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PREFACE

This is an introductory textbook on equilibrium statistical mechanics.
It is called Statistical Thermodynamics to distinguish it from the author’s
earlier work, Statistical Mechanics (McGraw-Hill, 1956). The latter is a
treatise covering selected topics in detail and at a relatively advanced
level; it is neither introductory nor primarily a textbook (except for a
second or specialized course). The two volumes in fact complement each
other. Statistical Thermodynamics (or some other introductory textbook,
such as Rushbrooke’s) is prerequisite to Statistical Mechantes. Where
there is overlapping (e.g., imperfect gases, distribution functions, Ising
problem, ete.), the discussion given in the present work is more elementary,
less general, and should serve to smooth the way for a more detailed study
in Statistical Mechanics.

Although introductory, Statistical Thermodynamics provides a quite
extensive coverage of topics of current interest in equilibrium statistical
mechanics, This is its principal justification for existence. However, non-
equilibrium statistical mechanics has been omitted because: (a) the
foundations are not yet established; (b) it is difficult to discuss this sub-
ject on the elementary level used in the rest of the book; and (¢) the author
is not expert enough in this field, at least at the present time, to do it
justice. The reader will find treatments of nonequilibrium problems in
Kittel (see the list of references at the end of this Preface) and, much”
more extensively, in a book by I. Prigogine.*

Up to, say, 1945, the usual course in statistical thermodynamics in
chemistry departments was concerned primarily or entirely with how to
calculate thermodynamic functions of ideal gases from spectroscopic data.
Such a choice of subject matter was not inappropriate, for this was the
principal area of interest and research in statistical thermodynamics in
the 1930’s. However, the author feels that a modern introductory course
in statistical thermodynamics should reflect the developments of the
1940’s and 1950’s. For this reason, the more traditional material (Chap-
ters 4 and 8 through 10) referred to above is given a rather condensed
treatment to provide room for a survey of more recent advances.

The book is divided into four parts. Part I (Chapters 1 and 2) is con-
cerned with the principles or postulates of statistical mechanics. The
argument is based on elementary quantum-mechanical ideas such as

* I. PriGoGINE, Nonegquilibrium Statistical Mechanics. New York: Inter-
science, 1961.
vii



viii PREFACE

energy levels, states and eigenfunctions, degeneracy, ete. The principles
of classical statistical mechanics are almost entirely omitted because these
follow as a limiting form of quantum statistics and also because the classical
theory is more sophisticated and difficult in many ways than the quantum
approach (at least in the elementary form given here). The interested
reader should consult the very elegant exposition of the principles of
classical statistical mechanics given by Tolman (see the reference list
below). Certainly any student who intends to pursue statistical mechanics
beyond a first course must turn to a study of Tolman sooner or later,
preferably sooner.

Part II (Chapters 3-13) contains applications of the principles de-
veloped in Part I to systems of independent molecules (e.g., an ideal gas)
or of other independent subsystems. The more complicated but also more
interesting problems which arise when molecules can no longer be treated
as independent of each other (because of intermolecular forces) provide
the subject matter of Part III (Chapters 14-21).

Most of the applications in Parts IT and III have to do with the classical
(high-temperature) limit of quantum statistics. Part IV (Chapter 22) is
concerned with problems for which the classical limit is not valid (e.g.,
helium gas at low temperatures). The sections of Chapter 22 could have
been distributed among the appropriate chapters of Parts II and III
(some instructors may in fact prefer to use this order), but the present
arrangement has the advantage (for many students) that only the most
rudimentary quantum-mechanical background is necessary in Chapters
1-21. Somewhat more quantum mechanies is required in Chapter 22 but
still not very much.

The level of the first 16 chapters is fairly uniform. Of these, Chapter 1
may seem the most difficult, at least on first reading, because it is neces-
sarily the most general. It may be wise for the average student to return
to this chapter for rereading after having acquired some familiarity with
applications in later chapters. Parts of Chapters 17-22 are somewhat
more advanced than the earlier chapters. For this reason, and because
more recent contributions are involved, there are rather more references
to the research literature in the last part of the book.

Throughout the text, the intent, with each topic treated, is not to give
a complete discussion that brings the reader up to the research frontier
on the subject, but rather to give an introduction only. Usually this means
that a somewhat approximate first-order theory is outlined. The most
recent details and refinements are intentionally omitted to keep the book
within reasonable compass and also because the level would otherwise be
too advanced for a beginning textbook. As a next step in pursuing any
given subject to a more advanced level, the student should consult the
works listed at the end of each chapter and the literature references.
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An author index has been omitted because many of the more advanced
and important references have not been included in the text—for reasons
just mentioned. In this connection an apology should be made for the dis-
proportionate number of references to the author’s own papers. This is a
consequence not of the relative importance of these papers but rather of
their relative simplicity and of the author’s familiarity with them.

The arrangement of chapters is such that a great deal of flexibility is
possible in adopting the book as a text. As examples, we list below chap-
ters and sections which might be used for (a) a one-semester graduate
course in chemistry; (b) a two-semester graduate course in chemistry;
and (c) a one-semester senior or graduate course in physics.

CHEMISTRY CHEMISTRY Prysics
One Semester (8 hours) Two Semesters (3 hours) One Semester (3 hours)
Chapter 1 Chapters 1 through 16 Chapters 1-4
Sections 2-3 and 24 Sections 17-1, 17-2, and Sections 22-1 through
Chapters 3 through 6 174 22-4
Sections 7-1 and 7-2 Section 18-1 Chapters 5 and 6
Chapters 8 through 11 Section 19-1 Section 7-1
Sections 14-1, 144, and Section 20-1 Chapter 8
14-6 Sections 21-1 and 21-2  Section 22-8
Sections 15-1 and 15-2  Sections 22-1 through Chapters 9 and 10
Chapter 16 22-4, and 22-8 Chapter 12
Section 17-1 Chapters 14 through 16
Section 18-1 Sections 17-1 and 17-2
Section 20-1 Section 18-1
Sections 22-1 and 22-8

It will be obvious from the choice of subjects that the author has had
physical chemists (and physical biochemists) particularly in mind in
writing the book. However, as just indicated above, by suitable omissions
and rearrangements one can easily use the text for an introductory course
in statistical mechanics in a physics department.

The reader is assumed to have studied thermodynamics, calculus, ele-
mentary differential equations, and elementary quantum mechanics.

The problems vary widely in difficulty. They range from simple nu-
merical exercises to small-scale “research’” problems. The first problems
listed in each chapter are referred to, in passing, in the text. Many of
these contain details that the author feels should not be spelled out in the
text but that the reader should verify.

The most important sources of reference for the student are the fol-
lowing:

Banp, W., Introduction to Quantum Statistics. New York: Van Nostrand, 1955.

FLory, P. J., Principles of Polymer Chemistry. Ithaca, N. Y.: Cornell, 1953.
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FowLeR, R. H., and GucaENHEIM, E. A., Statistical Thermodynamics. Cam-
bridge: 1939.

GuaGENHEIM, E. A., Miztures. Oxford: 1952.

HiLpeBRAND, J. H,, and Scort, R. L., Solubility of Nonelecirolytes. Third
Edition. New York: Reinhold, 1950.

HiLy, T. L., Statistical Mechanics. New York: McGraw-Hill, 1956.

HIRSCHFELDER, J. O., Curtiss, C. F., and Birp, R. B., Molecular Theory of
Gases and Liquids. New York: Wiley, 1954,

KrrreL, C., Elementary Statistical Physics. New York: Wiley, 1958,

Lanpav, L. D., and Lirsuirz, E. M., Statistical Physics. Reading, Mass.:
Addison-Wesley, 1958.

MAYER, J. E,, and MavEr, M. G., Statistical Mechanics. New York: Wiley,
1940.

Pri1coGINE, I., Molecular Theory of Soluttons. Amsterdam: North-Holland,
1957,

RusHBROOKE, G. 8., Introduction to Statistical Mechanics. Oxford: 1949.

ScHRODINGER, E., Statistical Thermodynamics. Cambridge: 1948.

SLATER, J. C., Inltroduction to Chemical Physics. New York: McGraw-Hill,
1939,

TER HaAR, D., Elements of Statistical Mechanics. New York: Rinehart, 1954.

TorMmaN, R. C., Principles of Statistical Mechanics. Oxford: 1938.

WiLsoN, A. H., Thermodynamics and Stalistical Mechanics. Cambridge: 1957.

Note. A supplementary reading list is given at the end of each chapter.
To avoid repetition, the above works are listed by authors only. The
present writer’s earlier book is referred to throughout the present text
as S. M.

The author is greatly indebted to Dr. Dirk Stigter and Mr. Robert E.
Salomon for reading the entire manuscript and making many helpful sug-
gestions. Parts of the manuscript were also read and valuable criticism
given by Professors George Pimentel, Nobuhiko Saito, and Tsunenobu
Yamamoto. While writing the book, the author had the benefit of many
stimulating discussions with Professors Saito and Yamamoto. Finally,
the author wishes to express his appreciation for partial support from
the Alfred P. Sloan Foundation during the period in which the book
was written.

February 1960 T.L.H.
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CHAPTER 1

STATISTICAL-MECHANICAL ENSEMBLES AND
THERMODYNAMICS

1-1 Introduction. The object of thermodynamics is to derive mathe-
matical relations which conneet different experimental properties of
macroscopic systems in equilibrium—systems containing many molecules,
of the order of, say, 102° or more. However useful, these interconnections
of thermodynamics give us no information at all concerning the interpreta-
tion or explanation, on a molecular level, of the observed experimental
properties. For example, from thermodynamics we know that experi-
mental values of the two heat capacities C, and Cy for a given system must
be interrelated by an exact and well-known equation, but thermodynamics
is unable to furnish any explanation of why particular experimental values
of either C, or Cy, taken separately, should be observed. Such an explana-
tion falls rather within the province of statistical mechanics or statistical
thermodynamics, terms which we regard in this book as synonymous.
That is, the object of statistical mechanics is to provide the molecular theory
or interpretation of equilibrium properties of macroscopic systems. Thus the
fields covered by statistical mechanics and thermodynamics coincide.
Whenever the question “why?” is raised in thermodynamics—why, for
example, a given equilibrium constant, Henry’s law constant, equation of
state, etc., is observed—we are presented with a problem in statistical
mechanics.

Although thermodynamies itself does not provide a molecular picture
of nature, this is not always a disadvantage. Thus there are many com-
plicated systems for which a molecular theory is not yet possible; but
regardless of complications on the molecular level, thermodynamics ean
still be applied to such systems with confidence and exactness.

In recent years both thermodynamics and statistical mechanics have
been extended somewhat into the nonequilibrium domain. However, the
subject is new and changing, and the foundations are still a little shaky;
hence we omit this area from our consideration. An exception is the
theory of absolute reaction rates, which we discuss in Chapter 11. This
approximate theory is based on a quasi-equilibrium approach which makes
it possible to include the theory within the framework of equilibrium
statistical mechanics.

Aside from the postulates of statistical mechanics themselves, to be
introduced in the next section, the foundation on which our subject is
based is quantum mechanics. If we seek a molecular interpretation of the

1



2 STATISTICAL-MECHANICAL ENSEMBLES [cHAP. 1

properties of a system containing many molecules, as a starting point we
must certainly be provided with knowledge of the properties of the in-
dividual molecules making up the system and of the nature of the inter-
actions between these molecules. This is information which can in prin-
ciple be furnished by quantum mechanies but which in practice is usually
obtained from experiments based on the behavior of individual molecules
(e.g., spectroscopy), pairs of molecules (e.g., the second virial coefficient
of an imperfect gas), ete.

Although quantum mechanics is prerequisite to statistical mechanics,
fortunately a reasonably satisfactory version of statistical mechanics can
be presented without using any quantum-mechanical concepts other than
those of quantum-mechanical states, energy levels, and intermolecular
forces. Only in Part IV of the book is it necessary to go beyond this
stage.

Another very helpful simplification is that the classical limit of quantum
mechanics can be used, without appreciable error, in most problems in-
volving significant intermolecular interactions. Problems of this type
are very difficult without this simplification (Part IV).

Despite our extensive use of classical statistical mechanics in the appli-
cations of Parts II and III, we introduce the principles of statistical me-
chanics, beginning in the next section, in quantum-mechanical language
because the argument is not only more general but is actually much
simpler this way.

1-2 Ensembles and postulates. As mentioned above, our problem is to
calculate macroscopic properties from molecular properties. Our general
approach is to set up postulates which allow us to proceed directly with
this task insofar as “mechanical” thermodynamic properties are con-
cerned; the “nonmechanical” properties are then handled indirectly by an
appeal to thermodynamics. By “mechanical” properties we mean, for
example, pressure, energy, volume, number of molecules, etc., all of which
can be defined in purely mechanical terms {(quantum or classical) without,
for example, introducing the concept of temperature. Examples of “non-
mechanical” thermodynamic variables are temperature, entropy, free
energy (Gibbs or Helmholtz), chemical potential, ete.

Let us consider-the pressure as a typical mechanical variable. In prin-
ciple, if we wished to calculate the pressure in a thermodynamic system
from molecular considerations, we would have to calculate (by quantum
or possibly classical mechanies) the force per unit area exerted on a wall
of the system, taking into account the change in the state of the whole
system with time. The force itself would be a function of time. What we
would need, therefore, is a time average of the force over a period of time
sufficiently long to smooth out fluctuations, i.e., sufficiently long to give
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& time average which is independent, say, of the starting time, ¢ = {o, in
the averaging. Because of the tremendous number of molecules in a typical
system, and the fact that they interact with each other, such a hypothetical
calculation is of course completely out of the question in either quantum
or classical mechanics.

Therefore we are forced to turn to an alternative procedure, the en-
semble method of Gibbs, based on postulates connecting the desired time
average of a mechanical variable with the ensemble average (defined
below) of the same variable. The validity of these postulates rests on the
agreement between experiment and deductions (such as those in this
book) made from the postulates. So far, there is no experimental evidence
available that casts doubt on the correctness of the postulates of statistical
mechanics.

Before stating the postulates, we must introduce the concept of an
ensemble of systems. An ensemble is simply a (mental) collection of a very
large number 9 of systems, each constructed to be a replica on a thermo-
dynamic (macroscopic) level of the actual thermodynamic system whose
properties we are investigating. For example, suppose the system of in-
terest has a volume V, contains N molecules of a single component, and is
immersed in a large heat bath at temperature 7. The assigned values of
N, V, and T are sufficient to determine the thermodynamic state of the
system. In this case, the ensemble would consist of 9T systems, all of which
are constructed to duplicate the thermodynamic state (N, V, T) and
environment (closed system immersed in a heat bath) of the original
system. Although all systems in the ensemble are identical from a thermo-
dynamic point of view, they are not all identical on the molecular level.
In fact, in general, there is an extremely large number of quantum (or
classical) states consistent with a given thermodynamic state. This is to
be expected, of course, since three numbers, say the values of ¥, V, and T,
are quite inadequate to specify the detailed molecular (or “microscopic”)
state of a system containing something in the order of 102° molecules.

Incidentally, when the term “quantum state” is used here, it will be
understood that we refer specifically to energy states (i.e., energy eigen-
states, or stationary states).

At any instant of time, in an ensemble constructed by replication of a
given thermodynamic system in a given environment, many different
quantum states are represented in the various systems of the ensemble.
In the example mentioned above, the calculated instantaneous pressure
would in general be different in these different quantum states. The
“ensemble average” of the pressure is then the average over these instan-
taneous values of the pressure, giving the same weight to each system in the
ensemble in calculating the average. A similar ensemble average can be
calculated for any mechanical variable which may have different values
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(i.e., which is not held constant) in the different systems of the ensemble.

We now state our first postulate: the (long) time average of a mechanical
variable M in the thermodynamic system of interest s equal {o the ensemble
average of M, in the limit as U — oo, provided that the systems of the ensemble
replicate the thermodynamic siate and environment of the actual system of
tnterest. That is, this postulate tells us that we may replace a time average
on the one actual system by an instantaneous average over a large number
of systems “representative” of the actual system. The first postulate by
itself is not really helpful; we need in addition, in order to actually compute
an ensemble average, some information about the relative probability of
occurrence of different quantum states in the systems of the ensemble.
This information must be provided in a second postulate.

Note that the ensemble average of M in the limit as 3 — oo, referred
to above, must be independent of time. Otherwise the original system
which the ensemble “represents” is not in equilibrium.

We shall work out details in this chapter for the three most important
thermodynamic environments: (a) an isolaled system (N, V, and E given,
where E = energy); (b) a closed, tsothermal system (N, V, and T given);
and (¢) an open, isothermal system (u, V, and T given, where u = chemical
potential). N and u stand for the sets Ny, Ny, .. .and py, po, . .. if the
system contains more than one component. Also, V might stand for a
set of “external variables”* if there are more than one. The representative
ensembles in the above three cases are usually called microcanonical,
canonical, and grand canonical, respectively. The first postulate is applica-
ble to all these cases and to other ensembles which will be introduced in
Section 1-7. The second postulate, however, can be limited to a state-
ment concerning only the microcanonical ensemble. The corresponding
statement for other ensembles can then be deduced (as in Section 1-3, for
example) from this limited second postulate without any further as-
sumptions.

Our second postulate is: in an ensemble (I — o) represenialive of an
solated’ thermodynamic system, the systems of the ensemble are distributed
uniformly, that is, with equal probability or frequency, over the possible
quantum states consistent with the specified’values of N, V, and E. In other
words, each quantum state is represented by the same number of systems
in the ensemble; or, if a system is selected at random from the ensemble,
the probability that it will be found in a particular quantum state is the
same for all the possible quantum states. A related implication of this
postulate, when combined with the first postulate, is that the single
isolated system of actual interest (which serves as the prototype for the

* There is one “external variable” for each thermodynamic work term, e.g.,
volume, area, length, etc.
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systems of the ensemble) spends equal amounts of time, over a long period
of time, in each of the available quantum states. This last statement is
often referred :te as the quantum “ergodic hypothesis,” while the second
postulate by itself is usually called the “principle of equal a priori prob-
abilities.” The ergodic hypothesis in classical statistical mechanies is
mentioned at the end of Section 6-3. For a more detailed discussion, see
Tolman, pp. 63-70 and 356-361. (For full identification of works referred
to by only the author’s last name, see Preface.)

The value of E in the second postulate must be one of the energy levels
of the quantum-mechanical system defined by N and V. Since N is
extremely large, the energy levels for such a system will be so close together
as to be practically continuous, and furthermore, each of these levels will
have an extremely high degeneracy. We shall in general denote the
number of quantum states (i.e.,, the degeneracy) associated with the
energy level E for a quantum-mechanical system with N and V by
Q(N, V, E). Thus the number of “possible quantum states” referred to
in the second postulate is Q.

A complication in the above discussion is the fact that, from an opera-
tional point of view, E cannot be known precisely; there will always be a
small uncertainty éF in the value of E. For all thermodynamic purposes
this complication is completely inconsequential.* Hence for the sake of
simplicity we ignore it.

It should also be mentioned that the point of view in the above state-
ment of the second postulate is not so general as it might be. If the energy
level E for the system N, V has a degeneracy £, there are @ orthogonal
(and therefore linearly independent) wave functions ¥ which satisfy the
Schrédinger equation 3¢y = Ey. The particular choice of the € ¢'s is
somewhat arbitrary, since other possible choices can always be set up by
forming suitable linear combinations of the y's in the first choice. In any
case, the “Q@ quantum states” mentioned in connection with the second
postulate refers to some set of orthogonal ¥’s all “belonging” to the same
E. But regardless of the set of ¢’s chosen, the wave function representing
the actual quantum-mechanical state of any system selected from the
ensemble will in general not be one of the chosen set of ¥’s, but will be some
linear combination of all of them. The contrary is really implied in the
above statement of the second postulate. Fortunately, this simplification
in our statement of the postulate makes no differencet in any deductions
we shall make that can be compared with experiment.

* See S. M. (the present author’s earlier work identified in the Preface),
p- 113, and Mayer and Mayer, pp. 55-56, 100-102,
1 See 8. M., pp. 50-55, 79.
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We turn now to a derivation from the above two postulates of the essen-
tial properties of the canonical and grand ensembles.

1-3 Canonical ensemble. The experimental system of interest here
has a fixed volume V, fixed numbers of molecules N (which stands for
N,, Nj, ... in a multicomponent system), and is immersed in a very
large heat bath at temperature T. The heat bath is assumed “very large”
to be consistent with the use of the limit 9 — o below. Our first objective
is to set up the machinery necessary for calculating the average value of
mechanical variables, such as energy and pressure, in the system. In view
of the first postulate, this means that we need to be able to calculate the
ensemble average of such variables. This, in turn, can be done if we know
the value of the particular variable in question in a given quantum state
and the fraction of systemsin the ensemble which are in this quantum state.
It might be noted that because the thermodynamic system here is not
isolated but is in contact with a heat bath, the energy of the system can
fluctuate; therefore quantum states belonging to different energy levels E
will have to be reckoned with. Since mechanical variables have well-
defined values in a given quantum state (in fact we can use this property
as the definition of a “mechanical variable”), the task that remaiuns is to
determine the fraction of systems in the ensemble in a given quantum state
(or the probability that a system selected arbitrarily from the ensemble is
in a given quantum state). This is the problem we now consider.

The experimental, or prototype, system is in a very large heat bath at
temperature 7. Therefore each system in the ensemble representative of
the experimental system must also be in a very large heat bath at 7.
Specifically, we contemplate the following arrangement, which satisfies
this requirement. We imagine 3% macroscopic systems as our ensemble,
each with N and V (duplicating the values in the experimental system),
stacked together in a lattice (Fig. 1-1). The walls between the different
systems in the ensemble are heat conducting, but impermeable to all
molecules. To establish the temperature T, we imagine further that the
entire stack of systems (i.e., the ensemble) is placed in a sufficiently large
heat bath at T. After equilibrium is reached, thermal insulation (repre-
sented schematically by the double lines in Fig. 1-1) is placed on the out-
side walls of the ensemble, and the ensemble is removed from the heat
bath. The entire ensemble itself is now an isolated system with volume
NV, numbers of molecules NN, and a total energy which we shall denote
by E; (¢t = total). The relation between E; and the temperature T will
emerge later. Observe that each system in the ensemble is immersed in a
large (we shall later use the limit 97 — oo) heat bath at temperature T,
a8 is required if the ensemble is to be representative of the original thermo-
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Thermal

insulation | | System
~ “T1| with

Nand V

F1a. 1-1. Canonical ensemble of N systems, each with N and V.

dynamic system. That is, the remaining %1 — 1 systems in the ensemble
serve as the heat bath for any one selected system.

At this point we come to the essential step in the argument, which is to
note that since the ensemble itself is an isolated system, we can apply the
second postulate to the whole ensemble. Thus the entire canonical ensemble
shown in Fig. 1-1 is now regarded as a prototype thermodynamic system,
characterized by the variables UV, N, and E,. We shall refer to this
system as a “supersystem” in order to avoid confusion with the original
experimental closed, isothermal system. The second postulate tells us,
then, that every possible quantum state of this supersystem (canonical
ensemble) is equally probable and hence should be given equal weight in
the calculation of average values of interest. As we show next, it is possible
to take advantage of this observation in order to find the required prob-
ability of occurrence of a given quantum state in the systems of a canonical
ensemble,

We return now to a single system in the canonical ensemble. As a quan-
tum-mechanical system, it is characterized by N and V. Let us list all
possible energy states for such a system in increasing order of the energy
eigenvalue, E,, E,, . .., E;, .. .. Here, for later convenience, each state is
listed separately so that when degeneracy occurs several successive E;’s
will have the same value. For example, in the notation used above and to
which we shall return later, the energy value £ occurs @ successive times
in the list.

Each E; is a function of N and V. If V is changed infinitely slowly,
each E; changes in a continuous manner. However, the number of moie-
cules of any one of the components can be changed only discontinuously—
one molecule at a time. Hence the energy levels must jump discontinu-
ously if N changes.
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For most systems containing many molecules, it is not possible, for
purely mathematical reasons, to actually calculate the energies Ey, E,,
... from Schrédinger’s equation. But for generality, we assume in the
present argument that these energies are known. In applications, we shall
be able to make progress in each case only to the extent that we can over-
come this difficulty either by approximation, or by use of classical me-
chanics, or by reducing this many-body problem to a one-, two-, three-,
... body problem, etc. In any case, the ensemble method has the follow-
ing advantage over a direct time-average calculation on a single system
(see Section 1-2): we need only the stationary states of the system and do
not have to follow the change in state of the system with time.

The list of energy eigenvalues E,, E., ... is assumed, then, to be the
correct list for any given problem. The argument that follows is valid
irrespective of such complications as intermolecular forces, symmetry
restrictions on wave functions, ete.

Since each system in the canonical ensemble has the same N and V,
all systems have the same set of energy states, represented by E,, E,, . . .,
E;, .... Now suppose we observe, simultaneously, the energy state of
each system in the ensemble, and count the number of systems found in
each of the listed states. We let #; be the number of systems found in
state E), . . ., n; in state Ej, etc. The set of numbers n;, ng, . . .is called a
“distribution.” There are, of course, many possible distributions that
might be observed, but obviously all must satisfy the relations

Z: n; = €N, (1-1)
I
> n;E; = E.. (1-2)
J

The individual systems in the supersystem (canonical ensemble) are
macroscopic in size, are arranged in a certain order, and can be separately
labeled. Then the energy state of the whole supersystem would be com-
pletely specified if we indicated the system energy state (i.e., Eq, Eg, . ..)
for each of the (labeled) systems in the supersystem. To take a simple
example, suppose there are four systems (A, B, C, D) in the supersystem
(% = 4) and the possible energy states for each system are E,, E., and
E;. Then one possible energy state for the supersystem would be, say,

A B C D
E, E; E, E
provided that (compare Eq. 1-2)
E, 4+ 2E; + E; = E, (preassigned).
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Here n; = 1, ng = 2, ng = 1. Actually, there are 12 possible states of
the supersystem consistent with this distribution. Three of them are:

A B C D

E 2 E 2 E 3 E 1

E, E; E, E;

E; E, E, E
But there are four sets of this type, corresponding to the four possible as-
signments of E,. In general, the number of states of the supersystem,

Q:(n), consistent with a given distribution #n,, n;, ... (n represents the
entire set n,, ng, .. .) is given by the well-known combinatorial formula

(ny+ng+-- )N !

B(n) = gl IImil

(1-3)

Recall that we are attempting to find the probability of observing a
given quantum state (say E;) in a system selected from a canonical en-
semble (or the fraction of systems in the ensemble in the state E;). Fora
particular distribution n,, np, ..., this probability or fraction is just
n;/N for state E;. But, in general, there are very many possible distribu-
tions for given N, V, 9%, and E,. What we need is the over-all probability;
that is, an average of n;/9 over these distributions, based on an assign-
ment of equal weight to each state of the supersystem. Assignment of
equal weights to supersystem states implies immediately that the weight
assigned to each distribution, in calculating an average over different dis-
tributions, should be proportional to Q,(n) for the distribution.

Now consider the numerical example above, and suppose further that
there are just two distributions which satisfy the conditions of Eqs. (1-1)
and (1-2), namely,

n=1n=2n=1, Q = 12,

n,=2,n2=0,n3=—?, 9‘=6

The probability of observing Ej is } in the first distribution and % in the

second distribution, while the over-all probability is 4:
_1x1242X6_4 W

fig=—_-TE2T_ 2, B

1
12+6 3 n 3
In general, the required probability of observing a given quantum state
E; in an arbitrary system of a canonical ensemble is

_ 7 1 Ya(n)ni(n)
Pi=a =5 f.am (-4



10 STATISTICAL-MECHANICAL ENSEMBLES [cHaP. 1

where n;(n) means the value of n; in the distribution ». The sum is over
all distributions satisfying Eqs. (1-1) and (1-2). Of course, by definition,
XiPj=1

Then the desired ensemble averages of, for example, the energy and
pressure are

E= EP,'E,‘ (1"5)
j

and
p=3 Pw, (1-6)
3

where p; is the pressure in state E;, defined by

pi=— (%)N (1-7)

That is, —p;dV = dE; is the work that has to be done on the system,
when in the state E;, in order to increase the volume by dV.

In principle, Eq. (1-4) for P; tells us all we need to know to calculate
canonical ensemble averages of mechanical variables. But in practice, a
much more explicit expression for P; is necessary. We must now face this
problem.

The most clegant way to proceed is to employ the Darwin-Fowler
technique,* based on the mathematical method of steepest descents.
However, in the present discussion, since we can take %t — o, the so-
called maximum-term method, which involves the use of undetermined
multipliers, is equally rigorous though not so elegant. The latter method,
which we shall use, has the important advantage of requiring much less
of the reader in the way of mathematical background.

In any particular case we are given R, the E; (determined by N and V),
and E, (determined by 9, N, V, and T). There are then many possible
distributions n consistent with the restrictions of Eqs. (1-1) and (1-2).
For each of these distributions we can calculate from Eq. (1-3) the weight
2,(n) to be used in obtaining averages, as already explained. The situation
here parallels exactly that illustrated in Appendix II. That is, because of
the large numbers involved (the present example is ideal in this respect
because we can take the limit 3 — o), the most probable distribution,
and distributions which differ only negligibly from the most probable
distribution, completely dominate the computation of the average in
Eq. (14). By the most probable distribution, denoted by n*, we mean of
course that distribution to which the largest Q;(n) belongs. In effect this
means that, in the limit as 9 — o, we can regard all other weights Q,(n)

* See, for example, Schrodinger, Chapter 6.



1-3] CANONICAL ENSEMBLE 11

ﬂ.

N b

Fra. 1-2. Number of states Q; as a function of the distribution n (schematic).

as negligible compared with Q;(n*). This is illustrated diagrammatically
in Fig. 1-2. With 9t large but finite, there would be a narrow gaussian dis-
tribution centered about n = n*. But in the limit as 9 — oo, this dis-
tribution becomes completely sharp (a Dirac é-function).

Naturally, as we let % — o (i.e,, increase the size of the ensemble),
holding N, V, and T fixed, each n; — oo also. But all ensemble averages
depend only on the ratio n;/R, which remains finite.

Equation (1-4) becomes, then,

*
Pi=t=— =2, (1-8)

where n¥ is the value of n; in the most probable distribution, n*. Equation
(1-8) tells us that in the computation of P; we can replace the mean value
of n; by the value of n; in the most probable (largest ;) distribution.
This leads us to a purely mathematical question: Which of all possible sets
of ny's satisfying Eqs. (1-1) and (1-2) gives us the largest Q,?

We solve this problem by the method of undetermined multipliers
(see Appendix III). The distribution giving the largest 2 is also the dis-
tribution giving the largest In Q, since In x increases monotonically with 2.
We work with In Q; instead of Q; because it is more convenient. From

Eq. (1-3),
In Q(n) = (Z; n.-) In (Z n.') - z; n;lnn,,

where we have used Stirling’s approximation (Appendix II) and changed
the running index from j to 7. This “approximation” is in fact exact here
because we are interested in the limit 97, n; — . According to the method
of undetermined multipliers, the set of n;'s which leads to the maximum
value of In Q;(n), subject to the conditions (1-1) and (1-2), is found from
the equations

—'?—[lnﬂg(n)—aZn;—BEn.-E.-]=0, i=L15L2...,
an; ; 3
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where a and g are the undetermined multipliers. On carrying out the dif-
ferentiation, we find

ln(Zn.-)-—lnn}‘—a—ﬁE,-=0, i=12...,

B
or
=%, j=12.... (1-9)

This is the most probable distribution, expressed in terms of « and 8.
If desired, 31 may be substituted for X_;n; in In Q,(n) at the outset, and
treated as a constant in the differentiation. This will change the meaning
of a, but not any physical results.

The straightforward procedure here is to substitute the distribution
(1-9) into Eqs. (1-1) and (1-2) in order to determine a and 8 as functions
of N and E, or of 9t and E (since obviously E, = 9%E). The result is

= —#E;;
e ;" ’ (1-10)
D] Eﬂ—wi -
E= = ) (1-11)

where 91 has dropped out of both equations. Equation (1-11) provides 8
as an implicit function of E (and also of N and V, since the energies E;
are functions of N and V). Equation (1-10) then gives « in terms of 8
(and N, V). However, the independent variables of real interest here are
N, V, T rather than N, V, E, and we have no information yet about the
dependence of £ on T. Hence we do not pursue the above approach any
further (see Problem 1-2, however), but turn instead, in Section 1-4, to
8 thermodynamic argument which provides a direct connection between
Band T.

We note in passing that elimination of ¢~ in Eq. (1-9) by use of
Eq. (1-10) (or comparison of Eqs. 1-5 and 1-11) gives us P; as a function
of B, N,and V:

p;="2

: o PEIN. V)

i=12.... (1-12)

—  a= oo ?
E S R D)

Anticipating the fact that 8 turns out to be a positive number, we deduce
from this equation that the probability of observing a given quantum
state in a canonical ensemble decreases exponentially with the energy of
the quantum state.

1-4 Canonical ensemble and thermodynamics. To bring nonmechanical
thermodynamic variables such as temperature and entropy into our dis-
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cussion, we now combine the above “mechanical” considerations with
thermodynamics. In the first place, by virtue of the first postulate, we can
associate the thermodynamie pressure p and energy E with the statistical-
mechanical ensemble averages B and E. Let us take the differential of E
in Eq. (1-5), holding N constant (the system being closed):

dE = ) E;dP; + ) P;dE;
i i

=— ‘1—3 > (nP;+ Q) dP; + 3 P; (%)N dv, (1-13)
J 7

where we have defined
Q=Y 7’5, (1-14)

i

used Eq. (1-12) in the first sum, and have recognized in the second sum
that E;(N, V) can vary only with V if N is fixed. The first sum simplifies
further in view of the relations

Y. P;=1, Y dP;j=0,
J j
and
d (E P;ln P,-) = 3 In P;dP;.
J i
Thus, using Eq. (1-6), we can write

- %d (E Piln P,-) = dB + pav. (1-15)
J

Since we already have the associations with thermodynamics E < E and
p > P, and since in thermodynamics (N constant)
TdS = dE + pdV,

we can deduce from Eq. (1-15) the further association

Tds o — %d(z P;ln P,-). (1-16)
i

With these associations established, let us digress to note that from
Eq. (1-13) and
dE = DQ* — DW,
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we have
DQ* = TdS & Z E;dp;, (1-17)
i

DW = pdV < ) P;dE;, (1-18)
j

where Q* and W are heat absorbed and work done by the system, respec-
tively. These relations provide us, in a general way, with the molecular
interpretation of the thermodynamic concepts of heat and work. We see
that when a closed thermodynamic system increases its energy infinitesi-
mally by the absorption of heat from its surroundings, this is accomplished
not by changing the energy levels of the system but rather by a shift in
the fraction of time the system spends in the various energy states. The
converse statement can be made about the work term.

We now return to the main argument, the purpose of which is to relate
S to the P;. From Eq. (1-16),

dS & - BT dgG, (1-19)

where G is defined by

=— Y P;lnP;
i

From thermodynamics we know that the left side of Eq. (1-19) is an exact
differential. Hence the right side must be also. This condition will be met
provided that 1/87 is any function of G, say ¢(G). That is,

dS & ¢(G) d@ = df(G'), (1-20)
where

16 = [o@ da, o) = L.

From Eq. (1-20),
S f(G) + ¢ (1-21)

where ¢ is an integration constant independent of G' and therefore inde-

A + B = A B

;—ﬂ_J
AB

Fia. 1-3. Systems A and B combined to form AB. All systems are at
same temperature.
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pendent of the variables on which G depends (e.g., 8 and V, with N
constant). In thermodynamic language, ¢ is independent of the thermo-
dynamic state of a closed system. Experimental information about the
entropy always involves a difference in entropy between two states (e.g.,
the entropy change AS between T’y and T'; at constant N and V), never an
absolute value, The constant ¢ in Eq. (1-21) always cancels on taking
such a difference. Hence its value is completely arbitrary from an opera-
tional point of view. But for convenience and simplicity, we adopt the
particular choice ¢ = 0 from now on. The connection between this choice
and the third law of thermodynamics will be discussed in Section 2—4.

Up to this point we have that S & f(G), but we do not know the func-
tion f. To settle this matter we make use of a thermodynamic property
of the entropy, namely its additivity. Specifically, suppose we have two
thermodynamic systems A and B at the same temperature and with en-
tropies S4 and Sp. Then if we regard the combined systems (Fig. 1-3) as
a new system AB, we have Sy = S4 + Sp. This relationship suffices
to determine f, as we now show.

F1a. 1-4. Canonical ensemble of I systems, each of type AB.

We first investigate whether the statistical-mechanical quantity G is
additive in the above sense. For this purpose we form a canonical ensemble
of N systems AB (as shown in Fig. 1-4) representative of a thermodynamic
(prototype) AB system at temperature . Heat can flow through all in-
terior walls of the ensemble. The A part of the thermodynamic system
is characterized further by N4 and V4, and the B part by N2 and V2
(A and B are not exponents). In general, the types of molecules may be
different in A and B. We have two sets of energy states for the separate
systems, Ef, E4, ... and Ef, Ef, .... If nf stands for the number of
A systems in the ensemble in state E;-‘, with a similar meaning for njB,
then the number of states of the whole ensemble (Fig. 1-4), or super-



16 STATISTICAL-MECHANICAL ENSEMBLES [cHaP. 1
system, consistent with given distributions n4 and n? is

4 B _ (Zind) (i) _
Q(n",n°) = HjnJ;#‘! X Hjnlfl , (1-22)

since the A and B systems are independent of each other (except for
energy exchange through the walls). The distributions of interest must

satisfy the equations
E nJA 4 Z n’B ’
j i

> (nfEf + n7E}) = E..
i

The argument from here on is essentially the same as before, so we
omit details (Problem 1-3). The three restrictions above require three
undetermined multipliers, a4, ap, and 8, respectively. We note in par-
ticular that because of energy exchange between the A and B systems,
only one energy equation and one multiplier 8 are necessary. For the
probability that the thermodynamic system AB has its A part in state
E# and its B part in state EP, we find

A B
e—’Ei e—ﬁE’.

0.0 = PIP7 (1-23)

P,‘j =

where

Q=35 Qa=3 ¢
]

i

This multiplicative property of P;; is of course what we should expect
from the form of Eq. (1-22). We deduce from Eq. (1-23) that if two sys-
tems are in thermal contact with each other (and therefore have the same
temperature), they have the same 8. This suggests a close connection
between 8 and T, which we verify below.

For the combined system AB,
GAB = — Z P,‘j In P,‘j
i.j

= — ) P{P} (InP{ + In P})
i.j

= — Y P{mP} — Y PP}
3 J

Ga + Gs. (1-24)
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That is, G is additive. Also, since S45 = S4 + Sp, we have

f(GaB) = f(G4) + f(G5).
Then, from Eq. (1-24),

f(Ga + GB) = f(Ga) + f(Gr).
The question before us becomes, then: Given that
f +v) = 1) + 1), (1-25)

what is the function f? Let us differentiate* Eq. (1-25) with respect to
z and y:

dfz+y) oz +y) _ dle+y) _ @)

dz+y) 9z  dz+y) dzx
dfzt+y) sty _dfety _ 4@,
dz+y) 9y diz+y) dy

Hence

df(z) _ 4@
dz dy

This says that a certain function of z is equal to the same function of y.
But this is only possible if the function is a constant, say k. Then
df(x) _ -
d:c —k) f(x)—kx+a,

where a is another constant. But we have to choose @ = 0 in order to
satisfy Eq. (1-25). Therefore, finally, we have found that f(x) = kz,
and that

S o () =kQ

e —kY, P;lnP;. (1-26)
j

Also, from Eq. (1-20),

BT d@
or
Loa Los (1-27)
T ! kT :

* This argument is from Schrodinger, p. 13.



18 STATISTICAL-MECHANICAL ENSEMBLES [chap. 1

The constant k is still unevaluated at this stage. We have seen that if
any two systems are in thermal contact, they have the same 8 and 7.
Therefore they have the same k. What is more, & is a universal constant,
since one system of the pair, say A4, can be retained and B can be varied
over all other possible systems, C, D, E, . ... The value of k can thus be
obtained once and for all by comparing statistical-mechanical and ex-
perimental values of the same property, on any convenient system (A4,
above). The pressure of an ideal gas is usually used. The numerical value
of k depends, of course, on the absolute temperature scale employed. We
anticipate from our treatment of an ideal gas in Chapter 4 that k =
41.38044 X 10~ erg - deg™!, with the conventional kelvin tempera-
ture scale. However, the important fact that k is a positive number can
easily be checked here in several ways. For example, if we put 8 = 1/kT
in Eq. (1-11), differentiate with respect to 7T, and use the experimental
thermodynamic fact that Cy = (3E/dT)n,v is always positive, we find
that k& must be positive (Problem 1-4).

We are now in a position to summarize the basic statistical-mechanical
equations that can be used to calculate the thermodynamic properties of
a closed, isothermal system. In the first place, the probability that the
system is in any particular energy state E; is

—E;(N,V)/[kT

[4
Pi{N,V,T) = W ’ (1-28)
where
QW, V,T) = 3] M DIT, (1-29)

7

We call @ the “canonical ensemble partition function.” Because of the
association (1-27), the independent thermodynamic variables here turn
out to be N, V, and T, which is just the desired set for a closed, isothermal
system (see Section 1-3). The entropy is

S(N,V,T) = —k D, P;In P;, (1-30)
7

where P; is given by Eq. (1-28). If we substitute Eq. (1-28) into
Eq. (1-30), we find
E E A

where the last expression is a thermodynamic one (A is the Helmholtz
free energy). Therefore

ANN,V,T) = —kTInQ(N, V, T). (1-31)
This equation is particularly useful because A is the “characteristic func-
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tion” in thermodynamics for the independent variables N, V, T':
dA = —8dT — pdV + ) pta dNa. (1-32)
Thus, )
§=- (%%)V.N = kT ?GLBTQ)V.N +EknQ, (1-33)

= _(24) _ ;r(¥nQ -

p= (aV ex = F\57 )M, (1-34)
_ _maf94/T _ 2(aan) )

E=-T (—M, )V'N =¥ (55, . (1-35)

Hence, if the function Q(V, V, T) is available from Eq. (1-29), differentia-~
tion of Q yields S, p, and E. Furthermore, despite the fact that Eq. (1-31)
was derived from the study of a closed system, we can make use of the
thermodynamic equation (1-32) and Q(N, V, T) to deduce the chemical
potential of any component, say %, from

= (24 - (a In @ :
e = GN;)T.V.N,,.,-— kT ON; Jr,v.N,.,

Thus we have a complete set of thermodynamic functions (from which
all others can be derived): N,V T; 4, E, S, p, u. Incidentally, whether
the averaging bars over £ and p in the above equations are dropped or
not is optional; it depends on whether one has in mind primarily the
thermodynamic or the statistical-mechanical aspect of the equation in
question.

The above equations, which allow us to deduce all the thermodynamic
properties from Eq. (1-29) for the partition function Q, are general but
quite formal. In fact, the reader may feel that these relations are rather
useless since, in general, the E; must be expected to be very difficult to
calculate for a system with many molecules. While such an attitude is
perhaps justified in complicated cases, there are many systems for which
considerable progress of one kind or another can be made. Much of the
rest of this book will be devoted to such examples.

For many purposes it is convenient to group together all energy states
belonging to the same energy level. Let Q;(N, V) be the number of such
states (that is, the degeneracy) for an energy level Ei(N, V). In other
words, in the list of energy states E,, E,, . . ., the same value E; occurs ;
times. Then,

Q(N, V,T) = E e—Ej(N.V)IkT = 2 Q.’(N, V)e"E‘(N'V)"‘T. (1-37)
i i

(states) (levels)

(1-36)
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Also,
Qo—EIFT

Q

is the probability that the system exists in the energy level E. We have
dropped subscripts here to avoid confusion between ¢ and j. Whether a
sum such as one of those occurring in Eq. (1-37) is over “states” or “levels”
can always be judged by noticing whether or not degeneracies are included
as weights for the so-called Boltzmann factors (¢~5#/*7),

We have already mentioned that P;, being proportional to the Boltz-
mann factor ¢~ Ei/*7, falls off exponentially with increasing E;, We shall
discuss essentially this point in more detail in Chapter 3, but in anticipa-
tion we should mention here two important extreme cases:

(a) If T — 0 and the lowest level E; is nondegenerate, then

P (level) = QP (state) =

(1-38)

Q — e—E[/kT[I + 926—(E3—E'1)/k1' + .. .] N e—ElIkT
and
Py—1, P;j—0, j=23,....

That is, in the limit as T — 0, the system is certain to be found in the
lowest energy state. From Eq. (1-30), S — 0.

(b) If T — oo, the relative effect of different E;’s on the Boltzmann
factors is washed out, and P; (state) — constant (independent of j); that
is, the probability distribution over states becomes uniform. Then S — o,
assuming that there is an infinite number of energy states (Problem 1-5).

1-5 Grand canonical ensemble. In this section we suppose that the
thermodynamic system of volume V, whose properties we wish to caleu-
late from molecular considerations, is in a large heat bath and is “open”
with respect to the molecules in the system. That is, both heat and matter
(molecules) can be transported across the walls of the system. The bath
provides a reservoir of heat at temperature T' and of molecules at chemical
potentials uq, pg, . ... The system is thus characterized by the thermo-
dymamic variables V, T, u;, 3, . ... The numbers of molecules N;, N,
. . . do not have fixed values, as they do in a closed system, but fluctuate
about mean values Ny, No, . ..

We employ here the same type of argument as for the canonical en-
semble: (a) the first postulate permits us to use ensemble averages over
mechanical variables in place of time averages on the actual system;
(b) by regarding the entire ensemble as an isolated supersystem, we can
deduce ensemble-average weighting (probability) factors from the second
postulate, in terms of undetermined multipliers; and (¢) the significance
of the undetermined multipliers, as nonmechanical variables, can then be
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System
y |_with }

F16. 1-5. Grand canonical ensemble of 3 systems, each with V.

established by comparing statistical-mechanical and thermodynamic
expressions for mechanical variables.

For simplicity, we consider now a one-component system, with V, T, and
K given. As an ensemble (which we call a “grand canonical ensemble”)
representative of this system, we introduce a lattice (Fig. 1-5) of 9 sys-
tems, each with volume V and with walls permeable to molecules (indi-
cated by the dashed lines) and to heat. To establish the desired values of
T and u in each of the 91 systems, we imagine that the whole ensemble is
immersed in a giant reservoir at T and u until equilibrium is reached. We
then place walls around the ensemble (solid double lines in Fig. 1-5)
that are impermeable to both heat and molecules, and finally remove the
ensemble from the reservoir. The ensemble itself is then an isolated super-
system to which the second postulate can be applied. The volume of the
supersystem is RV, and we let E; and N, be its total energy and number of
molecules.

Since the subsequent details are very similar to those in Sections 1-3
and 1-4, we condense the discussion here. For each value of N, there will
be a different set of energy states E;(N, V). The quantum-mechanical
state of the supersystem (ensemble) is specified when we give the value
of N and the state E;(N, V) for each system in the supersystem. In a
given state of the supersystem, let n;(N) be the number of systems which
contain N molecules and are in the particular energy state E;(N, V).
N can range from zero to infinity (unless there is some upper limit set by
the model being used). For a given distribution n, that is, for a set of
numbers

nl(o);

nl(‘-); ”2(1)y 'n3(l): L
'n!(2); n2(2); n8(2)’ vy
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the number of possible quantum states of the supersystem is

_ inni(N) .
8ln) = a1 (1-39)
Acceptable distributions must satisfy the conservation relations
2 mN) =9, (140)
N
52N ni(N)E;(N, V) = E, (1-41)
> ni(N)N = N, (1-42)
iN

If we let a, 8, and 7 be the respective undetermined multipliers, the most
probable distribution turns out to be (Problem 1-6)

nj(N) = g% PEN V=N, (143)

Again, in principle we can substitute Eq. (1-43) into Egs. (1-40) through
(1-42) and find «, 8, and 7 as functions of N, E,, and N;. But, instead,
we follow a procedure analogous to that used for the canonical en-
semble.

