqeHHe. B pemeHHH (10.88) npeunocjieAHHfi qjieH coAep>Kiii 
MHOiKHTejib ln r. OneBHAHo, hto lim ln r = oo. HtoSm nepeMenjeHHe w ii 

r->0
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||ll ll|)<)ll3B0AHbie COXpaHHJIH KOHeHHbie 3HaqeHHH, npOH3BOJIbHaH nOCTOHH- 
Ei.1, npHcymaa 9T0My HJieHy, AOJixsHa TOXcnecTBeHHo paBHHTbcn Hyjiio: 
K»0.

I'.iccMOTpHM Aajiee coMHOMHTejib npH Alt TaniKe conep>KainHfi Jiora- 
tll<|iM. 1 IpH r -> 0 ln r — BejiHHHHa SecKOHenHO Sojibmaa, a r2 — 6ecK0- 
i'ino Majiaa. TaKHM o6pa3OM, 3£ecb HMe-

H< ii iieonpeAejieHHOCTb BHAa 0 • oo.Cjie-
|yn oftipeft npoueAype, npeBpaTHM ee b He-

oo -■■l|H .((‘JieHHOCTb THna ---- , C TeM HTOObl K
OO

H'ii npiiMeHHTb npaBHJio JIonHTajia: 

imr pe3yjibTaT noKa3biBaeT, hto ot npn- 
. vktbhh b CTpyKType pemeHHH HJieHa, 
iu/iepwamero ralnr, 33TpynHeHHH b toh- 
IK' r = 0 He BO3HHKHyT.

C(]iopMHpyeM nocjieflHee He,nocTaio-
iui'c ycjiOBHe. OceBan chmmctphh H3orHyToft noBepxHOCTH Kpyrjioft 
ii 'iacTHHM no3BOJineT c^ejiaTb BbiBOA, hto yroji noBopoTa b neHTpajib- 
imii TOHKe paBeH Hyjno:

0|r=0 = (' =0.dr )r=0

' 'nnaKO peajiH3anHH stoto ycjiOBHH BCTpenaeT 3aTpy&HeHHH H3-3a toto, 
dw 1'11'0 B BbipaTKeHHH AJIH OnHTb-T3KH npHCyTCTByiOT BeJIHHHHbl BHfla —, 

npefleji KOTopbix npn r -> 0 CTpeMHTCH k 6ecKOHenHOCTH.
Hcnojib3yeM Apyrofi bosmojkhmh noaxoA: o6cjieflyeM o6jiacTb, oxBa- 

iiiinaiomyio neHTp njiacTHHbi. nycTb sto 6yaeT Kpyr c 6ecK0HenH0 Ma- 
'iiiiM paAHycoM p (pnc. 10.23). PaccMOTpHM Han^ojiee o6hi,hh cjiynaft 3a- 

i pyiKeHHH sTofi o6jiacTH. B neHTpe ee npHJioxieHa cocpenoToneHHaH cnjia 
/’; OHa ejxnHCTBeHHa, HHane HapymaTCH ycjioBHH chmmctphh. KpoMe toto, 
n aoHe 9toh o6jiacTH AeftcTByeT pacnpenejieHHan Harpy3Ka q (r). PIo 6oko- 
imii noBepxHocTH stoto ijHJiHHApa neficTByioT MOMeHTbi Mr h nonepeiHbie 
• njibi Qr (Ha pnc. 10.23 MOMeHTbi Mr He noKa3aHbi).

YcJIOBHH paBHOBeCHH JJnpZ = 0 MOIKHO 3anHCaTb T3KI
2n 6

P + J J q (r) rdrdQ + Qr2np = 0. (10.89)
o o

Bropoe cjiaraeMoe (10.89) mojkho onpenejiHTb TaKxce KaK o6T>eM Tejia Bpa-
meHifH
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3aTeM cjieayeT pa3BepHyTb 2-e h 3-e cjiaraeMbie b (10.89), chhtiik, 
hto tpyHKHHH q (r) H3BecTHa. B BbipanieHHe ajih Qr bohact w, a ot iiciii. 
b cboio onepeAb,— npoH3BojibHbie Xi, A2 h A4. TaKHM o6pa3OM, (10,H''i 

onpeAejieHHH npoH3BOJibm4» 
nOCTOHHHblX. KOHKpeill'*  
npHMeHeHHe ycjiOBHH (10.80) 
npHBeAeHO b npHMepe (cm 
Aajiee).

3aBepinafl paccMOTpemu 
rpaHHHHbix ycjioBHii, cjieAjl 
eT OCTaHOBHTbCH Ha TOM CJiy« 
nae, Kor.ua q (r) He Henp<' 
pbiBHan (fiyHKiiHfl, a hm<ti 
pa3JIHHHbie 3aKOHbI H3Meil< 

^Ihcjio yqacTKOB onpeAejumi 
YnacTKH pa36HBaioT njiaci n

AaeT HCKOMyio AonojiHHTejibHyio CBH3b ajih

hhh Ha pa3JiHHHbix ynacTKax pannyca r.
CH HHCJIOM H3MeHeHHH BHfla (JiyHKUHH q (r).
Hy Ha pju coochmx KOJieu, b npejiejiax Kaxjjoro H3 KOTopbix 3aimn 
H3MeHeHHn q He HapymaeTca. Ha hhcjio ynacTKOB BJiHmoTTaKJKeBHeminu 
CHJIbl (MOMeHTbl), npHJIOJKeHHbie no KaKOH-JIH6o OKpyiKHOCTH npoMemy- 
tohhoto pannyca.

Ha rpaHHiiax ynacTKOB aoji/khm BbinojiHHTbca ycjiOBHn HenpepbiBiio- 
CTHnporH6oBHyrjioBnoBopoTa. Tan, Ha rpaHHije i-ro h (Z + l)-ro yqach! 
kob (paanyc r) sto ycjioBne 6yueT

®i|r=7+0=^+l U-o!
dwi I _  ^wi+i I
dr |r=7+o dr |fe=7—o‘

KpoMe Toro, cjieuyeT BbinojiHHTb cTaTHqecKHe ycjioBim ctbikobkh yqaci- 
kob. Ecjih Ha rpaHHiie yqacTKOB (paAHyc r) HeT cocpexoToqeHHbix bo3ach 
CTBHH, TO 3TH yCJIOBHH HMeiOT BH4

(«lu+. = (^+,),_/_.;
(«'),_+. -(«+),_+_.■ 1 

Ha rpaHHije unyx ynacTKOB MoryT AeficTBOBaTb paBHOMepHO pacnpeAejim 
Hbie no OKpyiKHOCTH nonepewHbie chjih P hjih pacnpenejieHHbie MOMeniu 
(72 jih6o Te h Apyrne OAHOBpeMeHHO. B stom cjiyuae ycjiOBHH ctmkobkiI 
oyayT BbirjinAeTb no-HHOMy:

(^U+o = (Mj+I)r=f_o + m;

(QrU+0 = (Q^1U_0 + /’-
H3 CKa3aHHoro BbiTeKaeT, hto Ha rpaHHije AByx yqacTKOB mojkho 3anHcan. 
4 uonojiHHTejibHbix (npoMeiKyTOHHbix) rpaHHUHbix ycjioBHH.

IlpHMep pemeHHH 3aua*iH  ajih Kpyrjiofi njiacTHHbi. PaccMOTpHM Kpyr- 
Jiyio njiacTHHy, Hecymyio pacnpeuejieHHyio Harpy3Ky (puc. 10.24)

Q (r) = <7o-------  ?1 r (q± < q0). (10.90) 
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■ty n.u'py3Ky mojkho cnnTaTb cocToameH H3 «Byx o^HOBpeMeHHO AeiicTBy- 
■hiiix narpy3OK:

I) paBHOMepHO pacnpeaejieHHOH («UHJiHHApHHecKofi»)
q (r) = <7o (<7o = <7i);

[ JIHHeHHO-H3MeH5HOIUeHCH («KOHHHeCKOH»)

Q(r) = q0--^r (ft = 0).

ropiioe cjiaraeMoe b (10.88) c yqeroM (10.90) noojie neTtipexKpaTHoro hh, 
ki pnpoBaHHH aaeT qacTHoe pemeHHe

?0 ri __ Q6 — <71 -5
64D 2257?D

fiu i.i o6mee pemeHHe (10.88) 3anHineTC5i b BHfle
I u>~.41r2lnr +A/2 +Ajlnr + /l4 + -^-rt_----- r\ (10.91)

Itm i peiiHHe ycHJiH5i (10.87) c yneTOM (10.91)
Al - D [4 [3 + v + 2 (1 + v) ln r] + 2A, (1 + v) - As (1 - v) JL +

■ ?o (3 + V) _2 _ (?o — ?i) (1 + 4v) 3)
160 45RD T J1

11 COOTBeTCTBHH C yCJIOBHSIMH 33AaHH Ha nJiaCTHHy AeHCTByeT JIHIHb pac-
npcjiejieHHan Harpy3Ka q (10.90), noaTOMy cnjiy P b BbipaweHHH ajiii Ar 
i ii'nyeT nojio>KHTb paBHOH Hyjiio. Torjia+^ 0. TenepbBbipaJKeHHeAJisma 
AVJICT BblTJIHAeTb T3K:

t« = A + Ar‘++-r‘-^g-A (10.92)

ripoH3BOjibHbie nocTO5iHHbie onpeAejiaioTCH H3 rpaHHHHbix ycjiOBHfi. 
llimpHMep, ecjin njiacTHHa 3am,eMJieHa no BHeiiiHeMy KOHTypy, to npn

Alo--D{A[l-3v + 2(l +v) lnr + 24(l +v) + 43(l-v)l] +

I ?o (1 + 311 * * V) r2_  (?o — ‘71)0 + 4v) 3] .
1 160 45RD

4 , qar <7o — <7l ,2]
r 1 2D 8RD ]

Kan ynce oTMenajiocb npn o6meM aHajiH3e pemeHHii (10.88), npoH3BOJib- 
li in nocTO5iHHa5i 243= 0, b npoTHBHOM cjiynae nporndbi npH r = 0 6yayT 

ipi‘MHTbC5i k 6ecKOHenHOCTH. onpeaejieHHH pa3BepHeM (10.89): 
/’ — — nq^2 + -f- nr3 + nqor — q° ~ Qi -|- nr? = 0,

NiityAa

A - —A1 8nD ’ 
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r = R aojdkho BbinojiHHTbCH w = 0 h = 0. PacnncaB sth ycjioinill 
npH noMomn (10.92), nojiyuHM

94 D | J7t+^_ <7o <71 D3 __ A.H- 16p 45£) K — 0,

4 i 4 D2 i 4off4   ~ 4l 04 _ Q 
-i- i 64£) 2250 A — U'

PemeHHHMH stoS cncTeMbi SyayT

( 32 90 / O ’
4 _ /___ <7o I <7o ~ <7f \ _5!_ .

’ <7o <7o — <7i \
64 150 ) D

(10.9.1)

PIoACTaBHB (10.93) b (10.92), nocjie HeKOTOpbix npeo6pa3OBaHHfi nojiyuini

w = R1 1' <7oD 1 64
<7o — <71

450

2
(10.95)

(3-5-J- + 2-J-)]. (10.94) 

B KanecTBe nacTHbix peajiH3aiiHH stoto peineHHn paccMOTpHMABa cjiyuan! 
1. PaBHOMepHO pacnpeflejieHHaa Harpy3Ka q0= qY; q (r) = q0;

w 64D

Bha (10.95) noKa3biBaeT, hto 1-e cjiaraeMoe b (10.94) OTpa^aeT BJiHHHiie 
paBHOMepHO pacnpeflejieHHOH Harpy3KH. HaHdojibniHH nporH0 6y.neT no- 
cpenHHe njiacTHHKH (r = 0):

Wmax — 64£) • (10.96)

. 2. JlHHeHHO-H3MeHHioui,aacH («KOHHHecKan») Harpy3Ka qr= 0. B stom 
cjiynae

w = 122?°102D (^9 290 + 225 64 j ;

_ 43^
^max 48 . 102D •

B paccMOTpeHHOM TOjibKO hto npHMepe BHeniHssi Harpy3Ka 6bijia 3a- 
AaHa ohhoh cfjyHKHHefi b npenejiax Bcero paflHyca njiacTHHbi. 3to npeji- 
onpe/iejiHJio KOMnaKTHbifi bhh nojiyueHHbix pe3yjibTaTOB h hx cpaBHHTejibHO 
He6ojibmyio TpynoeMKOCTb.

Ecjih Harpy3Ka npepbiBHCTan, ajih Kaumoro yuacTKa Hajio cocTaBHTb h 
HHTerpnpoBaTb AHt^epeHHHajibHoe ypaBHeHHe H3rn6a njiacTHHbi, cocTaB- 
jiSTb ycjiOBHH KOHTaKTa Mexcjiy yuacTKaMH h t. 4. Xtaxce npn HByx- 
Tpex yuacTKax 3a4,aua ct3hobhtch HCKJiioqHTejibHo rp0M034K0fi h Tpy- 
AoeMKofi. MeTon HauajibHbix napaMeTpoB CoKOJioBa no3BOJineT o6oSth 
yKa3aHHbie TpynHocTH.

MeTOA HanajibHbix napaMeTpoB (MHIl). Cjiexyn C. CoKOjioBy, npHMeM 
b KauecTBe hcxoahoto 4-e ypaBHeHne (10.87), hojiojkhb b hcm <p = 
(BBHAy MaJIOCTH Ae<J)OpMaU,Hfi tg cp 33MeHHM Ha <p).
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p
-1 q-\ ^l Ii-7/t7 |/ \ /7)4 

c
1 <7 

TfT
i*

V///////////////A 77/7/+T/7777\

2*  /y1 / •// 1 /
r„
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r,
J>,

| < ih ihbjhih ypaBHeHHn MHFI, npHMeM bo BHHMaHHe 3 Tnna HaHfiojiec 
B|i n> »( rpeqaiomHXCH Harpy3OK (pnc. 10.25):

I) enjibi P, paBHOMepHO pacnpeaejieHHbie no OKpy>KHOCTH paAHyca rp\ 
i ■.’) MOMeHTbi m, AeficTByiomHe b paAHajibHOM HanpaBJieHHH H paBHOMep- 

li p n iipenejieHHbie no OKpyxHOCTH paflHyca rm;
.1) paiiHOMepHO pacnpeflejieHHyio no njiomaAH coochoto KOJibixa (paxn- 

■i i.i /„ ii pff) Harpy3Ky q, HopMajibHyio k njiocKOCTH njiacTHHbi. HanpaBjie- 
Inarpy3OK, noKa3aHHbie Ha 
Bin 10.25, npHMeM 3a nojio- 
IhlnejibHbie.

ll lJIOJKHM OCHOBHbie nojio-
Hu tiiiM MHII:

I . BhA HCKOMOH (JiyHKHHH 
i| HOJIIKeH 6bITb T3KHM, HTO6bI 
iu.i|iaiKeHHe ajih KaxAoro (i + 
| I) ro yqacTKa coaepjKajiO b 

i e6e KaK cjiaraeMoe Bbipa>KeHHe 
i r.i i-ro yqacTKa. J3,o6aBKa 
npn nepexoAe Ha nocjie.ayioiii.HH yuacTOK OTpawaeT BJiHHHHe hoboto ch- 
■niuoro (jiaKTopa, AeficTByiomero Ha stom ynacTKe.

2. npOH3BOJIbHbIM nOCTOMHHblM npHnHCblBaiOT (J)H3HqeCKHH CMblCJI. 
Ilx BbipaxiaioT nepe3 3HaneHHH w, A4, h Mq b Hanajie KOopflHHaT, ecjiH 
luiacTHHa cnjioniHasi, h Ha BHyTpeHHeM KOHType paflnyca r, ecjiH oHa 
KOJibHeBaa.

TIjih y#o6cTBa 
n iiocjieayiomeM:

H3jio»eHHS crpynnnpyeM BbipajKeHHa, Hcnojib3yeMbie

(10.97)

1. nepBbiH ynacTOK — ynacTOK He3arpy»eHHbifi (r0 r rm). Ha 
nepBOM, k3k h Ha btopom, yqacTKe nonepenHaH CHJia Q, = 0. B stom mojk- 
ho HenocpeacTBeHHO y6eAHTbCM, coct3bhb cyMMy npoeKUHH Bcex chji, 
npHJioiKeHHbix k ynacTKy, Ha BepTHKajibHyio ocb. TaKHM o6pa3OM, 1-e 
ypaBHeHHe (10.97) ajih stoto yqacTKa 6yaeT HMeTb bha

D+[-r+^)]=°-

riocjieAOBaTejibHO HHTerpHpya, nojiyqiiM

D (r<p) = Curdr + C12; 

2<P = C11-'- + -^-;

Cn',

(10.98)
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Peuian coBMecTHO 3-e h 2-e ypaBHeHiin (10.97), nojiyuaeM
Mr + Me i rf
-T+v =-O--^-(rq));

Ma — vMr
=-------

ConocTaBJiHH nepBbie Bbipa>KeHH5i (10.98) h (10.99), bh^hm, hto 
Mr + Mq

1 +v •
JleBaa nacTb stoto paBeHCTBa — KOHCTaHTa, a noaTOMy Ha nepBOM yqacr4 
Ke Mr + Mq = const npn jho6mx 3HaneHH5ix r, b tom qncjie h npH r ~ r0. 
TaKHM o6pa3OM,

(10,99)

Cu =

Alr0 "+ Mf)n
~T+v -• (l°.l°0)f

IlonbiTaeMCH h ABe Apyrne npoH3BojibHbie nocTOHHHbie C12 h C13 Bbipa- 
3HTb uepe3 3HaneHHH Mr, Mq uw b TOHKe r = r0. JIjih HanajibHoro 
npn r = r0 3-e Bbipa>KeHHe (10.98) HMeeT bha

Ci2 = f+por0 Cn .

C yueTOM (10.100) h (10.99) npn tom a<e 3HaneHHH r0

Afeo — vMr0 Afr0 + Aleo Zg
1 — v2 r° 1 + v r )'

AHajIOTHHHO H3 4-TO BbipaJKeHHH (10.98) nOJiyHHM

Mro + Meo 'o , t ^eo — vAlr0
1 + v 4 “1*  \ 1 — V2

Cu

ceqeHHHi

C12 (10.101)

Ci3 = Dw0 +

+TO6bI CyflHTb 0 npOHHOCTH H JKeCTKOCTH
Mr, Afe, <p h w. Hcnojib3yeM ajih ototo 1-e
1-e h 4-e (10.98) h (10.100)—(10.102). nocjie

Mr = Mro 2

r2

1
2(1— v2)

^ro + ^eo \ 
1+v )

(10.102)
njiaCTHHbl, Hy>KHO 3HaTb 
h 3-e BbipajKeHHM (10.97), 
npeo6pa3OBaHHH nojiyqnM

1-^

rl — lnr0.

+ Afeo [+(
+ Afeo 7T »

(10.103)
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-d+v)

KaK BHflHM, KOStJxJlHHHeHTbl npH MrO H Afeo HBJIHIOTCH (jiyHKHHHMH 
fli’:ipa3MepHoro apryMeHTa X — 3th (fiyHKHHH 6hjih Ha3BaHbiC. Co- 
i'MioBbiM conpoBomdatotquMU h npoTaSyjiHpoBaHbi ajih pa3JiHHHbix A. 
in.meHHe A. H3MeHHeTCH ot 0 ao 1; X = 0 ajih cnjioniHoii njiacTHHbi, Kor/ia 

■ 0.
HTaK, ajih cbo6oahoto ot Harpy3KH ywacTKa mojkho 3anHcaTb

Mr = Adrolprr + •/Weo'+rO;

Ale = Afro^er + ^eoipee;
Dcp = rAIro+pr + rAleo%e;

Dw = Dw0 + r2Mro^wr + r22Weo%e-

JXjIH COnpOBOJKAaiOmHX (JiyHKHHH npHHHTO yHH(j)HHHpOBaHHOe O0O3Ha- 
'ii'HHe ipc abvmh HHfleKcaMH, nepBbifi H3 KOTOpbix yKa3biBaeT Ha npHHaa- 
,'K'IKHOCTb COnpOBOJK/iaiOIHeH (JiyHKHHH K TOH HJIH HHOH HCKOMOH BejIHHHHe 
(Mr, Mg, cp, w), btopoh — Ha conpHnacTHOcTb k HanajibHOMy napaMeTpy 
HJIH BHemHeii Harpy3Ke.

2. BTOpoii ynacTOK — ynacTOK, conepJKaiijHH m(rm^ r + rP). Kan ya<e 
yKa3biBajiocb, Ha btopom yqacTKe Qr = 0. IIoaTOMy aHajiorHHHO npeAbi- 
AymeMy

D<p — C21 g + C22 f ;

D® = C21+-+ C2, lnr + C23; (10.105)

Mr = -C21 + C22 -1=^;

.. r 1 + v r 1 — V
/We — — <>21 g c22 r2

IlonblTaeMCH yCTaHOBHTb CBH3b MeJKAy C21, C22 H C23 H nOCTOHHHblMH 
HHTerpHpoBaHHH, BBeAeHHbiMH Ha nepBOM ynacTKe. Ycjiobhh KOHTaKTa 
nepBoro h BTOporo ynacTKOB (r = rm) mojkho npeACTaBHTb Tax:

<p7 = (pH; te>2 = a>/z; (Mr)} + m = (Mr)jr (10.106)
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noncTaBHB (10.98) h (10.105) b (10.106), nojiyuHM 

r1 rm 1 £12 rm 1 £22 .— + -7^- - £21— + — >

£11 "4 H £12 ln rm + ^13 — C21 —4—F C22rm + C23;

rm
rm

(10.107

1 + V , 1 — v , _ 1 + V „ 1—V— C11 —0— + C12 —2— + rn = — C21 —— + C22
m 'm

PemiiB coBMecTHo (10.107), HMeeM
C2i = Cn m\

Q2 = C12 4—;

^23 = £>13 4 2— ----- 'n r■'+ ■

rioACTaBHM (10.108) B (10.105). no,npo6Hbie npeo6pa3OBaHH5i 
npiiMepe w:

(10.108

noKaaieM na

+ C22 ln r + C23 =

ln r + C13 + mrrn |( 1
2 ' 2

= Cn — + C12 In r + C13 — mr2
1-4-ln r2- +

r2

' r™ 1n -2 T r2 *n  rm \

{4
IlepBbie TpH cjiaraeMbix ecTb He hto HHoe, kbk w Ha nepBOM yqacTKe
[(10.98)]. TaKHM o6pa3OM,

X

r2

< rm
* ..9 (10.109) 

t. e. nepeMemeHHe w Ha btopom ynacTKe BKJnonaeT b ceOsi nepeMemeHHe Ha 
nepBOM yuacTKe h AonojiHHTejibHoe cjiaraeMoe, oOycjioBjieHHoe HajiHHHeiv 
MOMeHTHOH Harpy3KH. O6o3HaHHM «MOMeHTHoe» cjiaraeMoe nepe3 Dwm 

r?

Dw = Dwi — mr2

Dwm = — mr2

B (10.110) cjiaraeMoe b (JjnrypHbix cxoOKax ecTb conpoBoxyiaiomafl 4>yHK- 
UH» 6e3pa3MepHoro apryMeHTa.

(10.110)1
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|ll.|IIIIIlieM «Ao6aBKH», BXOAHIUHC B ypailllCll IIM 01 MiiMrl........ i II II ||\ I

Mem {r 24- (1 + V) —(1 — v)-^

D<f>m = — mr _1_
2 r2 = — mnp<pm;

4

TpeTHH ynacTOK — ynacTOK, coaep>KamHH P (rP^. r r?). Be-3. ' .
f 'in'iiiiiy Qr, cTosnnyio b npaBOH nacTH (10.97), onpeaejiHM, cnpoeniipoBaB 
I iii o chjim Ha BepTHKajibHyio ocb:

2nrpP — Qr2nr = 0; P = 2nrpP.

I orjia

®r ~ 2nr '

IHKHM o6pa3OM,

OrcroAa

£><p =

D _LIi_L_£.
dr | r dr

Pr
4ji

fln r —

1 — V 1 P [r2 ' 4it |

BbinojiHHMycjioBHH KOHTaKTa MOK/iy BTopbiM h TpeTbHM yqacTKaMH B 
TOHKe r = rp:

<Pn = Wjj = Wjjj-, (Mr)jj = (Mr)tJr

213



HaitneM npon3BOJibHBie nocTOHHHbie:

(Inrp— 1) — C21~^r + ^22 (10.113)

— C8i —y------ F C3i -?—2------- (- -^-|_(1 + v) ln/> +

+4d-v)j.

PemHB cHCTeMy (10.113), nojiynHM
C31 = C2i + -£-lnrp-, Cai = Cw_^.

C33 = Ci3 + -^-VnrP-l). (10.114)

FIoACTaBHM (10.114) b (10.112). Ybhahm, hto BejimHHbi Z)(p, Dw, M, h 
Me coctoht H3 AByx cjiaraeMbix, nepBoe H3 KOTopbix naeT cooTBeTCTByiomee 
3HaqeHHe hckomoh (JiyHKiiHH Ha npejibiAymeM, BTopOM, ynacTKe, a BTopoe — 
AoSaBKa, oOycjioBJieHHan HajiHHHeM chjih P Ha TpeTbeM yqacTKe. npHBeueM 
3HaneHHH sthx ao63bok:

= (i-v)(i-4-)-d+v)in4- } =

v) (1 — -J-J + (1 + v) ln } = P^qp, 

} =■ —

3flecb, k3k h npe>K,ne, ip — conpoBo>K,naioiuHe (JiyHKHHH.
4. HeTBepTbift yqacTOK — yqacTOK, couepiKamHii paBHOMepHO pacnpe- 

AejieHHyio Harpy3Kyg' (r?^ q p„). YpaBHeHHH ujih ueTBepToro yuacT- 
Ka mojkho nojiyHHTb HenocpeucTBeHHO H3 ypaBHeHHH ujih TpeTbero 
yqacTKa, ecjin paccMaTpHBaTb paBHOMepHO pacnpeuejieHHyio Harpy3Ky q 
KaK cyMMy sjieMeHTapHbix coepeaoToueHHbix chji dP = q • 2npdp. 3uecb 
p — HeMast nepeMeHHaa HHTerpHpoBaHHM, H3MeHaioma5ic5i b npeuejiax 
ot rq jjp r.

3aMeHHM, HanpHMep, b MrP H3 (10.115) 3HaqeHHe chjim Ha dP, r — Ha 
p h npoHHTerpnpyeM nojiyqeHHoe BbipaxKeHHe b yKa3aHHbix npeuejiax:

r

MqP = (1-

r2

ln4—1
r2 (10.115)

— Pr2tywP.
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MJII
v r

(1~v) j(p—-^-)dp —(1 +V) jpln7TdP
rq rq

I IponHTerpnpoBaB bto Bbipa>KeHHe, a TamKe npoBeflH noAo0Hyio onepauHio 
i m Mr, Dq> h Dw, nojiyHHM

2 / 2
3 + v--^4-(1-v)-f£—2(1+v) x 

X In -4-) } = gr2^;

1+3v-4-(4v + -J-(1-v)-2(1+v) X

MN = qr^-+-

MUq = qr2 {-+-

= — qr^wq.

5. rinTbiH ynacTOK — cboSoahmh (r > pff). Ha nHTOM ynacTKe HeT 
iieo6xoAHMOCTH BHOBb cocTaBjiHTb Bce ypaBHeHHH AJIH OnpeAeJieHHH Mr, Mq 
ii Dq>, Dw. Ecjih npo/iJiHTb pacnpeaejieHHyio Harpy3Ky q #0 HHTepecyiome- 
i o Hac ceneHHH V—V, KOMneHcnpoBaTb ee TaKofi >Ke Harpy3K0H npOTH- 
iionojioJKHoro HanpaBJieHHH, to mojkho Hcnojib30BaTb ypaBHeHHH (10.116) 
AJih neTBepToro ynacTKa.

Kor.ua Ha njiacTHHy oAHOBpeMeHHO AeftcTByioT CHCTeMbi cocpeaoToneH- 
iibix chji, MOMeHTOB h pacnpejiejieHHbix Harpy30K, to Ha ochobc npHHUHna 
iiajiojKeHHH, Hcnojib3ya (10.104), (10.111), (10.115) h (10.116), mojkho 3a- 
nncaTb
Mr = + M-oifrr + M0O+0 + £ rn^rm + £ P$rP + £ qkr2\\>rq,

t i *
Mq = + AKo1Per + A4go1peo + £ /n(ij)0m + £ Pjtyop + £ ‘7*r 2'll,e?; 

i 1 k

Dq> = — rMro^r — rA4eo%0 — £ /n^nj)^ — £ P/r^^p — (10.117)

— £ <7*r 8’IW
k

Dw = Dw0 — r2Mrotywr — r2A4eo%e — £ rn^wm
i

£ Pf^wP — 
i-

— £ ^r4^,. 
k
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I locjieAinie Tpn HJieHa b KaxyiOH CTpoKe (10.117) Ha3biBaioTC5i 2py3O6biMU 
H/ienaMu. CyMMiipoBaHHe b sthx njieHax BexeTcsi no KOJinnecTBy BHeniHHX 
Harpy3OK (P, tn h q), HaxoAHin,HXCH b Kpyre, paAHyc KOTOporo onpeAejin- 
eTC5i paccTosiHHeM ao paccMaTpHBaeMOH tohkh. CjiaraeMbie b ks/kaoh CTpo-' 

Ke (10.117), npeAinecTByioinHe 
rpy3OBbiM HJieHaM, BKjnonatoT b 
ceSii HanajibHbie napaMeTpbi. I 

CnjioniHyio KpyrJiyio njiac- 
THHy (pnc. 10.26) mojkho pac- 
CM3TpHBaTb K3K HaCTHblH cAy- 
nan KOjibiieBOH njiacTHHbi npn 
r0= 0. B ueHTpe ee H3-3a oce-1 
BOH CHMMeTpHH Mro = Meo = j 
= Mo. rpy3OBbie HJieHbi Bbipa- 
JKeHHH (10.117) HanajibHbix na- 
cjieaoBaTejibHO, b ypaBHeHHHXpaMeTpoB Mr0, /VIoo n w0 Iie co^ep>KaT,

AJia cnjioinHbix Kpyrjibix njiacTHH sth qjieHbi ocTaHyTcn Heii3MeHHbiMH. 
HjieHbi, coAepjKamne HanajibHbie napaMeTpbi b (10.117), othochtch 
jiHHib k nepBOMy ynacTKy. IloaTOMy ypaBHeHHH (10.103) ^jih nepBoio 
ynacTKa (r0 = 0) H3MeH5ieTC5i thk:

Afr = Af0; Me = Mo; Dq> = —M0 -y-^- ; Dw = Dw0 — Mo'2(1

tjToSbi ySeflHTbcn b HenpoTHBOpenHBOCTH pe3yjibTaTa, CAeAyeT pacKpbiTb 
HeonpeAejieHHocTb, KOTopan BCTpenaeTCH b 4-m Bbipa/KeiiHH (10.103).

r2 2
/feficTBHTejibHO, b cjiaraeMOM __L ln npn r0-> 0 lnr0 ->oo, hto npn- r2 r2

boaht k HeonpeAejieHHOCTH Tnna 0 • oo. IIpeo6pa3yH 9to BbipaHceHiie, no- 
JiyHHM

[roln r0 —r0lnr2].

OneBHAHO, hto paccMaTpHBaTb HyJKHO JiHHib 1-e cjiaraeMoe. Ecjih 3anHmeM 
ero b bhas

•nr0
1 ’

r?

to npHAeM k HeonpeAejieHHOCTH wna -^-. IIpHMeHHM npaBHAO JIonHTa- 

ah k pacKpbiTHio 9T0H HeonpeAeAeHHocTH:

lim 
ro-*0

lim (—r0)2 = 0.
ro->0
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I .'laKaHqnBa?!, npHBeaeM aHajior ypaBHeHHfi (10.117) ajih cjiynan ciijioiip 
pA iiJiacTHHbi:

= 7W0 + S m^rrn + S P^rP + S Qk^rq;

A40 = Mo + S + S P^6p + S <7+2W
i j k

0<p = — Mo t — S m^m — S P^p — S qZ'IW (1°-118)

Dw = Dw0 — Mo 2(1 + v) — S — S P/r^wP —

— YQk^wq-

h

I7pHMeHH5i MHn, uejiecoo6pa3HO npHuepjKHBaTbcn TaKoft nocjieAOBa- 
IfJlbHOCTH:

1. 3anaTbCH pacneTHoft MOAejibio (pacneTHoft cxeMoft).
2. YcTaHOBHTb hhcjio yuacTKOB. nepBbifi yqacTOK BcerAa otchhtm- 

iijiiot ot r0 ojih KOJibiieBbix njiacTHH h ot ueHTpa ajih cnjiouiHbix.
3. OnpeuejiHTb HauaJibHbie napaMeTpbi:
а) B COOTBeTCTBHH C paCHeTHOfi CXeMOfi ClJlOpMHpOBaTb rpaHHHHbie 

ycjioBHH:
w = 0 — npH onupaHHH hjih 3auejiKe KOHTypa njiacTHHbi;
<p = 0 — npu 3auejiKe-KOHTypa njiacTHHbi;

i r _ — MOMeHTHaa Harpy3Ka m npHJio>KeHa k KOHTypy njiacTHHbi;
r ~ (0 — MOMeHTHoft Harpy3KH HeT;

б) ujih yuacTKOB, npHMbiKarcnuHX k KOHTypy, Ha kotopom 3auaHbi 
i paiiimHbie ycjioBHH, 3anHcaTb ypaBHeHHH MHIl. nojiaraa r paBHbiM 3Ha- 
■n'iiHio KOHTypHoro paunyca, BbiHHCJiHTb hjih onpeuejiHTb no TaSjiHuaM 
| 10], [47], [51] conpoBOWiatoiHHe (jiyHKUHH.

yUOBJieTBOpHH TpaHHHHblM yCJIOBHHM, nOJiyHHTb CHCTeMy ypaBHeHHfi, 
iia KOTOpaix onpeaejiHTb HanajibHbie napaMeTpbi.

4. 3anHcaTb ypaBHeHHU MHFI ajih Ka>K,noro yuacTKa.
5. nocTpoHTb aniopbi Mr h M0 no ypaBHeHHHM sthx bcjihhhh, nojiy- 

nciiHbiM npu noMomH MHn, HTo6bi onpeuejiHTb onacHoe ceueHHe ujih
pacneTOB Ha npouHOCTb.

6. OnpeuejiHTb nporu6bi w h no- 
i rpoHTb aniopy nporH6oBUJiH pacueTa 
liJiaCTHHbl Ha /KeCTKOCTb.

n p h m e p p a c h e t a 3a- 
mcMJieHHofi no BHeuiHeMy KOHTypy 
injiouiHofi njiacTHHbi, Hecymefi paB- 
noMepHO pacnpeuejieHHyio Harpy3Ky 
(pnc. 10.27). TaKan 3auana pemeHa 
miTb pe3yjibTaT penieHHH no MHn c
Mep CTaHeM, cjieuyji TOJibKO hto HaMeueHHOMy njiaHy:

1. PacneTHaa cxeMa — puc. 10.27.
2. Hhcjio yuacTKOB — oahh.
3. OnpeuejuieM HanajibHbie napaMeTpbi: _

b (10.96). 3to no3BojiHT conocTa- 
paHee nojiyueHHbiM. PemaTb npn-
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а) rpaHnqHbie ycjiOBHH, cooTBeTCTByiomHe cxeMe pnc. 10.27, hmckh 
BHA

npH r = 7? <p = 0; w = 0;
б) cocTaBJineM h pemaeM ypaBHeHHH, onpeAeji5Hom,He HauajibHbie n.i 

paMeTpbi [peajiH3yeM ypaBHeHHH (10.118)1:

D<p = — Mo -j r + 7r3i|)OT;

Dw = Dw0 — Mo 2 (1Lv) r2 +
OnpeAejiHM ajih Ka>K,uoro cJiynaa 3HaneHHH conpoBOJKAaiomnx 4>yiiu■ 

HHft. ApryMeHT sthx (JiyHKiiHH k3 = 3aecb rq — paccTOHHHe ot ueiu 
pa njiacTHHbi ao BHyrpeHHero pannyca njiomanH, HaxoAHmeftcH nofl ACii*  
CTBHeM pacnpenejieHHoft Harpy3KH q. y Hac rq= 0, a cjienoBaTejibiio, 
X3 = 0. Ha TaOjiHHbi AJifl ip [10] HaxoAHM, hto

* npa noACTaHOBKe b BbipaxeHHH conpoBOHc/iaiotiiHX (pyHKunfi ip0?, n
Hv/ieBoro apryMCHTa %3 BCTpeqaioTCH BbipaxeHHa Biijia X3 lnX3 h X3 lnX3, KOTopi.ni 

npH X3 = 0 npHBOAHT k HeonpejiejieHHocTH rana 0 • oo. nepBaa HeonpeAejieHHOcrb 
SbiJia pacKpbrra, pacKpoeM BTopyio:

lim X3 lnX? = lim ------- L
x3-o ^0 1

M

TaKHM o6pa3OM, b onepaiiHax npn BHHHCJieHHH conpoBOHyiaiomHX cpyHKiiHfi HeT ouihCkii,

'+w = -fg- » a 'IW = "64“ •

B COOTBeTCTBHH C npHHHTblMH TpaHHHHblMH yCJIOBHHMH

o = Zte.-M0i?=3Tr+5- + ,/;*4-.  I

PernaH 3Ty cHCTeMy, HaftaeM, hto

<7^(1 +v) .
1 16 ’

3HaHeHHe w0 — npornOa b ueHTpe — coBnanaeT c TeM 3HaneHHeM [(10.96)1, 
KOTopoe 6bwio nojiyneHo npH HenocpencTBeHHOM HHTerpnpoBaHHH hcxoji- 
hoto ypaBHeHHH.

4. ypaBHeHHH MHn jierKO 3anHcaTb, bhhhcjihb npeABapHTejibim 
3HaueHHH ipr? h ipe? *:

-4V
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ypaBHeHHfl MHn nocjie noACTaHOBKH ijv, h ipe9 h npeo6pa3OBa- 
Hllll IIMCIOT BHfl

^ = nr-[1+v-(3 + v)4-]:

A49 = t[1 + v-(1+3v)-^-]: <10-119)
w = -~^-(^l----- [cpaBHHTe c (10.95)].

I 6. Srnopbi Mr, Mq h w mojkho JierKO nocTpOHTb no ypaBHeHHHM 
ii" 119). OflHaKo b HanieM hsjiojkchhh sth nocTpoeHHn onycKaioTCH.

§ 10.5. H3th6 njiacTHHbi npn cobmbcthom ueiicTBnH nonepenHOH 
Harpy3KH n chji, npiiJiojKeHHbix b cpejiiiHHOM njiocKOCTH

OenoBHoe AH^epeHHHajibHoe ypaBHeHne (10.12) 6mjio nojiyneHO 6e3 
•II 1.1 BJIHHHHH yCHJIHH T H S, fleHCTByiOmHX B CpeflHHHOfi njIOCKOCTH HJiaC- 

niiii.1. B HeKOTopbix cjiynaax npoaojibHbie ycHJiHH MoryT jjocTHraTb Ta-
I ‘ii nejiHHHHbi, hto npeHe6pe>KeHHe hmh 6yaeT yxre HeKoppeKTHO. 3tomo-

■ ■ i cjiyHHTbCH, HanpHMep, Tocna, KorjiaKpaH njiacTHHbi 3aKpenjieHbi thk,
•ihi jimneHbi bo3mo>khocth cbo6oaho nepeMemaTbCH b ee njiocKOCTH. npH 
.......  3aAaq, b KOTopbix yHHTbiBaioTCH ycHJiHH, AeiiCTByiomHe b 
ipi Iiiiihoh njiocKOCTH, MoryT BO3HHKHyTb «Ba cjiyHan:

I . HanpHJKeHHH B CpeAHHHOH nJIOCKOC-TH He3HaHHTejIbHbI, H HX BJIHH- 
iiin'M na h3th6 njiacTHHbi mojkho npeHe6peHb. CyMMapHoe HanpnxreHHoe 

i'osiHHe o6pa3yeTCH cJioxceHHeM Hanpn>KeHHfi H3rn6a h HanpsxreHHH, 
»1.1 HiaHHblX yCHJIHHMH B CpeflHHHOH njIOCKOCTH. 3tO, nO CyTH, O3HanaeT, 
•iin cyMMHpyioTCH pemeHHH npn nonepeiHOM H3rn6e h njiocKOM HanpajKeH- 
lln 1 COCTOHHHH (H3 paCCMOTpeHHH HCKJIIOHaeM CJiynafi AeHCTBHH T3KHX
• HIIMaiOHIHX npOAOJIbHblX CHJI, KOTOpbie BbI3bIB3K)T IIOTepiO yCTOHHHBOCTH
II HlCKOH (JlOpMbl nJiaCTHHbl).

O6o3HanHB, K3K h npexcfle, nepeMemeHHH tohck cpeAHHHOH noBepxHOC- 
nf 11 HanpaBJieHHH ocefi x, y h z cooTBeTCTBeHHO u, v h w, mohtho, hc-

■ “• ii,'iyH npHHHHn HajioxreHHSi, 3anncaTb

U = UH3 + Un.3; V = UH3 + Un.3; ™ = ffi)H3, (10.120)

• ft<*  UK3, va3 h — nepeMemeHHH npn nonepewoM H3rn6e; un.3 h un.3 — 
iii'peMemeHHii b ycjiOBHHx iijiockoh 3aaaHH. 3aBHCHMOCTH (10.120) xapaK- 
Irpilbl AJIH HCeCTKHX njiaCTHH.

2. Hanpa>KeHHH b cpejiHHHOH njiocKOCTH 3HaHHTejibHbi, h npeHe6pe- 
' 111> HMH HejIb3H. 3fleCb COOTHOHieHHH (10.120) He Co6jIIOflaiOTCH. 3tot CJiy- 

I Ui, KOTOpblfi Mbl H paCCMOTpHM, npHCyiH, H3TH6y nJiaCTHH.
< 'octbbjihh 4H(]x])epeHHHajibHbie ypaBHeHHH H3rn6a hjih cjiynan 2, 

i /H'HyeT paccMaTpHBHTb cxeMy ne(j)opMHpoBaHHoro gjieMeHTapHoro napaji- 
‘ii'iii'UHnefla (pnc. 10.28). B npoTHBHOM cjiynae yTpanHBaeTCH B3aHMOCBH3b 
Mi'z.;Ay BJiHHHHeM npoiiojibHbix chji Ha Ae(])opMamHo ot nonepeqHbix, 
H liao6opOT. YcTaHOBHM 3HaneHHH TpHrOHOMeTpHHeCKHX (pyHKHHfi TvX 
', i hib, KOTopbie 6ynyT (])HrypHpoBaTb b ypaBHeHHHX.

219



IIpHMeM, K3K h paHee, hto b cjiyqae Majibix nporHdoB sin a a ■ < 
= -gj-. YrOJI a' MO/KHO Tp3KT0B3Tb CJieflyiOmHM o6pa3OM.-

a' = a + ->dx, I
, , dw , d2w , „

H Tor,aa sin a « a = -=- + dx. /Jjih Majibix a b pa3Jio>KeHiiii 

h nocjiejiyioiiiHMH no cpaBHeHHio 

c eAHHHueii oSbiHHO npeHe6per;i 
iot, h nosTOMy b AajibHeftineM 
cos a« I. Ha ochob3hhh Tex 2K0 
coo6pa>KeHHH cos a' TaniKe paBcn 
eAHHHue. Tenepb pacnnineM ycjio- 
BHe 2npJJ = 0 (6e3 yneTa o6ieM- 
HblX CHJI);

(T* + -^rdx)dy 1 

T*dy  • i + (*$  + —fy dy) x |

X dx • 1 — Sdx -1=0,
HJIH

+++- + _JL = 0>
ox 1 dy

(10.121) 
AHajIOTHHHO H3 ^np «/ = 0 M0H<- 
HO npHHTH K

+-++-°- «0I22>
Ksk yine roBopHJiocb, 3aAana coctoht b tom, HTo6bi yTOHHHTb ochobhoc 

paspemaiomee ypaBHeHHe C. )KepMeH (10.12) — ynecTb Tx, Ty h S, 
KOTOpbie npn BbiBone (10.12) 6mjih onymeHbi. OneBHAHO, hto cnpoeunpo- 
B3B CHJIbl, H3o6pa>KeHHbie Ha pHC. 10.28, Ha OCb Z, Mbl H nOJiyHHM HCKOMyiO 
flo6aBKy, KOTOpyio moikho TpaKTOBara kbk AonojiHHTejibHyio nonepenHyio 
Harpy3Ky b npaBofi nacra (10.12).

Pa3BepHeM ycjiOBHe 2npZ = 0. ITpoeKHHn HopMajibHbix ycHjiHii 
Tx dy h (Tx + dx) dy Ha ocb z 6y.neT paBHa

(T* + ~srdx) dy (-£- + dx) - T+y ++ = T* dy+

+ dxdy + T*S-  dxdy + T 4? dx2dy ~T^ dy-

npoH3BeflH ynpomeHHH h onycraB qjieHbi Bbicinero nopHAKa MajiocTH, no-
JiyHHM

Tx dx2 dxdy+ dxx dx dxdy. (10.123)
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l+lHO T3K JKe npoeKUHH Ha OCb Z HOpMaJIbHblX yCHJIHfi, AefiCTByiOIHHX 
IAojii. ocii y, OyneT paBHa

zp d2au , , . dTu dw , ,Ty-^dxdy + ^--^-dxdy. (10.124)

d f dw
dx

’lro6bi cnpoeuHpoBaTb TaHreHHnajibHbie chjim Ha ocb z, paccMOTpHM 
Ilpmii6 3JieMeHTa dxdy cpeflHHHOH noBepxHOCTH (pnc. 10.29). OTCioAa

. dS dw.
" dx dy

I ii iiM >Ke o6pa3OM onpenejmeTCH 
iii priiKajibHan npoeKiiHH TaHreH- 
imajibHbix CHJI, AeftcTByioiHHX no 
HiiyM ApyrHM rpaHHM:

p d2tiw , , , dS dw , ,‘S ~dxdy dxdy ~dy~ ~dx~ dxdy'

(10.126)
I IpocyMMHpyeM nojiyHeHHbie . 

p<-lyjibTaTbi (10.123), (10.124),
110.125), (10.126). nojiyqeHHan
i yMMa nocjie AejieHHii Ha dxdy
ii fty^eT HCKOMoft Ao6aBKoft \q:

. rp d2w dTx dw „

(10.125)

Pnc. 10.29

L dw | <? d2w 4.
dy^ dxdy 'r

dS dw rr\ O^W ■ rri
~ 1 X qx2 + f y

d2w
dy dx dy2

dS \ dw \ ( 3S , dT+ 
+ \ dx + dy .

. dw
)~d+ I7y"+ 2S

B cnjiy (10.121) h (10.122) abh nocjieflHnx cjiaraeMbix paBHM Hyjiio. TaKHM 
ufipa3OM,

(10.127)

. rp d2w ™ d2w , oc d2w
~ 1 * dx2 1 y dy2 + 25 dxdy ’

I'kjhohhb 3Ty Ao6aBKy b npaByio nacTb ypaBHeHHH (10.12), nojiyHHM hc- 
noMoe ypaBHeHHe H3rn6a njiacTHHbi npn oAHOBpeMeHHOM AeftcTBHH HopMaAb- 
imii narpy3KH h ycHJiHfi b cpeAHHHoft hjiockocth:

r^V74 I 'T I T d2ny I OCDV w — q + Tx dx2 + Ty dy2 + 2S dxdy .

ypaBHeHHH (10.127), (10.122) — ocHOBHbie pa3peinaioiHHe ypaBHeHHH 
i iM njiacTHHbi, HaxoAHmeftcn noA AeftcTBHeM paccMaTpHBaeMoft Harpy3KH. 