From Eqgs. (1-40) and (1-43),

¢ = Y e PEWNg—1N (1-44)
N
and
_ m _ n'f(N) _ e—-#E,-(N.V)e-‘VN
P,(N) — -791' —_ Jsl — Z.-'N,e—BEdN'-V)e—*'N' ] (1—45)

where P;(N) is the probability that a system selected at random from the
grand ensemble will contain N molecules and be in the energy state
E;(N, V); or, P;(N) is the probability that the single prototype thermo-
dynamic system contains exactly N molecules and is in the energy state
E;iN, V). We note that P;(N) has an exponential dependence on both
EiN,V) and N. An open system has a definite volume, but both the
energy and number of molecules in the system fluctuate. In a closed,
isothermal system (canonical ensemble), N is fixed but the energy fluctu-
ates. The magnitude of these fluctuations will be examined in Chapter 2.
From the first postulate, we have the associations

EoE(=E/n) = EN P{N)E;N, V), (1-46)
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N & N(= N/3) = 2 Pi{(NN, (1-47)

perB= TP - ["E"N n] }- (1-48)

These are mechanical variables. To include nonmechanical variables and
to evaluate 8 and 7, we utilize the expression

dE = ;,; E4(N, V) dP{N) + ZN: Pi(N)dE;(N, V).  (149)
. I

Since we are summing over all values of j and N, EiN, V) is in effect a
funetioh of V only in the second term on the right. In the first term, we
substitute for E;(N, V) from Eq. (1-45). Then,

df = — %2 [*N + In P;(N) + In 2] dP;(N)
5N
+ 2 B0 PG ay, a0

where

E e —BE;(N, V) —‘YN (1_51)
N

Using [Eq. (147)]
dN = ) N dP;(N),
N

Eq. (1-50) simplifies to

- ld[z P;(N) In P,-(N)] =dE +pdV +2dN. (1-52)
8%l B

We compare this with the thermodynamic equation

TdS = dE + pdV — paN, (1-53)
and conclude that
por =3 (1-54)
TdS & — %d [E PiV)In P,-(N)] . (1-55)
5N

By the same kind of lengthy argument already employed for the canoni-
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cal ensemble, we arrive at the further results

8 e —k Y P{N) In Py(N), (1-56)
N
1
ﬁ « ﬁ) (1-57)
and therefore, from (1-54),
ﬁ - —7. (1-58)

The relation (1-56) has the same formal appearance as Eq. (1-30) in the
canonical ensemble. In fact, this form for S is quite general (see Problem
1-8, for example).

According to Eq. (1-45), there is only one g (and therefore k) for all
values of N. Furthermore, this is the same 8 as in Section 14 for a closed,
isothermal system, since a grand ensemble is just an aggregate of canoni-
cal ensembles. That is, we can imagine “freezing” the composition of the
systems in a grand ensemble by suddenly inserting, between the systems,
walls which are heat conducting but impermeable to molecules. Then the
original grand canonical ensemble becomes simply a collection of canonical
ensembles (in fact, this is the significance of the word “grand”) in thermal
contact with each other, each characterized by a definite N.

Let us now summarize results for an open, isothermal system whose
thermodynamic state is specified by the variables V, T, and u. The prob-
ability that such a system contains N molecules and is in the energy state
Ei(N,V)is
~E;(N,V)IkT Na/kT

[
E(V,T,w

PiN;V,T,p) = J (1-59)

where

E(V, T, p) = D e N DM NUAT, (1-60)
iN

We call E the “grand partition function.” The notation used for P in
Eq. (1-59) means that N and j are essentially running indices (the notation
Py; might have been used), while V, T, and u are independent thermo-
dynamic variables. An alternative form for = is

E(V,T,n) = Z[GN::/I:T E e—E,-(N.V)/kT]
N 3

2

= ;Q(N, V, T)e¥* T, (1-61)
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The probability that the system has N molecules, irrespective of the
energy state, is

Na/kT
POV, T,m) = 3, PiN) = QW, v, Tye ™

2V, T, ) (1-62)

Thus, for example, the average value of N is

Zx NQ(N, V, T)e™/*T
2V, T, w

If we substitute Eq. (1-59) into Eq. (1-56), we find

S—E-—&‘+kln2————+

N(V} T,p) = (1-63)

where the last expression is thermodynamie in origin. Hence
pV=kThh E (V, T, . (1-64)

Now pV is the thermodynamic characteristic function for the variables
V, T, and u:
d(pV) = 8dT + Ndu + pdV. (1-65)

Therefore, from Eq. (1-64), we have the following relations which, to-
gether with Eq. (1-64), permit us to calculate all the thermodynamic
properties of a system if E is known as a function of V, T, and u:

S = kT (‘”“E) +khnE, (1-66)
aT
_ w20 z) ,
v =ir(22E) (1-67)
_ dlnE InZ
p= kT( . )M kT RE. (1-68)

The last form of Eq. (1-68) follows from Eq. (1-64) or, or: thermodynamic
grounds, from the fact that the variables held constant in the derivative
are both intensive.

We shall see in Chapter 2 that one can choose an ensemble from which
to calculate thermodynamic functions on the basis of convenience, and
irrespective of the actual environment of a system (heat bath, constant
pressure, ete.). In many problems the grand ensemble is easier to use than
the canonical ensemble. When this is the case, the reason is usually either
(a) that a mathematically awkward restraint of constant N in the canoni-
cal ensemble can be avoided by summing over N (Eq. 1-61), or (b) that
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& many-body problem can be reduced to a one-body, two-body, ete.,

problem by viewing Eq. (1-61) as a power series in the “absolute activity”
A = *T:

-4 (Va T, l‘) = Q(O, V} T) + Q(l’ V’ T)X + Q(2’ V} T))‘z + - (1_69)

This is the preferable method in treating an imperfect gas, for example
(Chapter 15).

The above discussion is limited to a one-component system, but it can
easily be extended to any number of components (Problem 1-7). For
example, for two components there will be two equations like (1-42) and
two undetermined multipliers, ¥, = —u;/kT and Y3 = —po/kT. Equa-
tion (1-59) becomes
e—E,-(NhNa.V)/kT)‘qflklz\’z

PJ'(NI’ N2) V: T) M1, F?) = E(V, T, B, "2) ’ (1—70)
with
E= Y, QNy, Ny V,TA'AS?, (1-71)
NpN2
where
A= BT 2y = gnalRT,
Also
pV = kTIn E (V, T, p1, pa), (1-72)
d(V) = SdT 4 Nidus + Nz dpg + pdV, (1-73)

from which we can immediately write the extensions of Eqs. (1-66)
through (1-68).

1-6 Microcanonical ensemble. Here we are concerned with an isolated
system with given E, V, and N (N again represents a set N;, N, ... if
the system is multicomponent). The representative ensemble is called a
microcanonical ensemble, as stated in Section 1-2. For an isolated system
it is difficult to achieve a direct connection between our two postulates
and thermodynamics (e.g., we have used variations in E for this purpose
in Sections 1-4 and 1-5, but here E is constant). The most common pro-
cedure for avoiding this difficulty is to introduce, essentially as a new
postulate, the equation S = kIn 2, where (N, V, E) is the degeneracy
of the energy level E (see Section 1-2). However, a new postulate is not
really needed; its introduction is therefore unsatisfactory from a logical
point of view. Instead, we derive the properties of a microcanonical en-
semble from either the canonical ensemble or the grand ensemble.

First, consider a canonical ensemble. A microcanonical ensemble, as the
name is meant to imply, is a degenerate canonical ensemble in which all
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systems have (virtually) the same energy. Thus, suppose we start with a
canonical ensemble, pick out just those systems with an energy level E,
place thermal insulation around each of them, and then remove these
systems from the other systems in the canonical ensemble (with energies
different from E). As a result of this operation, we have a collection of
isolated systems, all with the same N, V, and E (a microcanonical en-
semble). This degenerate canonical ensemble* may be thought of as being
representative of a hypothetical closed, isothermal system that is somehow
restrained from having values of E other than E = E. Another way of
saying this is that the only quantum states accessible to the system are
those with energy E. In this new ensemble, according to Eq. (1-28), the
fraction of systems P; in a given quantum state (energy E) is proportional
to e~E/*T, But E is the same for all quantum states, 2(N, V, E) in number.
Hence P; is the same for all @ quantum states. Since X;P; = 1, P; =
1/9. Then, from Eq. (1-30),

S(N,V,E) = —k Y. P;In P; = —m(éln-é)
j

= klnQN, V, E). (1-74)

This relation between the thermodynamic S and statistical-mechanical
(actually, quantum-mechanical) @ can then be employed to derive all
thermodynamic functions of interest, as we shall see below.

A microcanonical ensemble is also a degenerate grand ensemble: we
can pick out of a grand ensemble only those systems with certain pre-
scribed values of N and E. But there is s different, in fact, complementary,
way in which Eq. (1-74) can be deduced from a grand ensemble.

In what follows, we have to make use of Section 1-5, which was re-
stricted for simplicity to a one-component system, but the method and
result are independent of the. number of components. In Section 1-5 we
applied the second postulate to the whole grand ensemble, or supersystem
(Fig. 1-5). That is, the supersystem itself is an example of an isolated
system. The point of view we adopt here is that the supersystem may be
regarded, for present purposes, not as an imaginary construct but as a
single, very large, real isolated system. In this case, the dashed lines in
Fig. 1-5, dividing the “supersystem” into “systems,” represent mathe-
maiical rather than physical planes. A “system” (Fig. 1-6) is then an
imaginary macroscopic portion, between mathematical planes, of the
total or “supersystem.” Each “system” is open and tsothermal. Note that

* We shall see in Section 2-2 that, because relative fluctuations in E about
E in a canonical ensemble are virtually negligible in magnitude, this somewhat
artificial way of forming a microcanonical ensemble is really unnecessary:
canonical and microcanonical ensembles are essentially indistinguishable in any
case.



28 STATISTICAL-MECHANICAL ENSEMBLES [cHap. 1

System
with V

F1a. 1-6. Portion of a larger system forming a smaller, open, isothermal
system of volume V.

we cannot use this point of view in connection with a canonical ensemble,
because this ensemble requires that each “system” be closed. The way we
proceed is to employ Eq. (1-39) to find the total number of quantum
states Q; of the “supersystem” (specified E;, Ny, V; = NV) and relate
this number to the entropy S; of the “supersystem” using (a) the connec-
tions with thermodynamics already found for an open, isothermal system
(Eqgs. 1-59 through 1-68), and (b) the additive property of the entropy,
8; = N8, where 8 is the entropy of one “system” in the “supersystem.”
To evaluate In ,, we start with

InQ = In ), Q(n) = InQ(n*) (1-75)

and then substitute
e~ Ei (N VIR NulkT

S

which follows from Eqs. (1-45) and (1-59), into In 2,(n) from Eq. (1-39),
to give In Q;(n*). We find

In2(n*) = 9ln 3 — 3 #5(N) Innj(NV)

ni(N) =

’ (1-76)

N
_RE _ aNu
=%~ %kr T FInE
—oq(E _Np pV\_ %8
—”‘(kr Wt R) = F
so that
Sg = k ln Qg, (1‘77)

in agreement with Eq. (1-74).
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Equation (1-74), due to Boltzmann, is possibly the best-known equa-
tion in statistical mechanics, mainly for historical reasons. We shall dis-
cuss it further in Chapter 2. But let us note here that: (a) it applies to
an isolated system; (b) if the ground state of the system is nondegenerate,
2= 1 and S=0 (T —0); and (c) for any isolated system whatever, the
more quantum states available to the system, the higher the entropy. This
is the origin of qualitative statements which correlate the entropy with
“probability,” “randomness,” “disorder,” etc. We shall encounter many
examples of such a correlation in the present book. Incidentally, we can
appeal to thermodynamics for a quick estimate of the magnitude of @
to be expected in statistical mechanics in general. That is, since it is found
experimentally that* S = O(Nk), In@ = O(N), and Q = O(e¥) =
0(10'%* %), an impressively large number.

Let us assume that, from quantum mechanics, we have Q(N, V, E) for
the system of interest. Our next problem is to calculate all thermodynamic
functions, not just the entropy S. But S is the characteristic function for
the variables N, V, E:

1 Y4 Mo
S = [ dE + 5dV — ;TdN.. (1-78)
Hence
1 dlnQ
7y ( 3E )V.N ) (1-79)
p _ (dlng
kT — ( av )E.N’ (1-80)
B alnﬂ) _
kT — (aN.' EV\Ngu; (1-81)

The temperature is determined by the dependence of @ on E. Since we
know from thermodynamics that T is positive, we can anticipate that Q
will increase with E for any macroscopic quantum-mechanical system.
Clearly, the same statement can also be made about (V).

In practice, except in very simple systems, Q(N, V, E) is not available,
and the microcanonical equations (1-74) and (1-79) through (1-81) can-
not be utilized. In particular, the restriction to constant energy E is
usually a difficulty. This can be avoided by passing to the canonical en-
semble,

* The notation O(z) means “of order 2.”
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1-7 Other ensembles. Many other ensembles and partition functions
are possible and are often useful. For example, for a one-component sys-
tem, if we start with (N, V, E) and then sum one at a time over E, N,
and V, we obtain* the four relations (we write 1/kT = B here for con-
venience),

In 9, v, ) = 678 = §. (1-82)

In E (N, V, E)e*® = functionof N, V, 8 = —BA4, (1-83)

In ) 9N, V, E)e®" = function of V, E, B = 6H, (1-84)
N

In Zaav V, E)e™*" = function of N, E, p = B(TS — pV). (1-85)

In Eq. (1-84), H is the “heat content,” E + pV. The summations over
possible values of E and V may be replaced by integrations in most prob-
lems, as we shall see. But here we use the present simple notation for
convenience. The sum in Eq. (1-83) is the same, except for notation, as
the sum over energy levels in Eq. (1-37). Previously we established only
Eqs. (1-82) and (1-83), but the other two cases, and those below, can
be worked out in detail by the same general methods already used
(Problem 1-8).
Continuing, we can also sum two at a time over E, N, and V:

In Z QN, V, E)e*5e®Y = function of V, B, u = pV, (1-86)

In E Q(N, V, E)e *E¢#*Y = function of N, 8, p
EvV
= —BNu = —§F, (1-87)
In Y oV, V, E)e*¥e~**Y = function of E, , fp = BE. (1-88)
NV
Equation (1-86) is the logarithm of the grand partition function, already

encountered. The other two equations are new. Equation (1-87) is par-
ticularly important} because it is applicable to a system with the familiar

*T. L. Hiy, J. Chem. Phys 29, 1423 (1958). See also A. MUNsTER (Supple-
mentary Reading list); W. B. BrowN, Mol. Phys. 1, 68 (1958); A. MUNsTER,
ibid. 2,1 (1950); R. A. Sacx, ibid. 2, 8 (1959).

t W. B. Brown, Mol. Phys. 1, 68 (1958).
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set of independent variables N, T, and p. In Eq. (1-87), F is the Gibbs
free energy, A + pV, equal to Nu for a one-component system. Finally,
we can sum over all of E, N, and V:

In E (N, V, E)e*2#¥ e~V = function of 8, 4, p = 0. (1-89)
ENV

This is an exceptional case, since T, u, and p appear to be independent
variables, whereas we know from thermodynamics that at most two of
these variables can be independent. The special treatment necessary for
this partition function is provided elsewhere (S. M., Chapters 2 and 3).
The characteristic functions are redefined here, in a more systematic
way, as dimensionless quantities. In every case there is an appropriate
thermodynamic equation which permits calculation of other thermody-
namic functions from knowledge of the partition function. For example,

for Eq. (1-83),
d(—BA) = —E dB + BpdV — BudN, (1-90)

or for Eq. (1-87),
d(—pF) = —E dg — V d(Bp) — BudN. (1-91)

Equation (1-90) is, of course, just a rearrangement of Eq. (1-32) for a
closed, isothermal system.

The reader has perhaps noticed that the characteristic function can be
written immediately on inspection of the partition function. The rule is:
if we replace € by ¢#75, then the characteristic function is the sum of the
exponents in the partition function. For example, for Eqs. (1-83) and
(1-87), respectively:

BTS — BE = —BA,

(1-92)
BTS — BE — BpV = —pBF.
The reason for the existence of this rule will be obvious from our discussion
of the thermodynamic equivalence of ensembles in Chapter 2. It depends
on the legitimacy of replacing the logarithm of a partition function by the
logarithm of its maximum term.

There are two further types of ensembles or partition functions we
should mention, since they will be encountered in the applications. First,
there are some problems in which the “external variable” V is replaced by
another external variable (e.g., length or area) or is supplemented by addi-
tional external variables (e.g., volume and area are both external vari-
ables). Second, in multicomponent systems, there are cases in which it is
helpful or necessary to regard the system as open with respect to some
components, but not all.
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PrROBLEMS

1-1.Modify the derivation, in Section 1-3, of the canonical ensemble probability
distribution (1-12) to obtain Eq. (1-88) directly. That is, use “levels” instead of
“states.”

1-2. Obtain the derivatives (9E/3V)sx and (35/38)xyv from Egs. (1-5),
(1-6), and (1-12), and show that

oF (az -
(ET’ p,N+B B/ v P

This result is of interest because comparison with the thermodynamic equation,

oE 1 ap _
(a_V)T,N + (?)[0(1/7’) v P

suggests that 8 = constant/T, as we find in Section 1-4. (Page 12.)

1-3. Derive the canonical ensemble probability distribution (1-23) for a
combined system, starting with Eq. (1-22) and the associated restraints.
(Page 16.)

1-4. Make usc of Eq. (1-11) for E, the relation 8 = 1/kT, and the experi-
mental fact that Cy is always positive to prove that k is a positive constant.
(Page 18.)

1-5. Use the method of undetermined multipliers to show that —; P;In P;,
subject to the condition X ; P; = 1, is a maximum when P; = constant.
(Page 20.)

1-6. Use the method of undetermined multipliers to find the most probable
distribution in a grand ensemble, Eq. (1-43). (Page 22.)

1-7. Derive the basic equations (1-70) and (1-72) for an open system with
two components. (Page 26.)

1-8. Derive Eq. (1-84) for a system of fixed volume in thermal and material
contact with a reservoir at T and y, but with the transports of heat and mole-
cules across the walls of the system coupled in such a way as to maintain E
constant. (Page 30.)

1-9. Verify that Eqs. (1-34) and (1-35) for p and E in terms of Q are equiv-
alent to Eqs. (1-5), (1~6), and (1-28) in terms of ensemble averages.
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CHAPTER 2

FURTHER DISCUSSION OF ENSEMBLES
AND THERMODYNAMICS

2-1 Fluctuations. The general approach in Chapter 1 was, first, to
set up postulates from which a procedure could be worked out for calecu-
lating the mean values of mechanical thermodynamic variables, such as
energy and pressure; then, to extend the treatment to include non-
mechanical variables, such as temperature and entropy, by comparing
corresponding statistical-mechanical and thermodynamic equations, Thus
we now have at our disposal a set of general equations that can be employed
to accomplish our primary task, namely, the calculation of thermodynamic
functions from molecular properties. Beginning with the next chapter,
we shall encounter many illustrations of such calculations.

For the strictly thermodynamic purposes referred to above, only the
mean values of mechanical variables need be considered. Yet any student
of statistical mechanies will or should be curious about the extent to which
mechanical variables fluctuate around their mean values. For example,
in a closed, isothermal system (canonical ensemble), the system has a
certain probability of being found in any given energy state E;, though
the average value of the energy is E. What is the dispersion or spread of
the energy probability distribution about E? However, curiosity does
not provide the only motive for investigating fluctuations. The matter
is of some practical interest as well. For example, (a) a statistical-me-
chanical investigation of fluctuations justifies or explains, theoretically,
why it is possible and legitimate to ignore fluctuations in thermodynamies;
(b) a study of fluctuations leads us to the important conclusion [essentially
equivalent to (a)] that in the calculation of thermodynamic properties
of macroscopic systems, we can choose a statistical-mechanical ensemble
to work with strictly on grounds of convenience, ignoring the actual kind
of environment (isolated; closed, isothermal; etc.) the system of interest
is in; (c) some important topics, such as light scattering and the theory
of solutions, can be analyzed explicitly in terms of fluctuations; and finally,
(d) fluctuation theory is very importart in nonequilibrium statistical
mechanics.

Note that we have not mentioned fluctuations in nonmechanical vari-
ables. The reason for this is the following. To define the mean value
(or examine the extent of fluctuations about the mean value) of a prop-
erty of a system which can exist in various states j with probabilities P;,
the property itself must be well defined in each state j. As was mentioned

33
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at the beginning of Section 1-3, a property that meets this criterion is
“mechanical,” by definition. For example, E;, p; = —dE;/oV, N, and V
are all well defined for a single quantum state, but S and T are not.
Hence we can discuss fluctuations in E, N, etc., but not in S, T, ete.*

We have remarked that thermodynamie functions calculated in statis-
tical mechanics turn out to be independent of the ensemble used in the
calculation. This is not true, however, of fluctuations. For each environ-
ment (and therefore for each ensemble) the problem is different; in fact,
even the variables which fluctuate are different. Hence, in a study of
fluctuations, the actual environment of the system of interest must be
taken note of and the appropriate ensemble used. For example, if the
system is closed and isothermal, there will be fluctuations in p and E,
but not in N and V (since values of N and V are prescribed and fixed),
and these fluctuations must be investigated using a canonical ensemble.

Each environment has a corresponding ensemble and partition function:
eight possibilities are listed in Section 1-7 for a one-component system
with a single external variable (V). It is clear then that there must be a
great many fluctuation formulas which might be derived and discussed
(see Problem 2-1, for example). We confine ourselves here to perhaps the
three most important special cases (for a one-component system).

Let us first consider the fluctuation in the energy of a closed system
immersed in a large heat bath (N, V, T given and fixed). Because V and
N are fixed, fluctuations in energy must be associated with heat exchange
between system and bath. We use the canonical ensemble, of course.
Now, as we shall soon verify, these energy fluctuations turn out to be very
small indeed, so the probability distribution function for different energies
is gaussian in form about the mean value E (Fig. 2-1). The dispersion
or spread in this probability distribution may therefore be characterized
completely by the standard deviation og, that is, the root mean-square
deviation from the mean:

ox=E=B7 . 2-1)

Before evaluating og explicitly, we note that

(E—B?=E—2EE + (B)2 = E? — (B2 (2-2)

This is necessarily a positive quantity.
If we differentiate

E Z e—Ei(N’V)/kT = E E,(N, V)e—Ei(N.V)/kT (2_3)
I J

* A less restricted point of view is taken, for example, by Landau and Lifshitz,
Chapter 12.
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F1e. 2-1. Probability distribution in energy for a closed, isothermal system
(schematic).

with respect to T, and then divide by @, we find

aE) r Y D 2 —E; kT
(a“T v T QRTE ‘,/:E"" T T kT ;E"" T

or
B — (B)*= (E — E)® = o} = kTCy. (2-4)

From thermodynamics, we know that in general Cy = O(Nk) and F =
O(NET). Therefore
ZE _ (kT2CV)l/2
E E

Thus we have found that in a typical closed, isothermal system the
standard deviation of the energy probability distribution is of the order
of 10719E, an extremely small quantity. The probability distribution is
therefore practically a Dirac é-function at E = E. It is for this reason
that in thermodynamics all values of E other than E can, in effect, be
ignored.

It may be helpful to look at these energy fluctuations from a more
explicit and slightly different point of view, in a special case. According
to Eq. (1-38), the probability Pg (Fig. 2-1) of observing a certain energy
E is proportional to Q(N, V, E)e”E/*T, In order to have a concrete ex-
ample before us, let us anticipate from Eq. (4-39) that the energy de-
pendent factor in Q for an ideal, classical, monatomic gas is E3V/3, As
mentioned in Section 1-6, the fact that Q@ always increases with E can

= OWN~Y?), (2-5)
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be seen from Eq. (1-79) (T is positive). We can write, in our special case,

_ AW3N/2,—2
Pg = cx e ",

where z = E/kT and c is independent of 2 (we need not specify ¢ more
closely here). In the neighborhood of the most probable energy E*(=E),
z is clearly of order N, since E* = O(NkT). Hence one of the factors
involving z in Pg above is extremely large and increasing, and the other
extremely small and decreasing. It is this feature which causes Py to have
such a sharp maximum. To investigate the maximum, we need

dlnPg _ 3N _ + . 3N
w 0T b T =3
2
Then from
1{°lm P
In Pg = In Pg+ +§( 622 E)x_zo(x - x*)z L
we find
Pg = PE’G_(E_E‘)’Iz";’
where
s _ 3N(kT)*
O = g

This is the conventional form for a gaussian distribution in terms of the
standard deviation of the distribution. This result for oz agrees with
Eq. (2-4), since Cy = 3Nk/2 in this special case (Chapter 4). We also
note that E* = x*kT = 3NkT/2, which is correct.

Next we examine the fluctuation in N in an open, isothermal system.
Here V, T, and u are fixed. We differentiate

NZQ(N V, T = ZNQ(N V, T)e"**T (2-6)

with respect to u, divide by =, and obtain

ON) N Nekr _ _1 30) NalhT
(—a; V,T+W;NQe _FJG_TENQe ’

N
or

— (M2 =0} =kT (a—N) . (2-7)
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Since, in thermodynamics, p = OkT), ¢% = ON) and on/N =
O(N—Y2), This is the same order of magnitude for the relative fluctua-
tion as we found above for the energy of a closed, isothermal system.
Indeed, it is the standard result in statistical-mechanical fluctuation
formulas. We conclude that even an open system contains virtually a
fixed number of molecules, N, for given V, T, and u: the probability
distribution in N is practically a é-function.

The right side of Eq. (2-7) can be put in more familiar thermodynamic
form. From

du = vdp (T constant),

®),-+®
- - o H
p/r p/r

where v = V/N and p = N/V. Then

we have

%) __2@9 . §
<8N V,TV T N2 \9V/w,r (2-8)
Now we put Eq. (2-8) in Eq. (2-7) and find
an\? _ kT :
-4 =

where k, the compressibility, is defined by

K=_1@z .
V\op/n.r

For an ideal gas, x = 1/p and kTx/V = 1/N. In view of the fact that
V is constant, Eq. (2-9) is also a formula for the fluctuation in number
density (p = N/V):

N — N)? —p? _ (9.’ _ kT
( (W) -2 __.(‘L) = 2-10)

p

As our third case, let us investigate a system with N, p, and T fixed,
but with fluctuations in volume. According to Egs. (1-87) and (1-91),
we have as the appropriate starting point,

Va=Y VQW, Vv, me?"*, (2-11)
14
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where
A= Y N, V, E)e BT gpV AT
EV

= Y QWV, V, T)e " ", (2-12)
v

That is, the probability of observing the volume V is

_QN, V, eV
- A

Py (2-13)

On differentiation of Eq. (2-11) with respect to p, and division by A,
there results

)4 4 —pVIRT _ 1 20,~PVIkT
(% N'T —AkT ; VQC —— A’cT; V Qe H
or
2 Vi (T — (‘_’Z : _
o =7i- D= 7 () (2-14)

Hence the formula here for oy/V is the same as that for /N in an open
system (Eq. 2-9).

Finally, we mention an exception to the negligible fluctuations we have
been encountering above. Consider Eq. (2-9), for example. At a critical
point or when two phases exist together in the system, (9p/0V)y r is
essentially zero and « infinite. Hence the fluctuations are large rather
than negligible. To be a little more specific and exact, in a two-phase
system with the two number densities p; and p2, p in the expression
(p — p)2 can range from p, to p, (rather than being centered very closely
around p), so that (p — p)2 is now of the order of (3)? itself. Hence
a,/p in Eq. (2-10) is of order unity rather than N~2. That is, the
standard deviation is of the same magnitude as the mean value itself.

Fluctuations in density at the critical point are responsible for the
well-known critical opalescence phenomenon.

2-2 Thermodynamic equivalence of ensembles. The formulas derived
in the preceding section are typical in showing that fluctuations about
mean values are so small they can be ignored in thermodynamics except
under very special circumstances (even in a two-phase system, fluctua-
tions within each phase separately are normal, ie., thermodynamically
negligible). For example, in the grand partition function

g = ZQ(N ) V’ T)eN’/kT (2_15)
N
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for a one-component open system, the only values of N which have an
appreciable probability of being observed experimentally are those that
deviate only negligibly from the mean value N. Therefore, just as we
found in Appendix II, we can replace In & by the logarithm of the largest
term in the above sum, without making a detectable error to terms
of thermodynamic order of magnitude. To be more specific: both
In E (=pV/kT) and the logarithm of the largest term in the sum are of
order N, and Eq. (2-7) tells us that there are O(N'/2) terms in the sum
of the same order of magnitude as the maximum term; hence the situa-
tion is completely analogous to that in Appendix II {see Eq. (II-11)].

Let us proceed to find the maximum term in E, for the result is rather
interesting. Let

tw(V, T, ») = QN, V, T)e"™*.

Then

alntN) o aan) e
(aN vrw 0= \oN Jyr TT (2-16)

If we denote by N* the value of N satisfying Eq. (2-16), t{y* is the
maximum term in E. Then

*
= Inty» = WQ(N*, V, T) +Nk—7£‘,

a-l'e
Ni<

Ing =

or
Ny — pV = AWNY, V,T) = —kTlnQWN*,V,T). (2-17)

Equation (2-16) determines N* (=N) as a function of V, T, and u. But
if we take the alternative point of view that the independent variables
are N*, V, and T, and that Eq. (2-16) gives u as a function of N¥, V,
and T, then Eqs. (2-16) and (2-17) are just the canonical ensemble
equations (1-36) and (1-31), respectively. In other words, application
of the maximum-term procedure, which is legitimate because of the small
fluctuations in N, causes the grand ensemble to degenerate into the
canonical ensemble. This conclusion can be verified by noting further
that the grand ensemble equations for S and p [(1-66) and (1-68)] also
go over into the corresponding canonical ensemble equations [(1-33) and
(1-34)] when In E is replaced by In {y+ (Problem 2-2).

For practical thermodynamic purposes, then, there is no distinction
between a grand ensemble and a canonical ensemble. In a given prob-
lem one can choose between them simply on the basis of mathematical
convenience.

Let us digress to note that we can write, as in Eq. (II-8),

2
tN = Q(N, V, T)GN’/kT = tN.e—(N—N‘)zlsa‘N,
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where oy is given by Eq. (2-7). The grand partition function sum can
then be replaced by an integral:

InE=Inity*+In /-M ¢ 129N gy

= Intys + In [(2m) ! %0],

where £ = N — N*. The second term is of order In N, which is negli-
gible compared with the first term.

The argument above can be applied to any of the partition functions,
(1-83) through (1-88). As one further example, observe the degeneration
of the canonical ensemble into the microcanonical ensemble:

InQ=1n) tr=Intg,
E

where
te = QN, V, E)e BT,

Then E*(N, V, T)(=E) is found from

dlntg _ _(amsz) _ 1 ~
o8 —9=\3F )y T (2-18)
Also,
%
InQ = — A = ma(V, V, B — &>
or
S = klnQ(N, V, B*). (2-19)

Equations (2-18) and (2-19) will be recognized as microcanonical ensemble
relations.

In thermodynamics the functional relations between the thermodynamic
variables of a system are independent of the environment (open, closed,
isobaric, isothermal, etc.). Another way of saying this is that the choice
of independent thermodynamic variables is arbitrary and not prescribed
by the environment. In statistical mechanics, just as we should expect,
we have now come to the same conclusion: regardless of environment, we
can select whichever ensemble or partition function (and therefore inde-
pendent thermodynamiec variables) we wish in calculating thermodynamic
properties; the results must be independent of the choice.

Since the entropy is a particularly important and interesting thermo-
dynamic function, we add a few comments concerning it. The canonical
ensemble expression for S, Eq. (1-30), is

8= —kY P;lnP; (2-20)
i
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Now we have found that in a closed, isothermal system, the probability
that the system has an energy departing appreciably from E is virtually
zero. Hence we may assume that the only P;’s in Eq. (2-20) which
make a significant contribution to the sum are those associated with
E (=E* above). The number of quantum states with energy E is
Q(N, V, E), so that each P; = 1/2(N, V, E) on this assumption. Then

1. 1
—ka (ﬁlnﬁ)

= kIlnQWN, V, E), (2-21)

S

in agreement with Eq. (2-19). This confirms our assumption. The
reader will have noticed that this argument is practically the same as
that used in deducing Eq. (1-74) as the starting point for a discussion
of the microcanonical ensemble. But the point of view here is quite
different. In Section 1-6 we had to either mentally pick out those sys-
tems in a canonical ensemble with a certain E, or artificially limit the
accessibility of quantum states to those with energy E. But we have
found from our study of fluctuations in this chapter that these restricting
devices are really unnecessary: a canonical ensemble (in fact, any en-
semble) is, so to speak, by its own choosing virtually a microcanonical
ensemble.
Similarly, in the grand ensemble relation (Eq. 1-56),

8 = —k Y Pi(N) In PiN), (2-22)
N

the only important P;(N)’s are those associated with E and N. The
number of these states is @V, V, E). Then

8 = kne¥, v, B). (2-23)

Thus the relation S = kIn Q(V, V, E) has quite general validity. It
is restricted in principle but not in practice to isolated systems. But we
must take for N, V, and E in Q(N, V, E) the mean or most probable
values (when fluctuations are possible), which are themselves functions
of the independent variables of the system. With this understanding we
can make a general correlation between the magnitude of S and the num-
ber of available quantum states 2. The greater the degree of randomness
or disorder in a system, the larger Q@ and therefore S. We shall encounter
many explicit examples in later chapters, but we can anticipate, on
qualitative grounds, that, for example: @ and the entropy increase in the
sequence crystal — liquid — gas for the same substance at the same
pressure; the entropy of a group of molecules js less than the entropy of
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the dissociated atoms from which the molecules are made; molecules with
small vibrational force constants (“weak interatomic springs”) will have
higher entropies than those with large force constants; a group of gas
molecules occupying a large volume has a higher entropy than when oc-
cupying a small volume; ete.

2-3 Second law of thermodynamics. In this section we discuss the
second law of thermodynamies from the standpoint of statistical mechanies.
First we consider an isolated .system.

If an isolated system changes its thermodynamic state infinitesimally,
the change in entropy in the process satisfies the relation dS > 0. This
is one way to state the second law of thermodynamics. The inequality
holds for any spontaneous (irreversible) change. After the isolated sys-
tem has exhausted all possible spontaneous changes (each with dS > 0)
available to it, the entropy will have reached a maximum value. A further
infinitesimal change in state will now be reversible, and the equality will
hold, dS = 0. Similarly, in any finite spontaneous change in thermo-
dynamic state (i.e., both initial and final states are equilibrium states)
in an isolated system, AS > 0. It is this inequality in particular which
we examine.

Probably no system is ever in complete equilibrium with respect to
all possible processes. In practice, we require in thermodynamics only
that the system be in equilibrium with respect to those rate processes
with half-lives short compared with the time available for an experiment.
Processes so slow as to proceed to a negligible extent during a thermo-
dynamic measurement present no complication and can be ignored, even
though the system is not in equilibrium with respect to such processes.
For example, in the absence of a catalyst, the equilibrium properties of
& mixture of nitrogen and hydrogen gases can be studied without taking
into account the possibility of formation of ammonia molecules, because
the rate of formation of these molecules from nitrogen and hydrogen is
extremely slow. In quantum-mechanical language, we would say that
only those quantum states associated with the presence of only nitrogen
and hydrogen are, in fact, accessible states; states corresponding to the
existence of some ammonia molecules in the system are inaccessible. In
effect, there is a resiraint (of chemical kinetic origin, in this case—an
activation energy or, rather, activation free energy) in operation which
limits the accessibility of quantum states.

However, if we start in this example with a mixture of nitrogen and
hydrogen gases at equilibrium in an isolated system and then add a
small amount of catalyst (not considered part of the system, for sim-
plicity): (a) some ammonia molecules will be formed spontaneously;
(b) the states accessible to the system are now extended, by removal of



2-3] SECOND LAW OF THERMODYNAMICS 43

Adsorbing
Barrier Barrier  surface
Z N\
7 \\
° [e] ° ° [ o 3
[} (o] e
o Gas , o o Gas o (I
(<) ° o
o ° o o ©°
®) (b

Fia. 2-2, (a) Gas confined to one side of container by a removable barrier.
(b) Gas restrained from contact with adsorbing surface by removable barrier.

the restraint,* to include a group of formerly inaccessible states as well
as the originally accessible ones; and (c) after the new equilibrium point
i8 reached, now including the chemiecal equilibrium, we must have AS > 0
for this spontaneous process, according to the second law.

Quite generally, any spontaneous thermodynamic process in an isolated
system can be viewed in this way: the initial equilibrium state of the
system includes a certain set of accessible quantum states but excludes
other (inaccessible) quantum states; the spontaneous process leading to
the final equilibrium state occurs because of, or is made possible by, the
removal of one or more restraints, which makes an additional group of
quantum states accessible to the system. Further examples are: (a) a gas
is confined to one side of a barrier (Fig. 2-2a), and the barrier (restraint)
is then removed; and (b) gas molecules are initially prevented by a barrier
from coming in contact with an adsorbing surface (Fig. 2-2b), but then
the barrier is removed.

The removal of a restraint can probably always be analyzed in terms
of the reduction or obliteration of an activation energy (i.e., potential
barrier) or free energy. Thus the function of a catalyst for a chemical
reaction is to reduce the activation free energy of the reaction (see
Chapter 11). In cases (a) and (b) in the previous paragraph, the physical
barrier presents an essentially infinite potential barrier to the passage of
molecules, which becomes zero when the physical barrier is taken out.

Suppose an isolated system is characterized by N, V, E (N might be
a set of numbers of molecules and V a set of external parameters) and in
its initial state has accessible to it Q(¥, V, E) quantum states. Further,

* We have not defined the word “restraint’’ because we are using its conven-
tional meaning. “Removal of restraint” always implies that the number of
accessible quantum states increases. Mayer and Mayer (pp. 81-85) use the word
“inhibition” instead of “restraint.”
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let the removal of a restraint initiate (on the thermodynamic level) a
spontaneous process and make available (on the molecular level) addi-
tional quantum states so that the total number of states becomes
Q'(N,V,E). That is, @ — @ new states are added to the original Q.
Necessarily, @' > Q. Since S = kInQ in the initial equilibrium state
and §' = kInQ in the final equilibrium state, we have, for the spon-
taneous process,

AS=§—S=khE >0 (2-24)

This is the statistical-mechanical version of the second law of thermo-
dynamies for an isolated system. It is beautifully simple, following directly
from the ideas of the number and accessibility of quantum states.

It is interesting to calculate from the above considerations the prob-
ability of the spontaneous occurrence in an isolated system of a process
with a negative entropy change, in contradiction to the second law of
thermodynamics. For example, suppose we have gas occupying the
whole container (2 quantum states) in Fig. 2-2(a) and we wish to caleu-
late the probability of observing the gas occupying (spontaneously) only
the left half of the container (2 quantum states). From thermodynamics
we know that the entropy change in this process for an ideal gas of
N molecules is —N%In2. Now in accordance with the notation of the
preceding paragraph, of the total @’ quantum states accessible when the
whole container is available to the gas molecules, @ of these states corre-
spond to molecules actually being present only in the left half of the
container. Thus, since all @' quantum states have equal probability of
occurrence, the probability that all molecules will be found in the left half
is @/, If AS represents the (positive) entropy change for the process
“left half” — “whole,” then (Eq. 2-24)

8 _ ssie

QI ?
For an ideal gas AS = Nk In 2, and the probability of observing a viola-
tion of the second law in this case is @/Q’ = 1/2", a very small number
of order 1/10'°*°, This result can also be deduced from simple prob-
ability considerations: the probability that any one of the N molecules
will be found on the left is 1/2, so the probability that all will be found
on the left is (1/2)¥ (ideal gas).

Equation (2-25) is, of course, a general equation applicable to other
cases in which the second law would be violated. But as significant
experimental values of AS are always of order Nk, the probability Q/9’
is always very small, of order ¢e™. That is, a nonnegligible entropy in-
crease always corresponds to a tremendous increase in the number of

AS > 0. (2-25)
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accessible quantum states: &’ > @. Thus, we conclude that while it is
not rigorously impossible for a spontaneous process with a negative entropy
change to occur in an isolated system, the probability of such an occur-
rence is so slight that the process can be considered impossible in actual
practice (i.e., operationally), and this is all that thermodynamics requires.

We turn now to a statistical-mechanical analysis of the second law of
thermodynamics in closed, isothermal systems. The situation here is a
little more complicated, but of more practical interest since isolated sys-
tems are exceptional in experimental thermodynamics. Again we have
to consider a spontaneous process initiated by the removal of a restraint,
but since now the system is immersed in a heat bath, initial and final
equilibrium states have the same temperature rather than the same
energy (as in an isolated system). The three examples above (chemical
reaction, diffusion, adsorption) also serve as examples here, with the
understanding that in each case the system is put in thermal contact with
a large constant-temperature bath. In all these cases and in general, as
is well known, the second law of thermodynamics takes the form AA < 0
for a finite, spontaneous process in a closed, isothermal system. It is
this inequality that we now wish to deduce from statistical mechanics.

A system in a heat bath has fluctuations in E, as we have seen in
Section 2-1. For given N and V, many energy levels E have to be con-
sidered. Let Q(N, V, E) be the number of quantum states accessible to
the system, in the initial thermodynamic state, for a particular energy
Jevel E. When the restraint is removed, causing the spontaneous process
in question to occur, the number of accessible quantum states for energy E
may increase, but cannot decrease since all the @ original states are still
available to the system. That is, Q'(N, V, E) > Q(N, V, E), and this
will be true for every E. Of course, in principle, some values of £ may
be energy eigenvalues (i.e., energy levels) in the final state but not in
the initial state. If so, 2 = 0 and Q' > 0 for such an E. In the initial
state,

Q=D o\, V,B)e**, (2-26)
E
and in the final state,
Q= E 9'(N) V: E)e—E/kT) (2"27)
E

where every possible E in the final state is included in the two sums.
Now no term in the sum in Eq. (2-26) can be larger than the correspond-
ing term (same E) in Eq. (2-27), in view of the relation @' > @ just
mentioned above. Hence, since A = —kT'In@Q,

Q@ >@Q and AA <O (2-28)
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The above argument provides a general statistical-mechanical justifica-
tion of the equilibrium criterion A = minimum, d4 = 0, for a closed,
isothermal system (i.e., the system runs through all possible spontaneous
processes—each with AA < 0—and finally settles, at equilibrium, on
the lowest available value of A). A frequent theoretical application of
essentially this principle might be mentioned. Suppose that in a statis-
tical-mechanical model of a thermodynamic system a continuously variable
parameter ¢ enters, in addition to the independent thermodynamic vari-
ables. If we are able to find, from the model, Q(N, V, T, £) and therefore
A(N, V, T, §), then the appropriate value of ¢ to assign to the real system
is that value which minimizes 4 (maximizes Q) for given N, V, T. An
example would be the fraction £ of holes in a lattice model for a crystal
or liquid, with N, V, T fixed. Or, £ might be the “degree of advancement”
of a chemical reaction, or the fraction of molecules in one or the other
phase of a two-phase system.

It may be instructive to examine AE and AS separately for spontaneous
isothermal processes with AA < 0. Consider first the case where AE =
E’ — E is positive. An example: initial state = a gas of hydrogen mole-
cules at T'; final state = an equilibrium mixture of hydrogen molecules
and atoms at 7. The spontaneous process here is the dissociation of some
hydrogen molecules into atoms, a process assumed to have a negligible
rate in the initial state. E’ > E because the newly accessible quantum
states (belonging to a mixture of hydrogen molecules and atoms) in the
final thermodynamic state lie in general at higher energies than the
original quantum states (belonging to hydrogen molecules only). The
bond energy of the hydrogen molecule is of course primarily responsible
for this. From Eq. (2-21), in the initial state

S=knQN,V,E), (2-29)
and in the final state
S =kln@QWN,V,E). (2-30)

In the example, N is the number of hydrogen molecules started with
(i.e., in the initial state). Now the function Q(N, V, E) always increases
with increasing E (holding N and V constant), as we have already seen
(Eq. 1-79). Therefore, since ' > F in this case,

N, V,E) > 0N, V,E).
But also, as already emphasized for any E,

Q(N,V,E) > QN, V, E).
Hence
(N, V,E) > o, V, EB),
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Initial Final
state state
(En
1 —_—
Q
—_—E

oB)

Fia. 2-3. Spontaneous isothermal process with AA < 0, AE > 0, and
AS > 0.

Initial Final
state state
¥(E)
«E)
«E)

Fia. 2-4. Spontaneous isothermal process with AA < 0, AE < 0, and
AS > 0.

Initial Final
state state _
V(E)
! oB)
v(E)
oF)

Fia. 2-5. Spontaneous isothermal process with AA < 0, AE < 0, and
AS < 0.
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and consequently, from Egs. (2-29) and (2-30),
AS=8 —~S8>0, (2-31)

as is in fact obviously required if we are to have AA < 0 and AE > 0.
This situation is summarized diagrammatically in Fig. 2-3.

On the other hand, if AE < 0 (as would occur if the group of new
quantum states, inaccessible in the initial thermodynamic state, lies in
general at lower energies than the original group of states), AS may be
positive or negative, as shown in Figs. 2—4 and 2-5 respectively.

We might add the following quite general comment on closed, iso-
thermal systems. Such a system will be thermodynamically more stable
the lower A, the larger @, and therefore, in view of the form of Eq. (2-26)
for Q (a sum of terms, all positive), the lower the energy levels E available
to the system and the denser (2) the quantum states, especially at low
energies.

Because of its importance, we should also mention explicitly the thermo-
dynamic condition AF < 0 for a spontaneous process occurring in a
closed system at constant temperature and pressure. The partition
function in the initial state is

A=Y QN,V, E)e 5PV,
E\V

In the final state, replace A by A’ and Q(N, V, E) by Q'(N, V, E). For
any particular V and E, @'(N, V, E) > Q(N, V, E), as before. Therefore

A"> A and AF <0, (2-32)

gince F = —kTInA. This is the statistical-mechanical basis for the
equilibrium condition F = minimum, dF = 0, in a closed system at con-
stant pressure and temperature. From this condition, well-known (thermo-
dynamic) results follow, such as Ay = 0 for chemical (see Section 10-1)
or phase equilibria, where 4 = chemical potential. Having shown once
and for all the statistical-mechanical basis of the criterion F = minimum
(and therefore Ap = 0), we shall make free use of this condition in ap-
plications and not feel obliged to rederive it in special cases.

It will be apparent to the reader that the argument leading to
Egs. (2-28) and (2-32) can be extended to any of the partition functions,
Eqgs. (1-83) through (1-88). The characteristic function on the right side
of any of these equations will be maximized at equilibrium if the inde-
pendent variables are held constant (e.g., —84 is a maximum at constant
N ’ V: ﬂ)-



2-4] THIRD LAW OF THERMODYNAMICS 49

2—4 Third law of thermodynamics. Our object here is to present the
statistical-mechanical basis of the third law of thermodynamics. But
first we review very briefly the status of the third law in pure thermo-
dynamics, and its relation to certain thermodynamic integration constants.
As usual, there are some fine points that we shall omit or pass over lightly
in this introductory discussion. The reader is referred to the Supple-
mentary Reading list at the end of the chapter for fuller discussion.

It has been found experimentally that AS — 0 as T — 0 for a large
number of isothermal processes involving pure phases. Examples are:
(a) a phase transition at temperature T between two different crystalline
forms of the same substance (e.g., tin or silicon dioxide); (b) the phase
transition between liquid and solid helium at T'; (c) a chemical reaction
between pure crystals at p and T (e.g., Pb + I — Pbl,); and (d) a
crystal at 7 and z — crystal at 7' and ', where = represents one or more
independent thermodynamic variables other than 7' (e.g., * = pressure,
volume, or magnetic field strength). The experimental result, AS — 0,
for systems of this type is presumed to be general (with some under-
standable exceptions) and is not a consequence of the first two laws of
thermodynamics. Hence the third law of thermodynamics has been pro-
posed. It can be stated as follows: for any isothermal process involving
only pure phases in internal equilibrium (or including frozen metastable
phases if the process does not disturb the frozen equilibrium),

lim AS = 0. (2-33)
T—0

This statement does not exclude, for example, processes in which meta-
stable atomic nuclei are present but unchanged in the process, or in which
negligibly slow chemical reactions are thermodynamically possible but do
not occur. But it does exclude, say, the process glass -— crystal. Also,
the word “pure” does not exclude isotopic mixtures if the mixing is un-
affected by the process.

The term “metastable” is closely related to the terms “accessible” and
“inaccessible” quantum states. Metastability implies the possibility of
another, more stable, thermodynamic state which, however, is unavail-
able because of the inaccessibility of the associated quantum states (see
Section 2-3).

An essentially equivalent but slightly more general statement of the
third law* is: it is impossible by any procedure, no matter how idealized,
to reduce any thermodynamic system to the absolute zero of temperature
in a finite number of operations. This is called “the principle of the un-

* See Fowler and Guggenheim, pp. 224-227.
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attainability of absolute zero.” We shall not use the third law in this
form, or establish the connection with Eq. (2-33).

To illustrate the use of the third law in thermodynamics, consider, as
an example, the simple gaseous chemical reaction

A- B

occwrring at p and T, and meeting the metastability restrictions of
Eq. (2-33). From experimental heat capacities (extrapolated to 7 = 0)
and heats of phase transitions, we have the well-known equations

H4(T) = Ha(0) + ha(T), (2-34)

Sa(T) = 84(0) + ga(T), (2-35)
where

T
ha(T) = 20 AHAw, + /o Cy(T") dT",

T A rmy
gA(T) = EASﬁ'an- + 0 g_?gq('_?_)dTl.

H 4(0) and S4(0) are integration constants, and the sums are over the
phase transitions encountered at » between 77 = 0 and T’ = 7. Similar
equations can be written for B. Integration of dF 4/0T = —S4 gives,
further,

FA(T) = Ha®) — T840) — [/ " ga(T") ar". (2-36)

The integration constant F,(0) is equal to H,4(0), since the relation
F = H — TSbecomes F = H at T = 0. Then for the reaction A — B,

AH(T) = Hp(T) — Ha(T) = AH(0) + AK(T), (2-37)
AS(T) = AS(0) + 4¢(T), (2-38)
AF(T) = AH(0) — T AS(0) — /o " 8g(T") dT". (2-39)

The value of the constant H 4(0) depends on the location of the zero of
energy, and this is arbitrary for any single substance. But in a process
such as A — B, the choices of H 4(0) and H(0) have to be self-consistent.
That is, AH(0) is not arbitrary, but is the limit (7' — 0) of an experimental
quantity. In general, AH(0) 0. The third law simplifies Eqs. (2-38)
and (2-39) considerably by asserting that AS(0) = 0 in these equations.
There is no operational (experimental) justification—since thermodynamies
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gives us information about entropy differences only—for going beyond
this and simplifying Eqs. (2-35) and (2-36) by setting S4(0) = 0 as well.
But this step is obviously convenient and is consistent with the require-
ment AS(0) = 0, so it is adopted as a convention for pure phases (crystals,
except for helium). That is, S4(7") is set equal to the experimental (in-
cluding an extrapolation) quantity g4(T).

With this condensed thermodynamic survey as background, we turn
now to the statistical-mechanical side. The first point that requires
comment is the integration constant ¢ in Eq. (1-21), where we remarked
that ¢ is independent of the thermodynamic state of a closed system. This
is a sufficiently inclusive observation for our present purposes, provided
we understand “state” in a general way. For example, any of the iso-
thermal processes (a) through (d) mentioned at the beginning of this
section may be regarded as involving changes in the thermodynamic state
of a closed system. In every case, one can in principle proceed reversibly
from the initial state to the final state by infinitely slow changes in one or
more parameters on which the state depends (volume, pressure, degree
of advancement, etc.). Thus for all isothermal processes embraced by
the third law of thermodynamics (Eq. 2-33), the constant ¢ is independent
of these parameters of state, and hence for such a process (the prime
refers to the final state),

AS=8—8=(n®+¢)— khQ+o
=kAln® Ac=0. (2-40)

The value assigned to ¢ clearly has no operational significance at all, for
it always cancels on taking differences. Hence we can put ¢ = 0 if we
wish, as in Chapter 1.

Having thus disposed of Ac, the remaining question is whether statistical
mechanics predicts, as is required for agreement with Eq. (2-33), that

}rimoAlnﬂ =AlnQ =0 (241)

for the processes included in our above statement of the third law. The
subscript zero refers to the ground state, the quantum state of interest,
since T — 0. If we include only the degrees of freedom associated with
the electrons and centers of mass of the nuclei (electronic, vibrational,
rotational, translational), we can say that quantum mechanics predicts
or experiment indicates in known cases that the ground state of a pure
erystal or liquid helium is nondegenerate.* For these degrees of freedom,
then, @9 = 95 = 1. Now, fortunately, this is a much stronger statement

* See Fowler and Guggenheim, pp. 199-205.
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than Eq. (2-41) requires. For one thing, as far as thermodynamic con-
sequences (such as the third law) are concerned, a value of 2 in the range
1 K Q¢ « €V is indistinguishable from Q¢ = 1, as can be seen from
Eq. (2-40) [AS = O(Nk)]). This is a considerable safety factor. More
important, if we include intranuclear degrees of freedom, about which
there is still a vast amount of ignorance, we have to expect in general
that InQy and InQ; are not thermodynamically negligible, owing to
degeneracy of the nuclear ground state or possibly of a metastable state.
But the third law is saved despite this because we expect @y = Qg (ordinary
thermodynamic changes do not affect the nuclear state), and hence
Aln Qo = 0. Similarly, if we include the entropy of isotopic mixing,
which is present in most real thermodynamic systems, In @y and In 2}
will not be negligible, but still @ = Q. The same remarks can be made
yet again concerning any type of metastability, allowed in our statement
of the third law, which introduces nonnegligible degeneracy at 0°K.

We come to the conclusion, then, that for the same systems which obey
Eq. (2-33) thermodynamically, we anticipate on molecular grounds that
Eq. (2—41) will also be obeyed. This is all that we need for a statistical-
mechanical understanding of the third law.

But we also conclude that In @, and InQ; separately are in general
unknown and may not be thermodynamically negligible. This conclusion
destroys any hope of setting up a scale of truly “absolute entropies” for
single substances (in addition, there is the arbitrariness of the additive
constant ¢).

In spite of the above remarks, it is conventional to introduce, for pure
substances, what might be called “practical absolute entropies.” If we
exclude any substance which possesses at 0°K frozen metastability that
“thaws out” between 0°K and T°K (we shall encounter some of these
exceptions in Chapter 9), we have

S(T) = ¢ + kin XD (T) + kin Qo = S(0) + ¢(T),
or

S(T) — ¢ — kinQp = kin 2D (T)—g(T). (2-42)

In these equations one might just as well set ¢ = 0. In Eq. (2-42), the
expression on the left is the definition of the practical absolute entropy,
the second expression is the statistical form of it, and the third is the
thermodynamic form (Eq. 2-35). In other words: (a) ¢ 4+ &k In Q¢ has the
same significance as S(0) in Eq. (2-35), and both are nonoperational
quantities; (b) 2/ is the number of quantum states associated with the
electrons and centers of mass of the nuclei (i.e., with the electronic, vibra-
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tional, rotational, and translational degrees of freedom); and (¢) the 2/Q¢
quantum states referred to in (b) are the ones that are “excited” in ordinary
thermodynamic systems when the system absorbs heat (DQ* = T dS) to
increase its temperature from 0°K to T°K.

For simplicity, in the rest of the book (except in Chapter 9) we shall
write Eq. (2-42) simply as

8(T) = kIn(T) = ¢(7), (2-43)

with the understanding that we are referring to the “operational” part
of the entropy only: we count in Q only those quantum states which are
actually “excitable” and exclude those which are not (nuclear ground
state, isotope mixing, any metastability frozen over the whole temperature
range). As we pointed out following Eq. (2-41), this € = 1 in the ground
state, and hence this S = 0 at T' = 0°K.

The entropy calculated as k& In © in Eq. (2-43) is often called the “spec-
troscopic entropy,” since energy levels from spectroscopy are used in
practice; and the entropy measured as g (with an extrapolation of C),
to 0°K) is called the “calorimetric entropy.” We shall compare these
quantities in Chapter 9, and discuss some exceptions (owing to “thawed”
metastability) to the expected equality.
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PRrOBLEMS
2-1. Note that Eqs. (1-83) through (1-85) can be written in the form

In 320G, Gs, Ga)e"™® = ox(on, Ga, G) = §+ B,
@

where g is intensive and @ extensive. Show that

_ o - (€2) - ()
@ 32 Jaras  \%01/ares’

Also, Egs. (1-86) through (1-88) can be written
In Y 0(G1, G, Ga)e” V'¢™® = oulgn, g2, Gs) = -',s-:+ 018G + ¢20a.

G1,G3

Show that
- 2 (32¢n) (
@ — () -
1 ( l) Ggf 92,03 agl g3+ 03

ot - o - (o) - (%) -(@)
16z — Gl ( 991992/ ¢4 d92/0s.05 \9g1 /05,64
(Page 34.)

2-2, Show that the grand ensemble equations for S and p go over into the
canonical ensemble equations for the same variables when In E is replaced by
the logarithm of the largest term in Z. (Page 39.)

2-8. Prove the following: if the probability distribution for G is gaussian
about @ with ¢g/@ very small, then the probability distribution for 1/G about
1/G is gaussian with ou ”

sug _ 9¢,

76T

Show that this result and Eq. (2-14) lead to the density fluctuation for-
mula (2-10).
2-4. Show that in the N, p, T ensemble (Eq. 2-12),

— 2 = k7%,

2-5. Show that in a two-component, open, isothermal system,

N = kT ( = ( .
NiNz — Wil pe/v.r.py LIRVAZ 3N

2-6. Prove that in the canonical ensemble (see Problem 1-2),

9E
(E— 5 —p = kT[(aV) ] (5 ar Ny
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2-7. Show that the canonical ensemble equations for p and x go over into the
microcanonical ensemble equations for the same variables when In Q is replaced
by the logarithm of the largest term in Q.

2-8. If one combines Egs. (2-34) and (2-35) to obtain F (T) = H,(T) —
T84(T), the resulting expression appears to differ from Eq. (2-36). Prove that
the two equations for F4(T) are equivalent.

2-9. Justify the statement above Eq. (2-1) that the energy distribution is
gaussian,
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Systems Composed of Independent
Molecules or Subsystems



CHAPTER 3

GENERAL RELATIONS FOR INDEPENDENT
DISTINGUISHABLE AND INDISTINGUISHABLE
MOLECULES OR SUBSYSTEMS

The simplest problems in statistical mechanics are those concerned with
systems composed of molecules, groups of molecules, or degrees of freedom
which are effectively independent of each other. Part II of this book is
devoted to problems of this type, except for Chapter 6, which returns to
more general considerations. A lack of such independence is usually
associated with two causes: (a) intermolecular forces (treated primarily
in Part III), and (b) symmetry restrictions on quantum-mechanical wave
functions (discussed in Part IV). Of course, no statistical-mechanical
system can consist of strictly noninteracting molecules (or subsystems),
for then the system could not achieve internal equilibrium. By “inde-
pendent” we shall imply “weak interaction” only: the molecules or degrees
of freedom interact sufficiently to maintain thermal equilibrium by energy
exchange, but not to such an extent as to require taking into account
intermolecular forces, etc. The “weak interaction” may be direct (e.g., by
collisions) or indirect (e.g., via the walls or a heat bath). The most obvious
example is an ideal gas; the density is low enough so that intermolecular
forces make a negligible contribution to thermodynamic properties (e.g.,
the equation of state), but equilibrium is still maintained by intermolecular
collisions and/or by collisions with the walls.

The “subsystems” of a system, other than molecules, referred to in the
chapter title and above might be, for example: (a) different degrees of
freedom in the same molecule (translation, rotation, etc.); (b) independent
vibrational modes in a monatomic crystal; (c) molecules adsorbed on
independent groups of adsorption sites on a solid surface; ete.

Before turning in the next chapter to our first specific example of a
system of independent molecules, we set down in the present chapter
certain relationships of quite general validity for systems of this type.
A few brief comments will be made about possible applications, but
details in every case will be reserved for the appropriate chapter later in
the book.

3-1 Independent and distinguishable molecules or subsystems. Let
H be the classical Hamiltonian function for the maecroscopic system under
consideration. If the system is composed of independent molecules or
subsystems, by definition H will be given by a sum of independent

59
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contributions,
H=H,+Hy+-, 3-1)

where H,, H;, etc., refer to individual molecules, degrees of freedom, ete.
Similarly, for the Hamiltonian operator,

X=3+Hp+---. (3-2)

Let the eigenvalues and eigenfunctions of 3C,, 3¢, etec., be denoted by
€, €&, ... and ¥, ¥, ..., respectively. Then we try, as a solution of
3y = Ey, the product ¢ = Y5 ¥ .. ., and find

Y = (e + 3o+ - Wa¥p- -
= YW HaVa + ¥a¥e - Xebp + -+ -
= Vobe - ebaF Vabe ey F
=(6+ &+ W= Ey

That is, the possible energy eigenvalues for the whole system are of the
form

E=e¢+teat--, 3-3)

just the sum of the separate energies ¢, €, . . ., a8 we might expect. The
essential practical point here is the following: for a system of independent
molecules or subsystems, we do not have to solve the complete Schrédinger
equation 3y = EY with 0(10%%) coordinates, but only the separate
equations 3C, = €4, etc., each with one or relatively few coordinates.
Thus we have a reduction of a many-body problem to a one- (or few-) body
problem, because of the form of Eq. (3-1).

For one molecule or subsystem at a time, let us define partition functions
of the canonical ensemble type,

0 = E e—e.,-/kT’ o = E e—fwlkT, ete., (3_4)
J 3

where the sums are over molecular or subsystem energy states j (an
energy level with degeneracy is represented by several terms in the sum).
Next we notice that the product of all the ¢’s generates all possible values
of E. For example, suppose there are just two subsystems, one with three
energy states and one with two states. Then

—ea1/kT — —ea3/kT\  ,—eb1 /KT —
%als = (e €a1/k +e €a3/kT + ¢ a3/ )e €b1/k +¢ ebzllﬂ')
= ¢ (Cartan/kT 4 —temr+ean)/kT + ¢tz kT

—(€az+-€b2)/ kT —(ea3t-€b1)/kT ~~(€as-}-€b2)/ kT
+e + e +e .
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The sums of €'s in the exponents exhaust the possible energy states E for
the system. Thus we have in this simple example, and in general,

Q= 2’: o~ EilkT (; e-e,,,-/kr) (E e'“’"’”’) o= gugsc. (3-5)

J

That is, the canonical ensemble partition function @ for the whole system
is a product of separate ¢'s for the independent molecules or subsystems.

In Chapter 5 we shall apply Eq. (3-5) to the small vibrations of identical
atoms about their equilibrium positions in a monatomic crystal. The
model adopted is restricted: each atom in the crystal is confined in its
motion to the immediate neighborhood of a particular site (equilibrium
position) in the crystal lattice. Of course, in real crystals the atoms can
jump occasionally from one site to another, but this is not allowed in the
model. Now suppose we number the sites in the crystal lattice in some
regular order. Then these labels can be considered as belonging as well to
the particular atoms confined to the various sites. In this sense, and for
this model, we can regard the atoms of the system to be identical and
distinguishable. This is an exception (owing to the idealized model) to
the general quantum-mechanical principle that identical molecules are
indistinguishable, i.e., that no experiment can distinguish between the
order ab and the order ba for two identical molecules (see Section 22-1).

Note that Eq. (3-5) has been derived on the basis that the molecules or
subsystems are independent and distinguishable (labels @, b, ...). The
assumption of distinguishability is obviously correct if the molecules or
subsystems are all different. If, however, the molecules are independent
and identical, then Eq. (3-5) is correct only if a model artificially introduces
molecular distinguishability. In this case, the energy states for each of the
identical molecules will be the same, and

Q=g =--mg=D ¢,
J

Q=4q". (3-6)

The Einstein model of a crystal (Chapter 5) is the most obvious example,
but not the only one.

Incidentally, the independent subsystems might be macroscopic (and
therefore distinguishable) parts of the complete system in thermal con-
tact with each other. Then we would write Eq. (3-5) in the notation

Q=0Q45.... 37

We have already encountered an example of this in Eq. (1-23). Equation
(3-7) implies that A4, S, E, etc., are additive; that is,

A=A4+ A+ -+, ete
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3-2 Independent and indistinguishable molecules. In a gas of N
identical and independent molecules, or in a simplified model of a liquid
(Chapter 16) in which the molecules are assumed to be independent of
each other, we are faced with the problem of handling independent and
tndistinguishable molecules. Let us return to the simple example following
Eq. (3—4), where now a and b are identical and indistinguishable. Here,
from the quantum-mechanical point of view, the arrangement €;; + €2
is operationally indistinguishable from the arrangement €;2 + €;. That
is, these two arrangements belong to a single quantum state* and should
count only once instead of twice in the sum @ = Y_; e~ 5#/*T (Eq. 3-5),
which is supposed to be over all quantum states of the system, with one
term for each state.

In genersl, a term in Q of the form

e—(¢¢i+¢bj+"')/k7’, (3__8)

where a, b, ... are identical and indistinguishable molecules, each in a
different molecular quantum state (i # j # - - ) as in the example above,
will occur N'! times if we use Eq. (3-6) for Q. This follows because the N
statest, j, . . . can be permuted in N! ways among the N molecules q, b, . . . ,
and all of these N'! ways will appear in the product ¢”. The reader may wish
to verify this by forming the product g,gsg. for three identical molecules
and three different molecular states, 1, 2, 3. If Eq. (3-8) for @ contained
terms of this type only, i.e., with each molecule in a different molecular
quantum state, the correction for indistinguishability would be easy. We
would simply divide ¢¥ by N! so as not to weight each quantum state
of the system N! times in the sum Y_; e~%#/*7 instead of only once.
Actually, many terms in Eq. (3-6) are not of this sort. For example,

e—(fai-l-fbi+¢cj+-°-)/k1" (3_9)

where at least two molecules are in the same molecular quantum state <.
These terms lead to complications: (a) such states of the system are
allowed in Bose-Einstein statistics (Chapter 22), but N'! is no Jonger the
proper correction factor; and (b) in Fermi-Dirac statistics (Chapter 22),
quantum states of the system in which two identical molecules are in the
same molecular quantum state are not allowed at all, i.e., such states
should not appear in the sum Y ; e~ 5/*T,

In a quantum-statistical treatment of identical and indistinguishable
molecules, the two possibilities, Bose-Einstein and Fermi-Dirac statistics,
have to be discussed as separate cases. We postpone such a discussion to
Chapter 22, because it involves more quantum mechanics than we wish to
use in Parts I, II, and IIL.

* This point is amplified considerably in Chapter 22.
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We can make further progress at this point only if we restrict ourselves
to an important special case, which is a limiting or asymptotic form of both
Bose-Einstein and Fermi-Dirac statistics: the number of molecular states
“available” (i.e., with energies between the molecular ground state and the
ground state plus, say, 1057, more or less) is very large compared with N,
the number of molecules in the system. In this case, in the product@ = ¢¥,
the number of terms of type (3-9) will be negligibly small [virtually all
terms will be of type (3-8)] simply because so many choices of molecular
states are available to the molecules that two molecules only rarely find
themselves in the same state. The Bose-Einstein and Fermi-Dirac com-
plications above then disappear. Thus, the correction N! is now appro-
priate for all terms making a significant contribution to @, and we have

Q=1 d" (3-10)

for a system of identical, indistinguishable molecules satisfying the con-
dition that the number of available molecular states is much greater
than N. We shall see in Chapter 4 that for a monatomic ideal gas (or for
the translational quantum states of a diatomic or polyatomic gas), this
condition is satisfied at ordinary temperatures and densities.

The limiting form of Bose-Einstein and Fermi-Dirac statistics, repre-
sented by Eq. (3-10), is called classical or Boltzmann statistics. The
interconnections between the three types of statistics will be examined in
Chapter 22.

In the expression ¢ = X_; ¢e~%'*T for a molecule in a gas of independent
molecules, the ¢; depend only on the volume V, besides molecular param-
eters such as mass, moments of inertia, force constants, etc. We shall see
this in detail in Chapters 4, 8, and 9. In other words, ¢ = ¢(V, T), a
function of the thermodynamic variables V and T only. It is interesting
that this conclusion alone [i.e., without the exact form of ¢(V, 7)), together
with Eq. (8-10), determines the ideal gas equation of state (Problem 3-1),
for we have

o= E Q(N, V, T))\N = E lq(V’ T)MN — eqk — ePV/kT (3_11)

N20 NZ20 N!
and
_y(9mE _ _ oV, .
N""( ) )v,r"q""kT (3-12)

Of course, we still have to investigate more closely, in Chapter 4, the
conditions under which Eq. (3-10), which we have used here, is valid.
Incidentally, we cannot deduce Eq. (3-12) for an approximate model
(mentioned at the beginning of this section) of a liquid in which the
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molecules are assumed to be independent, because in such a model g will
be a function not of V and 7 but of V/N and T (Chapter 16).

Returning to the relation @ = ¢”/N! for a one-component system,
where ¢ = X;¢~%*7, an important simplification or approximation
(Chapters 4, 8, and 9) is that each € is itself expressible as a sum of separate
contributions, because the Hamiltonian for one molecule is at least
approximately separable. For example,

H=H,+H,+H,+H,
€= €1 €&+ € 1+ €,

where ¢ = translation, r = rotation, » = vibration, and ¢ = electronic
In this case (Chapters 8 and 9), just as in Eq. (3-5),

9 = 419rqvqe

@ = 77 @a4.a”. (3-14)

(3-13)

Equation (3-10) is easily generalized for systems with several com-
ponents. For example, for a binary mixture (Problem 3-2),

a1}
Q= NiNs
3-3 Energy distribution among independent molecules. Consider
first a system of N independent, distinguishable molecules, with ¢ =
T je~*T, (At the end of this section we shall see that the final equations
derived here for independent, distinguishable molecules are also valid for
independent, indistinguishable molecules, provided that the use of Boltz-
mann statistics is justified.) The question arises: What fraction of these
molecules will be in some particular molecular quantum state, say state ¢
(energy €;)? An equivalent question is: What is the probability that one
particular molecule, say molecule 1, will be observed, in an experiment,
to be in state ¢? Or, what fraction of the time does molecule 1 (or any
molecule) spend in state ¢? To answer, we use Eq. (1-28) as a starting
point. According to this equation, the probability that molecule 1 is in
state 7, molecule 2 in state j, molecule 3 in state [, ete., is

(3-15)

p e—Eiil"-/"T e_(‘5+‘i+51+“')/“'
gjl e &= =
¥} Q qN

since an assignment of a molecular state to each molecule specifies a
definite quantum state of the whole system. Let 5; be the probability that
molecule 1 is in state ¢ ¢rrespective of the states of the other molecules. This
is just the probability asked for above. Then

’ (3-16)
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T3> Ty > T

€

Fia. 3-1. Probability 7 of a molecule having an energy ¢, at three different
temperatures (schematic).

e—e‘-/kT(Zj e—ljlkT)(zl e—qlkT) .
ne = j,zz:...P‘jl el = ey

—&;IkT
q

This has precisely the form of Eq. (1-28) itself, but molecular states re-
place system states. Of course, X ; 9; = 1. The probability 5; decreases
exponentially with increasing €;, and the fall-off with ¢; is more rapid at
lower temperatures (Fig. 3-1). At very low temperatures, practically all
molecules will be in the ground state (¢;): my — 1 as T — 0. At high
temperatures, n; — constant (independent of ¢;). We shall encounter
several numerical examples of Eq. (3-17) in later chapters.

For simplicity of notation we shall continue in this chapter to use the
language of molecular states. But for many purposes, it is more convenient
to use molecular energy levels. If w is the degeneracy of the level ¢, then

(4

(3-17)

—e/ kT

q
g= Y e = 3 et (3-19)
i i

(states) (levels)

we

7 (level) = wn (state) = ) (3-18)
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Subscripts have been dropped in Eq. (3-18) to avoid confusion. The
analogy with Eqs. (1-37) and (1-38) for system energy states and levels
is obvious.

The average energy of a molecule is

€= E ni€; = %E eje—l*T, (3-20)
j j

Because of additivity (independent molecules), the average energy of the
system is simply

E=e¢tet+eat+---=Ne (3-21)
If we denote the average number of molecules in state j by Cj, then
C; = Nuj, Z C;=N, (3-22)
so that ’
E= ; Nnje; = Z’: Cjej. (3-23)

Fluctuations in € are of some interest. If we differentiate the equation
gt = Y e 9
J

with respect to temperature, we find

E _ szcv.
aT — N
The last relation follows from Eq. (3-21). Since Cy = O(Nk) and &€ =
O(kT), we see that [€2 — (8)%]'/2 is of the same order of magnitude as &
itself. That is, the energy probability distribution function for a single
molecule is broad and not sharp, in contrast to the total energy distribution
for a system of many molecules (Eq. 2-5). The order of magnitude we
find here for the molecular energy fluctuations is consistent with the order
predicted by Eq. (2-5) if we put N = 1. A sharp energy probability dis-
tribution is & many-molecule effect: the large relative fluctuations in the
energies of individual molecules practically cancel each other, leaving
only an extremely small relative fluctuation in the total energy.

A broad probability distribution is in general not gaussian, and the shape
of the curve is not completely characterized by the quantity €2 — (€)%
The most familiar example of a broad distribution is the Maxwell-Boltz-
mann distribution in velocity or translational kinetic energy for a classical
one-component system (Chapter 6), usually chosen as an ideal monatomic
gas.

€ — (@)= kT? (3-24)
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At this point let us take advantage of the relative simplicity of a system
of independent molecules to look again [see Eqs. (1-17) and (1-18)] at
the molecular interpretation of thermodynamic work (W) and heat (Q*).
From Eq. (3-23), holding N constant,

dE = ) &dC; + Y, C;de; = DQ* — DW. (3-25)
) i
Then

DW = pdV = 3T, (— gil; av, (3-26)
5

or
p=20 (-29). (3-27)

Each molecule makes an additive contribution to the pressure, in an
amount depending on the change of its energy €; with volume. When
work DW is done by the system, the (average) population of different
energy states remains fixed, but the energies (¢;) themselves shift. The
negative of the thermodynamic work, — DW, is the total work necessary
to shift the energy levels of all the molecules in the system when the
volume is varied by an amount dV.
Also, from Eq. (3-25),

DQ* = 3 ¢;dT;, (3-28)
J

which says that heat DQ* is absorbed by shifting the population of energy
states, holding the energy levels fixed. Consider a special case: heat is
absorbed by the system as a result of a temperature increase dT, with N
and V both held constant. Then

dE=CVdT=DQ*=TdS=Ze,~‘£
i

i
ar dT. (3-29)

The change in population of state j is, from Eqs. (3-17) and (3-22),

Uj(e,' — &) dT .
2

kT (5-20)

—9Cs m _

dC; = T dT =

That is, if dT is positive, the population of states with energy greater than

& increases at the expense of those states with energy less than & For a

state with energy larger than € by an amount of order kT, the fractional

population increase (dC;/C;) is of the same order as the fractional tem-
perature increase (d7'/T).
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If we substitute Eq. (3-30) into Eq. (3-29), we recover Eq. (3-24) for
Cy (Problem 3-3). In the special case (T — 0) that all molecules are
in the ground state (j=1), ¢ —&=01for j=1 and C; =0 for
7 > 1;hence, by Eq. (3-30), aC;/0T = 0at T = OforalljandCy = 0
(Problem 3-3).

If a molecule has separable or approximately separable “internal”
degrees of freedom, as for example in Eq. (3-13), the energy distribution
can be broken down one step further. Thus, in this example, Eq. (3-17)

becomes
e—(c“+¢,.,v+c,¢+¢mlk1' 3 3
P 31
Tiitm 999d. ©-31)
where the molecular quantum state (¢jim) is characterized by the transla-
tional state (z), rotational state (5), etc. Then the probability that, say,
the rotational state is j, irrespective of the translational, vibrational, and
electronic states (or the fraction of all molecules in rotational state j), is

rot €
2 = D nijm =

t.lm

—ei/ kT

qr

’ (3-32)

just as in passing from Eq. (3-16) to Eq. (3-17). Applications of this equa-
tion will appear in Chapters 4, 8, and 9.

Finally, we have to discuss ¢ndistinguishable molecules. So far the
argument in this section has been concerned with the distinguishable case.
We recall first that we are limited to situations in which the number of
available molecular states greatly exceeds the number of molecules. In
the notation used above, the average population (number of molecules)
per molecular state must be much less than one, C; < 1: every molecule
in the system is in a different molecular state (with negligible exceptions),
or, an equivalent statement is that each molecular state is either unoe-
cupied or occupied by just one molecule.

Equation (1-28) gives the probability of observing a particular quantum
state of the system of N identical molecules. With indistinguishable
molecules, a single quantum state of the system is specified if we say that
one molecule (any one) is, say, in molecular state ¢, another (any other)
is in state j, another in state /, etc. Which molecule is in which state is
immaterial since the molecules cannot be distinguished from each other.
Equation (1-28) then reads

e—(GHGHa kT

P.‘j;...=w' (3‘33)

Note that this probability is N! times larger than the corresponding
probability (distinguishable molecules) for a single quantum state of the
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system in Eq. (3-16). This is because, in the case of indistinguishable
molecules (whenC; « 1), the system has a total of N'! times fewer quantum
states from which to choose. To find the probability that any one molecule
(not one particular molecule, such as molecule 1) in the system is, say, in
state ¢, we should sum P;;; . . . above over all valuesof j, [, m,.... How-
ever, different permutations of the values of j, I, m, . .. should not be
included in the sum, because such permutations do not generate new
quantum states of the system. For example, if N = 4, in the sum over j,
Land m:j = 4,1 = 6, and m = 17, say, should be included; but then
j=26l=4,andm = 17,0rj = 17,1 = 4, and m = 6, etec., should be
omitted. On the other hand, it is actually simpler to include all values of
4, L, m, ...and correct for the permutations referred to above by dividing
by (N — 1)!. With a sufficiently large number of molecular quantum
states (C; < 1), we can ignore the rare terms in the sum in which j = I,
orl = m, ete.

In summary: if we sum P;j; . . . over all values of j, [, . . . and divide by
(N — 1)1, the result is the probability that any one molecule in the
system will be in state . But this is just the quantity C;. Therefore

1 o4/ N—1
Co= =i 2 Por = W D@D
—e&;/ kT
= l"q—— Tkl (3-34)

As a check, we note that if we also sum over all values of ¢ and divide by
N!instead of (N — 1)' we get

&
¥ & Par. N%i L
as we should. If we define »; by n; = Ci/N, as in Eq. (3-22), then
—il*T 1
n=Tr o owm <¥§’ (3-35)

which is the same as Eq. (3-17) for distinguishable molecules. That is,
»; is the probability that one particular molecule is in state ¢. Or, more
properly here, since a “particular” molecule is a nonoperational coneept,
#; is the fraction of all molecules in state 2. This is & very small number,
since C; itself is already a small fraction.

Thus, as one would expect intuitively and as we anticipated at the
beginning of the section, the molecular energy distribution for a given set
of energy states €; is the same for distinguishable and indistinguishable
independent molecules. There is the important distinetion, however, that



70 INDEPENDENT MOLECULES OR SUBSYSTEMS [cHAP. 3

Eq. (3-34) is valid for indistinguishable molecules only if C; < 1, whereas
no such restriction is operative for distinguishable molecules (e.g., as
T— 0, Ul nd N).

The high density of molecular states necessary to satisfy C; < 1 is
guaranteed in most applications (as we shall see in the next chapter) just
by the translational degrees of freedom. Then if there are internal degrees
of freedom, as for example in Eq. (3-31), 9:j1m << 1/N for a single molecu-
lar state. But if we now sum #;;,, over all translational states ¢, the result
is the fraction of molecules in a given rotational-vibrational-electronic
state jlm—a number which is not required to be small compared with
unity. In other words, the internal distribution of indistinguishable
molecules among nontranslational energy states is ordinarily unrestricted,
just as in the case of distinguishable molecules. Thus, Eq. (3-32) gives
the distribution over rotational states; the distribution is the same for
distinguishable and indistinguishable molecules; and there is no restric-
tion on #7°* [for example, at low temperatures, #{°* — 1 (Chapter 8)].

3-4 ‘“Ensembles” of small, independent ‘‘systems.” In the Einstein
model of a crystal, each of the N molecules carries out its own independent
vibrational (and possibly also internal) motion around a definite lattice
point, and hence is “distinguishable.” Furthermore, the molecules are in
thermal contact (“weak interaction”) with each other. The reader will
recognize that this situation is rather closely analogous to that of the
canonical ensemble of Section 1-3. There we were dealing with an en-
semble, a collection of 9 independent, distinguishable macroscopic systems
in thermal contact with each other. Here a single molecule is a “system,”
and the crystal (system) is the “ensemble.” If we re-examine the argu-
ment in Section 1-3, we see that it is still valid even when the systems of
the ensemble are very small. In the crystal example, the system is a single
molecule, but other cases are possible in which the system contains more
than one but still only a relatively small number of molecules. To avoid
confusion, let us return now, as in the first part of this chapter, to the use
of the term “subsystem” in referring to one of these small systems. If we
let C; be the number of molecules (or subsystems, generally) in the mo-
lecular state j with energy e;, then a set of numbers Cy, Co, . . . is a “distri-
bution,” and we have, in place of Egs. (1-1) through (1-3),

3¢ =N, (3-36)
7
> Cje; = E, (3-37)
. _
C) = ﬁl,% (3-38)
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where 2(C) is the number of quantum states of the macroscopic system
(e.g., erystal) for a given distribution C. The macroscopic system is iso-
lated (i.e., N, V, and E are constant). As in Eq. (1~12), we find that

X ' —hei
S T N sl (3-39)

which is consistent with Eq. (3-17). The macroscopic system has to be
very large (i.e., N — o) in order fully to justify the replacement of C;
by C}‘ and the use of Stirling’s approximation on In C;l. The connection
with thermodynamics (e.g., 8 = 1/kT) is most easily established through
the relation S = kIn Q(C*) and the thermodynamic equation (1-78)
(Problem 3-4). The most probable or “equilibrium” distribution C* is
the one which makes @(C), and therefore S, a maximum in an isolated
system, in agreement with the second law of thermodynamics (Seetion 2-3).

The temperature of a single molecule (or subsystem) is well defined.
This is the temperature which appears in the Boltzmann energy probability
distribution for a single molecule, Eq. (3-39) with 8 = 1/kT. But other
functions, such as the energy, are not well defined, in the thermodynamic
sense, for the individual molecules (or subsystems) because of large fluc-
tuations about mean values [e.g., € in Eq. (3-24): a measurement of € will
not almost certainly yield & as would be the case for E in a macroscopic
system].

Of course, no new results are obtained by adopting the above “sub-
system” point of view. Furthermore, the argument is restricted to macro-
scopic systems made up of independent, distinguishable molecules or sub-
systems; it is a special case of the more general argument of Section 1-3.
However, when possible (independent molecules or subsystems), there is a
considerable intuitive or conceptual advantage to thinking in terms of a
system containing only one or a few molecules rather than a macroscopic
number.

We have seen in the preceding section that when a system of N inde-
pendent, indistinguishable molecules satisfies the condition C; < 1, the
energy distribution is the same as for distinguishable molecules but the
total number of quantum states of the macroscopic system is reduced by a
factor N1. We therefore anticipate that the (molecule, system) < (system,
ensemble) analogy, argument, and results above for distinguishable mole-
cules will still hold for indistinguishable molecules, provided only that
we use 2(C)/N! in place of ©. There is, however, a serious complication:
since C; = C"‘ <« 1, we have to use Stirling’s approximation on very
small numbers Actually, this procedure happens to give correct results,
but the method can hardly be considered satisfactory. The rigorous way
to handle this problem, with the same results, is to use the Darwin-Fowler
application of the method of steepest descents.
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1t should be emphasized that our derivation in the preceding section of
Eq. (3-34) for C; in a system of independent, indistinguishable molecules
is not open to the above objection. That derivation is based, ultimately,
on the use of a canonical ensemble of 91 distinguishable, macroscopic
systems, with 9L — oo (Section 1-3).

In a number of applications it is very helpful to use an extension to the
grand ensemble of the “subsystem” point of view brought out above for
the canonical ensemble. Since these applications are somewhat specialized,
we shall postpone (see, however, Problem 3-5) our discussion of this
subject to Chapter 7 (“binding” or adsorption on sites) and Chapter 22
(Bose-Einstein and Fermi-Dirac statistics).

PROBLEMS

3-1. For a gas of independent molecules, nE = ¢(V, T)A = N (Eq. 3-12).
Use Eq. (1-68), p = kT (8 In E/3V),.r, to deduce that ¢ must have the form

= Vf(T), where f(T) is a function of temperature only. (Page 63.)

3-2. Extend the derivation of Eq. (3-10), @ = ¢¥/N!, for a one-component
system of independent, indistinguishable molecules to the two-component case,
Eq. (3-15). (Page 64.)

3-3. Use Eq. (3-30) to verify that

= 2
Cv=ze, 9C; _ Nle Ts(’)l

for a system of independent molecules. Note that Cy is never negative. (Page
68.)

3-4. Show that substitution of the most probable distribution (3-39) into
8 = k1nQ(C*) leads to

A = —NkTln ) e,
[

Also, with the aid of (S/0E)y~ = 1/T (Eq. 1-78), prove that 8 = 1/kT.
(Page 71.)

3-5. Consider a one-component macroscopic system which consists of M
independent, equivalent, and distinguishable subsystems. Here M plays the
role that V does in most systems. Each subsystem can contain any number from
zero up to m molecules, where m > 1. Modify the notation used in Section 1-5
(the system here corresponds to the grand ensemble in Section 1-5) to obtain the
equivalent of Eq. (1-45) for the probability distribution. Use S = kIlnQ
(most probable distribution) to establish connections with thermodynamics.
Note the analogy with Eqs. (1-75) through (1-77). (Page 72.)

3-6. For a gas of indcpendent molecules, @ = ¢(V, T)¥/N!. From the ca-
nonical ensemble equations (1-31) through (1-36) prove, as in Problem 3-1,
that ¢ = Vf(T).
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3-7. Use Eq. (3-15) for a two-component system, where ¢q; and g2 are func-
tions of V and T only, to deduce by the method of Egs. (3-11) and (3-12) that

pV
Ni+N: =75

3-8. Show from Eqs. (2-4) and (3-24) that

e _ yU2 8,

4 E

This emphasizes that the ¢ probability distribution is much broader than the E
distribution for N large.

SUPPLEMENTARY READING

GuenEeY, R. W., Iniroduction to Statistical Mechanics. New York: McGraw-
Hill, 1949. Chapters 1 and 2.

RUSHBROOKE, Chapters 2 and 3.

Torman, Chapter 14.
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CHAPTER 4
IDEAL MONATOMIC GAS

As our first specific example we consider a one-component monatomie
gas dilute enough so that intermolecular forces can be ignored. At the
outset, each atom is treated as a mass point (internal degrees of freedom
will be discussed briefly in Section 4-4) with three translational degrees of
freedom. This discussion will also be applicable, in Chapters 8 and 9, to
the translational degrees of freedom of dilute diatomic and polyatomic
gases, because of the additivity of the Hamiltonian function [as in
Eq. (3-1)).

4-1 Energy levels and canonical ensemble partition function. By virtue
of the high dilution, the molecules of the gas are independent of each other.
They are also indistinguishable. —Therefore, the canonical ensemble
partition function is (Eq. 3-10)

1
- (4-1)

provided that the number of available molecular quantum states is large
compared with N. Our first task is to investigate q.

Let the volume V bein the shape of a cube of edge L; then V = L3, We
choose a cube merely for convenience; thermodynamic properties of the
gas do not depend on the shape of the container. In thesum ¢ = Y ;e~%/*7T,
the energies ¢; in this case are those associated with one molecule pos-
sessing three translational degrees of freedom only and confined to a cubical
box. This is a standard problem in quantum mechanics. The possible
energy states are

2,72 2 2
€lelyly = h—(l’s_;+”2+l’) ’ (4-2)

Lyl,le=1,23,...,

where I, I, and [/, are the three quantum numbers.

In the three-dimensional [,l,l, space (Fig. 4-1 shows a two-dimensional
version of this space), there is a one-to-one correspondence between pos-
sible molecular quantum states and points in the space with positive inte-
gers as coordinates. Therefore, there is one quantum state per unit volume
of this space. The equation

B+1+13= R (4-3)
74
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Fre. 4-1. Quantum number (I, !,) space in two dimensions.

with

gmV?/®
R = =, (4-4)

is the equation of & sphere of radius R in [}l space. The volume of the
positive (s, I, I; all positive) octant of a sphere of radius R is TR3/6.
This is also the number of quantum states $(¢) with energy less than e,
where ¢ and R are related by Eq. (4-4), provided that ®(e) is very large
so that edge effects are negligible. That is,

8 8/2
B(e) = lg— = g(%) v. @-5)

For Eq. (4-1) to be legitimate, we have to have & > N when we put
€ = O(kT) in Eq. (4-5), since states with e very much larger than kT will
not be appreciably populated and are therefore effectively unavailable.
Later it proves convenient to choose the unimportant numerical coeffi-
cients, of order unity, so that this condition reads

8/2
B(kT) = (2”,’:‘,’”) V>N
or
3
szg <1, (4-6)
where
h

A= Gy’ D

We see that the condition (4-6) is favored by low density, large mass, and



76 IDEAL MONATOMIC GAS [cHAP. 4

high temperature. This same condition is useful when applied to diatomic
and polyatomic molecules as well, for the total density of molecular
quantum states is practically determined by the density of the translational
states alone (i.e., the translational energy levels are relatively very close
together).

Even though we are interested in dilute gases here, let us make a strin-
gent test of (4-6) by using the (experimental) density of the liquid phase at
the normal boiling point. We find the results in Table 4-1, which will be

TaBLE 4-1

T,°K ASN/Y

He 4.2 1.5

He 20.4 0.44
Ne 27.2 0.015
A 87.4 0.00054

referred to again in Section 6-2 and Chapter 22. In the gas phase at the
boiling point, the values of A3N/V would be reduced further by a factor
of the order of 100. The conclusion we reach, then, is that, except for
light molecules at appreciable densities and very low temperatures, the
condition (4-6) is easily satisfied (Problem 4-1).

It is interesting to note that A is a length of just the order of magnitude
of the de Broglie wavelength A/mv (v = velocity) of a particle with
kinetic energy of order kT. Since (V/N)Y3 is a distance of the order of
the average nearest-neighbor distance between molecules, Eq. (4-6)
asserts that quantum effects (requiring the use of Bose-Einstein or Fermi-
Dirac statistics) will be absent if neighboring molecules are usually far
apart relative to the “thermal” de Broglie wavelength A.

We return now to

= 3 T «9

Ledylaml

We can replace the sum by an integral if, in passing from one energy level
to the next higher level, Ae << kT, for in this case the summand will change
its value essentially continuously with I, [,, and /.. From Eq. (4-2),
Ae = O(h?/mV?3) and

Ae¢ h? A?
=0 (kaV2/3) =0 (VM)'

But we already have the restriction (4-6), which can be written
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A2 1

14
Viis < e = o@10™%).

Thus the requirement Ae/kT < 1 is overwhelmingly satisfied.
To integrate Eq. (4-8) (see also Problem 4-2), we note from Eq. (4-5)
that the number of molecular quantum states between € and € 4 de is

r(sm 3/2

5E Ve''? de. 4-9)

de
w(e) de = Tl-e-de =3

Therefore [compare Eq. (3-19)],

® 312 ®
oV, T) = [ w(€)e T de = %-(Sr;:LcT) Vv / w3 du
0 0

_(2xmkTN¥?, _V
“\ R T’

(4-10)

where 4 = €/kT. This confirms Problem 3-1. That is, ¢ is proportional
to V. We see that ¢ is dimensionless and has a very simple expression in
terms of the thermal de Broglie wavelength A.
The fraction of molecules with energies between € and € - de is [compare
Eq. (3-35)]
w(€)e**T de .
q

This is essentially the well-known Maxwell-Boltzmann distribution
(Section 6—4), since w x €'/2,
We have for the canonical ensemble partition function

P(e) de = (4-11)

_low_ 1 _V)"
Q=51 _N!(A3 ‘ (4-12)
or

8/2
an=—NlnN+N+Nlnq=Nln[(2"—h";’9—1—') %] (4-13)

We can now derive all the thermodynamic properties of the gas from this
equation.

4-2 Thermodynamic functions. First, the Helmholtz free energy A
is simply

3/2
AN, V,T) = —kTInQ = —NkTIn [(2”"#) Yﬁe] (4-14)

We can confirm that A is an extensive property. That is, A/N is seen to
be a function of the intensive variables V/N and T only. We should
emphasize that in this equation and others below: (a) the zero of energy
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for each molecule is implicit in Eq. (4-2) (i.e., the zero is at the bottom of
the potential well or box of volume V—classically, this corresponds to a
particle at rest); and (b) the entropy S = kIn Q is based on the number
@ of translational quantum states of the system of N molecules (i.e., the
zero of entropy is associated with = 1, although this situation is un-
realizable for a dilute classical gas).
The pressure is given by
—kr(dnQ) _ dlng) _ NkT -

p—kT(aV T,N_NkT(6V>r— % (4-15)
It was pointed out, following Eq. (1-27), that & is a universal constant
whose value can be obtained from any convenient experimental system.
We see from Eq. (4-15) that

i pY
NR NT
for a real gas of known molecular weight will give k. The value found is
k = 1.38044 X 107!¢ erg-deg™'.
The energy is
dinT%* 3

— xr2(21nQ)  _ yppedln 77 3
E = kT ( 3T,y = NHT*Sgp— = g NKT.  (4-16)
This is all kinetic energy, kT/2 per degree of freedom per molecule. The
potential energy is zero because of the absence of appreciable intermolecular
forces and by virtue of our choice of the zero of energy. Also,

dE _3
Cy = (ﬁ)V.N = §Nlc, (4-17)
as is found experimentally. From Eqs. (4-15) and (4-17),
pV = %E. (4-18)

Equations (4-15) through (4-18) are often called “classical” results
because they can be derived directly from classical statistical mechanics
without any use of quantum theory (Chapter 6). The use of Boltzmann
statistics (Eq. 4-1) and the replacement of a sum over quantum states by
an integral, as in Eq. (4-10), lead to classical results from a quantum-
mechanical starting point. This statistical-mechanical correspondence
principle is explored in much more detail in Chapters 6 and 22.