.\ paBHpHne (10.127) BnepBbie 6hjio noAyneHO CeH-BeHaHOM. Ecjih yqHTbiBa- 
Kiicii o6-beMHbie CHJibi, ypaBHeHHH (10.121), (10.127) h (10.122) nepexoAHT 
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cooTiieTCTBeHHO b cjienyiomHe:

7~)V74r/it zr i v . rp d2w . qq d2w -y dw -rr dw ,D^w = q + Tx^ + Ty-^- + 2S-^-X-^-Y-^',

( dS , v . I
T A - 01 rl

+ JJg. + y = 0. I
dx 1 dy 1

) '
HaMeTHM KOHTypbi penieHHH ypaBHeHHa (10.127). Z(jih onpejiejieii- 

hocth 6yaeM CHHTaTb, hto Tx = Tr= const; Ty = T2= const, a S = 0. 
PaccMOTpHM cjiynaft, KorAa flBe npoTHBononoiKHbie KpOMKH cbo6oah0 
onepTbi: npH x = 0 h x = a

n d2w „
dx2

ypaBHeHne (10.127) npn stom 6y.neT HMeTb bha

D^w = <7 (x,£) + Tx -g^ + T2 .

PenieHHe 6yneM HCKaTb b (JiopMe OAHHapHoro pnna, kuk sto yxe nejiajiocb.

§ 10.6. TeMnepaTypHbie HanpnvKemin b naacTiinax

no« BJiHHHiieM TenjioBoro bo3achctbhh, KOTopoe SyaeM nojiaraTi. 
CTaiiHOHapHbiM, b njiacTHHe MoryT BO3HHKaTb TeMnepaTypHbie HanpniKe- 
hhh. 3to npoHcxo^HT npH: HeoflHopoflHOCTH TeMnepaTypHoro nojin, Korna 
MeHee HarpeTan nacTb CAepJKHBaeT AecjjiopMaHHio dojiee HarpeTon; HecBO- 
6oahom TenjioBOM pacniHpeHHH Tejia hjih pa3JiHHHbix ero 30H, hto BJieneT 
3a C060H BO3HHKHOBeHHe pe3KH.HH CO CTOpOHbl Tejl, HaXOAHIIIHXCM C HHM B 
KOHTaKTe (BKjnonan h onopHbie ycTpOHCTBa); pa3JiHHHH KoafJxJiHHHeHTOB 
jiHHefiHoro pacuiHpeHHH BCJieacTBHe aHH3OTponHH hjih HeoflHoponHOCTH 
cbohctb (SHMeTajui, cocTaBHbie Tejia). TepMHqecKne HanpnjKeHHn oTjiHHa- 
IOTCH OT ApyrHX BHAOB BHyTpeHHHX HanpHXieHHH TOJIbKO BbI3BaBHieH HX 
npHHHHOH.

Pemaa TeMnepaTypHyio 3a,naqy rjih njiacTHHbi, BOcnojib3yeMC5i ypaB- 
HeHHeM C. /KepMen, npeo6pa3OBaB ero Tan:

d2Mx g d2Hx d2My _
dx2 dxdy 1 dy2

B cnpaBefljiHBocTH TaKoro BHfla ypaBHeHHH C. >KepMeH mojkiio yfie^HTbca 
HenocpeACTBeHHOH noACTaHOBKOH (10.22) b (10.128).

3aTeM BbinHmeM ypaBHeHHH o6o6m,eHHoro <j)H3HqecKoro 3aKOHa ajih 
MaTepnajia, HaxoAamerocH b 3OHe noBbiuieHHOH TeMnepaTypbi:

<+. = — (1 + v) dTJ;

+ =*  T j ' 1+ + — (1 + v) aTj;

(10.128)

(10.129)
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‘i ii 11. 7’ — noBbimeHne TeMnepaTypbi — pa3H0CTb Tt — To, r^e To — Ha- 
Kx ii.ii.im TeMnepaTypa, a Tt—TeMnepaTypa b paccMaTpHBaeMbiii momcht

I' iicaTejibHoe HanpsuKeHHe xxg He 33bhcht ot T. 3to odycjiOBJieHo TeM, 
■ i... /iniiroBbie KOMnoHeHTbi TeH3opa TenjiOBOH Ae(j)OpMaHHH paBHbi Hyjno, 
»i ( k.ik npn cboSoahom TeMnepaTypHOM pacinnpeHHH He npoHCxoAHT hc- 
* i iu'iinfl yrjiOB. Boodme roBopn, MoayjiH E, G h KoaijxJiHHHeHTbi v h a 

Khihiciit ot T: E = E (T); G = G (T); v = v (T); a = a (T). FlepeMeH- 
H n. /:’, G, v h a ofiycjioBJieHa HecTauHOHapHbiM h HepaBHOMepHbiM Ha- 
I|iiiiii>m npn bmcokhx TeMnepaTypax. 3necb nie npennojiaraeTCH, hto T 
. ........ ich b t3khx npe/iejiax, npn kotopmx E, G, v h a ocTaioTcn HeH3MeH- 
iii imii, a TeMnepaTypHbiii nponecc cTapHOHapeH. IIpeAnojiaraeTCH TaKHte, 
........ ..  — H3BecTHaa (fiyHKHHH KOopAHHaT.

I OCT3BHM BblpaJKCHHH AJIH Mx, Mg H Hx, BXOAHIIXHX B (10.128), HC- 
|)<i n.3yH (10.14) H (10.129);

mt

1 — v ’

Mt
91 — V

Hx
0,5ft

J W^ = -(l-v)D^,
—0,5ft y

(10.130)

I H<’
0,5ft

Mt = aE f Tzdz.
—0,5ft

IhclcTaBHM (10.130) B (10.128) h, onycKan npOMejKyronHbie BbiKJianKH, 
no iy'iHM TepMoynpyrHH aHajior ypaBHeHHH C. /KepMen ajih njiacTHH no- 
I loHHHOH TOJinjHHbi:

DV*w  = q— J 2 v V w (10.131)

Korfla HyjKHO onpenejiHTb nepeMemeHHH HeHarpyxieHHoii njiacTHHbi
(y 0) ot HepaBHOMepHoro HarpeBa, ypaBHeHHe (10.131) ynpomaeTCH:

D\Ew = — t 2— VW. (10.132)

Ecjih nojio>KHTb, hto 3KBHBajieHTH3H Harpy3Ka 
qT (x, y) = — ] 2 v

vpaBHeHHe (10.132) SyneT TOJKAecTBeHHO ypaBHeHHio C. >KepMen:

y*w  = ~. (10.133)

1'i'iiicHHe 3-toto ypaBHeHHH mojkho HafiTH MeTOAaMH § 10.3, HanpHMep 
mcioaom ABofiHbix TpnroHOMeTpHHecKHX phaob. Oahhko nocTpoeHHe
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i a^SKTHBHO TOJIbKO B CJiyHae OAHOpOAHblX TpaHHHHblX
yCJlOBHfi. I

AHajiorHH Mex<Ay ypaBiieiiHeM C. /KepMeH h (10.133) 6y#eT nojiHoi 
jiHHib npn BbiHHCJiennii iiporHSoB. IIpH onpeflejieHHH HanpaxceHHH najio 
nojib3OBaTbca (10.129).

Hcnojib3ya npaBHJio SKBHBajieHTHOH Harpy3KH, AHtjxjiepeHHHajibHol 
ypaBHeHHe ajih Kpyrjibix ocecHMMeTpHHHO HarpeTbix njiacTHH npH TenJio*  
BOM nojie, 3aBHCHHieM TOJIbKO OT Z H r, MOJKHO 3anHCa£b T3K [(10.86)];

1 d f d [ 1 d / \1) Qt
r dr V dr [ r dr \ dr ) J J — D

PemeHHe 3Toro ypaBHeHHH, KaK h npejKfle [(10.88)], SyneT

Tjiasa 11
OBOJIOAKH 

§ 11.1. OciioBono.Taraioin;iie noiiaTiia ii aonyipeiiiia

B TeopHH ynpyrocTH oSommkou npHHSTO Ha3biBaTb Tejio, 3aKJHOHeH- 
HOe Mexcny JJByMH KpHBOJIHHeHHblMH nOBepXHOCTHMH, paCCTOHHHe Mexny 
KOTopbiMH, HMeHyeMoe b aaJibHeftnieM mojiiquHoii o6ojiohku h, Majio no 
cpaBHeHHio c nponHMH ero pa3MepaMH. Boodme roBopn, TOJiiijHHa oSojiohkii 
MO>KeT SbiTb nepeMeHHOH bcjihhhhoh. OflHaKO cpeAH peajibHbix KOHCTpyK- 
UHH B 6OJIbHIHHCTBe CBOeM BCTpenaiOTCH O6OJIOHKH, TOJIIH,HHa KOTOpblX OC- 
TaeTCH HeH3MeHHOH. noaTOMy B AajIbHeHHieM paCCMHTpHBaTb 6yfleM HC- 
KJIIOHHTejIbHO 3TOT CJiyHaH.

COBOKynHOCTb TOHeK, paBHOOTCTOHIH,HX OT 06pa3yiOIHHX o6ojIOHKy 
noBepxHOCTeii, Ha3biBaeTca cpeduuHou noeepxnocmbfo. B 33bhchmocth ot 
TOjimiiHbi o6ojiohkh AejiHT Ha mo/icmue h moHKue. K tohkhm o6oaoLiKaM, 
paCCMHTpHBaeMblM B 3T0H TJiaBe, o6b!’IHO OTHOCHT T3KHe, y KOTOpblX OTHO- 
ineHne h/R 1/20 (R — MHHHMajibHbiii pajjHyc KpHBH3Hbi cpenHHHoii 
nOBepXHOCTH). CjieAyeT, OHH3KO, OTMeTHTb, qTO BejIHHHHa 3Ta HOCHT HO 
a6cojnoTHbiH, a ycjiOBHO-opHeHTiipoBOHHbiH xapaKTep.

O6ojiohkh nejiHT TaKxce Ha 3aMKHyTbie h He3aMKHyTbie. 3aMKHymbie — 
9T0 T3KHe O6OJIOHKH, KOTOpbie He HMeiOT HHblX rpaHHH, KpOMe OCHOBHblX 
o6pa3yiomHX noBepxHOCTeii. Ecjih KpoMe yKa3aHHbix noBepxHOCTeii 060- 
jiOHKa HMeeT h rpaHHHHbiii KOHTyp, to ee Ha3biBaioT He3aMKHymou hjih 
omKpbimou. Tanyio o6ojionKy mojkho paccMaTpnBaTb kbk nacTb 3aMKHyToii. 
CpeAH He3aMKHyTbix BbiAejinioT oco6mh KJiacc o6ojioHeK, KOTopbie Ha3biBa- 
iotch nojiozuMU. nojiorne o^ojiohkh HMeioT cpaBHHTejibHO He6ojibinoii 
nofl'beM, nosTOMy reoMeTpnio hx noBepxHOCTH moikho 6e3 oco6oii norpem- 
HOCTH OTOIKfleCTBHTb C TeOMeTpHeil Ha njIOCKOCTH. K nOJIOTHM 060JI0HKaM 
npHHHTO OTHOCHTb T3KHe, y KOTOpblX Amax yEmin, ITie A — nOA'bCM
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liiiA nepeKpMBaeMMM iwiaHOM; L — nepeKpbiBaeMbift npojieT. Ecjih ajih pa- 
miMKHyTOft O6OJIOHKH 3TO yCJIOBHe He BbinOJIHHeTCH, TO OHa OTHOCHTCH K 
h 'iii cy Henojiornx. reoMeTpnn TaKoft oSojiohkh nojiHOCTbio onpeAejiaeTcn 
h<m<|)Hrypan.Heft ee cpejuiHHoft noBepxHOCTH (oHa npeAnojiaraeTcn Henpe- 
pblBHOft H AOCTaTOHHO rjiaflKOfi), TOJnilHHOft H rpaHHHHblM KOHTypOM.

3aMKHyTbie o6ojiohkh, b cboio oqepeab, TaKHte mojkho KJiaccntJiHiiHpo- 
iun b no pa3JiHHHbiM npH3H3KaM. OcTaHOBHMca Ha Hanfiojiee b3>khom cJiy- 
•iik! — oSoJioqKax BpameHHH. O6oaoukoH epau^eHun Ha3biBaeTCn oSojioh- 
i n, cpenHHHan noBepxHOCTb KOTopoft nojiynaeTca ot BpameHHH HeKOTOpoft 
njiocKoft KpnBoft BOKpyr och, Jie>KaHj,eH b ee njiocKOCTH h He nepeceKaio- 
meft 3Ty KpnByio. HacTHbifi BecbMa pacnpocTpaHeHHbifi cjiyuafi oSojioneK 
npameHHH — UfUJiUHdpunecKue o6ojiouku *.

* IlpnBejieHHaH 3jiecb KJiaccncpHKauM, khk, BnpoieM, u bchkoh KJiaecmjiHKaiiHH, 
n onpeaejieHHOH creneHH ycJioBHa.

lIInpoKoe Hcnojib3OBaHHe oSojiohkh b HHxeHepHbix coopy>KeHHHx o6y- 
UJIOBJieHO ee JierKOCTblO H BblCOKOft npOHHOCTblO. K0HCTpyKU,HH, H3rOTOB- 
lonnan b BHfle o6ojiohkh, npn nponnx paBHbix ycjioBHHX aKOHOMHHHee 

njiacTHHHaToft. C(J)epa npHMeHeHHH KOHCTpyKHHfi b BHfle o^ojioneK qpe3Bbi- 
'iaftHO niHpOKa. CpeflH hhx b nepByio onepeflb HyjKHO Ha3BaTb cyao-, 
.niiia- h paKeTOCTpoeHiie, xHMHuecKoe MamiiHOCTpoeHHe, CTponTejibCTBo. 
I lcnojib3OBaHHe o6ojioneK b thkhx 6bicTponporpeccHpyiomHX o6jiacTnx, 
hiiK aBna- h cyaocTpoeHHe, o6ycjiOBHJio pa3BHTne mctoaob hx pacneTa. 
B nacTOnmee BpeMH TeopHH tohkhx o6ojioneK pa3BHTa AOBOJibHO HiHpoKO.

B ocHOBe TexHHHecKofi (npHKjiaAHoft) TeopHH o6ojioneK jieHtaT Aony- 
mcHHH (rHnoTe3bi) Knpxro^a — JlaBa. IIphhsb bth AonymeHHH, mojkho 
nepeftTH ot TpexMepHofi (npocTpaHCTBeHHofi) sanann TeopHH ynpyrocTH k 
myMepHofi 3aAane o paBHOBecHH h jiecpopMaiiiiH cpeAHHHofi noBepxHocTH. 

< .Jie^yeT oTMeTHTb, hto 9Ta TeopHH npH^JiHnceHHaa h He mojkct 6biTb.npe- 
(>6pa3OBaHa b TonHyro.

CyTb rnnoTe3 Knpxro(|)a — JlaBa cboahtch k cjieAyromeMy:
1 . npHMOJIHHefiHblft 3JieMeHT, HOpMaJIbHblft K CpeAHHHOH nOBepXHOC- 

iii aoaeijiopMaHHH, nocjieAe<J)opMaH,HH ocTai-ieTCii npnMOJiHHeftHbiM h HOp- 
MHJibHbiM k Ae(|)opMHpoBaHHoft cpeAHHHoft noBepxHocTH, coxpaHHB npH 
'mom cboio AJiHHy. 3Ta rnnoTe3a hocht H33BaHHe eunome3bi npnMbix nop- 
MOJieti.

2. HopMajibHbie HanpHJKeHHM Ha njiomaAKax, napajwiejibHbix cpeAHH- 
noft noBepxHocTH, npeHe6pe>KHMo Majibi no cpaBHeHHio c cooTBeTCTByromn- 
MH HanpiDKeHHHMH Ha nJIOmaAKaX, HOpMajIbHblX K TOft >Ke nOBepXHOCTH. 
I nnore3y mojkho TpaKTOBaTb KaK ycjioeue HeHadaejtueaeMOcmu cjioee, na- 
pajiAeJibHbix cpeduHHou noeepxHocmu. 3to, b cboio onepeAb, no3BOjiHeT
I OBOpHTb (c H3BeCTHOfi CTeneHblO npH6jIH>KeHHH) 0 TOM, HTO T3KHe CJIOH 
IIIIXOAHTCH B njIOCKOM HanpH/KeHHOM COCTOHHHH.

IIpHBeAeM HeKOTopbie CBeneHHSi H3 TeopHH noBepxHOCTefi. Ohh noHa- 
ho6htc5i HaM b ua JibHefinieM.

HopMaJibHbLM ceuenueM e HeKomopou mouKe A (pnc. 11.1) Ha3biBaeTca 
luiocKaa KpHBas /—/, nojiynaeMaa ot nepeceneHHH paccMaTpHBaeMoft no- 
nepxHocTH c njiocKocTbio V, npoxoAameft nepe3 HopMajib N k noBepxHOCTH
II STOfi TOHKe.
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JluHued Kpueu3Hbi noeepxHocmu Ha3biBaeTCH jihhhh, HMeiomaH b Ka>i<- 
Aofi cBoeii TOHKe rjiaBHoe HanpaBJieHHe.

rjtciBHoe HanpaejteHue noeepxnocmu e dauHou moHKe—TaKoe Hanpaii- 
jieHHe, rae KpHBH3Ha HopMajibHoro ceneHHH noBepxHOCTH AocTHraeT si<J 
CTpeMyMa. Pl3 Ka>KAOH tohkh A hcxoaht ABe jihhhh KpHBH3Hbi (7—7 11 
2—2), opToroHajibHbie Apyr k Apyry.

rjiaenue Kpueu3Hbi K^ h K2 noeepxuocmu e moune — 3to naHfiojibiiine 11 
HaHMeHbHIHe KpHBH3HbI HOpMajIbHOTO CeHeHHH nOBepXHOCTH B AaHHOfi TOU-

Ke. BejiHHHHbi, oSpaTHbie rjiaBHbiM KpHBH3HaM, Ha3biBaioTca paduycaMu 
ejlCtBHblX KpU6U3H H R2.

TeoMeTpHH noBepxHOCTH oSojiohkh xapaKTepH3yeTc« eayccoBoil, hjiii 
HOJIHOU, KpUBU3HOU:

a Tanwe cpeduHHoii KpuBU3Hoii

Chmboji r HMeeT HenocpeACTBeHHoe oTHomeHHe k 4>opMe odojionKH. Ha- 
npHMep, ccJiepHqecKHe h sjwiHnTHnecKHe oSojiohkh hmciot T > 0, hhjihha- 
pHuecKHe h KOHHHecKiie — T ~ 0, THnepSojiHHecKHe (HMejomHe <JiopMy 
OAHonojiocTHoro rHnep6ojiOH.ua) — T < 0, TopoHAajibHbie oSojiohkh hms- 
iot 30HM, r^e r > 0, r < 0 h r — o.

KacamejibHan nAocKocmb k noeepxnocmu e HeKomopou. moHKe (pnc.
11.2) —3to TaKan njiocKOCTb, b KOTopofi jiexiaT KacaTejibHbie ko BceM jin- 
HHHM, npOXOAHIHHM Hepe3 BblSpaHHyiO TOHKy.

B oSojiouKe BpameHHH cjie^ nepeceneHHH njiocKOCTH, npoxoAnmei' 
qepe3 ocb, co cpeAHHHofi noBepxHOCTbio Ha3biBaeTCH MepuduanoM. Cjieji 
nepeceneHHH cpejiHHHofi noBepxHOCTH c njiocKOCTbio, nepneHAHKyjiapHoft 
k och, Ha3biBaeTca napajuieAbK). MepnAHaHbi h napajuiejiH 3necb B3anM- 
HO OpTOTOHajIbHbl.

IlojiyHHM Tenepb HeKOTopbie reoMeTpHHecKHe 33bhchmocth, KOTopwu 
Hcnojib3yeM b najibHefimeM. PaccMOTpHM oCojioHKy BpameHHM TOjmiHHoft
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A ipili'. 11.3). B T3K0H oSOJIOHKe nOJIOJKeHHe npOH3BOJIbHOft TOHKH M Ha 
|Miniiiiofi noBepxHocTH onpejiejiHeTCH nepeceqeHHeM cooTBeTCTByiomHx 
Mpii uiejiH h MepHAHaHa. IlojioiKeHHe MepnflHaHa onpeAejineTCH yrjiOM 

iiewamHM b njiocKOCTH napajijiejiH, a caMofi napajuiejiH — yrjioM 0, 
inipbiii 3aKjnoqeH Meamy ocbio BpameHHH h HopMajibio N. EcTecTBeHHO, 
I' l'illOJIOJKeHHe TOHKH M CpeaHHHOfi no- 
pHOCTH onpeaejiHTCH tcmh >Ke yrjiaMH q> 
II I TaKJKe KOOpAHHaTOH Z, OTCHHTblBaeMOH 

I I pl'JlHHHOfi nOBepXHOCTH. HHOTfla C BeKTO- 
> m /V, h /2, KOTopbie jiencaT cootbct-

Tiiio b HopMajibHofi h KacaTejibHofi nJIOC- 
" III K CpeflHHHOH nOBepXHOCTH B TOHKe 
I <Toi3biBaioT npHMoyrojibHyio CHCTeMy 
ItiiiiMliniaT.
I II xoae AajibHefiiniix npeo6pa3OBaHHfi na- 

|mi\ i- yrjioBofi KOOpAHHaTofi 0 6yneM nojib- 
"'HII.CH MepHflHOHaJIbHOfi KOOpAHHaTOfi S. 

i" |"|>epeHHHaji Ayrn MepHAnaHa mo>kho 
lllipi'ACJIHTb K3K

ds = RyiO, (11.1)
■i /<’,— nepabiu 2/lOBHbLU pClduyC KpU6U3Hbl 
jjn'iiJiiaHa. Paanyc KpHBH3Hbi, nojiyueHHbifi

• uepeceneHHH MepHAHaHa njiocKocTbio, 
lii ......iiAHKyjiapHOfi k 3TOMy MepHAHaHy, Ha-
.. ........ 8tnopbiM ZAOBHbtM paduycoM h 060- 
II' ''I.ICTCH R2. BejIHHHHy R2 MOXKHO CBH33Tb 
I p i'inycoM napajuiejiH r, ecjin paccMOTpeTb 
»l"iMnyrojibHbifi TpeyrojibHHK O2MO:

R2 = -4-^. (11.2)2 sin 0 v '

'i' p.iccMOTpeHH5i Apyroro npnMoyrojibHoro TpeyrojibHHKa O2MO cjieAyeT,
1 'II

a = 03M = r
cos 0

11pniiHMaa ocb BpameHHH x h paAHyc napajuiejin r 3a npHMoyrojibHyio 
II' I, My KOOpAHHaT, MO/KHO 3anHcaTb

-^ = sin0, a 4- = c°s0. (11.3)

11 pojlH^epeHUHpyeM (11.2), npeABapHTejibHO pa3peniHB ero othoch- 
ii.no r:

-^- = -^-sin0+/?2cos0. (11.4)

I, Tpyrofi cTopoHbi, , a ecJiH Hcnojib3OBaTb (11.1) h
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(11.3), TO

(II Ai-^- = /?lCOS0.

- (^2 — ctg 0.

Peniaa (11.4) n (11.5) cobmcctho, HaiiAeM cBH3b Mexny nepBbiM h bto|h< 
pa«HycaMH KpHBH3Hbi cpeAHHHoft noBepxHocTn:

PaccTOHHHe no Ayre napanjiejiH Meamy TOHKaMH M h L paBHo /</'i 
C apyroft cTopoHbi, H3 TpeyronbHHKa MO2L Ta >Ke ayra paBHa /?.//• 
Thkhm o6pa3OM, R2dty — rdq>, OTKyaa

= -5— d(p — sin 0d<p.

B 3aKjnoneHHe nojiynHM BbipauceHHe ajih dx — yrjia Mexyiy npHMbiMI 
OSA4 h O3L. OneBHAHO, hto

adX = rd(p,
OTKyAa

dX = dcp = cos 0d<p.

PaccMOTpHM Tenepb ajieMeHT oSojiohkh, BbiAejieHHbift H3 Hee AByMi 
napaMH HopMajibHbix k cpeAHHHofi noBepxHOCTH b33hmho opToroHajibiiid 
cMe?KHbix ceneHHft, conepxaiiXHx rjiaBHbie paAHycbi KpHBH3Hbi oSojio'iiS 
(pHC. 11.4). Bo3fleftcTBHH BHeuiHefi Harpy3KH h OT6pomeHHoft qacTH 060.nm 
KH ypaBHOBeniHBaiOTCH BHyTpeHHHMH HanpHJKeHHHMH, KOTOpbie /U'h 
cTByioT no BepTHKajibHbiM rpaHHM sjieMeHTa. Bmccto sthx HanpaiKeiiiii
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Bh i> m n paccMOTpeHHe CTaTnnecKH SKBHBajieHTHbie hm ycHJinn (ajih 6ojh>- 
Kfl iiiiuihahocth pHC. 11.5 pa3flejieH Ha ABa). Cbhjkcm c 3thm gjieMeH- 
mu AriaipTOBy CHCTeMy KOOpAHHaT x, y, z, Haqajio KOTOpofi noMecTHM b 
•■■H' (). Och x h y HanpaBHM no Ka-

■|l>"llillbIM K JIHHHHM TJiaBHblX KpH- 
■l)t, n ocb z — nepneHAHKyjinpHO 
■ ||h Hlllllioft nOBepXHOCTH. Pa3Me- 
L iujneJieHHoro ajieMeHTa npHMeM 
■III.IMII, H 3TO nO3BOJIHT CHHTaTb, 
Mullpll IIOCTOHHHOM Z HanpHJKCHHH 

rpniiflx ajieMeHTa TaKxre ocTaioT-
M llm TOHHHblMH. MTO6bI nOJiyHHTb 
■hlli IIMOCTb MttKAy yCHJIHHMH H Ha- 
■hikciihhmh, Heo6xoAHMO npex<Ae 
K*l  <1 UblWHCJIHTb AJIHHy Ayrn CD 
nin 11.6), oTCTonmeH ot cpeAHHHoft 
■hrpXHOCTH Ha paCCTOHHHH z.

< >6o3HaHHM Ayry AB qepe3 ds, a CD — nepe3 dsz-, ds —
► i/<’ — z) da. PeniHB coBMecTHO sth ABa paBeHCTBa, nojiynHM, 

(>-4)

|l'..... 3amTpHxoBaHHoft njioiii,aAKH CDD!C' o6o3HanHM qepe3 dF-,

dF = ds2dz = (1----- 5-') dsdz.

Rda, a dsz =
HTO

dsz = ds.

Ilp ’ lojibHan CHJia b HanpaBjieHHH och y e oAHofi cTOpOHbi mojkct 6bm> 
ti|" ncraBJieHa khk Tyds, a c Apyroft — KaK \oydF. TaKHM o6pa3OM,

F

Tyds = J oydF,
F

H/lll
0,6»

Tyds = ) Uy f 1----- 4-'j dsdz.
-o,sh \ K '

l ii uii'iaTejibHo

11 'inopHB no^o6Hbie nocTpoeHHH, mojkho 3anHcaTb Bbipa>KeHHH jijih Bcex 
ujiiift, noKa3aHHbix Ha pnc. 11.5:

0.5»
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0,55
3) Mu = f ovz(l — ,-^-jdz; 

—0,55 ' 1

0,55
K) Hy = f W (1----- ■£_} dZ.

—0,55 ' ’ '

H3 (J/opMyji (11.6 e, e) bhaho, qra napHOCTb KacaTejibHbix HanpH>KeHHH ne 
BJieneT 3a co6oft paBeHCTBO CABHraiomHX chji h KpyTHinHX momchtob, 
aeftcTByromHX b 4Byx b33hmho nepneHAHKyjinpHbix ceneHHHx. Ecjih >Ke 
npeHeOpeqb bjihhhhcm hjichob h KOTopbie b tohkhx oSojioHKax Ki a2
Majibi no cpaBHeHHio c eAHHHueii, to

Syx = Sxy = S H Hx = Hy = H.
OneBHAHO, hto BoceMb hckommx ycHjinft H3 ycjiOBHft cTaTHKH onpeAe- 

jiHTb Hejib3H. EIoaTOMy 3aAaHa o pacneTe oSojiohkh CTaTnnecKH HeonpeAe- 
JIHM3. AjIH pemeHHH 9TOft 3aA3HH HeodxOAHMO COCT3BHTb:

1. YcjIOBHH paBHOBeCHH CT3THKH. CjTOAyeT Cpa3y OTMeTHTb, HTO OflHO 
H3 HHX — CyMMa MOMeHTOB OTHOCHTejIbHO OCH Z — B CHJiy 3aKOHa napHOC- 
th KacaTejibHbix HanpnjKeHHft yAOBjieTBopneTCH TOJKAecTBeHHO. IlosTOMy 
BMecTO rnecTH ypaBHeHHft ajih onpeAejieHHH ycHJinft noJiynHM jiHiiib nsTb.

2. Tpn reoMeTpHHecKHX ypaBHeHHH, ycTaHaBjiHBaroiHHX 3aBHCHMOCTb 
Meamy OTHOCHTejibHbiMH AetjropMaHHHMH ex, ey h yxy h cocTaBJiaromHMii 
BeKTOpa nepeMemeHHft cpeAHHHoft noBepxHocTH u0, v0 h w0. 14 eme TpH 3a- 
bhchmocth, cBH3biBarom,He Te «<e nepeMem,eHHn u0, v0 h w0 c BejimiHHaMM 
kx, tiy h 9, xapaKTepH3yroiu,HMH H3MeHeHHe KpHBH3Hbi h KpyneHHe cpeAHH- 
HOft nOBepXHOCTH odOJIOHKH.

3. OH3HHecKHe ypaBHeHHa, noAoOHbie o6o6m,eHHOMy 3aKOHy TyKa, 
KOTOpbie CBH3biBaroT ycHJiHH (11.6) c cocTaBjmromHMH AecjropMaiiHH. Ta- 
khx ypaBHeHHft 6yA,eT mecTb.

Tenepb iiMeeTcn cooTBeTCTBne Mexcny hhcjiom ypaBHeHHft (5 + 3 + 
+ 3 + 6 = 17) H HHCJIOM BXOAHHI.HX B HHX HeH3BeCTHbIXl Tx, Ty,S, Qx, 
Qy, Mx, My, H, u0, v0, w„, kx, -Xy, 0, 8X, Ey, H yxy, KOTopbix TOJKe ceM- 
HaAuaTb. PenieHHe TaKofi CHCTeMbi npH 3aAaHHbix rpaHHHHbix ycjioBnnx 
b o6meM BHAe npeACTaBjmeT co6ofi 3HamrrejibHbie TpyflHOCTH. EIosTOMy, 
HTo6bi nojiynHTb pemeHHe, bboaht AonojiHHTejibHbie npeAnojionieHHH hjih 
ynpomaiOT pacneTHyro MOAejib.

Kor,na rjiaBHbift BeKTOp BHyTpeHHHX HanpnxKeHHfi coBnaAaeT c Kaca- 
TejIbHOft K CpeflHHHOfi njIOCKOCTH, 3 TJiaBHblfi MOMeHT paBeH HyjIIO, Hanpfl- 
HieHHoe cocTOHHHe Ha3biBaeTcn 6e3MOMeumHbiM, a HanpnjKeHHM, ero Bbi- 
3BaBniHe,— UfttiHbiMU hjih MeM6paHHbtMU. O6paTHoe paccMOTpeHHOMy 
HanpniKeHHOMy coctohhhio — MOMeHmuoe. Oho BO3HHKaeT TorAa, KorAa 
rjiaBHbifi MOMeHT OTjimieH ot HyjiH, a rjiaBHbift BeKTOp paBeH Hyjno. Hanpa- 
>KeHHH, BbI3BaBHIHe MOMeHTHOe HanpHJKeHHOe COCTOHHHe, Ha3bIBaeTCH MO- 
MeHtnHblMU HJIH U3Zu6HblMU. HOMHMO MOMeHTHOTO H 6e3MOMeHTHOrO Hanpn- 
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3<eHHbix coctohhhh moikct cymecTBOBaTb CMemaHHoe Hanp5i>KeHHoe co- 
OTOHHHe, rue ecTb kbk 6e3MOMeHTHbie, Tax h MOMeHTHbie yuacTKH.

B hhctom BHfle o6mhho hh MOMeHTHoe, hh 6e3MOMeHTHoe HanpujKeHHbie 
coctohhhh He cymecTByroT. OuHaKO b HeKOTopbix cjiyuanx mo>kho npeHe6- 
peub MOMeHTHbiMH HanpnxieHHJiMH h paccMaTpHBUTb HanpsiJKeHHoe COCTO- 
HHHe K3K 6e3MOMeHTHoe. B Apyrnx cjiyqanx, Hao6opoT, npeHe6peraroT uen- 
HblMH HanpHJKeHHHMH H paCCM3TpHBaiOT MOMeHTHOe HanpH>KeHHoe co- 
CTOHHHe. PaCCMOTpHM OTAeJIbHO KaTKflOe H3 9THX COCTOHHHH.

§ 11.2. Be3M0MeHTHan Teopim tohkiix ofiojioneK

Be3MOMeHTHau o^ojioHKa, khk 3to yjxe oTMeuajiocb, ecTb ynpomeHHan 
MOAejIb peaJIbHOH KOHCTpyKUHH — O6OJIOHKH — npH yCJIOBHH, HTO H3TH- 
6aionxHe h KpyTimjHe MOMeHTbi, a Taime cBH3aHHbie c hhmh nonepeuHbie 
CHJIbl MOryT He yHHTbIBaTbC5I H3-3a HX M3JI0CTH. MaJIOCTb 9THX MOMeHTOB H 
CHJI TOHHO OXapaKTepH3OBaTb TpyAHO. OuHUKO 3TO He CKa3bIBaeTCH Ha co- 
CTOHTejibHOCTH nojiyuaeMbix pemeHHH. OTcyTCTBne H3TH6aioiii,HX momchtob 
o6ycjioBJieHo TeM, hto HanpjuKeHHH, BO3HHKaromue b 6e3MOMeHTHOH 060- 
jiouKe, paBHOMepHO pacnpeuejieHbi no TOjmiHHe ee ctchkh.

Be3MOMeHTHa5i TeopHH — Han6oJiee npocTOH qacTHbifi cjiyqan o6m,efi 
TeopiiH o6ojioneK. Ehy Teopnio ihhpoko npHMeHinoT ujih pacneTa pa3Jinq- 
llbix HHJKeHepHblX 06beKT0B. Bojlbmoe yflO6CTBO 6e3MOMeHTHOH TeOpHH 
06b5ICH5ieTC5I He TOJIbKO OTHOCHTejIbHOft npOCTOTOH ee MaTeMaTHHeCKOTO 
annapaTa, ho h TeM, hto OHa BnojiHe yflOBjieTBOpHTejibHO onncbiBaeT pa6o- 
Ty tohkhx o6ojioneK npn uocTaTOHHO mnpOKOM KJiacce bhcihhhx BO3Aeft- 
CTBHH.

npHHHTaa HBMH MOflejIb HCCJieAOB3HH5I HeafleKBaTHa peajIbHOH CHCT6- 
Me. Ho no Mepe yMeHbmeHHH OTHOCHTejibHofi TOJimuHbi CHCTeMbi HeafleK- 
B3THOCTb COKpamaeTCH. npOHCXOAHT 3TO nOTOMy, HTO H3TH6Ha5I IKeCT- 
KOCTb nponopuHOHajibHa h3, b to BpeMH kbk JKecTKOCTb Ha pacT5i>KeHHe (cxKa- 
Tne) — Bcero JiHiiib nepBoft CTeneHH h.

Be3MOMeHTHoe HanpnjKeHHoe cocTOHHHe ocymecTBJiaeTCfl, Koraa Bbi- 
nojiHmoTCH cjieAyromne ycjioBHa:

1. CpeAHHHan noBepxHOCTb o^ojiohkh HBjmeTCH njiaBHO H3MeHsnomeft- 
cn HenpepbiBHoft noBepxHOCTbro. HeBbinojiHeHne 3Toro ycjioBHH BJieueT 
3a co6ofi cymecTBeHHoe OTJiimHe aeiJiopMaHHft b tbkhx Mecrax. 9to, k3k cjie- 
ACTBHe, npHBOAHT k HanpHH<eHHHM H3rn6a, HMeromHM, oah3ko, jiOKajibHbift 
xapaKTep. nocjieAHeeo6cTOHTejibCTBO nacro no3BOJiaeT npeHe6peraTb H3- 
rn6HbiMH Hanpsi>KeHH5iMH b o6ojioqKax no Toft npHHHHe, hto MecTHbie njiac- 
TiinecKHe 3ohm He CHHTKaroT o6iu,eft Hecymefi choco6hocth o^ojiohkh.

2. HeH3MeHHOCTb HJIH nJiaBHOCTb H3MeHeHH5I TOJHIlHHbl CTeHKH 060- 
JIOHKH.

3. BHemHee BO3AeficTBHe Ha o6ojionKy H3MeH5ieTC5i njiaBHO h Henpe- 
pblBHO.

4. rpaHHHHbie ycjioBHn Ha Kparo o6ojiohkh TaKOBbi, hto He BO3HHKaroT 
K3K 3HaHHTejIbHbie peaKTHBHbie CHJIbl B HanpaBJieHHH HOpMaJIH K CpeAHH- 
Iiofi nOBepXHOCTH, T3K H peaKTHBHbie MOMeHTbl. KHHeMaTHHeCKH 3TO 
O3HaqaeT, UTO Kpail O^OJIOHKH 40JI>KHbI HMeTb BO3MO>KHOCTb cbo6oaho 
noBopaHHBaTbcn h nepeMem,aTbC5i b HanpaBjieHHH HopMajin k cpeAHHHoft 
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uouepxHOCTH. rioMHMO >loi o onopHbie ycTpoficraa aoajkhm o6ecneqiiiui - 
HeH3MeHHeMOCTi> <|)o|)mi>i oCoaohkh.

5. Kpaeiibie ciuibi jieniaT b iijiockocth, KacaTejibHoii k cpeAHHHofi tia 
BepXHOCTH.

Ecaji (BonpeKH cijjopMyjinpOBaHHbiM Tpe6oBaHHSM) k ofiojionKe npn 
ao>kciii>i cocpeAOToneHHbie chjih h MOMeHrai hjih hmciotch xcecTKHe 3aKpvii 
jieiiHH, ycHJiHBaiomHe pe6pa h nponee, to Ha HeKOTopoM yjiajieHHH ot mciui 
AefiCTBHH THKHX (JjaKTOpOB HanpH>KeHHH BCe X<e M0IKH0 (H JlOCTaTO,llld 
TOHHO) OnpeflejIHTb no 6e3MOMeHTHOH TeopHH.

Han6ojiee Ba>KHbift c tohkh 3peHHH KOHKperabix HHiKeHepHbix npiiMtJ 
HeHHH cjiynafi — pacueT o6ojiohkh BpameHHH. HaraeM c onpe,nejieHii>i » 
Heft OTHOCHTejIbHblX Ae<|)opMaHHft.

PaccMOTpHM AecjiopMHpoBaHHyio cpeAHHHyio noBepxHocra o6ojiohkh 
(pHC. 11.7). nepeMemeHHH u, v h w tohkh M HanpaBJieHbi BAOJib MepHAini- 
Ha, napajuiejiH h BHeniHefi HopMajiH cooraeTcraeHHo (pnc. 11.7, a). O6o- 
3H3HHM riepeMemeHHe BAOJib och BpameHHH nepe3 ux, a b HanpaBjieHtin 
paanyca r, jiexcamero b njiocKocra napajuiejiH,— uepe3 ur. Toiyia (pnc.
11.7,6)

ux = u sin 0 — w cos 0; (117)
ur =« u cos 0 + w sin 0.

AecJiopMaHHH o^ojiohkh 6yAeM CHHrara, kok o6biHHO, MajibiMH. rioaTO- 
My npoH3BeAeHHH nepeMemeHHH h hx CTeneHH 6y#eM onycKara b ypaBHe- 
HHHX K3K BeJIHHHHbl BblCHierO nopHAKa MajIOCTH.

nepeceneHHeM Asyx MepHAHaHOB, pa3AejieHHbix yrjioM dX, h AByx 
napajiJieneii, paAHycbi KOTopbix r u r + dr, BbiAeAHM Ha cpeAHHHofi no- 
BepXHOcra 060A0AKH 3AeMeHT (phc. 11.8). ByAeM noAarara,
hto u = u (0, <p); w = w (0, <p); ux = ux (0, <p); ur = ur (0, <p); BMec- 
to nepeMeHHOH 0 6yAeM HcnoAbsoBara h CBH3aHHyio c Hefi nepeMeHHyio s 
riAomaAb 3AeMeHTa MM^N^N paBHa rdsdy. OnpeAeAHM oraocHTeAbHbie 
nepeMemeHHH em n e^,— b HanpaBAeHHH MepHAHaHa h napaAAeAH.

riepeMemeHHe u Ayrn MMlt paBHofi ds, Bbi3OBeT oraocHTeAbHoe yAAtt-
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IIH’ (pnc. 11.9)
du __ du dO I Su
ds 3=1 50 ds ~ Rx 50

■■ ifineHHH w T3K>Ke Bbi3OByT OTHOcHTejibHoe yjviHHeHHe Ayrn MMV 
i rtyxeT paBHO TaKHM o6pa3OM, oTHocHTeJibHan AecJiopMaiiHH 

(4r + w) ■ (11.8)

ihiim x<e o6pa3OM mojkho noJiyuHTb OTHOCHTeJibHyio AecJiopMaiiHK) b Ha- 
l' iii 'ieiiHH napajijiejin:

h iii c yneTOM (11.2) h (11.7):

' S(o = 4”5^

BbiHHCJiHM Tenepb AecfiopMamiio cjjBnra y, KOTopan xapaKTepH3yeT 
inMeneHHe npHMoro yrjia NMM^ b sjieMeHTe NMM^N^ (pnc. 11.10). 
H lajibHeHHiHX paccyjKfleHHHX stot Majibiii HenjiocKHfi 9JieMeHT 6yA©M no- 
liirBTb nJIOCKHM.

H3MeHeHHe yrjia NMMX ot nepeMemeHHH u o6o3HaHHM ot v — 
V, Toraa

Vi rdcp
1 du
r 5<p ‘

BejiHHHHa y2 HaxoAHTCs H3 cjiejiyiomHX coo6pax<eHHft. IlepeMemeHHH 
urpe3KOB MN h M^N^ no HanpaBJieHHHM KacaTejibHbix k napajiJieJiflM 6y- 
nyr v h v + -|§-d0. OflHaKO pa3H0CTb 3thx nepeMemeHHft ew,e He xapaK- 

icpH3yeT H3MeHeHHe yrjia AOWMp OjieMeHT NMMrNr BpamaeTCH kbk 
incpAoe TeJio okojio tohkh O3, h sto BpameHHe CKa3biBaeTca Ha H3MeHeHHH 
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yrna MWAfx BejiHWHHofi

v «=< a + ds
V----- - —a v

TaKHM o6pa3OM, cabht

ds <39 ds r ds

ITraK, o6mee H3MeHeHne yrjia NMM^

T = V1 + ?2 = —— + ——_ —COS0. (11.10)

riojiytiHM Tenepb ypaBHeHHH 6e3MOMeHTHOH Teopnn o6ojioqeK Bpa- 
ipeHHH.

Be3MOMeHTHoe HanpniKeHHoe coctohhhc b o6ojioHKe onpeaejiHTCH, ecjiH 
b Jiio6ofi ee tohkc H3BecTHbi MepHAHOHaJibHoe Tm, oKpyjKHoe Tv h cABnra- 
Kwie S ycHJiHH (pnc. 11.11). B 6e3MOMeHTHofi TeopHH, KaK 3to y>Ke OT- 
Menajiocb, HanpnxieHHH, aeftcTByiomHe no kpomkhm BbmeJieHHoro BJieMeH- 
Ta, pacnpeAejiniOTCH no TOJimHHe h paBHOMepHo. TaKHM o6pa3OM,

Tm T= CT(p/ij S t/i.
Snecb HanpHJKeHHH H Oq> — COOTBeTCTBeHHO MepHAHOHaJIbHOe H
OKpyjKHoe HopMajibHbie Hanpn>KeHHH, ax — KacaTejibHoe. Ychjihh Tm, T9 
h S — no CMbicjiy noroHHbie, ohh OTHeceHbi k ejiHHHue ajihhm nyrn 
CpeflHHHOfi nOBepXHOCTH.

ByaeM nojiaraTb, hto BHeuiHHH Harpy3Ka, KOTopan, Boo6me roBopn, 
npOH3BOJibHa, HenpepbiBHO pacnpeaejieHa no noBepxHOCTH o6ojiohkh. 3ry 
Harpy3Ky q npeflCTaBHM b bhas Tpex cocTaBJiaiomHx: qu, qm h q^, KOTopbie 
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ii i'iCTByiOT cooTBeTCTBeHHO no HopMajiH k noBepxHOCTH, no KacaTeJibHoii 
i< MepiiAHaHy h no KacaTejibHOH k napajwiejiH. Harpy3KH qN, qm H <7<pOTHe- 
■ i'iibi k eflHHHiie njiomaAH cpeAHHHOH noBepxHOCTH.

ycjiOBHH paBHOBeciiH sjieMeHTa NMM^N^ oSojiohkh npiiBOAHT k TpeM 
iiii|K[)epeHU,HajibHbiM ypaBHeHHHM, OTBenaioiHHM TpeM hckombim ycHJiHHM 
/m, T^h S. CoBnaAeHHe nncjia ypaBHeHHH h ycHJiHii yKa3biBaeT Ha to, 
'iro 3aAaqa 06 onpeAeJieHHH ycnjiHH b 6e3M0MeHTH0ii o6ojionKe craTHHe- 
i kh onpeAejiHMa. IlepeA cocTaBJieHHeM ycjiOBHii paBHOBecHn 3anHmeM 
iH'KOTopbie reoMeTpHnecKHe cooTHomeHHH, Heo6xoAHMbie b AajibHeiiuieM 
(pnc. 11.3; 11.8).

njiomaAb ajieMeHTa MNN^M^ paBHa rdcpds. /(jiHHbi cwpoH: MN = 
rd<p; = (r + dr) d<p; MMt = AWj = ds. 3aTeM

v i . dX dX r ,
cos X = 1; sin — -y- ’ = ~T~ “(P;

dX r _  dr _ g. d9 _ 1 _  r
drp a ds ~ ’ ds Rj ’ d<p R2 ’

CocTaBHM cyMMy npoeKHHH Bcex ycHJiHH Ha HOpMaJib N (pnc. 11.11).
Tm + —g^~ dQj (r + dr) d<p jieaiaT b njiocKocTH MepHAH-

Hiia (pHC. 11.12). CnpoeiiHpyeM hx Ha HopMajib:
Tmrd<p cos ------- ---  j + (Tm + -^- dQj (r + dr) d<p cos ----- y-

zp , dO . rp , dQ . dT m , Q j C/0 .
*= Tmrd<$ —2~ 4—dQ ■ rd<p—$—P

. dTm ,r,,, dQ+ dQdrdcp —.

OnycKas BejiHHHHbi Bbicniero nopHAKa MajiocTH, nojiynHM
Tmrd<pdQ.