Equation (4-18) is interesting because it is obtained, for a dilute mona-
tomic gas, not only from Boltzmann statistics but also from Bose-Einstein
and Fermi-Dirac statistics (Chapter 22). We can anticipate this result by
an argument based on the energy-level expression (4-2) alone, without
use of Eq. (4-1) (Boltzmann statistics). We have to assume that [see
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Eqs. (3-21) and (3-27)), for a dilute enough gas in a volume V, p and E
are proportional to N. That is, each molecule makes an independent or
additive average contribution to p and E. For a molecule in state j
(G =L, 1, 1,), the energy, according to Eq. (4-2), has the form ¢; =
a;/V?3, and the contribution of this molecule to the pressure is [compare
Eq. (1-7)]

de)_2Ne_2E
p=N ( 3V’ (4-19)
which is the same as Eq. (4-18).
The entropy follows from Eqs. (4-14) and (4-16) for A and E:
3/2 y7,6/2
s=E-4_ i [(21rka) V;V ] (&-20)

From (4-6), we see that the quantity in brackets is necessarily large com-
pared with unity, say 10% or more, but the logarithm of the quantity will
be of order unity. Hence 8§ = O(Nk), as expected from thermodynamiecs.
In terms of the pressure instead of the number density N/V, Eq. (4-20)

becomes
21ka)8/2 kTeS/ 2]
h2 P

Equation (4-21) is in agreement, as it should be, with the well-known
thermodynamic expression for the entropy increase in an isothermal
expansion of an ideal gas,

AS = 8(p;, T) — 8(p1, T) = Nkln%;-

S = Nk ln[ (4-21)

For the chemical potential and Gibbs free energy, we have

_F _ aan) C ami 4
b=t = —kT(aN = g (4-22)
3/2
]
3/2
— —kTh [(2’?,“') %T] (4-24)
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Equation (4-23) also follows from F = Ny = A + pV and Egs. (4-14)
and (4-15) for A and pV (Problem 4-3).
In thermodynamics one finds that, for an ideal gas,

#, T) = pT) + kT Inp, (4-25)

where p°(T), often called a “standard chemical potential” or “standard
free energy,” is an integration constant. For a monatomic gas, Eq. (4-24)
provides a statistical-mechanical evaluation of this integration constant
(based on the zeros of energy and entropy already referred to):

3/2
WO(T) = —kTln [(g’—'#) kT]- (4-26)
It should be noted that the quantity in brackets here has dimensions of
pressure, and must be in the same units (e.g., atm, mm Hg, erg-cc™*, etc.)
as p in Eq. (4-25). Clearly the numerical values of the separate terms on
the right of Eq. (4-25) depend on the choice of the pressure unit, but
their sum gives a u(p, T) which is independent of this arbitrary choice.
In several places in this book it will prove convenient to introduce standard
chemical potentials u%(T). The above point about pressure units must
always be kept in mind when a u%(7) is encountered. Of course, in com-
puting any truly operational quantity, the combination in Eq. (4-25),
or pe*®’*T, will occur, and the matter will then automatically take care of
itself [e.g., there is no complication with Eq. (4-24) where the two terms
in Eq. (4-25) are kept together].

This completes our summary of the basic thermodynamic functions of
an ideal monatomic gas. Other functions (e.g., the heat content H)
follow from those already given. From this first example, we can see the
power of the statistical-mechanical method: it provides an explicit and
detailed theoretical prediction of all the thermodynamic properties of the
system. We have to reserve comparisons of equations such as (4-21) and
(4-24) with experiment (entropy, crystal vapor pressure, chemical equi-
librium constants, etc.) until we have discussed some other systems (see
Chapters 5, 9, and 10).

For a binary mixture of dilute monatomic gases, according to Eq. (3-15),

Ny Na

Q= N’ (4-27)
where
Vv vV
Q= E and ¢z = Xg' (4-28)

In (4-28), A, and A; differ only through m, and m,;. From
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IDQ == —Nllan +N1 -l-Nllnql(V, T)
—NaInNy + Ny + N3l gy (V, T) (4-29)
and Egs. (1-31) through (1-36), we find easily (Problem 4—4)

pV = (Ny + NokT, (4-30)
E = §(N1 + No)kT, (4-31)
V65/2 V65/2
= Nik k 1 s —
S 1 In (A?Nl) + Nz n (AgN2> (4 32)

etc. The familiar thermodynamic formula for the entropy of mixing two
ideal gases follows from Eq. (4-32) (Problem 4-5).

4-3 Grand ensemble and others. It is instructive to try out partition
functions other than the canonical ensemble partition function on this
simple system. We have in fact already derived the equation of state
from the grand partition function in Eq. (3-12). We should note that
Eq. (3-12) also gives

N Na® [kT
—q- =75 = A= """, (4-33)
which is a slightly disguised form of Eq. (4-23) for p.

As another example, let us use the partition function A(N, p, T) of

Eqgs. (1-87), (1-91), and (2-12):

_F_ —pVIT ﬂ’).
= InA = ln/o QWN, V, The d T (4-34)

Here V is continuously variable, so we use an integration over V instead
of a sum. The choice of the dimensionless variable of integration is some-
what arbitrary,* but pV/kT is particularly convenient for this purpose.
If we let z = pV/kT,

1 kT”/”N_,
s= ) [ e

kT\¥
= (;Ks-) . (4-35)
Then
kT
F=Npy= —kThhA = —NkTIn (p_AE) ’ (4-36)

*See S. M., pp. 63 and 68.
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which is the same as Eq. (4-24). Also,

oF kTe®?
S = _(0_7—' p,N=Nkln( pAS )’ (4-37)
in agreement with Eq. (4-21), and
aF N
V= (ﬁ)r N (4-38)

We shall not work out the details of the microcanonical ensemble ab
nitio.* But we can easily find Q(N, V, E) from the canonical ensemble
equation (4-20) and the relations 8 = kIn Q@ and kT = 2E/3N:

4 E 3/2 14 8/2|N
aw, v, m = [(45E)" ] (4-39)

This is & tremendously large number, of order e or 101°*°, As a partial
check (Problem 4-6), we note that [using Eq. (1-79)]

aln® 3N
IcT ( ),N“EE' (4-40)

4-4 Internal degrees of freedom. So far in this chapter we have treated
monatomic molecules as mass points with three translational degrees of
freedom, using the energy states of a particle of mass m in a cubical box of
volume V. Of course, an atom is not a mass point but has electronic and
nuclear substructure. Associated with this substructure are electronic and
nuclear energy states, deducible in principle from quantum mechanics
but in practice, in most cases, from spectroscopy. We wish to show briefly
here how these “internal degrees of freedom” influence the thermodynamic
functions of the system.

The first comment to make is that the translational Hamiltonian is
rigorously separable from the electronic and nuclear Hamiltonians.
Second, the electronic and nuclear Hamiltonians are also separable, to a
very high accuracy. Hence the basic equation is (3-14):

Q = 77 @)™ )

We have already discussed ¢;. We now turn to a consideration of the
nuclear and electronic energy levels, and hence of g, and g,.

Because of the extremely large separation between the two lowest
nuclear energy levels [Ae, = O(1 Mev); or Ae, = O(kT) when T =

* See Mayer and Mayer, pp. 109-117.
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0(10'°K)], at ordinary temperatures the atom is certain to be in the
nuclear ground state. This follows from Eq. (3-32). We shall denote the
degeneracy of the nuclear ground state by w,;. The situation is similar,
but not so extreme, for the electronic energy levels. The separation Ae,
between the two lowest levels is usually of the order of 1 ev; Ae, = O(kT)
when T = 0(10,000°K). Therefore again, according to Eq. (3-32), at
ordinary temperatures (say 7' < 1000°K) the atom is almost certain to
be in the electronic ground state. However, since there are exceptions to
this, we mention a few particular cases to give some idea of the range in
behavior.

In the inert gases, He, Ne, A, etc., A¢, is large, of order 10-20 ev. Hence
only the ground state is important. The degeneracy w,; of the electronic
ground state (*Sy) is unity for these atoms.*

For the alkali metal atoms, A¢, = O(1.5 ev). Here again excited elec-
tronic states can be ignored at ordinary temperatures. In this case
@1 = 2 (381/2) owing to the unpaired electron spin., Similarly, for the
hydrogen atom, Ae, = 10.2 ev and w,; = 2.

In the case of the halogen atoms F, Cl, Br, and I, Ae, = 0.050, 0.11,
0.46, and 0.94 ev, respectively. The degeneracies of the first two levels
(the third level has a significantly higher energy and can be ignored here)
are 4 (3Pg3) and 2 (2P,/3), respectively. Therefore the fraction of halo-
gen atoms in the first excited level is (Eq. 3-32)

W, 2e-—ecs/ kT 9 e—Ae./kT

M2 = e1€—<at/*T |- woge—<al*T — & + Ze—dekT’ (442)

A€, = €3 — € .

At 1000°K, we find (Problem 4-7) n,; = 0.22, 0.12, 0.0024, and 9 X 10~
for F, Cl, Br, and I, respectively. Certainly for F and Cl, then, and pos-
sibly Br, we have to retain two terms in the electronic partition function.
We choose as zero of energy here an atom in its ground electronic and
nuclear states and at the bottom (classically, at rest) of the translational
potential box or well (Fig. 4-2). Then ¢; (Eq. 4-10) is unchanged and

gn = Wn1, €1 =0, (443)
0e(T) = we1 + weze™ ' €1 =0, A¢ = €2 (444)

The most common case (the inert gases) is ¢, = w,qy = 1. All thermo-
dynamic functions now follow in a routine way from Eqs. (4-41), (443),
and (4—44).

* For spectroscopic notation and facts, see G. Herzberg, Alomic Spectra and
Atomic Structure. New York: Dover, 1944.
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Potential JO—
energy ——————— &2 + &1 + @l
Aee \ea + e
—Em + e+ e
— + en1 + @1
fp—r—— et + et = 0 (&1 = ent = 0)

Fia. 4-2. Arbitrary location of energy zero.

For example, the equation of state (pV = NkT) is unchanged, but

2(3lng; , dln q.)
E = NkT ( oT T+ ar
—&e2/ kT
= Swep 4 Mot (4-45)
= N& + Ne,. (4-46)

Similar equations can be derived for Cy, S, etc. (Problem 4-8.)

In the special case g, = wny and ¢, = we, the nuclear and electronic
degrees of freedom make no contribution to p, E, Cy, etc., but they do
contribute to all functions involving the entropy: 8, A, F, u, etc. Thus,

InQ =N (V"X’;I'G""’>, (447

8 = Nkln (K"—F“;—v-‘ﬂ) = 8¢+ kln (wawa))Y,  (448)
Vwclwnl

p= —in (Toe). (#-49)

However, in accordance with the convention established with Eq. (2-43),
we shall usually omit (Chapter 22 is an exception) the nuclear degeneracy
wp1 from all thermodynamic functions. Because of cancellation, it does
not ordinarily contribute to measurable thermodynamic quantities
(entropy change with temperature, equilibrium constants, vapor pressure,
etc.). We do not extend this convention to w,;, however, because when
we1 > 1 in the gas phase, the stable state at Q°K (e.g., Cl; crystal, H,
crystal, sodium metal, etc.) is nondegenerate.* Hence in many cases,

* See Fowler and Guggenheim, pp. 199-205.
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unlike w,), we; does not cancel. Also, as we have pointed out, excited
electronic states occasionally have to be taken into account.

ProBLEMS

4-1. Calculate the temperature at which A3N/V = 0.0001 for He gas at
1 atm pressure (use the equation of state pV = Nk7T). (Page 76.)

4-2. Derive Eq. (4-10) for ¢ by substituting Eq. (4-2) into Eq. (4-8), and
replacing the sum by a triple integral over I, l,, and I,. (Page 77.)

4-3. Obtain Eq. (4-23) for u from Eqs. (4-14) and (4-15) for A and pV,
and Nu = A+ pV. (Page 80.)

4-4. Verify the fact that Egs. (4-30) through (4-32) for a binary gas mixture
follow from Eq. (4-29). (Page 81.)

4-5. Derive an equation for AS in the following process: initial state =
(a) N1 molecules of ideal gas 1 at T in a container of volume V4, plus (b) N2
molecules of ideal gas 2 at T in a separate container of volume V2 = N2V;/Ni;
and final state = N'; molecules of 1 and N2 of 2 in a single container of volume
V1 + Ve, at T. This is usually called the entropy of mixing, ASy,x. (Page 81.)

4-6. Confirm formulas already obtained for p and u (ideal monatomic gas)
by using the microcanonical ensemble equations (1-80), (1-81), and (4-39).
(Page 82.)

4~7. Verify the values of 9,2 calculated from Eq. (4-42) for F, Cl, Br, and
I at 1000°K. (Page 83.)

4-8. Derive an equation for Cy., the electronic contribution to Cy, from
Eq. (4-45). Verify that Cy. — 0 as T' — 0 or T — o, and passes through a
maximum in between. Derive an expression for S,. Check that S, — k1nwX
as T — 0, and S, — kIn (we1 + we2)¥ a8 T — . (Page 84.)

4-9. Use Problem 3-3 to show that the asymptotic behavior of Cy. a8 T — =
is Cv, = constant/T?2.

4-10. For argon gas (assumed ideal) at 1 atm pressure and 25°C, calculate
A, E, and p in cal-mole—! and Cy and S in cal-mole~!-deg—! (see Table 9-2).
Take w1 = 1 and omit wa1.

4-11. For a one~-component ideal gas, show that the maximum term (a) in
Z occurs at N* = g), and (b) in A occurs at V* = NkT/p.

4-12. Show that the result of Problems 3-1 and 3-6, ¢ = Vjf(T), implies
that the number ®(¢) of molecular quantum states with cnergy less than ¢ is
proportional to V.

SurPLEMENTARY READING

FowrLeEr and GuageENHEIM, Chapter 3.
MavEer and MayYER, Chapters 5 and 6.
TorLman, Chapter 14.
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CHAPTER 5
MONATOMIC CRYSTALS

In this chapter we investigate the thermodynamic properties of mona-
tomic crystals, especially the heat capacity Cy. The molecules in a crystal
vibrate around equilibrium positions which are arranged in a regular
lattice. Intermolecular forces, together with the pressure and tempera-
ture, determine the lattice structure and the spacing and the nature of the
motion of the molecules in the neighborhood of their equilibrium positions.
Offhand then, it would appear that a treatment of this system would
belong more properly in Part III (which is concerned with systems of
dependent molecules). But it turns out that despite the importance of
intermolecular forces in a crystal, so long as the molecular vibrations are
small, the system can be decomposed mathematically into independent
subsystems (normal modes of vibration).

In the first section we treat a monatomic crystal in a very approximate
manner, using the model of Einstein. This model has the advantage of
conceptual and mathematical simplicity and leads to results that are
qualitatively (but not quantitatively) correct. The remainder of the chap-
ter is then devoted to more accurate approaches to the problem, with
emphasis on the Debye approximation.

5-1 Einstein model of a monatomic crystal. We begin with some
comments that establish the point of view adopted in the Einstein model.
This discussion will also be useful later, since it pertains as well to certain
approximate models (“cell theories”) of the liquid state (Chapter 16).

The type of lattice structure is assumed given. Each molecule in the
crystal is surrounded by a group of first (nearest) “neighbors,” a more
distant group of second neighbors, etc. The central molecule vibrates
in the vicinity of its equilibrium or lattice point in a force field which is
the sum of the separate forces exerted by all the neighbors on the central
molecule. In the case of inert gas molecules, for example, these inter-
molecular forces are of the van der Waals (dispersion) type with a rather
short range (see Appendix IV and Fig. 5-1), so that usually only the first
and second neighbors make an appreciable contribution to the total force.
The potential energy of a central molecule in this force field has a minimum
at the equilibrium or lattice point, by definition. The potential energy
increases in all directions as the central molecule departs from its equilib-
rium position and becomes very large, owing to van der Waals repulsion,

86
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Fia. 5-1. One-dimensional crystal with nearest-neighbor distance 7*. Curves
relate to potential energy of B, as a function of position, when other molecules
(4,C,...) are fixed at equilibrium (lattice) points. Curve a is B-A potential
energy, and curve ¢ is B-C potential energy. The dashed curve is the sum of a
and ¢, i.e., the total potential energy of B if second-neighbor interactions are
neglected.

when a first neighbor is approached (Fig. 5-1). Thus each molecule is
confined to a “cell” or “cage” bounded by its first neighbors.

The nearest-neighbor distance in the lattice (at low pressures) will cor-
respond approximately to that distance (+*) between a pair of molecules
which leads to a minimum in the intermolecular potential energy (Figs.
IV-1 and 5-1). The correspondence will not be exact, however, because
of second-neighbor, and higher, effects and also because of thermal expan-
sion when T > 0°K.

Each molecule has three degrees of freedom—translational degrees which
have degenerated into vibrational degrees because of the cage of nearest
neighbors. The vibrations about equilibrium positions can be treated as
small vibrations if the temperature is not too high. We limit ourselves to
this case. Of course, as the temperature is increased, the vibrations will
become more violent, lattice imperfections and molecular migrations will
become more frequent, and eventually the crystal will melt.

We assume for the sake of simplicity that each molecule vibrates in its
own cell independently of the vibrations of its neighbors. Actually the
motions of neighbors are coupled to each other (Section 5-2), but we
ignore this complication here. To compute the potential field in which a
given molecule moves, we can assume, say, that all other molecules in the
crystal are frozen in their equilibrium positions. This potential will be
not quite spherically symmetrical. A feature of the Einstein model is to
insist on spherical symmetry as a further slight approximation. In other
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words, the vibrational motion of a central molecule is assumed isolropic
about the equilibrium point.

Even though this approach is approximate, it provides a quite straight-
forward connection between intermolecular forces and the potential,
referred to above, which plays a crucial role in the model. In the canonical
ensemble, the exact geometry (numbers and distances of neighbors) of a
cell or cage is fixed by the molecular volume V/N (or number density
N/V) and the assumed type of crystal lattice.

Let o(r) be the potential of the central molecule (Fig. 5-1 shows a
simplified one-dimensional version), where r is the distance from the center
of the cell (equilibrium point). The zero of energy is infinitely separated
molecules at rest. We expand ¢(r) about r = 0, and discard cubic and
higher terms:

o(r) = ¢(0) + 3fr> + - -+

or

0@, y,2) — ¢(0) = ¥+ + ) + .-, 6-1)

where z, y, and z are cartesian coordinates with the center of the cell as
origin, and the force constant f = (d%¢/dr®),—o. The linear term is
missing because dp/dr = 0 at r = 0. The restriction to small vibrations
enters here when we drop higher terms in the expansion of ¢. The classical
motion of the central molecule of mass m in the potential field (Eq. 5-1) is
that of a three-dimensional isotropic harmonic oscillator with frequency

_1 |f
V= §7—l' j”—‘ . (5_ 2)
The curvature of ¢ at » = 0 (that is, f) is clearly a function of V/N;
therefore » is also a function of V/N. Of course the same is true of ¢(0).

In this model, by assumption, the total Hamiltonian for the system of
N molecules is the sum of N independent and equivalent Hamiltonians,
one for each molecule. Furthermore, for each molecule, we have by
Eq. (5-1) that the 2-, -, and z-motions are independent and equivalent,
Altogether, then, the system decomposes into an aggregation of SN
independent one-dimensional harmonic oscillators, all of classical fre-
quency v. These are the “subsystems” in the present model. The partition
function for the system is

Q, 7, T) = e™NrOVINIBT g (/N Y, (5-3)

where ¢ is the partition function of a one-dimensional harmonic oscillator
of classical frequency », with zero of energy at the bottom of the parabolic
potential well [as in Eq. (5-1)). The factor e~ V*@/2T i Eq, (5-3)
would be the partition function of a hypothetical system with all molecules
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at rest at their lattice points; N¢(0)/2 is the potential energy (a negative
quantity) of such a system relative to a zero at infinite separation of all
molecules. The factor of two is necessary to avoid counting each inter-
molecular interaction twice. In the complete @ in Eq. (5-3) the zero of
energy corresponds to all molecules infinitely separated and at rest. The
electronic ground state of the atoms of the crystal is assumed to be non-
degenerate in Eq. (5-3).

Next, we have to find g. The energy levels of a one-dimensional harmonic
oscillator are nondegencrate, and given by

=(n+4})hv, n=0,172;°"v (5_4)

where v is the classical frequency. Then

0 L]
g = Z e-—e./lcT — e—lwlsz Z (e—hv/kT)n (5_5)
n=0 n=0
e——hvlzlcT ehvlsz

1 — e—h#/ET — GhwikT — ]

&—02T
where © = hv/k and we have used the fact that e™'*T < 1. The
parameter © has dimensions of temperature and is called the “character-
istic temperature.” It is a function of V/N. In a typical case © is of the
order of magnitude of 300°K and v of order 6 X 10'2sec™. This fre-
quency is about ten times smaller than the internal vibrational frequency
in a typical diatomic molecule (Chapter 8), primarily because the forces
between molecules in a monatomic crystal are in general weak compared
with chemical bond forces.

At high temperatures, when 7 > 6,

1— (027 +--
= 1—[1—(9/T>+ 5|

The same result is obtained if we integrate instead of sum in Eq. (5-5).
This is legitimate if 7 > 6. Then

00
q= e—hv/sz/ (e—lwlkT)n dn

1 kT
= ( 2lcT+ )( lne-"’/"T) T

At low temperatures, ¢ — ¢~*/2%T (each oscillator is in its ground state).

kT

=" (5-7)

I
6_
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We should emphasize that throughout this chapter, when we speak
of the asymptotic behavior of various properties of a crystal at high tem-
peratures we do not mean to imply that the temperature can be increased
indefinitely. For in this case complications, not included in our model,
would enter. For example, cubic and higher terms in the potential energy
can no longer be neglected; crystal imperfections and the possibility of
melting must be considered; ete.

We now derive expressions for 4, E, Cy, and S from @ in Eq. (5-3).
We have

—0/2T
A= —kTIhQ = N"T“’) — SNKTIn (le———) (5-8)

_e—GIT
and
o oma(dnQ) (aan)
E = kT ( oT /nv Ok 00/T/n.v
_ Ne(0) , 3Nhv e/T \.
= =5~ + 5~ + 3NiT ew_l) (5-9)

The second term on the right in Eq. (5-9) is the zero-point vibrational
encrgy, and the third term is the vibrational energy in excess of this
minimum. At low temperatures,

£ — Ne© ‘3(0) + _3’;’"’ , (5-10)

and at high temperatures,

E — 3NkT. (6-11)

In Eq. (5-10) E is the negative of the heat of sublimation of an Einstein
crystal at 0°K (since E is zero for the infinitely dilute equilibrium vapor

phase at 0°K).
Only the last term in Eq. (5-9) contributes to the heat capacity:
oF o) 2 eO/T
Cy = (57 N 3Nk (7,) Er =1 (5-12)

We see that Cy/Nk is a universal function of 7/0, according to this
model. This function is shown in Fig. 5-2. In general @ is different for
different crystals and also varies with V/N for the same crystal. But if
the temperature scales are properly compressed or expanded, all experi-
mental Cy/Nk curves, at least for monatomic crystals, should coincide.
This is an example of a law of “corresponding states”: for two crystals
with ©; and O, if the first crystal is at T, then the “corresponding tem-
perature” T for the second crystal is T, = T10,/0,; the two crystals
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Fia. 5-2. Heat capacity of monatomic crystals according to the theories of
Einstein and Debye.

have the same value of C'v/Nk at “corresponding temperatures” Ty and T's.
Actually, it is found that experimental C'y/Nk curves for monatomic crys-
tals can be made practically to coincide by adjusting the temperature
scales in this way, but the common experimental heat capacity curve thus
obtained does not fit the Einstein function exactly, though it does approx-
imately. We shall return to this point in Section 5-3 in connection with

Debye’s theory.
The limiting forms of Eq. (5-12) are
Cv—>3Nk as T — o, (5-13)
2
Cy — 3Nk (g) T s T 0. (5-14)

The high-temperature limit agrees with experiment (“law of Dulong and
Petit”), but Cy approaches zero much more rapidly in Eq. (5-14) than
is the case experimentally. Experimentally, Cy « T2 as T — 0 (see
Section 5-3).

From Eqs. (5-8) and (5-9) for A and E we find

s=F-2- 3Nk[ee,?—/fl- ~In(— e-‘W)]- (5-15)
AsT — 0,8 — 0. That is, @ — 1. Here 2 refers to the total number of
quantum states of a system of N independent and distinguishable three-
dimensional isotropic harmonic oscillators (or 3N one-dimensional oscil-
lators). As T — 0, the system sinks into its lowest energy state (with

= 1): each molecule is in its vibrational ground state [n = 0 in
Eq. (5-4) for all 3N vibrational degrees of freedom)].

We can easily set down a formal expression (Problem 5-1) for the
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pressure p by differentiating In @ with respect to volume, as usual. Spe-
cifically, we recall that both ¢(0) and © are functions of V/N. But we do
not pursue this matter further, since we have not written out here explicit
expressions for ¢(0) and ©. We might comment, however, that the
Lennard-Jones and Devonshire theory of the equation of state of a liquid,
presented in Chapter 16, is an example of this kind of calculation.

Actuaslly, for a condensed phase such as a crystal, pV is in general small
compared to A, E, etc., so that we can use the approximations F =
Nu = A, H =2 E, etc. In view of the crude nature of the Einstein model
itself, the dropping of pV cannot be considered serious.

The chemical potential u (Problem 5-1) also involves derivatives of
¢(0) and © with respect to V/N. However, an approximate u follows
immediately from Ny 22 A and Eq. (5-8):

o —o/2T

Finally, we make a few comments on the application of the grand parti-
tion function to an Einstein crystal. In the first place, the sum E =
TN QN, V, T)AY, where @ is given by Eq. (5-3), cannot be carried out
explicitly in general becausc of the dependence of ¢(0) and ® on N (V
constant). So there is no advantage in using = instead of Q. Secondly, a
simplified version of the Einstein model is often used in which the erystal
is assumed to be incompressible. Here it would appear that = might be
useful, but there are complications which again lead to the conclusion that
Q is the partition function of choice. In an incompressible crystal with a
given type of lattice, the cell geometry (nearest-neighbor distance, etc.)
is regarded as preassigned and fixed. Since ¢(0) and © should now be
considered constants, the sum 3 x Q(N, V, T)AY becomes easy. However,
V is no longer an independent variable: V = Nv, where v, the volume
per molecule, is constant. That is, V is simply proportional to N. The
basic thermodynamic equation for 4 becomes

dA = —8dT + udN,
and A = Nu. We still have

AN,T) = —kTInQ(N, T,
but

In ; OV, T = In ; [e~# O 2T o3\

. _AN* *
= function of u and T = In [e~ 4N TIRT N uikT)

= (),
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just as in Eq. (1-89) (where there is one additional independent thermo-
dynamic variable). Thus, because of the loss of the volume as an inde-
pendent variable, the grand partition function requires special instead of
routine handling.* One finds without difficulty, by methods* which we
shall not discuss here,

= ¢~"OIg(T)3, (5-17)

>

This result also follows, but much more simply, from

Nu= A= —kTIhQ (5-18)
or
_ dlnQ\) |
u= —kT (————aN r (5-19)

Equation (5-17) is the same as Eq. (5-16). Thus dropping the pV term
leads to the same u as assuming incompressibility.

5-2 General treatment of molecular vibrations in a monatomic crystal.
Let us begin this section by indicating how, in principle, one would handle
the problem of small vibrations in a crystal exactly. The nature of the
problem is clearly exhibited even by a one-dimensional crystal, so we
consider this relatively simple case (Fig. 5-3). For concreteness, suppose
only first- and second-neighbor interactions are significant. Let u(r) be
the intermolecular pair potential for any two atoms of the crystal (Figs.
IV-1 and 5-1). Let there be N atoms (N is very large, so end effects are
unimportant) in a length L, and ¢ = L/N.

OQsre—t—we O © — O O ®

t—3 1 —2 t—1 ¢ i+ i+ 2 i+ 3

Fic. 5-3. One-dimensional crystal. Dots represent lattice or equilibrium
points; circles represent atoms.

If all the atoms are at their lattice points, the nearest-neighbor separa-
tion is a. In general, let x; be the position of atom ¢ with its own lattice
point chosen as origin. The distance between atom ¢ and atom 7 + 1 is
@ + z;41 — x;, ete. The total potential energy of the erystal is then
(neglecting end effects)

N
Ux) = 2 [u(a + zip1 — 23) + u@a + ziy2 — 2] (5-20)
=1

* 8. M., Chapters 2 and 3.
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With all atoms at lattice points, each z; = 0, and
U(@0) = Nlu(a) + u(24a)]. (5-21)

We might digress briefly to indicate the relation between Eq. (5~20)
and the Einstein model of the previous section. First, U(0) corresponds
to N¢(0)/2. Second, the equation of motion of molecule j, according to
Eq. (5-20), is

mi; = — o= = —w'(e + z; — z;1) — W(2a + 2; — zj_2)
+u'(@ + 21 — ;) + W26 + 242 — ).

To “uncouple” the motion of molecule j from that of molecules j — 2,
Jj— 1,7+ 1, and j + 2, as is required by the Einstein model (each mole-
cule vibrates independently), we can assume as an approximation that
these neighboring molecules are all fixed at their lattice points: z;_; = 0,
ete. Then the equation of motion becomes

mi; = —u'(a + z;) — w'(2a + z)
+u'(a — z;) + w'(2a — z;)
= _ do())

= iz,
where

o(x;) = u(a + z;) + w(a + z;) + u(a — x;) + u(2a — z;).
This potential for molecule j corresponds to ¢(r) in Eq. (5-1). Also,
#(0) = 2[u(a) + w(2a)],

as already indicated above.
Returning now to Eq. (5-20), we can expand quantities of the form
u(a - 8) and u(2a + »), which appear in Eq. (5-20), in powers of § and »:

u(a + 8) = u(@) + v'(a) 8 + $u"(a) 82+ .-,
u(2a + 1) = u(2a) + w'(2a)n + Ru’@a)p? + - -.

If we substitute expansions of this kind (valid for small vibrations) for
u{a + x; — x;—), ete., in Eq. (5-20), we find that

Ux) = U©) + E (terms of type 23, 2ii_1, TZig, Titiy1, Tita)
;

e, (5-22)
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Here U(0)/N and the coefficients of the quadratic terms are functions
of a only. The linear terms cancel because U(x) has a minimum at
x; = 0 (all ).

The kinetic energy is simply Y°;mi2?/2, a sum of independent terms,
one for each coordinate ;. The total energy H(x, £) is the sum of U(z)
and the kinetic energy. Unfortunately, because of the cross terms
(zxi_y, ete.) in Eq. (6-22), H — U(0) is not separable, as in Eq. (3-1)
{U(0) itself is not important in the present connection—it has to do
only with locating the zero of energy]. Hence, as matters stand, we do
not have a system of independent subsystems as defined in Chapter 3.

The situation is saved, however, at least in principle, by a mathematical
theorem which states that a linear transformation to a set of new co-
ordinates,

§1 = anm + a1272 + - -+ + avaN,

&3 = any + az®2 + -+ + aonww, (5-23)
v = an1zy + angzz + ¢ - - + avnva,

can always be found* such that the energy in the new coordinates, H(§, £),
retains the “diagonalized” form (i.e., no cross terms) of the kinetic energy
and also has a diagonalized potential energy U(£). That is, H(¢, £) can
be written

HEH = U0 +5 30t +3 DM, (5-24)

where the f; are “effective” force constants, functions of the coefficients
of the quadratic terms in Eq. (5-22) [which in turn depend on u(a)
and u/(2a)], and the M; are “effective” masses, functions of m. The
function H — U(0) is now separable. For each of the new coordinates
(called normal coordinates), &;, there is an independent contribution,

H; = 32 + M .82, (6-25)

to H — U(0). Hence, as in Section 3-1, the Schrédinger equation for
the system is separable into N independent Schrédinger equations, each
derived from an expression of the form (5-25). The Hamiltonian function
H; is in fact that of a harmonic oscillator and leads to nondegenerate
energy levels

€in = (n 4+ Hhy,, n=2012..,

* See L. PavLinGg and E. B. WiLsoN, JR., Introduction to Quantum Mechanics.
New York: McGraw-Hill, 1935, pp. 282-290.
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where

=1 [
vi = oz it (5-26)

Each frequency »; is a function of the thermodynamic variable a = L/N.

Since this is a system of distinguishable molecules (each molecule
restricted to the neighborhood of a labeled lattice point), no factor N'!
appears in Q. We have, as in Eq. (3-5),

@ = v [ (00, (5-27)

=]

where ©; = hv;/k (for each »;) and ¢(©;) is the harmonic oscillator parti-
tion function, Eq. (5-6), for characteristic temperature ©;. With the
factor e~Y®/*T jncluded in Q, the zero of energy corresponds to infinitely
separated atoms at rest.

The conclusion we reach (and it is the same for three-dimensional as
for onc-dimensional crystals) is that, despite the importance of inter-
molecular forces in a monatomic crystal, small vibrations in the crystal
can be decomposed rigorously into tndependent normal modes of vibration.
Hence we are dealing here with a system of independent subsystems. This
essentially solves the problem in principle [see Eq. (5-27)], but in practice
we still have to find the N frequencies v;, a very difficult mathematical
problem in most cases.

The normal coordinate problem also arises in studying the internal
vibrations of polyatomic molecules (Chapter 9). In this case chemieal
bonds hold the atoms together, so the vibrational force constants are
gencrally larger than in a crystal. Also, the number of atoms in a molecule
is relatively small, so “edge effects” cannot be neglected, as in a macro-
scopic crystal. In principle, of course, there is no distinction between a
crystal and a polyatomic molecule. That is, a crystal may be regarded as
a giant molecule, usually with relatively weak bonds. If there are N atoms
in a monatomic crystal, there are 3N degrees of freedom altogether, of
which three are associated with the translational motion of the whole
crystal and three more are concerned with the rotation of the crystal.
There are then 3N — 6 vibrational degrees of freedom. But with
N = 0(10%), we can take this number of vibrational degrees to be 3N,
without noticeable error.

To illustrate the basie principles involved in normal coordinate analysis,
in Appendix V we work out the problem in detail for an example of a
hypothetical one-dimensional triatomic molecule.

Let us bypass the normal coordinate question temporarily and continue
a little further with the formal analysis, assuming the normal frequencies
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v; arc known. In three dimensions, we have

N
Q = VT [ (o)), (5-28)

f=1

where there are now 3N normal modes of vibration, ¢(©;) is given by
Eq. (5-6), and we have defined ¢(0) as 2U(0)/N. The quantity ¢(0) has
the same physical significance as in the preceding section: ¢(0) is the
potential energy of interaction between one particular molecule and the
other molecules in the crystal when all molecules are at their lattice points.
It should be understood that Eq. (5-28) is not restricted to any specific
model, such as Eq. (5-20), for example. Rather, a normal coordinate
analysis of the small vibrations in the crystal is assumed to have been
carried out whatever the nature of the forces between the molecules. From
a thermodynamic point of view, ¢(0) and each 8; are functions of V/N.

Because of the very large number, 3N, of frequencies v;, it is convenient
and legitimate to introduce a continuous frequency distribution g(») such
that g(v) dv is the number of normal modes with frequencies between »
and v + dv. Then, from Eqgs. (5-6) and (5-28),

Ne(0 N —h h
—nQ = 27;(7,) +/o [ln (1 — ™™y 4 -*2]:1,] gv) dv, (5-29)
where

/; g(v) dv = 3N. (3-30)

Thus we no longer need to know all the separate v/s; the function g(»)
is sufficient. In Eq. (5-29), ¢(0) and g(») are functions of V/N; a more
explicit notation would be g(v; V/N).

YV —— Y Vin

() (h)

F16. 5-4. Frequeney distribution g(») for crystal. (a) Einstcin approxima-
tion. (b) Debye approximation.
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From Q above, one can now derive equations for thermodynamic func-
tions such as E, Cv, p, g, etc., which are formally exact but not very useful
unless g(v; V/N) is known, which is not usually the case. For example,
we find for the heat capacity,

® 2_hw/kT
oy =4 BLD—Ba, (5-31)

which is just the sum, as we should expect, of 3N terms of the Einstein
type (Eq. 5-12).

In present notation, it is clear that Einstein’s rather crude approxima-
tion (Section 5-1) amounts to taking g(v) as a Dirac é-function (Fig.
5-4a). The discrepancy between Einstein’s g(v) and more accurate fre-
quency distributions will become apparent in Sections 5-3 and 5-4.

Attempts that have been made to calculate g(¥) exactly, from various
models concerning the intermolecular forces, will be summarized briefly
in Section 5-4. However, because of the mathematical difficulty of the
problem, this rigorous approach is not very fruitful in practice. Therefore
we shall first consider the very successful approximation of Debye, which
is a compromise between Einstein’s extremely simple model and an exact
treatment.

$5-3 The Debye approximation. In classical mechanics, when a single
normal mode of vibration of a crystal is excited, the value of the asso-
ciated normal coordinate varies periodically with time. As is pointed out
in Appendix V, in such a normal mode each atom in the crystal vibrates
about its equilibrium position with the same period (or frequency) and
phase as that of the normal coordinate. Figure 5-5 shows two possible
normal modes for a one-dimensional crystal, one with short “wavelength”
(A = 2a) and one with relatively long wavelength (A\ = 10a). In normal
modes with wavelengths very large compared with the lattice spacing,
the atomic or discrete nature of the actual crystal is washed out and
becomes an unimportant feature. The atoms are so close to each other
relative to the length of the wave that the wave “sees” the crystal essen-
tially as a continuum. Normal modes with long wavelengths may there-
fore be considered elastic waves in a virtual continuum.

(@) N =2q:0» =0 o> @0 o> @0 o> @O O @0 O
a
Aty

(b) A = 10a:0 Or O O+ O O < <0 @0 <O °

Fi16. 5-5. Two normal vibrational modes for a one-dimensional crystal.
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This is the origin of Debye’s approximation. The above remarks about
a continuum are exact for sufficiently long wavelengths (or low frequencies,
see Appendix VI). Thus the correct asymptotic form of g(¥) for small v
can be deduced by treating the crystal as an elastic continuum. The
approximation of Debye is to assume that this low-frequency form of g(»)
is correct for all frequencies.

It is shown in Appendix VI that in a three-dimensional continuum
g(») = av?, where a is given by Eq. (VI-30). This is, then, the explicit
low-frequency form of g(v) that Debye adopts for all frequencies. The
total number of normal modes is 3N, so a cut-off at a maximum frequency
Vm i8 necessary (Fig. 5-4b). That is,

,ﬂl 3
[o g() dv = 3N = &=,

3
0 =2 0<y<n
" (5-32)
=0 v > vm),

as in Eq. (VI-34). From a thermodynamiec point of view, v, in Eq. (5-32)
is a function of V/N. With the complete frequency distribution assigned
in Eq. (5-32), thermodynamic functions follow in a routine way from
Eq. (5-29).

Before turning to the thermodynamic functions, let us digress briefly
to make a comment on the range of validity of Debye’s assumption
g(») = av?, which we know to be accurate at sufficiently low frequencies.
The question is, what do we mean by sufficiently low frequencies?
Normal modes with wavelengths A >> (V/N)Y3, where (V/N)Y3 is of
the order of the lattice spacing, are treated accurately by a continuum
theory; say, rather arbitrarily, A > 10(V/N)V3. If we use A = v3/v
and v, = O[(N/V)"%j3] from Egs. (VI-22) and (VI-33), we have the
condition » < v,,/10 for the range of validity of g(») = ar®. See also
Figs. 5-8 and 5-10, below, where the exact g(v) can be compared with the

Debye g(v).
For the energy, according to Debye, we have
_ 2 aan
E = kT < 3T Juv
m
_ Ne(0) , ONKT [ | h/kT ) 2
== +_v,?, o kT+e_h'lkT o 4 dv  (5-33)

_ Ne(0) | ONKT “(g 2 ),
-2 + us Jo 2+e=—lxd'r’ (5-34)
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where

x=’}:—;,, u=’h- (5-35)

The resemblance between Eq. (5-33) and Eq. (5-9) for the Einstein model
should be noted. One of the integrals in Eq. (5-34) is easy, but the other
has to be evaluated numerically:

E = —";(0) + 9—-—:’ Vm + 3NkTD(u), {5-36)
where
3 * dz
Y _— —— x
D(u) = D(hv,/kT) = bor /; w1 (5-37)

In Eq. (5-36), ¢(0), v, and u are functions of V/N. The asymptotic
behavior of D(u) is:

3 2 dz *

D(u)_)m oe@-—l=m as T-’O&ndu'_)w, (5—38)
D) - > " =’ d -1 as To du—0
wlo TFaF- =1 ® pamam
(5-39)
Therefore
4
g - Ne® | o | 3Netho, (},:f) as T—0. (5-40)

The second term on the right is the vibrational zero-point energy (Problem
5-2). Also,

N ¢(0)

E— +3NkT a8 T — . (5-41)

This is the same as Eq. (5-11) (Einstein model), and is the energy predicted
by classical statistical mechanics (Chapter 6).
For the heat capacity, we have (Problem 5-3)

dE 9
Cy = (51—,)”"’ = 3Nka—T[TD(u)]

— 3Nk [4D(u) - 1]- (5-42)
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At this point we introduce the notation
v=g =T’ =7 (5-43)

which is often used. We call 85 the “Debye temperature.” It refers to
the cut-off frequency »,,. In the Einstein theory © refers to the only
frequency v. ©Op is different for different crystals and is a function of V/N
for any given crystal. According to Eq. (5-42), Cv/Nk is a universal func-
tion of 7/8p. This function is shown in Fig. 5-2. Thus the Debye ap-
proximation, like Einstein’s, leads to a law of corresponding states. The
asymptotic behavior of Cy is:

l2Nk1r‘(T)3

Cv—>—5— e_D as T -0, (5—44)
3u .

CV-»3Nk(4—l+u+m_l)—»3NL as T— . (5-45)

That is, the Debye theory predicts Cy «= T2 at low temperatures (the
criterion is approximately T < ©p/12) and leads to the Dulong-Petit
value of C'v at high temperatures.

Monatomic crystals do, in fact, follow a law of corresponding states
rather closely. Figure 5-6 shows a superposition of heat-capacity points
for Al, Cu, Pb, and C (diamond) after suitable adjustment of the tempera-
ture scale, taken from a paper by Lewis and Gibson. Many other sub-

3.0 '
(-]
O
25 o
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20 2
-2 é’o
% 15 =
3 &
@D
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>
Q
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o:p“9
od?®

-10 —08 —06 —04 —0.2 0 02 04 0.6 0.8 1.0
log (4.02T'/6p)

F1a. 5-6. Superimposed experimental heat capacity points for Al, Cu, Pb,
and C (diamond).
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TaBLE 5-1

Low-TEMPERATURE HEAT CAPACITIES
(Cy in cal-mole—1-deg—!)

1 2~1/3 1 2v1/3
T,°K | Fe, 0 :" T,°K Al,%
32.0 1.67 19.1 2.12
33.1 1.70 23.6 2.03
35.2 1.77 27.2 2.01
38.1 1.73 32.4 1.95
42.0 1.64 33.5 2.00
46.9 1.71 35.1 1.97

stances, for example Ag, Hg, Tl, and Zn, also have curves that coincide
with those included in the figure. Furthermore, the Debye function (5-42)
fits the experimental curve, over the whole temperature range, in a very
satisfactory manner.

The T2 law for Cy at low temperatures is also followed quite accurately,
as seen in two typical cases in Table 5-1. According to Eq. (5-44), C¥3/T
should be a constant; we see from the table that it very nearly is. We
should expect the Debye theory to be essentially exact for the heat ca-
pacity (and entropy) at low temperatures, because only the low-frequency
modes are excited at low temperatures, and the Debye assumption
g(») = av? is correct for low frequencies (Problem 5-4). However, the
vibrational zero-point energy term 9Nhy,,/8 in Eq. (540) for E at low
temperatures is not correct, because the Debye g(¥) contributes to this
quantity from v = 0 to v = v,.

If we press the Debye theory a little harder by using more sensitive
tests, discrepancies begin to show up, as they should since the theory is,
after all, an approximate one. For example, Table 5-2 contains values
of ©p obtained from different sources for the same substances. Ideally,

TaBLE 5-2
Op VaLues (°K)

Source of 8p C Fe Al Cu Ag

Entire experimental Cy curve 1860 453 398 315 215
T3 part of Cy curve 2230 | 455 385 321 _—
Experimental elastic constants

and Eqgs. (VI-15, 16, 33) — —_ 402 332 214
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F16. 5-7. ©p for silver as function of temperature.
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values of @p should be independent of source. A more rigorous test is
shown in Fig. 5-7. For each experimental value of Cy for silver, @p is
calculated from Eq. (5-42), using the temperature of the C'y measure-
ment. If the Debye theory were exact, points in Fig. 5-7 would lie near
s horizontal line (8p = constant, independent of T). Similar non-
horizontal ®p — T curves are found quite generally for other substances

as well.

Table 5-3 (from Blackman*) presents average Op values for a few more
substances. From Fig. 5-2 we see that the classical Dulong-Petit value
of Cv is practically reached at room temperature for many of these crystals.
As mentioned in Section 5-1, a value of ©p = 300°K corresponds to

TaBLE 5-3

8p Varues (°K)

Element 6p Element ep Element ©p
Li 430 Cr 405 Hg 90
Na 160 Ca 230 Be 980
K 99 Mo 375 Mg 330
Au 185 Pt 225 Zn 240
Pb 86 w 315 Cd 165

* M. BrackMmaN, andbuch der Physik (Springer, Berlin) 7.1, 325 (1955).
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Ve = 6 X 10'2sec™!, which is small compared with typical diatomic
molecule vibration frequencies.
From Egs. (5-29) and (5-34), we find for the entropy,

_E—A_ok[[ = _ _4]2
§=25 _usfo[ez_l In(1 — e |a*ds. (5-46)

At low temperatures [put « = o= in the upper limit, as in Eq. (5-38)},

Nk 1r4) 41r‘Nk( )
S5 15"'45 ®p (5-47)

Thus S —» 0 as T — 0. In the nondegenerate (2 = 1, S = 0) ground
state of the entire system (crystal), each vibrational mode is in its non-
degenerate ground state. In writing Eq. (5-29), nuclear degeneracy is
omitted as usual, and the electronic ground state has been assumed
nondegenerate.

Finally, let us consider the vapor pressure po(T’) of a monatomic crystal
at very low temperatures. As T — 0, pp — 0. Hence, for the crystal,
we can drop the poV term in g = (4 + poV)/N, and we can assume that
the gas phase is ideal. Then, for the crystal, from Eqs. (5—40) and (5—47),

A E-TS A kTt

== ——— = —}¢ — 5-48
k=5 N 0 503 ’ (5-48)
where
Cpy = 8O Y
Ao = ) 3 (549)

The quantity A, is the heat of sublimation per molecule at 0°K. Equa-
tion (5—48) may be regarded as exact provided we use the experimental
Ay, since the zero-point energy term in Eq. (5-49) is not correct, as already
mentioned. We may calculate ©p (Section 5-4) in Eq. (5-48), or it may
be obtained from experimental elastic-constant or heat-capacity measure-
ments at low temperature and low pressure,

To obtain the vapor pressure po, we use the thermodynamic criterion
for phase equilibrium: we set perysta from Eq. (5-48) equal to ugas from
Eq. (4-24). We find

Syt _ 7 ka }
Inpe = 2lnT T (@D) + In k|- (5-50)

We should emphasize here that the same zeros of energy (isolated gas
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molecule at rest) and entropy (€ = 1 for a system of point masses, i.e.,
the crystal, at T = 0) have been chosen for both phases. If a term in the
ground-state nuclear degeneracy had been included in piorystal and in piges,
these terms would cancel in Eq. (5-50). The electronic ground state has
been assumed nondegenerate in both erystal and gas.

In the equilibrium between a crystal and its vapor, as in all equilibria,
competition and compromise between energy and entropy effects determine
the equilibrium point. Here, the crystal is more stable from an energetic
point of view (Ag); i.e., it has a lower energy than the gas because of
intermolecular interactions in the crystal. But the gas is more stable
insofar as the entropy is concerned; i.e., the gas molecules are in a much
higher state of disorder and have a higher Q@ and entropy. The molecules
distribute themselves between the two phases in such a way as to equalize
the chemical potentials in the two phases: the chemical potentials depend
on both energy and entropy. An equivalent statement is that the mole-
cules distribute themselves between the two phases so as to minimize
the Helmholtz free energy A of the combined system crystal + gas if
V, N, and T for the combined system are constant (or F is minimized if
p, N, and T are constant) (see Sections 10~1 and 10-2).