Ecjih noBTopHTb aHajiorHHHyio onepaHHio ajih 0Kpy>KHbix ycHAHfi, to cyM- 
My npoeKHHH Bcex ycHJiHH Ha HopMajib mojkho npeACTaBHTb b cjieAyio- 
meM BHAe:

Tmrd<pdQ + T^dsdty — qNrdsdcp = 0,
HAH

YpaBHeHHe (11.11) hocht Ha3BaHiie ypaBHenun Jlanjiaca. 3to ypaBHe- 
mie cnpaBeAJiHBO He TOAbKO aah o6ojioqeK BpameHHa. Ero moikho npHMe- 
HHTb b caMOM o6meM CAynae, ecAH ahhhh <p = const h 0 = const hbjih- 
1OTCH TJiaBHblMH AHHHHMH KpHBH3HbI nOBepXHOCTH.

CnpoemipyeM 3aTeM Bce chjih Ha ocb, napaJiJieAbHyio qm. B cAynae 
paBHOBecHH 6yAeM HMeTb

(Tm + d0) (r + dr) d<p - Tmrd<p - Tvds -----

— (tv + dcp) ds -%• + (5 + "^- d(p) ds — Sds + qmrd<pds = 0.
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ripoflejiaB HeoSxoAHMbie npeo6pa3OBaHHH h onycTHB BejiHHHHbi Bbicnnn 
nopHAKa MajiocTH, npnfleM k cjieayiomeMy ypaBHeHHio:

T i r dTm dQ T dX , dS ,m ds ' r dQ ds 1 v~dT + ~dty + rc!m = ^- (ll.l'.'l

riocjieaHee (TpeTbe) ypaBHeHHe yAo6nee Bcero nojiywTb, b3hb SmomO.O 
** 0 (pHC. 11.3; 11.11);

(^ + («+-¥-)ds ~TAa+ ds +

5 + ~$q~ dQj (a + ds) (r + dr) dq> — Sardq +

+ <7<p + -4rJ rdcpds = 0.

IIpeo6pa3OBbiBaH, kak h npexAe, nojiynHM
1 dT<v , 1 dS , „ S
~ ~dtp~ + ~dfT + 2 ~ cos0 + ^==O. (11.13)

YpaBHeHHH (11.11) — (11.13) — HCKOMbie ypaBHeHHH paBHOBecim 
0e3MOMeHTHoro HanpaiKeHHoro coctohhhh TOHKoft o6ojiohkh BpameHHH.

C>H3HqecKne ypaBHeHHH, CBH3biBaioiH,He OTHOcirrejibHbie AecbopMamfii 
H yCHJIHH, nOJiyHHM, HCnOJIb3yH o6o6meHHblfi (JlHSHfleCKHH 3aK0Hi

„ _am_W(p Tm-vTrf 
m~ E ~ Eh~~ !

o _ T -vTm
(11.14)

_L = ^_ 
r G Gh ’

XapaKTepHofi qeprofi nojiyneHHofi paspemaromefi cncTeMbi ypaBHe- 
HHH (11.0) — (11.14) 6e3MOMeHTHOTO COCTOHHHH O6OJIOHKH HBJIHeTCH TO 
HTO HX MOJKHO pa36HTb H3 TpH rpyHHbl, K3K 3TO AeJiaJIOCb Hpil BblBO- 
A&, h HHTerpnpoBaTb pa3AejibH0. TaK, onpexejiHB ycnjiHH Tm, Tw u S 
mojkho H3HTH OTHOciiTejibHbie AetJiopMaLiHH, a 3H3H nocjiejiHHe,— nepe- 
MemeHHH. ’ H

Ecjih rpaiiHHHbie ycjiOBHH 3aAaHbi b ycnjiHHX, to 3aAana 06 onpe/ie- 
ycHAHfi Tm, TyuS pemaeTCH npn noMomH Tpex ypaBHeHHfi (11.11)— 

(11.13).

§ 11.3. OceciiMMeTpipiHaH aajja'ia

OcecHMMeTpHHHaH 3aflaqa — qacTHbift cjiyqafi 6e3MOMeHTHoro Hanpn- 
JKeHHOTO COCTOHHHH O6OJIOHKH BpaiH,eHHH.

Ecjih Harpy3Ka, npiwioxieHHaH k o6ojionKe BpameHHH, ocecHMMeTpnq- 
Ha, to Bce ycHJiHH h nepeMemeHHH He 3hbhcht ot yrjia <p h, khk cjieACTBne 
b pa3pemaromHX ypaBHeHHHx 6e3MOMeHTHOfi Teopnn o6ojioneK nponaAyr

|f« npoii3BOAHbie no <p. B stom cjiywae

+(Tm~T^ +qm “01

Tm | T<P 
-R~ + -RT-qN’

1 du , w . 
= -R“ 30“ + Ri ’

! e^^cose + ^^; (11.15)

I ^^(^-v^);

8<P = -g^- (T<f — vTm)’

I71C UCOS0+ ®sin0. rioACTaBHM 2-e ypaBHeHHe B be H-
n, uojib3yH paHee noJiyneHHbie cooTHomeHHH R^dQ = ds-, R2 -y— = ctg 9;

I,,lr- cos 9, noJiyniiM 
ds

? +—1----- RxRt cos 0 {qN------ Ttnj + RircR *“ 0'

I'.cjih yMHOJKHTb nojiyueHHoe ypaBHeHHe Ha sin 0, to nocjie sjieMenrap- 
iii,ix npeo6pa3OBaHH& oho npHo6peTeT bha

(rTm sin 0) + rRx (qe sin 0 — qN cos 0) - 0. (11.16)

BBexeM o6o3HaneHHe
qx = qN cos 0 — <7esin0. (11-17)

BejiHHHHa qx — npoeKHHH BHeniHeft Harpy3KH Ha ocb x. npoHHTerpiipyeM 
(11.16), npoH3BeAH npeABapiiTeJibHO 3aMeHy (11.17):

s
rTm sin 6 = \' qxrds + C.

st
AJIH TOTO HTO6bI yflCHHTb (J)H3HHeCKHfi CMblCJl HOJiy HeHHOrO pemeHHfl, 

yMHOJKHM o6e uacTH nocJieAHero paBeHCTBa Ha 2n:
s

2nrTmsin9 = 2n ^qxrds + 2nC. (11.18)
51

Cvah no pnc 11.13, Tm sin 9 — BepTHKaJibHan cocTaBJiflromaa MepHAHO- 
HajibHoro ycHAHH Tm, 2nrTm sin 0 - paBHOAeftcTByromafl HopMajibHbix 
ycHJinfi Ha SKBaTope, onpeAeJineMOM yrjioM 0. PaccMOTpHM noABiHTerpajib- 
Hoe BbipaxKenHe: 2nrds — njiomaAB SAeMeHTapHoro KOAbira, cooTBeTCTBy- 
romero Ayre ds, a 2nrqxds — BepTHKajibHafl cocTaBJiHioiHaH BHemHefi Ha- 
rpy3KH, npHXOAHiuancH Ha ajiexieHTapHoe KOJibiio. HHTerpaji, ctohuihh b 
npaBofi qacTH, npeACTaBAneT co6ofi noAHyro BepTHKaJibHyro Harpy3Ky, 
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AeHCTByromyio Ha ooKOByro noBepxHOCTb oBojiohkh Bbime Kpyra, npncy« 
iu,ero yrjiy 0, ajia KOToporo 6biJia onpeaejieHa Tm. IlpHBeAeHHbie coo6|)ii» 
iKeiinH no3BOJinioT TpaKTOBaTb BbipaHceHHe (11.18) KaK pa3BepHyTyro 31 
nHCb yCJIOBHS paBHOBeCHH SnpX = OHJIfl HaCTH oOojiohkh, paCnOJIOJKeHIIofi 
Bbirne Kpyra, cooTBeTCTByromero yrjiy 0. Bmhchhm (jiHaHHecKHH cmi>ic.’| 
np0H3B0JibH0H nocTOHHHOH C. Ajih stoto paccMOTpHM HanSojiee o6di.iiII 
cjiynaii o6ojiohkh BpameHHH — odojioHKy c OTBepcTiieM (pnc. 11.13).

Pbc. 11.13

rAe

jih TopuoBoe ceneHiie, cooTBeTCTByii > 
rn.ee OTBepcTHio, 3arpy?KeH0 paBHOMep 
ho pacnpenejieHHOH Harpy3K0H q, io 
paBHOAeHCTByroman stoh HarpysKii 
SKBHBaJieHTHa BepTHKaJIbHOH CHJIl’ 
2nbq. floaTOMy (11.18) mojkho nepeim 
caTb b cjieayiomeM BHiie:

2nrTm sin 0 = 2n i qxrds + 2nqb,
S1

HJIH
s

P = Po + 2ji j rqxds,

(11.19)

P = 2nrTm sin 0 —

sto nponojibHaa CHJia b paccMaTpHBaeMOM ceneHHH o6ojiohkh, a Po — npo- 
AOJibHaa CHJia, npHJioHteHHan b tophobom ceneHHH s = sv

I+aK, BMecTO toto <iTo6bi pemaTb coBMecTHyro cncTeMy, k3k sto 6mjio 
caeJiaHO paHee, npome cocTaBHTb pe3yjibTHpyrom.yro Bceii Harpy3KH, neii- 
CTByromeii Ha nacTb o6ojioiikh, onpenejiaeMyro yrjiOM 0. Haivpi TaKHM 
o6pa3OM cocTaBJiwomyio Tm, H3 ypaBHeHHfl Jlanjiaca iiaxonflT apyryio 
cocTaBJinromyro — Tv. JIjia o^ojiohkh KOHKpeTHOH (j'iopMbi HaiiTH TaKyro 
pe3yjibTHpyromyro neTpyniio.

MepHAHOHajibHoe HanpniKeHHe

m h 2nrh sin 0 ’
a OKpyiKHoe

Tv Tm R2 _ . P R2
v h h h Ri h 2nrh sin 0 R± '

B 3aKJiroqeHHe npnBeneM necKOJibKO npHMepOB onpejiejieHHn 6e3M0- 
MeHTHoro HanpiiJKeHHoro coctohhhh.

1. CijiepHHecKaji o6ojio<iKa (pnc. 11.14). Harpy3Ka q — paBHOMepHaa 
pa^HajibHaa; = R2 »= R; Tm = T(( = T (R — pa#Hyc ctjiepbi).

H3 ypaBHeHHH Jlanjiaca (11.11) HenocpeACTBeHHO cjieayeT, hto

T qR

qR . _ qR — OlL- 4L,
0<f~ ~h~ 2h 2/1

_ __ n uTf) ecTecTBeHHO, mo/kho 6hjio npeflBH- 
iim o6pa30M, om = o.p - a, hto, ecTeciBJn ’

ni. opnderafl k ^opMaJibHMM ™aAKaM paBHOMepno
■ UoHHApiwecKasi oSonoHKa (pnc. 11.16); H.

■JICHHafl HHTeHCHBHOCTH q', Ri = K E J

I 4.1

(11.20)

(11.21)

III ypaBHeHHH Jlanjiaca cJieAyeT, uto 

T<p = qR'< °<p — h

M-piVlHOHaJibHoe HanpnxeHHe om mojkho> HaHTH, paccMaTpHBafl paBHO
. 11(. jieBoii qacTH pacceneHHon o6ojiohkh. 

a„,2nRh — qnR2 = 0;
n -SB-
a"‘ ~~ 2h •

I. KoHHnecKan o6oj«ma (p«c. 11.16). HarpyaKa q - paBHOMepno

ii i. npefleJieHHaH; Rx = 00; #2 — a “•
II3 ypaBHeHHH Jlanjiaca cjienyeT.

T9 = qRt = qa^a-
. p umeHHe paBHOBecHfl noaBOJifleT aanncaTb, hto

P — Tm2nRa cosa = 0.

|.ni<oBafl noBepxHOCTb KOHyca
F = nRaa = na2 sin a.

.......... SoKoaoa noBepxHOc™, mo«ho „a»™ ooe.yK> 000™.™- 

p = qF sin a = qna2 sin2 a.
U..j,eTaBHM OTO 3Ha„eH„e P b ypaBHeHwe paB„OBeo„„ „ onpw.™ T„: 

qna*  sin» <x = gna2sinaa _ = tg a.
Tm “ 2nRa cos a 2na sin a cos a
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Hanpa>KeHHfl o-<p n om HafiAeM, noAeJiHB T<p h Tm Ha h:-

CT<p ‘T'tg05: CTn> = -^-tga.

4. SjuiHncoHAajibHaH TopoBaa oSojiOHKa (pnc. 11.17). Harpy3Ka 
paBHOMepHo pacnpeaejieHHoe BHyipeHHee AaBJieHHe q.

H3 ycjiOBHH paBHOBecHH KOJibiia AB (£npy = 0) cjie#yeT:

2nrTm sin a = nq (r2 — r2o).
OrcioAa MepHAHOHajibHoe ycHjine

OnpyiKHoe ycHJine Tv HaftAeM, noACTaBHB (11.22) b ypaBHeHHe Jlanjiacm 

T<? = — s^rsina)- (11

<I>opMyjibi (11.22) h (11.23) yfloSHee Hcnojib3OBaTb, Korfla 2?x h R2, a tiik» 
H<e sin a BbipajKeiibi qepe3 r.

H3BeCTHO, HTO
dtr

1 dy2

"li+(-»T’ 1
H3 pnc. 11.17

A-=_ctga. (11.211

TaKHM o6pa3OM, 3aAana cboahtch k TOMy, HTo6bi nojiynHTb BbipajKeinm 
1-ft h 2-ft npoH3BOAHbix no pannycy r, bxoahhihx b BbipaiKeHHe ajih /?,, .1 
TaKiKe BbipaiKeHHe sin a nepe3 napaMeTpbi Topa. YpaBHeHHe ajwiHnca *

I, I/j HMeeT BHA
X2—+ ^L=1 
a2 &2

iriui-iiio, hto b ochx r h y oho npeo6pa3yeTca b

(r-r0)2 , y2 _ .
a? b*

lUH-acAHero ypaBHeHHH cjie#yeT, hto
£
2r = r0 + a(l —

/lii'l+'peimHpyH ABaxAM no y, nojiymiM 
dr _ a ya2 — (r — r0)2
W — b (r — r0) ’

d-r a*
dy2 ~ b2(r-r0)2 ■

| i 'lll IIOACTaBHTb 3TH 3HaHeHHH npOH3BOAHbIX B BbipaiKeHHH AJIH #1, R% 
|| n iibipaiKeHHe (11.24), pa3peineHHoe oraocHTejibHo sin a, to nojiynHM

P _ [(&a-a2)(r-r0)2 + a+\
1 a^b

n rV(b2 — a2) (r — r0)2 + a*  . 
<2 “ b(r-r0)

' b (r — r0)sin a = - .. ... =-.
V(&2 - a2) (r - r0)2 + a'»

l'i.ipa>KeHHH ajih HanpHxeHHH jictko noJiynHTb H3 (11.22) h (11.23), 
r ni b nocjieAHHe noACTaBHTb 3HaneHHH Rv, R2 h sin a:

o _ <7(' + 'o) 
°<P ~ 2rbh V

n q 2r (&2 — a2) (/— r0) + a4
m 2bh y(bz — a2} (r _ roy + fl4

,/I.jih Kpyrjioro Topa, y koto- 
|iiiio a — b — R (pHC. 11.18), 
i|»ijtMyjibi (11.25) ynpocTHTcn: 
. i + 6l\ CT =-^-

2h ( " r J’ m 2h •

(11.26)
I l;i cjiopMyjibi (11.26) khk nacT- 

lii.ni cjiyqafi mojkho noJiynHTb 3Ha- 
•ihiiih nanpniKeHHft Oq, h am ajih 
. .|« pimeCKOH H HHJIHHApHHeCKOH
I"I7W

a2) (r — r0)2 + a4;

°m — CT'

oSojioneK. Ajih ccpepbi

r0

M. /^r

A4

Phc. 11.18

~ 2h '
•
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•
JXjih uhjihhaphhcckoh oSojiohkh tpopMyjia om, He CBH3aHHaH c npHcymiiM 
Topy 'napaMeTpoM r0, HenocpejjCTBeHHO coBnaaaeT c paHee nojiynennoil 
(11.21). X1JIH HHJIHHApHHeCKOH O6OJIOHKH r0 —00; OAHOBpeMeHHO H r 
-> 00. nOSTOMy . + I

TaKHM o6pa3OM, gv = -^-, hto coBnaaaeT c (11.20).

§ 11.4. MoMeHTHaa TeopiiH oceciiMMeTpiinHo iiarpysKeiinMx 
TOHKHX KpyrOBMX I^HJIIIHJIpHHeCKHX oSoJIOHeK

OceCHMMeTpHHHaH H3TH6HaH y KpOpMaHHH B03HHKaeT B MeCTaX CKaHKO 
o6pa3Horo HSMeHeHHH ceieHHH o6ojiohkh hjih BHeniHeii Haupy3KH, aTaKwn 
B MeCTaX COHpHHieHHH o6oJIOHKH C ApyrHMH KOHCTpyKHHHMH (pnc. 11. 19). 
B TaKHX MecTax HanpHxceHHoe cocTOHHHe yjne Henb3H onncaTb 6ci> 
MOMeHTHOH TeOpHeH. Bo3HHKaeT HeodxOAHMOCTb CO3A3Tb MOMeHTHyiO T(O 
PHIO. I43-3a MaJIOCTH TOJIIIXHHbl O6OJIOHKH MOMeHTHbie HanpHJKCHHH flaihil

Phc. 11.19

npH He60JIbIH0H BeJIHHHHe H3TH6aiOIII,HX MOMeHTOB MOryT 6bITb 3HaHHTejII.« 
HblMH. OhH HMeiOT MeCTHblH XapaKTep, H nOSTOMy AJIH TBKHX yqaCTKOI' 
iiyjxno cyMMHpoBaTb HanpHHteHHH ot H3rn6a c Hanpn>KeHHHMH 6e3MOMem 
HOTO COCTOHHHH. HcCJieflyH MOMeHTHyiO Teopnio, COCpeAOTOHHM BHHMaillll’ 
Ha HHJiHHflpHnecKOH o6ojioqKe, Ha kotopoh jierne npocjieAHTb ochobhkki 
HAen 9toh TeopHH. IIpocTOTa reoMeTpHH UHJiHHApHHecKOH o6ojiohkh npi/i 
onpeflejiaeT cpaBHHTejibHyio Hecjio>KHOCTb Hcnojib3yeMoro MaTeMaTH'K’ 
ckoto annapaTa.

H3 CHMMeTpHHHO HarpyjKeHHOH KpyrOBOH HHJIHHApHHeCKOH o6ojiomkh 
(pHC. 11.20) AByMH OCeBblMH H AByMH HOpMaJIbHblMH K OCH x ceneHHiiMii 
BbiflejiHM ajieMeHT njiomaflbio AMcpdx(pnc. 11.21). Ha stot sjieMeHT 6yji<-i 
BO3/ieHCTBOBaTb CHCTeMa ycHJiHH h BHemHHX Harpy3OK, noKa3aHHaa im 
pHC. 11.22. B CBH3H C OCeBOH CHMMeTpHefi HHJIHHApHHeCKOH O6OJIOHKII II 
BHeiHHeii Harpy3KH

Qy — 0; Hx = 0; Hy = Q\ Sxy = 0; SyX = 0,
a ycHJiHH Tv h Mx npn nepexoae no OKpyjKHOCTH ot oahoh rpaHH k Apy« 
roii npHpaipeHHH He nojiynaT. HajiHwe chmmctphh BJieneT 3a co6oh t.ik< 
JKe H TO, HTO H3 HieCTH ypaBHeHHH paBHOBeCHH 3 6yAyT yAOBJieTBOpHTbl'll 
TOHiAecTBeHHO, a k HeTpHBHajibHbiM pe3yjibTaTaM npHBeayT TOJibKO cjk- 
AyiomHe ycjioBHH:

SnpX = 0, = 0, SmqmI/ = 0. _

242



I'n niepiieM nocjieflOBaTeJibHO 3th ycjiOBHn:
(Tm + dT,„) Rd<p — TmRd<p + qmRd<pdx = 0, 

k

dTm-\-qmdx— 0; (11.27)

I',,/1 ■ sin + (Q + dQ) Rd<p — QRd<p — qNRdpdx = 0.

■u n >i >i BBHAy MajiocTH yrjioB sin —— Ha , nojiyHHM
dcp 
T

M, A',/i() — (My + dMy) Rd(p + (Q + dQ) Rd<pdx — qNRdtpdx —= 0.

OTdpOCHB 
nopHAKa

(11.29)

«i I |>I.IB ckoSkh h 
.......... .... Bbicmero 
h ii" iii, nojiyHHM

D —w dx '

i" \|>;iBiieHHe coBiiaaaeT c 
IINI' IIMOCTbK), KOTOpaH 6bIJia
II iiiuBJieHa b ajieMeHTapHOH 
llpllll AJIH CTepJKHeH.

11.1 9TOM 3aKaHHHBaeTCH 
........  oScjieAOBaHHe 3a- 
i'iu iaweTHM b 3aKJiioqeHHe, 
H' vriuine Tm mojkho nojia- 
iii nmecTHbiM: oho JierKO 
l|n 'lr.ll>ieTCH npocTbiM HHTer- 
i|"'ii.iiineM H3 (11.27).

• H'lpai'HMCH K TeOMeTpHHeCKOH CTOpOHe 3aAaHH. PaCCMOTpHM yAJIHHe- 
iH' iii i loKiia ab oSojiohkh, pacnoJiojKeHHoro Ha paccroHHHH z ot cpejinri- 
.......... (pnc. 11.23). rionbiTaeMCH CBH3aTb ero nepeMemeHHH
III p! MCIHeHHHMH BOJIOKHa Ha CpeflHHHOH nOBepXHOCTH.
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OmocHTejibHaH AeipopMaHHfl em 6y.neT cocTOHTb H3 Jisyx cjiaraeMbix. 
llepBoe H3 hhx -^- oCycjioBJieHO HeoAHHaKOBbiM CMemenneM ToneK a h /> 

b oceBOM HanpaBJieHHH, BTopoe — HCKpHBJieHHeMOTpe3Ka ab. 143 cpaBiic 
hhh OTpe3KOB aalt bbt (pHC. 11.24) cjieayeT, hto sto cjiaraeMoe paBim 

dO d2w -z = z . TaKHM o6pa3OM,
du , ~ d2w

~ ~dT + Z ~dx2~ ’

OTHOCHTejibHaa Ae^opMauHH b paAnaJibHOM HanpaBJieHHH onpexejiHT- 
ch H3 cpaBHeHHH ajihh OKpyiKHOCTeH cpeflHHHOH noBepxHoc™ ao h nocjie 
4ec[x)pMaiiHH:

f.„ = 2tt(.R — z + w) — 2x(R — z) _ 
V 2n(R—z) (11.30)

HanpHxeHiiH o h o<p onpeaejiHM npn iiomoihh 3aKona TyKa: 

~ j_ v2~ (em + '’e<p) j _ v2 du , d2w , 
~dr + z~d^ + v »

, du , d2u
+ vnr + vzlw

IIoJiyqeHHbie BbipaiKeHHH ajih nanpHJKeHHH noACTaBHM b (11.6), a no- 
cjieAHiie — b (11.27) — (11.29):

0,6»
Tm ~ +

0,5»

J >-4r x

xrd“ . d2w , 
~d+ + Z^~ + V dz',
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X dz',
;(-^)

„ ■ 0,5»

J Z(l_ ~r) X
-0,5» '

, W z j]dz-,(-*)J

0,5»
( 0<pZ^l j dz = ! _V2 j z(i #-) X

n x 7 —0,5ft

oy

B ciiJiy TOHKOCTeHHOcra oQojiohkh qjieHaMH b (JiopMyjiax (11.30), (11.31) 
ii (11.32) no cpaBHeHHio c eAHHHueii moikho npeHeSpeub. Otmcthm TaxiKe, 
<ITO W H ero npOH3BOAHbie He 33BHCHT OT Z H MOryT 6bITb BblHeCeHbl
113-noA 3HaKa HHTerpajia. TaKHM o6pa30M,

T1 m

(11.32)

X

0,5»
A4,= r

—0,5»

X dz.

/ du . w \

\V~d+ + ~R]

d2w. d2w t
x = 12(1—v2) V ~dx+ ~~ VU dx2 '

Eh3 d2w p d2w
My = 12(1 —v2) dx2 U dx2 ’

r/je D = Eh? 12”"1 (1 — v2)-1 — UHJiHHApHnecKaH HcecTKOCTb. 
OdbeAHHHM Tenepb ypaBHeHHH (11.28), (11.29) h nepBbie ABa 

d2Mn . Tq
-S^+~T~‘lN'

T<$ *=  vTm +Ew.

IloACTaBHM b (11.34) 4-e BbipaiKeHHe (11.33) h (11.35):
„ d*w  , Eh . vT m
D^ + ^W+—-^n'

M (11.33)

(11.33)

(11.34)

(11.35)

HJIH
d^w . Eh Qn __v
~d+~ ~R+D~W ~ D DR •
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06o3HaqHM
Eh 12(1—v2)

R2D ~ h?R2 ~
Tor/ta (11.34) npnMeT bha

Pnc. 11.25

KO9(|)(|)HIIIieHT k Ha3bIBaiOT A'()l 
dipcfruiiueHmoM 3amyxaHUR //<■• 
peMetqeHuu. Oh onpeAeJiin'i 
CTeneHb 3aTyxaHHH nepeMemJ 
hhh no Mepe yaajieHHH ot :«>• 
Hbl npHJIOJKeHHH yCHJIHH.

Kax y>Ke roBopHJiocb, 7',,, 
CHHTaeTCH H3BeCTHbIM. EcJIH >K4

noBepxHOCTHan Harpy3Ka qm = 0 (3HaneHHe Tm b stom cjiyqae mojkikj 
HaiiTH H3 ycjioBHH Ha Topnax oSojiohkh), to (11.36) ynpomaeTCH:

_g. + 4^=-^. (11.37)

PemeHHe stoto ypaBHeHHH mojkho npeACTaBHTb b Biine
w — Wq.p + e~kx (Cj sin kx + C2 cos kx) +

+ ekx (C3 sin kx + C4 cos kx), (11.38)

T«e w^.p — qacTHoe pemeHHe, onpeAejiseMoe xapaKTepoM pacnpeAejieHini 
BHeniHHX Harpy3OK; Ct — npoH3BOJibHbie nocTosiHHbie.

Ilocjie penieHHH ypaBHeHHH (11.37) h onpeflejieHHH npoH3BOJibHbix 
nocTOHHHbix HanpH/KeiiHH b odoJiOHKe HaxoflHT no (JiopMyjiaM (11.31), n 
KOTOpbix H3-3a Majiocra onymeHbi HJieHbi a no (JxipMyjiaM (11.33) -4 

yCHJIHH.
IIpoH3BOJibHbie nocTOHHHbie Ct b (11.38) onpeAejiHioT H3 rpaHHHHbix 

ycjiOBHii:
1. IIpH xiecTKoii 3a«ejiKe Kpan (pnc. 11.25, a)

n dw „w = 0; -r— = 0.dx

2.

3.

IIpH HiapHHpHOM OnHpaHHH Kp3H (pHC. 11.25, 6)

u> = 0; My = 0, T. e. = 0.

IIpH cboSoahom Kpae (pnc. 11.25, e)
My = &, Q = 0. (11.39)

Bbipa>KCHHe A-aa Q nojiyqnM, noACTaBHB 4-e paBeHCTBO (11.33) b (11.29):

TaKHM o6pa3OM, rpaHHHHbie ycjiOBHH (11.39) mojkho' 3anncaTb cjieAyio- 
hjhm o6pa3OM;

dtw n. d3w
'dx2~ ~ U’ "dx3" ~ (11.40)

246



Qo H MOMeHTOM A40J(jih Kpan, 3arpy?KeHHoro 3aAaHHbiMH chjioh
11.25, a),

1'accMOTpHM ABe saxaHH.
I. HnjiHHApHqecKan KpyroBaa juiHHHaa oSojioHKa, HarpyxeHHaJi paBHO- 

|ni<> pacnpeAeJieHHOH no OKpyjKiiocTH Harpy3KOH b ceneHHH (pnc. 11.26).
)•<•> 'ICTHaH MOfleJIb COOTBeTCT- 
■yi'l, B naCTHOCTH, o6oJIOHKe, 
jlllll'ieHHOH SaHAajKOM, KOJIb- 
llenblM pefipoM, hjih ofioJiOHKe c 
rtinii|iparMOH. B CHJiy chmmct- 
l'llll ofiOJIOHKH OTHOCHTeJIbHO 
liii'iiuia KOOpAHHaT mojkho pac- 
i larpHBaTb TOJibKO ee nojio- 
Niiny.

(1 POCTOM X BejIHHHHbl e~kX
II e ' COOTBeTCTBeHHO SblCTpO y6bIBaiOT H BO3paCTaiOT. IlpH 6oJIbHIHX 
mii'ieiiHHX x npornd w (11.38) He3HanHTeJieH:

w = ekx (C3 sin kx + C4 cos kxjx-^ -> 0.
'ni HMeeT MecTo, ecjin Bbipa>KeHne b cko6kc paBHO Hyjno, a nocjieAHee 

iHiMoiKHO JiHHib b tom cjiynae, Korjia C3 = 0hC4 = 0. flosTOMy pemeHHe
111.38)  ynpomaeTCH Tan:

w = w,,p + e~kx (Cx sin kx + C2coskx). (11.41)

B HameM cjiynae pacnpeAejieHHan Harpy3Ka c/n = 0, a no^TOMy h 
u".i,p = 0. TaKHM o6pa3OM,

w = e~hx (C^sin kx-\-C2coskx). (11.42)

CcJropMyjiHpyeM rpaHHHHbie ycjioBHn H3 ycjioBHH chmmctphh:

1) npH x = 0 = 0; .

2) npn x = 0 Q = -y-.

dw 
dx

I lepBoe rpaHHHHoe ycjiOBHe npHBOAHT k oflHOMy H3 ypaBHeHHfi, Korapbie 
"iipeAeJiHioT npoH3BOJibHbie nocTOHHHbie Cx h C2:

= ke~kx [(Cx — C2) cos kx — (C4 + C2) sin kx]x=o =

= fe(C4 —C2)=0. (11.43)

Bropoe ycjioBHe, ohcbhaho, mojkho nepenncaTb Tan:
d3w | P

Td^"|x=0~'2D *

,, d3wI IoACTaBHB cioAa 3HaneHHe d 3 , nojiyHHM

2k3e~hx [(Cx + C2) cos kx + (Ct — C2) sin kx]x=o — .
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OKOHqaTejibHO
2^(0, + ^) = -^-.

Pemaa coBMecrao (11.43) h (11.44), Haft/ieM C\ h C2:

Ci = C2 = SftSp . (11.

C yneTOM (11.45) pemeHHe (11.42) npiiMeT bha 

w = P^k3jj- (sin kx + cos kx\ (11 ■ ^lj

3Haa w, jierKO onpeaejiHTb ycnjiHH no (JiopMyjiaM (11.33) h (11.40).
2. UHJiHHApHHecKan KpyroBaa AJiHHHaa oSojioHKa, HarpyiKeHii iB 

paBHOMepHoii paAHajibHoii Harpy3KOH q no noncKy uiHpHHoft l (pnc. 11.27,</) 
,5™ pemeHHH stoh 3aAaul| 
MOJKHO HCnOJIb3OB3Tb pe3y.ll.- 
TaTbi, nojiyneHHbie b npeflbi/u 
meft.

By^eM CHHTara, hto Harpy n 
Ka qdt, jieftcTByiomaH HaMaJloft 
AJiHHe dg, ecra noroHHaa pn« 
AHajibHaa Harpy3Ka P (pin 
11.27,5). riepeMemeHHH w m 
accoiiHHpoBaHHbie c hhmh ycnJ 
jihh) onpeAejimoTCH HHTerpn, 
pOB3HHeM BbipaJKeHHH (11.46), 

b kotopom noroHHoe ycHJine P 3aMeHeHo 9jieMeHTapHoft Harpy3Koft qd\„ 
HHTerpnpoBaHHe BeAerca no Bceft ajihhc 3arpy>KeHHoro ynacraa.

ripH BbinHCJieHHH nepeMem,eHHM b tohkc A (pnc. 11.27, 5) cjieayeT 
yqecra Harpy3Ky, pacnoJio?KeHHyio khk cjieBa, TaK h cnpaBa ot araft to>i 
kh. T^khm o6pa3OM, b TonKe A nepeMemeHHe

r k ' c 9

w=~8k3D y e~ki (sin +c°s &+j e~ki (sin +c°s ’ i 
Lo 0

§ 11.5. TepMoynpynre Hanpa>Keniia b mi.TiiH;ipn>iecKoii oSoaoiKC

TepMoynpyroe HanpHJKeHHo-AetJxipMHpoBaHHoe coctohhhc KpyroBoii 
HHJIHHAPHHeCKOfi OSOJIOHKH nOCTOHHHOfi TOJHHHHbl paCCM3TpHBaeTCH B KH.I- 
3HCTaTHHeCKOft nOCT3HOBKe. npH TaKOft nOCT3HOBKe 3aAaHH B ypaBHeHHIIX 
ABHJKeHHH He yHHTMBaiOTCH HHepHHOHHbie HJieHbl.

3Aecb, KaK h paHee, npnHHMaioTca THnoTe3bi o HeH3MeHHOcra HopMajn. 
hoto ajieMeHTa h o Majiocra HopMajibHbix HanpajKeHHft Ha njiomaAKax, 
napaJiJiejibHbix cpeAHHHofi noBepxHOcra. TepMoynpyrHe HanpHHteHHH ii 
oSoJionKe BO3HHK31OT BcjieAcraHe HepaBHOMepnoro pacnpeAejieHHH tcm« 
nepaTyp hjih npn 3aKpenjieHHHX, KOTopbie He no3BOJiHioT efi cboSoah" 
pacmHpHracH.

PaccMaTpnBaeMaa Teopna TepMoynpyrnx Hanpa>KeHHfi b o6ojioiik<- 
orpaHHaeHa cjie.nyiom.HMH AonymeHHHMH:
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I MaTepnaji, H3 KOTOporo H3roTOBJieHa oOojioHKa, TepMnnecKH H3O- 
hiHieii h xapaKTepH3yeTCH oahoh bcjihhhhoh a — KoscjxJiHiLHeiiTOM jih- 
Euiioro TenjiOBoro pacniHpeHHH b HHTepBajie TeMnepaTyp — /2- 

T TeMnepaTypa HarpeBa oSojiohkh HaxoAHTCH b tom HHTepBaJie — 
■ /„ iipn kotopom <|)H3HiiecKHe h MexaHHHecKHe xapaKTepHCTHKH MaTepnajia 
lin ymecTBeHHO imieHaioTCH no cpaBHeHHio co cbohmh o6biHHbiMH 3Hane- 
Koimii. ByaeM b AajibHeHHieM noJiaraTb, ■ to E, v h a ocTaiOTCH nocTOHH- 
iii i iii BejiHHHHaMH, cpeAHHMH AJisi paccMaTpHBaeMoro AHana30Ha TeMne- 
bmyp.

I 3. TeMnepaTypHoe nojie CHHTaeTCH 3a;iaHHbiM h ocecHMMe'rpHHHbiM.
I. TeMnepaTypa b HanpaBjieHHH pa/XHyca H3MeHHeTCH no JiHHefiHOMy 

iiii«)Hy

t = t0-\—y M,

l/ie/0 = -+(++/~), a A/ = t+— t~-, t+—TeMnepaTypa Ha napy>K- 

Hmi noBepxHocTH (z = 0,5/z); t"“ — TeMnepaTypa Ha BHyTpeHHefi noBepx- 
... ... o6oaohkh (z = — 0,5/i).

.VuHTbiBaH jiHHefiHbifi xapaKTep paccMaTpHBaeMbix 3aAan, otmcthm, 
Mi'i iioJiHoe HanpHaxeHHe ot AeficTBHH BHeniHHX chji h HarpeBa motkho no- 

I '111Tb CyMMHpOBaHHeM 3THX AByX BHAOB HanpHJKeHHH. BblBOA OCHOBHO- 
iu pa3pemaiomero ypaBHeHHH MOMeHTHofi TeopHH a^ib HHAHHApHHecKoft 
...... HaxoAHmeficH b TeMnepaTypHOM nojie, noAoOeH BbiBOAy, npo- 
rf/u'iiHOMy b npeAbiAymeM naparpacjie, h noaTOMy 3Aecb npHBeAeH He 6yAeT. 
'.i uinua saKAionaeTCH AHHib b tom, hto cooTHomeHHH ynpyrocTH, onpe- 
n' mcMbie o6o6iii,eHHbiM 33K0H0M TyKa, HecyT b ce6e AonoAHHTeAbHO reM- 

lii'l HiTypHbie cAaraeMbie.
I Ie BAaBancb b hoapo6hocth BbiBOAa, npHBeAeM 3HaneHHH aah Hanpn- 

>i.rimii h ycHAHfi b CAynae TeMnepaTypHoro BO3AeficTBHH Ha tohkoctch- 
iivio o6oAOHKy [cm. (11.31), (11.33), (11.35), (11.29) h (11.36)]:

E r du , d2w , . ,]= ■ i “2- + z“dj2- + v - (1 + V) a/j ,

E r du , d2w , w ,, . , I

Eh r du (l + v)a/01 —V2 ( dx 1 ,
Eh r du + ----- (1 + v) ?+11 —V2 1 dx

Mx = D \1
d2w 
dx2

(i + v)a h ]; (11.47)

M,= Df d2w
dx2

(1 + v)a h |;

71(p-vEm + - w — Ehat0\
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= D
d3w
'dx3' -(1+v) a

7F

, 4,4 _ ____Tm _ Ehat0 (1 + v) « d2 (AQdx*  K D v DR DR r h dx2 .

OcTaHOBHMca aajiee Ha onpeaejieHHH ^Yhkhhh w H3 nocjieAHero ypm 
HeHHH (11.47).

OrpaHHiHM Kpyr paccMaTpHBaeMbix 3aAaq ajihhhoh hhjihhaphhci > 
ofiOJIOHKOH, y KOTOpOH 33K0H H3MeHeHHH flaBJieHHH H TeMnepaTypbl 3ajl.'U’f< 
cn nojiHHOMOM CTeneHH He Bbime TpeTbeii, c TeM htoSh

d*q  n di(0 n d2A/ n= -^ = oH-^- = o. (h..im)

Taxoe orpaHHneHHe Ha xapaKTep H3MeHeHHH AaBJieHHH h TeMnepaTypu 
BnojiHe npneMJieMo c tohkh 3peHHH npaKTHnecKHX npHJioxceHHH. C y<ieTOB 
cKa3aHHoro peineHne w 6y.neT HMeTb bha

w (x) = e~kx (Cx sin kx + C2 cos kx) +

+ ekx (C3sinkx + C4cos/+)----- (1 — v-^-\ — aRt0. (11.4'1)

TIocjieAHHe ABa cjiaraeMbix ecTb He hto HHoe, khk t€»q.p npn orpaHHHeHHiix 
(11.48). B cnpaBeflJiHBocTH penieHna (11.49) JierKo y6eAHTbca npHMol, 
noACTaHOBKOH ero b nocjieAHee ypaBHeHHe (11.47).

JTjih ajihhhoh o6ojiohkh, HaxoAflmeHCH b 3OHe noBbiineHHbix TeMnepn< 
Typ, cnpaBeAJiHBbi coo6pa>KeHHH, BbiCKa3aHHbie npn BbiBone (11.41)', 
(11.42). C yneTOM nocjieAHHX BbipaaceHHe (11.49) cymecTBeHHoynpocTin- 
ch:

u; (x) = e~kx (Cx sin kx + C2 cos kx) — f 1 — v \ — aRt0.
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HacTb II
METOftM PEIHEHna 3A^AH TEOPHII YnPyrOCTH

TjiaBa 12

COBPEMEHHBIli AIHIAPAT BLIHHCJIHTEJIBHO0 MATEMATHKH

§ 12.1. npilCjIHJKeHIIH <J>yHKH,IIH

I loHBJieHHe SblCTpOAefiCTByiOIHHX SJieKTpOHHblX BblHHCJIHTeJIbHblX Ma- 
liniii (3BM), AaBHiHX tojihok k pa3pa6oTKe mctoaob AOBeAeniiH MaTeMara- 
'ii i khx HCCJieAOBaHHfi ao hhcjioboto pe3yjibTaTa, H BO3pocniHe TpeSOBa- 
1111)1 K AOCTOBepHOCTH nporHO3OB nOBeAeHHH KOHCTpyKHHH B CJIOJKHblX 
y, iobhhx SKCHJiyaTaHHH cflejiajiH noAxo/i k peweHHio npnKJiaAHbix 3a,nan
i no3HHHfi TeopHH ynpyrocra HBJieHHeM noBceMecTHbiM. B KopHe H3Me- 
ini icH cmbicji TepMHHa «HH?KeHepHoe penieHHe». Ot iiHJKenepa Tenepb Tpe- 
li\ l'TCH He TOJIbKO TJiydOKO nOHHMHTb (|)H3HKy HBJieHHH, HO H BJiaAeTb CO- 
ll|H‘MeHHbIM annapaTOM BblHHCJIHTeJIbHOfi MaTeM3THKH.

I IpeACTaBHM ce6e, hto npH penieHHH 3a'iaui b KanecTBe hcxoahoii hh- 
i|K)|)MaiXHH HMeeTCH HeKOTopan ^yHKHHH / (x), 3aAaHHan Ta6jiHiieH 3Ha- 
'ii'iiHfi ajih KOHenHoro HHCjia ToneK: f (x0), f (xf), ..., f (xn). B npouecce 
"U'iHCJieHHfi MoryT, HanpiiMep, noTpe6oBaTbCH 3HaneHHH f (x) b npoMeHiy- 

X
lOMHblX TOHKaX, BeJIHHHHa f' (x) HJIH j f (x) dx. B nOAO^HblX CHTyaHHHX 

a
rpoHT aHajiHTHnecKyio MOAejib (JjyHKHHH f (x), c noMombio KOTopofi 

II BblHHCJIHIOT npii6jIH?KeHHbie 3HaqeHHH HyXiHblX BejIHHHH. npn6jIH>KeH- 
noe npeACTaBJieHHe (j)yHKHHH f (x) hco6xoahmo hjih uejiecoo6pa3HO
ii b tom cjiynae, KOTAa w (JiyHKHHH h3bcctho ee aHajiHraqecKoe Bbi- 
pa>KeHHe, HanpnMep, ecjiH ff (x) dx HeyAaeTCH Bbipa3HTb nepe3 sjieMeH- 
llipHbie (jiyHKHHH HJIH BblHHCJieHHe KaJKAOTO 3HaieHHH f (x) COnpHJKeHO 
i' fiOJIblHHMH 3aTpaT3MH BpeMeHH. HaKOHeH, BblHHCJieHHe SJieMeHTapHblX 
<|iyHKHHfi sin x, ln x, arctg x h t. a. npocTO HeMbicjiHMO 6e3 npHMeHeHHH 
npH6jiH>KeHHbix (jiopMyji. TaKHM o6pa3OM, npH6jiH>KeHHoe npeACTaB- 
jicHne (JiyHKHHH nyTeM 3aMeHbi ee Apyrofi, 6oJiee npocTofi aHaJiHTH- 
'iecKoft MOAeJibio — ranHHHaH nponeAypa npH penieHHH saAan Ha 3BM.

Oahhm H3 cnoco6oB annpoKCHMamiH (jjyHKHHH hbjihctch HHTepnojinpo- 
iiaHHe. Cym,HocTb 3Tofi onepaiiHH saKJHonaeTCH b cJieAyiomeM. Aah (jiyHK- 
hiih, 3aAaHHofi Ha OTpe3Ke (a, b) phaom 3HaneHHfi y0 = f (x0), yr *=  f (%]),... 
.... yn — f (xn)t CTPOHTCH HHTepnOJIIipyiOHI,aH (jiyHKHHH (p (x), npHHaAJie- 
)Kam,aH H3BecTHOMy KJiaccy, TaKan hto

<P(M) = t/< (i = 0, 1, ... , n). (12.1)
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HanSo/iee npocTbiw KJiaccoM (JiynKHHH, kbk H3BecTHO, hbjiwto! 
nOJIHHOMBI. IIoCKOJIbKy Hepe3 tl + 1 TOHKy MOJKHO npOBeCTH TOJIbKO Olllll 
nojiHHOM n-H CTeneHH, ajia C(|)opMyjiHpOBaHHOH 3aAaHH HHTepnojiHpyioiibiM 
(j)VHKHHH B BHfle

<P (x) = a0 + apc + a2x2 + ••• + anxn (12.'.)
SyAeT eAHHCTBeHHbiM nojiHHOMOM,'COBna,naiom,HM b y3Jiax HHTepnojianml 
Xi c HHTepnojiHpyeMofi (JjyHKHHeii npn jho6oh cHcreMe 3HaneHHH f (aJ, 
npH 3T0M KO9Cf)(f)HHHeHTbI ak OAHO3HaiHO OnpeAeJIHIOTCH H3 CHCTeMbl J1M 
HeHHbix ajire6paHHecKHX ypaBHeHHH

£++=/(+) (i = 0, 1, ..., n). (12.3)
k=0

CjienyeT OTMeTHTb, hto cymecTByioT HBHbie QiopMbi 3anncH HHTepnojm 
pyromero MHoroHJieHa (12.2), He Tpe6yioni.He peiueHHH CHCTeMbi (12.3) 
K hhm othochtch HHTepnojiHHHOHHaH (jjopMyjia JlarpaHJKa 

=

h 6jiH3KHe k Hefi no CTpyKType (JiopMyjibi HbioTOHa, raycca, Beccejri, 
CTHpjiHHra h t. A- [7]. OAHaKO npn peineHHH 3aAau Ha 3BM 6biBaeT uejiel 
coo6pa3HO, OAiia/KAbi onpeAejiHB Koat|)(|)HiiHeHTbi ak H3 CHCTeMbi (12.3)J 
b AajibHeiiiHeM onepHpoBaTb c noJiHHOMOM bhas (12.2), Hcnojib3ya jijih 
BbiuHCJieHHH (jiyHKHHH (p (x) ii ee npoH3BOflHbix cjieayioiiiHe peKyppeHTin.i<| 
(JiopMyjibi:

<P (x) = P$.r, TAe = P^x + an-t npn P(00) = 0;

= P(I), rAe P& = P^x + hPh P^ = 0;
’ (12.5)

riepBaa CTpoKa (popMyji (12.5) — o6biHHan cxeMa TopHepa. OcTaJibm.i<*  
ee o6o6m,aioT.

IIcxoAHan HH(|)opMaiXHH b bhac TaojiHH, KaK npaBHJio, npeACTaBJinyw 
co6oh pe3yjibTaT Ha6jiioAeHHH h, ecrecTBeHHO, noABep>KeHa cjiyHaHin.i.i 
0HIh6k3M. riO3TOMy HHTepnOJIHHHOHHaH (JjyHKHHH, nOAHHHeHHaH yCJIOBHIIM 
(12.1), MOJKeT HCK33HTb HCTHHHblH XapaKTep nOBeAeHHH (JiyHKHHH. 3Ha«IIH 
TejibHbie norpeiniiocTH MoryT HMeTb Mecro TSK/Ke b Me>Ky3ji0B0M npocrJ 
paHCTBe npn aHajiHTHnecKOM onncaHHH 6oJibniHx SKcnepHMeHTajibHbix wac 
chbob MHoroHJieHOM3bicoKOH CTeneHH. B 3thx cjiynaax ajih nocTpoenii'i 
annpoKCHMHpyiomero noJiHHOMa mojkho OTKa3aTbca ot oTOHHoroo Bbiima 



h iiiim ycjioBHH (12.1) h noTpeSoBaTb, hto6bi BeAHHHHa
m

^ = 2 [<P(+) — f(xt)]2
1=0

in.inpaTHqHoro otkjiohchhh noAHHOMa <p (x) ot AaHHOH (JiyHKiiHH Gbijia 
iiiiniMajibHa. Toraa KoacjxjiHHHeHTbi noAHHOMa <p (x) onpeflejiHTca H3 
H'JIOBHH

-g- = 0 (fc = 0, 1,2, ..., n</n),

im B pa3BepHyTOM BHAe:
dF 
daa

m
— 2 jp, [a0 + <hxi + 

z=o
••• +anx? — f(xf)] -1 = 0;

_ 2 V [a0 + a^xi +
1 z=o

• • • + anx? — f (*,)]  x( = 0;
(12.6)

= 2 £ [zz0 + a^Xt + 
°an z=o

... + anx? — f (xz)] xf = 0.

llcrpyAHO 3aMeTHTb, hto npn n = m ycJiOBHa (12.1) h (12.6) SKBHBajieHT- 
iibi. CjieflOBaTejibHO, onncaHHbiH TOJibKO hto cnocoS HaHMeHbmHx KBaa- 
piiTOB b aacTHOM cjiynae oxBaTbiBaeT npouecc HHTepnoAHpOBaHHH.