The last term in Eq. (5-50) is a constant, call it ¢ (the “vapor pressure
constant”), the only term in the equation independent of temperature.
Now z, which in thermodynamics appears as an integration constant on
integrating the Clausius-Clapeyron equation for d In po/dT, can be evalu-
ated experimentally by using data on the vapor pressure, heat of sublima-
tion, and heat capacities of gas and crystal. Experimental values of ¢ are
found to agree* with theoretical values of 7 to within experimental error.
Historically, this was a very significant check of the methods of quantum-
statistical mechanics. Although 7 can be obtained as an experimenial
thermodynamic quantity, thermodynamics by itself is powerless, of course,
to predict or explain i-values. Also, ¢ cannot be deduced from purely
classical-mechanical considerations (since A is included in ¢).

5-4 Exact treatments of the frequency distribution problem. A detailed
discussion of attempts to compute g(») from first principles would be far
outside the scope of this introductory book. However, we shall give here
a brief summary, which the reader may find instructive, of exact, or
practically exact, results obtained in certain special cases. Other sources
must be consulted for details and derivations. We shall not discuss thermo-
dynamic functions, since g(v) is available for just a few idealized models
(Problem 5-5).

* See Fowler and Guggenheim, pp. 199-202.
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Exact,

Debye

2N/xvm

1 1 1 1
02 04 06 08 1.0 1.57
v/vm

F1e. 5-8. Frequency distributions for one-dimensional crystal with nearest-
neighbor interactions only.

The first case we consider is a one-dimensional lattice with lattice
spacing a and nearest-neighbor interactions only. The Hamiltonian is

H = U0 + %Z mii + § Z (@ig1 — =92 (5-51)

This is a special case of the Hamiltonian associated with Eq. (5-22) (i.e.,
second-neighbor interactions are omitted). Specifically, the force constant
fin Eq. (6-51) is just u'/(a) in the earlier notation (Problem 5-6). The
frequency distribution problem here is rather easy and can be solved
exactly. The result* is

2N 1
g(y) = ?' (yg' — y2)l/2 4 (5—52)
where
V= = L. (5-53)
" aNm
The function g(v) is shown in Fig. 5-8. At low frequencies,
2N
glv) — — (5-54)

In the continuum theory (Appendix VI), which must agree with
Eq. (5-54) at low frequencies, according to Eq. (VI-11) there are n

* Mayer and Mayer, pp. 246-248. Sce also Blackman, loc. cit., pp. 330-331.
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modes between ¥ = 0 and v = v;n/2Na. That is,

vn/2Na _ _gnn
[o gdv=n= oNa’

or
2Na

g=—-_—

V1
Equating ¢ in Egs. (5-54) and (5-55), we find
vy = Tav, = aVf/m.
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(5-55)

(5-56)

This equation expresses the macroscopic quantity v; (“velocity of sound”)
in terms of the molecular parameters a, f, and m. In the Debye approxima-
tion for a one-dimensional crystal, ¢ is a constant out to a cut-off frequency

that we denote here, to avoid confusion, by v2. We have

D
gyg_N_2NalIm
1
or
Lo _1 |f
" a 2Nm

This is larger than the true v, by a factor 1.57 (Fig. 5-8).

(6-57)

Next, suppose we have a linear crystal with lattic spacing a, force
constant f (nearest-neighbor interactions only), but with two alternating

|

0.5 1.0

v/ vy e

F1a. 5-9. Exact frequency distribution for one-dimensional crystal with

my/mg = 3.
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kinds of atoms with masses m, and m,. This problem can also be handled
exactly without difficulty.* We shall not give any details, but merely
show in Fig. 5-9 a plot of g(v) against » for m;/mgs = 3. There are two
branches in g(v). The low-frequency branch is called the “acoustical”
branch, and the high-frequency branch the “optical” branch. In normal
modes belonging to the acoustical branch, neighboring atoms are dis-
placed in the same direction (as in Fig. 5-5b). In the optical branch,
neighboring atoms are displaced in opposite directions (as in Fig. 5-5a).
A gap between branches, as in Fig. 5-9, is common in one-dimensional
crystals with two kinds of atoms, but not invariable.
In a very elegant paper, Montrollf was able to find the exact g(v) for
a particular fwo-dimensional crystal. The lattice studied was simple
square, with one kind of atom, and lattice spacing a. First- and second-
neighbor interactions were taken into account. The parameters of the
problem are a, the mass m, the nearest-neighbor force constant f = " (a)
(called « by Montroll), and second-neighbor force constant 27 = u"(2'/2a).
It is convenient to introduce
1

TEIF gAY (5-58)

When 7 = 0, second-neighbor interactions are absent. An exact analytical
expression for g(v) was found by Montroll in the special case 7 = 1/3,
or f/2y = 2. This value of 7 corresponds to elastic isotropy. The function
g(v) is shown in Fig. 5-10. The low-frequency behavior of g(v) agrees
with continuum theory, g « »:

g) — SW_MI as v — 0, (5-59)

where the maximum frequency v,, is given by

vm=1 2. (5-60)

On comparing Egs. (VI-35) and (5-59), we find (Problem 5-7)

m=§J§- (5-61)

If we calculate v2 as in Eq. (5-57), we find here v2 /v, = (7/2)"/% = 1.25
(Problem 5-8), as indicated in Fig. 5-10.

* Blackman, loc. cit., pp. 331-333.
tJ. Chem. Phys. 15, 575 (1947). See also M. SmoLLeTT, Proc. Phys. Soc.
London 65A, 109 (1952).
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Exact
21 Debye

Jom/2N

1 1 ! ] ]
02 0+ 06 08 1.0 12

V/ vm

Fie. 5-10. Frequency distributions for special case (r = %) of two-dimen-
sional square crystal.

V/ Vm

Fia. 5-11. Frequency distribution for special case (r = 3/40) of a simple
cubic lattice.

The most accurate work on a three-dimensional case has been done by
Newell.* Newell studied a one-component, simple-cubic lattice with
lattice spacing a and first- and second-neighbor interactions. Again the
force constants are f = u'(a) and 2y = u”(2"%a). We define

1
= F G (5-62)

Although Newell did not obtain an exact g(v) for any 7, his calculations
of g(v) are accurate to one or two percent, for 7 up to almost 1/10. Further-
more, he was able to describe the exact location and type of singularities
in g(») for 0 < 7 < 1/10. Figure 5-11 shows g(v) for 7 = 3/40. There
are five singularities in the slope of g(v), but g(») itself is finite and con-

* Q. F. NEwWELL, J. Chem. Phys. 21, 1877 (1953).
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tinuous everywhere. The low-frequency behavior of g(v) is g(») « v%,
as expected.

Finally, we mention that Van Hove* was able to come to the following
definite and quite general qualitative conclusions about g(») for two- or
three-dimensional crystals, by a topological argument. In two dimen-
sions, g(v) has at least one logarithmic infinity in each frequency branch
and at least a finite discontinuity occurring at v = »,,. Montroll’s results
are in agreement with this statement. In three dimensions, g(») is con-
tinuous everywhere, but dg/dv has at least two infinite discontinuities,
and dg/dv = — w0 at v = vy,

ProBLEMS

5-1. Derive equations for p and u for the Einstein model, considering «(0)
and © functions of V/N. Show that (84/0N)yr and (4 + pV)/N give the
same expression for u. (Page 91.)

5-2. Show that 9Nkv,./8 is the zero-point energy for the frequency distribu-
tion (5-32). (Page 100.)

5-3. Work out the details of the derivation of Eq. (5-42) for the Debye Cy.
(Page 100.)

5-4. Show that, in the Debye theory, the number of excited [i.e, n > 0
in Eq. (5-4)] vibrational modes in the frequency range v to v 4 dv, at tempera-
ture T, is proportional to z2¢—*, where z = hy/kT. The maximum in this
function occurs at a frequency ¥’ = 2kT/h; hence ¥’ — Q0 as T — 0. (Page 102.)

5-5. If an exact calculation of g(») could be made for a number of different
monatomic crystals, would a law of corresponding states be expected for Cy?
(Page 105.)

5-6. Show that the force constant f in Eq. (5-51) is equal to u"(a). (Page
106.)

5-7. Verify Eq. (5-61) for 2. (Page 108.)

5-8. Show that »2/», = (x/2)V2 in Montroll's two-dimensional case.
(Page 108.)

5-9. Consider a one-dimensional lattice with lattice spacing #*. All atoms
are at equilibrium points except the “central”-atom, which moves in the po-
tential field of its two nearest neighbors. This is a one-dimensional Einstein
model. Take Eq. (IV-1) for the intermolecular pair potential. Find ¢(0) and
f in the one-dimensional form of Eq. (5-1) in terms of r* and e.

5-10. Consider a system of one-dimensional oscillators, all with characteristic
temperature 8 [Eqgs. (5-4) and (5-6)]. Derive an expression for the fraction P,
of these oscillators in the energy level ¢,. Calculate P, Py, and P2 for T = 40,
T=26,and T = 6/4.

* L. Van Hove, Phys. Rev. 89, 1189 (1953).
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5-11, Derive an equation for the vapor pressure po(7') of an Einstein crystal,
assuming the vapor is an ideal gas and using Eq. (5-16). What choice of V/N
in ¢(0) and © is appropriate?

5-12. The heat capacity Cy of a monatomic solid at 300°K is 2R per mole.
Use the Einstein theory to calculate the frequency ».

5-13. Use thermodynamic connections between (a) E and Cy and (b) S and
Cy to check the self-consistency of Eqs. (5—40), (5-44), and (5-47).

5-14. Calculate ©p for Fe from the value of Cy at 32.0°K given in Table 5-1.

5-15. Use Fig. 5-2 and the 6p values in Table 5-3 to estimate Cy in
cal'mole—1-deg—! for Pb, Mg, and Be at 25°C.

SUPPLEMENTARY READING

BrackMan, M., Handbuch der Physik (Springer, Berlin) 7.1, 325 (1955).
FowLER and GUGGENHEIM, Chapter 4.

Maver and MAYER, Chapter 11,

SraTER, Chapters 13, 14, 15.

ToLman, Chapter 14.
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CHAPTER 6
CLASSICAL STATISTICAL MECHANICS

It is well known that quantum-mechanical results for a given system
go over asymptotically into classical mechanical equations in the limit
of large quantum numbers. Also, in the quantum-mechanical canonical
ensemble partition function (for one or many particles), terms correspond-
ing to the higher quantum numbers make more and more important
contributions to the sum as the temperature increases. We may anticipate,
then, that at sufficiently high temperatures, the quantum partition func-
tion should approach asymptotically a partition function developed from
a classical mechanical starting point.

We consider classical statistical mechanics in this chapter. No results
are obtainable from classical statistics which cannot be found as limiting
laws from quantum statistics, but often the classical method is easier to
use. We shall, however, refrain from discussing the principles of classical
statistical mechanics in any detail. Although this is a very elegant subject,
we shall adopt the point of view here—for lack of space—that the quantum
method provides the more general postulatory foundation and hence that
classical statistics does not require separate development since it follows
as a special case from the quantum postulates. The reader interested in
the principles of classical statistical mechanics per se cannot do better
than to read Tolman’s masterly exposition.

The treatment of the transition from quantum to classical statistics in
this chapter will be inductive, and proofs will be omitted for the more
complicated cases. This subject will, however, be discussed in a more
general way in Chapter 22.

6~1 Introductory examples. We consider two special cases in this
section. The first is a one-dimensional harmonic oscillator, with mass m
and classical frequency v, restricted to the z-axis (equilibrium point = 0).
The particular question of interest is, what is the classical analog of the
quantum-mechanical equation (5-5),

g= 30 ety (6-1)

n=0

Thisis a sum of ¢~©**&Y*T gyer gl] possible quantum states of the system.

The corresponding classical expression is the sum (or actually integral,

since the classical state can vary continuously) of e~ ©""®/*T gyer all
112
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possible classical states of the system. The classical energy is just the
Hamiltonian function H(g, p), which for this system is

H(g, p) = 3f2* + imd®
= 2rmi’¢® + 5’% ’ 6-2)

where f is the force constant [see Eq. (5-2)], ¢ = z, and p = m# (Ap-
pendix VII). We use g and p as independent variables for H because the
equations of classical statistics which we shall use below turn out to be
simpler with this choice, as one might anticipate from Eqs. (VII-7).
The classical state (position and velocity) is specified by assigning values
to ¢ and p. Both variables range continuously from —oo to +%. Hence
we have

40
Jolass = € [ [ ¢~ H@PRT go gp, (6-3)

where ¢ is a constant. We have to choose ¢ so that the classical equation
(6-3) gives the same result as the high-temperature limit of the quantum
equation (5-6), namely, ¢ — kT/hv. The fact that Planck’s constant &
appears in this limit shows that ¢ could not possibly be deduced from
purely classical considerations, What we are essentially doing here, in
evaluating ¢, is establishing a statistical-mechanical correspondence prin-
ciple for this special case.

We substitute Eq. (6-2) in Eq. (6-3) and carry out the two inte-
grations. We find g1aes = ¢kT/v. Therefore ¢ = 1/h in order to satisfy
Golass = ¢ (T — ).

The g, p space over which the integration is carried out in Eq. (6-3) is
called the phase space of the system, and the integral itself is called the
phase integral. Any point in phase space corresponds to a definite classical
state. In quantum mechanics, such a precise (point) specification of state
is not possiblé. According to the uncertainty principle, the state of the
system cannot be located in phase space more closely than within an area
Aq Ap of order h. This is consistent with the value just found for ¢, because

h Z g (eneran)/kT _ / /’ e~ (onerey)/kT dq dp (6-4)

quantum elassical

states phase space
implies that the volume of classical phase space corresponding to one
quantum state, in the limit of large quantum numbers, is k. The precise
value h cannot, however, be deduced from the uncertainty principle itself,
because this principle reads, to be exact, Ag Ap > h/4w (where Aq and
Ap are standard deviations).
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Incidentally, the relation of Eq. (6—4) to the uncertainty principle con-
firms the convenience of the choice of independent variables ¢, p (instead
of, say, ¢, ¢ or some other choice).

An alternative deduction of the factor k in Eq. (6—4), or 1/h in Eq.
(6-3), is the following. Let us draw paths of constant energy, H(q, p) =
€ = constant, in classical ¢, p space. From Eq. (6-2), we see that these
paths are ellipses

L+%=1 (6-5)
where
€
o = Sriys’ 8% = 2me,
and the area of an ellipse is
Area = 7af = 5 (6-6)

In particular, let ellipses be drawn, as in Fig, 6-1, for energies ¢ = €,—;,
€,, and €, 1, where €, is the quantum-mechanical energy level (Eq. 5-4)
for a large quantum number n. The area between two successive ellipses
in Fig. 6-1 is then the area of classical phase space associated with one
quantum state. We find from Egs. (5-4) and (6-6),

Areany; — Area, = (n 4+ Dk — (n + Hh = b, (6-7)

which confirms our previous result. To pursue the matter a little further,
suppose we assign an area h/2 on either side of the ¢ = ¢, ellipse to the
quantum state n, as indicated by the shaded region in Fig. 6-1. For large

Fi1a. 6-1. Classical constant-energy paths in phase space for one-dimensional
harmonic oscillator (schematic); » = quantum number.
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n, the classical energy H(g, p) = e is almost constant (¢ =2 ¢,) throughout
the shaded area (more precisely, the fractional variation in € within the
shaded area becomes smaller as n increases). We can therefore break up
the classical integral over ¢, p space into discreet (as in the quantum sum
over states) contributions from each “shaded area” (of magnitude h),
because the integrand is essentially constant throughout each such area.

Thus,
/ /’ e~ H@.P)ET dqdp = Z e—on/*T h,

as before. This argument becomes exact as T — o and higher quantum
numbers dominate in the sum.

As a second example, consider a particle in a cubical box of volume V.
At sufficiently high temperaiures [Eqs. (4-8) and (4-10)],

@ 3/2
q= E el T (21rhm2kT) V. (6-8)

le,ly leml

The classical analog of the above sum is

Qolase = ' /77 / / / C—H(p"p”'p‘)/kr dz dy dz dp. dpu dp., (6-9)
- V

where

H(pe, oy p2) = 5z @2 + 73 + 92). (6-10)

The momentum p, = mi, etc. (Appendix VII). The potential energy is
zero in the box and infinite outside the box. Therefore e~2/*7 ig zero
outside, and the integral need be carried out only over the inside of volume
V. We find

Qolass = c’(21rka)3’2V. (6-11)

Comparison with Eq. (6-8) shows that ¢/ = 1/A3.

From these two examples we might surmise that, in general, if there are
n degrees of freedom, the phase integral has to be divided by k" to give
the classical (high-temperature) partition function. This is consistent
with the uncertainty principle (a factor k for each product dgdp). This
conjecture turns out to be correct. It can be checked, as above, for each
special case as it arises. Also, a general quantum-mechanical justification
can be given (Chapter 22). We therefore adopt this correspondence prin-
ciple as a general rule.
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6-2 More general systems. We set down in this section a few basic
equations in classical statistical mechanics that we shall need throughout
the rest of the book. These pertain to more general systems than those
considered in the preceding section.

Suppose that the Hamiltonian for one molecule, in a system of inde-
pendent molecules, is separable in the form

H= Hclasa + Hquant; (6_12)

where Hqes refers to n degrees of freedom that can be treated classically
(e.g., translation and often rotation; see Chapters 8 and 9), and Hgyant
refers to the remaining degrees of freedom that cannot be treated classically
(e.g., electronic states and vibration). Then, by Egs. (3-13), (3-14),
and Section 6-1,

4 = QclassQquant, (6-13)
where

1 [ —Helas
Gelass = }F /c Hetass(a.)/kT dQI dpl L) dQR dpn- (6"14)

Alternatively, of course, we can use in place of gglass the high-temperature
limit of the quantum-mechanical ¢ for the n degrees of freedom included
in Eq. (6-14). But usually the direct classical calculation is easier.

As was mentioned at the beginning of this chapter, the qualitative
criterion for the legitimate employment of classical statistics in a partition
function ¢ for a single molecule (or in the g belonging to some of the degrees
of freedom of a single molecule) is that quantum states with large quantum
numbers contribute heavily to ¢ (Problem 6-1). This will be the case if
kT > Ae, where Ae is the magnitude of the energy separation between
successive energy levels (Problem 6-2). This is the same criterion we have
already used [see Eq. (4-8) and following Eq. (5~7)] for replacing the
quantum sum for ¢ by integral. The use of an integral in place of the
quantum sum is therefore equivalent to a classical treatment.

We turn now to the consideration of a system of N indistinguishable
monatomic molecules in a volume V with translational degrees of freedom
only and no intermolecular forces. The classical phase integral in this
case is [see Eq. (6-9) and Appendix VII}

I = /e—H(p)/kT dx dy, dz; dp;, dpy1dp.; ...

-+« dzy dyn dey dpex dpyn dp.n, (6-15)
where

Hp) = 5 (phy + - + plw). (6-16)
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All the integrations in Eq. (6-15) are easy, and we find
I = [QrmkT)%2V}Y, (6-17)

We cannot simply set Qo1ass €qual to I/h%N here because we are concerned
with a system of N indistinguishable molecules, and not just a single
molecule as in the previous examples in this chapter. In fact, we have
already found in Chapter 4 that the high-temperature quantum-mechanical
Q for this system is given by Eq. (4-12), and Q.1sss must agree with this
result. That is, Qass = I/R3¥N!or

1 —H@p)IET 1 (VY
chan = W e dx1 e dp,_w = m 7&—3 . (6—18)

We may understand the division by N!in this equation as follows. In the
integral I over all classical states (g, p) of the system, the molecules are
treated as distinguishable. For example, let N = 2, and let dr in Fig. 6-2
represent an element of volume dx dy dz dp. dp, dp, in the phase space of
a single molecule and dr’ represent another such element of volume located
at a different position. Then there are two separate contributions to the
integral T counted (a) when molecule 1 is in dr and 2 is in d7’, and (b)
when 2 is in d7 and 1 is in d7’. In general, with N molecules, there would
be N! separate contributions of this type arising from all the possible
permutations of the molecules, Actually (i.e., from the point of view of
quantum mechanics), the molecules are indistinguishable, and the inter-
change of particles in the space of Fig. 6-2 does not lead to new states.
Thus the classical phase integral overcounts the states by a factor N1,
and this is corrected for by the division indicated in Eq. (6-18). It should
be noted that in classical theory d7 and dr’ may be arbitrarily small so
that we never have the complication [see Eq. (3-9)] that two molecules
are in the same classical state.

Fi1g. 6-2. Llements of volume in the phase space of a single monatomic
molccule,
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We have already seen in Chapter 4 that the condition (4-6) must be
satisfied in order that the result given in Eq. (4-12) or (6-18) be correct,
i.e., in order for classical statistics to be valid. We have also seen in the
discussion following Eq. (4-8) that the condition (4-6) for absence of
quantum effects is very much more stringent than the condition AE =
0(Ae) K kT; (4-6) is therefore not only a necessary but also a sufficient
condition for the validity of classical statistics. By “classical statistics”
here we mean use of (a) the factor 1/N], and (b) the classical phase integral.

Now suppose intermolecular forces are present in the system just dis-
cussed, so that there is a potential energy U(z,, ..., zy) that depends on
the location of the molecules in the volume V. The classical partition
function here is

1 -
Qolass = Fyaw / e 1P dyy . . dp,w, (6-19)

where

H@P) = 5 Gh + o + p20) + Uley,ooyzw). (6-20)

The explanation following Eq. (6-18) of the use of N!in that equation is
valid irrespective of the existence of a potential-energy contribution to H.
Therefore a factor 1/N! is also inserted in Eq. (6-19), though in this case
we do not have available the high-temperature limit of the quantum @
as a check. This check is provided, however, in Chapter 22. As to the
criterion for the use of classical statistics in this case, we note that the
paragraph preceding Eq. (4-8) gives a quite general interpretation of the
condition (4-6). Hence we may consider (4-6) to be applicable regardless
of intermolecular forces and whether the system is condensed or not.
The values of A3N/V in Table 4-1 are for liquids and become particularly
pertinent at this point. We see, for example, that at its boiling point
liquid neon, but not liquid argon, should show noticeable quantum effects.
Hence Eq. (6-19) can be applied to liquid argon at its boiling point.

The momentum integrations in Eq. (6-19) can be carried out immedi-
ately, as before, and we obtain

Z
chass = ]WNSN ’ (6_21)
where
Zy = [ VW gy ey, (6-22)

In Eq. 6-22, Z is called the classical configuration integral. In the absence
of intermolecular forces, as in Eq. (6~18), U = 0 and Zy = V¥. Equa-
tions (6-21) and (6-22) are fundamental equations in the study of mona-
tomic, classical, imperfect gases and liquids (Part III).
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Finally, consider a multicomponent system of molecules which may be
polyatomic. Suppose that the Hamiltonian for the whole system is
separable, as in Eq. (6-15). Then

H = Hepas + Hquant.; (6—23)
@ = Qelass Qquant. (6-24)
= HTSG% f e—HolmlkT d%lass dpclan, (6-25)

where n; is the number of classical degrees of freedom for a molecule of
component 7. Usually (see Chapters 8 and 9) Hoiass includes translation
and rotation, while Houunt includes internal vibration (and possibly an
electronic contribution). Because of the relatively strong forces involved
in the internal vibrations of polyatomic molecules, these vibrations are
not perturbed much by intermolecular forces, and hence are approxi-
mately separable, as in Eq. (6-25).

6-3 Phase space and ensembles in classical statistics. Although we
shall not use this material later in the book, for completeness we make o
few very brief comments about the classical phase space of an isolated
macroscopic system, of volume V, containing molecules of one or more
species. These remarks would serve as an introduction to a discussion of
the principles of classical statistical mechanics if we were going to give
an independent development of this subject. However, as already men-
tioned, in this book we regard classical statistics as a limiting form of
quantum statistics.

Let the total number of coordinates g; required to locate the positions
of all molecules be n. For example, if the system contains N monatomic
molecules, n = 3N. Thus »n is an extremely large number. For each
coordinate ¢;, we define a conjugate momentum p; by Eq. (VII-6). The
phase space of the system is therefore 2n dimensional: # coordinates and
n momenta. The state of this classical system at any time ¢ is completely
specified if the position and velocity components of each molecule are
specified, i.e., if all the ¢’s and p’s are assigned definite values. All this
information is condensed into the location of a single point in the 2n
dimensional phase space. Such a point is called a phase point or “repre-
sentative point.” That is, the point represents the complete classical state
of the system.

With the forces of the system given, assignment of the position of a
phase point in phase space at time ¢ completely determines the future
(and past) trajectory, or path, of the point as it moves through phase
space in accordance with the laws of mechanics. The equations of motion
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of the phase point are, in fact, Hamilton’s equations, (VII-7). In prin-
ciple, this system of 2n first-order differential equations can be integrated
to give q1(8),-. . ., @a(t), P1(t), . . ., Pu(t). The 2n constants of integration
would be fixed by knowing the location of the phase point at some time
t = to. Of course, in practice, such an integration is quite hopeless.

Now suppose we make up a total of 9 isolated systems, all with the same
V and number of molecules of each species, and all replicas—as far as
thermodynamic properties are concerned—of the single experimental sys-
tem of interest. This is an ensemble, just as in Chapter 1. The detailed
classical state of each system can be represented by a point in the same
phase space. The points move independently, each along its own trajectory,
since each system is isolated. The whole ensemble then appears in phase
space as a “cloud” of moving representative points with an essentially
continuous density (% — o). A very important and interesting theorem,
due to Liouville, which we shall not prove or use, is that in the immediate
neighborhood of any particular phase point, as it moves along its tra-
jectory, the density of phase points remains constant.

Just as in quantum mechanics, we find it necessary to replace the desired
single-system time average of mechanical variables, such as pressure, by
instantaneous ensemble averages (first postulate). But in order to calculate
ensemble averages, we have to know the density of the cloud of representa-
tive points in the various portions of phase space. Corresponding to the
quantum postulate (Section 1-2) of equal probability for each quantum
state of an isolated system (E, V, N, N, . . . fixed), we have the analogous
classical postulate (second postulate) of constant density of phase points
throughout the region of phase space between the surfaces £ = constant
and E + SE = constant, where 8E is arbitrarily small. As in Section
1-3, we can deduce from this a density of phase points proportional to
e~FH@.? [compare Eq. (6-19) for example] for an ensemble representative
of a closed system in contact with a heat bath, ete.

The two postulates above, combined, lead to the classical “ergodic
hypothesis”: the representative point of a single isolated system spends
equal amounts of time, over a long period of time, in equal volumes of
phase space between the surfaces E = constant and E 4+ 3E = constant,
where $F is arbitrarily small.

6-4 Maxwell-Boltzmann velocity distribution. As an example of an
application of Section 6-2, let us deduce here the important formulas for
the classical translational velocity and kinetic-energy distributions. We
can keep the discussion quite general: we are by no means restricted to
ideal monatomic gases only. Specifically, let us consider any one-com-
ponent system for which the internal vibrations are separable, and trans-
lation and rotation can be treated classically (e.g., liquid nitrogen).
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This is a special case of Eq. (6-25):

Q= / e~ H* dg, dp, dgo dps, (6-26)

where ¢, refers to 3N translational c. jrdinates, g, to n,N rotational co-
ordinates (n, per molecule), and

H = K.(pz) + Ko(go, Ps) + Ulaz, o). (6-27)

The first term on the right of Eq. (6-27) is the translational kinetic energy
(Eq. 6-16); the second term is the rotational kinetic energy (in general
a function of both rotational coordinates and momenta, see Chapters 8
and 9); and the third term is the intermolecular potential energy. Inter-
molecular forces in general depend on rotational orientations of molecules
as well as on distances between centers of mass, so U is a function of ¢,
and g,.

By analogy with Eq. (1-28) and as a consequence of the fact that classi-
cal statistical mechanics is a limiting form of quantum-statistical me-
chanics, we can state that

e HIFT dg dp. dgs dp,

/e—H/kT dq:: dpz dqd dp’

is the probability that the system will be observed in the classical
translation-rotation state dg. dp. dgs dp,, irrespective of the (independent)
quantum-vibrational state. On integrating (6-28) over ¢., g5, and p,, we
then have that

¢l dpzf O dg, dgy dpy e X gp, (629

/ e~ 5T gy, / e~ K+ 4o dg, dp, [ e~ K/ g,

is the probability that the system is in the translational momentum
state dp., irrespective of other conditions (g, gs, etc.). Finally, since K,
has independent and equivalent contributions (Eq. 6-16) from each of
the N molecules, we can integrate (6-29) with respect to all translational
momentum components except those belonging to any one molecule (say
molecule 1, but we drop the subscript 1 for convenience), and find

(6-28)

e~ PHPLAPDIZmET dps dpy dp,
(2rmkT)3/2
for the probability that any one molecule is in the translational momentum

state dp, dpy dp., or for the fraction of all molecules in this state, irre-
spective of other conditions. The integral over p., py, and p, (— o to +)

(6-30)
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has been carried out in the denominator of (6-30) with the result indi-
cated. It should be emphasized that (6-30) applies to any system en-
compassed by Eq. (6-26). Actually, the restriction to a one-component
system is not necessary. Each component in a multicomponent system
has its own molecular mass and its own independent momentum dis-
tribution, as in (6-30).

If we change from cartesian momentum components p., p,, p: to the
corresponding spherical coordinates, p, 6, ¢ defined by

p® = p: + v} + v, Pz = psin 0 cos g,
Pe = peoso, Py = psin fsin ¢,
then

eP 12T 02 g 0 dp do dp
(2rmkT)312

(6-31)

is the fraction of molecules in the momentum state dp dd dp. On inte-
grating (6-31) over 8 and ¢, we have

47e
(@rmkT)312

for the fraction of molecules with momentum between p and p + dp.
Finally, if we put p = mv and multiply by N, (6-32) becomes

—p?/2mkT, 2
p_dp (6-32)

3/2
AN (2—1:21,) e~ ITY2 g, (6-33)

for the number of molecules with velocities between » and » 4+ dv. This
is the well-known Maxwell-Boltzmann velocity distribution. If we write
€ = mv?/2 for the translational kinetic energy of a molecule, (6-33)

transforms into
(12;1;* 2 T 2 g (6-34)

for the number of molecules with values of € between ¢ and € + de. This
agrees (Problem 6-3) with Eq. (4-11), deduced from quantum statistics
for a special case (ideal monatomic gas).

If Eq. (6-30) is integrated over, say, p, and p;, we obtain

2
P ML g ( m )1/2 o/ 2T
@rmkD) 12— \amkT) ° dos (6-35)
for the fraction of molecules with z-component of momentum or velocity
in dp, or dv,.
Applications of the above results are included in the problems.
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PROBLEMS

6~1. Show that in a system of independent harmonic oscillators, all with
frequency », the quantum number of the state with energy equal to the average
energy per oscillator is n = kT/hv, in the classical limit (kT/hv >> 1).
(Page 116.)

6~2. Show that at high temperatures, ¢ for a simple harmonic oscillator
(Eq. 5-6) can be expanded in the form

2
-1 z hy
g== (1_'271"'"')' i

For what value of kT/hv is the approximation ¢ = kT/Ahv accurate to 0.01%?
Show that Ae¢/kT = hv/kT for a harmonic oscillator, where Ae is the energy
difference between successive energy levels. (Page 116.)

6-3. Verify that the Maxwell-Boltzmann energy distribution from Eq. (4-11)
(quantum statistics) is the same as (6-33) (classical statistics). (Page 122.)

6-4. Give an argument analogous to Eqs. (6-5) through (6-7), showing that
the area of phase space per quantum state is k for a particle in a one-dimensional
box.

6-5. Prove that the surfaces in phase space H(q,p) = E (constant) and
H(g, p) = E’, where E # E’, can never cross.

6-6. Show that in the classical Hamiltonian, any independent term, potential
or kinetic, of the form af2 (¢ = ¢ or p; @ = constant) will lead to a contribu-
tion kT/2 (per term) to the energy E and k/2 to Cy. Examples are Eqs. (5-25),
(6-2), and (6-20).

6-7. Show that according to (6-33): (a) the most probable velocity is
v* = (2kT/m)'/2; (b) the mean velocity is & = (8kT/xm) 2. (¢) the root
mean-square velocity is (v2)12 = (3kT/m)1/2; and (d) the mean translational
kinetic energy per molccule is 3kT/2.

6-8. Calculate 3 in em/sec for Hz and Oz at 0°C.

6-9. Show that according to (8-35): (a) the most probable velocity com-
ponent v, is zero; (b) ¥ = 0; (c) ©)V2 = (kT/m)'/2; and (d) verify that
v =2+ v}t % = 32
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CHAPTER 7

INTRODUCTION TO LATTICE STATISTICS:
ADSORPTION, BINDING, AND TITRATION PROBLEMS

In the first two sections of this chapter we consider problems in which
molecules of one species can be “bound” on one-, two-, or three-dimen-
sional arrays of sites presented by regular arrangements of molecules or
molecular subunits of a different species. A bound molecule executes
three-dimensional vibrational motion in the neighborhood of its site. The
most familiar example is the binding or adsorption of gas molecules
on the two-dimensional lattice of sites presented by the surface of a
crystal. But one-dimensional cases (e.g., binding of ions from solution
on a linear polyelectrolyte molecule) and three-dimensional cases (e.g.,
absorption of hydrogen atoms by palladium) are also common, Irre-
spective of the dimensionality, the system of molecules attached to a set
of sites is sometimes referred to as a lattice gas.

We restriet the discussion in this chapter to models in which the binding
on any one site (or, possibly, small group of sites) is independent of the bind-
ing on the remaining sites. Chapter 14 is devoted to the more complicated
problems in lattice statistics in which this independence is lacking because
of interactions between molecules bound on neighboring sites.

Section 7-3 is concerned with the similar problem of binding of mole-
cules on (indistinguishable) groups of sites which are free to move (e.g.,
binding of small molecules or ions on protein molecules in solution, or the
hydrogen ion equilibrium of acid molecules in solution, etc.). Interactions
between different groups of sites (e.g., between two protein molecules)
are not included here but will be treated in Chapter 19.

In Section 7-4 we discuss the elasticity of a linear polymer made up
of units each of which can be in a “short state” or a “long state.” This
system, we shall find, is formally equivalent to the lattice gas of Section 7-1.
Adsorption of another molecular species on such a polymer is also studied
in Section 7-4.

7-1 Ideal lattice gas (Langmuir adsorption theory). An ideal lattice
gas is a system of N molecules bound not more than one per site to a set
of M equivalent, distinguishable, and independent sites, and without
interactions between bound molecules. The arrangement of the M sites
in space is immaterial. In the Langmuir adsorption model, the sites are
arranged in a regular two-dimensional array on the surface of a crystal,
and the bound molecules come from a gas phase which is in equilibrium

124
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F1e. 7-1. Adsorbed molecule 4 near surface of crystal B.

with the lattice gas (adsorbed phase). For concreteness and because of
its importance, we shall discuss this particular (adsorption) problem
explicitly here, but the treatment is not restricted to it, as will be evident
from Section 7-4 and Chapter 14.

As an example, suppose the monatomic gas A is adsorbed on the surface
100-plane of a simple cubic lattice of solid B. We assume for simplicity
that the forces holding the solid together are much stronger than the
adsorption forces, so that the solid is essentially unperturbed by the
presence of gas molecules on its surface. Thus the solid merely plays the
role of providing a potential field for the adsorbed molecules. The thermo-
dynamic system we consider consists, then, of gas molecules “bound” in
this potential field.

Suppose that the potential energy of interaction u(r) between a
molecule of A and a molecule of B is of the Lennard-Jones type (Appen-
dix IV). The adsorbing force holding an 4 molecule to the surface of B
is then the sum of a number of such interactions. In Fig. 7-1 .8 shown an
adsorbed molecule A at a distance z from the surface of B (taken as the
zy-plane), and a few of the distances r; which should be substituted in u(r)
to give the total potential energy of interaction of A with all molecules
of the solid, for this particular location of A:

U= ur) (7-1)
In Eq. (7-1), U is a function of z, %, and 2, the coordinates of A. If we hold »

and y fixed and consider the dependence of U on z (i.e., along a line perpen-
dicular to the surface), U(z) will have a qualitative appearance similar to
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O O O o o

Fie. 7-2. Periodic variation over surface of depth Up of the potential well
U(2) for an adsorbed molecule.

u(r) in Fig. IV-1 and the approximate mathematical form (Problem 7-1)

/
U@ = const _ const’ (7-2)

Thus the free translational motion of a gas molecule in the z-direction is
replaced on adsorption by vibration in the potential well associated with
Eq. (7-2). In the harmonic-oscillator approximation, the frequency of
vibration v, is determined by the curvature of U(z) at its minimum.
Usually », is of order 10'% sec™? (Problem 7-2).

For different choices of the fixed values of x and y, U(z) will be different
(in other words, U is a function of x and y also). Thus U(2) directly above
a B molecule will be different from U(z) above the center of a square of B
molecules. In particular, the depth Uy of the potential well in U(z) will
vary periodically in both z- and y-directions. Hence Uy is a function of
z and y. Figure 7-2 illustrates this variation, where U, is plotted against
z along one particular line (y constant) in the surface, as indicated in the
figure. It is clear from Fig. 7-2 that motion parallel to the surface involves
passing over potential barriers V,. With van der Waals forces, these
barriers are of order 0.3 to 1 keal'mole™ . At temperatures sufficiently
low that the thermal energy kT of the adsorbed molecules is small com-
pared with the height of the barrier V,, the molecules will be trapped
(“localized”) in the neighborhood of potential minima in U(z, y, 2), except
for occasional passages over the barrier or evaporation and recondensation
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(necessary for equilibrium with the gas phase). When k7 is large compared
with V,, the periodic variation in U, becomes unimportant, and the
adsorbent surface, in effect, becomes a continuum.

The Langmuir model corresponds to localized adsorption (AT < V).
At the end of this section we shall also discuss briefly the case of a dilute
“mobile” (kT >> V,) adsorbed phase. The transition from localized to
mobile adsorption, as 7' is increased, is an interesting problem which will
be dealt with in Chapter 9.

In localized adsorption, the adsorbed molecule has three vibrational
degrees of freedom (replacing three translational degrees in the gas).
We have already mentioned the vibration in the z-direction. In addition,
there ig vibration in 2- and y-directions (if these are the normal coordinates
for the two-dimensional motion) around the minima of Ugy(z, y), with
frequencies v, and »,. These frequencies are usually a little less than
10'2 gec™,

The partition function for a single adsorbed molecule, in the harmonic-
oscillator approximation, is then

4«T) = gugyg.677°*, (7-3)

where ¢., ¢, and ¢, are one-dimensional harmonic-oscillator partition
functions (Eq. 5-6) with frequencies v,, »,, and v, respectively, and with
zero of energy in each case at the bottom of the potential well U(z, y, 2).
As explained above, the crystal surface is assumed to present an external
and fixed potential field, so that ¢ is a function of T only. Since we want
to investigate the equilibrium between adsorbed and gas molecules, we
must choose the same zero of energy for the two phases. We take an
isolated gas molecule [i.e., 2 = oo in Eq. (7-2)] at rest as the zero. With
this zero, we have to insert the Boltzmann factor in Uy (a negative quan-
tity) in Eq. (7-3), where Ugo is the potential energy at the minima in
Uz, y, 2) [or in Ug(z, y)]. Then the heat of adsorption per molecule at
0°K is Ugo + R(v: + vy + v:)/2.

If we had a system of N sites and N molecules, we would write @ = 47,
just as in the Einstein model for a crystal. But here the number of sites
(equivalent but distinguishable) is M > N. There is therefore a con-
figurational degeneracy not present in an Einstein crystal (it would be
present if the erystal had lattice vacancies), which must be taken into
account. For each quantum state of an Einstein crystal there are here
M!/N\(M-N)! quantum states—this being the number of ways N indis-
tinguishable molecules can be distributed among A/ labeled sites. Hence

Mig(T)Y

NG — M)’ (-4)

Q(N) M,T) =
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and
mWQ=MInM —NInN—(M—Nylmn(d —N)+Nlng (7-5)

The basic thermodynamic equation for the lattice gas (or adsorbed
phase) is
dE = TdS — ®dM + udN, (7-6)

where M is proportional to the volume, area, or length, depending on the
dimensionality of the lattice. That is, M is the “external variable” in this
case, and & is essentially a pressure, though it has dimensions of energy
here. Thus, in two dimensions, if we write @ = M« where @ = area and
a is a constant, then &/« is the so-called surface or spreading pressure
(dimensions of energy per unit area) ¢.

From Egs. (7-5) and (7-6) we have

— aln ) — —— 2 3 LY —_—

ITT—(—GMQ ’T——ln(l——o)—0+§0 + 46° + y (7-7)
» _ _(an@ — —
kT ( N Jur In a - 0)q’ (-8)

where 8 = N/M, the fraction of sites occupied. Equation (7-7) is the
equation of state. Note that in the limit as § — 0, & — 6kT (which is the
same, in three dimensions, as p — pkT, where p = N/V). If the adsorbed
phase is in equilibrium with a gas phase at pressure p [assumed ideal as in
Eq. (4-25)),

Bt _ ke #%D) .
or
_ XMy _ O(T)/kT _
0p, T) = T+ xX(Ts x(T)p’ x(T) = o(T)e . (7-10)

Equation (7-10) is the Langmuir “adsorption isotherm,” giving the amount
of gas adsorbed as a function of gas pressure at a fixed temperature. When
p—0, 6 > xp, and when p — o0, § > 1. Many adsorption systems
follow this equation approximately. Statistical mechanics provides all
the necessary molecular details to calculate X(T') explicitly (Problem 7-3).
The entropy of the lattice gas (Eq. 1-33) can be put in the form
(Problem 7-4)
S = Sconﬁg + Svib, (7—11)
where M

NTE — W1 (7-12)

Sconﬁg =kln
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Se» = Nk (Ing + 741 q) (7-13)

We note that Scoutig is independent of temperature, whereas Syi, — 0 as
T — 0 (just as for an Einstein crystal). If equilibrium could be main-
tained to T = 0, we would have § > 0at T = 0. This is not an exception
to the third law of thermodynamics (Section 2—4), since the combined
system siles - laltice gas is not a pure crystal, but a binary mixture.
That is, a lattice gas can exist only in the presence of an additional molecu-
lar matrix (e.g., a crystal) that provides the sites.

For future reference, let us also apply the grand partition function to
this system. We have

M kT M'(qX)N
e*MIET E Wil — i

2= =, NI — )i
= (1 + g%, (7-14)
or
7= In(1+qM, (7-15)

where A = ¢**7, This agrees with the result obtained by eliminating ¢
between Egs. (7-7) and (7-8). Also, from Eq. (1-67),

_y(dInE _ Mg _
N‘*( ax )u.r“1+qx’ (-16)

which is essentially just Eq. (7-10).

For contrast we consider a dilute, mobile adsorbed phase (two-dimen-
sional ideal gas). In this case the adsorbed molecules still vibrate in the
z-direction with partition function g,, but have free translational motion
in the zy-plane. The xy partition function for one molecule is [see Eq. (6-9)]

2xmkT
= 6, -17)

where @ = area. Then
1 » U T 7-18
Q = qu ’ g = qxq.€ oo/k . ( 1 )

For present purposes, we replace # dM in Eq. (7-6) by ¢d@. Then
we find

k'3 (‘ZM2 -7, (1-19)
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# _ _ (3@ — 1N _ M _ p%T) o
W= " \oN s =Ry =%F = Fr Thp (20

The adsorption isotherm is then

§= X(Typ, X(T) = (-21}'7"}“1') e~V T QT (7 oy

It is interesting to compare the predicted relative amounts of localized
and mobile adsorption in the limit as p — 0 where Eq. (7-21) is valid and
6 — xp in Eq. (7-10), assuming all conditions the same except for the
zy-motion. We find from Eqs. (7-10) and (7-21),

Nmobite _ (21rka/h2)a’

7-22
Nigeatised =9y ( )

where a = @/M = area per site. The numerator on the right is the
partition function for a molecule moving freely in a two-dimensional
box of area . The denominator is the partition function of a two-dimen-
sional oscillator, which would have a numerical value less than the
numerator because, in classical language, there is a Boltzmann factor
exp [— (22 + f,¥*)/2kT] (Eq. 5-1) in the integrand of the configuration
integral for an oscillator, whereas the integrand is unity [Eq. (6-22),
N = 1] for a particle in a two-dimensional box. Therefore, we find
Nuobile > Nioealised.

7-2 Grand partition function for a single independent site or subsystem.
In Section 3—4 we discussed a canonical ensemble of subsystems. Prob-
lem 3-5 extends the argument to a grand ensemble of subsystems. Because
of its importance, we discuss here the same question as in Problem 3-5,
but use & different approach: we start with the ordinary grand partition
function and show that it reduces to a product of subsystem grand parti-
tion functions £.

Consider a macroscopic system of M equivalent, independent, and dis-
tinguishable sites on each of which any number s, from zero to a maximum
m, of molecules can be “bound” (the nature of the binding or association
with the site is immaterial here). Let g(s) = X ;™ %/*T be the site
partition function when s molecules are bound to the site. If there is a
total of N molecules bound on the M sites, and if the number of sites having
8 molecules bound is a,, then the canonical ensemble partition function for
the system of M sites is

Q(N’M, T) = E

M1g(0)*q(1)* - - - g(m)*™"

aolasl - anl (7-23)
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where the sum is over all sets* a = aq, a4, ..., an satisfying the re-
strictions
m mn
da=M, D s =N (7-29)
=0 s=0

This is a straightforward extension of Eq. (7-4) which, in the present
notation, would be written

Q= 3 MulO"a0”,

00'01!
where
a +a; = M, a, =N,

9(0) =1, q(l) = q.

That is, in the Langmuir problem, s = 0 (site empty) or 1 (site occupied).
The grand partition function is

mM
E = Z Q(N, M, T)XN

Nw=0
_ Z M!q(O)“°[q(1)xl‘:£§(??}2m":- - lg(m)x")™ (7-25)

where we have used the second of Eqs. (7-24) in rewriting AY in the last
step, and the only restriction on the sets a is now the first of Egs. (7-24),
since we want to sum over all possible values of N for given M. By the
multinomial theorem [this is just a generalization of the binomial theorem
used in obtaining Eq. (7-14)],

EMNM,T) = &0, T)M) (7-26)
where
£ = q(0) + X + -+ - + g(m)\"
= i q(s)2". (7-27)
=0

This is a good example of & summation having been made easier by passing

* Here and throughout the rest of the book we use a boldface letter to repre-
sent a set of numbers with subscripts 1, 2,.... For example, we use N for
Ny, N2, ... (in analogy with the components of a vector). We did not introduce
this notation in Chapter 1 for N1, N2, ... and pui, 2, ... because there we
wanted to emphasize the one-component case for simplicity. Hence we used
N instead of N, etc. However, N is generally preferable because it is more explicit.
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from Q to E. The sum £ has exactly the form of a grand partition function,
but it pertains to only a single site instead of a macroscopic system. It is
rather obvious that if the sites were all different, but still independent of
each other, & = £1&, ... £, where §; is & sum, as in Eq. (7-27), for site
4 only. The sites must be independent of each other for this simplification
in Z to occur. Equations (3-5) and (3-6) are analogs in the canonical
ensemble.

If, when all sites are equivalent, we consider each site to be an open
subsystem, then the macroscopic system of M sites may be regarded as a
grand ensemble of subsystems (see Problem 3-5). The chemical potential
and temperature of a single open subsystem are well-defined thermo-
dynamic properties, for they are determined by the chemical potential and
temperature of the macroscopic reservoir with which the subsystem is in
contact. Incidentally, in adsorption problems, this reservoir is real and
not imaginary: it is the gas or solution, in equilibrium with the adsorbed
phase, providing the molecules or ions being adsorbed.

The average numbér of molecules in the macroscopic system is

_,(omE\ _, (oln¢ g
N—k( a )M'T—M)\<a)\) (7-28)
or
_N_ 8ln£ Lo 89(8)\° -
=M= ( T @ (29

where 3 is the average number of molecules per site. Thus the equation
relating & and £ (subsystem) is formally the same as that relating N' and
E (macroscopic system). In the differentiation in Eq. (7-29), m is held
constant, which is analogous to holding M constant in Eq. (7-28).

The “pressure” & is related to the site or subsystem grand partition

function £ by
e‘l’M kT . == £M

®=kTIln ¢\ T). (7-30)

Thus, whenever we are concerned with a system of independent, dis-
tinguishable, and open sites (subsystems), we can go directly to Eq. (7-29)
to determine the mean population 3 and also the population distribution
{since g(s)A\*/¢ is clearly the probability of a population s] of each site.
This is a simpler procedure than using the full grand partition function,
but of course leads to the same results. The mean population 3 as a func-
tion of A is essentially the adsorption isotherm in an adsorption system.

The situation with respect to fluctuations in s in a subsystem is com-
pletely analogous to that of fluctuations in the energy of independent
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molecules in Eq. (3-24). We find from Eqgs. (7-29) and (2-7),

a3 kT (0N
& — @ =T (@) = ﬁ(@)w

_NE— (W)
S e Ll
or
%=M”2-"—”,

just as in Problem 3-8. Since ox/N is of order M~Y2, g, is of the same

order of magnitude as §. That is, the probability distribution in s is broad,
as should be expected, and not sharp.

We now consider some applications of Eq. (7-29). First, an ideal lattice
gas. Here, as was pointed out following Eq. (7-24), s = O or 1, ¢(0) = 1,
and ¢(1) = ¢. Therefore,

o f{dInEy _  gr -
3—0—)\(6)‘ T_l-i-qk’ (7-31)

which is the same as Eqgs. (7-10) and (7-16).
Next, suppose we have a system of M independent pairs of sites:

ol ol ol

X2 X2 x2

Such a system of sites might occur on a linear polymer, for example. The
two sites in a pair are different: ¢, is the partition function {as in Eq. (7-3)]
for a molecule bound on a site of type 1, and ¢ for a site of type 2. Also,
when both sites of & pair are occupied, let there be a potential energy of
interaction w between the two bound molecules. So long as there is no
interaction between molecules on different pairs, the introduction of w
does not affect the independence of the pairs. Thus, a pair of sites is the
independent subsystem here, and s = 0, 1, or 2. If we consider all possible
states of a pair of sites with s molecules bound, we see that

q0) = 1, q1) = q1 + ¢2, q2) = qlqze“"”‘".
Therefore
E=1+ (91 + qz)k + qlqw—wlkaﬁ, (7_32)
and
s=N_ _(@+agn+ 2q10¢ N (-3
M 14 (g1 + g2 + q1gee—vw/kTA2
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This is the adsorption isotherm. Except for a factor of two, this reduces to
Eq. (7-31) for an ideal lattice gas if w = 0 and ¢; = ¢3 = ¢. The factor
of two has its origin in the fact that the total number of sites is 2M in
Eq. (7-33) and M in Eq. (7-31).

As a third example, we derive the well-known B.E.T. (Brunauer-
Emmett-Teller) equation for multimolecular adsorption. The model,
which is physically unrealistic, is the following. A surface has M inde-
pendent, distinguishable, and equivalent sites, on each of which an in-
definite number of molecules can be adsorbed in a vertical pile, so that
8=20,1,2,.... Let g; be the partition function for the bottom molecule
in a pile (“first layer”), ¢, for the next molecule (second layer), ete. The
positions in a pile are distinguishable in the same sense as in a one-dimen-
sional Einstein crystal. Then

t=14qaN+ 1@\ + @1g2qsN2+ -+ -, (7-34)
and
5= % — 0+ 20100 + 301050\ + - (7-35)
£
This is the adsorption isotherm. Now consider the special case ¢; = g3 =
ga = .... That is, molecules in the first layer (next to the surface) have

a partition function g, and all others ¢;. (Second and higher layers are
supposed to be “liquid-like,” though a one-dimensional pile is a very poor
model for a liquid.) With this simplification,

@M1 + 2goN + 3302 + - - )
1+ @Ml +gad+ @3N +--)
— Q1N

A —gAx+ a1 — N

- cx
T 0=z+wd-—-2'

(7-36)
where
c= QI/ q2,

z = 42x = q:hw
= g, *p. (7-37)

Equation (7-36) is the B.E.T. adsorption isotherm.

A typical isotherm (¢ == 157) is shown in Fig. 7-3. Many experimental
isotherms with this type of qualitative behavior are known. When ¢ >> 1,
adsorption in the first layer is strongly favored relative to higher layers, so
the first layer is almost completely filled before higher layers begin. This
accounts for the “knee” in the isotherm (Fig. 7-3) near 3 = 1. Up to



7-2) GRAND PARTITION FUNCTION 135

02 04 06 08 10

x
Fig. 7-3. B.E.T. adsorption isotherm for ¢ = 157.

almost 8 = 1, 5 = cz/(1 + ¢xr) (Langmuir equation) when ¢ >> 1. On
thermodynamie grounds we know that 3 — o when p — po (the vapor
pressure of liquid adsorbate at the temperature of the experiment; we
assume T < T, the critical temperature). That is, when p approaches po,
bulk liquid will begin to condense on the adsorbing surface. On the other
hand, 3 — oo when x — 1, according to Eq. (7-36). Therefore, from
Eq. (7-37), we have

q29’ OIT = L ’

= (7-38)

which is equivalent to the vapor pressure equation for an Einstein erystal
(Problem 5-11).
In the B.E.T. theory, the surface pressure ®/« is determined by

eOM/kT =5 = £M,

or
® _ — 1n (1= 222 + @12
W—lnf—ln( 1 — g2\ )
-u(lyzte). (7-39)

We note that ® — o as z — 1. But, thermodynamically, $/« is neces-
sarily finite at * = 1. This is a serious fault of the B.E.T. theory.

The general method of this section can easily be extended to cases in
which more than one species of molecule can be bound to a site (i.e., the
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subsystem is multicomponent). For example, let us return to the system
above of M independent pairs of sites, but suppose now the two sites in a
pair are equivalent. Two species A and B can be bound on the sites (not
more than one molecule per site) with partition functions ¢4 and ¢5, and
if both sites in a pair are occupied, there is an intermolecular potential
energy w4, Wap, or wpp, depending on the species making up the pair.
The general equations for two species 4 and B are (Problem 7-5)

E(\a) A5, M, T) = &(\g, M3, T, (7-40)
mqg m
E= D O glsa, BN, (7-41)
04-0 83-0

and a similar equation for 5. Equation (7—41) is a two-component grand
partition function for a subsystem. In the special case under consideration,

£ = ¢(0,0) + ¢(1, 04 + ¢(0, 1)A5 + ¢(2, 02

+ ¢(1, Drarz + (0, 223, (743)
where
90,0) =1, ¢Q1,0) =2q4, q(0,1) = 2gs,
q(2,0) = gie 44/,
q(1, 1) = 2qaqpe—*4B/*T, (7-44)
9(0,2) = qe™B5M.
Then

N __ Q(ly O)XA -+ 2Q(2) O)Xi + Q(ly I)XAXB
%= ; »  (7-45)

with a similar equation for 3p. This is equivalent to Problem 7-6 if w4 =
wap = wpp = 0.

84 =

7-3 Systems composed of independent and indistinguishable sub-
systems. Here we extend the treatment of the previous section to systems
in which binding or adsorption takes place on sites which are attached to
freely moving adsorbent molecules. Examples are: adsorption of ions from
solution onto protein or other macromolecules; titration curves (i.e.,
binding of H*) of polybasic acids or polyacidic bases; adsorption of a gas
on small dust particles; ete. The subsystem here consists of one adsorbent
molecule (protein, etc.) and s bound (H*, etc.) molecules, where 0 <
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s < m as before. We still assume, for simplicity, that the adsorbent mole-
cules are unperturbed in their other properties by the presence of adsorbed
molecules. We shall use a language appropriate to a gaseous system, since
we have not yet discussed solutions. But we shall see in Chapter 19 that,
under suitable conditions, if the adsorbent molecules are in a solvent rather
than a vacuum, we merely have to replace the adsorbent partial pressure p
by the osmotic pressure II. The gas is assumed ideal—that is, sufficiently
dilute so that intermolecular interactions are unimportant. However,
interactions between adsorbed molecules on the same adsorbent molecule
are included. Interactions between adsorbent molecules will be discussed
in Chapter 19,

The system we consider is shown schematically in Fig. 74. There are
M adsorbent molecules in a volume V, to each of which is attached from
zero to m adsorbed molecules, with a total of N adsorbed molecules. Free
adsorbate molecules are not included in the system for convenience and
also because this omission leads to equations which are completely anal-
ogous to the osmotic equations of Chapter 19. Since the gas is assumed
ideal (each component behaves independently), no error is introduced by
this procedure, and the pressure p of the system as we have defined it is
actually the partial pressure of the adsorbent molecules in the adsorbent-
adsorbate gas mixture.

This is a two-component system. The basic thermodynamic equations

are
dE = TdS — pdV + pdN + i’ dM,
(7—46)
A=E— T8 = —pV +uN + u'M,

where u’ is the adsorbent chemical potential.

o @
O O

Fig. 7-4. Adsorbent molecules (large) with adsorbed molecules (small)
attached.
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We let ¢(s) be the partition function of an adsorbent molecule with 8
adsorbed molecules attached. This will include, as factors, the translational
{hence each ¢(s) is proportional to V], rotational, ete., partition functions
of an adsorbent (s = 0) molecule. Also, for the adsorbed molecules, g(s)
will include a factor ¢* [as in Eq. (7-3)], possibly a configurational factor
or factors (for distributing s molecules on m sites), and Boltzmann factors
in the potential energy of interaction between the s adsorbed molecules, if
such interactions are present. The quotient g(s)/¢(0), which we denote
by qo(8), refers to the adsorbed molecules only and corresponds to g(s) in
the preceding section [in the preceding section, ¢(0) = 1].

We now treat this system as an ideal gas mixture of m + 1 different
molecular species, corresponding to the different numbers of adsorbed
molecules, s = 0, 1, ..., m. If there are a, molecules of species s in the
system, then the canonical ensemble partition function is [according to
Eq. (3-15)]

90 g™ . g(m)’~
ao! a,! !

However, as a partition function we want a sum over all possible states of
the system, not for fixed ay, . .. , @m, but rather for all possible ay, . . ., an
consistent with fixed N and M. Therefore

.. (M)“"‘

QN, M, V,T) = Zq i (7-47)

subject to the restrictions (7-24). Equation (7-47) also follows from
Eq. (7-23) on dividing by M, as should be expected.

We wish next to multiply Q by A = e**7 and sum, as in Eq. (7-25). But
first we have to digress briefly to consider what kind of a partition function
this will give us. Summing over N with M fixed corresponds fo a system
open with respect to adsorbed molecules but closed with respect to ad-
sorbent molecules (see the last paragraph of Chapter 1). From the rule
mentioned in connection with Eq. (1-92), the partition function, which we
denote by T, is related to thermodynamics by

mM
F(M) V: My T) = e(pV—p'M)/kT = E Q(N) M: V’ T)"N (7_48)

Nu=(
0 M
=« z)w (7-49)
where
£F= 14 go(A+ -+ + go(m)\™. (7-50)

In Eq. (7-49), ¢(0) is a function of the thermodynamic variables V and T,
and ¢ is a function of x and 7'.
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The average number of adsorbed molecules is

N = =N IIYQAN _ )‘(a In r) — MM (m . @51

N Juvr oA Jr

Thus Eq. (7-29), either as it stands or with ¢(s) replaced by go(s), is also
valid here: the number of adsorbed molecules per subsystem depends on
the nature of the group of m sites, but not on whether they are moving
around or not—just what one would expect intuitively.

It is instructive to consider the grand partition function as well (system
open with respect to both components):

VT = BV, u i, T) = 3 QWN, M, V, TV WX
N.M

= i: g@MeM M _ RO

A M)

(7-52)

Now

dnE
o= X( 6;’&)“ o 108 = % (7-53)

This is the expected equation of state. Also,

_ yf8InE _ n [ 9%
F= "( A )v.p'.r = "“”“(ax)r

@,

which is equivalent to Eq. (7-51).

The simplest application of Eq. (7-51) is to a system of adsorbent
molecules each of which has only one site for binding. The hydrogen ion
equilibrium of a dilute monobasic acid would be an example. Then Egs.
(7-51) and (7-31) are applicable, and we get just the Langmuir adsorption
isotherm. This is also the familiar equation of a simple titration curve
(Problem 7-7) if we plot 6 as a function of In X rather than A (A is propor-
tional to the concentration of adsorbate in a dilute solution).

If each adsorbent molecule has two sites and there is an interaction
energy w between two adsorbed molecules on the same adsorbent, we ob-
tain Eq. (7-33) again. An example would be the binding of hydrogen ions
by, say, a diamine with two different sites (—R—NH, and —R'—NH}).
In this case w is positive (repulsion between two hydrogen ions). The
relation between the statistical mechanical equation (7-33) and the equiv-
alent thermodynamic expression involving successive dissociation con-
stants is explored in Problem 7-8.
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If each adsorbent molecule has m sites and there are no interactions,
then we again get the Langmuir equation (Problem 7-9).

7-4 Elasticity of and adsorption on a linear polymer chain. The first
problem we examine here is superficially unrelated to the preceding sec-
tions of the chapter. Actually, though, there is an extremely close analogy,
as will be seen below. We consider a single linear polymer chain composed
of units each of which can be in a short state « of length [, or a long state 8
of length I (I3 > l,). The units are interconvertible (as in the chemical
reactions of Chapter 10). Thus if a pulling force 7 is applied to the chain,
some o« units will be converted into longer 8 units and the chain will
lengthen. This model is crudely representative of some real systems: the
a — B transition in fibrous proteins; the helix-random coil transition in
solutions of proteins and nucleic acids (7 = 0); and possibly the elasticity
of muscle and some textiles.

Neighboring units in the chain are assumed here to be independent of
each other. Interactions between units will be considered in Chapter 14.

Let M be the total number of units, with M, and M, of the two types.
We choose M, to be independent; then My = M — M, The funda-
mental thermodynamic equation is

dE = TdS + 7dl + o' dM, (7-55)
where [ is the length,
l=1lM.+ ls(M — M,), (7-56)

and p’ refers to a single unit (either « or 8). If we replace ! and M as
independent variables in Eq. (7-55) by M. and M, we have from
Eq‘ (7_56))

dE = TdS — 7(lsg — 1) dM. + (' + 7lg) dM. (7-57)

We let jo(T) and js(T) represent the partition functions of one « and
one B unit respectively. The explicit forms used for j, and j5 would depend
on the particular system of interest. The ratio of j. to js reflects the rela-
tive intrinsic (i.e., unbiased by a force; 7 = 0) stability of the two kinds
of units.

The canonical ensemble partition function is

Mo M —Mo
QL M, T) = e (7-58)

where the configurational factor is the number of ways of distributing
M, « units among a total of M possible positions in the chain. We then
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Fi1g. 7-5. Length-force relation for linear polymer chain of « and 8 units.

find from Eqs. (7-57) and (7-58),

s — ) _ L(_&A_) _ (aan
kT kT \oM./ur  \oM./um.r
1—3 ja
S =L -
N\~ (7-59)

where § = M./M. Equation (7~59) is essentially the length-force relation
(Fig. 7-5), since [ and § are related, from Eq. (7-56), by

1l — Ml

= (7-60)

1—6=

At zero force, 7 = 0,
S M. ., (7-61)

This is the intrinsic stability ratio (or “equilibrium constant”; see Chap-
ter 10) referred to above. When 7 — o, 8 — 0, and I — M, (all “long”
units).

The similarity between Eqs. (7-8) and (7-59) will be obvious. The
chemical potential of a lattice gas and the force on a polymer chain play
similar roles in altering the equilibrium ratio of the two possible states in
each case (empty and occupied sites; « and 8 units).

Let us consider also the partition funection (Problem 7-10)

M
Y = E QM. M, T)”Ma, (7-62)
Mq=0
where
7= e—‘r(lp—la)lkT. (7_63)
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In Eq. (7-62), Y is the analog of = for a lattice gas. Using Eq. (7-58),
we obtain
Y = ¥, (7-64)
where
£ =Js+ ju (7-65)

This corresponds to 1 1 ¢\ for a lattice gas. Also,

", — > u, M.QyMe _ "<a In Y) — My (8 In £) ,
M,T T

Y a an
or
_ M. _ (alné) _ _ Jan
= ="\ )T it (7-66)

which agrees with Eq. (7-59).

We turn next to a more complicated situation. Suppose that there are
x equivalent and independent sites on each unit of the polymer chain for
adsorption of another molecular species. An example would be the binding
of hydrogen ions. In this case the length-force curve of the polymer would
depend on the hydrogen ion concentration. Let ¢. (¢s) be the partition
function of one adsorbed molecule on a site of an « (8) unit. In general,
g« # gp, 80 now we have the possibility of, say, altering the length of the
polymer chain at constant force as a consequence of a change in the concen-
tration (or pressure, if a gas) of the adsorbate. For example, if g. > g¢p,
an increase in adsorbate concentration will cause some g8 units to go over
into « units, thus shortening the chain. It is conceivable that an effect of
this kind could be involved in muscle contraction. This problem is very
simple to treat by generalizing ¢ above (Eq. 7-65), but it is rather cumber-
some using @ (Problem 7-11).

ML,

Qo

F16. 7-6. Shortening of chain with increasing adsorbate concentration at
constant 7 in the arbitrary special case z = 1, lg/l, = 5, j./7s = 1/10 (B8 units
longer and more stable than «), and g¢s = 0 (no adsorption on 8 units). Curve a:
7 = 0 (rest length as function of \). Curve b: exp [v(ls — 1.)/kT] = 3.5.
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The thermodynamic equation here is
dE = TdS — 7(ls — l.) dMo + (W' + 7lg) dM + pdN, (7-67)

where i and N refer to adsorbed molecules. We set up a function £(y, A, T)
which is analogous to the two-component £ in Eq. (7-41). We need a term
in £ for each possible state of a single unit. Thus, the unit can be of type
gwith 0, 1, ..., 2 molecules adsorbed (gs), or of type « with 0, 1, ...,z
molecules adsorbed (¢.). The appropriate combination of Eq. (7-65) and
Problem 7-9 is

£ = js(1 + ga\)* + Jan(1 4+ ga2)*. (7-68)
Then
_ dln ¢ _ Jan(l + gaN)?
=19 (_31] 1 = -——E ’ (7-69)
I=2 (";‘; E) = 2[0.5 + 85(1 — )], (7-70)
’7T
where
g _ _
=Tt *=T+en (@=71)

Equations (7-71) give the fraction of sites of the two types which are
occupied, asin Eq. (7-16). In the limit asA — o0,3 — z (all sites occupied)
and
ot
Jedf + Jangi

If we solve Eq. (7-69) for 9, we find for the length-force relation

Tl — L) _ 1—5.1'.;..(1+q.)\)’]. g
r=""%r “"‘[ 5 3s \TF g 72)

This shows the effect of adsorbate concentration (proportional to A\). If
g« > qp, the force T must be greater to achieve the same length (or 8)
when X > 0 as compared with A = 0. This is because the presence of
adsorbate molecules favors short units in this case. Figure 7-6 illustrates
an equivalent effect: the shortening of the chain with increase in X\ at
constant 7 when ¢, > ¢s.
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PrOBLEMS

7-1. Assume that the solid is a continuum with number density p = N/V
and occupies the semi-infinite region z < 0. Let u(r) in Eq. (IV-1) be the
interaction potential between a gas molecule and one molecule of the solid.
Show that the total interaction between a gas molecule at z > 0 and the entire
solid is

12
U@ = (5 — 35— (7-73)

(Page 126.)
7-2. Show that the frequency of simple harmonic motion at the bottom of
the potential well (7-73) is

(Page 126.)

7-3. Consider argon gas adsorbed on s solid at 200°K, according to Lang-
muir'’s equation, (7-10). In Eq. (7-3), take Ugo as 1500 cal-mole—! and », =
vy = v, = 5X 102gec—1, Calculate # when p = 1atm. (Page 128.)

7-4. Verify Eq. (7-11) for the entropy of an ideal lattice gas. Make a rough
plot of S/Mk as a function of @ over the entire range 0 < 8 < 1. (Page 128.)

7-5. Extend the derivation of Eq. (7-26) to include Eq. (7-40) for adsorp-
tion from a binary mixture. (Page 136.)

7-6. Apply the {method to a two-component (A, B) ideal lattice gas (inde-
pendent sites; each site can be empty or can be occupied by an 4 or a B).
Show that

A VI
M 1+ gsda+ gBAs
(Page 136.)
7~7. Put Eq. (7-81) in the form

A 0
lnm = In ——l — o,
where Ay/2 is the value of A when 8 = 4. Make a rough plot of 8 against
In (A/Ay/2) (“titration curve”). Compare with Fig. 7-5. (Page 139.)

7-8. Consider a system of adsorbent molecules, each with two adsorption
sites (g1 and g2). Let w be the interaction energy when both sites of a pair are
occupied. Let oo, 01, and o2 be the fractions of adsorbent molecules with gero,
one, and two adsorbed molecules. Let p be the concentration of adsorbate
molecules in equilibrium with adsorbed molecules. For a dilute solution, from
thermodynamics,

b =pu*+kTlny, (7-74)

where u* is independent of p. We define successive thermodynamic dissociation
constants by

o1p 0,
Koy = 28, Ko =22
o2 ['41
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Show that the average number 3 of adsorbed molecules per pair is

s = /Kol t+ [20/EnKay]
1+ [o/K@)] + [p?/KnK2)

This is a purely thermodynamic result. Next, we define an “intrinsic” dis-
sociation constant K for sites of type 1 by

(7-75)

_ 1 — ) 0 @A
Ky = ———0? ’ 0 TF o (7-76)

These equations refer to adsorption on tsolated sites of type 1. Show that Eqgs.
(7-74) and (7-76) give

— I kT e kT

y Kg =
Q g2

Using this notation, show that the statistical-mechanical equation (7-33) becomes

Ky =%

(7-77)

_ /Ky 4 (/K)o + (26~ %/K 1K) (7-78)
T+ (/KD + (/K)o + (e~**7p2/K1K3)

Finally, compare Eqgs. (7-75) and (7-78) to deduce the connections

1 1 1
Ko K + K:
Give a physical interpretation of Eqs. (7-79). (Page 139.)

7-9. For a system of adsorbent molecules each of which has m equivalent
and independent sites for adsorption, show that § = (1 4 g\)™ and that the
adsorption isotherm is the same as the Langmuir equation, (7-31). (Page 140.)

7-10. Use the method of Eq. (1-92) to find the characteristic thermodynamic
function for the partition function ¥. Use this result and thermodynamics to
show that

Ky = (K1 + K2)e"'™, (7-79)

dlnY
M. - K M Jaur )
(Page 141.)

7-11. Derive Eq. (7-72) for the length-force relation of an adsorbing polymer
chain from the canonical partition function Q(M,, M, N, T). (Page 142.)

7-12, Derive the properties of an ideal lattice gas using the N, ®, T partition
function, Eq. (1-87).

7-13. Deduce, from Eq. (7-6), the thermodynamic equation for a lattice gas
(or adsorbed phase)

&(p) = kT /o' 0@)dIny (T constant),

assuming that the equilibrium gas phase (pressure p) is ideal. Use this equation
to check the self-consistency of Eqs. (7-10) and (7-15).
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7-14. If adsorption in the B.E.T. theory is limited to n layers (by pore struc-
ture in the adsorbent, for example), show that

_ _call — (a4 Dz"+ na"+)
1 —21 ~ 2+ cx — czt?)

7-15. Derive the B.E.T. equation, (7-36), from the complete grand partition
function Z. For a given N, let N1 be the number of molecules in the first layer
and N’ be the number in higher layers, where Ny + N’ = N. ThenQ(N, M, T)
will involve a sum over either Ny or N,

7-16. Show that N = M@ InT/d\) in Eq. (7-51) follows from kTInT =
pV — u'M and Eq. (7-46).

7-17. Discuss the equilibrium between gas and adsorbed phase (Langmuir
model) in terms of an energy-entropy competition (see Section 5-3).

3
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CHAPTER 8
IDEAL DIATOMIC GAS

In Chapter 4 we studied an ideal monatomic gas. We extend the dis-
cussion of ideal gases here to those composed of diatomic molecules, and
then in Chapter 9 we consider polyatomic molecules. An important ap-
plication of the results obtained in these two chapters is to chemical equi-
librium and chemiecal kineties in ideal gas mixtures (Chapters 10 and 11).

8-1 Independence of degrees of freedom. We shall present in this
chapter and the following one the simplest possible treatments, based on
the rather good approximation of independence of degrees of freedom.
Brief mention of this approximation has already been made in Chapter 3
[see Egs. (3—-13) and (3-14)], but we discuss it a little more fully here.

Consider a diatomic molecule consisting of two nuclei (masses m,; and ms)
and several electrons. In an exact quantum-mechanical treatment of this
system, all these particles and their (coulombic) interactions have to be
included in a single Schrédinger equation. However, because the electrons
are very light compared with the nuclei and hence move much faster on
the average, it is an excellent approximation (called the Born-Oppenheimer
approximation) to consider the nuclei fixed while studying the electronic
motion. The procedure, then, is the following. For nuclei fixed at some
distance apart r, we write and solve the Schrodinger equation in the
coordinates of the electrons. The potential energy in this equation is made
up of electron-electron, electron-nucleus, and nucleus-nucleus coulombic
interactions. The last of these interactions is of course constant for con-
stant r. A set of (electronic) energy levels is obtained, which will depend
on the value of r. In particular, let the dependence of the ground state
electronic. energy on internuclear distance be denoted by wu.(r). This
function can be calculated accurately only for very simple molecules (one
and two electrons). In more complicated cases it must be approximated
or deduced semiempirically from experimental information. The typical
form of u,(r) is shown in Fig. 8-1. It is qualitatively similar in appearance
to the van der Waals interaction curve, Fig. IV-1, but is much deeper
(of the order of 100 keal-mole™!), and the minimum occurs at smaller
values of r (often 1 or 2 A). The depth of the u,(r) well is of course essen-
tially the energy of the chemical bond between the two atoms. The dashed
curve in Fig. 8-1 is a schematic plot of the first excited electronic energy
level as a function of 7.

147
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F1a. 8-1. Ground (and first excited) state electronic energy u, as a function
of internuclear separation r. The first few vibrational levels are shown.

We can now investigate the (relatively slow) motion of the two nuclei.
The work required to change the value of r when the molecule is in its
ground electronic state is determined by u.(r). That is, u.(r) serves as the
potential function for the nuclear motion. A second Schrédinger equation
is then written, this time in the six coordinates (z,, ¥1, 21, %2, ¥2, 22) of
the two nuclei with u.(r) as the potential function. Since we want to
consider the molecule to be in a box of volume V, we must add that the
potential becomes infinite when the center of mass of the molecule is out-
side this box. The next step is to change to the coordinates z, y, 2, 1, 6, ¢,
where z, y, and 2 refer to the position of the center of mass and r, 8, and ¢
are indicated in Fig. 8-2. With these new coordinates, the equation
separates into two equations, one in z, y, and z (translation) and one in
r (vibration), # and ¢ (rotation). The x, y, 2z equation is just that of a
particle of mass m; -+ m; in a box of volume V. This problem has al-
ready been discussed in Section 4-1. We can take over the results ob-
tained there simply by replacing m by m, + mg. The energy levels from
the r, 0, ¢ equation are difficult to calculate [for one thing, u.(r) is not
a simple function] and are not simply additive (vibration 4 rotation).
Therefore we make two further approximations. First, we replace u.(r)
by a parabola which fits «.(r) in the neighborhood of its minimum. Second,
we separate the vibrational and rotational motions from each other by
assuming that, as far as rotation (6, ¢) is concerned, the molecule has a
fixed internuclear distance r., where r, is the (“equilibrium”) value of r
at the minimum in u.(r). The rotational motion is therefore approximated
as that of a rigid, linear, free rotator and the vibrational motion as that
of a simple harmonic oscillator (a problem already discussed in Sec-
tion 5-1).
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2

Fia. 8-2. Vibrational (r) and rotational (8, ¢) coordinates of a diatomic
molecule. The center of mass is at the origin.

We have then the basic equations [see (3—-13) and (3-14)] for an ideal
diatomic gas,
H=Ht+Hr+Ho+Hc, (8'1)

€ = Gt+€r+€p+e¢, (8—2)
Q=d" oV, T) = aV, De(MaDau(T). @)

The rotational, vibrational, and electronic states are obviously inde-
pendent of the volume, so the corresponding ¢'s are functions of T' only.
We shall discuss ¢, and ¢, in Sections 8-2 and 8-3, respectively. For
g¢, 88 already mentioned, we have from Eq. (4-10),

3/2
o = [211'(7”1 }';l; ma)kT] V. (8-4)

In the notation of Eq. (4-42), ¢, is simply
e = ware— T, (8-5)

‘We shall usually choose the zero of energy as the separated atoms (r — oo
in Fig. 8-1) at rest. If the vibrational energy levels are denoted by e,,
relative to the customary choice of the bottom of the potential energy well
ue(r) as zero, and if the depth of the well (Fig. 8-1) is D,(>0), then
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Qeg» relative to our choice of separated atoms as zero is

oo = ey 3 6~ DADIT oy DIRT N —enlRT
n

q q
(] v
Thus it is self-consistent to put €3 = —D, in Eq. (8-5), as we shall do,
and write ¢, (in Section 8-2) relative to the bottom of the well as zero.

Ordinarily, just as for a monatomic gas, it is only the ground electronic
state which is of interest because of the large separation between electronic
energy levels, relative to k7. However, there are exceptions; for example,
NO (above 15°K) and O3 (above 1000°K). In these cases, assuming as
a further approximation that the rotational and vibrational states are the
same in the different electronic states, g, is still a separate factor in Eq.
(8-3), and we write

Qo = Were—t*T | (500 /T, (8-6)

As a consequence of Eq. (8-3), many of the thermodynamic functions
receive additive contributions from translation, rotation, etc. For example,

= —lenQ= At+Ar+Av+Ac; (8'_7)
where

A;= —NkTIn (q“ (8-8)
A, = —NkTIn g, A, = —NkT In g, ete. (8-9)
Equation (8-8) is the same as Eq. (4-14), except for the mass. Also,

E = kT? %—"TQ)N =B +E+E+E, 10

where
E, = §NkT, (8-11)
E, = Nk HR%, (8-12)

“dT

Similar equations can be written for Cy, S, ete.
The equation of state,

aln@y _ alnq,) _ NkT
p= kT( 1% ) NkT( v =5 (8-13)
does not depend on ¢,(T), ¢,(T), ete. [see also Eq. (3-12) and Problems
3-1 and 3-6].

To continue the discussion, we need further details concerning ¢, and ¢,.
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8-2 Vibration. The vibrational motion of a diatomic molecule involves
only one coordinate, the internuclear distance r. Thus, there is only one
vibrational degree of freedom. For the potential energy that determinés
the vibrational motion, we take

us(r) = —D, + 3 fr — ro)?, (8-14)
as already explained, where f is the force constant,
d?u,
f = ( dr2 )r-f. (8—15)

(Problem 8-1). Since we wish to use the bottom of the potential well as
the zero of vibrational energy, we drop D, in Eq. (8-14) and include it
instead in Eq. (8-5) for ¢., as mentioned earlier.

Let the line between centers of the two nueclei be the {-axis, with arbi-
trary origin and, say, {2 (location of nucleus of mass m3) >¢;. Then
r={2— ¢y, and

ue = 4 f(fs — &1 — 1),

The classical equations of motion are

ml?l = —g—?i'=f({2 — 11— 1),

mefy = — T, —f(¢a — &1 — 1)

We multiply the top equation by —mg, the bottom by m;, add the two
equations, and divide by my, + ma. Then

uE = —fz, (8-16)

T=1r — 1, p=%—2~- 8-17)
This is the equation of motion of a one-dimensional harmonic oscillator
with mass p (called the “reduced mass”). This is the standard symbol
used, and is of course not to be confused with the chemical potential. The
frequency of the classical motion is

where

=21 /.
v= %J; (8-18)
In quantum mechanics, the energy states are

€ = (n + %)hv, n=2012..., (8-19)

where » is the classical frequency, (8-18).
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The vibrational partition function is therefore (Eq. 5-6)
e—0/2T

(8-20)

Qv='—1 —-e‘e'”‘,

where @, = hv/k. The vibrational contributions E,, Cy,, S,, etc., to the
thermodynamic functions of an ideal diatomic gas are just those of N one-
dimensional harmonic oscillators all of the same frequency ». These are
the same functions as for an Einstein crystal (3N one-dimensional oscil-
lators), except for a factor of three. For example,

_ 2 d ln Qv _ 6,, 9,
E, = NkT* S22 — N (-—2 + )’ (8-21)
and
_ [9E,\ _ 0,\ &7
er= (), = (%) ety &P

”

A law of “corresponding sta obviously applies, since Cy,/Nk is a
function of ©,/T only.

Although the Einstein equations are applicable, the values of » and
therefore @, are in general higher here by a factor of about ten because of
the fact that chemical bonds are relatively strong (D,) and stiff (f) relative
to van der Waals and other types of “bonds” in most crystals. In prin-
ciple, u,(r) and therefore f, v, and ©, can be calculated from quantum
mechanics. But in practice, these quantities are usually deduced from the
experimental vibrational spectrum. Table 8-1 gives a few values of @,
and O, (defined in Section 8-3).

To take two specific numerical examples, the value 8, = 3340°K
for N, corresponds to v = 6.96 X 10'3sec™l. At 300°K, 6,/T =
hv/kT = 11.1. Hence the fraction of molecules in excited vibrational
states (n > 0) at this temperature is

e—dol kT
v

This order of magnitude is typical for most diatomic molecules, as is clear
from Table 8-1. That is, at room temperature, the vibrational degree of
freedom is practically “unexcited” and makes only a very small contri-
bution to Cy, etc. (Problem 8-2). On the other hand, a few molecules
have relatively loose vibrations and small values of 8,. For example,
©,/T = 1.57 for Br; at 300°K, and the fraction of Br; molecules in
excited vibrational states at this temperature is 0.21.

The vibrational contribution to the heat capacity Cy follows the Ein-
stein curve in Fig. 5-2 and ranges from zero at low temperatures to Nk

= =T _ 111

1 —

[4
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TaBLE 8-1
PARAMETERS FOR DiaTomMic MOLECULES

8,, °K e,, °K Te A Do, ev
He 6210 85.4 0.740 4.454
N2 3340 2.86 1.095 9.76
02 2230 2.07 1.204 5.08
CO 3070 2.77 1.128 9.14
NO 2690 2.42 1.150 5.29
HCl 4140 15.2 1.275 4.43
HBr 3700 12.1 1.414 3.60
HI 3200 9.0 1.604 2.75
Clz 810 0.346 1.989 2.48
Bra 470 0.116 2.284 1.97
Iz 310 0.054 2.667 1.54

(i.e., R per mole) at high temperatures. The upper limit is predicted by
classical statistical mechanics (see Problem 6-6). The value 0.1Nk for
Cv, is reached at T = 6,/5.8, 0.5Nk at T = ©,/3.0, and 0.9Nk at
T = 6,/1.1. In the Br; example above (at 300°K), Cy, = 0.82Nk.

In Table 8-1 and Fig. 8-1, D, is the dissociation energy of the diatomic
molecule at 0°K. The relation to D, is

Do = D, — }hv.

Although D, cannot be measured by a direct experiment, it may be
calculated from experimental values of Dy and ».

8-3 Rotation. The two ends of a symmetrical diatomic molecule are
indistinguishable, just as two monatomic molecules of the same species
in a gas are indistinguishable. This feature leads to symmetry complica-
tions and the involvement of nuclear spin in a quantum-statistical treat-
ment of the rotation of these molecules. We postpone such a treatment
until Chapter 22. Fortunately, as we shall see below, a quantum treat-
ment is really necessary only for very light molecules (e.g., hydrogen) at
low temperatures. Hence, the postponement referred to is not a serious
limitation.

These complications do not arise with unsymmetrical diatomic mole-
cules. Hence we can begin with a discussion of the quantum-mechanical
gr for such molecules. In quantum mechanics one finds that the energy
levels of a rigid linear rotator are

i(j + 1)A® ,
ei=1(%:%’ i=012...,
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with degeneracy w; = 2j + 1, and where I is the moment of inertia
about the center of mass. Tor a diatomic molecule, I = ur,2 (Problem
8-3). Therefore,

qr(T) - Zw"_e—eilkT — Z (2j + l)e—f(f-l-l)Or/T, (8_23)
J j=0
where
h2
= 8ntlk’

In Eq. 8-24, 6, is the characteristic temperature for rotation. The sepa-
ration Ae between successive rotational levels, relative to kT, is 6,/T
multiplied by a simple function of j. Hence the sum in Eq. (8-23) may be
replaced by an integral when T'>> ©,. This will lead to the high-
temperature or classical limit of ¢,. Table 8-1 includes values of ©, for a
number of diatomic gases. It will be seen from the table that for ordinary
gases at ordinary temperatures or even fairly low temperatures, T is
indeed much larger than 8,. In principle again, r,, and hence I, may be
calculated from quantum mechanics (Fig. 8-1), but in practice ©,, I,
and r, are deduced from the experimental vibrational-rotational or pure
rotational spectrum.

The sum in Eq. (8-23) cannot be put in closed form. However, it is
easy to use numerically, as it stands, at low temperatures (Problem 8-4).
At high temperatures,

a _)/;) (21 + l)e—i(f+l)9rlT d]

0, (8-24)

= [T eI gl + 1))

T _ 8«IkT
8= (8-25)
When T is not quite high enough* for use of Eq. (8-25),
_r e . ...
" =g (1 +a5t+ ) (8-26)

The corresponding equation for g,, incidentally, is given in Problem 6-2.
As a further check on the validity of Eq. (6-14) for g,jass, We have

40 2¢ ¥

Qolass = Ili / / / / ¢~ HFT gg de dp, dp,, (827
-0 0 0

* Mayer and Mayer, pp. 151154,
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where (Problem 8-5)

1 2
H =53 (p.’ + e ,) : (8-28)
On carrying out the integrations (Problem 8-6), we get Eq. (8-25) again.

The expression in Eq. (8-25) is also the classical partition function of a
particle of mass u moving freely on the surface of a sphere of radius 7,

[see Eq. (7-17)]:
g = TERT g2y _ STIET.

The above discussion pertains to unsymmetrical diatomic molecules.
The principal conclusion we reach, in view of Table 81, is that we can
generally regard rotation as classical—or fully “excited,” as it is some-
times put. Table 8-1 also contains 8, values for symmetrical molecules.
Except for hydrogen (and deuterium), these are of the same order of
magnitude as for unsymmetrical molecules. Hence the same conclusion:
generally rotation of symmetrical molecules can be treated classically.
We may therefore apply Eq. (8-27) to symmetrical molecules also, but
with one correction. For exactly the same reason that division by N1 is
included in Eq. (6-18), we have to divide here by two if the diatomic
molecule is symmetrical. If we do not do this, the two indistinguishable
configurations in Fig. 8-3 will both be counted in the integration over ¢
and ¢ in Eq. (8-27) [see the discussion following Eq. (6-18)).

Thus we can write for the high-temperature (classical) g,

_ T _ LT
=36, oh?

) (8-29)

where ¢ = 1 for unsymmetrical molecules and ¢ = 2 for symmetrical
ones. The constant o is called the symmetry number.

Fia. 8-3. Two indistinguishable configurations of a symmetrical diatomic
molecule.
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F1a. 84. Rotational heat capacity of an unsymmetrical diatomic molecule.

Equation (8-29) leads to very simple rotational contributions to thermo-
dynamic functions. For example,

T
A, = —NkTIn (ae,)’ (8-30)
E, = NkT’g-‘li—nT—qf = NkT, (8-31)
E, — A, T,
8 = ==t = NkIn (;ei) (8-32)
AN
Cy, = ( a,_,,)N = Nk. (8-33)

Equations (8-31) and (8-33) could have been predicted immediately
from Eq. (8-28) for H, and from Problem 6-6. There are two rotational
degrees of freedom (6, ¢), and E, represents kinetic energy only (unlike
E,, which has equal kinetic and potential contributions). Incidentally,
the rotation of a diatomic molecule in an imperfect gas, liquid or solid,
does involve a potential energy and is therefore not “free” rotation, as in
the present situation (ideal gas).

We can also derive low-temperature rotational contributions to thermo-
dynamic functions for unsymmetrical molecules directly from the sum
(8-23). For example, Fig. 84 gives Cy,/Nk as a function of 7/6,.
Again we have a law of corresponding states. The heat capacity has
practically its classical value for T > 1.50,. An important example is
HD (8, = 64°K), for which the theoretical Cy, curve, including the
maximum, has been confirmed experimentally (Problem 8-7).

8~4 Thermodynamic functions. Our main object in this section is to
bring together the various contributions to the thermodynamic funections
of an ideal diatomic gas. We shall set down complete equations only for
the most important special case: translation and rotation treated classi-
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cally; vibration treated quantum-mechanically; and electronic degrees of
freedom unexcited (i.e., only the ground electronic state included). Be-
fore writing the equations, we emphasize again that (a) the present
analysis, in which the various contributions are additive, is somewhat
approximate; and (b) the question of classical (fully excited) vs. quantum
v8. unexcited (i.e., ground state only) for & particular type of degree of
freedom is determined by the magnitude of the appropriate energy-level
separation relative to £7. In typical cases (Problem 8-8):

Ae (translation) = 0(10~8 ev), Ae (vibration) = 0(0.3 ev),
Ac¢ (rotation) = O(5 X 10~*ev),  Ae (electronic) = O(5 ev),
kT(300°K) = 0(0.03 ev).

The criteria are:

Classical: Ae K kT, KT
Quantum: Ae = O(kT), e = o(T).
Unexcited:  Ae > kT, e>T.

In the special case referred to in the above paragraph, we find from
Eq. (8-7), ete.,

A _ . [om(mi + mg)kT]s’z Ve | . 8r’IkT
kT < l”[ he +In =0
2’;;’T In (1 — ™) + D¢ 4 Inwyy; (8-39)
E _3 v | WkT _Il,_.
NET =33 T D i =1~ B (8-35)
Cyr 3 hv Padc .
M=2t3 +(kT @t — 1y3 (8-36)
8 ln[21r(m1 + mg)kT]a“ Ved? . 8x*IkTe
Nk = he N ohi
+ L a1 — )+ In; (8-37)
pV = NkT. (8-38)

Ordinarily, w,; = 1. The molecules O; and NO are exceptions (see
below). The order of terms in these equations is: translation; rotation;
vibration; and electronic. The heat capacity C'y is thus 5Nk/2 (transla-
tion, rotation) for T’ < O, = hv/k and rises to 7Nk/2 (vibration classical)
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for T > 0,. The form of the C'y curve between these two limits (Einstein
curve in Fig. 5-2) has been verified experimentally in a number of cases.
At very low temperatures, rotation is no longer classical, and Cy falls from
5Nk/2 to 3Nk/2 as the temperature decreases. It is not practical to
observe this effect experimentally, however, except for very light gases
(e.g., HD). Figure 84 (unsymmetrical molecules) gives Cy, for HD if
we put 6, = 64°K. For HD, 8, is 6100°K, so that the two observable
transitions (owing to exciting rotation and vibration) in Cy from 3Nk/2
to 5Nk/2 to 7Nk/2 are very widely separated on the temperature scale.

For the chemical potential, we obtain [see the remarks in connection
with Eq. (4-26)]

NiT ~ NWT T NkT — WT

A YN =)

where

(T [21r(m1 + m...)kT]*’/2 o S IET
Fr - TR b -

+1n(l — eMBTy _ %, — nw.. (8-40)

In the above equations the zero of energy has been chosen as the sepa-
rated atoms at rest, and the zero of entropy corresponds to a single (2 = 1)
translation-rotation-vibration-electronic quantum state for the macro-
scopic system of N diatomic molecules, i.e., the pure crystal at 0°K.

We have already referred briefly to the agreement found between experi-
mental Cy measurements and the above theory. Experimental checks of
the entropy equation, (8-37), will be mentioned in the next chapter. In
addition, Eq. (8-39) for the chemical potential has been verified by
megasurements of crystal vapor pressures* [compare Eq. (5-50)] and experi-
mental gaseous equilibrium constants (Chapter 10).

For NO and O; we must uset Eq. (8-6) for ¢,:

gs = ebelkT[wcl + wcze—(‘cs—‘cl)/kT]’ (8‘41)
NO: w1 = 2, ez = 2, (€2 — €a1)/k = 178°K,
Oz:we1 = 3, w2 =2, (€2 — €1)/k = 11,300°K.

Equation (841) leads to a significant electronic contribution to Cy for
NO, with a maximum predicted (Problem 8-9) at 74°K. For a con-

* See Fowler and Guggenheim, pp. 202-205.
t See Fowler and Guggenheim, pp. 102-108, for further details.
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siderable temperature range (see Table 8-1) on both sides of 74°K,
Cv¢ + Cyy = 5Nk/2 and Cy, = 0. The experimental variation of Cy
with 7 in this region is therefore due to Cy.. Theory and experiment have
been checked between 125°K and 180°K.

Finally, it should be mentioned that instead of deriving thermodynamic
functions from the slightly idealized energy levels of a simple harmonic
oscillator and rigid rotator, one can use instead actual energy levels de-
duced from spectroscopy. This is obviously a more accurate procedure,
but one which we shall not discuss. The approximation we have used in
this chapter takes care very adequately of all the first-order effects.

PROBLEMS
‘8-1. The empirical Morse function for u.(r) is
uer) = D[t — e —13.

Find the force constant f in terms of D, and a. (Page 151.)

8-2. Caleulate Cy, in cal'mole—t:deg~! for N2 and Clz at 300°K, 900°K,
and 2700°K. (Page 152.)

8-3. From the definitions of center of mass and moment of inertia, show
that I = ur? for a diatomic molecule. (Page 154.)

8-4. For HD gas at 96°K, use Eq. (8-23) to calculate ¢, E, (cal-mole—1),
and Cy, (cal'mole—1.deg=!). Take ©, = 64°K. Compare this value of ¢, with
that obtained from the classical ¢, What are the values of E in cal-mole—!
and Cp in cal'mole—.deg—! for HD at 96°K? Also, find the fraction of HD
molecules in each of the first four rotational energy levels at 32°K, 96°K, and
256°K. (Page 154.)

8-5. In the free rotation of a diatomic molecule with center of mass fixed
at the origin, each nucleus moves over the surface of a sphere. Express the
kinetic energy of the two nuclei in cartesian coordinates, change to spherical
coordinates, and hence show that the kinetic energy is

318 + &7 sin’ 0).

From this, derive Eq. (8-28). Show that a single particle of mass 4 moving on
a sphere of radius r, has this same kinetic energy. (Page 155.)

8-6. Derive the result ¢, = 7'/6, from the classical phase integral, Eq.
(8-27). (Page 155.)

-8-7. Deduce the value of 6, for HD from 6, = 85.4°K for Has. (Page 156.)

8-8. Verify the orders of magnitude listed near the beginning of Section 8-4
for Ae (translation, rotation, etc.) What wavelengths of light in A and wave
numbers in em—? do these energies correspond to (Ae = hv = he/X)? (Page 157.)
-8-9. With the aid of Problem 4-8, verify that Cy. for NO has a maximum
at about 74°K. (Page 158.)