CjieayeT otmcthtb, hto npHMeHeHHe thkhx TJio6aJibHbix cnocoSoB hh- 
li‘pnOJI5IH.HH HHOTJia npHBOAHT K HHTepnOJIHHHOHHOMy MHOTOHJieHy Bbl- 
(DKOH CTeneHH. 3tO MO>KeT OKa3aTb BAHRHHe Ha TOHHOCTb H, KpoMe TOTO, 
ih' Bceraa papiiOHajibHO c tohkh 3peHHM hhcachhoh peajiH3anHH. B cbh3h 
i 9thm Ha npaKTHKe nacTO npiiMeHHioT MeTOAbi JioKajibHofi HHTepnojiaHHH, 
t'penH KOTopbix Han6ojiee nepcneKTHBeH uie.Tojxcn/iauH-annpoKCUMau,uu [2].

JJjih BbinepnHBaHHH njiaBHbix KpHBbix+ nepTe>KHOH npaKTHKe H3flaBHa 
IH)Jlb3OBaJIHCb AJIHHHblMH Th6kHMH peHKHMH (cnJiaHH3MH) C nOABeHieHHbl- 
iii na hhx rpy3aMH. Bapbnpyn BeJiHHHHy rpy3a h ero no.nox.enHe, mookho 

AD^HTbCH, HTo6bi peHKa npoxoflHJia nepe3 3aflaHHyio CHCTCMy tohck. 3tot 
i|nrHiqecKHH npneM HaBeJi Ha Mbicjib 06 HcnoAb3OBaHHH aHajiHTHnecKHX 
< rpyKTyp, nojio6Hbix ypaBHeHHio H3OTHyTOH 6ajiKH, ajih npH^AHxeH- 
IIDIO npeACTaBJieHHH tjjyHKUHH.

H3BecTHO, hto ecjiH ynpyraa h HeBecoMan 6aJiKa 3arpy>KeHa (KaK h 
peiiKa nepTexHHKa) chctcmoh cocpenoTOHeHHbix chji, to H3rH6aioin,HH mo- 
mciit M (x) npeACTaBJineT co6oh HenpepbiBHyio AOMaHyio ahhhio, KOTopaa 
MCJKAy T0HK3MH npHAOJKeHHH CHA H3MeHHeTCA nO AHHeHHOMy 3aKOHy

<Py M (x)
- ~eT = atx + b(,

.i Ae4»pMHpoBaHHaH ocb 6aAKH Ha KaxAOM z-m ynacTKe onncbiBaeTCH/BO- 
o6uje roBopa, pa3AHHHbiMH KycKaMH Ky6HnecKHX napa6oA. flo aHaAOFHH 
< 'JTHM B MeTOAaX CIIAaHH-annpOKCHMailHH HCXOAHyiO (JiyHKHHIO 3aMe- 
IIIIIOT KyCOHHO-nOAHHOMHaAbHblM MHOTO3BeHHHKOM, Ha3bIBaeMbIM B aMe- 
piiKaHCKOH AHTepaType spline-0z/H/ct{ueu. K npocTeHiiiHM h xopomo 
inyqeHHbiM cnnaHH-tJiyHKHHHM othochtch Ky^nnecKHH cnAaiiH.

253



JJah annpoKCHMauHH (JjyHKiiHH f (x) KyOnnecKHM cnjiaiiHOM F (x) ntt 
OTpe3Ke (%/—I, Xi) SyfleM HCXOAHTb H3 JIHHeHHOH (JlOpMM AJIH BTOpoii Iipil
h3boahoh cnAaiiHa:

dx2 =z<Pz + (l z)<Pz-i, (12.

r^e cpi-i, <p£ — noKa HeH3BecTHbie 3HaneHHH BTopbix npoH3BOAHbix cnjiail 
Ha b y3jiax Xi—i, Xi cooTBeTCTBeHHo;

X—Xi-f x — x^
Z —--------------— -------x-------.Xi — Kl

MHTerpHpyH (12.7) b npeAejiax 0Tpe3Ka (x£-i, xf), noAynHM BbipajKenm 
AJiH npoH3BOAHoii cnjiaiiHa:

Ilocjie HHTerpnpoBaHHH (12.8) SyAeM HMeTb BbipaiKeHHe ajih KyfiHHc 
CKoro cnjiaiiHa:

(z) = J j dz + Di = [-+- <p£ + <p£J +

0
+ X£C£z + D£. (12.9)

TaK KaK b y3jiax HHTepnojiHHHH 3HaueHHH cnjiaiiHa h hcxoahoh cfjyHKUiiii 
AOJiiKHbi coBnaAaTb, to HMeeM ABa ycjioBHH ajih onpeAeAeHHH npoH3BOJii>- 
HblX nOCTOHHHblX Ci H Df.

Fi(Q) = fi_r, Fi(\) = fi. 
IlepBoe ycnoBHe (12.10) AaeT

Di — fi-i,
a H3 BToporo noAyqaeM

(12.10)

(12.11)

ZJah onpeAeJieHHH BTopbix npoH3BOAHbix <p£ b y3AOBbix TOHKax noAiii- 
hhm cnAaiiHbi CTbiKOBKe no nepBoii npoH3BOAHoii, t. e.

oTKyAa

(12.12)

Tenepb, ncnoAb3yH BbipaiKeiiHH (12.11) h (12.12), npnxoAHM k penyppeHT- 
HblM COOTHOHieHHHM aah <p£__i, <p£, <p£+i:

1 m 10/111 | 1 „ 6 (fz+1 —/1) 6(fi—fi—f)
+<Pz—i + 2 (A£ + Az-h) <Pi + Az+i<Pz+i =----- x--------------------- 5--------

Az+i Az

(t = 1, 2, ... , n— 1). (12.13)
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..... .  nojiyrara cncTeMy n + 1 ypaBHeHHH c n + 1 Heii3BecTHbiM, k chc- 
n 11'.!. 13) Heo6xo,HHMO Ao6aBHra eme Asa ycjioBHH. TaKHMH ycjioBHHMH 

ii t1 c>i.i rb, nanpHMep,
dFj _ df (xt) 
dx dx

&Ft_ = d*f  (xt)
dx2 dx2

(i = 0, n);

(i = 0, n).
(12.13a)

r PciiiCHHe CHCTeMbi (12.13) c ycjiobhhmh rana (12.13a) OAH03HanHO 
lh|i> H-iht KySnHecKHH cnjiafiH (12.9), KOTopbiH, annpoKCHMHpysi / (x) 
Hi i m ynacTKe, 6yAeT CTbiKOBaracH co CMeiKHbiMH cnjiaiiHaMH ao BTOpbix 
• T 'II IIIOAHblX BKjnOHHTejIbHO.

II iex cjiynaax, KorAa HeT KOHKperaoii HH(j)opMauHH o npoH3BOAHbix 
Ruidiiin f (x), nojiaraioT <p0 = <p„ = 0, hto cooraeTCTByeT aHajiHrane- 
I) iy npoAOJiH<eHHio f (x) 3a npeAeJiaMH HHTepBaJia b BHAe npHMbix, Ka- 
....... f (x) b KpaeBbix y3jiax x0 h xn. TorAa ocTajibHbie n — 1 HeH3- 
|»i nibie HOJiHocraioonpeAeJiHioTCH H3 jiHHefiHofi cHCTeMbi ajire6paHHecKHX 
ipnineiiHfi (12.13).'Ecjih npH 3tom HHTepBaji pa36nra Ha paBHbie qacra 
I ► Xl — Xz_i, TO MaTpHHa K03(jx|)HHHeHT0B CHCTCMbl (12.13) npHMeT CT3H- 
A....  mjfi bha, a Ky6iniecKHH cnjiafiH 6yAeT nojiHocraio onpeAejiaracH TOJib-
..... . 3HaneHHH f (x) b y3jiOBbix TOHKax. B caMOM Aejie, nocjie noACTa- 

A2
tmtiKil Ct, Dt h Xz = -g- <pz b (12.9) noJiyHHM, hto cnjiaiiH

/; (?) = Z (Z - 1) [(2 - 1) Xz - (2 - 2) X1_1] + 2 (fi - fi-i) + /Z_,
n i ncTeMa ypaBHeHHH

Xz_1 + 4XZ + X/4-i = fi—i + 2/z + /i-[-i (i = 1,2, ... , n ■— 1) 
iiii coAepzKaT hbho BejiHHHHy h.

§ 12.2. HacjieHHoe jiii(J)(])epeHmipoBaiiiie n HHTerpnpoBaHHe

I IoAaBJunomee 6ojibihhhctbo mctoaob pemeHHH 3aAaH BKJiioqaioT 
mit'pauHH AHtJ+epeHHHpoBaHHH h HHTerpnpoBaHHH. OAHaKO npn hhcjich- 
ii'lii peajiH3aHHH MeTOAa Ha 3BM He BcerAa mojkho npHMeHHra Tomibie 
•ii ioAbi AH(])4)epeHHHajibHoro h HHTerpajibHoro HCHHCJieHHfi. Hame npnxo- 
imCfl npH6erara k HHCJieniibiM cnoco6aM.

)(jih nojiyqeHHH np0H3B0AH0H Hcnojib3yeTCH aHajiHranecKoe (nam,e no- 
iiliiOMHaJibHoe) npeACTaBJieHHe hcxoahoh (JtyHKHHH / (x) no KaKofi-HH- 

m, ii, HHTepnojiHHHOHHoii (JxipMyjie, Kowpyio 3aTeM AH<])(])epeHHHpyK)T 
niihiqHbiM nyTeM Heo6xoAHMoe hhcjio pa3. 3to oco6chho npocTO ocyme- 
■ muTb ajiu HHTepnojiHHHOHHoro MHoronjieHa, npiiBeAeHHoro k BHAy (12.2). 
i i ui npn 3tom ajih noJiyneHHH hhcjiobmx SHaneHHfi (JjyHKHHH h ee npoii3- 
miAHbix Hcnojib3yeTCH aJiropHTM (12.5), to oraaAaeT Heo6xoAHMOcra noJiy- 
'i in, KOHKpeTHbie aHajiHranecKHe BbipanceHHH ajih npoH3BOAHbix.

Bo H36eiKaHHe 6oJibinoii norpeniHocra, bo3moikhoh npn rjio6ajibHoii 
IIIITCpnOJIHHHH, AJIH BblHHCJieHHH npOH3BOAHbIX, K3K H AJIH BblHHCJieHHH 
i|iyhkhhh, cyiKaiOT HHTepBaJi HHTepnojiHHHH, AO^HBancb noHHiKeHHH cre- 
IIciih HHTepnoJiHHHOHHoro MHoronJieHa 6e3 ym,ep6a a^ih tohhocth. Kan
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S ''lMZ^^,X^AyeT „ MeT0A cn^
'''. < /uccMarpnBaTb k.-ik p^/^b^011 Ky6H^Koro cn^aftnp°/KC"M;"l 

/x /iHHpoBaHHH. 1 1jiiobhAhocth *op Mvn °° eiWafiHa 12.8) <
B“PaxeH„e„|TO,3„.„nS „

« M„„roMe„a, s„amTMMJ y“yo‘le™«np«noM„^„ „„„„„„

™>-'-««T™rePBaJI(a ,4)yBa°X” ’0 ""JXXS”',!■>.^3^ ■ 3X™A’^-He““4
» ysnax „„repBMa BMp“X“"™« OyS„n„„ (“++™' Ha"P.......

^PMy^aMH [7] ee HPOM3B0;(|||j

ujib Qojiee KOMnaKTHo - R 
POBaHHH,- B MaTPHHHOH (popMe

r-M 0.-^1

^3533«?. c',

— 3
— 1

1

^weHHoro AH^epeinm

4
0

— 4
WlHan BblHHCAHeTCH 

^O

r"

no aHa^ornHHOH cxewe:

I— H

— 2
1

— 2

~Y' = D3Y; D3==_±
3 6h

X- I
CTeneHn (71 = 91 _

— 3) nponi

18
— 3
— 6

9

— 9
6
3

— 18

■Hnm -niTb OAHa/KAbi MaTpHiiy Dkn, KOTopaa, KCTaTH, oSnaAaeT cneAy- 
Khhii CBOftCTBaMHI

Yw = DnY = const;

. Dn+l = 0.

■llinfiXOAHMO 3HMeTHTb, HTO 3aBHCHM0CTH BHAa (12.14) CJiyjKHT He TOAb- 
b<ni nojiyqeHHH HHCAOBbix 3HaneHHH npoii3BOAHbix. B HeKOTopbix hhc- 

Hiiii' MCTOAaX OHH HCnOAb3yiOTCfl AAH 3aMeHbI np0H3B0AH0H OpAHHaTa- 
■I lllr HCH3BeCTHOH (pyHKUHH.
I II II >1 IIHTepnOAHpOBaHHH AO/KHT H B OCHOBe npH0AHIKeHHOrO HHTerpn- 
■Bhhi I. 1 Ipn 9T0M BblHHCAHTfeAbHaA npOUeAypa CBOAHTCH K KB3Ap3Typ- 
■ i|io|)MyAe BHAa

£^(4 (12.15)
fe=o

■»' (v;.) — 3HaqeHHA noAbiHTerpaAbHoii (JiyHKHHH b y3Aax HHTepnoAH- 
H'i nnrepBaAa (a, b); ck— KBaApaTypHbie KO3t})t})HHHeiiTbi.
[ llyCTb H3BeCTHbI 0pAHH3TbI f (x0) = /0; f (xj = fr; f (%2) /2 Ha HH-

■1»'ii,me (a, b) h Tpe6yeTca npH6AHx<eHHO BbiHHCAHTb
b

1= ^f(x)dx. (12.16)
a

■I111 aiiaAHTHHecKoro npeACTaBAeHHH stoh (JiyHKiiHH BOcnoAb3yeMCA hh- 
Bii|ii|0Ahhhohhoh (JiopMyAOH JlarpaHiKa

(X—Xj) (x — x2) f (X — Xo) (X — X2) f (X — Xo) (X — Xj) f
' (x0 — xj (x0 — x2) /o "*■  (Xt — Xo) (Xi—%) '1 (X2—x0)(x2—Xj) /2>

ii

M KOAHHOMOM

(12.17)

TaKHM 06pa30M, ecAir Hac ycTDaifRa,,

’•■>//„): yWHOMeHHH MaTpHHbl D _ °’

2pS’^SoTO?r 6“Tt ™"°«oBaHa „ „ (12- ■
* «ea „yM„o “C0KOr° °°P«^aXcSwS CS

= D^y. ° Pa™T‘<|

yik> = = k
~ •’• = D*y

11 1 uTaBHB (12.17) b (12.16), nocAe 3aMeHbi nepeMeHHoft x — a + (b — a)z 
imjiy'iHM

1
1 = (b — a) f (x) dz ss> (b — a)

0
1

(Z — Z0) (Z — Zj) .
(Z2-ZO)(Z2-Z1)

Y'

1
(2 — Zo) (Z — Z2) 

(zj — Zo) (Z1 — Z2) dz + f2 \
0

= (b — a) ^cj (xk).
fe=0

(12.18)

143 (12.18) BHAHO, HTO KBaApaTypHbie KO3t)xj)HHHeHTbI Ck He 3aBHCHT 
m npoMeiKyTKa HHTerpnpoBaHHH h aah KOHKpeTHoro pacnpeAeAeHHH y3- 

II >11 HHTepnOAHPOBaHHH HBAHIOTCH K0HCT3HTaMH. B HaCTHOM CAyHae, KOTAa 
iiinepBaA HHTerpHpoBaHHH pa36HBaeTCH Ha paBHbie nacTH (z0 = 0; Zj = 
- 0,5; z2 = 1), H3 (12.18) BbiTeKaeT H3BecTHan (JiopMyAa CHMncoHa

/ «(& — a) ^~Q~fo + -§- fi + ~%~fzj = “g" (fo + + f2).256
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3aM6HHH noAbiHTerpajibHyio ^yHKiiHio b (12.16) hojihhomom 6oj|g 
BbicoKoft CTeneHH, mojkho nojiyHHTb pa3JiHHHbie HaSopbi KBaapaTypnm 
KoatJxJiHiiHeHTOB, ofiecneHHBaiomHX TOHHbie 3HaneHHH HHTerpajia ot ia 
jihhomob, CTeneHb KOTOpbix, no KpaiiHeH Mepe, He npeBbimaeT CTenrim 
HHTepnojinpyiomero MHoronjieHa. HanpnMep, ajih paBHOOTCTOHinn< 
y3jioB Xt = a + i ——■ (i = 0, 1, ..., ri) Tanne KoscjxjjHHHenTbi nojiyqonu 
KoTecoM. Cpe/rn hhx KBanpaTypHbie Koa^HHHeHTbi CnMncoHa (n = 2) 
oCjiaAaiOT nOBbinieHHOH TOHHOCTblO — OHH TOHHbl H AJIH nOJIHHOMoi 
TpeTbeft CTeneHH.

KaK y>Ke OTMenajiocb, KaxtAOMy pacnpeAejieHHio y3JioB HHTepnojianmi 
cooTBeTCTByeT cBoft HaSop KBaApaTypHbix KoatJxJiHiiHeHTOB. OKa3biBaei' 
ch (sto AOKa3aji Taycc), cymecTByeT Tanoe pacnojioJKeHne y3jioB, npn iu> 
TopoM KBaApaTypHbie (JiopMyjibi TOHiibi a^h nojiHHOMOB CTeneHH 2n -| I 
BKJHOHHTejibHO (n — CTeneHb HHTepnojiHpyiomero nojiHHOMa). HanpnMepJ 
AJIH KBaApaTHHHoft HHTepnojiHHHH no Tayccy thkhmh y3JiaMH 6yAyT z0 J 
= 0,5 — ]/"0,15; zx = 0,5; z2 = 0,5 + 1/0,15. KBaApaTypHbie Koa4x|)ii« 

HHeHTbi Taycca motkho nojiyuHTb, BOcnoJib3OBaBHiHCb hx BbipaxieHiH'M 
H3 (12.18);

(2-Z1) (z-z< dz a _5_ .
(z0 — zj (z0 — z2) 18 ’

„ _ f (z — z0) (z — zt) JL
(z2 — z0) (z2 — z^) az^~ 18

Tenepb HeTpyAHO ydeAHTbcn b tom, hto no Tpexy3JiOBoft KBaApaTypHoft 
ijiopMyjie Taycca HHTerpajibi ot iiojihhomob ao 5-ft CTeneHH BKJnonHTejibiio 
BbiHHCJiHiOTCH tohho. HenocpeACTBeHHan noACTaHOBKa z0, zn z2 AaeT pa- 
BeHCTBO AJiH k — 0, 1, ..., 5:

-4 (o,5 - row+4 cw+-4 (°-5+=

= j = J xkdk.
o

Heo6xOAHMO HMeTb B BHAy, HTO nOBblHieHHaH TOHHOCTb KB3ApaTypHbIX 
(jiopMyji Taycca HMeeT cmmcji ajih noAbiHTerpajibHoft (pyHKiiHH b bhao 
nojiHHOMa. Ajih Apyrnx KJiaccoB (JiyHKHHH pe3yjibTaT BcerAa 6yAeT npn- 
6jIH}KeHIIbIM, T3K HTO MO/KeT npeACT3BHTbCH CJiyHaft, KOTAa «MeHee» TOHHbKi 
(JiopMVJibi MoryT AaTb 6ojiee tohhmh pe3yjibTaT. Ajih HeKOTopbix y3KHX 
KJiaCCOB 4>yHKU,Hft OHIH^Ky, B03HHK3K)IIiyiO IipH 3TOM, MOJKHO OUeHHTb, 
pacnojiaran BejiHHHHaMH npoH3BOAHbix bhcokhx nopnAKOB ot noAbiHTe- 
rpajibHoft (jjyHKHHH. OAHaxo TaKoft mctoa npHMeHneTCH npe3Bbiqaftno 
peAKO. Ha npaKTHKe Bbi6opy KOHKpeTHoft KBaApaTypHoft (jiopMyjibi o6biq- 
ho npeAmecTByeT HHCJieHHbift 9KcnepHMeHT, no pe3yjibTaTaM KOToporo n 
onpeAejineTCH Heo6xoAHMoe hhcao y3JiOB, BbiHCHHeTCH KanecTBO Tofi hjih 
HHoft KBaApaTypbi.
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I' n iApaTypHbie ijjopMyjibi HHor/ia npHMeHnioT He ko BceMy HHTepBajiy 
1, A), a k oTflejibHbiM yuacTKaM, Ha Koropbie pa3fiHBaeTCH Becb HHTep- 
»1, 1 iiocjieayioiHHM cyMMHpoBaHHeM uacTHHHbix HHTerpajiOB. yMeHbinaa 

ii|ui hom AJiHHy oTnejibHoro HHTepBajia (npn (JiHKCHpoBaHHOH CTeneHH hh- 
II’|H ii iJI HUHOHHOTO nOJIHHOMa), MOJKHO AOCTHTHyTb JKejiaeMOH TOHHOCTH. 
I 'i.i< niocTH, Ha 3tom npHHHHne nocTpoeHa o6o6meHHafl (JrapMyjia CnMnco- 

f (x)dXr^— (f0 + 4/i + 2f2 + • • • + 4/2n&l + ?2n),
a

linipoKO Hcnojib3yeMaH b BbiqncjiHTejibHofi npaKTHKe.

§ 12.3. PemeHHe cncTeM jihhchhmx ajireSpaiPiecKiix ypaBHeHHH

K pemeHHio CHCTeM JiHHefiHbix ajireSpanqecKHX ypaBHeHHft (JIAY) 
('IIOH)ITCH MHOTHe npH6jIH?KeHHbie MeTOAbl. HeKOTOpbie H3 HHX BO3HHKJIH 
II IIOIHJIH B npaKTHKy BblHHCJieHHH TOJIbKO SjiaTOAapH nOHBJieHHIO 3BM, 
II I KOTOpblX MOJKHO peHiaTb CHCTeMbl JIAY C 6ojIbHIHM HHCAOM HeH3BeCT-
111.1X.  Xtpyrne MeTOAbi cbohm noHBJieHiieM CTHMyjinpoBajiH pa3pa6oTKy 
. |i'|ioKTHBHbix ajiropHTMOB b o6jiac™ jiHHeiiHOH ajire6pbi. TaK HJIH HHane, 

110 ycnex pemeHHH 3aAanH nacTO npHMO 33bhcht ot cymecTByiomHX BO3- 
Mo/KiiocTeft BbiHHCJiHTejibHbix cpeACTB hmchho Ha STane onpeAejieHHM He- 
II IHCCTHblX H3 CHCTeMbl JIAY.

OftbiHHo y>Ke caM xapaKTep 3aAaHH h npHMeHHeMbift ajih ee penieHHH 
'nicjieHHbiH MeTOA npeAonpeAejiHioT cnoco6 pemeHHH nojiynaeMbix chctcm 
JlAY. TeM He MeHee, peajiH3yn mctoa, BcerAa cjieAyeT skohomho pacxo- 
iouaTb MauiHHHoe BpeMH h paiiHOHajibHO pacnpeAejiHTb naMHTb He3aBH- 

1 iimo ot napaMeTpoB SKcnjiyaTHpyeMofi 3BM. Bo mhothx cjiyqanx sto 
|l.lCIHHpHeT B03M0/KH0CTH npOTpaMM K3K npH aHaJIH3e CXOAHMOCTH npn- 
o uoKeHHbix MeTOAOB, TaK h npH nojiyneHHH 6ojiee HaAexcHbix h TOHHbix pe- 
liyjIbTaTOB.

3HaKOMCTBO c HeKOTopbiMH xopomo 3apeK0MeHA0B3BiHHMH ce6n Ha 
lipaKTHKe aJITOpHTMaMH H36aBHT HHTaTeJIH OT Heo6xOAHMOCTH (JlOpMajIbHO 
nciiojib3OB3Tb 6n6jiHOTeKy CTaHAapTHbix nporpaMM, k co>KaJieHHio, He 
iicerAa coAepjKamyio Aance ocHOBHofi accopraMeHT mctoaob pemeHHH ch- 
creM JIAy.

MeTOA Taycca. CymecTByioT pa3jiHHHbie MOAHtjiHKaiiHH BbiHHCJiHTeJib- 
llbix CXeM 9TOTO MeTOAa. 0aH3K0 BCe OHH AOCTaTOHHO npOCTbl, yAO^Hbl AJIH 
peajiH3au,HH Ha 3BM h BocnpHHHMaroTCH 6e3 k3khx-jih6o cneHHajibHbix 
niiaHHft no JiHHeftHofi ajire6pe. PaccMOTpnM BapnaHT, Ha3biBaeMbifi cxeMou 
eduHcmeeHHoeo dewHUfi. /Xjih pemeHHH CHCTeMbi

flllM + fl12x2 + • • • + ct\nxn — fi', 
a21xl + a22X2 + • • ' + a2nxn ~ fi’ 

an\xi + an2X2 + .'••,+ annxn ~ fn 
na nepBOM 3Tane H3 Bcex ypaBHeHHft c HOMepaMH i = 2, 3, .... n HCKJHoua- 
iot HeH3BecTHyio xx. Ajih 3toto BHauajie 1-e ypaBHeHHe npHBOAUT k BHAy 

xi + ^12+ + b10x3 + ••• + b\nxn = clt (12.20) 

(12.19)
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a 3aTeM, yMHOJKaa ero nocjieAOBaTejibHO Ha KO3(jx|)HUneHTM ak\ npn nc 
H3BeCTH0H Xk B k-R CTpOKe CHCTeMbl (12.19), BblHHTaiOT COOTBeTCTBeHHO )ll 
k-ro ypaBHeHHn. B pe3yjibTaTe nojiynaiOT CHCTeMy n — 1 ypaBHeHHfi or- 
HOCHTejIbHO HeH3BeCTHbIX x2, x3, ..., x„:

g32X2 + g23X3 + ‘ • • + ginXti = d2, 

g32X2 + g33X3 + * ' • + g3nxn = d3', 

xn — cn,

KOTopan no3BOJineT jierKO onpeAejiHTb KOMnoHeHTbi pemeHHH xn, xn^\, ... 
..., x2 b o6paraoM nopHAKe no (jiopMyjiaM

k
xn = cn< xn—k — Cn—k + bn—k, n+1—lxn-\-\—h

k = 1, 2, ... , n— 1.
3Tan nonyqeHHa TpeyrojibHofi MaTpniibi npHHHTO Ha3biBaTb npxMbtM xo- 
doM, a BbiHHCJieHHH HeH3BecTHbix no (JiopMyjiaM (12.23) — o6pam.HbiM xo- 
doM.

(12.21)

gn2x2 + gn3x3 + ’ ’ ‘ + gnnxn =

C>opMyjibi ajih KoacJxfjHHHeiiTOB (12.21) cjieAyiOT H3 onHcaHHoro Bbime cno- 
co6a hx nojiyqeHHn:

gkj = ak/ — akibif, dk=fk — a^ (k, j = 2, 3...............n).
Ecjih Tenepb thkhm ace cnoco6o<M hckjhohhm HeH3BecTHyio x2 b hoboII 

CHCTeMe (12.21), to nojiynHM ypaBHeHne
*2 + b23X3 + b2iXt + ••• -[-b2nxn = c2< (12.22)

aHajioriiHHoe ypaBHeHHio (12.20), h CHCTeMy n — 2 ypaBHeHHfi c HeH3Becr- 
HblMH X3, Xit ..., xn:

^33X3 + ^3iX4 +

ti3X3 + tilXi "T"
+ t3nXn — k3', 
+ tinxn =

tn3xs + tniX^ + • • • + tnnXn = hn,
rAe

tkj = gkj — gk^bij', hk = dk — gk2C2 (j, k = 3, 4,

npoAOJDKaa npouecc hckjhohchhh HeH3BecTHbix, nepe3 n — 1 maroB 
H3 ypaBHeHHH (12.20), (12.22), ... o6pa3yeM CHCTeMy c TpeyrojibHofi mht- 
pHiiefi:

+ b12x2 + b13x3 + • • • + b\nxn = clt
x2 + b23X3 + • • • + b2nXn = C2',

(12.23)
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Mctoa nporoHKH. C motoaom Taycca TecHo CBH3aH mctoa, pa3padoTaH- 
Mtafi ClieHHajIbHO AJIH CHCTeM C AeHTOHHblMH MaTpHUaMH. BblHHCJIHTejIb- 
Hiin rxeMa MeToaa ycTOHHHBa k oniHSKaM oKpyrjieHHn h yfloSHa ajih Ma- 
.....nioii peajiH3an,HH. PaccMOTpnM THnnnHyio CHCTeMy ypaBHeHHH c Tpex- 
..... ..  MaTpHiieii:

akuk-i + bkuk + ckuk+l = fk(k= 1,2, ... , n — l), (12.24)
niiiliiMJieHHyiO KpaeBblMH CBH3HMH

aouo + fljMj = A',
boun-i + = B. (12.25)

l n ne cHCTeMbi BO3HHKaiOT npn nocTpoeHHH cnjiaiiH-ijiyHKHHH h npn pe- 
IIH'IIHH pa3JIHHHbIX 3aAaH pa3HOCTHbIMH MeTOflaMH.

AjiropHTMHnecKoii ochoboh Mewaa hbjihiotch peKyppeHTHbie cootho- 
uiriiHH BHfla

= A++ (12.26)
hmopbie nojiyqaiOTCH H3 (12.24) nocjie HCKJnoneHHH HeH3BecTHoii uk-i. 
.'lcjiaeTCH 3to cjieayiomHM o6pa3OM. BbipaweHHe

uk-\ = Mk—i + Nk—iuk,
.......  Ha ochob3hhh (12.26), noACTaBJineTCH b ypaBHeHHe (12.24), 
miiyjia cpa3y cjie/iyeT peKyppeHTHan cBH3b Me»Ay uk h

fk — akMk_i 
Uk

ck
akNk_i + bk ~ akNk_i + bk Uk+l '

......octhbahh Bbipa>KeHHH (12.26) H (12.27), nojiynaeM peKyppeHTHbie 3a- 
I in IIMOCTH H flJIH KOSlJxJlHHHeHTOB Mk, Nk.

fk-akMk-i . =
Mk~ akNk_i+bk ' Nk

(12.27)

(12.28)

Ivi ko noKa3aTb, hto HanajibHbie 3HaneHHH KoacjxJiHHHeHTOB Mo u No oa- 
ihniiaqHO onpeAeJiHiOTCH H3 nepBoro ycAOBHH (12.25), 3anncaHHoro b cjiop-

Cfe
akNk_\+bk

M" (12.26):
A a,

Uo~ a0 a0

uiKyAa
H = *0=—

ao uo

lilKHM o6pa3OM, (JrapMyjIbl (12.28) AaiOT BO3MOJKHOCTb nOCAeAOBaTeAbHO 
i’i.l'U1CAHTb BCe Mk H Nk BnnOTb AO k = n — 1. ripH H3BeCTHbIX Mn-1 H 
>V„ ..| ypaBHeHHe (12.26) aah k = n — 1

un—i — Nn—iun = M„—i
‘OiiMecTHO co 2-m ypaBHeHneM (12.25)

boun_i + = B
i HI IBOAHIOT OnpeAeAHTb HeH3BeCTHbie Un H Un-1- IIOCAe 3T0T0, nOAb3yHCb 
11’ 26) H BblHHCAeHHblMH 3HaneHHHMH Mk H Nk, 6e3 TpyAa HaXOAHT OC- 
LITbHbie HeH3BeCTHbie B 06paTH0M nOpHAKe.
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MeTOA KBaapaTHoro koPhh. MHorne HHCjieiiHbie mctoabi pemeHHii af 
Aan TeopHH ynpyrocTH nopo?KAaioT CHCTeMbi JIAY c CHMMeTpHHHbiMH Miir 
pHiiaMH. YneT stoto npH pa3pa6oTKe aJiropHTMa no3BOJiaeT, no Kpaiiin'l 
Mepe, coKpaTHTb odbeM naMHTH, 3aHHMaeMbifi KoatJxJiHHHeHTaMH chctcmiL 
nPH 3tom MO>KHO BOcnojib3OBaTbCH mctoaom Taycca, OAHaKO c hhm ycricm 
ho KOHKypnpyeT MeTOA, onnpaiomHficH b CBoefi ocHOBe Ha CHMMeTpnH 
MaTpnubi. Kan H3BecTHO, CHMMeTpHHHan MaTpnua AonycKaeT npeACTaiui*  
HHe

A = S'S, (12.29)

rfle S nS' — TpaHcnoHHpoBaHHbie Apyr k Apyry TpeyroJibHbie MaTpHiiu 
npH 3T0M

®11®12 * * ‘ Sln

0 $22 * * *

0 0 >•• Snn

a CBH3b Mewiy 3JieMeHT3MH jwaTpnH, A h S onpeAeJineTCR npaBHJioM yMiio 
JKeHHH MaTPHU,:

i
aij = S (12.30)

k=\
C BBeAeHHeM MaTpnu S h S' HcxoAHyio CHCTeMy Ax — b mojkho 3anHcaib 
b BHAe AByx nocjieAOBaTeJibHO pemaeMbix chctcm:

S'y = b; 1
S'x = y.) (12.3I|

SAeMeHTbi npoMe>KyTomioro BeKTopa Hen3BecTHbix y (yr, y2, ..., z/„) 
b nepBOM paBeHCTBe (12.31) onpeAejimoTCii npaBHJioM yMHOJKeHHH m;it< 
pnubi Ha cTOJiSeix:

i
bc = S sMyk. (12.32)

it=i

O6bmHbifi nyTb PeaJiH3auHH MeTOAa coctoht b tom, hto BHaqajie (ripn- 
Mofi xoa) BbmHCJiaiOT ajieMeHTbi TpeyrojibHofi MaTPHijbi S h BeKTopa // 
OopMyjibi rufi hx noAyneHHH BbiTeKaioT HenocpeACTBeHHO H3 BbipaHremill 
(12.30) h (12.32);

Sli
(J>i = 2,3, .... n).
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i|l\ 1110 M0>KH0 BblHHCJIHTb OIipeAejIHTejIb MaTpHHbl A, paBHblfi npOH3B6-
IHio AnaroHaJibHbix sjieMeHTOB MaTpnii, S h S'i

A = n si.
M

|irM (ofipaTHbift xoa) H3 BTOporo paBeHCTBa (12.31) npn ycjiobhh, hto 
I «icMCHTbi si/ h y, y»e H3BecTHbi, onpexejiHiOT KOMnoHeHTbi pemeHHH 
nrtpa rnoft nocjieAOBaTejibHOCTH.-

xt =

rt
yt — Y stkxk 

fe=?+i

stt

(t^n—l,n — 2, .... 1). »(12.34)
I CjlOJiyeT OTMeTHTb, HTO B 3aBHCHM0CTH OT OCodeHHOCTefi 3aflaHH H B03- 
hmnocTefi 3BM Ha ocHOBe noJiyneHHbix (JiopMyji MoryT 6bm> nocTpoeHbi 
"II Hl'IIIbie MOAH(j)HKaHHH BblHHCJIHTeJIbHOft CXeMbl MeTOfla. B HaCTHOCTH, 
* III <)6o6lIJHTb MeTOA Ha CJiynaft CHCTeMbl C HeCKOJIbKHMH npaBblMH H3CTH- 
»ii, io, H36eraH npopeAypbi o6pam,eHHH h yMHOxceHHH, MaTpnuy

X = A~'B
■iiKiio nojiyHHTb KaK pe3yjibTaT pemeHHH CHCTeMbi

AX = B,
Mu li — npOH3BOJibHaH MaTpHiia. /Ijih stoto BMecTO BbipaxeHHfi yt H yt
■ (12.33) AOJHKHbl HCnOJIb3OB3TbCH (|X)pMyJIbI COOTBeTCTBeHHO

bll . 
t/1/ = — I

S11
1—1 

btt — S sktyki 
yu =--------5=1-------- (Z = 1,2............. m),.

su

I IIMUCTO X„ H xt B (12.34) — COOTBeTCTBeHHO

xtt =

n
ytt — S stksu

k^t+i
stt

t = n-\,n-— 2, 1; Z= 1,2, ..., m.
/Liit ejiynan, Kor.ua HeT yBepeHHOcra b tom, hto MaTpniia A noJio>KHTeJib- 
ii'i onpeAeJieHHaH, npHBOAHM BapnaHT BbiHHCJiHTejibHoft cxeMbi MeTO«a, 
>'lliri.IBaiOIII,Hft BO3M0JKH0CTB nOHBJieHHH OTpHUaTeJIbHblX SJieMeHTOB Ha 
iii iionaJiH, T. e. su < 0:

1. ZlonycraM i = 1; A = 1;
2. Bhhhcjihm r = ]A|a«| ; A = Aatt’,

ati = atl-.r (/ = i, i + 1, ... , n);

btk btk ; r (k = 1, 2, ..., m),
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3. Ecjih i = n, wn k 9
4. BcTaBHM i = i + 1; t = 1;
5. BbiHncjiHM c = att sign att\

atj = aij — catl (j = I, i + 1........... n);
btk = btk — cbtk (6=1, 2, .... m)\

6. BcTaBHM t = t + 1;
7. Ecjih t < i — 1, HflTH k 5
8. HcnojiHHM 2
9. BbiHHCJiHM btk — btk : att (k — 1, 2, .... m)\

10. Ecjih i = 1, HflTH k 16
11. BcTaBHM t = i\ i = i — 1;
12. BbiHHCJiHM btk =*  bik — attbtk (k = 1, 2, ..., m);
13. BcTaBHM t = t + 1;
14. Ecjih t — 1 < n, hath k 12
15. HcnojiHHM 9
16. KoHeu pemeHHH
Ecjih 3aAaHa cboahtch k HTepaTHBHOMy npoueccy BH.ua

Axk+i = b (xk), (12.35)
to AJiii skohomhh ManiHHHoro BpeMeHH npeo6pa3OBaHne HCXOAHOH M3TpH' 
Ubi b TpeyrojibHyio ocymecTBJiuiOT oahh pa3 Ha nepbofi HTepauHH. ripn 
pajiHHHH TpeyrojibHoft MaTpuubi S peuieHHe CHCTeMbi (12.35) c hoboiI npa- 
6oh uacTbio paBHOCHJibHO yMHOJKeHHio MaTpuubi Ha CTOjifieu, t. e. MaTpHua 
S KaK 6bi HrpaeT pojib o6paTHofi MaTpHUbi.

MeTou KBaupaTHoro Kopna ycneuiHo HcnoJib3yeTCH npn pemeHHH ch- 
GTeM JIAY C JieHTOHHblMH M3TpHUaMH, nOpHAKH KOTOpblX H3CT0 AOCTHTaiOT 
HeCKOJIbKHX TblCHH. IIpH 9TOM HCnOJIb3yeTCH, BO-nepBbIX, CBOfiCTBO MeTO- 
Aa coxpaHHTb nepBOHaHajibHyio CTpyKTypy ypaBHeHHfi npu nepexoue k 
TpeyrojibHofi MaTpuue; BO-BTOpbix, BbiHHCJiHTejibHbifi npouecc BHAOH3Me- 
HHeTCH T3KHM 06pa30M, HTO HH(|)OpMaUHH OT C(J)OpMHpOBaHHbIX CTpOK Ma- 
TpHUbi S, Heo6xoAHMaH ajih 9JieMeHT0B nocjieuyioiUHX ctpok, nocTeneHHO 
HaKanjiHBaeTCs b cneuHaJibHO OTBeueHHOM MaccHBe onepaTHBHofi naMHTH 
3BM. CTaHAapTHofi nporpaMMe, BbinojiHeHHofi no TaKoft cxeMe b Kouax 
3BM ™na M-222, nou CHJiy pemeHue CHCTeM JIAY c nopuAKOM n 4095 
H HIHpHHOfi nOJiyjieHTbl MaTpuubi L 90.

TjiaBa 13
BAPHAIjnOHHME METOJIbl

§ 13.1. Mctoji PiiTija

KaK yjKe 6biJio noKa3aHO (rji. 9), H3 BapuauHOHHoro ypaBHeHHH paB- 
HOBecHH ynpyroro TeJia mojkho noJiywHTb AH^cpepeHUnajibHbie ypaBHeHHH 
h rpaHHHHbie ycjiOBHH paccMaTpHBaeMbix b TeopHH ynpyroc™ KpaeBbix 
3aAaH. C TOHKH 3peHHH BapHaUHOHHOrO HCHHCJieHHH 3TH COOTHOineHHH 
hbjihiotch ypaBHeHHHMH Sfijiepa ajih (JiyHKUHOHaJia noJiHofi noTeHUHajib- 
Hoft SHeprHH ynpyrofi cHCTeMbi. B 1909 r. Phtu npeAJio>KHJi mctoa peme- 
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iiioi ofimefi 3aAaHH 06 9KCTpeMyMe ^yHKUHOHajia, nocjie nero TpynHefi-
...... naaaHH c ypaBHeHHHMH b Hacrabix npoii3BOAHbix CTajiH noAAaBaTbcn 
|iriiienHio.

/lonycTHM, hto 3a£aH (JiyHKiiHOHaji 
• • ‘)ds (13.1)L (x, y, w, w'x, wy, w"xx,I (w) = \ f

s

ii ipefiyeTCH nojiofipaTb 4>Yhkhhio w *=*  w (x, y), yAOBJieTBopinoiHyio 3a- 
UUIHblM rpaHHHHblM yCAOBHHM, T3K HTO6bI (jjyHKHHOHaA I (w) npHHHMBA 

■<iu■ rpeMaJibHoe 3HaneHHe. 3Ty BapHaiiHOHHyio 3aAany Phth npeAJK»KHA 
pniiiaTb HenocpeACTBeHHo, t. e. He cboahtb k AHiMiepeHHHajibHbiM ypaBHe- 
IIIIHM Sfijiepa, a npHMO MHHHMH3HpOB3Tb (JiyHKHHOHaA I (w).

HcKOMan (jiyHKHHH b MeTOAe PHTua 3aAaeTCH b BHAe pnAa

w (x, y)ww (x,«/) = s a,ayt- (x, y) = w (04, a2, .... an, x, y), 
i=l

Uie TaK Ha3biBaeMbie KoopduHamHbie cpyHKupiu wi (x, y) aojdkhh 6biTb jih- 
IK‘fiH0-He3aBHCHMbIMH H T3KHMH, HTO^bl W (x, y) yAOBJieTBOpHJia 33A3HHbIM 
1 paHHHHbiM ycjiOBHHM npn Jiio6bix 3HaHeHHHX npoH3BOJibHbix napaMeTpoB

■ /(. Flocjie noACTaHOBKH Bbi6paHHoft (JiyHKHHH w (ax, a2, ..., a„, x, y) h ee 
iipoH3BOAHbix b (JjyHKUHOHaji (13.1), BbinojiHHB HHTerpHpoBaHHe no 06- 
■'iucth s, nonyHHM HeKOTopyio (jjyHKHHio ot napaMeTpoB az:

I = / (ar, a2, .... an).
JIjih toto hto6m 3Ta (JiyHKHHH npHHHMajia SKCTpeMaAbHoe SHaneHHe, oue- 
uhaho, Heo6xoAHMO

-£- = 0 (/=1,2............n). (13.2)

TaKHM o6pa3OM, Phth cboaht BapHaHHOHHyio 3aAany (13.1) k 3aAa«ie (13.2) 
na pa3biCKaHHe SKCTpeMyMa (JiyHKiiHH mhothx nepeMeHHbix.

C nO3HHHH BapnaHHOHHOrO HCHHCAeHHH yCAOBHH (13.2) HBJJHIOTCH He- 
o6xoahmmmh aah paBeHCTBa HyAio nepBofi BapnaiiHH (JjyHKUHOHaAa:

S/ = S 6az = 0.

B CHAy npOH3BOAbHOCTH BapH3HHH 6at 3TO BO3MOJKHO TOAbKO TOTAa, KOT- 
Aa KoafJxJiHHHeHT npn KamAofi H3 BapHaHHfi bai o6pam.aeTCH b HyAb. rio- 
3TOMy BHOBb npHXOAHM K yCAOBHHM (13.2).

HafiAeHHbie H3 CHCTeMbi (13.2) napaMeTpbi noAHOCTbio onpeAeAHioT 
npH6AHX<eHHoe pemeHHe w (x, y) nocraBAeHHofi 33A3HH.

BapHaHHOHHbifi npiiHHHn paBHOBecHH ynpyroro TeAa BbipaxiaeTCH 
ycAOBHeM paBeHCTBa HyAio BapnauHH noAHofi noTeHUHaAbHofi SHeprHH!

6/= 6 (//— A) = 0, (13.3)
rAe U — SHeprnH Ae^opMauHH; A — pa6oTa BHeiriHHX cha. IloaTOMy <J>yHK- 
HH0H3A U — A HBAHeTCH CyMMOfi KBUApaTHHHOfi H AHHeHHOfi (jxipM K03(|)- 
(JlHHHeHTOB ai H, CAeAOBaTeAbHO, yCAOBHH (13.2) COCT3BHT CHCTeMy n AH- 
HefiHbix aAre6paHHecKHX ypaBHeHHfi oTHOCHTeAbHo Hen3BecTHbix napaMe- 
TpoB an a2,..., a„.
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u

11 jiy>ime pa3o6paTbcn b AeTajiax MeTOAa PnTiia, paccMOTpHM m 
CKOJibKO npHMepoB.

1. Tohkhh ahck. CorjiacHO oSmefi cxeMe MeTOAa PHTiia HeoSxomiMO 
nocTpoHTb (JiyHKiiHOHaJi U — A ajih KOHKpeTHOH 3aAauH. B cjiynae ahcki 
SHeprHH Ae(^opMau.HH

ft/2 2n b b
j j j (ofef + aese) rdrdQdz = n\ h(r) (orer + o08e) rdr

—h/2 0 a a

nocjie noAcraHOBKH cooraomeHHH TyKa

+ = F~V (e' + V80);
h Kohih

'2

(ver + ee)

2

du
&r ~~dT’

JierKO npHBOAHTCH K BHAy

a u

riOCJie BapbHpOB3HHH nOJiyHHM

du u , f u \2 
dr r ' \ r ) rdr.

rdr.

Eh / du
.1 — v2 \ dr 
a

('’ + + t)«(t)R 03+)
Ms BHeiiiHHX (JiaKTopoB HarpyiKeHHH ynTeM paSoTy iieHTpoSeiKHbix chji 

b
A (co) = 2n — (o8 f hr2 udr, BapnaiiHH KOTopoii 6yAeT

8 a
b

6/1 (co) = 2n — (o2 f hr26udr,
a

(13.5)

h paSoTy chji, npHJio>KeHHbix Ha BHyTpeHHeM h BHemHeM pajwycax AHCKa 
COOTBeTCTBeHHO!