»8-10. From spectroscopy it is found that 8, = 9.0°K for HI. Calculate,
(a) the moment of inertia of HI in cgs units, and (b) the equilibrium inter-
nuclear separation r, of HI in A.
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8-11. Calculate the fraction of Clz molecules in the first four vibrational
states at 200°K, 800°K, and 3000°K.

8-12. From Table 8-1 calculate the vibrational force constant f in dyne-cm—1,
the frequency », and wave number in cm~! for HCI, Clg, and Is.

8-13. From Table 8-1 calculate D, in cal-mole~? for Ha.

8-14. Calculate S8 and C, in cal'mole—!-deg—! and p in cal'mole—! for N2
and HBr at 25°C and 1 atm pressure (see Table 9-2). The value of w,; is unity
for both gases.

8-15. Calculate the work (in cal'mole—!) necessary to stretch the chemical
bond in HCl fromr = rstor = r,+ 0.1 A.
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CHAPTER 9
IDEAL POLYATOMIC GAS

In this chapter we make a direct extension to polyatomic molecules of
the methods and approximations used in the previous chapter for diatomic
molecules. One new feature arises: hindered internal rotation (in molecules
such as ethane), which is considered in Section 9-5. We also include in
this chapter a section (9-6) on the transition from localized to mobile
adsorption (these terms were introduced in Section 7-1). Offhand this
appears to be a completely unrelated subject, but actually this transition
can be described by the same equations as those developed for the tor-
sional oscillation—free internal rotation transition in ethane, ete.

0-1 Potential energy surface. A polyatomic molecule consists of three
or more nuclei and, usually, many electrons. To deduce the thermo-
dynamic properties of an ideal (i.e., very dilute) polyatomic gas, we first
need the quantum-mechanical energy levels for a single polyatomic mole-
cule in a box of volume V. This problem is extremely, if not hopelessly,
complicated unless we make the same simplifications as in the previous
chapter for diatomic molecules. Actually, there are several refinements
that could have been introduced without much complication in our treat-
ment of diatomic molecules, but such refinements are not practical here
because of the greater complexity of the problem.

For a given fixed configuration of the nuclei of one molecule, we first
study the quantum-mechanical problem of the motion of the electrons.
This leads in principle to a set of electronic energy levels of which only
the ground state is of much interest to us. If we vary the location of the
nuclei relative to each other, the ground state electronic energy u, varies.
The (relative) nuclear configuration of a diatomic molecule can be repre-
gented by a single variable r, the internuclear distance. One can then
use a curve (Fig. 8-1) to show how u, depends on relative nuclear con-
figuration. But for a polyatomic molecule, u, is a function of 3n — 5
variables for a linear molecule, or 3n — 6 variables for a nonlinear mole-
cule, where n is the number of nuclei in the molecule. This follows because,
of the total of 3n coordinates needed to locate the n nuclei in space, three
are used up on the position of the center of mass of the molecule and
two (linear) or three (nonlinear) on the rotational orientation of the
whole molecule in space. The remainder are the coordinates (vibra-
tional degrees of freedom) having to do with the position of the nuclei
relative to each other and are the only ones on which u, depends. Thus if

161



162 IDEAL POLYATOMIC GAS [cHAP, 9

n > 3, 4, is a function of at least three variables. We have to imagine
then that u, is represented by a surface in a space of at least four dimen-
sions. If the molecule is a stable molecule, this u, surface necessarily has a
minimum (in some cases, several equivalent minima). The nuclear con-
figuration corresponding to the minimum in u, is the stable configuration
of the molecule (r = r, in Fig. 8-1).

The ground state electronic energy u. is used as the potential function
for the nuclear motion (Born-Oppenheimer approximation). Hence the
u, surface is often called a potential surface. An exact calculation of the
potential surface from quantum mechanies is too difficult mathematically,
80 an approximation, or more often, experimental information, is used to
construet it (near the minimum).

The translational motion (3 degrees of freedom) of the center of mass of
the molecule is separable and again leads to (Eq. 8—4)

L lsl2
q'=[_2l(;;‘.2l’i)ﬂ'] vV (9-1)

b

where the sum is over all atoms in the molecule.

The rotational motion (two or three degrees of freedom) is made separa-
ble by assuming that, as far as rotation is concerned, the molecule has the
rigid structure corresponding to the minimum in the potential surface.

An analysis of the vibrational motion (3n — 5 or 3n — 6 degrees of
freedom) is rendered practical by use of a quadratic approximation [see
for example, Eq. (V-1)] to the true potential surface at the minimum.
Even with this approximation, a normal coordinate analysis of the vibra-
tional motion is still required.

Because of the large separation in electronic energy levels, we shall
be concerned with only the ground electronic state. Hence

ge = were T, (9-2)

For ordinary chemically saturated molecules, w,; = 1. Probably the
most convenient choice of the zero of energy is completely separated atoms
at rest. If the depth of the potential minimum is D, (>0) relative to this
reference point, we put €., = —D,, and choose the bottom of the potential
surface as the zero of vibrational energy.

Having carried over the approximations of Section 8-1 to polyatomic
molecules, we can apply Eqs. (8-1) through (8-3) and (8-7) through (8-13)
here without modification.

Potential energy surfaces are also discussed in Section 11-1.

9-2 Vibration. Let us assign eartesian coordinates to each nucleus in
the molecule, x,, ¥, 21, . . . , Zn, Yn, 2n, Using as respective origins the posi-
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tions of the nuclei when the molecule is in its stable or equilibrium (bottom
of u,) configuration. For small vibrations about the equilibrium con-
figuration, the Hamiltonian will have the form of Eq. (V-1), but extended
to three dimensions. The potential energy u, (relative to the minimum)
will be a quadratic function of relative coordinates such as zy — z;,
Z3 — 1, Y2 — Y1, ete. To make further progress we must perform a
normal coordinate analysis as in Appendix V. This can be carried out for
fairly complicated molecules. Symmetry in the molecular structure and
simplifications in the assumed form of u, help. Of the 3n normal co-
ordinates, five (linear) or six (nonlinear) will turn out to be associated
with motion of zero frequency, that is, with translation or rotation. The
remaining 3n — 5 or 3n — 6 normal coordinates are connected with vi-
bration (except for internal rotation—sa complication discussed in Section
9-5 and not present in the molecules under consideration up to that
section).

Corresponding to the diagrams (V-10) and (V-11) of normal modes
in one dimension, the following are simple schematic examples in three
dimensions:

€0, H,0

-©@ ©® O e
o0 O- @ & J Q
®®®}S“’” 0
© ® O o J

The + and — signs refer to displacements perpendicular to the paper.

Each normal mode of vibration makés an independent contribution to
thermodynamic functions such as E, Cy, 8, etc., as we have already seen
in Section 5-2 in discussing crystals. Incidentally, we remind the reader
that the vibration problems in molecules and in crystals do not differ at
all in principle. In practice, (a) the force constants in molecules are
usually larger, and (b) the number of atoms in crystals is so large that we
can ignore (i) translational and rotational degrees of freedom and (ii)
edge effects.

If the normal frequencies »y,¥3,...,V,, Where #' = 3n — 5 or
3n — 6, are known, we have immediately (see Sections 52 and 8-2)
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equations such as
n’ e-ea'/ 2T

e= I == ©-3)
E, —NIcZ( ee,T@'_ 1)’ (9-4)
Cvo = Nk i_)[(e) ( s 1)2] ©-5)

where ©; = hv;/k.

In principle, 4., and hence the »;, can be calculated by quantum me-
chanics. In practice, the v; for polyatomic molecules must always be
deduced empirically from vibrational (infrared and Raman) spectra.

Numerical examples will be included in Section 9—4.

9-3 Rotation. If the equilibrium configuration (minimum in %,) of &
polyatomic molecule is linear, as for example in CO,, CoH,, N30, ete.,
the rotational problem is exactly that already discussed in Section 8-3.
The molecules are heavier here, the moments of inertia (about the center
of mass) are larger, and the classical equations are practically always
appropriate. Thus we take over Eqs. (8-29) through (8-33) without
change. In the examples mentioned above, ¢ = 2 for the symmetrical
molecules CO; and C;Hj,, but ¢ = 1 for NoO (structure: NNO).

If the equilibrium structure is nonlinear, three rotational coordinates
instead of two are required. For example, in addition to two angles, say
0 and ¢, necessary to fix the orientation of an axis in space (as for a linear
molecule), a third angle is also needed because of the possibility of rotation
of the molecule around the axis itself.

The rotational properties of a nonlinear rigid body can be expressed
most simply in terms of the so-called principal moments of inertia, which
we now define. First, we locate the center of mass of the equilibrium
configuration of the molecule. To do this, we use the following definition:
if the center of mass is chosen as origin of cartesian coordinates for all
nuclei in the molecule, then (Problem 9-1)

2om@i = ) myi= ) ma;=0. (9-6)
[ O 3

Now consider any straight line passing through the center of mass. A
moment of inertia can be calculated about this line: I = Y ;m;d2,
where d; is the perpendicular distance of the mass m; from the line. On
this line, mark off a distance on both sides of the center of mass propor-
tional to I~/2 calculated about the line. Now choose other lines through
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the center of mass, and on each mark off distances proportional to (same
proportionality constant) I~Y2 about the line. The locus of the marks
is an ellipsoid,* called the ellipsoid of inertia. The longest marked-off
line is one of the principal axes of the ellipsoid, and the moment of inertia
about this line (that is, the minimum I) is called a principal moment of
inertia. The shortest line is also a principal axis, and the associated I
(the maximum I) is a principal moment. The third principal moment is
that about the line perpendicular to both the lines just referred to. Let
us call the three principal moments of inertia I4, I'p, and Ic. If all three
moments are equal, the molecule is called a spherical top (e.g., CH,); if
only two are equal, the molecule is a symmetrical top (e.g., C¢He¢ and
CHCI3); if all three moments are different, the molecule is an unsym-
metrical top (e.g., Hy0).

The rotational energy levels for the most general case (an unsym-
metrical top) are very complicated. Hence a general quantum-statistical
treatment is awkward on this account, as well as on account of quantum
symmetry considerations (as with Hg) for some molecules (see Chapter
22). Fortunately, a classical treatment is legitimate except in the case
of very light (hydrogen-containing) gases at low temperatures (e.g., CH,
below 80°K). We consider the classical case only. Now even the classi-
cal Hamiltoniant for a rigid unsymmetrical rotator is a little too com-
plicated to derive here (since this is not a book on mechanics). We
confine ourselves, therefore, to the statement that insertion of the clas-
sical Hamiltonian into the classical phase integral leads, after a rather
straightforward integration,{ to (Problem 9-2)

1/2 ET\!/2 k 1/2 k 1/2
=T (81!'2IA T) (81:'2’{: T) (8"2,55 T) . e

T h2

As before, the symmetry number ¢ has been introduced in Eq. (9-7) to
correct for repeated counting of indistinguishable configurations in the
classical phase integral. The symmetry number is the number of different
ways in which the molecule can achieve, by rotation, the same (i.e.,,
counting like atoms as indistinguishable) orientation in space. For ex-
ample, we can see that ¢ = 12 for CH, (tetrahedral symmetry) as follows.
If we imagine, say, that the tetrahedron is sitting on a table with one
hydrogen up and three down, then there are three ways of arranging the
“down” hydrogens (rotations of 0° 120° 240°) while keeping the same
hydrogen up. But there are four possibilities for the “up” hydrogen.

* For proof, see Chapter 5 of H. GoLpsTEIN, Classical Mechanics. Reading,
Mass.: Addison-Wesley, 1950.
1 See Mayer and Mayer, pp. 191-194.
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Therefore, ¢ = 3 X 4. Similarly, ¢ = 2 for H;0, ¢ = 3 for NHj3,

o = 4 for C;H,, and ¢ = 12 for CgHs.
Equation (9-7) can also be written, in obvious notation,

_1.,1/2( T3 )1/2
v =T \e.0:00) @8

The rotational contributions to some of the thermodynamic functions
of nonlinear molecules are then:

ll2 T3 1/2
A, = —NkTh T— p 949390) ’ (9-9)
E, = §NkT, (9-10)
ve = 8Nk, (0-11)
ll2 T3e3 1/2
8= Nkln™— eAeBec) : (9-12)

Here the rotational (kinetic) energy is 3NkT'/2 instead of 2NkT'/2, as for
linear molecules, because of three instead of two rotational degrees of
freedom. We do not need to know I4, Ip, and I¢ to evaluate E,, Cy,,
etc., but these quantities are required for the entropy and any thermody-
namic function which involves the entropy (e.g., #, 4, etc.). The moments
of inertia can be computed if the molecular structure is known. This
structure (i.e.,, the nuclear configuration at the minimum in %,) is too
difficult to deduce by a quantum-mechanical calculation, so recourse must
be taken to experimental information (rotational spectrum, electron and
x-ray diffraction, etc.).

9-4 Thermodynamic functions. We first bring together the various
contributions to the main thermodynamic functions. For linear polyatomic
molecules, Eqs. (8-34) through (8-38) apply, except that m; 4+ mg must
be replaced by 3_; m;, and each term involving the vibrational frequency
v must be replaced by a sum of similar terms over 3n — 5 vibrational
frequencies. For nonlinear molecules,

- o= o[ EEm TP e 22 (T )
NkT — h2 o \6,0560¢

3n—6 hl’ A T
— 2 |opp tIn (@ — &M )]+ P+ oa;  (9-13)

t=]
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E _3,3,%w hvi/kT D,.
mr=ztzt 2 \artwar—1) — w9
Cvr 3 3 3n—6 ( ) MR
M2tz Tt E WI;T_:T)E’ (9-15)
_§_ _ m[z”(z‘ m;)kT]a" Vo2 41 ,u.llaes/z( T3 )1/2
Nk h2 N n P eAeBeC
3n—6 .
+ El [e——‘»ﬁ;-/’f' T~ I — 0"""'”)] + In wes; (9-16)
pV = NiT. (9-17)

The chemical potential follows immediately from u = (A + pV)/N
(Problem 9-3).

We now turn to examples of applications of the equations for C'y/Nk.
Aside from the constants 5/2 (linear) and 6/2 (nonlinear), the only con-
tributions come from the sum over frequencies in Eq. (9-15). We use
frequencies obtained from infrared and Raman spectra.

(1) For CO,, the four values of ©; = hv;/k are 1890, 3360, 954, and
954°K. The respective vibrational terms in Eq. (9-15) are then calculated
to be 0.086, 0.000, 0.483, and 0.483 at 312°K, or a total of 1.05. Hence
Cy/Nk at 312°K is 2.50 + 1.05 = 3.55. The experimental value is 3.53.

(2) For BFj3, the 8, are 1270, 995, 2070, 2070, 631, and 631°K. The
respective terms in Eq. (9-15), at 278°K, are 0.221, 0.378, 0.033 (x2), and
0.662 (X2). The total is 1.99. Hence Cy/Nk is 4.99. The experimental
value is 4.89. At 189°K, we calculate from the 6, that Cy/Nk = 5.05,
wheress the experimental value is 5.04.

TasLE 9-1

HeaTr Caracrty or N0

o Cv/Nk Cy/Nk
T,°K (cale.) (expt.)
203 3.06 3.10
293 3.61 3.61
390 4.08 4.05
467 4.49 4.46
625 4.89 4.90
733 5.15 3.15
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(3) For N,0, the ©; are 850, 850, 1840, and 3200°K. Table 9-1 com-
pares with experiment, over a considerable temperature range, values of
Cvy calculated from these vibrational frequencies.

The agreement between theory and experiment in the above examples
is very good. Furthermore, this kind of agreement is found quite generally.
However, the above treatment of the vibrational degrees of freedom is
not adequate for molecules with internal rotation, such as ethane. We
return to this subject in the next section.

The entropy provides a somewhat more severe test of the theory
than the heat capacity, since the rotational and translational ccn-
tributions to the entropy are not just constants. Table 9-2 compares
values of the molar entropy at 1 atmosphere pressure for a number of
gases, obtained in two ways: (a) the “spectroscopic entropy” calculated
from Egs. (4-21) (monatomic), (8-37) (diatomic or linear polyatomic),
or (9-16) (nonlinear polyatomic), using spectroscopic data as the source
of the moments of inertia, vibrational frequencies, and ground state
electronic degeneracies; and (b) the “calorimetric entropy” calculated
from experimental heat capacities and heats of phase transitions. That is,
we are using in (a) the statistical-mechanical relation S = kIn @, and
in (b) the thermodynamic equation 8 = ¢g(T) (Eq. 2-35). Both these
expressions relate to the same zero of entropy, as explained at the end
of Section 2—4, and should lead to results which agree with each other.
This is seen to be the case in Table 9-2. Three comments about this
table should be made: (1) If the real gas is not effectively ideal at
1 atm pressure and the temperature indicated, the calorimetric value of

TaABLE 9-2

ENTROPY OF GASES AT 1 ATMOSPHERE PRESSURE

o Sspeot; Sul;
Gas T,°K cal-deg—!-mole—1 cal-deg—!-mole—!

A 208.1 37.0 36.4
Cd 208.1 40.1 40.0
Zn 208.1 38.5 38.4
Hg 208.1 41.8 41.3
N2 208.1 45.8 45.9
02 298.1 49.0 49.1
HCl 298.1 4.6 44.5
HBr 298.1 47.5 47.6
NH; 239.7 4.1 4.1
CO2 194.7 47.5 47.6
CH3Br 276.7 58.0 57.9
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S has been corrected for gas imperfection by use of equation-of-state
data (the correction is usually less than 0.3 cal-deg™ -mole™!). (2) The
spectroscopic values of S for the diatomic molecules are slightly more
accurate than would follow from Eq. (8-37), since the actual spectroscopic
vibration-rotation energy levels have been used (see the last paragraph of
Section 8—4). (3) The spectroscopic method is capable of greater accuracy
than the calorimetric method, e.g., the deviations in Table 9-2 for A and
Hg must be attributed to experimental error in the calorimetric work.

There are, however, a few molecules for which a discrepancy between
Sspect and Sgai is noted. Some of these are included in Table 9-3. In
every case, Scal < Sspect. The explanation for CO, for example, is gen-
erally accepted to be the following. Sspect is calculated from the number
of quantum states @ of the gas and should therefore be considered the
true entropy of the gas (relative to @ = 1 as zero). Solid CO, in its true
equilibrium state at 0°K, would have each CO molecule in some definite
orientation (corresponding to the lowest possible energy) and @ = 1.
However, the CO molecule is effectively very symmetrical. It has a very
small dipole moment and is isoelectronic with N, Hence, in actually
preparing the crystal at low temperatures, a random mixture of the two
orientations CO and OC, rather than one particular orientation, is frozen
into the crystal at each molecular position. Thus the crystal is in a meta-
stable state, and the rate of the process metastable state (mixed orienta-
tion) — stable state (definite orientation) is negligibly small at low
temperatures. The metastable crystal has @ = 2% at 0°K, instead of
Q = 1. Since the calorimetric measurements are made on the metastable
crystal, we have to write [see Eqs. (2—42) and (2-43)]

8(T) = 8(0) + ¢(T) = 8(0) + Seal,

where S(0) = kIn 2" instead of S(0) = kIn1 = 0, as usual. If RIn2
is added to S;a for CO in Table 9-3, the agreement with Sgpec, becomes
satisfactory.

TaBLE 9-3
ENTROPY OF GASES AT 1 ATMOSPHERE PRESSURE
Gas | T,°K Sepeets b Sepoct — Seal
8 ' cal-deg=1-mole~! | cal-deg—1-mole—1 | et o8
CO 298.1 473 46.2 1.1 Rln2 =14
NNO 184.6 48.5 474 1.1 Rin2 =14
CH3D 99.7 39.5 36.7 2.8 Rln4 = 27
H20 298.1 45.1 4.3 0.8 Rln (3/2) = 0.8
D20 298.1 46.7 45.9 0.8 Rln (3/2) = 0.8
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The explanation for NNO is presumed to be the same as for CO. In
the case of CH3D, there is an obvious four-fold effective symmetry of
orientation, so that the discrepancy is Rln4. The argument for H,O
and D0 is rather more involved,* and we omit it. The conclusion is that
the discrepancy should be RIn (3/2). In all these cases, satisfactory
agreement with experiment is achieved after the correction is made.

The next chapter, on chemical equilibrium in ideal gases, will provide
tests of our theoretical expressions for the chemical potential of ideal gases
(monatomie, diatomiec, and polyatomic).

9-5 Hindered internal rotation in ethane. There are many molecules,
especially hydrocarbons, with internal rotation about bonds. Ethane
is a relatively simple prototype, and we confine our rather qualitative
discussion to this case. One of the 18 normal modes of vibration in ethane
corresponds to a torsional oscillation of one methyl group relative to
the other. This mode is neither Raman nor infrared active, so direct
spectroscopic information about the frequency is unobtainable. However,
if we measure the heat capacity of ethane and subtract the contributions
to the heat capacity of the translational, (rigid) rotational and 17 spec-
troscopically available vibrational degrees of freedom, the remainder
must be the contribution C of the torsional mode. This calculation of
C can be carried out at several temperatures. Values of C obtained in
this way follow the solid part of curve 1, Fig. 9-1, rather closely. The
one-dimensional Einstein heat-capacity curve which comes nearest to
fitting these data over the whole temperature range is curve 2 in Fig. 9-1
(hv/k = 350°K), but the fit is not at all good. We have to conclude,

1.0 -
-
2 Sea. 1

0.8 — -~-~...
=
< 0.6+

L 3
0.4 “ll
0.2
1 A | L I
200 400 600 800 1000

T,°K

Fi1e. 9-1. Contribution of torsional mode to heat capacity of ethane. Curve 1:
restricted rotator with Vo = 3100 cal-mole—l. Curve 2: simple harmonic
oscillator with kv/k = 350°K. Curve 3: free rotator.

* See Fowler and Guggenheim, pp. 214-215.
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Potential
energy

%

Fia. 9-2. Potential energy hindering rotation in ethane.

then, that this degree of freedom is not a simple harmonic (torsional)
oscillation.

A second possibility is that the degree of freedom in question can be
considered to be free rotation, about the C—C bond, of one methyl group
with respect to the other. However, one free rotational degree of freedom
at the temperatures in question would give the classical result C/Nk =
1/2 = constant. This is shown as curve 3 in Fig. 9-1. Clearly this pos-
sibility must also be discarded.

The correct explanation has turned out to be intermediate between
these two extremes. If ® is the angle between one methyl group and the
other, looking along the C—C bond and taking ® = 0 when the two methyl
groups are “staggered” (not lined up or “eclipsed”), then the potential
energy (ground-state electronic energy) of the molecule varies periodically
with ® This variation can be represented approximately by

3Vo(1 — cos 39), (9-18)

as shown in Fig. 9-2. That is, the rotation of one methyl group relative
to the other is not free, but is hindered by a periodic potential, with barrier
Vo. However, when kT >> V,, the rotation is effectively free and C/Nk
approaches the value 1/2. On the other hand, when kT << ¥V, the system
is trapped in one of the three minima in the potential, and the motion is
simple harmonic (torsional) oscillation. In this limit, C/Nk approaches
the low-temperature behavior of a one-dimensional Einstein heat-capacity
curve (Eq. 5-14).

The following steps are necessary to take care of an arbitrary tem-
perature [e.g., kT = O(Vy)]: (a) the one-dimensional Schrédinger equa-
tion in the coordinate ® must be solved, using the potential (9-18), to
give the energy levels; (b) the energy levels are inserted in the parti-
tion function gs = X ;¢7%*7; and (¢) C/Nk is computed from tem-
perature derivatives of gs, as usual. This work can be carried out nu-
merically. Of course, the function C(T)/Nk will be different for different
choices of V. Curve 1 in Fig. 9-1 is actually the theoretical curve for
Vo = 3100 cal-mole™". This curve fits the experimental points over the
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temperature range of their availability (solid part of curve 1). Curve 1
approaches curve 3 asymptotically at high temperatures. The theory
has also been checked and V, evaluated by comparing Sea1 With Sepeot,
over a temperature range, using the energy levels for hindered rotation
referred to above for the 18th vibrational mode in Sypect.

9-6 Hindered translation on a surface. Here we investigate an adsorp-
tion problem that is very closely related in a formal way to the preceding
section. In Section 7-1 we discussed the two extreme kinds of monolayer
adsorption: localized and mobile. Here we consider the transition from
one kind to the other. Suppose that we have a simple square lattice of
adsorption sites on the surface of a crystal, with nearest-neighbor distance
a. The surface area is @ = L? = Ma?, where M is the number of sites.
We restrict the discussion to the case of a very dilute monolayer: N <« M,
where N is the number of adsorbed molecules. The zy-motion of an
adsorbed molecule is assumed independent of the z-motion. The z-motion
is taken care of by ¢,, & one-dimensional harmonic oscillator partition
function, as in Eqs. (7-3) and (7-18). We represent the potential energy
function for the zy-motion (see Section 7-1 and Fig. 7-2), approximately,
by
Uo(z, ¥) = Uoo+%Vo(l —cos2®) 4 1 Vo(l — cosZ™). (9-19)

a 2 a
The resemblance to (9-18) for hindered rotation in ethane is obvious.
At low temperatures, the molecules vibrate about the minima in Uy(z, v)
with frequency (Problem 9-4)

Vz=Vy=(ZZ:

Equation (7-3) is applicable in this limit. At high temperatures, the
motion is free translation and Eq. (7-17) is appropriate. At intermediate
temperatures, Eq. (9-19) must be used as it stands. We have then to find
the quantum-mechanical energy levels and partition function for the po-
tential Uo(z, y). This nroblem becomes the same as that in the preceding
section, after a suitable correlation between the notations,

The exact treatment of this problem, which is complicated, was omitted
in Section 9-5 and will be omitted here. We present instead a very ac-
curate (over the entire tempcrature range) approximate solution which
was introduced and tested against exact results by Pitzer and Gwinn
for the hindered rotation problem. The approximation is to write the
zy-partition function as

2)1/2 - ©-20)

@har ose—quant , (9_21)

qhar osc—class

Qzy = Qelass X
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where gclaes is the classical ¢., using the potential Uy — Uy in Eq.
(9-19), gho—q is the quantum harmonic oscillator partition function for
motion about the minima in (9-19), and gno— is the classical limit of
@ho—q. It is easy to see that Eq. (9-21) has the right asymptotic properties:

T — oo, Gho—q — Gho—o Qzy — Gelassy

T—0, Qolass — Qho—o Qzy — Qho—q-

The complete partition function for the system is

where
g = gug.e 0, (9-23)

with ¢., given by Eq. (9-21).
Next we find golaes. We have

40 L
1 —
Qolass = ¥ / / / / ¢TI gy dy dp: dpy, (9-24)
—"0

H= p,_l_p,,_'_ Vo (2—coszﬂ—cosm

where

Then
Qolass = 2—”# eV "T[ exp (sz cos 2= ]

If we put u = Vo/2kT and 6 = 27x/a,

2 2
Qolass = 21r;:;kT —2u [21; [ e w"dO] .

The integral is equal to 2w Io(u), where I4(u) is a modified Bessel function
of the first kind. Hence
: mkT

doam = 2L 6o~ 3(u). (9-25)

We can obtain gy, easily from gejass, using the limit 7 — 0 (i.e., u — »):

Gho—e = Qolass(tt — ) = M (’;—%)2, (9-26)
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where v, is given by Eq. (9-20) and we have used the property
. e
I o) = g

The factor M in Eq. (9-26) is to be expected, since there are M sites in
the area @ over which the phase integral in Eq. (9-24) is extended. Finally,
in view of Egs. (9-26), (5-6), and (5-7), we must have

e—lw,,lsz 2
Toq=M 1 — e—hwikT

We can now substitute Eqs. (9-25) through (9-27) into Eq. (9-21).
We obtain

(9-27)

_ 2w Mue—*e—2%*[3(u)
9w = (1 — e—Kw)2

e )"’
K= (mano )

The adsorption isotherm is linear here (since the adsorbed phase is
very dilute), but the proportionality constant between N and p (Eq. 7-20)
is a function of temperature:

N = (qugee™ V¥4 T)p, (9-29)
Other thermodynamic properties can be deduced from Eq. (9-22) in

\Vo = 608 cal-mole~!

304
152

) (9-28)

where

C/Nk

-
T, °K

Fig. 9-3. Theoretical heat capacity curves (contribution from motion in
plane of surface) for dilute adsorbed phase of argon atoms on 100 plane of KCL.
Vo is the potential barrier of Fig. 7-2 and Eq. (9-19).
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the usual way. For example, one finds that the xy-contribution to the
heat capacity (constant N and ®) is

c _ Liw If(u)] L 2KMeTR o o

NE= Tl 2“[“ Tow) ~ T3]t T =Ko’

This equation is illustrated in Fig. 9-3 for argon atoms on a KCl 100-plane.
Vo is probably about 200 cal-mole™ . Experimental curves of this type
have not been observed as yet. In general, the maximum in the heat-
capacity curve is predicted to occur at about kT = Vo/5. These curves
belong to the same family as curve 1 in Fig. 9-1.

PrOBLEMS

9-1. Locate the center of mass of the linear molecule HCN, given that the
equilibrium internuclear distances are 1.157 A for CN and 1.059 A for HC.
Calculate the moment of inertia about the center of mass. Carry out the same
calculations for DCN. (Page 164.)

9-2. For a spherical top, the rotational energy levels are

L. 2
Py =%, i=012...,
with degeneracy w; = (2§ + 1)2. Ignore molecular symmetry, replace the sum
in ¢, by an integral, and verify Eq. (9-7) for the case I, = Ip = I¢. (Page 165.)

9-3. Derive expressions for u and x®(T) for nonlinear polyatomic molecules.
(Page 167.)

94, Derive Eq. (9-20) for v, from the potential (9-19). (Page 172.)

9-5. H20 has an OH distance 0.958 A and an HOH bond angle of 104°27’.
Find the center of mass and calculate I4, I, and I¢ (see Problem 9-11).

9-6. CH4 has a tetrahedral structure with a CH distance 1.094 A. Calculate
I, =1Ig = I¢

9-7. Show that in localized adsorption, in the limit as N/M — 0,

__MDF L
Q = wor = wy — w M-

Equation (9-22) with (9-26) is an example. The equation of state is o@ = NkT,
in view of Problems 3-1 and 3-6. This is verified by Eq. (7-7).

9-8. Calculate », from Eq. (9-20), using Vo = 200 cal'mole~!, ¢ = 4 A
and m for argon.

9-9. From Eq. (9-28), derive Eq. (9-30) for C/Nk.

9-10. In CO2, the CO distance is 1.161 A. The vibrational characteristic
temperatures are ©; = 1890, 3360, 954, and 954°K. Calculate the entropy of
COz2 per mole at 1 atm pressure and 194.7°K (see Table 9-2).
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9-11. The normal vibrational frequencies for HoO are 3650, 1590, and 3760
in em=1. The moments of inertia are 1.024, 1.921, and 2.947 X 10—4° gm:cm2.
Calculate S and u per mole at 1 atm pressure and 25°C (see Table 9-3).

9-12. Use the data given in the text to calculate Cy for N2O at 733°K (see
Table 9-1).
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CHAPTER 10
CHEMICAL EQUILIBRIUM IN IDEAL GAS MIXTURES

In previous chapters we have shown how the thermodynamic proper-
ties of ideal monatomie, diatomic, and polyatomic gases can be caleulated
by statistical-mechanical methods. An important application of this work
is to chemical equilibria occurring in ideal gas mixtures. The object is to
deduce equilibrium constants for such reactions, using spectroscopic in-
formation about the individual molecules. Equilibrium constants obtained
in this way are often more accurate than those found by direct measure-
ment. Chemical equilibria in imperfect gases will be considered in Chap-
ter 15.

10-1 General relations. The statistical-mechanical basis of the second
law of thermodynamics was examined in Section 2-3. In particular, we
considered the second law in the form § — maximum (isolated system),
A — minimum (N, V, T constant), F — minimum (N, p, T constant),
etc. Since from these statements of the second law, by thermodynamic
arguments, one can deduce results such as Ay = 0 for phase or chemical
equilibria, we may take the position that the equilibrium criterion Ay = 0
has been given a statistical foundation. We have already adopted this
attitude, for example, in studying the vapor pressure of a Debye crystal
(Section 5-3) or of an adsorbed phase (Chapter 7). However, because of
the importance of chemical equilibria, and for variety, we deviate from
this policy here on two counts: (a) In this section we give the thermody-
namic derivation of Ay = 0 for a homogeneous (i.e., one-phase) chemical
reaction from the equilibrium criterion F — minimum (N, p, T constant).
(b) In the next section we verify the thermodynamic result in (a) for a
special case, using a purely statistical argument.

We now turn to the derivation of Ax = 0 for a chemical reaction. Con-
sider a closed one-phase system, at equilibrium, at pressure p, temperature
T, and containing the numbers of molecules N4, Np, N¢, Ny, Ny, . ...
The system may be a gas, liquid, or solid. The equilibrium of the system
includes equilibrium with respect to a chemical reaction, say

vaA + vgB 2 vcC, (10-1)

where v4, vp, and v¢ are small integers. The species 1, 2, . . . are present
but do not participate in the reaction. The Gibbs free energy of this
multicomponent system is

F = Nspa+ Nppp + Ncpc + Ny + Nopa + -+ -
177
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Now consider the infinitesimal process of converting, say, »4 d£ molecules
of A and vz d£ molecules of B into v¢ d¢ molecules of C. Since the process
is an infinitesimal one, none of the intensive properties of the system will
change appreciably and hence all the u’s are constant during the process.
The change in F in the process is therefore

dF = psdN4 + ppdNp + pcdN¢
= (—Vapa — vBpB + vouc) dé = Ap dt.

No terms in u;, ug, etc., appear here, since Ny = constant, ete. Since the
process occurs in a closed system (molecules of A, B, and C are intercon-
verted but no molecules go in or out of the system) at constant p and T,
and the system is at equilibrium, we must have, according to the second
law, dF = 0. We therefore conclude, since d¢ is arbitrary, that Ay = 0 or

vapa + VBlB = Vepc. (10-2)

The chemical potentials here must be assigned the values they have after
chemical equilibrium has been achieved. This result is general; it is not
restricted to an ideal gas mixture, or even to gaseous reactions.

Now let us apply Eq. (10-2) to the special case in which we are inter-
ested in this chapter—a chemical reaction occurring in an ideal gas mix-
ture. First we note that the expression for the chemical potential of each
species ¢, in terms of N;, V, and T', is the same as if only that species existed
in the system (this 18 true, of course, only for an ideal gas mixture). To
see this, consider, say, a binary system. Then from Eq. (8-15) [see also
Eq. (4-27)),

N,y Ng
Qv Ny, ¥, 1) = WD 6D, o)

where ¢, and g2 may refer to monatomic, diatomic, or polyatomic mole-
cules. We find easily from

(*’ an) — s
Ny /nav.r kT

_»m ql(V) T')
¥T — In N (10-4)

just as for a one-component gas.

If the reaction (10-1) occurs between molecules 4, B, and C in an ideal
gas mixture, the equilibrium condition is (10-2), where each chemical
potential is given by an equation of the form (10-4). Substituting Eq.
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(104) in (10-2), we find
Nt _ et
NJANg® — qiaqz®

(10-5)

The N’s in this equation refer, of course, to the numbers of molecules
present after the chemical equilibrium has been established. Now, each
¢ i8 equal to V multiplied by a function of temperature only [see Problems
3-1 and 3-6 and Egs. (4-10), (8~4) and (9-1)], so that ¢/V is a funetion
of temperature only. Therefore, the quotient of ¢'s in Eq. (10-5) is in
general a function of both ¥V and T, but we have

P’ _ _ (ge/W)° -
7oz~ G@a/Vy gy — KT (10-6)

where pc = N¢/V, ete., and K(T) is a funciion of temperature only,
called the equilibrium constant.
As the partial pressures are p; = p:T, we also have

P (qckT/V)C
PiAps®  (qakT/V)"4(qpkT/V)"B

= (I)°747PK(T) = Kx(T), (10-7)

which is, in general, a different equilibrium constant, often used.
In thermodynamics, one substitutes

pi = pd(T) + kT o p;
for each component in Eq. (10-2) and obtains

25 —AF° kT
=¢ = K(T), 10-8
T »(T) (10-8)
where
AFY(T) = vepd(T) — vaui(T) — vau(T). (10-9)

This is called the “standard free energy change” for the reaction. Equa-
tions (10-7) and (10-8) are, of course, equivalent and are interrelated by

0
p(T) . qkT
= ln—V (10-10)

for each participant in the reaction {see, for example, Egs. (4-26) and
(8—40)1.
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In Eqgs. (10-6) and (10-7), or indeed in any application of Ay = 0,
it is always understood that the zeros of energy chosen for the different
molecular species (or states, in a phase equilibrium) involved must be
self-consistent. For example, one can choose as zero for each molecule the
separated atoms of which the molecule is composed, at rest. Since the
same atoms occur on both sides of the chemical equation (10-1), this choice
necessarily leads to the same zero for reactants and products. A number
of specific examples will be found in Section 10-4.

10-2 Statistical derivation in a special case. In this section we derive
Eq. (10-5) for a simple reaction, using a statistical argument which by-
passes the thermodynamic equation (10-2) (but does use the second law of
thermodynamics). We could use the more complicated reaction (10-1),
but there would be no particular advantage in this since we merely want
to illustrate the equivalence of the two approaches.

Consider an ideal gas mixture made up of N4 molecules of type 4 and
Nz molecules of type B in a closed container with fixed V and 7. We
assume that in the absence of a catalyst, no chemical reaction takes place
between A and B molecules. The canonical ensemble partition function
for this binary system is

NANB
OWu N5, V,T) = B, 10-11)
and the Helmholtz free energy is A = —kT In Q. Suppose a catalyst is
added, making possible the chemical reaction A = 2B, which will take
place spontaneously until equilibrium is established with respect to the
reaction. Since the system is closed and has constant V and T, we know
from the second law of thermodynamics that as the reaction proceeds the
Helmholtz free energy will decrease, and that at equilibrium this free
energy will have its minimum possible value consistent with V, T, and
with the fixed amount of material in the container. (We can specify this
amount by stating that each A molecule contains two B units, and the
total number of B units is 2N 4 + Np = N = constant.) Translating
this into statistical-mechanical language, we can say that the equilibrium
point of the reaction for given ¥V and T will correspond to the maximum
possible value of @ (since A = —kT In Q) consistent with the restraint
2N 4 + Ny = N = constant.

We need, then, to maximize @ in Eq. (10-11) subject to2N4 + Np = N.
We could use an undetermined multiplier, but this is unnecessary here
because the restraint can be used instead to eliminate, say, Np from
Eq. (10-11) (see Appendix III). We have

InQ=Nslnga+ (N —2N4)Ingg — NaInNy4
— (N—2N4.)In(N — 2N, ) + N — Ny,
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and hence
(229) o ul¥ WD,
ON4 /nv.r BNy

where N is the value of N4 making @ a maximum—that is, the value of
N 4 at equilibrium. Therefore,

IDQ
o

N32 _
= (10-12)

which is the same as Eq. (10-5) for this special case.

10-3 Fluctuations in a simple chemical equilibrium. Here we consider
a situation very similar to that in the preceding section: we have a binary
gas mixture with numbers of molecules N4 and Np, in a volume V at
temperature T. The reaction A = B is then made possible by introduc-
tion of a catalyst. The system proceeds to equilibrium with V, T, and
N4 + Np = N held constant.

We adopt a slightly more general point of view here than in the pre-
ceding section. That is, we use the partition function Q(N, V, T) for the
system described above, including all possible states of the system for
given N, V, T; that is, including all possible values of N4 and Np con-
sistent with any assigned value of N. Thermodynamically, this is a one-
component system (N). Then

Na NB
v, v, = Y A (10-13)
NaNs AlUVE
(Na+Np=N)
N

The treatment in the preceding section corresponds to the use of only the
maximum term in the sum (10-13). With the retention of the full sum, we
can easily investigate the extent to which we can expect to find fluctua-
tions about the equilibrium concentrations predicted by equations such
a8 (10-5) and (10-12).

The average value of N 4 is clearly

1 Nagh*e¥®
Ni=5 Z ST (10-15)
1
Q N N4INg!
(NA+Npu=N)

If @ in Eq. (10-13) is regarded in a purely formal way as a function of N,
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¢4, and ¢p, we note from Eq. (10-15) that

_(oIn Q)
Ni=ua ( 302 Jep (10-16)
Then, from Eqs. (10-14) and (10-16),
_ _Naa
AT qatgs’ (10-17)
and therefore, since N4 + Np = N,
Ns _ s,
= 10-18
S P ( )
in agreement with Eq. (10-5). Now if we differentiate
_ Nagi*ds®
Wa= X NN
NaNB
(NA+Np=N)
with respect to ¢4, we obtain
_ 2 _ oN 4)
N3 ) a4 ( 344 ugy (10-19)
Finally, from Egs. (10-17) and (10-19), we have
Mi-®or =Tl 3 _ @ oo

Fluctuations about the equilibrium composition are therefore very small,
as we might expect: on,/N4 = O(N—2), the usual result (see Section
2-1).

10-4 Examples of chemical equilibria. In this section we discuss five
particular illustrations of the above equations.

(a) Isomeric equilibrium. This is the case A = B already considered
as a fluctuation problem in the preceding section. We wish to examine the
equilibrium relation (10-18) here. As an example, suppose that some of the
energy levels of A are lower than those of B (the translational levels
would be the same in the two cases, because A and B have the same mass
—=s0 these are not involved), but that the levels of B are closer together,
as shown schematically in Fig. 10-1. This would arise, for example, if
(a) the chemical bonds in A are more stable than in B (i.e., the minimum
in the ground electronic energy surface is lower for A), (b) the vibrational
force constants are in general larger in A than in B (i.e., the chemical
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Energy ——»

4 B A+ 8B

Fia. 10-1. Energy states for two isomers, A and B (schematic).

bonds are “stiffer” in A), and (¢) the moments of inertia are larger in
B than in A (i.e., the atoms are more spread out spatially in B).

We can take the point of view that a given molecule has accessible to
it the full set of energy states indicated by A + B in Fig. 10-1, with
partition function ¢, but that these states can be classified into two sub-
groups called A and B, with partition functions ¢4 and ¢p:

A B
4 = E e““ /bT, QB = E e—"' /kT,
T 3
—~nr —&nr
a= D¢ + Y9 = g4 + gp.
v 7

There is a single Boltzmann distribution of molecules among all the
levels A + B. The fraction of molecules in any level, say ¢, is e~*T/q.
Therefore the fraction of molecules in all levels belonging to subgroup A4 is

N4+NB E(—wr)_ q’

in agreement with Eq. (10-17).
The expression

Ns 2 e—‘ 1kT

N4 qa 2. e_‘ /kT

shows how the density and energy of the two subgroups of quantum states
determine the equilibrium composition Np/N 4. The first few terms in
the sum g4 are the largest of all, because the energies in the exponents are
lowest. But the number of terms in gp is larger, so that gz > ¢4 is still
possible. In general, a substance is favored in an equilibrium (i.e., its ¢
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is larger) if it has low-lying and dense energy levels. The first is primarily
an energy effect and the second an entropy effect. In the example in Fig.
10-1, A would predominate at low temperatures, because the occupation
of low levels is emphasized by the Boltzmann factor at low temperatures.
But B would be favored at high temperatures, because the Boltzmann
distribution becomes more uniform over all levels, regardless of energy,
at high temperatures. Then the number or density of levels counts most.
This is quite general: in an equilibrium competition of this sort between,
say, reactants with low E and products with high S, the reactants will
win out at low temperatures and the products at high temperatures. At
intermediate temperatures, there will be a compromise between low
energy (A) and high entropy (B) to give the system (as always) the
minimum possible free energy £ — TS (N, V, T constant).
(b) Ionization of hydrogen aloms. The reaction we consider here is

H=HY 46 . (10-21)

The concentrations of all species and the temperature are such that classi-
cal statistics and ideal gas behavior can be assumed. The zero of energy is
chosen as separated proton and electron at rest. The ground state (the
only state we need consider) of the hydrogen atom relative to this zero
then has an energy €,; = —13.53 ev. Because of electron spin, we; = 2
for the hydrogen atom. There is the same degeneracy w = 2 for the elec-
tron. The proton spin degeneracy can be ignored as usual (for nuclei),
since it appears in both H and H* and cancels in the equilibrium constant.
Then we have:

2rmp+kT) 2
gut = quut) = ("nyr—‘) v,

2 kT 3/2
Qo —= Quey = 2 —m';,z—) v,

2 kT 3/2 _
H = QuEeH) = 2 (IL":}L) Ve~ *T

Hence, from Eq. (10-6), the equilibrium constant for the reaction (10-21)
is

+Pom 2rm~kT\3'2
K(T) = ”Hm’: = ( L efa/*T (10-22)

where we have neglected the difference in mass between H+ and H. If
the ionization is small, py is practically equal to p%, the total concentra-
tion of H atoms placed in the volume V. Also, necessarily pg+ = p,—.
In this case the fraction « of H atoms which have ionized at equilibrium is
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__ pEt 1 (2xm. kT 8/2 O /2
a_T?{—_[ﬂ%(T oy s

As a numerical example, let us take 7 = 10,000°K and p% = 0.01 mole-
liter—!. Then we find from Eq. (10-23), « = 7.8 X 10~3 (Problem 10-1).
Equation (10-22) has been verified experimentally for Cs = Cst + ¢~

In the equilibrium (10-21), the hydrogen atoms are favored by a much
lower energy, but the dissociated state is favored by the entropy. The
numerical calculation above shows that very high temperatures are needed
for the entropy to overcome the energy in this particular competition.

(¢) Dissociation of hydrogen molecules. We assume that the tempera-
ture is such that the rotation in Hj is classical and that the hydrogen
atoms themselves ionize [as in (b)] to a negligible extent. The ground-
state degeneracy of H is unity. The zero of energy is chosen as separated
atoms at rest. On this basis, the ground state energy of Hy is (Section 8-1)
€1 = —D, = —4.722 ev. The partitions functions are

2rmukT\%'?
QH=2( mh;I ) V}

(10-24)
drmukT\%/? T ¢~ %/2T —ea1 kT
0, = 9:g:9e = \ =3 20, 1T — e—our ¢ '
Then, for the reaction
H,=2H, (10-25)
we have, from Eq. (10-6),
(aa/V)?
KT =28 _¥a/7) |
ot (ga/V)

If the fraction « of dissociated molecules is small, py, 2¢ p%, (total con-
centration of Hj placed in V), and

3/2 e ol T 1/2
20 = D = [pl (41rmh;{kT> T le—o./zr "f""ﬂ‘] - (10-26)

Thus, aside from pn and T, « depends on the mass myg, the equilibrium
internuclear separatlon r¢, the vibrational force constant f, and the ground-
state electronic energy €,;. If we use the values of 8, and O, for H, in
Table 8-1, we find at 1000°K and p%, = 0.01 moleliter™, « = 4.6 X
10~? (Problem 10-2). Again, as in (b) above, hydrogen molecules are
favored in the equilibrium by the energy, but hydrogen atoms are favored
by the entropy. This will in fact always be the case in a dissociative
equilibrium.
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(d) Isotopic exchange reaction. Consider the reaction
Hy + D, 22HD (10-27)

at temperatures such that rotation is classical and vibration is unexcited.
The Born-Oppenheimer approximation has interesting consequences in a
reaction of this type. These follow from the fact that in this approxima-
tion the ground-state electronic energy u.(r) must be the same function
for all three species: Hp, Do, and HD. Therefore r,, f, and €, [see (¢)
above] must all be the same for the three species. Hence, in the quotient

2 2 2
K(T) = PHD — PHD —_ dHD , (10—28)
PHPD:  PHsPD2  (HIDs

the translational factors cancel except for the masses; the rotational factors
cancel except for the reduced masses (I = ur?) and the symmetry num-
bers; and the electronic factors cancel completely. Only the zero-point
vibrational terms e~%/2T [see Eq. (10-24)] are left in the (unexcited)
vibrational partition functions, and in these the frequencies are the same
except for the proportionality to u~/2 (Eq. 8-18). Specifically, the sep-
arate quotients in Eq. (10-28) are easily seen to be:

. (ma + mp)®
Translation: @mamp)s/ ’

16mamp ,
(mgu + mp)?

hvap [1 mi/? + mif® ]’

Rotation:

Vibration: exp [—

kT ~ 2112(mg + mp)1/2
Putting these together we find
_ o (mu + mp) hvap my® + mi{?
K(T) = Z—mlnlzmblz expi— kT 1 '_21/2(”“-I + mp)1/2 .