A (a) = 2nah (a) Pau (a)\ 6/1 (a) — 2nah (a) Pa8u (a)\
A (b) = 2nbh (b) Pbu (b)\ 6/1 (b) = 2nbh (b) Pbbu (b). (13.6)

PemeHHe U (r) 6yneM HCKara b BH/ie pn/ia

« (r) = £ (r), (13.7)
fe=i

rne at — HeH3BecTHbie napaMeTpbi, noAJie/KauiHe onpenejieHHio, a fk (r) — 
8anaHHbie KoopAHHarabie (JiyHKUHH, He npoTHBopenamHe KHHeMaranecKH 
BO3MO7KHMM nepeMemeHHHM AHCKa.
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"'inibiBaH npoH3BOJibHOCTb napaMeTpoB ak, npoBapbnpyeM HCKOMyio 
HUII.H10 u (r) h ee npoH3BOAHyio

n
du

1=1
n

B du6 —dr

n

du = S 4+-8at = S f‘8ai<
(13.8)

t=l

l'Uiepb mojkho npncTynnTb k cocTaBJieHHio CHCTeMbi ajireSpaHnecKHX 
I pnlllICHHH, BblTeKaKHIlHX H3 yCJIOBHH MHHHMyMa nOTeHHHajIbHOH SHeprHH 
AHCKa:

6 (U — 4) = 8U — 64 = 8U — 64 (©) — 64 (a) — 64 (b) = 0. (13.9) 
l'in 9Toro b (13.9) noacTaBHM nojiyqeHHbie paHee Bbipa/KCHHH (13.4),

| (13.5), (13.6), yqHTbiBaa bha pemeHHH (13.7) h BapnanHH (13.8). Tor£a
n

1=1

x y s fk+^k — 4
2 k=i J S

— ah (a) Pa S fk (a) 6a*  — bh (b) Pb £ fk (b) 6a&
_#=1

0. (13.10)

n

n

n

1

n

I ;ik K3K BapnaiiHH napaMeTpoB ak npoH3BOJibHbi, to paBeHCTBO Hyjno Bbi- 
l'IIIKeHHH (13.10) BO3MO>KHO TOJIbKO TOTfla, KOTfla KO3(jxJlHHHeHTbI npH BCeX 
niipnauHHx 6aA oflHOBpeMeHHo paBHbi Hyjno. 3anHmeM sto ycjioBHe, 
' rpynnnpoBaB mho^khtcjih b (13.10) npn 6az:

S[(fi + -rfi)fi + -r(vfi + -p-fi)f‘]dr~ 
f—[ a

b
----- a>2 f hr2fidr — ah (a) Paft (a) — bh (b) Pbft (b) = 0.

S a

IlpoAejiaB aHajiorHHHyio npoueAypy ajih i = 1,2, .... n, nocjie BBeAeHHH 
6e3pa3MepHOH KOopAHHaTbi p = y” noJiyuHM OKOHnaTejibHbiH bha ch- 
cTeMbi ajireSpaHwecKHX ypaBHeHHH oTHOCHTejibHO Hen3BecTHbix a;-:

S a/I f [(f'i + TTr f'} f‘ + TTF [vfi + -pTr^) f'] x 

1=1 10

X (p +1) dp j = (b — a)3 +- (O2 j h (p + t)2 f,dp + aPJi (0) +
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CT0Jl6ublfz(pft),/) (pft)

+whi)4^-’ (l3||i

™e h=^-, i=\, 2, ..., n. I
3aMeTHM, hto nocjie nepexoaa k 6e3pa3MepHbiM KoopAHHaTaM fc aojdiv 

hh 6biTb onpe/iejieHbi Ha HHTepBajie (0, 1) b cootb6tctbhh c 3aflaHHbiMH ui 
HeMaTHHeCKHMH yCJIOBHHMH. HanpHMep, AJIH All" 
Ka, 3aKpenjieHHoro no BHyTpeHHeMy paAHycyJ 
mojkho noJio>KHTb fk (p) = pft, a b cjiynae, Koijia 
Ha paAHajibHoe nepeMemeHHe He HaKjiaAbiBaKrn iil 
HHKaKne orpaHHHeHHH (Pa =4= 0, Pb +» 0), 

fk(p) = ph~' (&= 1. 2, n).
FIocTpoeHHeM pa3pemaiomeH CHCTeMbi jiHHefiiibix 

ajire6paHHecKHX ypaBHeHHfi (JiaKTHnecKH 3aKaniin 
BaeTCM 3Tan aHajiHTHnecKHX npeo6pa3OBaHHfi b mc< 
Toae PHTU,a. noJiyweHHbie npn stom (JiopMyjibi ajdi 
ajieMeHTOB MaTpHHbi h npaBbix nacTefi hbjihiotcii 
ochoboh ajiropHTMa HHCJieHHofi peajiH3au.HH mc- 
TOfla.

PaccMOTpnM npHHHHnnajibHyio 6jioK-cxeMy 
BbiHHCJieHnfi (pnc. 13.1), nojiaraa, hto b onepaTHB- 
Hofi naMHTH ynce ecTb Heo6xoflHMafl HHcJjopMamm 
AJifl noAcneTa SJieMeHTOB MaTpHHbi h npaBbix wac- 
Tefi: 1) Ta6jiHU,a OTHOCHTejibHbix tojhhhh h (p), 3a- 
AaHHbix b y3Jiax HHTepBajia; 2) KBaApaTypHbie ko- 
3<|)(|)HU,HeHTbi (raycca, CHMncoHa, KoTeca hjih ap); 
3) BHA KOOpAHHaTHblX (jjyHKUHfi ffi 4) KOHCTaHTbl 
E, a, b, v, yg~\ w. Ha yqacTKe A ajih Teny- 
mero 3HaneHHfl / BbimcjifliOTCfl f,- h/'/b y3jiax pk. 
HanpHMep, ajia /;- = p', f/ = /p,_1 nporpaMMHan 
peajiH3aii,HH He cocTaBJineT oco6oro Tpy.ua. ynacTOK 
B pa6oTaeT TOJibKO b cjiynae i = j h nepecbuiaer 
(k = 1, 2, .... n) b MaccHB, npeAHa3HaqeHHbifi ajih 

CTOJI6HOB (j)yHKHHH fi H f[. 3l'O HeodxOAHMO AJIfl TOTO, HTOfibl OAHaiKAbl Bbl- 
HHCJieHHbie opAHHaTbi fi, fi 6e3 nepeBbiHHCJieHHfi coxpaHfljiHCb ao nepexo- 
Aa k BbiHHCJieHHio cjieAyioineH (i + l)-fi ctpokh MaTpHHbi. KpoMe toto, 
3flecb BbiHHCjifleTCfl h 3anoMHHaeTCH npaBan qacTb. Chmmctpha MaTpniibi
(13.11) AaeT B03M0>KH0CTb orpaHHHHTbCfl onpeAejieHHeM sjieMeHTOB ee Bepx- 
Hefi npaBofi nojioBHHbi. rioaTOMy cneT KaniAofi HOBofi ctpokh HaHHHaeTCfl 
c AnaroHajibHoro ajieMeHTa. Kan bhaho H3 6jioK-cxeMbi, nepexoA k hoboA 
crpoKe b nporpaMMe AocTHraeTCfl 3acbiJiKofi b flnefiKy, xpaHfliuyio Te- 
KyiHHft HOMep CTOJi6ua /, HOMepa ctpokh i.

Ha ynacTKe C HenocpeACTBeHHO BbmHCJiflioTCfl h 3anoMHHaioTCfl sjie- 
MeHTbi MaTpHHbi. Heo6xoAHMoe npn stom HHTerpHpoBaHHe BbinoAHfleTCfl 
npH6jIHH<eHHO, B COOTBeTCTBHH C npHHflTOH KBaApaTypHOfi 4»pMyAOfi, 
nocKOJibKy oxBaTHTb BceB03M0>KHbie cjiyqan pacnpeAefleHHH toalii,hh h (p) 
yAofiHefi, ecjiH 3aAaBaTb TOAm,HHbi b Ta6AHHHofi (JiopMe.

.—1
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Iln nocjieflHeM ynacTKeZ) no craHAapraoH nporpaMMe, HanpHMep Mera- 
i miinbix ajieMeHTOB hjih KBaAparaoro KopHfl, onpeAeJisiOTCfl HeH3BecT- 

i napaMeTpbi a(, a 3aTeM no (jiopMyjiaM
n

»(p) = S ^kfk (p);
k=\

^(P)- (6_a)(l_v2)

ae(p) — (P) + -p-_p- fk (p)]

h i 'iiiTbiBaeTCfl h BbiflaeTCH Ha nenara b HHTepecyiomHx Hac TOHKax hh- 
Bpnajia 0 sgC p 1 peiiieHHe sanawH.

llblllOJIHflfl paCHeT C pa3JIHHHbIM KOJIHHeCTBOM KOOpAHHaTHblX (fjyHK- 
llllll, MOJKHO npOCJieAHTb 3a CXOAHMOCTblO MeTOAS, HanpHMep, no OTKJIOHe- 
...... peuieHHfl b rpaHHHHOH TOHKe ot 3aAaHHoro 3Ha>ieHH5i.

•?. KoHcojibHan njiacTHHa. HtoSm nocTponra pa3peinaiomyio CHCTeMy 
LmTipaHflecKHX ypaBHeHHH Pnraa b 3anaqe 06 H3rn6e njiacraH, 6yneM 
ln iiuiibiBaracfl Ha nonymeHHflx TexHimecKOH TeopHH tohkhx ynpyrnx 
Hji h ■ mi (tji. 10). B paMKax stoh TeopHH sHeprHfl necjjopMHpoBaHHOH njia- 

niiii.1 BbipaflcaeTCfl nepe3 nporH6 w (x, y) tohck cpeAHHHOH noBepxHocra, 
.....momeftcfl (JiyHKiiHeH koopahhbt b njiocKocTH njiacraHbi:

U = -^- ^ D [(Ao;)2 — (1 — v) L (w, ®)] ds,
(s)

ii' /) — H3rn6Hafl iKecTKocra: 

l'iiimra BHeuiHeH noneperaoH Harpy3KH npn stom

A = j J pwds.
(s)

/Ijia pacneTa njiacraH, HMeiomHX b iwiaHe 4»pMy npflMoyrojibHHKa, 
> i' irmo Hcnojib3OBara neKapTOBbi KoopAHHarai, b Koropbix onepaTopbi

. d2w , d2w , . . o [ d2w d2w ( d2w \21+ dy2 ’ L ^) — 2 [ dx2 dy2 \ dxdy ) ] ’

i ' nmiiia h = h (x, y), ajieMeHT njiomaAH cpeAHHHOH iijiockocth ds == dxdy.
II IIOJIflpHblX KOOpAHHaraX
, d2w , 1 dw , 1 d2oi
Aw = -g^~ + — ~ + — ->T- ♦

/. (w, w) = 2
[ d2w. ( 1 dw , 1 d2w \ p 1 dw
L dr2 ( r dr 1 ri dQ2 /r

/1 = h (r, 0); ds = rdrdd.
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B KocoyrojibHbix KoopAHHaTax
( d2W n . o d2w . d2w \

2 sin |3 + -5^2-) 5

2 [ d2w d2w 1' d2w VI
COS2 P L dt\2 \. <^n ) J

Aw = ----Vy
cos2 p

L (w, w) = 

h = h (g, u); ds = d&h\ cos |3.
IlocTpoeHHe MaTpimbi Phth3, nocjie toto khk onpejjejieHbi Bbipaxieniin 

U h A, aHajiorHHHO nocTpoeHHio, noKa3aHHOMy b npeAbiAymeM npHMepo 
(ajih AHCKa). 3aecb TaKxe HeoSxoflHMO nojiyHHTb BapnaHHH 8U,6A, bu\ 
yHHTbiBaa, hto H3orHyT3H noBepxHOCTb njiacTHHbi npeACTaBJieHa b biiji#

n
w (*»  y) = E atw (x, y), 

i*=l
(13.1?)

h npHpaBHHTb k Hyjiio KoacjicJiHLiHeHTbi npH 6az. FIpeAJiaraeM caMOCTOHTejib*  
HO yfieflHTbCH B TOM, HTO AJIH npHMOyTOJIbHblX njiaCTHH 3JieMeHTbI M.'l" 
TpHHbi h CTOJiSna npaBbix qacTeii cncTeMbi PnTna cooTBeTCTBeHHO HMeiof 
BHA

ah = W D (*,  y) [WlxxWixx + WtyyWjyy + V (WixxWjyy + WiyyWjXX) —
(S)

— 2 (1 — v) w'ixyw"jXy\ ds; (13.1;jj

b( = p (x, y) Wids.
(«)

CoxpaHHeTCH h npHHHHnnajibHaH 6jioK-cxeMa npn ajiropHTMH3aniiii 
BbiHHCJiHTejibHoro npouecca. OflHaKO AByMepHOCTb 3a,n,aHH cymecTBeHim 
H3MeHneT opraHH3aiiHio cneTa Ha ynacTKax A, B, C, D. KpoMe toto, bo:i- 
paCTaiOT TpyAOeMKOCTb H CBH3HOCTb ajiropHTMa H3-3a HeoSxOAHMOCTH llll 
TerpnpoBaTb no njiom,aAH h BbiHHCJiHTb KoopAHHaTHbie 4>yHKijHH c hx naci- 
HblMH npOH3BOAHbIMH £0 2-TO nopHflKa B y3JiaX AByMepHOH oSjiaCTII. 
B CBH3H C 3THM nOCTpOHM aJITOpHTM Ha npHMepe npHMOyrOJIbHOH KOHCOJII. 
hoh njiacTHHbi, npeaycMaTpHBaH nojiHyio aBTOMaTH3aiiHio BbiHHCJieHini, 
3KOHOMHIO ManiHHHOTO BpeMeHH H yMeHbHieHHe CBH3HOCTH ajITOpiITMa.

Ka>oyio KoopAHHaTHyio (pyiiKiinio b peuieHHH (13.12) SyneM 3aAaBau, 
B BHfle

wi(x, y) = fi(x)(fi(y), (13.14)
r£e fi (x) h <pz (y) — opTOHOpMHpOBaHHbie Ha HHTepBaJie (0, 1) noJiHHOMM 
CTeneHH X (i) h p (i) cooTBeTCTBeHHo. npn thkom sananiiH ajih xpaHeHim 
3H3HeHHH wt noTpeSyeTCH jihihb l + m aneeK (/, m — hhcjio y3JioB ceTKii 
cooTBeTCTBeHHO Bjiojib oceii x h y) BMecTO l X m npn Wi = wt (x, y). 
KpoMe 3Toro, pemeHne (13.14) JierKO nonHHHHTb KHHeMaTHHecKHM. ycjio- 
bhhm Ha Kpaax njiacTHHbi. ZI,jih kohcojih c ikcctkhm 3aKpenjieHHeM Kpan 
x = 0 Bocnojib3yeMCH nojiHHOMaMH

fi (x) = TW) (x) = /2% (i) + 1 (%(Q+A)!
(X (i)—&)! (£—2)! (£+2) !

,u(0
■p. te) = to) = IWFT S (- i)“M+I -,+%^+r ?*■  
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hi.ip.i/Keune (13.13) ajih SAeMeiiTOB MaTpniibi n CTOJiflpa npaBbix qacTefi 
■>' io BBeAeHHH 6e3pa3MepHbix bcjihhhh

- = p(x, y) 
p Po

i 1
CZ,/ =5

0 0

P»a‘

ii|u ortpa3yeM (onycKaa ihtphxh npH x h y) k BHAy

j R S Pk (x) <Dk («/) dxdy;
o o Ls=l

1 i

—f f Pfi (x) (f>i (//) dxdy,

p0— xapaKTepHbie 3HaneHH5i HiecTKOCTH h no-n Ehi
Ht'' Do- 12(l-v2) ’ 
livpe'iHoft Harpy3KH;

/' i W = fif'i', F2 (x) = fjfr, F3 (x) = fif'p, F^ (x) = ftff, ) 

PAx)^f'if'f,

‘Dx («/) = <pz«p/; (y) = v -J- <Pi<p/; («/) = v ~ q>/cpz; i

(d4 («/) = <pz<p/; (y) = 2 (1 — v) <p;<p/.

(13.15)

'1/leCb HITpHXH o603HaHaiOT AH(J)(J)epeHHHpOBaHHe KOOpAHHaTHblX 4>yHK- 
111111 fi (X) — fi> <Pi (y) = <Pi no X H y COOTBeTCTBeHHO. flpH 3T0M npOH3- 
iiOAHbie 6y,neM BbiHHCJiHTb tohho, Hcnojib3ya peKyppeHTHbie (JiopMyAbi 
(12.5).

IlpOCJieAHM 3a XOflOM BblHHCAeHHft, npHAepJKHBaHCb npHHHTOH 6jiok- 
OXeMbi. Ha ynacTKe A aaa TeKymero 3HaneHH5i / Bbi^HpaeTCH HH^opMauHH 
(enpaBKa) o CTpyKType /-ft KoopAHHaTHoft (JiyHKi/HH, o6ecnenHBaiomaH 
uijHHCjieHHe no (JiopMyjiaM (12.5) bcjihhhh fj (xk), fj (xk), .... q>/ (y) b 
eiAaHHbix y3Jiax xk, ym. Boo6m,e roBopn, KOHKpeTHoe MOAeJinpoBaHHe bh- 
'incjieHHH ocymecTBJiaeTCH no-pa3HOMy b 33bhchmocth ot toto, KaKOBbi 
e)BM h HcnoJib3yeMbift TpaHCJiHTop, CTpyKTypa KoopAHHaTHbix (JiyHKiiHft 
II KB3AH(J)HKaHH5I BblHHCJIHTeJIH. AjIH npHHHTOrO H3MH nOJIHHOMHaJIbHOTO 
upeACTaBJieHHH h (JiopMyji (12.5) 3aAaeTCH Ta6jiHH.a cnpaBOK, r^e k3?kao- 
My j cooTBeTCTByeT HH$opMau.H5i o CTeneHH h Hanajie (KOHpe) MaccHBa 
l(()9(J)(J)HU.HeHT0B nOJIHHOMOB f/ H Q)/.

Ha ynacTKe B, kbk h b npeAbiAymefi 3a4aHe, npoHCXOAHT 3anoMHHa- 
ime (nepecbiJiKa) ctoji6hob //,//,..., <P/ b MaccHB ajih f(,fi....... qpz h Bbi-
'iiicjieHHe z-ro 3JieMeHTa npaBoft nacTH (13.13), yMeHbmeHHoro b pa3. 

a Po
ripH BbinHCJieHHH ajieMeHTOB MaTpHHbi (ynacTOK C) h npaBbix nacTeft 

xpaTHoe HHTerpnpoBaHHe BbinoJiHneTCH npH6jiH>KeHH0 — nyTeM nocjie- 
AOBaTeJibHoro npnMeHeHHH KBaApaTypHbix (JiopMyA. BHaiaJie AA5i (JniKCiipo- 
BaHHOro 3HaqeHHH ym (JrapMHpyeTCH CT0Ji6eu noAbiHTerpaAbHoft <J)yHKU.HH 
BAeMeHTa az/h onpeAeAneTCH HiiTerpaA baoab och x, 3aTeM k noAyqeniibiM 
Aah Bcex ym pe3yAbTaTaM btophhho npHMeHaeTca KBaApaTypHaa (J)op- 
Myna. O6hhho nAacTHHa pa36HBaeTCH Ha oAHHaKOBoe hhcao y3A0B b o6ohx 
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HanpaBJieHHsx, hto no3BOJiHeT Hcnojib3OBaTb oAHy h Ty >Ke KBaApaTypn\H> 
(jiopMyjiy ajih HHTerpHpoBaHHH khk b HanpaBJieHHH x, thk h b Haiipam 
jieHHH y.

nepefinpaH j = i, i + 1, n ajih i — 1, 2, ..., n, 9BM nocTeneiiiiu 
n2 + 3n3anoJiHaeT MacciiB H3 -----------  aueeK, npeAHa3HaqeHHbiH ajih xpaHeiiini

sjieMeHTOB MaTpHUbi h npaBoii nacTH. Ecjih HyxKHO BbinoAHHra pac*ieii.i  
C SoJIbHIHM KOJIHHeCTBOM K00pAHH3THbIX (JiyHKHHH, nOpHAOK MaTpillll.l 
Pnraa mojkho yBejiHHHTb 3a cneT 3anoMHHaHHH ee b AonojiHHTejibHOM 3.V 
hjih 3a cneT nocTeneHHoro HaKonjieHHH Ha MarHHraoM 6apa6aHe. npH 9h»m 
B3aHMHoe pacnojiOHceHHe aej h be aoajkho ocymecTBAHracH b cooTBeTcranii 
c TpeSoBaHHHMH Hcnojib3yeMofi CTaHAapraoii nporpaMMbi pemenini 
CHCTeMbi JiHHefiHbix ajirefipaHnecKHX ypaBHeHHii.

n
Ha yqacTKe D CHCTeMa S aiiai = (l — 1> 2, .... ri) c H3BecTHbiMii 

i=i
SAeMeHTaMH peniaeTCH oraocHTeJibHO napaMeTpoB Pnraa. 3Aecb >Ke bi.i- 
hhcahiotch peineHHH b y3jiax KoopAHHaraoii ceraH. IIpH stom aah nepc- 
XOAa K pa3MepHbIM BeAHHHHHM HCnOAb3yiOTCH (pOpMyAbl

poal +
fy (+ y) = 1 aift W («/);0 1=1

—2— h £ ai (f"i<pe + A
n0 1=1

= —' -7^ h£ai (vfoi + 
"o 1=1 

= (1 — V) h 2 ai fa'i.
no 1=1

AAH CeKTOpHaJIbHblX HJIH KOCOyTOAbHblX njiaCTHH B npOrpaMMe H3Me- 
HHIOTCH AHHIb (JlOpMyjia 9AeMeHT3 MaTpHHbl (13.15) H BbipaiKeHHH AAH Ha- 
npnjKeHHH. HanpnMep, b cjiywae ceKTopnajibHoii njiacraHbi, onnpaHCb 
Ha BapnaHHOHHoe ypaBHeHne 6 ((7 — A) = 0 b noAnpHOH CHCTeMe Koop- r_ j. q
AHH3T, nocjie BBeAeHHH 6e3pa3MepHbix nepeMeHHbix x =---------■
noAynHM Bbipa?KeHHH aah ctoaQhob Fk (x), (y);

Fi = f‘(~^~fi +fi)+-J-fi(vfi+ ~^fl)>

Ox

a2 j.

Ro ~ 'o’ y 0O

<
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Hn I’ ■“ s~------= x H—------ -  21jih npornSa h Hanpsi>KeHHfi npn
«0 — ro J\o — r0

■pi'xoAe k pa3MepHbiM BejiHHHHaM b stom cjiynae HMeeM $opMyjibi 

t,(x.y) = Po(Vr>)-

6po (^o -^L 2+ v ("F

n
6„W.-r.>■-„^„,[^,4-2-

t—1 "t=l

T,„ = (1 — V)

i=l

PaccMOTpHM eme oahh npaKTHnecKH 
HlllKllblfi npHMep H3TH6a nJiaCTHHbl CJIOJK- 
IHIl'i <|»pMbI (pHC. 13.2), KOrfla nOJIHOCTblO 
iuxpaHHeTCfl onHcaHHbifi aJiropHTM. B 
li|HIIIUHne MOJKHO BOCnOJIb3OBaTbCH neno- 
i peACTBeHHO ypaBHeHneM 6 (C — X) = 0 
II ACKapTOBOH CHCTeMe KOOpflHHaT. OflHa- 
k<> 3TO CymeCTBeHHO yCJIOEKHHT aJITOpHTM 
iii ta HeoSxoAHMOCTH HHTerpnpoBaTb c 
111'peMeHHbIMH npeAeJiaMH H CTpOHTb KOOp- 
uinaTHbie (JiyHKHHH aah AByx nepeMeH- 

iihix o6mero bhas. Ecjih n<e ocymecTBHTb’ nepexoa k hoboh CHCTeMe ko- 
opAHHaT (z, p) no ipopMyjiaM
x = /z; z/ = y0 + (y> — y0) p; y0 = a + (d — a)z; yi = b + (c — b)z; 

o<zci; o<pCi,
10 MO/KHO, K3K H npejKfle, BOCnOJIb3OBaTbCH o6bIHHOH CTpyKTypOH penieHHH

n
W (z, p) = S aiZ (z) R (p)-

1=1
npH nocTpoeHHH ypaBHeHHH 6 (U — X) b hoboh CHCTeMe KoopAHHaT 

y'iTeM H3MeHeHHH b Bbipax<eHHH SAeMeHTa nAomaAH:
ds = l(yx — y0) dzdp = fidzdp

n onepaTopax AH^epeHUHpoBaHHH:
d _ _1_ 
dx l

d____ 1__ d .
dy ~ IB dp ’

d — a. u — u . <> . d b — a . r r a — b + c — d 
A = —--------F Cp; B = —J------ h Cz; C = -----------t-----------

OnycKaa BbiKJiaflKH, CBH3aHHbie c nojiyqeHHeM BapnaiiHfi 6 (C — X), 
bw h rpynnHpoBKoft BbipaJKeHHH npn 6a/, 3aniimeM OKOHHaTejibHbifi bha 

27318 1560



ajieMeHTa MaTpnHbi h npaBoft nacTH:

aii = \\ + [ziZ-R^ + ZiZ^ + 1)2 r;r- +
o o k L

+ 2AC (X2 + 1) (R-R'i + R'iRi) + 4C2 (x2 + +

+ 4 Z'iZ-R'iR'i (-^^- + X2) - 2 Z'iZi [X (X2 + 1) RiR'i +

+ 2C (x2 + -1^-) R'iR'i\ -2-4- Z'iZi [X (X2 + 1) R-Ri +

+ 2C (x2 + -L^-) RiR'i\ + [(+ + v) RiR'i +

+ 2ACRiR/] + [(X2 + v) RiRi + 2XC7?,7?d - 1|

— 2-1- ZiZ'iAR^iRi ~2~ Z'-Z-RiRij Bdzdp;

1 1 
bt = -^- J J pRiZiBdzdp.

0 oo

B oTJiHHHe ot ifpeAbwyiftHX npHMepoB, 3Aecb noAbiHTerpaAbHaa +ym<« 
HHH 3HaHHTejIbHO CAO/KHee. B HaCTHOCTH, 3AeCb yxe AeBHTb ctojiGhob 
Fk (z) h <Dfe (p). Be3ycji0BH0, ycAoacHHTCH h (|)0pMyAbi aah HanpjnKeHnii:

<+ =----- h £ fz^Ri - 2 4 +
"o <=i k

+ ^Zi [2ACR'i + (X2 + v) /?;']} ;

<+ = - -^4 h^a‘ {Z"‘R‘ ~ 2 4 Z‘R‘ + Z‘ \2ACR‘ + 

+(*++)  4- I 

“()-’) += {+ [ZM - + Z, (AR', + <?«,')]) •

jH3 paccMOTpeHHbix npHMepoB CAeAyeT, hto ecjin ocTaBaTbca b KAacce 
noJiHHOMHajibHoro npeACTaBJieHHH KoopAHHaTHbix (JiyHKHHft,. to nepexon 
K ApyrHM yCAOBHHM 3aKpeHJieHHH nJiaCTHHbl CBOAHTCH AHHIb k 3aMene 
KO3(jx|)HHHeHTOB COOTBeTCTByiOIHHX HOAHHOMOB. TaKHM o6pa3OM, nO OA*  
HaxtAbi cocTaBAeHHofi nporpaMMe aah nnacTHH 3aAaHHofi KOH^Hrypamin 
MOJKHO BbinOAHHTb paCHeTbl C p33AHHHbIMH KOM^HHailHHMH TpaHHHHblX 
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■fjniiin'i. KpoMeToro,BBeaeHHeb ajiropHTM npn6AH>KeHHoro HHTerpHpoBa- 
Bim innBOJiaeT paccMaTpnBaTb njiacTHHbi c npaKTHHecKH JiiodbiM 3aKOHOM 
■ ii' npcAejieHHH TOJiniHHbi h (x, y).

§ 13.2. MeToa HeonpenejieHHbix MHOJKiiTeJieii JlarpanjKa

IIOCTpoeHHe KOOpAHHaTHblX 4>yHKHHH, KOTOpbie 6bl YAOBJieTBOpHJIH 
Hh m KpaeBbiM ycjioBHHM,— oneHb cjiojKHan h TpyAoeMKaa 3aAaqa. 3na- 

Ifllli IbHO npome nOAHHHHTb (JiyHKIIHH TOJIbKO yCJIOBIIHM 3aKpenJieHHH,. 
Itm iiojiee hto fljin nepeMemeHHH b thkom cjiynae MeTOA PnTiia aaeT xopomee 
"l' fijiiijKeHHe yx<e npn OTHOCHTejibHO HefiojibiuoM qncjie njieHOB pana. O#- 
liniio, ecjiii KOopnHHaTHbie (JiyHKLiHn He ynoBJieTBOpmoT BceM rpaHHHHbiM. 
ti iiiiiiuiM, nojiyqHTb AOCTOBepHyio KapTHiiy pacnpeaejieHHH iianpmKeHHH, 
mopbie BbipajKaioTcn nepe3 npoH3BOAHbie ot nepeMemeHHH, mojkho, jiHiiib 

lini niTejibHO yBejiHHHB KOJiHnecTBO napaMeTpoB Phth.3. YjiyqniHTb cxo- 
jlllMoCTb no HanpHiKeHHHM 6e3 cymecTBeHHoro yBejinqeHHH qncjia koopah- 
iiiiiiibix (jiyHKHHH no3BOJineT MeTOA HeonpeaejieHHbix MHOHCHTejiefi Jlar- 

■moKa.
n

I lycTb Ha penieHHe w (x, y) — S aifi (*,  //), B kotopom KaiKAaH Koop- 
i=l

• (e hk — HeonpejiejieHHbie mhojkhtcjih JlarpaHHia. PIocKOJibKy b jihhch- 
ni,ix KpaeBbix 3aaaqax TeopHH ynpyrocTH U — KBaApaTHHHaa cjiopMa, a 
/ii A — JiHHefiHbie (JiopMbi OTHOCHTejibHO napaMeTpoB ab TO H3 Heo6xo- 
uiMoro ycjioBHH BKCTpeMyMa

(i = 1, 2, .... n);

(k = 1, 2, ..., m)

iuijiyqHM cHCTeMy jiHHefiHbix ajire6panqecKHx ypaBHeHnfi OTHOCHTejibiio 
/i |- m Hen3BecTHbix av ..., an; ..., km. FIo HafineHHbiM H3 arafi CHCTe- 
u,i napaMeTpaM az (i = 1, 2, ..., n) h onpeuejiHTCH npn^JiHJKeHHoe peme- 

mie 3anaqH, noAHHHeHHoe ycjioBHHM (13.16).
FlpHMeHHM MeTOA JlarpaioKa k 3anaqe o tohkom AHCKe. IIoTpe6yeM, 

'iio6bi pemeHHe yAOBJieTBopajio chjiobhm rpaHHHHbiM ycjiOBHHM
Or|r=a = Pa; Or (r=6 = P6. (13.18)

iuiiiiTHaa (JiyHKHHH yjiOBJieTBOpneT TOJibKo reoMeTpnqecKHM KpaeBbiM 
e iobhsim, AonojiHHTejibHo HajiojKeHbi orpaHHqeHHH, BbiTeKaiomHe H3 ch- 
lllllbix rpaHHHHblX yCJIOBHH:

Fk (w, w'x, ..., Wyy) |rp = 0 (k = 1, 2, ..., m < tt). (13.16) 
II CB5I3H c TeM hto BapbHpyeMbie napaMeTpbi Tenepb yxie CBH3aHbi xo6a- 
i 'i'iiibiMH ycjiOBHHMH (13.16), BapnaiiHOHHaH 3aAaqa 8 (U — A) =0 (bot- 
ui'iiie ot MeTOAa PiiTua) CBeaeTca k noncKy ycjiOBHoro 3KCTpeMyMa (JiyH- 

hllllll

(13.17)
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noAcraBHB b ycjiOBne (13.18) or no (JrapMyjie (13.11 a), 3annnieM Bbipawe- 
hhh ajih orpaHHueHHH Fk:

n
= (b — a) (1 — v2) a/ [// (0) + ~ fi (0)] = 0;

n
= (b — a) (1 —v2) S a' [f> (1) + 1 + f fi (0j — •Pft = 0.

hjih, ecjiH BBecTH o6o3HaqeHHe djk ajih KOS^xJiHHHeHTa npn napaMeTpe «/ 
b fe-M orpaHHHeHHH:

n
= S a/ff/i — Pa = 0;

n
^2 = S «/0/2 — Pb = 0.

/=i

PacnnuieM cHCTeMy (13.17). yqHTbiBaa, hto — npeACTaBJifleT co-C'Otj
6oh He hto HHoe, KaK jieByio nacTb z-ro ypaBHeHHS cncTeMbi PnTua (13.11), 

gA
a ----- cooTBeTCTBeHHo i-H ajieMeHT npaBOH qacTH b (13.11), nepBbio
n ypaBHeHHH 3anHmeM Tan:

n m
h (a) V az/a/ -|- £ hk(ylk =. h (a) bt 

i=\ s=i
(« = 1, 2..............n),

rae aij, bt — cooTBeTCTBeHHO ajieMeHTbi MaTpimbi h npaBaa nacTB cn 

cTeMbi (13.11). OcTajibHbie m = 2 ypaBHeHHii = 0 b ceh3h c tcm, 
dU dA „

hto -^- = d^k = 0, 3anHinyTca b bhac

" ( Pa npn k = 1;
~ l Pb npn k = 2.

/Xjih HarjiHflHocTH H3o6pa3HM noJiyneHHyio CHCTeMy ypaBHeHHH n 
M3TpHHH0M BHfle:

h (a) atj
i,i = 1,2, ...,n Oll 0/2

0/1 0 0

0/2 0 0

«/ h (a)bi

Pg

Pb

OTCIOAa BHA.HO, HTO CTOJl6ubI Oik, OKaHMJIJHOIHHe MHTpHHy PHTHa, IK' 
HapymaiOT ee chmmctphh. B npHHHHne coxpaHseTcn h BbiHHCJiHTejibiiaii 
6jiOK-cxeMa MeTO.ua PnTixa. Ohcbhaho, Heo6xoAHMo, HTo6bi Ha 9Tane ( 
npn j = n nepea nepexoAOM k hoboh cTpoKe BKjnonajicn 6jiok, kotopkiII 
6y^eT AonoAHHTb i-io CTpoKy ajieMeHTaMH oik (k = 1, 2, ..., m). KpoMn 
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ioio, cjieayeT nepefl pemeHneM CHCTeMbi BbiMHCJiHTb HeaocTaiomHe BJieMeH- 
ii.i iipaBofi nacTH (Pa, Pb) h AonojiHHTb MaTpnuy HyjieBbiMH sjieMeHTaMH 
ii iooTBeTCTBHH c ee cTpyKTypoft.

PaccMOTpeHHbifi npHMep othochtch k OAiiowepHbiM aaaanaM, ajih ko- 
mpbix MeTOAOM JlarpaHKa 6e3 nocTpoeHHH cneuHajibHbix KOopAHHaTHbix 
l|>\ HKH.HH TOHHO H AOBOJIbHO npOCTO yflOBJieTBOpHIOTCH Bce rpaHHHHbie 
\i iobhh. B cjiynae fiojibineii pa3MepH0CTH mctoa no3BOJineT BbinojiHHTb
i p.ieBbie ycjiOBHH npnfijiHJKeHHo: HHTerpajibHO hjih b kohchhom HHCJie 
iu < n ToneK rpaHHHHOH jihhhh (noBepxHocTn).

§ 13.3. MeTOfl PeiiccHepa

riOHCKH MeTOflOB, KOTOpbie nO3BOJIHJIH 6bl nOflHHHHTb npH^JIHHieHHOe 
||< iiiCHHe BceM KpaeBbiM ycjioBHHM 3a&aHH, npHBejin E. PeficcHepa (1961 r.)
ii lioBOMy BapnaiiHOHHOMy npHHUHny. PeficcHep bhaohsmchhji (JiyHKiiHOHaji 
iiiuinofi aHeprHH U — A, Hcnojib3yn ABe aKBHBajieHTHbie $opMbi y«ejib- 
nofi noTeHUHajibHofi SHeprHii Ae4>opMau,Hfi:

'1 (e, cr) = -g- (crxe2 + <jye.y + cr2e2 + ^xy^xy + ^yz^yz + ^zxyzx) (13.19)

II
W (O) = ~~ [O^ + 02y + al — 2V (UX<Jy + GyCZ CT/^i

4--- 2q~ (^xy + ^yz + T2X).

I'iik H3BecTH0, b BapHauHOHHOM npHHUHne JlarpaHHca noTeHHHajibHaa 
Miu prnH AeiJiopMauHfi

t/ = J J J W (e, o) dv = J J J W (o) dv
(v) (»)

upii iiomohxh cooTHomeHHfi TyKa h Koihh 3anHCbiBaeTCH nepe3 nepeMenje- 
IIIHI, T3K HTO B nOJiyneHHOM T3KHM 06pa30M BapHailHOHHOM yp3BHeHHH 
fi ((/ — A) = 0 BapbnpyioTCH TOJibKO nepeMemeHHH. Elo PeficcHepy no- 
imiLiHaJibHafl SHeprHH .netJjopMaiiHH 3anHCbiBaeTCH b (JiopMe

U = JJJ[2IF(e, cr) —— W (a)]dv,
(i)

‘i ii <[>yHKUHOHajie PeficcHepa
/? = ((/ —71) = (jJJ[2U7(e, o)-U7(o)] du —(13.20)

[ (V) J
ni'iicMemeHHfl h HanpHHceHHH BapbnpyioTCH khk He3aBHCHMbie MeniAy co- 
fillfi (|>yiIKHHH.

l enepb ajih Ka>K,noro KOMHOHeHTa cx, <Jy, ... noA^HpaeTca cboh Koop- 
iiiiinTiiaH nocJieflOBaTejibHOCTb, yAOBJieTBopniomaa cooTBeTCTByiomHM 
11>.111 it'iribiM ycjiOBHHM. EcTecTBeHHO, hto npH He3aBHCHMOM npeflCTaBJie- 
.... I IICKOMblX (J)yHKH.HH MOJKHO BO mhothx cjiynaHX 6e3 3aTpyAHeHHfi 
»i.iiii>.iiiiiTb Bce cym.ecTByioiii,He KpaeBbieycjioBHH. B toaceBpeMH pocTHHCJia 
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BapbHpyeMbix ^yHKUHH ycjioncHneT ajiropHTM h yBejiHHHBaeT Tpy;i<>- 
eMKocTb BbmHCJiHTejibHoro npouecca., OflHaKO npn coBpeMeHHbix bo3mo>k- 
HOCTHX BblHHCJIHTeJIbHOH TeXHHKH CJlOIKHOCTb aJITOpHTMa H B HeKOTOpod 
CTeneHH TpyAQgMKOCTb ne aojijkhm npennTCTBOBaTb peajiH3aiiHH Bbi6pan 
hoto MeTOAa. OcHOBiioe npeHMymecTBO MeTona — He ero npocTOTa, a npai<« 
THHeCKH B03M0>KHaH TOHHOCTb penieHHH.

B MeToae PeftccHepa BbinojiHHTb Bce rpaHHHHbie ycjioBHn yAaeTca nc 
TOJibKo 3a cneT ycjioiKHeHHa ajiropHTMa h yBejiHHeHim TpynoeMKOcTn, 
BoJiee cymecTBeHHo to, hto npn nocTpoeHHH (JiyHKiiHOHajia He Hcnojibpyd 
IOTCH COOTHOHieHHH TyKa. OHH, K3K H yCJIOBHH CT3THKH, AJIH BapHaHHOII- 
hoh 3aAaqH 6R = 0 CJiymaT ypaBHeHHHMH Ofijiepa. CjieflOBaTejibHO, cj”i- 
BHHecKHfi 3aKon, CBH3biBaioiij,HH HanpniKeHHH h AecfiopMaiiHH, B MeTOal 
PeficcHepa BbinojiHaeTCH npnSjiHiKeHHO.

PaCCMOTpHM HeCKOJIbKO npHMepOB C HCnOJIb3OB3HHeM flJIH penieHHH 
4?yHKiiH0Hajia PeficcHepa. B cjiynae tohkoto • ahckb (BHeniHee B03ueii- 
CTBHe — KaK h b npe.nbiAyiii.HX npHMepax) corjiacHO BbipaixeHHHM (13.19) 
AJia w (e, o) h + (cr) (JiyHKiiHOHaJi PeficcHepa 3anHineTCH b BHAe

b

a 
— co2 (/i (r) Ur2dr — [ah (a) Pa + bh (&) P6J} .

8 a j
a nocjie o6biHHoro nepexoaa k 6e3pa3MepHbiM KoopAHHaTaM r = a + (b — 

\ t, b (r)— a) p h noACTaHOBKH h = — TaK:

+ --------J [ r b — a ap b — a p + /
* o .

[b — a)2 (p + t) dp —

-----Y + (b — a)3 J hU (p + t) dp — aPa — b^- Pb ■

B COOTBeTCTBHH C npHHHHnOM PeHCCHCpa KOMnOHeHTbl pemeHHH or, 
o@, U 3aAaeM He3aBHCHMbiMH Me>KAy co6ofi paaaMH

m n k
°r = + (p) + S (p); = S (p); u = Y sefe (P). (13.21)

Z=1 i=l i=l
C>yHKU,HH O0 (p) H <pt- (p) nOA^HpaiOTCH T3KHM 06pa30M, HT06bI He33BHCH- 
mo ot SHaneHHfi napaMeTpOB ae BbinoJiHHjiHCb rpaHHHHbie ycjiOBHn ajih o,:

°r \r=a = Pa’ °r lr=» = Pb-
HanpHMep, cr0 (p) moikho B3STb b bhac peiiieHHH JlaMe ajih ahckh nocTO- 
HHHOfi TOJIHIHHbl HJIH O0 (P) = — Pa + (P a + Pfe) P. KaiKAaa KOOPAH- 
HaTHaH (JjyHKUHH <pz (p) npH 3T0M AOJDKHa o6pamaTbCH B Hyjlb Ha KOHIiaX 
HHTepBajia:

<P< (0) = <P» (1) = 0 (i = 1, 2, ..., m).

dU , U 1/2.2 c. X .CTr ~dT + CT° ~r---------2E~ ''Or + °0 ~ 2vCTr<7e) | rdr —R = 2n



B pe3yjiBTaTe noACTaHOBKH (13.21) b ^yHKHHOHaji PeficcHepa nocjiea- 
imli iipeBpamaeTCH b (JiyHKHHio nepeMeHHbix ac, p(, 8(-. CncTeMa jiHHefiHbix 
n ii t'fipaimecKHX ypaBHeHnft oTHOCHTejibHO ac, 6f 6yaeT BbiTeKaTb H3 
ycjioBHH sKCTpeMyMa (JiyHKHHOHajia:

dR 
dac = 0 (i= 1, 2, v., m);

dR 
dPi = 0 (i = 1, 2, • •• 9

dR
d8c = 0 (i= 1, 2, .... k).

riocjie AHtJxJiepeHHHpoBaHHH (pyHKUHOHajia no napaMeTpaM ac, 0f, 8C
- dR _ n.liojiynHM b pa3BepHyTOM BHAe cooTBeTCTBeHHO m ypaBHeHHH — u.

V aj----- h (b ~ a)- (p(<py (p + t) dp + S P/ j Vk {b£ ~ (p +

' /“1 0 /=1 o
k 1 1

■H) dp + ^ 8( J /i (6 — a) (pjj (p + t) dp = J h(b ^a)L_ CT()(p. (p _(_ dp, 

i=i o o
i = 1, 2, ..., m;

+1) dp + S +f + WA - j - M, (p + t) dp

i=l o o
(i = 1, 2, .... n)

II / » dR n.k ypaBHeHHH = 0:

m i 1n

^ifidp =
i=i 6

i
^-^(b-a)s ^hfc(p + tydp + aPa + b^-Pb (i = 1, 2, ,..,£)•

o
HeTpynHo 3aMeTHTb, hto KO3(}x|)HiiHeHTbi npH HeH3BecTHbix napaMeT- 

pax noJiyneHHoft CHCTeMbi o6pa3yiOT cHMMeTpHHHyto MaTpnuy pa3Mepa 
(k X k) c HyjieBoft AHaroHaJibio. 3to o6cTOHTeJiLcrBO mojkho Hcnojib3O- 
naTb ajih noBbinieHHH o6mero nopnAKa MaTpHUbi N = m + rt + k, He

279



npi:6eraa k ycjiyraM BHeinHefi naMHra. IlpHeM coctoht b tom, hto BHaqajie 113 
.. dR dR nypaBHeHHH = 0 h = 0 HeH3BecTHbie ab pf BbipaataioTCH nepe3

8t u noftCTaBJiaioTCH b ypaBHeHHH = 0. B pe3yjibTaTe bmccto peme« 
hhh oahoh CHCTeMbi nopHflKa N pemaioTCH CHCTeMa (m + n)-ro nopnAKa 
c k + 1 npaBOH nacraio h CHCTeMa k-vo nopHAKa, H3 kotopoh onpeaejiH- 
iotch 6,, a 3aTeM yxe h at, Bbipa>KeHHbie nepe3 6,-.

Tenepb paccMOTpnM 3aAany 06 H3rn6e KOHcojibHOH npHMoyrojibHoii 
njiacraHbi. fIpe>KAe Bcero npHBeAeM (JiyHKHHOHaji PeficcHepa k (JiopMe, 
yAo^Hofi ajih TeopHH njiacraH. FIocKOJibKy KOMnoHeHTbi Hanpn>KeHHO-Ae- 
4>OpMHpOBaHHOrO COCTOHHHH njiaCTHHbl — JIHHeHHbie (JiyHKHHH KOOpAHHa- 
Tbl Z, BbIp33HM no H3BeCTHbIM COOTHOHieHHHM (10.25) HanpHJKeHHH qepe3 
MOMeHTbK

12z ., 12z .. 12z ..
°X --- h3 ^1’ — /j3 My', OXy --- ^3~ Mxy,

a AecJiopMaiiHH — nepe3 nporH6:
32ai d2w o d2w

e*- —z ’’ ep — 2 -^2- ; Vxy - 2z dxdy •

B pe3yjibTaTe noACTaHOBKH arax Bbipa?KeHHH b (JiyHKHHOHaji (13.20) h hh- 
h hTerpnpoBaHHH no TOJim,HHe njiacraHbi b npeAejiax — 2 j n0JiyiIHM

-----2D (1 — v2) — 2vAfxMj, + 2(1 + v) Mxy) j ds —

— qwds. (13.22)
(s)

3aAaAHMCH pemeHHeM b bhac
k

Mx = £ atmxt; M=Y. V>tmyt;
t=i /=i

m n
MXy = S ytmXyt, W = 2 8twt,

t=i t=i

TAe KOopAHHaTHbie (JiyHKHHH (mx, my, mxy, w)t noA^npaioTCH c yneTOM 
rpaHHHHbix ycJiOBHH 33A3HH. HanpHMep, ajih njiacraHbi, 3arpy>KeHHOH 
CHMMeTpHHHO OTHOCHTejIbHO OCH X H 3aill,eMJieHH0H no CTOpOHe X = 0, MOJK- 
HO BOCnOJIb3OBaTbCH n0JIHH0M3MH

wt = x4 — 4x3 + 6x2; w2 = y2 (x4 — 4x3 + 6x2);
mxi = (\— x)2; mx2 = (1 — x)2 (6x— 1);
myi = (1 — 4y2)2; my2 = (2x — 1) (1 — 4y2)2;

mxyi = x (1 — x) (1 — 4z/2); mxy2 = (2x — l)mxyl.
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CncTeMa ajiredpainecKHx ypaBHeHnfi ajih onpeaejieHHH HeH3BecTHbix 
(«, p, y, 6), nojiynaeTcn H3 ycjiOBHH SKCTpeMyMa (JiyHKiiHOHajia (13.22):

dR n dR „ dR dR
dat _U’ ap;- _U’ dyk _U’ ddt (13.23)

/Jjih ajirefipaHnecKHx ypaBHeHHH, BbiTeKaiomHX H3 npHHUHna PeficcHe- 
|ia, xapaKTepHbi MaTpniibi c HyjieBbiMH KJieTKaMH. He hbjihctch HCKjnone-

Pnc. 13.3 Pnc. 13.4

imeM h CHCTeMa (13.23) — pnc. 13.3. 3aecb nponcHHeTCH cjie.nyiom.a5i cxe- 
Ma pemeHHH o6meft CHCTeMbi ypaBHeHHH. BHanajie HeH3BecTHbie at, 
iibipaxcaioTCH nepe3 8t nyTeM pemeHHH cHCTeMbi (k + /)-ro nopnAKa c n npa- 
BbiMH nacTHMH (pnc. 13.4). 3aTeM napaMeTpbi 
yt Bbipa>KaioTCH nepe3 8t nocjie pemeHHH ch- 
CTeMbi, noKa3aHHoft Ha pHC. 13.5. Ecjih no- 
jiyqeHHbie Tenepb jiHHeiiHbie (JjopMbi 33bhch- 
MocTeii at, yt ot 8t noacTaBHTb b nocjiea- 
ime n ypaBHeHHH oftmeii cncTeMbi, to nojiy- 
'ihtch cHCTeMa n ypaBHeHHH, OTKyaa onpeae- 
jihtch napaMeTpbi 8t, a 3aTeM h Bbipa>KeHHbie 
BecTHbie at, yt.

HCH3-Hepe3 6/ ocTajibHbie
*

B 3aKJHOHeHHe npHBeaeM BblpaXieHHH AJIH KO3(J)(J)HH,HeHTOB

(13.24)

MaTpnij AP9 n CTOJifiiia npaBoii nacTH B4:

- f.f m^mx<7
J D(l_v*)  a (7 = + P + 1» • • • , k);

- f.C 'mXpmyy 
J 0(1 — V2) (7 = 1, 2............ 0;

II

j ds (7=1, 2........... , n);

(p = 1, 2, .... k);

- £ (q = p, p + 1, • • • , 01

/424 = JJ Vw ds (7=1, 2, .. ., n);

(p = 1, 2,
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-2 B - <is (q~P.p+i.....my.

-2 nds (’=i’2...I
(P = 1. 2, .. ., m);

B4 = j j 7 (x, y) wpds (p = 1, 2, .... n).

§ 13.4. MeTOfl KOHe'iHHx ajiesieHTOB

CBefleHne o6mefi saAaqn k coBOKynHocTH npocTbix ynte BCTpenajiocb 
npH 4iHTepnOJIHpOB3HHH (cnJiaHHbl) H HHCJieHHOM HHTerpHpOB3HHH (0606- 
meHHan (JiopMyjia CnMncoHa). B sthx cjiyqanx bmccto cjiojkhoh (jiyHKHHH, 
eflHHOH ajih Bcero HHTepBaJia, Hcnojib3yioTCH npocTbie aHajiHranecKHe 
MOAejiH na He6ojibHinx ynacTKax. PeajiH3auHH TaKoro noAxoaa k peineHHio 
B BapHaHHOHHblX MeTOflaX npHBOAHT K pa3HOBHAHOCTSM MeT0A3 KOHeHHblX 
sjieMeHTOB (MK3).

B ocHOBe MK3 jiokht npeACTaBJienHe KOHCTpyKiran b bhac njioTHoii 
coBOKynHOCTH ynpyrnx o6pa3OBaHHH — KOHenHbix ajieMeHTOB (K3). Pac- 
HJieHHH 3aAaHHyio o6jiacTb, Hcnojib3yioT oAHoranHbie gjieMeHTbi c npocToii 
KOHcJjHrypairaeii. Ha TpeyrojibHbie h npHMoyrojibHbieajieMeHTbi pa36HBaioT 
iwiocKne h ocecHMMeTpHHHbie Tejia, a b npocTpaHcraeHHbix 3aAanax ncnojib- 
3yrc>T gjieMeHTbi b biiac TeTpasApoB h napajuiejiennneAOB. X(ncKpeTH3HpoBara 
nenpepbiBHyio CHCTeMy mojkho h npn noMoura thkhx xoponio H3yneHHbix 
ynpyirax ajieMeHTOB, khk o6ojio«ikh, njinrai hjih CTepiKHH. LlTo6bi nepeAara 
cBH3b K3 c npnjieraioiiraMM aJieMeHTaMH, BAOJib rpaHHH pa3Aejia (Jihkch- 
pyrc>T tohkii (y3Jibi). B npeAejiax gjieMeHTa pemeHHe 3aAarc>T b bhac (jiyiiK- 
hhh, JiHHeiiHoii oraocHTejibHO cbohx (nona eipe HeH3Becrabix) 3HaueHHii b 
y3JiOBbix TOHKax h o6ecneqHBaioiii,eii HenpepbiBHOcra Tpe6yeMoro nopHAKa 
npn nepexoAe ot sjieMeHTa k ajieMeHTy. Ohcbhaho, hto npn BbinojraeHHH 
3thx ycjioBHii b khjkaom sjieMeHTe, pemeHHe bo Bceii o6jiacm HenpepbiB- 
ho h 0AH03H3HH0 onpeAejiHTca Hepe3 ero y3JioBbie 3HaneHHH. PaccMaTpn- 
Ban 9th y3JiOBbie BejiHHHHbi KaK He3aBHCHMbie, BapbHpyeM napaMeTpbi h, 
Hcnojib3yH, HanpHMep, BapHairaoHHbiii mctoa Pnraa, noJiyuaeM npn6jiH- 
raeiiHoe pemeHHe 3aAara. TaKHM o6pa3OM, b cynraocra, MK3 OTjiHHaeTCH 
ot npHBbiHHoro MeTOAa Pnraa Jinmb «HenpHBbiHHoii» chctcmoh KoopAH- 
Harabix (jjyHKAHii. EcTecTBeHHO noaTOMy h ajiropHTMHuecKyio crapoHy 
MK3 paccMaTpHBara c no3mraii y>rce 3HaKOMoii BbiHHCJiHTejibHoii npoue- 
Aypbi Pnraa. TarcaH TparcroBKa uejiecoo6pa3Ha eme h noTOMy, hto MHorne 
cneiraajiHcrai b o6jiacra MexaHHKH TBepAoro AetjiopMHpyeMoro Tejia Jiynme 
opHeerapyiOTCH b BbnracjiHTejibHOM npopecce Pnraa, b to BpeMH KaK b 
jiHTepaType npeo6jiaAaeT HHTepnperairan MK3 c no3Hiraii h TpaAHiraii cTpo- 
HTeJIbHOH MexaHHKH.

HraK, npeAcraBHM, hto nyiKiio c noMombio MK3 Haiira npndjiHikeH- 
Hoe pemeHne HeKOTopoii KpaeBoii 3aAaHH ajih njiocKoro Tejia s cjiojkhoto 
onepraHHH. ByAeM craraTb, hto (JiyHKiraoHaji I — U — A, cooraeTCTByio-
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f
ninii :i;iAa»ie, 33bhcht TOJibKO ot oahoh (^yhkhhh w (r, z), npnneM

i u=4-nH~p(r’ zA^~)]drdz’

A = Q (r, z) wdrdz. (13.25)

BaaaHHyio ogjiacTB s noKpoeM npHMoyrojibHOH cctkoh h paccMOTpnM 
n iiiii H3 nojiyneHHbix npn otom BHyTpeHHHX npHMoyrojibHHKOB n, ajih ko- 
toporo BBe/ieM 6e3pa3MepHbie 
hOOpAHHaTbl

+ an J &n cn

i IK, HT06bI npHMOyrOJIbHHK 
(iro6pa3HJIC5I B ejIHHHHHblH KBaA- 
|i.it (pnc. 13.6). B KanecTBe 
y uioBbix ToneK Bbi6epeM Bep- 
limnbi npHMoyrojibHHKa (an, cn) 
(an, dn), (bn, cn), (bn, dn), ne- 
pCXOJlHIHHe COOTBeTCTBeHHO B

| licpniHHbi KBajipaTa I (0, 0), II
> (I), 1), III (1, 0), IV (1, 1). 

PlIMCKHe HH(|)pbI 3«ecb OTpH35IT
imyTpeHHHH nop5UOK HyMepauHH y3JiOBbix ToieK sjieMeHTa. 3to 
iiiaHHT, hto, HanpHMep, y3eji (an, cn) b ajieMeHTe n CHHTaeTcsi nep- 

iii>iM (I), b ajieMeHTe (m— 1) — neTBepTbiM (/V), b sjieMeHTe m — TpeTb- 
iim (III), a b gjieMeHTe (n — 1) — BTOpbiM (II). HapiiAy c MecTHbiMH 060- 
inaneHHsiMH wn, .... wnv b najibHeHmeM ajisi paccMOTpeHHH cncTeMbi ajie- 
MeHTOB b uejioM 6y«eM nojib3OBaTBC5i nocjieAOBaTejibHOCTbio q( (i = 1, 
2, .... N), b KOTopoii 3a Ka>KAbiM y3JioBbiM napaMeTpoM 3aKpenjieH onpe- 
jiejieHHbifi HOMep.

+i5i onncaHHii peineHH5i BHyTpn KaiKAoro KOHenHoro ajieMeHTa boc- 
nojib3yeMC5i npocTeHmeft CTpyKTypofi

(x, y) = aln + + a3ny + ainxy, (13.26)
KOTOpyio, khk 3Toro Tpe6yeT MK3, npeo6pa3yeM k jihhchhoh (JiopMe y3- 
jiobmx 3HaneHHH (JiyHKiiHH w (x, y). Hhackc n yKa3biBaeT Ha npHHanjie>K- / 
nocTb Bbipa>KeHH5i (13.26) KOHenHOMy ajieMeHTy c HOMepoM n. 143 oneBH/i- 
HblX paBeHCTB

wn (0, 0) = Wi = aln; wn (0, 1) = = ocj« + a3rt;

wn (1, 0) = wnm = aln + a2„;

wn (1, 1) = wnv = ai„ + a2„ + a3„ + a4n
HeTpynHO nojiynHTb

wn (x, y) = wn (1 — x) (1 — y) + wn (1 — x) y + wnInx (1 — y) + wnvxy.
(13.27)
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JlerKO 3aMeraTb, hto HenpepbiBHOCTb pemeHHH b ahhhom cjiyqae o6ecne- 
HHBaeTCH TeM, HTO BflOJIb K3>K,HOH H3 rpaHHH x = 0, x = \, y = 0, y = \ 
(JiyHKHHH (13.27) BbipoJKAaeTca b npsMyio, npoxoAiimyio nepe3 Ase odmHe 
CO CMejKHblM SJieMeHTOM TOHKH (y3JIOBbie 3HaqeHH51).

B CBH3H c nosjieMeHTHbiM 3a,naHHeM pemeHHH pe3yjibTaT HHTerpnpoBa- 
hhh no oSjiacTH s b (JiyHKHHOHajie (13.25) CJiejiyeT Bbipa3HTb uepe3 cyMMy 
HHTerpajiOB no odjiacTH Kaxcnoro gjieMeHTa:

M M

/ = S 4 = S (£4-A), s=i fe=i
rae c yqeTOM MecTHbix 6e3pa3MepHbix KoopAHHaT x, y

. Ut_ j + _g_

I I
Ak = Fk f J Qkwkdxdy.

o o
Tenepb, cjieAya oSinefi cxeMe MeTOAa Phthh, ajih nojiyneHHH CHCTeMbi 
ajirefipaHnecKHX ypaBHeHHH ocTajiocb noACTaBHTb (13.27) b (JiyHKHHOHaji 
h npoBapbHpoBaTb Bbipa>KeHHe (13.25) no BceM y3JioBbiM napaMeTpaM q(, 
a KoaiJxJiHiiHeHTBi npn BapHaiiHsx npnpaBHHTb k Hyjnoi

_^_=0 (i = 1, 2, .... V}. (13.28)

B KJiaccHnecKOM BapnaHTe MeTOAa Phthb H3 (13.28) nojiynajiH jierKo 
o6o3pHMbie BbipajKeHHn h neTKyio BbiHHCJiHTejibHyio cxeMy. B BapnaHTe 
MK3 ajiropHTM nocTpoeHHH MaTpHHbi HMeeT 6ojiee cjioxiHyio JiorHnecKyio 
CTpyKTypy.

OCHOBHblMH «KHpnHHHKaMH» npH nOCTpOeHHH pa3peHiai01HeH CHCTeMbl 
ypaBHeHHH MK3 hbjihiotch co6cTBeHHbie MaTpHHbi OTAejibHbix KOHenHbix 
ajieMeHTOB. A™ nojiyneHHH oahoh H3 hhx paccMOTpHM KOHenHbiH ajieMeHT 
n, a6cojnoTHo H3OJiHpya ero ot B3aHMOAeHCTBHa c npnjieraiomHMH gjieMeH- 
TaMH. Ecjih Tenepb BocnoJib3yeMcn peineHHeM b Biijie (13.27) h (bopMajib- 
ho npHMeHHM MeTOA PnTiia k (JiyHKHHOHajiy ajih ajieMeHTa n \ In = U n — 
— An, TO H3 yCJIOBHH

= 0 (i = I, II, III, IV) (13.29)

nojiynHM cHCTeMy neTbipex JiHHeiiHbix ajire6paHnecKHX ypaBHeHHH otho- 
CHTejibHO y3JiOBbix napaMeTpoB w", w"i, w"n, w"v:

IV
X = 0 (i = I, II, III, IV). (13.30)
i=l

JleByio nacTb BbipaweHHH (13.30) o6o3HaqHM qepe3 Rn, t. e.

(i = I, II, III, IV),
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n b AajibHefimeM 6y#eM Ha3biBaTb coScmeeHHoii Mampui^eu OAeMenma n. 
<I>opMyjibi aah onpeaejieHHH sjieMeiiTOB MaTpimbi Rij h CTOJiSua b" b HarneM 
cjiyqae hmciot bha

r?i = H dxdy>

1 1
W F" S S Qn<Pidxdy,

6 o
rjie Fn = \rn\zn — miomaAb 3JieMeHTa n;

<PI = (1 — x) (1 — y); <pn = (1 — x) y;
fpm = x (1 — y); tpiV = xy.

Ecjih xoth 6bi oahh H3 y3JiOB paccMaTpHBaeMoro sjieMeHTa npHHafljie- 
>kht rpaHHiie o6jiacra, b BbipaateHHH b? nonBHTca cJiaraeMbie, ynHTbiBaio- 
mne pa6oTy BHeniHero chjioboto BO3AeficTBHH. EcTecTBeHHO, hto ajih 
KOHKpeTHOH KpaeBOfi 3aAaHH B 33BHCHM0CTH OT (JlOpMbl H HHCJia y3JIOBbIX 
napaMeTpoB KOHenHbifi ajieMeiiT Moxer HMera pa3JiHHHbie co6cTBeHHbie 
MaTpHHbl. OflHaKO 061H.HM AJia HHX HBJIHeTCH npHHIJHn nOCTpoeHHH, T3K 
KaK co6cTBeHHaa MaTpHHa — oto CHCTeMa ypaBHeHHfi Pnraa, nojiyneH- 
Haa ajih oraejibHoro KOHenHoro ajieMeHTa c Hcnojib3OBaHHeM KOopAHHaT- 
Hbix CTpyKTyp, JiHHeiiHbix OTHOCHTejibHO y3JiOBbix napaMeTpoB.

B § 13.1 noapo^HO H3JiaraJiacb opraHH3an.HH BbiHHCJieHHH Kaxraoft CTpo- 
kh h Bcefi MaTpHHbi Pnraa. PIo3TOMy 6yfleM cnHTara, hto pacnojiaraeM 
6jiokom L (k, n), KOTOpbifi onpejiejiHeT fe-10 CTpony co6craeHHofi MaTpimbi 
Rn. JIoCTaTOHHO TOJIbKO 3a4aTb KOHKpeTHbie 3HaqeHHH k h n.

YcTaHOBHM CBH3b MOKfly JIOKaJIbHblMH CHCTeMaMH PhTH3 H CHCTeMofi 
ypaBHeHHfi MK3. B cbh3h c sthm otmcthm, hto nonbiTKH 3anHcara o6myK> 
(JiopMyjiy ajih gjieMeHTa MaTpHiibi b MK3 o6hhho npHBOAHT k HarpoMOJK- 
AeHHio Bbipa/Keiuifi co mhojkcctbom pa3JiHHHbix HHfleKCOB, He cnoco6cray- 
iolhhx noHHMaHHio o6ffl,efi KaHBbi BbiHHCJiHTejibHoro npouecca. PIoaTOMy 
BHanajie paccMOTpHM jiHinb oaho ypaBHeHHe H3 CHCTeMbi (13.28), b koto- 
poM qt = q HBJiHeTCH y3JioBbiM napaMeTpoM, HanpHMep, b Torae (an, cn). 
PaccMaTpHBaeMbiH y3Ji0B0H napaMeTp q = Wi = wu = wm = ww 
(pnc. 13.6) bxoaht b cTpyKTypy pemeHHH ajih qeraipex BJieMeiiTOB — n, 
n — 1, m, m — 1. rioaTOMy nocjie AHtJxjjepeHirapoBaHHH (jiyHKHHOHajia 
OTAHHHbi ot Hyjia ocTanyTca TOJibKO cjiaraeMbie c sthmh HOMepaMH:

Vm—1 + /m.+ I n—1 + In) = 0,
HAH

din , d,n-l , dlm 
dw'} dw^1 dw^ j

ConocTaBJiHH BbipaxraHHH (13.29) h (13.31), bhahm, raro cjiaraeMbie 
CTpOK B CHCTeMe ypaBHeHHfi MK3 HBAHIOTCH CTpOK3MH CO^CTBeHHblX MaTpim 
oraejibHbix gjieMeHTOB. H3 (13.31) TaKxe cjieAyeT, hto b o6pa3OBaHHH i-fi 
CTpOKH o6m,efi CHCTeMbl yqaCTByiOT CTpOKH CO6craeHHbIX MaTpHH, TOJIbKO 

285



6 E

D

A C

Tex sjieMeHTOB, KoropbfM npHHaAJie>KHT y3JiOBOH napaMeTp qt. ripn 
3T0M HOMep CTpOKH CO6cTBeHHOH M3TpHHbI (pHMCK3H HH(|)pa) AOJIWeH COB- 
naaaTb c HOMepoM, noa KOTopbiM napaMeTp qt hhcjihtch b paccMaTpHBae- 
MOM K3.

Flocjie pacHJieHeHHH o6T>eKTa mo>kho Bcer.ua TeM hjih hhbim cnoco6oM 
yKa3aTb (HanpiiMep, Hcnojib3yn cnncoK HOMepoB), khkhm hmchho KOHen- 
hhm ajieMeHTaM npHHaflJiejKHT AaHHbifi y3JiOBOH napaMeTp qt h KaKHe y3-1 
JiOBbie napaMeTpbi npHHaAJie>KaT aaHHOMy KOHenHOMy gjieMeHTy n. 3Han 
3TO, MOJKHO pa3JIHHHbIMH npOTpaMMHblMH nyTHMH CKOMnOHOB3Tb CTpOKH 

pa3pemaiomeH CHCTeMbi ypaBHeHHH MK3 H3 
CTpOK C06cTBeHHbIX M3TpHH. YcTaHOBJieHHaH 
TaKHM o6pa3OM CBH3b jioKajibHbix chctcm Pht- 
ija c o6m.eH chctcmoh ypaBHeHHH MK3, bo- 
nepBbix, cjiy>KHT ochoboh ajih nocTpoeHHH pe- 
ajibHOH jiornnecKOH cxeMbi npouecca, a bo-bto- 
pbix, no3BOJiaeT paccMaTpiiBaTb MaTpimy MK9 
KaK pe3yjibTaT cjiojKenHH co6cTBeHHbix MaTpim 
OTfleJIbHblX SJieMeHTOB, BblHHCJIHTejIbHyiO >Ke 
cTopoHy npouecca cbccth k hsbccthoh npoueziy- 
pe PnTiia.

PaccMOTpHM Ha npHMepe oahh h3 bo3- 
mojkhhx BapnaHTOB (JiopMHpoBaHHH o6m,eH 
o6beKT pa36HT Ha 5 npnMoyrojibHbix sjieMeH-MaTpniibi MK3. IlycTb

tob (pHC. 13.7). npHHHB onpejiejieHHyio CHCTeMy HyMepamiH ajih y3- 
jiobhx napaMeTpoB (i = 1, 2, ..., 11) h KOHenHbix sjieMeHTOB (k = A, 
B, ..., E), cocTaBHM ABa HHcfiopMaiiHOHHbix cnncKa: 1) S [i] — nepeneHb 
npH3H3KOB (HanpHMep, HOMepOB) KOHeHHblX SJieMeHTOB, COAep>KaiII,HX 
y3JioBOH napaMeTp qt (i = 1, 2, ..., 11); 2) T [£] — nepeneHb npH3Ha- 
kob TeX y3JioBbix napaMeTpoB, KOTopbie npHHaAJiexcaT A-My KOHeuHOMy 
ajieMeHTy (k = A, B, ..., E). YnopaAOHHM na6opbi npH3H3KOB b cootbct- 
ctbhh c BHyTpeHHeH HyMepaiineft y3JioBbix napaMeTpoB K3. Torjia mccto 
npii3HaKa b nepenHe S [/] yKaxceT HOMep ctpokh a3hhoh co6ctbchhoh mht- 
pHHM, a cnpaBKa T [£] o HOMepax HensBecTHbix paccMaTpHBaeMoro 3Jie- 
ivietiTa no3BOJiHT 0AH03HanH0 pacnpeaejiHTb cpejm napaMeTpoB qt KoatJxjiH- 
HHCHTbl 9T0H CTpOKH. IlpHHHMaH BO BHHMaHHe CKa3aHHOe, 3anHHieM HHfjlOp- 
MamioHHbie cnncKH npHMepa b cJieayioiiieM bhac:

S[l] = (71,0,0,0); S [2] = (B, A, 0, 0); S [3] = (0, B, 0, 0);
S [4] = (C, 0, A, 0); S [5] = (D, C, B, 71); S [6] = (£, D, 0, B);
S [7] = (0, E, 0, 0); S [8] = (0, 0, C, 0); S [9] = (0, 0, D, C);

S [10] = (0, 0, E, D); S [ 11] = (0, 0, 0, E);
7[71] = (1,2, 4, 5); 7 [B] = (2, 3, 5, 6); T [C] = (4, 5, 8, 9);
T [D] = (5, 6, 9, 10); T [£] = (6, 7, 10, 11).

Tenepb, oneBHflHO, ajih nocTpoeHHH i-fi CTpoKH cncTeMbi MK3 AOCTa- 
TOHHO OpraHH3OBaTb BblHHCJIHTejIbHblH npOHeCC T3K, HTO^bl nO' HHijiopMa- 
Hhh H3 cnpaBKH S [i] = A c, Bi, Ci, Dt nocjieAOBaTejibHO BbiHHCJiHJiHCb 
I, II, III H IV CTpOKH C06CTBeHHbIX M3TpHH Rai, RbI, Rd H RdI COOTBeT- 
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i riicinio, a b npoMe>KyTKax MexAy o6pameHHHMH k SjioKy BbiHHCJieHHH 
< rpOKH L (k, n) KoatJxJiHUHeHTbi nojiyqeiiHbix CTpoK rpynnnpoBajiHCb npn 
neiiBBecTHbix qt- corjiacHO nepenHio T [4J ajih nepBoii ctpokh, T [BJ — 
/IJIH BTOpOH, T [C,] H T [Djl — COOTBeTCTBeHHO AJIH TpeTbeH H HeTBepTOH 
i rpoK- paccMaTpHBaeMbix codcTBeHHbix MaTpHH.

IIpocjieAHM 3a nojiyneHHeM 4-fi ctpokh MK3 b HanieM npHMepe. Flep-
III.lii  OTJIHHHblfi OT HyjIH npH3H3K C 3BHHMaeT B CnpaBKe S [4] nO3HHHK> 
■ noMep oahh». CjieaoBaTejibHO, ijjopMHpyeTCH oSpameHne k djioxy L (/, 
C) ii nojiyneHHbie KoafJx^HHHeHTbi Kn, R12, Rw, Ru,bi npHBH3biBaioTCH k 
neii3BecTHbiM <7/ no cnncKy T [CJ, KaK 6m o6pa3yn BbipajKemie

Rnq^ + Ri2qs + Ri3q$ + Ruqg — bi • (13.32)
AnajiorHHHo nocjie o6pam,eHHfl k 6jioKy L (III, A) 11 rpynnnpoBKH KO9$)- 
<|>HHHeHTOB no cnncKy T [4] noJiyqiiM

RhQi + Ri^q^. + Rnqt + +47.5 — b^.
I locjie cyMMnpoBaHHS c (13.32) HMeeM ajih 4-fi ctpokh oKOHnaTejibHoe 
iii>ipa>KeHHe

R^xqi + Rzzqz + (^33 + Rw) q^ + (K34 + RvL) q$ + Rnqs + Rwqg =

= bs + tf.
CymecTByioT h Apyrne BapnaHTbi (JiopMHpoBaHHH MaTpimbi. HanpnMep^ 

ccjih HaKanjiHBaTb bcio MaTpnuy nocTeneHHO H3 OTflejibHbix ctpok co6- 
CTBeHHblX MaTpHU, TO nOJiyHHTCH 6ojiee SKOHOMHHHblft BO BpeMeHH ajiro- 
Phtm h OTnaneT Heo6xoAHMocTb b cnncKe S [i].

IlycTb nocjie o6pa6oTKH onepeAHOH cnpaBKH T [+] = (k, l, m, n) y>Ke 
IIMeiOTCH MaCCHBbl R [i, /], b [i], t [1] COOTBeTCTBeHHO C KOatJxJlHHHeHTaMH 
Rq, b™ h HHneKcaMH k, l, m, n. Tor.ua nponecc pacnpeflejieHHH gjieMeHTOB 
co6cTBeHHofi MaTpHHbi Rm b o6mefi CHCTeMe A [p, q] h ee npaBofi qacTH 
B [/?], He yqpiTbiBaH chmmctphh MaTpnu., mojkho ocymecTBHTb no cjie/iyio- 
mefi cxeMe:

fljiH i: = 1 inar 1 ao 4 hhkji
Hanajio p: = t [i]; B [p]:= B [/>] + b [i];
Ajih j: = 1 niar 1 ao 4 hhkji
HanaJio q: = t [/]; A [p, q]: = A [p, q] + R [i, /];
KOHeii; *
KOHeu;

TjiaBa 14

PA3H0CTHBIE METOflM

§ 14.1. MeToa KOHenHbix pa3H0CTefi

Oahhm H3 cTapefiiiiHx mctoaob npn6jiH>KeHHoro pemeHHH Ai«t>4)epeH- 
HHajibHbix ypaBHeHHft hbjihctch mctoa KOHenHbix pa3H0CTeft. Z[o HeaaB- 
Hero BpeMeHH oh 6biji caMbiM aocTynHbiM, a nopoio h eAHHCTBeHHbiM.
II cefinac mctoa ninpoKO Hcnojib3yeTCH b HHxeHepHoft npaKTHKe, ne 
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yTpaTHB CBoero npHKJiaflHoro 3HaneHH5i. MeTo^ KOHeiHbix pa3HOCTeii ocy« 
m,ecTBJiHioT cjieayiomHM o6pa3OM:

1. IdccjieflyeMyio o6jiacTb noKpbiBaioT ceTKoft, y3Jibi KOTopoft nywe 
pyioT b onpeaejieHHOM nopsiAKe. Byaym.ee pemeHHe npeacTaBJinioT b bha« 
AHCKpeTHOH COBOKynHOCTH y3JIOBbIX 3HaneHHH HCKOMOH (JiyHKHHH.

2. CTposiT pa3HOCTHyio CHCTeMy aJire6paHnecKHX ypaBHeHHH.
3Toro npoH3BOAHbie, BxoAHmne b HcxoAHoe AHtJjcJiepeHHHajibHoe ypaBHeinn' 
H KpaeBbie COOTHOIHeHHSI, 3aMeHHIOT COOTBeTCTByiOIIIHMH pa3HOCTHbIMII 
OTHOHieHHHMH, a H3BeCTHbie (JiyHKHHH — HX y3JIOBbIMH 3HaieHHHMH.

3. 143 nojiyneHHoii cncTeMbi ypaBHeHHH onpeaejiaioT qncjiOBbie 3Ha'ic- 
HHH HCKOMOH (JiyHKHHH B y3JiaX CeTKH.

PaccMOTpHM KpaeByio 3aaany, onHCbiBaeMyio Ha HHTepBajie (a, b) 
ypaBHeHHeM

+ + = (14.1)

C TpaHHHHblMH yCJIOBHHMH
aou (a) + aai' (a) = A;^u(b) + ^u'(b) = B. - (14-2^

Pa3flejiHM HHTepBaji Ha n paBHbix qacTefi thk, HTo6bi tohkh aejieHiin 
onpeaejiajiHCb no (JiopMyjiaM

X( = a + i (i = 0, 1, 2, ... , n),

a ajih AHCKpeTHbix 3HaneHHH BCTpeiaioiiiHxcH tjiyHKUHH BBeaeM o6o3Hane- 
hhh Tnna F (xk) = Fk. Ecjih Tenepb 3anHineM AHtJxJiepeHHHajibHoe ypaB- 
HeHHe (14.1) fljia ToneK jjejieHHH xlt x2, .... xn-i, 3aMeHHB b HeM npeaBa- 
pHTeJIbHO npOH3BOAHbie u" H u' p33HOCTHbIMH OTHOHieHHHMH

«*+I —/ «*-|-l  —
Uk ~ 2h , Uk ~ ,

to nocjie npHBeaeHHH noao6Hbix hjichob nojiyiHM n — 1 ypaBHeHHe b bh- 
Ae

ctkuk—i + bkuk + ckuk+1 = dk (14.3)
C npOCTblMH (jlOpMyjiaMH flJIH KO3(j)$HHHeHTOB:

ak = 2 — hpk; bk = h2qk — 2;
c*  = 2 + hpk; dk = h2fk.

TIpHCOeAHHHB K HHM flBa KpaeBblX yCJIOBHH (14.2), 3anHCaHHbie B pa3HOCT- 
hom BHae:

(«0 — +?) «0 + -y- «1 = A;
? n ' (14.4)

( Po---- Un-l +~^~Un = B,

noAyiHM cHCTeMy ajire6paHHecKHx ypaBHeHHH, 0AH03HaiH0 onpeAejiaio- 
iuyio Bce HeH3BecTHbie u0, ult ..., un. PemaTb CHCTeMy atjxJieKTHBHee Bcero 
MeTOAOM nporoHKH (§ 12.3).
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l\OIieHHO-pa3HOCTHbIH MeTOA, K3K BHAHM, nO3BOAHeT 33MeHHTb CllCle 
My Ain[xj)epeHii.HaAbHbix ypaBHeHHfi CHCTeMOH ajirefipaHHecKHX. npn pe- 
III' llllll 3aAaHH (14.1), KOHCTHO, MO>KHO 6bIA0 O^OfiTHCb H 6e3 pa3HOCTHOTO 
McioAa. Oahbko aah ypaBHeHHH b qacTHbix npoH3BOAHbix aAre6paH3aiiHH — 

iiii' oahh H3 HeMHornx nyTefi, BeAynjHX k pemeHHio.
Pa3iiocTHbie onepaTopbi aah qacTHbix npoH3BOAHbix b o6meM cAynae 

• ipoiiT hcxoah H3 pa3Ao>KeHH5i (JiyHKHHH b pnA'TeftAopa:

'I (X + g, y + n) = <P (X, y) + V t] (x, y) + • •.
it=i ' z

(14.5)
< irpaHHHHBaficb onpeAeAeHHbiM KOAHqecTBOM hachob pHAa, mojkho Bce 
iip<)H3BOAHbie, BXOAHiHHe b npn6AH>KeHHoe pa3AO?KeHHe, Bbipa3HTb uepe3 
lHCKpeTHbie 3HaqeHHH (jiyHKUHH <p (x + £, y + T]) H OH£HHTb TOHHOCTb 
i.ii<ofi 3aMeHbi. BnoAHe hohhtho, 
'ITO AAH OAHO3HaiHOCTH peUieHHH 
MOJKHO BOCnOAb3OBaTbCA TOAbKO
OlipeAeACHHblM KOAHHeCTBOM y3- 
JIOBblX 3HaqeHHfi (pyHKUHH H3 
OKpeCTHOCTH paCCMaTpHBaeMofi 
to'ikh (x, y). Oahhko npH nepe- 
XOAe OT TOHKH K TOHKe OAHO3H31!- 
nocTb pa3HocTHoro onepaTopa h 
iieH3MeHHOCTb ero CTpyKTypbl o6e- 
cneqHTb yAaeTca He BcerAa.
II TaKHX CAynaax cTpoHT ycpeAHeHHoe BbipaxKeHHe onepaTopa. FIohchhm 
9TO Ha npHMepe.nycTb Hy>KHO nocTpoHTb pa3H0CTHbifi onepaTop aah ypaB- 
lieHHH L (<P, cpx, <f>y, q>xx, <Pxy, Wyy) = 7 nPH yCAOBHH, HTO BCH O^AaCTb 
pa36HTa peryAHpHofi ceTKofi Ha paBHOCTopoHHue TpeyroAbHHKH (pnc. 14.1). 
IIpnAf = 2 Bpa3Ao>KeHHH(14.5)6yAeTKaKpa3 5HHTepecyioiuHXHacHeH3- 
lieCTHblX BeAHHHH (px, ..., <pw, AJIH OnpeACAeHHH KOTOpblX MOJKHO 3anHcaTb 
6 paBHonpaBHbix MexcAy co6ofi ypaBHeHnfi:

liT*  + + 2E,Tli(pj;i/ + + <fyy) = <fi <Po

(i= 1, 2, 3, ... , 6),
r/ie

£3 —

143 9T0H nepeonpeaejieHHOH CHcreMbi nojiynaioTcs 6 BapHaHTOB pa3H0CT- 
Hbix BbipaateHHH ajih AHtjxjiepeHHHaAbHoro onepaTopa: Llt L2, .... L6. 
YcpeAHHH nojiyneHHbie pe3yjibTaTbi, AHCKpeTHbi{4 npexcTaBJieHHeM onepa- 
Topa L dy^eM ciiiTaTb BbipaHceHHe

Li“TSL‘-
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V

r n p
s * t t

X 0 <7
u

npaBas nacTb q (x, y) b npe«ejiax iwiomaAH co0, npnMbiKaioineft k paccMiilM 
pHBaeMOMy y3Jiy (x0, £/o), npnHHMaeT nocTOHHHoe 3HaneHHe qn <4 

= <7 (+>, y0).
/(jIHCeTKH, JIHHHH KOTOpOii II.I 

paJIJieJIbHbl, KOOpAHHaTHblM OCHM, 
nocTpoeHHe pa3H0CTHbix oneparo 
poB 3HanHTeJibHO ynpomaercn. 
X(ejIO B TOM, 1TO eCJIH npOH3BO/p 
Han SepeTCH b HanpaBJieHHH jiii 
hhh, Ha KOTopoft pacnoJiaraiOToi 
y3Jibi ceTKH h 3aAaHHan TOHKa, i<> 
yaoSHo nojib3OBaTbC5i yxe rofo- 
BblMH (JlOpMyjiaMH flJIH 06bIKH0- 
BeHHblX npOH3BOAHbIX.

PaccMOTpHM b KanecTBe npHMepa (JiparMeHT o6jiacTH c peryjinpHoft npa- 
MoyrojibHoft ceTKoft (pnc. 14.2). XIjih tohkh i nocTpoHM pa3HOCTHbifi one- 
paTop, cooTBeTCTByiomHH 6HrapMOHHqecKOMy ypaBHeHHto

qif / v . I 9 dV \ d*f f)v M*.  W - dxi +2 _ 0.

«HHCTbie» npoH3BOAHbie ■ h 3anHCbiBaioTCH cpa3y no (popMyjiaM

dx*  Ax4 ’
d4/ ) _ r fu 4fm -F 6/f — 4/„ + fv
dy*  Ay4

a flJifl CMeniaHHofi npoH3BOAHoft d^gy2 , corjiacHO oflHofi H3 cpopMyJi 

d2 f d2f \ _ (f'yy)k—2(fyy)i + (fyy)l
dx2 \ dy2 )t ’

d2 / 62/ \ __  (fyy)m — 2 (fxx)j + (fxx)n
~ dy2 y dx Ai/2 ’

cjieayeT BbipajKeiiHe

&f _.4fi-2(fk + fl+fm + fn)+fo + fp + fr + fq
dx2dy2 &x2\y2

nojiaras ajih npocTOTbi Ax = Ay, b pe3yjibTaTe noacTaHOBKH pa3HOCTHbix 
Bbipa>KeHHfi h npHBeaeHHJi no£o6Hbix qjieHOB nojiynHM ajire^panqecKoe 
ypaBHeHne ajih i-ft tohkh:

20/1 — 8 (/ft + /z + /OT + /n) + 2 (/0 + /p + /r + /?) +
+ /s + /z + /u + /v = 0. (14.6)

Hs npHBeaeHHbix npHMepoB bhaho, hto TexHHHecKan CTopoHa nocTpo- 
eHHH pa3H0CTHbix ypaBHeHHft AocraTOHHo noHHTHa h He npeACTaBJineT 
oco6bix TpyAHOCTeft. Bojiee toto, ajih ocHOBonojiaraiomHX AHtjxjiepeHHH- 
ajfbHbix ypaBHeHHfi h nacTo BCTpenaiomHXCH onepaTopoB HMeiOTen pa3JmH-
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MlJI' MOAH(})HKaUHH pa3H0CTHbIX CXeM [7]. BapHaHTbl AltiirpjMM ....  p ll'ip >
hhy- npiiBejieHbi Ha pnc. 14.3.

I leKOTOpblH «6ecnOpflflOK» B (JlOpMHpOBaHHH CHCTeM ypaBllCllllft IIihiii 
/iikich npn 3anncH oneparapa flJifl npeflKOHTypHbix h KOHTypHbix yajioii, 
|il<) CBH33HO C TeM, HTO AJIH TOHeK, npHJieraiOIUHX K rpaHime, pa3HOCTHbie 

ypaBHeHHH b cnjiy cBoefi cTpyKTypbi SyayT co,nep>KaTb 3aKOHTypH:>ie 
YBJIOBbie 3HaneHHfl HCKOMOfi 4)yHKUHH. IlOflBHBmHeCfl T3KHM 06pa30M JIHHI- 
ime Hen3BecTHbie Tpe6yioT ajia 0AH03Ha<iH0CTH pemeHHfl o6mefi CHCTeMbi 
nonojiHHTejibHbix ypaBHeHHfi. TaKHMH ypaBHeHHHMH ABJiflioTCfl rpaHiwiibie 
ycjiOBHH, 3anHcaHHbie b pa3H0CTH0M BHfle. BjiaroAapa hm yaaeTCfl Bbi- 
pa3HTb AonojiHHTejibHbie HeH3BecTHbie qepe3 opAnnaTbi hckomoH (JiyHKHHH, 
jiejKamne b npe#ejiax HCCJieayeMofi o6jiacTH. jjjifl npHMepa npnMeHHM Me- 
rofl ceTOK k 3aAane 06 H3rn6e jkcctko 3aiueMJieHHofi no BceMy KOHTypy 
KBanpaTHofi njiacTHHbi noji AeficTBHeM nonepenHofi Harpy3KH q (x, y) 
(pnc. 14.4).

B cjiyqae KBanpaTHofi cctkh [a% = Az/ = h = -|-j H3 81 y3Jia b 

rpHAuaTH AByx, npHHaflJie>KaiHHX KOHTypy, 3Ha<ieHHfl (JiyHKUHH H3BecTHM 
no ycjiOBHio 3aAaHH: ohh paBHbi Hyjno. Z(jifl ocTaBiiiHxcfl 49 HeH3- 
necTHbix Hy>KHo nocTpoHTb CHCTeMy ajire6paHHecKHX ypaBHeHHfi hcxoah 
H3 KOHeuHo-pa3HOCTHoro npeflCTaBJieHHfl AHijxjiepeHUHajibHoro ypaBHeHHH
(10.12) paBHOBecHfl njiacTHHbi. Hcnojib3yfl ajih stoto pa3HOCTHbifi aHajior



6HrapMOHHqecKoro oneparopa (14.6), nojiynHM ' |
20w i — 8 (wk + wL + wm + wn) +

+ 2 (w0 + wp + wQ + u»r) + ws + wL + wu + wj=-^- /i4. (14.7)

Pnc. 14.4

HeTpyAHO 3aMeTHTb, hto b hiic- 
tom BHfle Bbipa>KeHHe (14.7) HMeci 
MecTO JiHHib ajih y3JiOB 17—19, 24 ~ 
26, 31—33. B ocTaJibHbix cjiynaiix 
nOHBJIJHOTCH JIHIHHHe 3aKOHTypHbK' 
HeH3BecTHbie h H3Becrabie KOHTyp- 
Hbie 3HaqeHHH npornSa, hto npHBO- 
AHT K p33HOCTHbIM BbipaiKeHHSM, 
BOoSnje roBopn, otjihhhmm ot (14.7).

Bbipa3HM 3aKOHTypHyio BejiHmi- 
Hy w qepe3 ocHOBHbie HeH3Becrabie. 
^jih stoto BOcnojib3yeMcn pa3Jio>Ke- 
HHeM w (x, y) B OKpeCTHOCTH KOHTyp- 
HOH TOHKH Ol

^=% + /l(^->o +
h? ( d2w ) , h3 (d3w )

1 2 \ dy2lo 1 3 ( dy3 )o (14.8)

H p33HOGTHbIMH OTHOHieHHHMH

-d+)o = -W^Wl-2w° + w^

d3w \
dy3 )o (wa — 3wo + 3w/ — ws).

(14.9)

npHHHMaS BO BHHMaHHe, HTO Ha KOHType B CHJiy TpaHHHHblX yCJIOBHH OT- 
cyTCTByioT npornS (w0 = 0) h yroji noBopoTa [(~f+)0 = ®]’ n0CJie nofl' 

CT3H0BKH (14.9) B (14.8) nojiyHHM
£0a = 3w/ — 0,5ws. (14.10)

AHajiorHHHoe ypaBHeHHe nojiynaeTcn h ajih 3aKOHTypHbix HeH3Becrabix 
w6 h wv:

w& =. 3w3g — 0,5w37; w? = 3wL — 0,5w2.
IIojiyHeHHbiMH 3aBHCHMOcraMH BOcnojib3yeMca ajih HCKJiioneHHH jihhi- 

HHX HeH3BeCTHbIX npH 3anHCH pa3HOCTHbIX ypaBHCHHH (14.7). npH 3T0M 
nojiyqHM 2 pa3JiHHHbie AHarpaMMbi onepaTopa (pnc. 14.5). Ilo cxeMe 
pnc. 14.5, a 3anHCbiBaioT ypaBHeHHH ajih y3JioBbix ToneK 1, 7, 43, 49, a no 
cxeMe pHC. 14.5, 6 — ajih ocTajibHbix ABaAuara npeflKOHTypHbix ToneK 
2—6,8, 14, 15,21, ..., 44—48. HanpnMep, ypaBHeHHe, cooTBeTCTByiomee 
y3Jiy 15, 3anHmeTCH b BHjie

wt — 8te>s + 2ws + 23u>/5 — 8,5o>/(J + wt7 — 8>w22 + 2w23 + w2S =
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ii yrjioBOMy y3Jiy 43 — b bhac

w29 — 8,5w36 + 2w37 + 26®« — 8,5®« + w45 =

HpHMeHHfl B 33BHCHM0CTH OT nOJIOJKeHHH y3Jia OflHH H3 TpeX pa3IIOCTIIbI X 
uiicpaTOpOB, nojiyHHM cncTeMy jiHHeiiHbix ajireSpaHnecKHX ypaBHeHHii c 
llci'IIMMeTpHHHOH H CJia603an0JIHeHH0H MaTpHHefi.

OfiHJine Hyjien b MaTpHue xapaKTepHO ajiji Bcex AHCKpeTHbix mctoaob. 
I ll'CHMMeTpHH >Ke MaTpHHbl npOTHBOpeHHT, BOoSlIie TOBOpJI, OCHOBHblM 
iipmmHnaM MexaHHKH. TeM He MeHee thk nocTynajiH ao Tex nop, noKa pe-
iiuuiHCb npocTbie saAauH, He 
ipcfioBaBHiHe rycTOH ceTKH ajih 
iiOJiyneHHH HaneiKiibix pe3yjib- 
1.1TOB. IlpaKTHKa pemeHHH 
cJKWKHblX. 3aAan C SojIbUIHM 
'iiicjioM HeH3BecTHbix noKa3a- 
jia, hto oueHb uacTO yBejiHie- 
mie nopnflKa MaTpniibi b Mero- 
Ac ceTOK yxynmaeT hx 06- 
ycjioBJieHHocTb h 3aTpynHneT 
nojiyneHHe pemeHHH c HyaiHoii TOHHOCTbio. MtoSm npeonoJieTb sth Tpyn- 
iiocth, pa3BHBajiH HTepau,HOHHbie MeTOAbi peweHHH chctcm jiHHeiiHbix aji- 
rc6paHHecKHX ypaBHeHHH h yjiymnaJiH KauecTBeHHbie CBoiicTBa pa3HOCT- 
iibix CHCTeM ypaBHeHHH. B uacTHocTH, ecjiH BMecTO (JiopMyjibi rana (14.10), 
110 KOTopoii HCKJiionajiHCb H3BecTHbiewa, ®p, ..., wy, 3anHcaTb oueBHAHoe 
Bbipa>KeHHe

0,

to H3 Hero nojiynHTcn cpa3y wa = w^. AHajiorHHHO ®p = w36\ ...; wy = 
= ®x. B pe3yjibTaTe HCKJiioqeHHn 3aKOHTypHbix HeH3BecTHbix tbkhm cno- 
co6om cHMMeTpHH MaTpHH. He HapymaeTCM, thk K3K b pa3HOCTHOM onepa- 
Tope, nocTpoeHHOM, ajih i-ro y3Jia, HCKaJKaeTcn TOJibKO ueHTpajibHbiii ko- 
scjxJiHHHeHT npn HeH3BecTHoii ®j. Bce sto 3HanHTejibHO o6jiernaeT nocTpo- 
eHHe h pemeHHe pa3H0CTHbix ypaBHeHHH Ha 3BM. OflHaKO bo mhothx 3a- 
Aauax, ocTaBancb b paMKax MeTo^a ceTOK, CAejiaTb MaTpmiy cHMMeTpHHHoii 
AajieKo He Bceiyia npocTo.

§ 14.2. BapiiannoHiio-pasHocTHMii mctoa

BapHami0HH0-pa3H0CTHbiii mctoa b HacTouipee BpeMn hihpoko npHMe- 
iineTCH npn HCCjieAOBaHHH HanpniKeHHo-AecjiopMHpoBaHHoro cocTOSHHa 
cjiojkhmx KOHCTpyKHHii. Oh HcnoJib3yeT npHeMbi KJiaccHuecKHX Bapna- 
HHOHHbix MeTOAOB h MeTOAa cctok. 3Aecb BapHaHHOHHau 3aAana, cijiopMy- 
jiHpoBSHHaH ajih HenpepbiBHbix (jiyHKUHii, 3aMeHHeTCH aHajiorimHoii 
3aAaneii ajih AHCKpeTHbix 3HaHeHHii sthx (JiyHKHHH. /I,HCKpeTH3aHHH snepre- 
THuecKiix cooTHomeHHii no3BOJiHeT ywecTb cjio>KHbie reoMeTpHuecKHe cjiop- 
Mbi o6ueKTa h HeoAHopoAHbie ycjioBHH HarpyjKeHHH, a npHBjieueHHe Bapn- 
aiiHOHHbix npHHHHnoB cymecTBeHHO yjiymnaeT CBoiicTBa pa3pemaiouiHX 
CHCTeM p33H0CTHbIX ypaBHeHHH.

293



KaK h b oSbiHHbix pa3HOCTHbix MeTOjiax, Ha HCCJieayeMyio ofijiacTb Ha- 
HOCHTCH CeTKa, a B KaUeCTBe HeH3BeCTHbIX BblfiHpaiOTCH AHCKpeTHbie 3Ha- 
neHHH hckomoh (JiyHKiiHH b y3JioBbix tohkhx. Ilocjie 3aMeHbi HacTHbix npo- 
H3B0AHbIX KOHeHHO-pa3HOCTHbIMH OTHOUieHHHMH (jiyHKHHOHajI (jjaKTHHe- 
ckh npeBpamaeTca b (JiyHKHHio AHCKpeTHbix y3JioBbix 3HaueHHH hckomoto 
penieHHH. 143 Heo6xoAHMoro ycjioBHH MHHHMyMa TaKoro (pyHKHHonajia 

BbiTenaeT CHCTeMa ajire6paHHe- 
CKHX ypaBHCHHH C CHMMeTpHHHOH 

— MaTpniieH jieHTOHHOH cTpyKTypbi.
B cbh3h c AHCKpeTH3auHeH nofl- 

t biHTerpajibHofi (jjyHKHHH npoiiecc 
&y HHTerpnpoBaHHH ynpomaeTCH ao 

~q 1 (JwpMyji npnMoyroJibHHKa. 9to no- 
---- j- 3BOJiaeT HHor.ua npn peineHHH ch- 

CTeM BbicoKoro nopnuKa 06x0- 
AHTbCH 6e3 XpaHeHHH MHTpHHbl H 
atJxjieKTHBHo npHMeHHTb HTepa- 
HHOHHbie MeTOAbl.

Ha npHMepe (jiyHKHHOHajia

1 = -y- j y D j(ux)2 4- (Uy)2] dxdy — j J Qudxdy (14.11)
paccMOTpHM npouecc nocTpoeHHH (JiopMyji ajih KostjxjiHHHeHTOB Bapna- 
HHOHHO-pa3HOCTHOH CHCTeMbi ajire6paHqecKHX ypaBHeHHH. Hajio>KHM na 
paccMaTpHBaeMyio o6jiacTb s HBe npHMoyrojibHbie ceTKH (pnc. 14.6) — oc- 
HOBHyio c napaMeTpaMH Axf, Az/;- h BcnoMoraTejibHyio c jihhhhmh, npoxo- 
HHHIHMH iepe3 CepeflHHbl Me»y3JIOBbIX paCCTOHHHH OCHOBHOH CeTKH. 
B pe3yjibTaTeo6jiacTbs noKpoeTCH npnMoyrojibHbiMH njiomanKaMH ak (pnc. 
14.6). ZtncKpeTHbie BejiHHHHbi uh Di 6yueM paccMaTpnBaTb khk cpea,Hiie 
3HaneHHH cooTBeTCTByiomHx (jiyHKHHH b npenejiax njiomauoK <ak, Heno- 
cpencTBeHHO npHMbiKaiomHX k i-My y3Jiy. JJjih BbinncjieHHH npoH3BOAHbix 
Ux, Uy BOCnOJIb3yeMCH npOCTeHIHHMH OAHOCTOpOHHHMH pa3HOCTHbIMH 
(jiopMyjiaMH rana

~ u (x + Ax2. y) — “ (x, y)Ux------------------A^-------------
HJIH

— u(x, y)—u(x — AXi, y) 
Ux~-------------- Arj-------------  *

ripH 9T0M 3HaqeHHH (Mx)coa, (U'y)ak AOJIJKHbl BbipaJKaTbCH Hepe3 6J1HJK3H- 
uiHe y3JioBbie napaMeTpbi u(, ut, ..., Meacny kotoPhmh pacnojio>KeHa pac- 
CMaTpHBaeMan njiomaflKa coft. HanpHMep, ajih njiomaflKH (o3

D (x, y) = Dc, u (x, y) = ut-,

Ul—Uk
\xr

a AJIH (012 — COOTBeTCTBeHHO

Dk, uk>
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npsiMoyrojibHaH ceTKa He Bcer.na ynoSHa ajia onncaHHH ofijiacTeft cjiojk- 
noii KOHtJiHrypaiXHH. Kan h b MeToae ceTOK, 3aecb npneMJieMbi Apyrne bh- 
Ai>i AejieHHH h cooTBeTCTByiomne hm pa3H0CTHbie onepaTopbk

OneBHaHO, hto noflbiHTerpajibHaH (JiyHKiiHH b pe3yjibTaTe TaKofi ah-
< KpeTH3aUHH COXpaHHT nOCTOHHHyiO, CBOIO AJIH KaJKAOH nJIOLLiaAKH £0*,  
iiejiHHHHy. B cbh3h c 3thm HHTerpaJibi no Bceii ofijiacTH jierKO 3aMeHH 
iotch Ha cyMMbi npHSjiHJKeHHbix KBaApaTyp no BceM sjieMeHTapHbiM njio- 
mujiKaM coft:

. , , (14.12)
Ik = + (uyy]k a>k — Qkukak.

Pa3HOCTHoe aJireSpaHnecKoe ypaBHeHHe ajih i-ro y3Jia nojiynaeTca H3 
yCJlOBHH

+ -+-(S/.)-0. (14.13)

ii kotopom HHTepec npencTaBJiHioT cjiaraeMbie It, hbho coaepjKamHe y3Jio- 
noii napaMeTp uc h He Hcae3aioiHHe npn AHcJxJiepeHiiHpoBaHHH. B HameM 
npiiMepe t3khx cjiaraeMbix 12, h ecjiH bbccth JioKajibHyio HyMepaijHio ajih 
nJiomaAOK co, (i = 1, 2....... 12), to H3 (14.13) c yqeTOM (14.12) mojkho no-
jiymiTb

+ uy
du 
dut (14.14)

BbinHHieM pa3HOBHAHOCTH BbipaiKeHHH ux, coAepjKamne y3JioBoe 3Ha- 
'ieHHe ut. B HaiiieM npHMepe hx Bcero jiHiiib ABe:

flJia t = 1, 2, 7, 8;

u‘~Uk.. ajih i = 3, 4, 11, 12.ZXXj

B ocTaJibHbix oSjiacTHX coz (t = 5, 6, 9, 10) ux He coaepjKHT u(. Bbipa- 
iKeHHe uy TaKHce HMeeT TOJibKo ABe P33hobhahocth:

“”A~ Ui ■ im i = 1, 4, 5, 6;

U{~Um AJih i = 2, 3, 9, 10.
&yi

flocjie rpynnnpoBKH KO3(JxJ>HiiHeHTOB npn HeH3BecTHbix uk, uh ... 
II (14.14) nOJiyHHM OKOHHaTejIbHblH BHA i-H CTpOKH BapH3HHOHHO-pa3HOCT- 
noft CHCTeMbi. ripenJiaraeM caMOCTOHTejibHO yOeAHTbca b tom, hto npH paB- 
noMepHofi ceTKe Ax = Ay = /i H3 (14.14) ypaBHeHne ajih i-ro y3Jia 6y- 
AeT HMeTb BHA

— (D, + Dk) uk — (Dt + Dm) um + (40, + Dk + Dm + Dn + Dt) ut — 

- (Dt + Dn) un - (Dt + Dt) ut = 2qth*.
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(.'m icMbi liOAofiiioft cTpyKTypbi xapaKTepHbi ajih Bapnau.H0HH0-pa3J 
nocTiioro MeTOAa. riocKOJibKy Koa^xJjHUHeiiTbi nojiyqHTb cpaBHHTejibiio 
jierKo, npn pemeHHH CHCTeMbi ypaBHeHHH uacTO npHMeHHioT HTepauHOii- 
Hbie MeTOAbi, y KOTOpbix Hanfiojiee cbh3hoh npoiieAypoft sBJineTCH yMHO- 
JKeHHe CTpOKH Ha CTOJl6eU. IlO3TOMy BMeCTO 4»pMHpOBaHHH H XpaHeHHII 
Bcex CTpoK MaTpniibi nepeBbmifcjiHioTCH TOJibKO HeHyjieBbie ajieMeHTbi 
Hy>KHoft ctpokh. 3to JierKo peajiH3yeTCH Ha ajiropHTMHuecKHX H3biKax 
AJirOJI, OOPTPAH h jxp.

CerouHbie ypaBHeHHH, nojiyueHHbie b pe3yjibTaTe noACTaHOBKH pa3H0CT-| 
hmx BbipaxKeHHft b AHcjxJiepeHiiHajibHoe ypaBHeHHe saaauH, nyTeM jiHHefi- 
Hbix npeo6pa3OBaHHft mojkho npHBecra k ypaBHeHHHM BapuauH0HH0-pa3^ 
hocthoto MeToaa. B stom oraomeHHH mctoa cctok h BapuauH0HH0-pa3H0CT- 
Hblft MeTOA OTAHH3IOTCH JIHHIb npOUCAypOft nOJiyneHHH OflHOft H TOft >KC 
pa3pemaioiHefi cucTeMbi pa3Hocrabix ypaBHeHHfi. CjieayeT npu3HaTb, hto 
BapuaiinoHHbift cnoco6 OKa3ajicn 6ojiee npHcnoco6jieHHbiM k noJiHofi aB- 
T0M3TH3auHH npouecca nocTpoeHHH ceTOHHbix ypaBHeHHft, o6ecneHHBaio- 
meft CHMMeTpHto MaTpuu 6e3 orpaHHueHHft Ha ouepTaHHH o6jiacra h Kpae- 
Bbie yCJIOBHH.

TjiaBa 15
CTpyKTypHbin metoji,

§ 15.1. IIoHHTiie cTpyKTypw pemeHiifl KpaeBOH aaAann

Baxraoe npeuMymecTBO MeTo.ua PuTua no cpaBHeHHio c ApyruMu Ba- 
pHaUHOHHblMH MeTOflaMH COCTOHT B TOM, HTO flJIH peUieHHH MHOTHX npaK- 
THHeCKHX 3aAaH AOCTaTOHHO, UT06bI KOOpAHHaTHbie (JiyHKUHH yAOBJieTBO- 
pflJIH TOAbKO reOMeTpHHeCKHM yCJIOBHHM, 3anHCaHHbIM OTHOCHTeJIbHO 4>yHK- 
Uhh h ee nepBoft npoH3BO4Hoft no HopMajiu k KOHTypy. OflHaKo aa>Ke npn 
TaKHx, oraocuTejibHo npocraix orpaHHueHHHX nocTpoHTB CTpyKTypy pe- 
UieHHH AJIH o6beKTOB CAOJKHOfi KOH^JHTypaUHH AOBOJIbHO TpyflHO. CrpyK- 
TypHbift MeTOA no3BOJifleT CTpoHra KoopAHiiarabie nocJieAOBaTejibHocra, 
yAOBAeTBopnioiHHe BceM KpaeBbiM ycAOBHHM 3aAauu h HMeioiu,He onpeAe- 
AeHHblH npOH3BOA BHyTpH O^AaCTH. I4cnOAb3OBaHHe T3KHX CTpyKTyp pe- 
UieHHH B COUeTaHHH C MeTOAOM PHTUa 3HaUHTeAbH0 paCUIHpneT o^Aacra 
npHMeHeHHH BapHaUHOHHblX MeTOAOB.

KapTHHa noAH (TeMnepaTypHoro, Ae^xjpMauuoHHoro, HanpHHceHufi 
H T. n.) 33BHCHT He TOAbKO OT 33K0H0B, yUHTblBa-
eMblX OCHOBHblMH AHtJxJiepeHUHaAbHblMH ypaBHeHHHMH COOTBeTCTByiOIUefi 
3aAauH, ho h ot 4»pMbi TeAa, 4,opMbi yuacTKOB KOHTaKraoro B3auM0Aeft- 
ctbhh TeA h ero xapaKTepa, pacnoAO>KeHHH BO36yAHTeAeft noAH h Ap. Ha- 
AHHue reoMeTpHuecKoft HH^ropMaunu b 3aAaHax pacueTa noAefi co3AaeT 
cneuH^JHuecKHe TpyAHOcra, CBH3aHHbie c Heo6xoAHMOcraio yuHraiBara ee 
Ha aHaAHTHuecKOM ypo'emo. CmpyKmypHbiuMemod,uewMemod R-ipyuKyuu 
[48], no3BOAHeT BKAiouara reoMeTpuqecKyio HH^xjpMauHio b ^opMyAbi 
(cmpyKmypbi) bhaa

m = B(<D), (15.1)
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I7i<*  ii — HCKOMoe penieHHe (b 33bhchmocth ot BHAa 3aaanH sto mojkct 
I flhlTb (jiyHKHHfl, BeKTOp-tjjyHKUHH, TeH30p H T. n.); — SJieMeHT HeKOTO-

tlOTO MHOIKeCTBa M', B — OnepaTOp, KOTOpblH CTpOHTCH T3K, HTO npH JIIO- 
■hm Hbifiope sjieMeHTa <D (HeonpeAejieHHoro KOMnoHeHTa) b MHomecTBe M 

i|M|iMyjia (15.1) yAOBJieTBopaeT HeKOTopbiM rpaHHHHbiM ycjioBHHM 3aAaflH.
1 rpyKTypa, yAOBJieTBopmomaH
IH'l'M rpaHHHHblM yCJIOBHHM, 
nn ibiBaeTCH oGiyeu cmpyumy- 
/iiiil. OneBHAHO, hto oSman 
i rpyKTypa, yAOBJieTBOpmomafl 
hllOKe H OCHOBHblM ypaBHeHH- 
iim KpaeBoft 3aAaHH, hbjihctch 
ti* ronHbiM pemeHHeM. K hhc- 
.'IV i paHHHHblX yCJIOBHft otho- 
' llTCfl THKHte yCJIOBHH Ha SeCKOHeHHOCTH H B ApyrHX «OCO0bIX» TOHKaX.

I. 3aAana o KpyqeHHH CTepiKHH c OAHOCBH3HbiM nonepeMHbiM ceqeHHeM
CBOAHTCfl K 0TbICK3HHI0 (JjyHKHHH HanpflJKeHflft U (X, y), yAOBAeTBOpfllO- 

mcii b Q ypaBHeHHio flyaccoHa
d2U d2U _ n

~dx2' + ++ —

n na rpaHHue dQ — KpaeBOMy ycAOBHio
u = 0.

flycTb, HanpnMep, CTepjKeHb HMeeT nflTHyroflbHoe ceneHHe ABCDE 
(pnc. 15.1). OyHKHHfl

u= z/(a2 —x2)(i/ + — hj(y — ^-~x — /i)<D (15.2)

npn jho6om Bbi6ope orpaHHneHHofi (jjyHKUHH <D yAOBJieTBopneT KpaeBOMy 
ycAOBHio u = 0 Ha rpaHHue h, cjieAOBaTejibHO, ABAfleTCfl CTpyKTypofi 
pemeHHfl. TaK khk Apyrnx KpaeBbix ycjioBHfi b paccMaTpnBaeMofi 3aAa<ie 
neT, to cTpyKTypa (15.2) HBJifleTcn TaKJKe h o6mefi CTpyKTypofi.

KpOMe yAOBJieTBOpeHHH TCM HAH HHblM rpaHHHHblM yCJIOBHHM, CTpyK- 
rypa AOJDKHa TaKme yAOBAeTBopHTb ycjioBHio noJiHOTbi. IJocJieAHee npeA- 
noflaraeT cymecTBOBaHHe b MHomecTBe M TaKoro ajieMeiiTa <D, KOTopbifi 
iipn noACTaHOBKe b CTpyKTypy (15.1) npeBpamaeT ee b TOHHoe pemeHiie 
i;iAaflH hjih, no KpafiHefi Mepe, b AOCTaTomio xopomee ero npH6jiHH<eHHe 
(n tom hjih hhom CMbicAe). B nocjieAHeM CAy<iae roBopflT, hto cmpyumypa 
noAHa e ueKomopoM CMUcjte.

CTpyKTypa (15.2) noAHa, ecjin CTepmeHb HMeeT ceneHHe, noKa3aHnoe 
iii^ pnc. 15.1 cjieBa. Ecah »e h < b, to noAHOTa cTpyKTypbi (15.2) 
napymaeTCfl, tbk khk He3aBHCHMo ot Bbi6opa HeonpeAeAeHHoft kom- 
noneHTbi <D (jiyHKHHfl (15.2) paBHa Hyjno He TOJibKO Ha rpaiiHue o6flacTH 
Q, HO H Ha npOAOJIXKeHHHX CTOpOH AB H CB BHyTpH o6flaCTH.

2. 3aAaqa 06 H3TH6e CBo6oAHOonepTofi npnMoyroAbHofi nAacTHHbi 
(pnc. 15.1 cnpaBa) cboahtch KOTbicKaHHio pemeHHfl ypaBHeHHfl C. XepMeH

DWw = q
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ll|)ll rpailHHHMX yCJIOBHMX
w lan = 0;

d2w | _ „ (15.3)
* dv3 |an — ’

rae v — BHyTpeHHBH HopMaJib k KOHTypy Q.
OSmefi CTpyKTypofi peuieHHa 3Tofi 3aflaHH HBJineTCH, Hanpniwep, 4»p- 

Myjia
w = y2(a2 — x2)2[y+ ^-^-x — hj (y — ^-^-x — h') (D, (15.4) 

rfle — orpaHHHeHHan (JiyHKiXHa. OAHaKo 3Ta CTpyKTypa He noJiHa, tbk 
K3K npH JIK)6oM BblSope OrpaHHHeHHOfi (JiyHKHHH <D KpOMe yCJIOBHfi (15.3) 
fiyaeT BbinojiHHTbca TaKHce ycjioBHe JKecraoro 3ameMJieHHH:

-^-1 =0.
dv

HajiHHHe SToro «JiHUiHero» ycjioBHH He no3BOJineT Bocnojib3OBaTbca cTpyK- 
Typofi (15.4) AJia pacueTOB.

JIjih nocTpoeHHM nojiHbix cTpyKTyp Heo6xo«HMo ynHTbiBaTb Ha aHajiH- 
THuecKOM ypoBHe reoMeTpHuecKyio HHtJxipMauHio o (JiopMe o6jiacra Q (hjih 
o (jiopMe ynacTKOB ee rpaHHUbi — b 3anaqax c KpaeBbiMH ycjiOBHHMH CMe- 
uiaHHoro rana). ToHHee, ecjiH dQ — qacra rpaHHUbi hjih bch rpaHHiia 
HeKOTOpofi o6jiacra Q, TO HeofixOAHMO CTpOHTb TaKyiO 4>yHKU,HIO ©, KOTO-
pan 6m yAOBjieTBopHJia ycjiOBHHM

(D > 0 BHe dQr; (15.5)
(d = 0 Ha 5QX; (15.6)

da> 
dv Ha dQ^; (15.7)

d3a>
dv2 dv3 = - = 0 Ha dQx. dvn 1 (15.8)

Ecjih (JiyHKiiHH co yAOBJieTBopaeT ycjiOBHHM (15.5) h (15.6), to ypaBHeHue 
(d = 0 hbjihctch ypaBHenueM dQj. Ecjih, KpoMe toto, BbinojiHHeTCH h 
ycJioBHe (15.7), to ypaBHeHue <d = 0 Ha3biBaeTCH HopMaMwoeaHHbtM do 1-eo 
nopndxa, a npu BbinojiHeHHH TaKH<e h ycjiOBHfi (15.8) — HopMajiu3oean- 
HbiM do n-eo nopndKa.

IlOCTpOHra 4>yHKUHH CD AJIH o6beKTOB npaKTHHeCKH np0H3B0JIbH0fi 
reoMeTpimecKofi <|)opMbi mojkho c noMoutbio thk Ha3biBaeMbix 7?*4)yHKHHfi,  
hbjihiouxhxch 4>yHKHHHMH o6bWHMX HenpepbiBHbix apryMeHTOB h o6jiaaa- 
tOUJHX BTO xe BpeMH PHAOM JIOTHqeCKHX CBOfiCTB [481.

§ 15.2. JIorHiecKHe onepapmi nan MHOHcecTBaMH

ZIjIH npOCTOTbl H3JIOJKCHHH 6y^eM rOBOpHTb 0 MHOHieCTBaX TOW6K Ha 
njIOCKOCTH HJIH B npOCTpaHCTBe. npHHaAJieJKHOCTb TOHKH X = .(X1( x2, xs) 
MHOHcecTBy A npHHHTO o6o3Haqara xf A. B nporaBHOM cjiynae nuuiyT 
x £ A (hjih x £ A). Ecjih mhojkcctbo B hbjihctch uacraio MHO»ecTBa 
A, to nnmyT BcA. Mhojkcctbo Bcex ToweK npocTpaHCTBa Ha3biBaiOT 

298



ynumapHbiM MHOtHcecmeoM. By,aeM o6o3HaqaTb ero /. JIjih yaodcTBa bbo- 
Asit TaKJKe noHHTHe nycmozo MHOtncecmea 0 khk MHOJKecTBa, He coflepiKa- 
mero hh OAHoro 3JieMeHTa.

OCHOBHbie JIOTHHeCKHe OnepailHH Haa MHOJKeCTBflMH, n03B0JIHIOIH.He c 
iiOMOuibio AaHHbix MHOxcecTB CTpoHTb HOBbie, cjieflyiomHe:

1) nepeceuenue A Q B ('niTaeTca «A h B») — MHOxecTBO, cocTOHin.ee 
H3 Bcex sjieMeHTOB, KOTopbie npHHaAJie>KaT KaK A, tbk h B (pnc. 15.2, a);

2) coeziHHeHHe (od'beduHenue) A (J B (qHTaeTCH «A hjih B») — mho- 
wecTBO, cocTOHHi.ee H3 Bcex ajieMeHTOB, Koropbie npHHaflJiewaT xoth 6bi 
OAHOMy H3 MHOJKeCTB — A HJIH B (pHC. 15.2, 6);

z

3) donojiHeuue A (uHTaeTCH «He 4») — mhojkcctbo, coflepjKamee Bce 
tohkh yHHTapHoro npocTpaHCTBa /, KOTopbie He bohijih b A (pnc. 15.2, e);

4) pa3Hocmb A — B — mhojkcctbo, cocTOHiii.ee H3 Bcex ajieMeHTOB 
MHOJKecTBa A, KOTopbie He npHHajiJiejKaT B (pnc. 15.2, a). Mhojkcctbo 
A A B = (X — B) U (B — A) Ha3biBaeTCH cuMMempuuecKoii pa3HOcmbto 
MHo>KecTB A H B (pHC. 15.2, d). OqeBHftHo, hto / — A = A.

npHBeaeM HeKOTopbie cBOHCTBa jiorHnecKHX onepaiiHH Han mhojkcct-
BaMH:

1) K0MMyT3THBHbie 3aK0HbI —
A n B = B n A;

2) accouHaTHBHbie 3aK0Hbi —
(A n B) n c = a n (b n cy,

3) HAeMnoTeHTHbie 3aK0Hbi —
/in/i = ^;

4) AHCTpH6yTHBHbie 3aK0HbI ---
a n (B u c) = (4 n B) u (x n Q;

A U B = B U A;

(A U B) U C = A U (B U C);

A(J A = A;

A (J (B (] C) = (A (J B) (] (A (J C);
5) npaBHJia, oTHOCHiUHecfl k yHHTapHOMy MHOJKecTBy / h nycTOMy 

MHOHieCTBy 0 —
A(]I = A; A U 1 = I; 

A(] 0 = 0; A(J 0 =A;
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6) npaBHJia, OTHOcamnecfi k onepauHH «AonoAHeHHe»,—

A = A; 7 = 0; 0=7;
7) npaBHJia #e MopraHa —

4 H B = A U B; 'aITB = A A B;
8) 33KOH JIOFHHeCKOrO IipOTHBOpeHHfl —

A A ^4 = 0;
9) 33koh HCKJiioneHHoro TpeTBero —

A U ^ = /.
B KanecTBe KaHOHHuecKoro 3a/iaHHH mhojkcctb Ha njiocKOCTH hjih b 

npocTpaHCTBe npHMeM hx 3aaaHHe c noMoiu,bio (JiopMyji BH.ua
(15.9)

t. e. MHOxecTBO Q npeACTaBJineT codoii coBOKynHOCTb Bcex tohck, koopah- 
HaTbi KOTopbix yAOBJieTBopaioT HepaBeHCTBy (15.9). OraocHTeAbHO (jiyHK- 
hhh co BBeACM npeAnojioiKeHHe, hto OHa //-peaAH3yeMa, t. e. HMeeT bha 
eAHHoro aHajiHTHHecKoro Bbipa>KeHHH, nocTpoeHHoro c noMombio chmbo- 
jiob HeKOTopoii 6a3HCHoft CHCTeMbi onepaijHH H (ajih AaJibHefiniero H3Jic- 
xieHHH AocTaTOHHO npeAnoJiaraTb, hto penb HAeT o HeKOTopbix ajieMeHTap 
Hbix 4>yHKiiHHx). Ecjih, HanpHMep, 6a3HCHan CHcreMa Ho = [x + y, xy, 
a, V<2 6 {—+ °°}} COCTOHT H3 CJIOJKeHHH, yMHOHieHHH H AefiCTBH- 
TejibHbix HHceji, to MHO>KecTBO SDJ [Ho] Z/-peajiH3yeMbix (jiyHKiraft npeA- 
CTaBJineT co6ofi mhojkcctbo uejibix pauHOHajibHbix (JiyHKHHfi (noJiH- 
homob).

Ecjih 3aAaHa HeKOTopan («onopHan») CHCTewa o6jiacTefi Q(- = {(oz > 
> 0} (i = 1, ..., m), to, npHMeHHH k hhm Te hjih HHbie jiorHnecKHe onepa- 
Uhh, 6yAeM nojiynaTb HOBbie o6jiacra, o KOTopbix, Boo6m,e roBops, yxe 
Hejib3H yTBepJKAara, hto ohh TaKHie MoryT 6bira 3aAaHbi KaHOHHnecKHMii 
HepaBeHCTBaMH bhas (15.9) npn HcnoAb3OB3HHH 3aAaHHoft 6a3HCHofi cii- 
CTeMbi onepaiiHft H.

PaccMOTpnM npiiMep. nycra onopHaa CHCTeMa coctoht h3 cAeAyromnx 
o6jiacTeft:

"MeeTBOMfl’p (x y) > 0 Ae P (x j-uenas pauHOHaAbnafl (jiyHKirafl, 

xora Xaha H3 ompHbix o6AacTeft ynacTByroiirax b ^pMHpoBaHHH 06- 
JiaCTH ?KaK 3TO BHAHO H3 (JlOpMyA (15.10), HepaBeHCTBOM TaKOTO BHAa 
omicbiBaeTCfl. 3to cBHAeTeJibCTByeT o tom, hto 6a3HCHafl CHCTCMa

Ho = {x + y, xy, constG {— 

HcnoAbsyeMafl npn nocTpoeHHH hoahhomob, 
ne ABAfleTCfl aJizopumMuuecKii hoahou (no 
lepMHHOAOTHH B. JI. PBaueBa [48]). Aaa aA- 
rOPHTMHfleCKH nOAHOH CHCTeMbl XapaKTepHO, 
<110 ecAH onopHbie o6a3Cth /Z-peaAHsyeMbi, 
To /Z-peaAH3yeMa h BCflKaa o6AacTb, jioAy- 
'iciiHafl nyTeM AorroiecKiix onepairan HaA
HHMH.

AflropHTMHnecKH noAHyro 6a3HCHyro ch- 
CTeMy onepaHHft mohjho noAyuHTb, AOoaBAflfl 
k cHCTeMe Ho = {x + y, xy, const g { 00,

I- 00} } oAHy H3 TaK Ha3biBaeMbix docmamou- 
ho noAHbix cHCTeM 7?-(|)yHKiraft. EIpHBeAeM 
lieKOTOpbie H3 T3KHX CHCTeM.

1. CHCTeMa Ra'

„ Atl9—+> + +
,V,#.+(I + J + V + 9» - 2^)

jzl

/////
V7T r/Y/ X

(R-KOHLIOH KHHfl)

(P-AH3blOHKHHfl); (15.12)

(P-OTpHHaHHe),

npOH3BOJIbHafl CHMMeTpHHHafl (JiyHKIIHfl, yAOBJieTBO-
X = — X

l'Ae a = a (x, z/) — + .
paromafl ycjioBHio — < '+ncTeMbi Rn h Ri, noAynaroiiraecfl npH

4acTHbie cjiyqan CHCTeMbi Ra — CHCTeMbi * ^i, v j
a == 0 h a = 1 cooTBeTCTBeHHo:

cHcreMa Ro. _____
Qj = {1 — x2 — (y + l)2 > 0} — Kpyr paA«yca r = 1 c peHTpoM b tohkc 

(0, -1);
Q2={16— x2—z/2>0}— Kpyr paA«yca R = 4 c iieHTpoM b tohkc 

(0, 0);
Q3 = {4 — x2>0) —BepraKajibHan nojioca, orpaHHHeHHaa npflMbiMii 

x — ±2;
CHCTeMa Rt'.

Q4={1 — z/2>0}—ropH3OHTajibHafl nojioca, orpaHHqeHHafl npHMbiMii 
z/ = ±l. (15.10)

TorAa o6jiacTb Q, onpeAejineMafl JiorHaecKoft (JiopMyjioft

q — [Qj a Q2I n [^4 n ^3], (15.11)
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2. CncreMa /?q!: •

x Ao2 y s= (x + y — Vx2 + y2) (x2 + y2)2 ;

_________ m
x \/oy^(x + y + ]^x2 + y2)(x2 + y2)2-

X = — X,
3. CncTeMa R:

p _i_ 
xhyssx + y— [|x|P + Kr ; 

p

x + y~x + y+[\x\p + \y\p]^ ;

X ss — X,
rae p > 1.

K ajiropHTMHqecKH nojiHbiM CHCTeMaM, He Hapynian hx nojiHOTbi, mojk- 
ho «o6aBJiHTb KaKne yroflHO Apyrne onepau.HH. 3to mojkct npuBecTH JiHiub 
k paciiiHpeHHio Kjiacca reoMeTpunecKHX ofibeKTOB, onncbiBaeMbix tbkhmii 
CHCTeMaMH.

ripaKTHKa npHMeHeHHH 7?-4>yHKU,HH K aHaJIHTHHeCKOMy OnHCaHHK) 
CJIOJKHblX reOMeTpHHeCKHX ofibeKTOB 0CH0B3Ha Ha HX COOTBeTCTBHH jioth- 
qeCKHM OnepaUHHM Ha/J MHOJKeCTBHMH.

§ 15.3. IIocTpoeHne (J)yiiKH,nn <o

nycTb Q,- = {<pt- >0} (i = 1, 2) ecTb HeKOTopbie oSjiacra na njioc- 
kocth hjih b npocTpaHCTBe, a (p,- — 3aaaHHbie //-peaJiH3yeMbie 4>yHKU,HH. 
Torjia oSjiacTH h S2, onpeaejiHeMbie JiorHuecKHMH (jiopMyjiaMH

«=> Qj f) Q2‘, S3 = Qx U Q2,
MoryT SbiTb onHcaHbi HepaBeHCTBaMH

— (Ti Aa <p2 > 0]> (15 13)
S2= [<Pi Va<P2>0].

npH 9T0M B HepSBeHCTBaX (15.13) /?-OnepaHHH X /\ay HXVaf/MO/KHO 3a- 
MeHHTb jho6oh npyrofi cooTBeTCTByiomeft napoii 7?-onepaiiHH — Ao', Vo*;  
A, V; ...
p p

•EcJIH B (])OpMHpOBaHHH HeKOTOpoft O^JiaCTH Q yuaCTByiOT HeCKOJIbKO 
onopHbix o6jiacTeft Qt- = J<pz 0} (t «= 1, 2, ..., ti), to ajih nojiyueHHii 
cooTBeTCTByiomero HepaBeHCTBa AocTaTOHHo b jiornHecKoft (jiopMyjie Q = 
= F (Qj, Q2, .... Q„) 33MeHHTb CHMBOJIbl Qz JieBblMH HaCTHMH (p, COOTBeT- 
CTByiomHX HepaBeHCTB, a chmbojih JiornqecKHX onepaiiHft (] h U — oa- 
Hoft H3 cooTBeTCTByioiHHx nap /?-onepaHHft (Ao, Vo', A”, V“i ■••).

PaCCMOTpHM HeCKOJIbKO npHMepOB.
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1. 06jiacTb Q (pnc. 15.3), onpeAejisieMyio JiornqecKoft (JrapMyjioii 
(15.11), MOJKHO 3aflaTb HepaBeHCTBOM

(o = {[1 — x2 —(£/ + l)2] Ao [ 16 — x2 — y2]} A« {(1 — r/2) Ao(4^W) 

HJIH
ws([+ + (y + l)2— 1] Ao [16 — X2 — r/2]} Ao

Ao((i/2 -l) Vo(4-x2)}. (15.14)
17oJIb3yHCb (JxipMyjiaMH (15.12), M0>KH0 HCKJIIOHHTb B (JlOpMyjie (15.14) 

CHMBOJIbl Ao, Vo H nOJiyHHTb (jjyHKHHIO (0 B BH#e oSblHHOH 9JieMeHTapHOH 
(pyHKHHH. OflHaKO Ha npaKTHKe stoto He AeJiaioT, thk khk 7?-onepauHii 
Ao, Vo, ••• mojkho paccMaTpHBaTb KaK oSbiHHbie BbiHHCJiHTejibHbie onepa- 
HHH.

OyHKHHH (0 (15.14) nOJIOTKHTeJIbHa BHyTpH oCjiaCTH Q H OTpHHaTeJIb- 
na BHe ee. IloaTOMy ypaBHeHHe o> = 0 ecTb ypaBtieHHe rpaHHHbi oSjiacTH 

Hto&j (jiyHKHHH (o 6biJia HopMajiH3OB3HHOH flo 1-to nopflflKa, T. e. 
yAOBJieTBopHJia 6bi h ycJiOBHio (15.7), mojkho, Boo6in,e roBopn, Bocnojib- 
3OB8TbCH (JwpMyjIOH

<O-.1Z 2 (15.15)
V + | grad (Oil2

ITie (Ox — (jiyHKHHH, yAOBJI6TBOpHIOHI,aH JIHHIb yCJIOBHHM (15.5) H (15.6). 
Oahhko Ha npaKTHKe npnMeHeHHe (JiopMyjibi (15.15) npnBOAHT k HeonpaB- 
A3HHO rp0M03AKHM (pOpMyjiaM. 3Ty TpyAHOCTb MOJKHO 060HTH, eCJIH eCTb 
BO3MOJKHOCTb 3aflaTb OnopHbie o6jiaCTH KaHOHHHeCKHMH HepaBeHCTBHMH 
C HOpMaJIH3OBaHHbIMH Ha TpaHHIiaX COOTBeTCTByiOmHX HM O^JiaCTeH Jie- 
BbiMH nacTHMH. IlpHBeAeM npHMepbi TaKHX onopHbix o6jiaCTeii.

HopMaJibHoe ypaBHeHHe npaMOH
x cos a + y sin a — p = 0,

rAe p — AJiHHa nepneHAHKyjiapa, onymeHHoro Ha npnMyio H3 Hanajia 
i<oopAHHaT, a a — yroJi HaKJiOHa stoto nepneHAHKyjinpa k och a6cuH0C, 
H0pMaJIH3OBaHO AO 6eCKOHeHHOTO nopHAKa. AHaJIOTHHHblM, t. e. HOpMaJIH- 
soBaHHbiM ao 6ecKOHenHoro nopHAKa, hbjihctch HopMaJibHoe ypaBHeHHe 
iijiockocth:

x cos a + y cos 0 + z cos y — p = 0,

i'Ae p — AJiHHa nepneHAHKyjinpa, onymeHHoro H3 Hanajia koopahh3t Ha 
miocKOCTb, a cos a, cos p, cos y — ero HanpaBJiaioiiiHe KOCHHycbi.

HopMajiH3OBaHHoe ao 1-ro nopnAKa ypaBHeHiie OKpyzKHOcra pa#Hyca 
R c ueHTpoM b TOHKe (a, b) mojkho 3anHcaTb b BHAe

-^-[/?2-(x-n)2-(y-Z))2] = 0.

3to >Ke ypaBHeHiie paccMaTpiiBaiOT h kbk HopMajiii3OBaHHoe ao 1-ro rio- 
pHAKa ypaBHeHHe 6ecKOHenHoro uhjihhaph, ocb KOToporo napajiJiejibHa 
och z.

HopMajiH3OBaHHoe ao 1-ro nopHAKa ypaBHeHHe Kpaa BepniKajib- 
hoh nojiocbi, orpaHHHeHHofi npHMbiMH x — a, x = b (b > a), mojkct 6bi b
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3anHcaHo b BHfle
— ~y~ (x — a)(x — b) = 0.

EIpHMeHHH cj»p.Myjibi nepeHoca h noBopoTa oceii KoopAHHaT, 3Ty nojiocy 
mojkho pacnojio?KHTb Ha njiocKOCTH np0H3B0JibH0. YpaBHeHHe (15.16) pac- 
CMaTpHBaioT h KaK H0pMajiH30BaHH0e Ao 1-to nopnAKa ypaBHeHHe AByx 
napajuieJibHbix nJiocKOCTeft (rpaHHiibi 6ecKOHenHoro cjioh).

HopMajiH3OBaHHoeAO 1-ro nopnAKa ypaBHeHHeccjiepbi paflnyca 7? c uen- 
TpOM B TOHKe (a, b, c) MOJKHO 3anHCaTb B BHfle

[7?2 — (x — a)2 — (x — b)2 — (x — c)2] = 0.

OKa3bIBaeTCH, eCJIH IIOJIb3OBaTbCH 6a3HCHbIMH CHCTeMHMH Ra (« 
= const) hjih 7? (p > 2), to npn ycjiOBHH,

(15.16)

HCn0JIb30B3HHH

hto onopHbie HepaBeHCTBa 

H0pMajIH30B3HbI AO 1- 
ro nopnflKa, HepaBen- 
ctbo co > 0, oripene- 
jiflioinee nojiyqeHHyio 
C HX nOMOIHblO oSjiacTb 
Q, TaKKe SyaeT Hop- 
M3JIH30BaH0 AO 1-TO 
nopaAKa. Ecjih nce 
onopHbie HepaBeHCTiia 
H0pM3JIH30BaHbI AO HC-

cHCTeMbi 7? npn p > n + 1 
p

nOpHAKa H (JiyHKLlHH co.

KOToporo nopaAKa n, to npH 

oSecneuHBaeTCH HOpMajiH3OBaHHOCTb ao n-ro
2. HopMaJiH3OBaHHoe ao 1-ro nopaAKa ypaBHeHne rpaHHHbi odjiac'rii

Q, H3o6paHceHHOH Ha pnc. 15.3, moxkho 3anncaTb b bhac

1{[4(%2+^+A

Aoff-r^2-1)] Vo[-
<X>yHKUHH co (15.17) OTJiHHaeTca ot (JiyHKUHH co (15.14) jinnib nocTOHHHbiMii 
KOSCjxjlHUHeHTaMH B KBajipaTHblX CKO^KaX.

3. MeTbipexyrojibHyio o6jiacTb Q (pnc. 15.4) mojkho nocTpoHTb c rio- 
Mombio onopHbix o6jiacTeft

Qx = {x > 0} — npaBan nojiynjiocKocTb;
Q2 = [y > 0} — BepxHna nojiynjiocKocTb;
o ( dx-j- ay — ad

8 ~ (

Q4 = [cx + by > ol — qacTb njiocKOCTH, Jiexcamaa Bbime npnMoli 
l y c2 + b2 J BQ

B COOTBeTCTBHH C JIOTHHeCKOH (jXJpMyjIOH

(1) 0 Ao

0. (15.17)

> Ol — qacTb njiocKocTH, jieHcaman Bbime npn 
' moh AB\



BocnoJib3OBaBiiiHCb 7?-onepaiiH5iMH A, V’
4 4

x A y = X + y — y"x4 4- i/4;
4

x + y^ x + y + l/x*  + y* ,
4

H0pMaJiH3OBaHHoe ao 3-ro nopnnKa ypaBHeHne neTbipexyrojibHHKa M0%eM 
:ianHcaTb b bhac

ripn peineHHH KpaeBbix 3aAan co CMemaHHbiMH rpaHHHHbiMH ycjioBHH- 
MH nOHBJIHeTCH HeoSxOflHMOCTb CTpOHTb H0pMaAH30B3HHbie ypaBHeHHH 
yiacTKOB rpaHHH o6jiacTefi. IlycTb TpeSyeTca HanncaTb ypaBHeHHe ynacT- 
Ka co£ep?Kam,eroc5i b oQjiacra S = {<p > 0}, rpaHHHbi dQ, koto-
paa onpe/iejiHeTCH ypaBHeHHeM ® = 0 (pnc. 15.5).

rpaHHiry <3Q mojkho 3aAara HepaBeHCTBOM
dQ = {— (o2 > 0},

.1 ee yqacTOK 5Q, paccMaTpiiBara khk nepeceneHiie oSjiacTeii S = (<p > 0} 
ii 5Q = {—co2 > 0}:

dQj = {<p > 0} n {— ®2> 0}.
'l'orAa, cjieAya 1-h H3 ipopMyji (15.13), HepaBeHCTBO, onpeAejiHioin.ee dQj, 
mojkho nojiymira b BHAe

®i = <P Aa(—®2)>0. (15.18)

llpn 3tom BHe <3Qj (pyHKHHH coi cporo OTpnnaTeAbHa. Il0JIb3yHCb TeM, 
ito x Aa y = x Va y, (JiopMyjiy (15.18) mojkho 3aMeHHra 6oJiee yAo6HOH

<|l(jpMyAOH

COj = — (01 = (p Va®2 = 0. (15.19)

IKan h paHee, bmccto onepaiiHH Aa, Va b ^opMynax (15.18), (15.19)
M0WH0 nOJIb3OBaTbCH II APyTHMH COOTBeTCTByiOIHHMH T^-^yHKHHHMH.]

Otmcthm TaK?xe cjieAyiomyio (jiopMy ypaBHeHHa:
w2 = ]/\p V a®2 = 0 (15.20)

<l>opMa (15.20) o6jiaAaeT TeM cbohctbom, hto ecAH (JiyHKHHH w HopMaAH3o- 
n iiia ao 1-ro nopnAKa, to ^YHkhhh (o2 TaKace HopMaAH3OBaHa ao 1-ro no- 
piiAKa (3a HCKAioneHHeM, bo3mo>kho, KOHenHbix ToneK ynacraa <3QX). Ahh-
'ioi'hhho ypaBHeHHe

(03 = ]/<P V <f2 =.0

upii p > n + 1 HOpMaAH3OBaHo ao n-ro nopnAKa, ecAH ao n-ro nopnAKa 
IK>pMaAH30BaHa (JiyHKIIHfl co.

4. nycra odAacra Q npeACTaBAaeT co6oh npHMOH KpyroBOH hhahhap 
nbicoTOH h h paAHycoM R. (pnc. 15.6). Hy>KHO HanHcara HopMaAH3OBaHHbie
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I
AO 1-ro nopflflKa ypaBHeHHH npaBofi noJiOBHHbi ero HH>KHero ochob3Hhh 

h ocTajibHOH nacTM dQ2 ero noBepxHOCTH.
B KanecTBe onopHbix odjiacTeii BbiOepew cjieayioiUHe:

2i = {-^(^2 —*2—i/2)>o}; S2={2 — A>0}; 
Ss={z>0}; S4 = {z/>0}.

yqacTOK dQj BbmeJieH H3 njiocKOCTH dS3 = {z = 0} ofijiacTbio ("| 
f| KOTopaa MOiKeT 6biTb 3aflaHa HepaBeHCTBOM

2i (1 (#2 — x2 — y2) AayJ > o}.

mojkho 3anncaTb b BHfle

Toraa, corjiacHO (15.20), HopMajiH3OB3HHoe 
Ao 1-ro nopHAKa ypaBHeHHe dQx nojiyiHM b 
BHfle

®1 = j/ (R2 — X2 — y2) Aa«/j VaZ2 .

OcTajibHyio nacTb dQ2 npeflCTaBHM khk 
06'beAHHeHHe jicboh nojioBHHbi dQi HHJKHero 
0CH0B3HHH H OCTaJIbHOH H3CTH dQ2. 
dQi, nojib3yncb ee CHMMeTpneH c dQ2 otiioch- 
TeJIbHO njIOCKOCTH xOz, MOJKHO 3anHcaTb 
ypaBHeHHe

®i 3= (Dj (Xx, —y, z) =

= j/ [-^-(#2 —X2—«/2) Aal/j Va22 = 0.

tJacTb rpaHHHbi 3Q2 mojkho paccMaTpHBaTb kbk nacTb rpaHHHbi ofijiacTH 
Sj n 22, BbiAejineMyio oSjiacTbio S3. CjieaoBaTejibHO, ypaBHeHne dQ2

co2 zs

IlocKOJibKy (JiyHKHHH «1 h (o2 HopMaJiH3OB3Hbi flo 1-ro nopHAKa, a 
onepaiiHH A« coxpaHneT 3Ty HopMajiH3OBaHHocTb, to, nojib3yncb TeM, 
hto x /\ay = 0 Tor/ia h TOJibKO Tor.ua, Kor/ta x = 0, z/ > 0 hjih y = 0, 
x > 0, HopMaJiH3OBaHHoe u,o 1-ro nopHAKa ypaBHeHne ynacTKa dQ2 Hann- 
meM B BH£e
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§ 15.4. IlynoK cfiyHKmiii, npniiiiMaKiiniix Ha rpaHiiije 
oSaacTH aa^aHiibie 3HaneHHH

IlycTb Q ecTb HeKOTopan oSjiacTb, aah KOTopoft nocTpoeHa (JiyHKHHH 
co, yflOBJieTBOpHfoman ycAOBHHM (15.5) — (15.7). Torjia (JiopMyjia

u = ro<D, (15.21)
rne <D — npoH3BOJibHaa orpaHHHeHHan («HeonpejiejieHHaH») (JiyHKHHH, 
onpeAejiaeT nynoK (jiyHKHHft, paBHbix Hyjno Ha rpaHHiie odjiacTH Q. AHa- 
AOTHHHO MO/KHO TOBOpHTb 0 nyHKe (JiyHKHHfi, 
paBHbix Hyjiio Ha HeKOTopoM ynacTKe dQx rpaHH- 
Hbi dQ. nPH BecbMa o6iii.hx npennoJioJKeHHHx 
MO/KHO CHHTaTb, HTO MHOJKeCTBO (|)yHKU.Hfi, BXOflS- 
LUHX B nyiOK, COAepjKHT BCHKyiO (JiyHKHHIO, nPH- 
HHMaiomyio Ha dQ SHaneHHH, paBHbie Hyjiro. 3to 
HO3BOjineT paccMaTpHBaTb (JiopMyjiy (15.21) KaK 
CTpyKTypy peineHHH KpaeBoft 3anaHH, HMeioinefi 
KpaeBoe ycjioBHe u = 0 Ha dQ (hjih Ha dQ^). 
HeTpyAHO 3aMeTHTb, hto nynoK (JiyHKiiHfi, paB- 
Hbix Hyjiio Ha dQ, npeACTaBJineT cofiofi JiHHefiHoe 
MHOJKeCTBO 4>yHKUHfi (jiHHeaji).

PaccMOTpnM Tenepb 3aAany o nocTpoeHHH nyHKa (JiyHKiiHfi, npHHH- 
MaiOLHHX B TOHKaX <9Q 3aAaHHbie 3HaHeHHH, OTAHHHbie OT TOJKAeCTBeHHOTO 
Hyjin.

IlycTb dQ = dQ^ J dQ2 (J ... (J 5Q„, r^e <3QZ— HenepeceKaioniHeca 
Mewny co6ofi nacra dQ. IlpeAnojio>KHM, hto q?lt (p2, ..., q>„ ecTb /7-peajiH- 

~ [ nOCTpOHTb
LUvuTl *ddV.lrl  Uu&. 1 1|J V/JjllUvlUZiXrllVl j MlU •••, T/l WIJ

3yeMbie (pyHKijHH, onpenejieHHbie Be3ne b Q j dQ- Tpe6yeTCH 
nyqoK tskhx (JiyHKUHfi, KOTopbie yAOBJieTBopHJiH 6bi ycjiOBino

q>! Ha dQt;
q>2 Ha dQ2; (15.22)u —

<Pn Ha dQ„.
ee wacTHIlycTb d£z = dQ — dQz ecTb pe3yjibTaT HCKjnoneHHH H3 

dQf. riojib3yHCb onHcaHHofi b npeAbiAymeM naparpa^e MeTOAHKofi, 3ann- 
ineM ypaBHeHHe % = 0 ajih (i = 1, 2, ..., n) Taxoe, hto i|)(- > 0 BHe 
d%t. Torjia (jxipMyjiy aah nyqKa (JiyHKiiHfi, npHHHMaiomHX Ha 5Q 3Hane- 
hhh (15.22), mojkho 3anncaTb b bhao

,, _ <PT*I>1  + <P2^>2 + ••• + <M>n |
<|>i + l>2+ ••• +q>n + ’ (15.23)

rjie <D — HeonpenejieHHbift KOMnoHeHT nyqKa.
PaccMOTPHM npHMep. OKPy>KHocTb ejjHHHHHoro paxnyca pa3AeJieHa Ha 

neTbipe Hac™ AB, BC, CD h DA (pnc. 15.7). PIocTpoHTb nynoK (JiyHKiiHfi, 
yAOBJieTBOPHIOHI,HX yCAOBHIO

' x + y Ha dQj = AB;
u=z y Ha dQ2 = BC;

xy Ha 5Q3 = CD;
x Ha 3Q4 = DA.
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yacTb dSj = BCDA mojkiio paccMaTpHBaTb khk qacTb 0Kpy?KH0CTn 
<o = 1 —'x2 — y~ = 0, BbiflejiHeMyio odJiacTbio (p == 1 — x — y 0. 
CorjiacHO (jiopMyjie (15.20), ypaBHeHHe mojkiio 3anncaTb b BH/ie

= }/ (X + t/ —

AHajiorHHHO
1) V a (1 — X2 —-y2)2 =0.

^2 = V (— ^ + 2/ -- 1) V<x(l — x2 — i/2)2 = C

= V (— X — y -- 1) Va(l —x2 - y2)2 = c

I|)4 = v (x — y — 1) Va(l — X2--y2)2 = 0.
CjieAOBaTejibHO, (jiopMyjia ajih hckomoto nyqKa cJieayiomaH:

3aMeTHM, hto nyqoK (JiyHKHHH, KOTopbie Ha 5Q npHHHMaioT 3Hane- 
hhh, He paBHbie TOJKAecTBeiiHo Hyjno, jiHHeajioM He nBJineTcn. IlepBoe cjia- 
raeMoe (jiopMyjibi (15.23) SyaeM Ha3biBaTb (pyHKt^ueu, CKJieuBatotyeu epa- 
HUUHbie 3HaueHUR nynKa, a (jiyHKHHH (pt-, co 3HaneHHHMH KOTopbix CKJieHBa- 
loman (JiyHKHHH coBnanaeT Ha cooTBeTCTByioiHHX ynacTKax rpaHHHbi,— 
HaepyoicaiotyuMU (pyHKU^usiMu.

Bo mhothx’ cjiynaHX moikho OTKa3biBaTbcn ot npeAnojioxeHHH, hto Ha- 
rpyjKatomne (jiyHKHHH onpeaejieHbi Be3Ae b o6jiac™ Q. HanpnMep, ecjiH 
6bi b paccMOTpeHHOM npHMepe bmccto (jiyHKUHH x + y 6biJia 3aaaHa (jiyHK- 
HHs jCx, ne onpenejieHHaH b jieBoii nojiOBiiHe o6jiacTH Q, to mojkiio 6bijio 
6bi 3aMeHHTb ee (IjvHKHHeH |/x2 + (1 — x2 — y2) = |/1 — y2, coBnanaio- 
m,eH c Heii Ha Ecjih 6bi Harpy>Kaiomeii (pyiiKHHeii hhstom ynacTKe 
6biJia, HanpnMep, (jiyHKHHH l/x, HMeiomasi pa3pbiB BAOJib BepTHKajibHoro 
AHaMeTpa, to ee mojkiio 6hjio 6bi 3aMeHHTb (jiyHKHHeii

_________ 1_________=_____ 1 
/x2+ 1 — x2 — y2 ~ /1 — y2 ‘

OopMyjiy (15.23) ajih nyHKa (JiyHKHHH mojkho paccMaTpnBaTb kbk noJi- 
Hyio CTpyKTypy b KpaeBoii 3aAaHe, me HCKOMan (jiyHKHHH Ha rpaHHue dQ 
flOJHKHa npHHHMaTb 3aflaHHbie 3HaneHHH, b o6m,eM cjiyqae onpeuejineMbie 
Ha pa3JIHHHbIX ynaCTKaX pa3JIHHHbIMH 3aBHCHM0CTHMH.

§ 15.5. HopMajiii3aHTa ii o6o6meHHan (fiopMyjia TeSjiopa

JJjIH npOCTOTbl H3JIOIKeHHH paCCMOTpHM JIHHIb AByMepHbie 3aAaHH no- 
CTpoeHHH nyHKOB t3khx (jiyHKHHH, KOTOpbie Ha rpaHHue (hjih ee nacTii) 
HeKOTOpofi o6jiacTH Q ynoBJieTBOpaiOT 3aaaHHbiM HHtjxjiepeHHHajibHbiM 
COOTHOineHHHM. IloCKOJIbKy (jiyHKHHII, BXOAHHJIie B nyHOK, flOJHKHbl HMeTb 
CMblCJI Be3fle B O^JiaCTH Q, TO BO3HHKaeT Heo6xOAHMOCTb ripOAOJI/KaTb 3TH 
AHtjxjiepeHHHajibHbie cooTHonieHHH BHyTpb o6jiacTH. B cbh3h c TeM hto b 
TOHKax rpaHHUbi npoH3BOAHbie no Jiio6oMy HanpaBJieHHio mojkho npea- 
CT3BHTb B BHfle JIHHeHHblX KOM^HHaHHH npOH3BOflHbIX nO KaCaTeJIbHOH II 
HopMajiH, to AOCTaTOHHO yMeTb nponojuKaTb BHyTpb o6jiacTH onepaTopbi 
AHfjiijiepeHHHpoBaHHH no sthm HanpaBJieHHHM.
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B KaqecTBe nojio>KnTejibHOro HanpaBJieniiM npjiMOM iianpaiuKTiiie nop 
MajiH BHyTpb oSjiacTH. IlycTb co = 0 ecTb HopMajinaoBainioe ji<> I i<> 110- 
pnAKa ypaBHeHiie rpaHHUbi <9Q. TaK khk dQ —.jihhhh (iijiii iioiiep.xiio< n>) 
ypoBHH ajih (JiyHKHHH co, to BeKTop grad co HanpaBJieH no nopMajin i< dL*.  
a B CHJiy H0pMaJIH30BaHH0CTH (])VHKHHH (0

noaTOMy BeKTopHoe nojie, onpeaejiHeMoe BeKTOpoM grad ®, Ha rpaHHije 
dQ HMeeT HanpaBJieHiie HopMaJiH v, a cjieaoBaTejibHO, BeKTop

mojkho paccMaTpHBaTb KaK npoAOJiHceHHe BHyTpb ofijiacTH Q BeKTopa 
HOpMajiH v, onpeflejieHHoro JiHinb Ha rpaHHHe odjiacTH Q. TIocKOJibKy

du du. , . , du - ,= ~dTcos (v> + + W cos ( ’ y)’

to BbipanceHne
„ du Sco du d<s>
diu = +T+++W^T (15-24)

duMO/KCT paCCMaTpiIBaTbCH K3K npOAOJIHCeHHe np0H3B0AH0H no HOpMaJIH 
BHyTpb Q.

AHajiorHHHO ajih npoaojinceHHH npoH3BOAHbix Bbicmero nopnAKa, 
onpeAejineMbix (JxjpMyjiofi

T z , d , . .d]B'd^ s Lcos (v’ x) ~dT +cos (v’y} IFJ u’

3co d . da> d \n
dx dx + dy j U

nojiyqaeM BbipaxceHHe
Dnu =

B qacTHOCTH,
p. _ / da> \2 d2u , r> du> da> d2u . / <3o> \2 d2u

I dx ] dx2 + dx dy dxdy 1 dy J dy2

FIoAodHbiM odpa3OM noJiynaeM npoAOJixceHHe npoH3BOAHbix no KacaTeJib- 
hoh (npn jieBOM oSxoae rpaHHHbi):

y,   da> du , d<o du
,U dy dx + dx dy ’

da> \2 d2u
I dx2 ’

,n ’

't . / 3co \2 d2u c> dco dw d2u . / da> \' 
L / dx2 dx dy dxdy + ( dx J

143 CKa3aHHoro cjie/iyeT, hto onepaTOpbiDn npHHaAJiexcaT nynKy (JjyHK- 
dn

uhh, coBna/iaiomHX Ha rpaHHije c-——, a onepawpbi Tn — nynKy (JjyHKUHH, 
3v

coBiia/iaiomHxc. floaTOMy
3t

Dnu = <p + coQf,
Tnu = i|> 4- w<D2,

(15.25)
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r«e <p n 4? — KaKne-Jin6o (JiyHKUHn, onpeflejieHHbie b Q h coBnaAaioiuHe Ha 
dnurpaHHue dQ c —— h —— cooTBeTCTBeHHO.

dvn dxn
3aMeTHM, hto AJifl onepaTopoB Dn h Tn cnpaBenJiHBM HeKOTopbie 4»p- 

Myjibi, aHaJiorHHHbie (JiopMyjiaM ajih oSbiHHbix onepaTopoB AHtJxJiepeHUH-

C noMombio onepaTopoB Dk moikho HopMajiH3OBaTb j\o 3a,naHHoro no- 
pnUKa n ypaBHeHHe © = 0, HopMajiH3OB3HHoe ao 1-ro nopnAKa. ^jih sto- 
ro Hcnojib3yioT peKyppeHTHbie cooTHomeHHH

poBaHHH:
Dt (uv) = uDpj + vDyi;

D2 (uv) = uD2v + ^D^uDiV + vD2u; 
Ty (uv) = uTxv + vTyi;

T2 (uv) = uT2v + ^T^uTjV + vT2u;

(15.26)

dif (u, v) — du D1U + dv Dxv -

H T. A.

©2 = © —gj- ©2r>2®;

633 = «2
1

3! ®3d3m2;

©„ = ®„_1 1
n!

(£>nDn(U

HanpHMep, ypaBHeHHe co = -^- (1 — x2 — y2) = 0 HopMajiH30BaHo Ha 

rpaHHue enHHHHHofi OKpy>KHOCTH flo 1-ro nopnnKa. riocKOJibKy
D2(o = — x2 — y2,

TO (jiyHKHHH
«2 = ®-----^-®2D2® = -l-(l — x2 — y2) [4 + (1 — x2 — y2) (x2 + y2)]

HopMajiH3OBaHa ao 2-ro nopHAKa.
flycTb ® — (jiyHKiiHH, H0pMajiH30B3HHaH Ha dQ ao (n + l)-ro no- 

pHAKa, a f (x, y) — HeKOTopan (JjyHKiiHH. Ha3OBeM cjiyHKUHio

HopManu306aHHoii (pyHKtjueu f (x, y) no (pyHKyuu © (x, y) — HopMajiU3an- 
mou. Moikho noKasaTb, hto ecjin ® (x, y) HopMajiH3OB3Ha ao (n + l)-ro 
nopHAKa Ha dQ, a f (x, y) 6 cn, to cnpaBejuiHBbi (jiopMyjibi

f*(x, y) dkf* 
dvk

= 0 (k = 1, 2.............. n).
dQ

KpOMe toto,



Hcnojib3y5i noHHTHe HopMajiH3aHTbi, mohcho nojiymiTb (JiopMyjiy pa3- 
jiojKeHHH (JiyHKHHH b oKpecraocTH rpaHHUbi dQ, anajiorHHiiyio KJiaCCHHe- 
ckoh (JiopMyjie TeiiJiopa:

f (x) = f (%0) + f' (xo) (X — x0) + f" (x0) (x — x0)2 + • • •

• • • + 4- +0

r^e 0 [(x — Xo)^1] — BejiHHHHa nopHAKa (x — x0)',+1- 
O6o6meHHe (JiopMyjibi Tenjiopa coctoht b cjieayiomeM. riycTb AaHQ,

Qkf I 
f (x, y) |aa = fo (X, y) |<?a; —= fk (x, y) |<?a,

OV |dQ

me fi (x, y) (i = 0, 1,2, .... n) — H3BecTHbie /Z-peajiH3yeMbie (JiyHKUHH. 
Torjia cnpaBefljiHBa (jiopMyjia [49]

f(x, y) = fo + /i® + -gj-/2®2 + ••• ++ 0(pn+I), (15.27) 

rfle p — KpaTnafimee paccTOHHHe ot tohkh (x, y) ao dQ, a (JiyHKiiHH w —> 
HopMajiH3OB3Ha ao (n + l)-ro nopHAKa; 0(p"+1) — BejiHWHa nopaAKa 
pn+1.

15.6. QopMiipoBaHHe CTpyKTypbi, yjiOBJieTBopniomeii 
Ha rpaiiiipe oSaacTii ycaoBiinM An$$epeHqnajibHoro Biijja

1. FIocTpoHTb nynoK (JiyHKiiHH, yAOBJieTBOpHiomHX Ha rpaHHue o6jiac- 
TH Q COOTHOHieHHK)

-+- + au = b Ha dQ, (15.28)

rae a h b — 3aAaHHbie Ha dQ (JiyHKiiHH. Ecjih (pyiiKiiHH a h b Ha pa3JiHH- 
Hbix ynacTKax rpaHHHbi dQ 3aAaHbi pa3HbiMH (jiopMyjiaMH, to, khk 6mjio 
noKa3aHO b § 15.5, hx mojkho npoAOJix<HTb BHyTpb o6jiacTH Q c noMombio 
(JiopMyjibi (15.24), Bbi6Hpaa npn stom ([lyHKUHio np0H3B0JibH0. I4cnojib3yH 
(jiopMyjiy (15.24), npoAOJOKHM cooTHomeHHe (15.28) BiiyTpb o6jiacTH Q:

Dyi + au = b + (0<D, (15.29)

rjje G> — np0H3B0JibHaa orpaHHHeHHaa (pyHKUHH. EIojiomhm

u = (Do + (oOl (15.30}
rne <D0 h (Dj — noKa HeonpeaejieHHbie HenpepbiBHo AH(]x])epeHHHpyeMbie 
(JjyHKHHH. IIoACTaBJiHH (15.30) b (15.29) h nojib3yncb 1-ii H3 (jiopMyji 
(15.26), nojiynaeM

a <D0 + Di<D0 + (ZIjio) <D0 + ioZ)j(Dj + n(o<Di = b + (o(D. (15.31)

TaK K3K B CHJiy HOpMaJIH3OB3HHOCTH (JiyHKUHH (0
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to (JiyHKUnfl Dxco npnHaAJie>KHT nyqKy (JjyHKHHH, npHHHMarom,HX Ha dQ 
3HaneHHH, paBHbie eAHHHue. rioaTOMy

= 1 + coip,
iyje ip — HeKOTopan HeonpeAejieHHan (JiyHKUHa. 3to no3BOJi5ieT (JiopMyjiy 
(15.31) nepenncaTb b BHjje

m + +1 + a<D0 — b + coipo,
■ rae

ip0 = <D — ipOi — j^i^i — a®!- 
t&yHKUHH ipo MOMeT paccMaTpHBaTbCH KaK HeKOTopan HOBaH HeonpeAe- 
JieHHasi (|)yHKH.H5i. OTcroAa hbxoahm

Oj = b + coipo — P^+o— ^o- (15.32)
IIoACTaBJi5i5i (15.32) b (15.30), nojiynaeM

u = (Do — aw+o — coZ^+o + ®2^o + bco =
= ®.-»®.“-“(+L+ + + +) + »I* + '«. (>5-33) 

OopMyjia (15.33), coAepacamaa abb HeonpeAejieHHbie (JiyHKHHH, onncbiBaeT 
nynoK (J+hkijhh, yflOBJieTBOpHrom,HX na dQ. AH^epeHHHajibHOMy cootho- 
meHHio (15.28).

Ecjih b (|)opMyjie (15.33) BbiOepeM (JjyHKiinro ip TOMAecTBeHHO paBHOH 
Hyjiro, to nojiynHM 6ojiee npocTyro (jropMyjiy

u = <J)0 — a<Dow — coDj+o + ®b. (15.34)
IIpHHiiTb b (JiopMyjie (15.33) Qo = 0 b o6meM cjiynae Hejib35i, He Hapy- 
hihb nojiHOTbi nyHKa. ZXeficTBHTejibHO, ecjiH <D0 = 0, to

m = CO2(D + (0&. (15.35)
HenocpeACTBeHHOH npoBepKofi HeTpynHO y6eAHTbC5i b tom, hto KpoMe yc- 
jiobhh (15.28) (^)yHKu,H5i (15.35) yAOBJieTBop^ieT TaioKe «jiHHiHeMy» ycjio- 
BHio -|+ = b Ha dQ, KOTopoMy 4)yHKHHH paccMaTpHBaeMoro nynKa He 

o65i3aHbi yAOBJieTBopHTb. B otjihhhc ot 3T0T0 (JiopMyjia (15.34) o6jiaAaeT 
AOCTaTOHHOfi o6lHHOCTbK).

2. B HeKoropbix cjiynaiix 6biBaeT Heo6xoAHMO pacnojiaraTb tbkhm 
nyqKOM (jiyHKHHfi, sjieMeHTbi KOToporo yAOBJieTBopsnoT HecKOJibKHM coot- 
HomeHimM Ha rpaiiHHe dQ. XapaKTepHbiM npHMepoM b stom othohichhh 
HBJI5HOTCH 33A3HH 06 H3rn6e njiacraH H O^OJIOHeK.

PaccMOTpHM BHanajie 3aAany 06 H3rn6e okcctko 3am,eMJieHHofi njiacTH- 
Hbi. Ha rpaHHue dQ aoji/kiili BbinojiHHTbCH ycjiOBHH

w = 0; ‘ (15.36)

-^ = 0. (15.37)

H3 ycjiOBHH (15.36) cjieayeT, hto cjjyHKHHH w AOJDKHa npHHaAJieacaTb nyq- 
Ky w = co(D (JiyHKHHfi, paBHbix Hyjiro Ha dQ. rioACTaBJiHH w = co(D b 
(15.37), nojiynHM
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OrciOAa cjieayeT, hto <D = 0 na <>'■). < .'i<-.’i<>b.itc'.hi>ho, (jiyiiKHHH <D TaK>Ke 
iipiiHaAJie>KHT nyqKy (fjyHKmifi, pamibix iiy/no im <E.». IlooTOMy <D = w<Do, 
ivie <D0 — orpaHHHeHHaa (jiyHKHHH. Thkiim o6p.m>M,

oy^coaaio. (15.38)

B aaAane o CBo6oAHOonepTofi njiacTHHe KpacBbK- y< k'hiii iimi-iot iiiia 
w = 0;

(15.40)
d2m> 
dv2 = 0,. d2w

+
iyie v — KO3(jx{)HiiHeHT flyaccoHa.

Ha nepBbifi b3tjiha mojkct noKa3aTbcn, hto mojkho npHHHTb w = co3<D. 
JleficTBHTejibHO, npn thkom Bbi6ope (JiyHKUHH w 6yayT yflOBJieTBopHTbca 
o6a ycJioBHH — (15.39) h (15.40). OflHaKO b stom cjiyqae 6yu.eT Bbinoji- 
HHTbca h ycJiOBHe (15.37), xapaKTepHoe ajih xtecTKoro 3ameMJieHHH, ko- 
Topoe ajih CBo6oAHoonepTofi njiacTHHKH, Boo6me roBopn, He aojhkho 
HMeTb MecTa. FIosTOMy (jiopMyjia w = co3<D He o6jiaaaeT neo6xoAHMofi noji- 
noTofi h b onpeaejiHeMOM eio nynKe ToiHoe pemeHHe He coAepscHTCH.

Kan h b 3a,na'ie o xcecTKOM 3ameMJieHHH, ycjiOBHio (15.39) ynoBJieTBO- 
pHM, nojiaran w = (0<D. IlpoAOJixKHM KpaeBoe ycJiOBHe (15.40) BHyTpb 
o6jiac™ Q, Hcnojib3yn CBoficTBa (15.25) onepaTopoB D2 H T2t

D2w + v0T2w = (Dip!, (15.41)
rfle i|) — Heonpe/iejieHHaH (JiyHKiiHH. B tjiopMyjie w = (o<D hojiojkhm

cD = <D0 + (o<DP
TaKHM o6pa3OM, nojiynaeM

w = (o<Do + co2<Dj. (15.42)
floACTaBJiHH (15.42) b (15.41) h yHHTbiBan CBOHCTBa (15.26) oneparopoB 
D2 h T2, nojiyHHM
D2 (co<Do) + D2 (co2) • <Dt + 2D. (co2) D, (<Dt) + co2D2 (<Dj) + v0T2 (co<D0) + 

+ vo7'2(co2) • <DX + 2v07\(co2)7\(<D1) + v0(o2T2 (<DX) = co%. (15.43)
YHHTblBaH, HTO

7\co s= 0;
Dt (co2) = ^coD^co;

T{ (co2) = 2co7\<o == 0;
D2 (co2) = 2coD2co + 2 (Djco)2 = 2 + coip;

7’2(co2) = 2coD2co,
(jiopMyjiy (15.43) npHBexeM k BHAy

D2(co<D0)+ 2(Dj + voT2(co(Do) =co+, (15.44)
r^e xpo — HOBan HeonpeAejieHHan (jiyHKHHH, «norjioTHBmaH» Bce (jiyHKHHH, 
yMHoacaioiHHecH Ha co. 3Ta npoueAypa norjiomeHHH hjichob, Hcne3aiomHX 
na rpaHHue, THnnHHa npn nocTpoeHHH CTpyKTyp. P13 (jiopMyjibi (15.44) 
naxoAHM

<DX = — -+■ [D2 (co<Do) + v0T2 (co<Do) — coipol. (15.45) 
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noACTaBJiflH (15.45) b (15.42), nojiywaeM

w = co(Do------[£>2 (<o(Do) + v0T2(co+0) — coipo], (15.46)

rae <D0 h ip0 — HeonpeaejieHHbie (jjyHKixnH, npnneM l-n H3 hhx cymecT- 
BeHHa, a 2-h mojkct 6biTb npHHHTa paBHoii Hyjiio hjih BbifipaHa H3 Apyrnx 
cooSpameHHH (cm. aajiee).

3. C npHKJiaAHoii tohkh 3peHHH BaxceH KJiacc tbk Ha3biBaeMbix cMe- 
maHHbix 3aAaH, b KOTopbix Ha pa3JiHHHbix yqacTKax rpaHHHbi 3aaaHbi Kpa- 
eBbie ycjiOBHH pa3Hbix THnoB. npn stom cjieayeT HMeTb b BH«y, hto ecjin 
3aAaHbi, HanpnMep, KpaeBbie ycJioBHH

+ aru = br Ha dQj

-|£- + a2u = b2 Ha 5Q2;

rae h bc — H3BecTHbie (JiyHKHHH, 3aaaHHbie Ha cooTBeTCTByioiHHx ynacT- 
Kax $+ rpaHHitbi, to Tanyio 3aflany He cjieayeT paccMaTpHBaTb khk cMe- 
maHHyio. JJocTaTonHo ocymecTBHTb onHcaHHyio b § 15.5 npoiieAypy «cKJie- 
HB3HHH» rpaHHHHblX 3HaHeHHH (JiyHKHHH ah b{ H paCCMOTpeTb OflHO Kpae- 
Boe ycjiOBHe 

rfle a h b — (J+hkhhh, npoAOJHKaiomHe rpaHHHHbie 3HaHeHHH 4>yHKU,HH 
at h b( (i — 1, 2, ..., m) BHyTpb oSjiacra Q.

PaccMOTpHM KpaeByio saflauy
u = cpx Ha SQp (15.47)

= «P2 Ha <3Q2. (15.48)

IlyCTb fflj = 0 H ffl, = 0 — H0pMajIH30B3HHbie ypaBHeHHH <%+ H dQ2 
cooTBeTCTBeHHO. 143 ycJioBHH (15.47) cjieayeT, hto (JiyHKiiHH u npHHaa- 
JiejKHT nyqKy (JiyHKiiHH, npHHHMaiomHX Ha <%+ 3HaneHHH, paBHbie cpp I4o- 
STOMy

u = (Pi + cl>i(D. (15.49)
KpaeBoe ycjioBHe (15.48) npoAOJUKHM BHyTpb oSjiacTH Q:

D(?u = cp2 + tt>2i|>, (15.50)
r«e

p<2) dco2 d . <9m2 d
1 ~ dx dx ' dy ■ dy '

nojiaraa <D = (Do + tt>2(Di h noflCTaBJiHH (15.49) b (15.50), KaK h pa- 
Hee, nojiynHM

^PfPi + (tt>i<D0) + D\2' (tt>i(Dx) ■ tt>2 + D\1 (tt>2) coi+i — *P2  +
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TaK K3K D(2)cd2 ~ 1 + cd24>i, T0

+ Di2) (co^o) + CD!®! = q>2 + cd2x|?2, (15.51)

rae i|>2 — HeonpeAejieHHas (JjyHKijHfl. HaftTH H3 stoh (JiopMyjibi (JiyHKHHio 
(Dx HenocpeflcTBeHHO Hejib3H, tbk kbk ajih stoto npHniJiocb 6bi AejiHTb 
Ha (JjyHKijHio cor, paBHyio Hyjno Ha dQn hto npHBejio 6bi b kohchhom hto- 
re k (JiopMyjie, He yAOBJieTBopaiomeH ycJiOBHto (15.47). flogTOMy nocTynHM 
HHaue. Bocnojib3OBaBniHCb HeonpeAejieHHOCTbio cjiyHKUHH -i|>2, BbiAejiHM H3 
BbipaHceHHH cd2t|)2 cjiaraeMoe (—cd2OJ h nepeHeceM ero b jieByio qacTb 
(JiopMyjibi (15.51);

D'l2’^! + D(12) (CDiOo) + («! + cd2) (Di = cp2 + (D2l|>0,

rjie i|)0 — HeonpeaejieHHaH c|)yhkhhh. OTcioAa
O1 = ^ + ^ [(P2 ~ D'2) (“i+o) ~ D<2)(Pi + <MoL (15.52) 

rioACTaBJiMH (15.52) b (15.49) h yqiiTbiBaH, hto (D = G>0 + cd^O^, nojiy- 
HHM

U = «P1 + ©A + mT+ma' [(p2 ~ D<2>(pi ~ D<2> + <MoL (15.53)

(DopMyjia (15.53) yAOBJieTBopaeT ycJiOBHHM (15.47) h (15.48) npn jiio- 
6om Bbi6ope (JiyHKiiHH (Do h i|> h o6jiaAaeT HeodxoAHMon nojiHOToii. llpH 
3T0M (JiyHKHHH <D0 CymeCTBeHHa. XleHCTBHTejIbHO, eCJIH npHHHTb, HanpH- 
Mep, hto (D0 = 0, to Ha yuacTKe d£22 rpaHHUbi KpoMe ycjioBHH (15.48) 6y- 
AeT BbinojiHHTbcn TaKxce «jiHmHee» ycjioBHe u = <pP

npn nocTpoeHHH nyqKOB cJiyHKHHH, yaoBJieTBopmomHX Ha rpaHHixe 
3aA3HHbIM yCJlOBHHM, MO7KHO BOCnOJIb3OBaTbCH THKTKe o6o6lII,eHHOH (j)Op- 
Myjioii Tefijiopa, paccMOTpeHHoii b § 15.5. Bo mhothx cjiynaax npHMeHeHHe 
3TOH 4>OpMyjIbI npHBOAHT K 60Jiee npOCTblM BbipajKeHHHM.

PaccMOTpHM, HanpHMep, KpaeBoe ycjioBHe
++ + au = b Ha dQ, (15.54)

r^e a h b — 3aAaHHbie 4>yHKU,HH. IlycTb cd = 0 — ypaBHeHHe dQ, HOpMa- 
jiH3OB3HHoe ao 2-ro nopHAKa. Pa3Jio)KHM (JjyHKHHio u no o6o6m,eHHOii 4>op- 
Myjie Tefijiopa, nojiaran n = 1;

u = u* + u\d> + 0 (cd2), (15.55)

TAe M0 H Uj — KaKHe-JIH6o (JiyHKUHH, c KOTOpblMH (JiyHKHHH U H ee npo- 
du -yr\ • *H3BOAH3H- coBnaAaioT Ha <712; Uo n uj — hx HopMaJiH3aHTbi no ©; 

0 (<b2) = co2ip — BejiHHHHa nopHAKa w2; -ip — HeKOTOpaa orpaHHueH- 
Haa (JiyHKHHH.

H3 ycjiOBHS (15.54)
++- = b — au Ha 012. 

dv
CjieflOBaTejibHO, mojkho npHHHTb, hto u± = b — au0. noxcTaBJiHH sto bh- 
paiKeHHe b (15.55), nojiynaeM

u = u0 + (b — au0)*  cd + cd2i|>0 = Uo + (5*  — a*u 0) cd + cd2i|)0. (15.56)
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'I .IK K3K (JiyilKIIHH Uo HeH3BeCTH3, TO nOJIOJKHM u0 = <D0 (x, z/), paccMaT- 
pHBasi <D0 K3K HeKOTopyio HeonpeaejieHHyio (JiyHKUHio. Torfla ^opMyjia 
(15.56) npHHHMaeT bha

u = (1 — a*®)  <Do + b*a  + (O2ipo-
COTJiaCHO (JlOpMyjie H0pM3JIH30B3HH0H (JiyHKHHH,

r. ( d<o d<£> \ I ,-r, ( d<£> d<£> \ ,
U = [l-(oa ^-<o-^-; y-&—j +

+ wbfx—t/—+ o)2+,(x, z/). (15.57)

<DopMyjia (15.57) onpe/iejifleT tot >Ke nynoK ({jynKiiHii, hto h (JiopMyjia 
(15.33). 0/iHaKO b OTJiHHHe ot (JiopMyjibi (15.33) OHa He coflepiKHT qacT- 
hmx npoH3BOAHbix HeonpenejieHHOH (JiyHKUHH <D0. B to xxe BpeMH, ecjin, 
Bocnojib3OBaBHiHCb oSmhhoh (JiopMyjioH Teiijiopa, HanHcaTb pa3Jio>KeHHH

( d<£> dw\ . , ( da d<o , da d<£> \ , A , „

, / „ 5(0 5co \ (3<D 3(0 , 3<D d<£> \ , A, „
= (++++ + ++++;+ 0(°) 

h noflCTaBHTb hx b (JiopMyjiy (15.57), a 3aTeM BKJircwnTb HJieHbi 2-ro nopaA- 
Ka oTHocHTejibHo (o b cjiaraeMoe (o3ip0, moikho nojiyHHTb

( M>0 3o> , 3<D0 3(o \ /r, i «. . 9 ,u = <D0- (0 (^-— + — —)-a(o<Do + b<» + (O^o.

3Ta (jiopMyjia coBHaaaeT c (JiopMyjioH (15.33).
«IlyqoK (J)yHKU,HH» — TepMHH, ciiHOHHMHHHbiH TepMHHy «CTpyKTypa 

pemeHHii KpaeBOH 3aAaqn», ecjiH penb hact 06 yAOBJieTBopeHHH Ha rpaHH- 
pe dQ oahhm h TeM >Ke ycjiOBHHM. Oah3ko noHHTHe nyurca (JiyHKHHH b He- 
KOTopoM cMbicjie 6ojiee o6m,ee, TaK khk He npeAnojiaraeT, Boo6me roBopa, 
ero Hcnojib3OBaHHH npn pemeHHii HMeHHO KpaeBbix 3aAaq. Tax, HanpHMep, 
OnHCaHHOH MeTOAHKOH nOCTpOeHHH nyUKOB (JjyHKHIiH MO/KHO BOCnOJIb3O- 
eaTbca ajih nocTpoeHHH SMnHpHuecKHX (JiopMyji npn o6pa6oTKe pe3yjib- 
T3T0B SKCnepHMeHTOB.

PaccMOTpeHHbie AaJiee npHMepbi HJUiiocTpHpyrc>T bo3mo>khocth MeroAa 
nocTpoeHHH nyqKOB h noAo6paHbi c thkhm pacqeTOM, qTo6bi noAHepKHyTb 
HeKOTopbie oco6eHHOCTH cTpyKTypHoro MeroAa.

§ 15.7. KpyneHiie CTepiKiin KpecTooCpaanoro nonepeqnoro ceqeiiiui

PaccMOTpHM 3aAaqy o KpyqeHHH CTepJKHH KpecToo6pa3Horo nonepeqHO- 
ro ceqeHHH (pnc. 15.8). (DyHKHHH HanpnxieHHH u (x, y) AOJi>KHa yAOBJieT- 
BopaTb BHyTpn o6jiacTH Q ypaBHeHHio nyaccona

— Au = 2, (15.58)
a Ha rpaHHiie o6jiacTH — KpaeBOMy ycjiOBHio

«|3£2 = O. (15.59)
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143 ycjiOBH3 (15.59) cjieayeT, hto peineHne 3aaaHH npHHafljiexHT nyn- 
Ky (JiyHKHHH, paBHbix Hyjno Ha dQ, onpeaejiHeMOMy (JiopMyjioH u — ©<D, 
me © = 0 Ha dQ h w > 0 BHyTpn Q, a <D — HeonpeaejieHHaH (JiyHKiiHH.

JJjIH nOCTpoeHHH 4>yHKH,HH (0 BOCHOJIb3yeMC5I MeTOAHKOH, onHcaHHofi 
b § 15.3. Bbi6epeM b KanecTBe onopHbix odjiacTeH cjieayioiiiHe:

Qj = (a2 — x2 > 0} — BepTHKajibHaa nonoca hihphhoh 2a;

S ai^yi,
i+i^

ecJiH b nocjieAHeM b cooraeTcraHH c cHMMeTpnefi 3aAaHH oraocHTejibHO 
ocefi KoopAHHaT onycrara HJieHbi, coAepxiaiuHe apryMeHrai b Heierabix 
CTeneHHX, a b cootbctctbhh c CHMMeTpneft 3aAanH oraocHTejibHO 6ncceK- 
Tpnc KoopAHHarabix yrAOB npnpaBH5ira KoatJxJiHiiHeHTbi npH npoH3BeAe- 
hhhx x‘y> h x'y‘. 3aMeHa HeonpeAejieHHoft (JiyHKiiHH <D hojihhomom (15.62) 
no3BOJiHeT cBecTH 3aAaHy k oraicKaHHio HeonpeAejieHHbix KosfJxJiHHHeHTOB 
C4, C2, ..., Cn.

Q2 = [a2 — z/2 > 0} — ropH3OHTajibHaa nojioca hihphhoh 2a; (15.60)

Q3 = [b2 — x2 > 0} — BepTHKajibHaa nojioca hihphhoh 2b;

Q4 = [b2 — z/2 > 0} — ropH3OHTajibHaa nojioca hihphhoh 2b.

OdJiacTb Q mojkho onpeaejiHTb TaKoii jio- 
THHeCKOH (JlOpMyjIOH:

Q = (Q, n Q2) fl (Q3 (J ^)- (15.61)
3aMeHHB CHMBOJIbl Q, Ha COOTBeTCTByiO- 
mne jieBbie nacra HepaBeHcra (15.60), a 
CHMBOJibi n h U — Ha chmbojih /?-onepa- 
Hhh Ao h Vo, nojiyHHM cjie/iyiomyio (j)op- 
Myjiy AJia (JiyHKUHH ©:

©== [(a2 —x2) Ao(<* 2 — y2)] Ao X
X [(&2 —x2) Vo (^2 —

TaKHM o6pa3OM, pemeHHe 3aAaHH moikho 
HCKara b BHAe

u= [(a2 — x2) Ao(a2 — l/2)] A0X
X [^-x2)y0(b2- y2)] <D.

HeonpeAeJieHHyio (JiyHKiiHio <D 6yAeM HCKara b BHAe

<D = S C^h (15.62)
1=1

rne
<Pi=l; cp2 = x2 +z/2; (p3 = x2//2; <p4 = x4 + z/4; <p6 s xS 6 + y6; cp6s=

= xV(x2 + z/2); •••
3aMeTHM, hto nojiHHOM (15.62) nojiyqaeTca kbk qacrabiii cjiyqaii noAHHO- 
Ma 6oAee o6mero bhah:
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Ta6jiuu,a 5

a
~b~ C, 62 C3 C. Cs c.

1,5 4,393 —0,400 14,25 11,78 15,34 14,14
2,0 3,762 0,720 —3,688 —2,744 0,702 —0,062
2,5 3,168 2,641 —2,080 —3,708 —0,189 0,803 ■
3,0 2,822 3,273 -1,737 —3,106 0,049 0,592
4,0 2,533 2,771 —0,925 — 1,429 0,098 0,167
5,0 2,448 1,954 —0,453 —0,614 0,057 0,042-

10,0 2,689 0,372 —0,020 —0,023 0,004 0,0002

CjieAya MeToay Pnma, 3aMeHHM KpaeByio 3aAaHy (15.58), (15.59) 3a- 
Aanefi o MHHHMyMe (jiyHKHHOHajia:

1=n [ or+(^-)s i*- 4 n “*■  (15.63)

(s) (S)

3aTeM, kbk oShhho, no&CTaBHM b (15.63) pemeHHe u = mO c yneTOM 
(15.62), npoAH^epeHHnpyeM (15.63) no C,- (/ = 1, 2, .... n) h npnpaBHHeM 
npoH3BOAHbie k Hyjno. 3to AacT hbm CHCTeMy ypaBHeHHH

-gy = 0 (/=1,2, .... n),

OTKyxa HafijieM HeonpeAejieHHbie nocTOHHHbie C/.
npHBefleM pe3yjibTaTbi BbiHHCJieHHH, nojiyneHHbie ajih pa3JiHHHbix ot- 

HomeHHH alb npn rt = 6 (TaSji. 5).

Ta6jiuufl 6

a/b 1,5 2,0 3,0 5,0 10,0

c/G

CTpyKTypHblfi MeTOfl
0,574 | 1,048 | 1,843 | 3,156 | 6,355

MeToa ApyTioHHHa —■. AfipaMHHa
0,580 | 1,050 | 1,844 | 3,215 | 6,549

XecTKOCTb Kpecroo6pa3Horo CTepjKHS Ha KpyqeHHe mojkho onpeAe- 
JiHTb no (JjopMyjie

c = 2G j ndQ,
a

rAe G — MOAyjib cABHra. B Ta6ji. 6 npHBeAeHbi oTHonieHHH c/G, nojiyqeH- 
Hbie K3K CTpyKTypHblM MeTOAOM, T3K H MeTOAOM ApyTioHHHa — A6paMH- 
Ha [4].
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§ 15.8. HsrnS n.iacTHHi>i, aanjeMJieiiHoft no KOHTypy

3aAa*ia  06 H3rn6e tohkoh njiacTHHbi, >KecTKO sameMJieHHoft no KOHTy- 
py, CBOflHTCH K OTblCKaHHIO MHHHMyMa (pyHKUHOHaJia

I = -i- J {D (A®)2 — 2wq} d&, (15.64)
Q

me w (x, y) — HCKOMbift nonepenHbift npornS njiacTHHbi; q (x, y) — Bep- 
THKajibHaa Harpy3Ka. npii stom tpyHKU.HH w aojixcHa ynoBJieTBopHTb Kpa- 
eBblM yCJIOBHHM

w — 0; i 
dw 1 Ha dQ.

~dv~ = 0 '

npeflnojioiKHM, HanpHMep, uto 
njiacTHHa HMeeT tpopMy, noKa3aH-

X
05,////////////M//  ̂//////////////"'U///..

2 cXfe
/71

-Z?5
77777777777777777777'

Hyio Ha puc. 15.9; q — const; q/D = 
= 1.

B KauecTBe onopHbix BbidepeM cJie/iyioiHHe o6jiacTH:
Qx = {0,25 — x2—(z/—l)2> 0} — 

Phc. 15.9

Kpyr pafluyca r = 0,5 c ueHTpoM
b TOHKe (0, 1);

Q2 = (0,25— x2 — (y + l)2 > 0} — Kpyr pafluyca r = 0,5 c ueHTpOM 
b TOHKe (0,-1);
Q3 = {0,25 — x2 > 0} — ropH3OHTajibHan nojioca, orpaHHneHHan npn- 
mhmh x = ± 0,5;

Q4 = |-^-(l— r/2) > oj — BepTHKajibHan nojioca, orpaHHHeHHaH npnMbi- 

mh y = ± 1.

F3aMeTHM, hto ajih jiorHuecKoro 3a/iaHHH oSjiacTH Q, 3aHHMaeMofi njiac- 
thhoh, HeAOCTaTOHHo Tpex onopHbix oOjiacTefi Qn Q2 h Q3, Koropbie ec- 
TecTBeHHO noACKa3biBaioTCH ee tpopMofi. AeJio b tom, uto toukh (0, 0) h 
(0, 2), HanpuMep, He npHHa/uiejKaT o6ji3Cthm Qx h Q2 h npHHaflJieiKaT 06- 
jiacTH Q3. rioaTOMy bchkhh jiorHHecKan tpopMyjia BHfla F (Qn Q2, Q3) on- 
peflejIHT MHOJKeCTBO, K KOTOpOMy 3TH TOHKH JIH60 o6e npHHaAJie>KaT, 
jih6o o6e He npHHaAJiexxaT. B to >Ke BpeMH, o^Ha H3 sthx ToneK AOJDKHa 
npHHaAJie>KaTb njiacTHHe, a apyran — HeT. HTO^bi npeonojieTb 3Ty 
TpyAHOCTb, H npHHIJIOCb B3HTb AOnOJIHHTeJIbHyiO o6jiacTb Q4.

XIjih o6jiacTH Q mojkho 3anucaTb cjieayioniyio jiorHuecKyio tpopMyjiy: 
Q = (Qr U Qa) U (fi3 f) £2«)-

CooTBeTCTByiomyio tpyHKHHio co, yAOBJieTBopniomyio ycJiOBHto HopMajiH3o- 
BaHHOCTH £0 1-ro nopHflKa, nojiyuaeM b BHfle
<o = {[0,25-X2- (y —1)2] Vo[O,25-x2-(z/+ l)2]} Vo [(0,25 - x2)A0

Ao-^-(! — z/2)L
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Hojib3yflcb (JiopMyjiofi (15.38), ajih paccMaTpHBaeMofi saAaHH CTpyKTypy 
peineHHH BbidHpaeM b BHfle

w — <o2<D.
HeonpeaejieHHyio (JiyHKHHio <D 6yAeM HCKaTb b bhas 

<D= £ CqT^^Tj^y), 
i+l=o

rAe Tn (t) (n = 0, 1, ...) — nojiHan cHCTewa hojihhomob He6bimeBa, a X' 
h p, — MacuiTaSHbie KostjxJiHiiHeHTbi, KOTopbie BbiSnpaeM hcxoah H3 pa3- 
MepoB oSjiacTH no HanpaBJieHHHM ocefi koopahh3t c TaKHM pacqeTOM, 
HTofibi BejiHHHHbi H3MeHHJiHCb b npeAejiax, 6jih3khx k HHTepBajiy (—1, 1).

rioACTaBJian w — co2d> b (JiyHKiiHOHaJi (15.64) n AHifxJiepeHiiHpyn ero 
no Cijt nojiyqHM jiHHefiHyio ajire^panHecKyio CHCTeMy ajih oracKaHHH 
Ci/. yqHTblBaa CHMMeTpHIO njiaCTHHbl OTHOCHTejIbHO OCH a6ciIHCC, MO/KHO 
3apaHee nojioiKHTb paBHbiMH Hyjno KO3(|xJ)HiiHeHTbi, y KOTopbix xoth 6bi 
oahh HHAeKC HeneTHbifi. npn m = 4, X = p = 1 BbiHHCJieHHH asiot cjie- 
Ayromne 3HaqeHHH KoatjxJiHiiHeHTOB: Coo = 0,0208; C20 = 0,0163; Coa = 
= 0,0394; C04 = 0,168; C22 = 0,0304; C40 = 0,0261. IdMen npH6jiH>KeH- 
Hoe pemeHne w (x, y), moikho no H3BecTHbiM (JiopMyjiaM paccnHTaTb 
H3rH6aioiii,He MOMeHra, nepepe3biBaiomHe chjih h Apyrne xapaKTepnc- 
THKH.

§ 15.9. K3rii6 njiacTHHbi, cboSoaho onepTOH no KOHTypy

PaccMOTpHM 3aAany 06 H3rn6e njiacTHHbi Q (pnc. 15.10), noABepxKeH- 
Hofi paBHOMepHOMy nonepenHOMy AaBJieHHio q. PlocKOJibKy njiacTHHa mho- 
royrojibHan, to = 0 h KpaeBbie ycjiOBHn cbo6oahoto onnpaHHH HMe- 

y IOT BHA

I4cnojib3yH CBoficTBa (15.26) 
cjieAHioio (popMyjiy k BHAy

l n A^Ian = °; -^^ = 0.

CorjiacHO (15.46), CTpyKTypy pewe- 
hhh Bbi6npaeM b BHAe

frt2
w = (D(D0 — -y [D2 ((o(Do) +

+ v0T2((0(D0) —ftn|)0], 
rAe co = 0 — HopMajiH3OBaHHoe ao 1-ro 
nopnAKa ypaBHeHHe rpaHHUbi dQ. 

onepaTopoB D2 h T2i npeo6pa3yeM no-

LaOT a “”7^° s.) ^.1 n + 0+

leHHS BOCHOJIbJy'C'"

BHAePa3JI0M * r (U')Tf(py)-

I n[>>’"'-'" + peaeHiw clicTeMH P»™

1 “ ^kVc™ KOOP»"M™HXI oiewm® P«y""Ta™lo 00448; - -0,0000200;
„„-0,000328;^- > 0.0260.

_ 0,00124; «« = 0,00

w — co(D0-----g- co2(D0 (£)2«> + v0T2&) — ft>2jD4(D0 + cos,i]>1, (15.65)

r^e ipj — HOBan HeonpeAejieHHaa (JiyHKiiHn, BKJiioqHBiHaa b ce6a Bce cjia- 
raeMbie c MHOiKHTejieM co3.

B KaqecTBe onopHbix o6jiacTefi Bbi6epeM cjieAyromHe:
_ y fa ~ ai) — 2bx + b (aj + g4) n). 

is y (a._fll)2 + 4&» 1
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