(10-29)

Using vgp = 3770 cm™!, we calculate K = 3.46, 3.67, 3.77, and 3.81
for T = 383, 543, 670, and 741°K. These are in good agreement with the
respective experimental values 3.50, 3.85, 3.8, and 3.70. The theory must,
in fact, be considered more accurate than the experimental work.

Isotope effects are not usually this large, of course. Note that if we put
my = mp in Eq. (10-29), K = 4 (owing to the symmetry numbers).
Tor the chlorine isotopes 35 and 37, K = 4(1 — $), with § = 0(10™%).
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(e) “Water-gas” reaction. As a final example, we calculate the equilib-
rium constant K for the so-called “water-gas” reaction,

CO; + Hz 2 CO + H,0. (10-30)

We restrict ourselves to temperatures high enough so that rotation is
classical in Hy. Then

PcoPH;0 _ PCOPHL0 _ 9COTH;0

K@) = =
PCOsPH, PcosPH. 4c0:9Hs
= qéOQIHsO Pl /kT, (10-31)
fcoaqlﬂs

where
Aee1 = €1(CO) 4+ €1(Hz0) — €1(CO2) — €. (Hy), (10-32)

and ¢’ means the partition function ¢ with the electronic part g, omitted:
¢ = ¢:9+q». For all these molecules, w,; = 1. The zero of energy is the
separated atoms (C, O, H) at rest. Actually, we do not need to know
each ¢,; separately relative to this zero, but only the combination Ae,;.
For this reaction (from combined thermal and spectroscopic information),
A€, = 7000 cal-mole™. Incidentally, the energy change for the re-
action at 0°K involves the zero-point vibrational energies as well, and is
given by

AE(0) = ey + <h/2>A(§: v.~)

= 7000 + 2640 = 9640 cal-mole™?,

where the vibrational frequencies can be found in Table 8-1 and Problems
9-10 and 9-11. The rotational data are included in the same sources
(Ico, = 71.9 X 1074 gm-cm?). With this information (Ae,;, ¥’s, I's),
K can be calculated by use of expressions for g, ¢,, and g, which we shall
not write down again. One finds K = 0.45 at 900°K and 1.41 at 1200°K
(actually using spectroscopi¢ energy levels instead of the slightly approxi-
mate equations in Chapters 8 and 9), compared with the respective ex-
perimental values 0.46 and 1.37.
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PROBLEMS

10-1. Calculate the fraction of hydrogen atoms ionized at 10,000°K when
o = 0.01 molecliter—!. (Page 185.)

10-2. Calculate the fraction of hydrogen molecules dissociated into atoms
when p%, = 0.01 moleliter—! and (a) T = 1000°K, (b) T = 5000°K. (Page
185.)

10-3. Repeat the argument of Section 10-2, but maximize the partition func-
tion A(N4, N, p, T) [see Eq. (4-35)] at constant N, p, T instead of Q at con-

stant N, V, T.
10-4. In the example of Section 10-3, show that
Wiz — NuNp = — Nala,

Why the negative sign?

10-5. Use the data in Table 8-1 to caleulate K at T00°K for the reaction
2HI = Ha + 1.

10-6. Calculate K at 1000°K for the reaction Iz = 2I (see Section 44 and
Table 8-1).

10-7. Calculate ©, for Hg, given that » = 3770 em—1 for HD.

10-8. Calculate @, for Hg, given that, for Hp, D, = 4.722 ev and Do = 4.454
ev.
10-9. Calculate K for the “water-gas” reaction at 1200°K using data in the
text.
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CHAPTER 11

THE RATE OF CHEMICAL REACTIONS IN IDEAL
GAS MIXTURES

Strictly speaking, the subject indicated in the chapter title is outside
the scope of this book, which is devoted to equilibrium statistical me-
chanics. However, Eyring’s approximate absolute reaction rate theory
has a quasi-equilibrium foundation: it is based on an application of the
chemical equilibrium theory of the preceding chapter. For this reason,
and because of its importance, it seems appropriate to include an account
of the Eyring theory in the present work. But the treatment we give will
be very brief, and we shall not consider any detailed special cases. The
reader should consult the book by Glasstone, Laidler, and Eyring (see
the Supplementary Reading list) for further details.

More exact approaches to this problem will not be discussed here, since
they cannot be put in quasi-equilibrium form.

An example of a nonchemical application of Eyring’s theory is presented
in Section 11-3: the surface diffusion of a dilute, localized monolayer.

11-1 Potential surfaces. There are two distinct stages in the Eyring
theory. The first is the purely quantum-mechanical one of calculating the
ground-state electronic energy surface (potential surface, for short) for
the reaction, and the second is the statistical-mechanical caleulation of
the reaction rate. This division is the same as that which we have en-
countered in calculating the thermodynamic functions of, say, an ideal
polyatomic gas (Chapter 9). In this latter problem, we first have to find
the potential surface of the molecule by quantum mechanics (or obtain
equivalent information empirically from spectroscopy). This surface
(see Section 9-1) determines the equilibrium structure of the molecule,
the moments of inertia, the vibrational force constants and normal co-
ordinates, and the depth of the potential well in the surface relative, say,
to separated atoms as zero. With this information, we can then turn to the
statistical-mechanical problem of deducing the thermodynamic functions.

We discuss the potential-surface part of the rate problem in this section,
and the statistical-mechanical part in the next section.

For ease of visualization, let us consider a hypothetical one-dimensional
reaction

A+ BC — AB +C. (11-1)

Three atoms and (in one dimension) three nuclear coordinates are in-
189
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TAB

TBC

Fie. 11-1. Potential surface (u,) in the form of a contour diagram for a
hypothetical one-dimensional reaction A + BC — AB < C. The numbers on
the contours are values of u, in arbitrary units.

volved. One coordinate is concerned with the center of mass and is there-
fore uninteresting for the above process. The other two coordinates de-
termine the configuration of the three nuclei relative to each other (see
Appendix V). For example, we might choose for these two coordinates the
internuclear distances r4p and rpe. For given values of r4p and rac
the ground-state electronic energy u.(r4p, rac) is calculated. From a
large number of such values of r4 5 and rz¢, one can construct a potential
surface in the form of a contour diagram, which in a typical case might
appear as in Fig. 11-1. The valley at the upper left corresponds to an A
atom and a diatomic BC molecule. (The curvature of the surface at the
bottom of and perpendicular to the valley determines the vibrational
frequency in BC'; the depth of the valley is a measure of the energy of the
bond BC.) The valley at the lower right corresponds to the state AB + C.
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(=)

Reaction coordinate ————m-

AB 4+ C

()

()

Fia. 11-2. (a) Potential energy (u,) along the reaction path in Fig. 11-1.
Note the potential barrier. (b) Corresponding curve from Fig. 11-3. Note the
minimum in u, (stable molecule, ABC). (¢) Corresponding curve from Fig. 11-4.

The high plateau is A + B 4+ C. When reaction (11-1) oceurs, the lowest
possible path from reactants (A 4 BC) to products (AB 4 C) is the
dashed line in Fig. 11-1. The highest point on this path is marked X in the
figure. This is the “activated state,” and the triatomic system A, B, C
at this point is referred to as an “activated complex,” denoted by (ABC)*.
If one plots the potential energy u. along the dashed path of Fig. 11-1
as a function of the distance along the path (called the “reaction co-
ordinate”), one obtains a curve as in Fig. 11-2(a). The height Au} of the
potential energy barrier which must be overcome is called the “activation

energy.”
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A + BC

rAB

AB+C

TBC

Fia. 11-3. Potential surface (u,) in the form of a contour diagram in one-
dimensional case where stable molecule ABC is formed.

For the reverse reaction,
AB+C— A+ BC, (11-2)

the reaction path in Fig. 11-1 must be reversed in direction. In this
example the activated state and complex (X in Fig. 11-1) are the same
for forward (11-1) and reverse (11-2) reactions. Let

Au, = u,(AB + C) — u.(A + BC). (11-3)

This is Au, for the reaction as written in (11-1) and has the same meaning
as A€, in Eq. (10-32). In Fig. 11-1 it is determined by the difference in
levels of the two valleys. In Figs. 11-1 and 11-2(a), A, is negative. If
Au} is the activation energy for the forward reaction, Auf — Au, is the
activation energy for the reverse reaction.



11-1) POTENTIAL SURFACES 193

TAB

r8Cc

F1g. 11-4. Potential surface (u,) in which a basin occurs between two
potential barriers.

In a real (three-dimensional) triatomic reaction we would need a con-
tour diagram in three-dimensional (r4s, rBc, Tac) instead of two-di-
mensional space (or a surface in four-dimensional space). But the general
concepts introduced above for a hypothetical one-dimensional reaction
remain the same. Incidentally, it should be noticed that linear configura-
tions of A, B, C are included in the potential surface (in fact, activated
complexes in triatomic reactions are usually linear), and we recall that
linear molecules have four, not three, vibrational coordinates. However,
this is not contradictory to the statement that u, is a function of the three
variables r4 5, r5c, and r4¢ only, for two of the normal modes in a linear
molecule are degenerate (i.e., of the same frequency). For example, the
positions of the atoms in the two degenerate modes of CO, [shown pre-
ceding Eq. (9-3)] are expressible by the same sets of values of r45, 75¢,
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and r4¢ (the triangle ABC is merely rotated 90° in going from one mode
to the other).

In contrast to Fig. 11-1, we show in Fig. 11-3 what a typical (one-
dimensional again) potential surface might look like in the event that A,
B, and C formed a stable molecule ABC. The potential well in Fig. 11-3
is characteristic of a stable molecule. The equilibrium molecular geometry
of ABC is determined by the location of the bottom of the well, and the
vibrational motion of the molecule is determined by the shape of the well
in the neighborhood of the minimum [see also Section 9-1 and Eq. (V-1)].
A plot of u, as a function of distance along the lowest possible path from
the upper left valley to the lower right valley in Fig. 11-3 would appear
as in Fig. 11-2(b). This should be contrasted with Fig. 11-2(a).

Another type of potential surface is shown in Fig. 11-4. A basin is
situated between two potential barriers, X and X’. The potential energy
as a function of the reaction coordinate is shown in Fig. 11-2(c). A basin
may possibly occur,* for example, in the reaction

H+H3—)H3+H.

11-2 Absolute rate theory. As a concrete example, let us return to the
reaction (11-1) and discuss it now as a real three-dimensional reaction.
We suppose that the potential surface is of the general type shown in
Fig. 11-1; that is, the potential “profile” has one potential barrier, as in
Fig. 11-2(a).

The fundamental assumption of the Eyring theory is that, during the
course of the reaction (11-1), molecular configurations corresponding to
the upper left valley in Fig. 11-1 (i.e., reactant molecules) are in thermo-
dynamic equilibrium with molecular configurations corresponding to the
neighborhood of the activated state X in Fig. 11-1 (i.e., activated com-
plexes). This is an assumption which cannot be rigorously correct, but
which is probably rather accurate in many cases. This assumption of
equilibrium between reactant molecules and activated complexes makes it
possible for us to use the methods of the preceding chapter on chemical
equilibria to deduce the concentration (defined below) of activated com-
plexes. From this knowledge, as we shall see, we can then calculate the
number of reactants passing over the barrier, from upper left to lower
right, per unit time and per unit volume of the system. This is the desired
reaction rate.

An activated complex is very much like an ordinary stable molecule.
It has a definite mass (m4 + mp 4+ mc in this example) and a definite

* See GrassTONE, LampLER, and EvRriNa (Supplementary Reading list),
p. 108, and R. E. WEsTON, JR., J. Chem. Phys. 31, 892 (1959).
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nuclear configuration (corresponding to the position of the X in Fig. 11-1
at the top of the potential barrier). This configuration determines the
moments of inertia and the symmetry number. Thus we can immediately
write (assuming the potential surface is available) the translational and
rotational partition functions for an activated complex, just as we did in
Chapter 9 for a stable molecule.

Furthermore, we can carry out a normal-coordinate analysis for the
vibrational frequencies, based on the shape of the potential surface in the
neighborhood of the activated state. If the activated complex is linear,
there will be 3n — 5 normal vibrational modes, otherwise there will be
3n — 6. The activated state is located at a saddle point in the potential
surface. That is, although the activated state is a maximum point along
the reaction coordinate, it is a minimum in other directions (e.g., in Fig.
11-1, in the direction perpendicular to the reaction coordinate). This
feature will appear automatically in the normal-coordinate analysis when
the potential energy wu. is expressed in terms of the normal coordinates
£; [see Eq. (V-13)]. Necessarily (i.e., by definition of a normal coordinate),
u, will be a sum of squared terms in the ;, and the coeflicients will be posi-
tive as usual (Eq. V-13) except for one coordinate, call it £ which will have
a negative coefficient. This particular normal coordinate is the rigorous
equivalent of what we have hitherto been loosely calling the reaction co-
ordinate. The coefficient of £2 in u, is negative because the potential sur-
face falls off on both sides of the activated state along this direction (and
this direction only).

From the normal-coordinate analysis we thus obtain 3n — 6 (linear)
or 3n — 7 (nonlinear) ordinary vibrational frequencies v;. The frequency
associated with £ is imaginary because the force constant (twice the coefli-
cient of £?) is negative. We can therefore construes, in the usual way, from
the »;, a vibrational partition function for the activated complex—except
we omit the factor belonging to the &motion. Thus of the 3n nuclear
degrees of freedom of an activated complex, 3n — 1 can be handled just
as with stable molecules. Only the reaction normal coordinate ¢ requires
special treatment.

Let g} represent the vibrational partition function of the activated com-
plex, omitting the #factor. Also, let ¢* = ¢ ¢¥¢¥¢” be the complete
partition function of the activated complex, just as for any polyatomic
molecule—except, again, omitting the £ degree of freedom.

We wish next to calculate the number of activated complexes per unit
volume of the system which are in an infinitesimal range d¢ of the reaction
coordinate at the activated state. We shall call this number p' d¢, so that
p’ is the number of activated complexes per unit volume and also per unit
length along the reaction coordinate ¢ at the activated state. We want
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the number p’ d¢ to include all activated complexes in d¢ irrespective of
the value of p;, the momentum conjugate to ¢&. For the element of phase
space d¢ dp; in the coordinate £, the (classical) partition function is

2
Fe7H g dp, (11-4)

where m* is defined by p; = m*¢. It should be noted, incidentally, that
there is always some arbitrariness in defining normal coordinates [see the
constants C; in Eqs. (V-12) and (V-14)), and so there is arbitrariness in
m* and {£. But combinations of these quantities with physical signifi-
cance (e.g., p?/Zm* or dt dp; above) are not arbitrary. Integration of
(11-4) over p; gives the £ partition function for an activated complex in
dt. The complete partition function for such an activated complex is then

1/2
* (2’""*"7') dt. (11-5)

h2

With the assumption, already mentioned, of equilibrium between re-
actants (say 4 and BC, for concreteness) and activated complexes,

A + BC 2 (ABC)*, (11-6)
we have, as in Eqgs. (10-6) and (10-31),

pdt _ (¢*/V)(@xm*kT/h*)'* d¢
papsc (94/V)(gBc/V)
— (@*'/V)@rm*kT /R 3 dg e
(9, /V)(gge/V) !

11-7)

where ¢’ means, as before, that g, is omitted from ¢. The quantity Au¥ is
defined for the process (11-6) by analogy with (11-2) and (11-3). If the
ground electronic states are degenerate, a factor w;/we1(A)w.1(BC) must
be included in Eq. (11-7) (w}% being the degeneracy of the activated
complex).

Equation (11-7) provides us with an explicit equation for p, the num-
ber of activated complexes per unit volume of the system and per unit
length along £ at the activated state. Our next task is to calculate the
number of activated complexes per unit volume which cross the potential
barrier X per unit time in the direction of reaction (left to right in Fig.
11-1). Assuming all of these complexes become products, this is the rate
of the reaction. Consider those activated complexes with values of £ be-
tween £ and £ 4 df. The fraction of all activated complexes which are
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in this class is, from (11-4),

-3
e—m‘i 12kT dé _ m* )ll2 —m‘é’/ﬁﬂ'
f(é) dé = /+.° e-—m‘é’lzk!' dé = 2wkT e dé.

-0

Suppose ¢ increases as the activated state is approached from the reactant
(left) side in Fig. 11-1. Then an activated complex with § > 0 is pro-
ceeding along the reaction coordinate in the direction required for the
reaction to take place. We note that activated complexes with a given
value of £ > 0 will cross the potential barrier in unit time if they start at
a distance from X not greater than a length of magnitude £. The number of
activated complexes per unit volume and per unit length along ¢ having
values of £ in the interval df is p’f(§) d. The number of activated com-
plexes per unit volume in the length £ along # having £ in the interval df
is then £o'f(£) df. This is the number of complexes per unit volume with
£ in df which cross the barrier per unit time. To get the total number
of complexes per unit volume crossing the barrier per unit time, we have
to integrate £ over therange 0 < £ < + oo

4 jo“ i@ dE = p (%L,:T)uz (%)

= kpapsc, (11-8)

which is the defining equation for k. The quantity kp4ppc is the rate of
the reaction, and k(7T) is called, conventionally, the rate constant. If p’
is obtained from Eq. (11-7), we find

L‘T_ (q*l/V)e—Au:“lkT '
B (dy/V)(dge/V)

If only a fraction x (called the transmission coefficient) of complexes pass-
ing the potential barrier in the right direction actually proceed to products,
then «x must be inserted as a factor on the right-hand side of Eq. (11-9).
This situation arises, for example, in cases such as Fig. 114, where the
system passes over a barrier (X) but then finds itself in a basin. The sys-
tem may leave the basin (via X) to form products or return (via X) to
reactants. In the reaction H 4+ H; — H, + H, the basin is symmetrical
(if it exists), and it is usually assumed that x = 1/2,

Equation (11-9) furnishes a straightforward statistical-mechanical
recipe for calculating the rate constant k. The potential surface must be
available, however, and this is a very serious practical obstacle. Because
of this, it is difficult to test the theory in a really satisfactory way. Of
course, one does not expect exact agreement between theory and experi-

k= (11-9)
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ment, as the argument used to deduce Eq. (11-9) is not rigorous—the as-
sumption of equilibrium between reactants and activated complexes being
especially questionable. Also, if a transmission coefficient must be used,
this introduces a somewhat nebulous feature into the theory since « is
in general difficult to evaluate.

For the reverse reaction (11-2), the rate constant is

kT (q¢ '/ V)e_(A“.‘ —A“.)/kT

il S AN 4 TCH4 ) (11-10)
The equilibrium constant K for the reaction (11-1) is then
Kk = E _ (@1s/V)(ge/V) —OvdkT, (11-11)

T4/ V) e/ 2
in agreement with Egs. (10-6) and (10-31).

11-3 A nonchemical application of the Eyring theory. The fundamental
ideas in Eyring’s theory of the rate of chemical reactions can be and have
been applied to many physical rate processes as well. Merely to illustrate
the possibilities, we consider here a particularly straightforward example,
namely, the rate at which monatomic molecules adsorbed at localized
sites on a surface jump from one site to another. This rate is of course
closely related to the coefficient of surface diffusion. The model we con-
sider is essentially that already discussed in Sections 7-1 and 9-6. We
have a lattice of equivalent surface sites for adsorption, but we need not
specify the lattice type. The number of adsorbed molecules is small, so
that each one behaves independently. The potential in which a molecule
moves i8 Ug(z, y) [see, for example, Eq. (9-19)]. The potential wells in
Uo(x, y) are the sites for adsorption. The partition function for an ad-
sorbed molecule at a site is given by Eq. (7-3).

To move from a given site to a nearest-neighbor site, a molecule must
pass over a potential barrier of height V. The top of the barrier is the
activated state for this process:

A (site) — A* (top of barrier) — A (neighboring site).

Let ¢ and » be the normal coordinates at the activated state, which is a
saddle point in the surface U,. We take £ as the “reaction coordinate.”
That is, the coefficient of £2 in the expansion of Uy in powers of § and g
about the activated state is negative, while the coefficient of 5 is positive.
Thus a molecule at the top of a potential barrier vibrates in the usual way
in the z-direction (perpendicular to the surface) and also in the y-direction
(perpendicular to the direction of passage from one site to the other, i.e.,
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perpendicular to £), but not in the {direction. We denote the z and »
vibrational partition functions at the activated state by ¢F and ¢}*.

The partition function for a molecule in the element of length d¢ at the
top of a barrier is [see Eq. (11-5)]

1/2
e (2"”"7') dg ¢~ TortValtt, (11-12)

Let N’ d¢ be the equilibrium number of molecules in a length d¢ at the
top of barriers, and let N be the equilibrium number of molecules in sites.
Then, from Eq. (10-5), the ratio of these two numbers is

, . * 2\1/2 3.  —Vo/kT *
N Agle — @@ @rmkT/h%) ? dt e <M (11-13)

0:949: X’

where M* /M is the ratio of the number of activated states to the number
of sites (this ratio is two for a square lattice). By the same argument as
in the preceding section (Eq. 11-8),

N’ (%lu,)m (%') (11-14)

is the number of molecules crossing a barrier (or the number of jumps
being made from one site io another) per unit time, where N’ is given by
Eq. (11-13). We are assuming here that there are no “rebounds”: x = 1.
If 7 is the mean time a molecule spends at a site between jumps, then a
second expression for the number of jumps oceurring in unit time is N/7.
If we set N/7 equal to (11-14), we find

- (A LA, 11-1
T h Mq,q,,q. ( 5)

This is the analog of Eq. (11-9). That is, 1/7 is the rate constant for this
process.
To obtain an estimate of the order of magnitude of 7 in Eq. (11-15),

we set M*/M = 2, ¢g# = gy [as would be the case with Eq. (9-19)],
¢¥ = ¢, and ¢ = kT/hv, (classical). Then

% = Oy~ VT, (11-16)

This equation has the following approximate interpretation: 2v, is the
number of “attempts” per second the molecule makes to leave its site;
¢~ Vo/kT ig the probability that any particular attempt will be successful;
and hence 1/7 is the actual number of jumps a molecule makes from one
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site to another per second. If we take », = 3 X 10'!sec™!, Vo = 500
cal-mole™, and T = 80°K, then ¢~Vo/*T = 0.043 and 7 = 3.9 X 10~ 11
sec.
Equation (11-15) also provides a theoretical equation for the coeffi-
cient of surface diffusion D, since D is related to 7 (from the theory of
random walks) by D = Ca?/r, where a is the distance between nearest-
neighbor sites and C is a constant of order unity which depends on the
lattice type.

PROBLEMS

11-1. Write out the explicit forms for the partition functions in Eq. (11-9),
assuming the triatomic complex (ABC)* is linear. Insert typical orders of
magnitudes for the masses, frequencies, bond distances, etc., to estimate a
magnitude for k.

11-2. Derive an equation for d In k/dT from k in Problem 11-1.

11-3. Discuss the rate of diffusion of impurity atoms in a monatomic crystal
from the point of view of Eyring’s theory.

11-4. Consider the rate of evaporation of a dilute localized monatomic
monolayer into the gas phase. (a) Use Eyring’s method to derive an equation
for 1/r,, where 7, is the mean time a molecule spends on the surface before
evaporating. (b) Derive the same expression for 1/7, by equating the number of
molecules condensing on the surface per unit area and per unit time with the
number evaporating, at equilibrium:

p___W/0)
@k 1,

where p is the equilibrium gas pressure and N/@ is given by Eq. (7-10) in the
limit as 6 — 0.

SuPPLEMENTARY READING

FowLer and GucGENHEIM, Chapter 12.

FRENKEL, J., Kinetic Theory of Liquids. New York: Dover, 1955.

GLASSTONE, 8., LAIDLER, K. J., and EYRiNG, H., The Theory of Rate Processes.
New York: McGraw-Hill, 1941.



Copyrighted Materials

Copyright © 1988 Dover Publications Retrieved from www.knovel.com

CHAPTER 12
IDEAL GAS IN AN ELECTRIC FIELD

Our principal object in this chapter is to deduce the thermodynamic
properties of a very dilute gas in an electric field. In Chapter 15, this study
will be extended briefly to slightly imperfect gases.

In Section 12-1 we give some necessary thermodynamic background,
and in Section 12-2 we develop general statistical-mechanical equations
(canonical ensemble). The material in the first two sections is quite
general and would apply to any fluid (or isotropic) dielectric. The dilute-
gas special case is then considered in Section 12-3. Finally, in Section
12-4, we discuss a somewhat related problem: a lattice of noninteracting
magnetic dipoles in 8 magnetic field. This problem turns out to be formally
the same as that of the ideal lattice gas in Chapter 7. The interacting
magnetic dipole case (the Ising model for ferromagnetism) is included
in Chapter 14.

12-1 Thermodynamic background. A number of alternative and equiv-
alent thermodynamic formulations can be devised for a dielectric fluid in
an electric field. Koenig* has given a very full discussion of this subject.
The corresponding treatment for magnetic systems is contained in a paper
by Guggenheim.t We confine ourselves here to the one particular formula-
tion that is most convenient in the statistical mechanics of gases in an
electric field. For condensed systems, there are some advantages to other
choices.

Consider the parallel plate condenser in Fig. 12-1. The plate surface
charge densities are +o and —o, as indicated. The condenser is assumed
to have a large enough plate area so that edge effects can be ignored. The
volume V contains the dielectric fluid whose properties we are interested
in. For simplicity, we take the fluid as one component with N molecules,
but it could as well be multicomponent. The same is true in Section 12-2.
One wall of the fluid container, parallel to the condenser plates, serves as a,
piston to vary the volume V. The equilibrium pressure on the piston is p.
The regions between the fluid container and the condenser plates are
evacuated. As a consequence of polarization of the dielectric in the field
of the condenser plates, there are induced surface-charge densities —o’

* F. O. Koenia, J. Phys. Chem. 41, 597 (1937).
1 E. A. GuaGENHEIM, Proc. Roy. Soc. 155A, 49, 70 (1936).
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F16. 12-1. Dielectric fluid in volume V between two condenser plates. V
can be varied by a piston with pressure p.

and 40’ on the inside surfaces of the indicated walls (Fig. 12-1) of the
fluid container.

Let us consider the electric field acting at any point in the fluid. The
field due to the condenser surface charge o is 27a, a8 can easily be de-
duced from Coulomb’s law (Problem 12-1). The field arising from the
surface charge —o is also 2x¢ (acting in the same direction). The total
field from the charge on the condenser plates is therefore 4xo. This field
is called the dielectric displacement D; D = 4x0. We regard D as a
variable intensive parameter on which the thermodynamic properties of
the fluid depends. D is an external field; that is, it can be controlled from
outside the thermodynamic system (fluid) itself. At a point in V, D has
the same value whether or not a dielectric fills V; that is, it is determined
solely by . In addition to the field D due to external charges acting at the
point in V, there is clearly also a field —4#x¢’ due to charges induced on
the surfaces of the dielectric. An equivalent point of view is that this
second field arises from molecular dipoles throughout V oriented some-
what in the external field D. It is customary to use the symbol P (polar-
ization) in place of ¢’. Then the total electric field acting at a point in V'
is D — 4xP. This field is denoted by & (electric field strength):

§ =D — 4=P, D = &4 4xP. (12-1)

§, D, and P all have the same sign. The dielectric constant € is then
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defined by D = €8; necessarily € > 1. In this chapter we shall avoid the
use of the symbol € as a molecular energy level.

We now consider the thermodynamic functions of the fluid molecules.
In these functions we include only contributions from the molecules
themselves, and exclude contributions that would be associated with the
space V and field D if no molecules were present in V. This is a natural
choice in a molecular theory. Thus, the energy E includes the molecular
kinetic energy, the potential energy of interaction of the molecules with
the external field D, and the potential energy of interaction between the
molecules themselves.

In the expression

dE = DQ* — DW +4 udN, (12-2)

there are two contributions to DW. One is the usual p dV term associated
with a volume change (N and D constant, DQ* = 0), and the other is
related to changes in D (N and V constant, DQ* = 0). Consider the work
that must be done on the entire system shown in Fig. 12-1 if o is to be
changed by do. Let @ be the cross-sectional area of a condenser plate.
Then we have to transport an amount of positive charge @ do from the
negative condenser plate to the positive plate. This charge has to be
moved against a field & through the distance L (fluid) and against a field D
through the distance L’ — L (vacuum). The total work done on the
system is thus

8La do + D(L' — L)Q do. (12-3)

But to get the quantity we want, the work done on the fluid, we have to
subtract from (12-3) the work which would have to be done to increase &
by do when the volume V is evacuated. This work is

DL'G do. (12-4)
On subtracting (12—4) from (12-3), we get
8La do — DL@do = —PV dD. (12-5)
This is work done on the fluid. The desired contribution to DW is{PV dD,
since DW is work done by the fluid.

We note that PV = (0’@)L, which is just the total dipole moment
(charge X separation distance) of the fluid in V. We call the total moment
M and replace PV by M. Finally, then, Eq. (12-2) becomes

dE = TdS — pdV — MdD 4 udN. (12-6)

Koenig has shown that the pressure p in this equation has the operational
significance implied by the particular kind of volume change indicated in
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Fig. 12-1. On integrating Eq. (12-6), holding intensive properties con-
stant, we find
E =TS8 — pV + N,

(12-7)
F=uN = A+ pV.
Alternative useful forms of Eq. (12-6) are
dA = —8dT — pdV — M dD + udN, (12-8)
d(pV) = 8dT + pdV + MdD + N du. (12-9)

12-2 Statistical-mechanical background. We are concerned with a
fluid system of N molecules in & volume V. The system is placed in the
external electric field D (Fig. 12-1). We regard D as a parameter. The
possible energy states of the system, when D has a particular value, must
be found from quantum mechanics and are denoted by E;(N, V, D).
The argument up to Eq. (1-13) in Chapter 1 is unchanged, but in
Eq. (1-13) we now write (N constant)

— (%E; ok,
dE; = (aV w08V 38y P

Just as we defined p; as the pressure in state E; (Eq. 1-7), here we define
- (ﬁ:‘

aD N,V
as the total moment of the system in state E;. That is, —M;dD is the

total work that has to be done on the system, when in the state E;, in
order to increase D by dD. Then Egs. (1-15) and (1-16) become

M;=

TdS = dE + pdvV + M dD, (12-10)
where M is the ensemble average of the mechanical variable M;:

M= Z P;M;. (12-11)

Equations (1-29) through (1-31) are still obtained, for any assigned
value of D, and we have

QWN,V,T,D) = E e—E,-(N.V.D)IIcT, (12-12)
i

AN,V,T,D) = —kThhQ(N, V, T, D). (12-13)
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Thus the connection between thermodynamics and statistical mechanics
is established. In particular, from Eqs. (12-8), (12-12), and (12-13), we
find

= kT (" In Q 2 PM;. (12-14)

In an open system (independent variables V, T, u, D), the grand parti-
tion function is defined as

E(V) T’ Hy D) = Z QN(V) T} D)AN’ (12_15)
N

where A = ¢**T and Qy(V, T, D) = Q(N, V, T, D). We can easily verify
from the rule (1-92) and Eq. (12-7) that & = ¢?V/*T here, as in the
absence of a field D. Equations (12-9) and (12-15) then provide us with
all the necessary interconnections between = and thermodynamics. For
example,

3InE
M= kT( aD )T.V.p (12-16)
kT MNQaNY
15> (‘%% A= —Z£~ gf{’N , (12-17)

where My(V, T', D) is new notation for the canonical ensemble average
M(N,V,T, D) in Eq. (12-14). The average indicated in Eq. (12-16) is
over N; each My in Eq. (12-17) is already averaged over j.

We shall return to the above equations for an open system when we
discuss an imperfect gas in an electric field in Section 15-5 (see also
Problem 12-2).

12-3 Dilute gas in an electric field. We consider a one-component gas
which is dilute enough so that each molecule behaves independently and
classical statistics may be used. Then in the canonical ensemble (Eq. 3-10),

Q, T, D)"

QN(V’ T’ D) Nt

(12-18)

where Q; here replaces the symbol ¢ used earlier (for example, in Chap-
ters 3, 4, 8, and 9). Equations (12-8), (12-13), and (12-18) then give for
the total moment of the system,

aInQy 6anl)
My(V,T,D) = kT( 3D )N.V. NkT( 3D Jv.r

= NMI(D, 1), (12_19)
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where M, is the canonical ensemble average dipole moment of a single
molecule at temperature T and in the external field D. The chemical
potential is

p= —kT(‘%‘NQﬂ) .= ;A= g (12-20)
The equation of state will be deduced below.

The problem is reduced by the above equations to one of finding the
partition function @;(V, T, D) of one molecule in a volume V, external
field D, and temperature 7. We consider, therefore, a single diatomic or
polyatomic (without internal rotation) molecule, in a box of volume V,
and in an electric field D. Suppose the molecule has a permanent dipole
moment ug. Also, we assume that the field induces in the molecule a further,
additive, moment aD (in the direction of the field), where « is the polariz-
ability. The polarizability is a purely quantum-mechanical quantity,
independent of T. The work necessary to create this induced moment is
[compare Eq. (12-6)]

Let @ be the angle between the direction of the field and the axis of the
permanent moment g (Fig. 12-2a). In the presence of the field, the
rotation of the molecule is not free, because of the dependence on # of the
potential energy of the permanent dipole (Fig. 12-2b):

U= —uoD cos 8.

{This problem should be compared with those associated with Eqs. (9-18)
and (9-19).] The total electrostatic potential energy U, of & molecule in
the field D is then

U] = '—%al)2 - [.GoD cos 0. (12—21)

- f

_ Uo/f\z,
i TRV

—“OD

+ + + + +

(n) (b)

Fia. 12-2. (a) Permanent dipole uo oriented at an angle 8 with respect to
the field D. (b) Potential energy of dipole as a function of 8.
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We assume that U; simply makes an additive contribution to the
Hamiltonian of the molecule. Let us call U, the rotational potential
energy. The rotational Hamiltonians of Chapters 8 and 9 contain kinetic
energy terms only. We treat rotation classically, as in these earlier chapters.
Let ¢ be an azimuthal angle around the direction of the field D in Fig.
12-2(a). In the absence of a field, all orientations (6, ¢) of the axis of the
moment uo are equally probable. Therefore the probability of finding an
orientation in the range d0 dy is proportional to sin 8§ d@ de. In the pres-
ence of a field, some orientations are favored over others because of
Eq. (12-21). The partition function Q,(D) in the presence of a field is
altered from that in the absence of a field, @,(0), only through the rota-
tional potential energy U;. Thus we can easily take care of the effect of
the field by extracting from @,(0) the result, 4w, of integrating over 4 and
¢ with U; = 0, and then include an integration over 8 and ¢ in @,(D):

2% pr
QD) = Q‘i—g fo /; e VV*T sin 0d6 de. (12-22)

In the notation of Chapters 8 and 9,
@1(0) = ¢:g-9s9c (12-23)

where ¢, gr, etc., are unchanged from our earlier treatment.
We digress to note at this point that the equation of state of the gas is

p= kT (" ';‘1?”)N o= NET (" n0O) _ NET. (19-04)

oV 7T 1’4

We substitute Eq. (12-21) in Eq. (12-22) and find easily

Qu(D) = Qu(0)e™>H/HT S%‘”’ , (12-25)
1.0
£
0.5}
{ 1 |
2 4 6
Yy

Fia. 12-3. Langevin function, £(y) = cothy — y~L.
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where y = uoD/kT. Then, from Eq. (12-19),

M, = aD + poL(y), (12-26)
where £(y) is the Langevin function (Fig. 12-3):

£@) = cothy — % (12-27)

In practice, y < 1. For example, if 4o = 1 Debye, D = 1000 volts-cm™?,
and T = 300°K, y = O(10™*). The expansion of £(y) about y = 0 is
(Problem 12-3)

3
s) =5 -+ (12-28)
Ordinarily only the first term is required. Similarly,

sinh y
y
Equations (12-25) and (12-26) become then

2
=1+%+...

QD) = Qlcme“"””[l +56P) ] wm

My=D\a+ L% (12-30)

3kT
Here M, is the average dipole moment of one molecule; aD is the induced
moment (independent of T), and u3D/3kT = p(T) is the statistically
averaged component (in the direction of the field) of the rotating perma~
nent moment po. If the permanent moment were completely oriented by
the field [D — « or T — 0; £(y) — 1], & would approach uy itself.
That i8, fimex = 0. It is clear that at ordinary field strengths and tem-
peratures the rotation is almost free and the orientation of so in the
field is very slight, for

B __ kD

e — 3KT « 1
In thelimitas T — wor D — 0,8 — 0.

From Eq. (12—1),
=s+ap=2, 2,

or

e—1 4xM

e =DV’ 12-3D)
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In the limit as p = N/V — 0, we then have the following equation for
the dielectric constant € of the gas:

_ 41!'M1N

A plot of the experimental quantity (¢ — 1)/4wpcagainst 1/7 will give «
as the intercept and p3/3k as the slope This well-known method of
determining permanent dipole moments is treated in physical chemistry
texts and will not be considered further here.

Finally, let us deduce some of the thermodynamic functions for a dilute
gas in an electric field. First, from Eqgs. (12-20) and (12-29),

L_AO_)_D”( #o)
W= % —%r\* 1 %7 (12-33)

where u(0) is the value of 4 when D = 0 (see Chapters 8 and 9). Next,
from Eqs. (12-8), (12-18), and (12-29), we find for the entropy

5 _ 50 _1 (1D
Nk = Nk kT) : (12-34)

The entropy is reduced in the presence of a field because rotation is slightly
hindered. Also, for the energy,

E _8S _1 EQ) _ D« 1"0).
Vit = Nk NRQe=Fer —wF\z T3kr) (1239

The added terms in Eq. (12-35), with the field on, are clearly just the
average value of U;/kT (Problem 12-4).

The terms in D? in Eqs. (12-33) through (12-35) are very small, say of
order 10~ to 103 in typical cases. The leading term in each of these
equations is of order unity.

12-4 Lattice of noninteracting magnetic dipoles. In this section we
discuss an idealized magnetic problem. Suppose we have a lattice of M
equivalent magnetic dipoles (associated, say, with electron or nuclear
spins), each of which can exist in only two orientations or states: T, in
the direction of the magnetic field H; or |, against the field. The potential
energy of a dipole or spin is —mH if oriented with the field ( 1), and +mH
if oriented against the field ({ ), where m is the magnetic moment. The
dipoles are assumed not to interact with each .other (or, more accurately,
only “weak” interaction is allowed—see Chapter 3); each dipole behaves
independently of the rest. This is a good model for nuclear spin systems
but not for electron spin systems (e.g., ferromagnetism). In our discussion
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of ferromagnetism in Chapter 14 we shall introduce nearest-neighbor
interactions.

Let N be the number of | states and M — N the number of T states.
For a given value of N, the total potential energy of the dipoles in the
field is

mHN — mH(M — N) = 2N — M)mH.

For given M, H, and T, let N be the average value of N (N can range
from 0 to M). Then the work necessary to increase H by dH is —I dH,

where
I = (M — 2N)m. (12-36)

In Eq. (12-36), I is the intensity of magnetization; it is the average excess
number of 1 states over | states, multiplied by m. In the absence of a
magnetic field, the two states have the same potential energy (zero), and
therefore occur in equal numbers; hence I = 0 when H = 0.

The basic thermodynamic equations we use are*

dE = TdS — IdH + pdM, (12-37)
dA = —8dT — IdH 4 pdM. (12-38)

On integrating (H is intensive, I extensive),
A=FE— TS =uM. (12-39)

For a given value of N, there are MI/NI(M — N)!possible arrangements
of the two states T and | among the M positions. Also, for given N,
the energy of the dipoles in the field H is (2N — M)mH, as already men-
tioned. Therefore, the canonical ensemble partition function for a system
of M dipoles at T and H is

M Mle(M—zN)mElkT
Q( ’ :H) ¢ NEO N!(M_N)! ( )

where ¢(T') is the “internal” partition function of a dipole—a quantity we
need not specify further. The summation in Eq. (12-40) is easy to carry
out. We find

Q(M, T, H) = q”eMmH/kT(l + e—%ﬂ/kT)H
mH\¥
= 2q cOShW) . (12—41)

* In 8. M., pp. 288-289, the quantity E,, is equivalent to E + HI here, and
the partition function A is equivalent to Q here.
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1.0
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I/mM 06
04}
0.2}
1 1 1 | 1 ]
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—4—04
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106 mH /k
-—0.8
4-1.0

Fia. 12-4. Magnetization (I/mM) of lattice of noninteracting magnetic
dipoles as a function of magnetic field (mH/kT).

From A = —kTIn@, and Egs. (12-38) and (12-41), we find for the
magnetization I,

— (M — — dln@ - mH
I=WM 2N)m_kT(aH )u,q-—thanhkT (1242)

This function is plotted in Fig. 12-4. When H = 0, I = 0 (i.e, N = M/2).
When H — +o, all dipoles are oriented 1, and I = mM (ie., N = 0).
When H » —w0, I = —mH and N = M.

The formal resemblance between this model and Langmuir adsorption
(or an ideal lattice gas) is rather obvious. See also Section 7—4 on the
elasticity of a polymer chain. The two states T and | correspond to an
empty site and an occupied site, respectively. If we denote the fraction of
dipoles in the state | by 6, then

I mH
W=l——20=tanhﬁ- (12-43)
The Langmuir adsorption isotherm, 8 = ¢A\/(1 4+ ¢\) (Eq. 7-16), can be
put in the same form:

1 —gqA

1—20=W

= tanh z, (12-44)

where
z = —In ()2

In the magnetic, adsorption, and polymer elasticity problems, the magnetic
field, chemical potential, and force, respectively, play corresponding roles
in shifting the relative population of the two states involved in each case.
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PROBLEMS

12-1. Use Coulomb’s law and an integration to show that the (normal)
electric field of an infinite plane sheet of charge, with charge density o, is 2x0.
(Page 202.)

12-2. Deduce the equations pV = NkT, A = N/Q, and M = NM; from
Eqs. (12-9), (12-15), and (12-18). (Page 205.)

12-3. Show that .

y_ ¥
£(y) = 3 — 5 cen,

(Page 208.)
12-4. Show that

f' U,e‘"‘“‘"ainodo a1l
O == -—D*(—+—ﬂ)+---.
L e ginodo

(Page 209.)
12-5. Show that

L'pocosoe“”“"“"sinoda

_ R
[ " sin 0 ag kT

R

12-6. If poD >> kT, a gas molecule will oscillate about 6 = 0 instead of
rotating. In this case it is appropriate to express /I as a power series in T instead
of T-1, Find the first two terms in the series.

12-7. Obtain the basic thermodynamic functions for a sample of an ideal gas
at a height & in a gravitational field. Take the gravitational potential energy es
zero at A = 0. Find the density of the gas as a function of &, by use of the
equilibrium condition u(k) = u(0), where u = chemical potential.

12-8. Calculate the value of y = uoD/ET for uo = 1 Debye, D = 1000
volts-em~!, and T = 300°K.

12-9. Calculate ¢ — 1 from Eq. (12-32) for- H20 vapor at 100°C and 1 atm
pressure. Takea = 1.68 X 1024 cm3 and uo = 1.84 Debye.

12-10. Derive an expression for the equilibrium ratio of the number of
1 dipoles to the number of | dipoles, for given H and T. Show that if suddenly
the field is switched from H to —H, and if the distribution of dipoles between
T and | remains unchanged an appreciable time before adjusting to the new
direction of the field, then during the time before adjustment the system has,
in effect, a negative temperature. This is a useful point of view in connection
with some nuclear spin systems.

12-11. Derive equations for S/Mk and E/MmH as functions of kT/mH
(take ¢ = 1).

12-12. Investigate fluctuations in N and 7 in the magnetic system of Sec-
tion 124,
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CHAPTER 13

CONFIGURATION OF POLYMER MOLECULES AND
RUBBER ELASTICITY

In this chapter we present a brief introduction to polymer configuration
problems and to the theory of rubber elasticity. The treatment is based
to a considerable extent on the work of James and Guth (Supplementary
Reading list). A number of other topics having to do primarily with
polymer molecules in solution will be discussed in Chapter 21.

The basic prototype for polymer chains can be represented as

R R R R R
NN NN
R R E R

where R is the monomer unit, and the chain continues indefinitely at both
ends, The configuration shown above is the fully extended configuration.
Actually, because of rotation of the attached groups of R’'s around each
R—R bond, a great many configurations are possible, of which the ex-
tended configuration is only one. One of the fundamental problems in
polymer statistics is to deduce the relative number of configurations of a
long polymer chain consistent with a specified end-to-end distance (Fig.
13-1). This problem is closely related to problems in brownian motion,
random walks, diffusion, etc.

z
dx dy dz

x

Fia. 13-1. Long polymer chain with end-to-end vector r.
214
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One of the simplest polymer chains, polymethylene, has R = CH,.
Other well-known possibilities for R are:

CgHg C:IH3
—CH,—CH— —CH,—C=CH—CH,—
Polystyrene Rubber

In typical cases the number of monomers in a chain might be from 100 to
10,000.

13~1 Freely jointed chain. To handle this problem we first have to
generalize the formalism of Section 7-4. Consider a linear polymer chain
made up of M units, where M is large enough so that one chain can be
considered a thermodynamic system. Each unit can exist in the states
1= 1,2, ..., n with partition functions 7;(T") and lengths I;, The total
length of the chain is I. The system (chain) is characterized thermo-
dynamically by I, M, T. The canonical ensemble partition function is then

n M
oM, =Y ]l 1{-;—_;, (13-1)
M g ¥

where M; is the number of units with length l;, and the sum is over all
sets M = My, Mo, ..., M, consistent with the restrictions

n
D M; =M, (13-2)
g1

»
LM =1 (13-3)
i=1
Equation (13-1) is a rather obvious generalization of Eq. (7-58). Here,
for purposes of symmetry, we choose [ as independent variable instead of
one of the M; [M, was used in Eq. (7-568)]. The appropriate thermody-
namic equation is
dAd = —8dT + rdl + pdM, (134)
with
A= —kThQ (13-5)
and 7 = force pulling on the chain.
The restriction (13-3) is troublesome; to avoid it we change to another
partition function. We use the partition function

Atr, M, T) = 35 QC, M, )™ (13-6)
[
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This is the analog of Eq. (1-87). The connection with thermodynamics is
= —8dT — ldr + pdM, (13-7)
F=A—7l=pM = —kTha. (13-8)

We substitute Egs. (13-1) and (13-3) in Eq. (13-6) and obtain

A(r, M, T) = EM!]](’

gl

.IH) M

where now the only restriction on sets M is (13-2). The sum can be car-
ried out immediately, and we have

s, 1,1 = (i MW = tm DY, a30)
=1
This gives, for example, for the average length [ of the chain at a given
force 7,
_ a_lv_’ (a In A) 3ln s)
a‘rur—k ur—MkT or /r
_ i@ M, T LT
= TiQ0 o, Mo = MF o (13-10)

Equations (13-1) through (13-10) are formally the same as Eqs. (7-23)
through (7-29). Therefore the notation A = ¢ in Eq. (13-9) is appro-
priate. The partition function ¢ for one unit has the same form as A in
Eq. (13-6) for the entire chain [just as ¢ in Eq. (7-27) resembles E in
Eq. (7-25)).

We now consider a special case, a chain of M units, each of length a,
with “free” joints between units. That is, if we choose one end of any
unit as origin, the other end of the unit moves freely (in the absence of a
force on the chain) over the surface of a sphere with radius a (Fig. 13-2).
The ends of the chain are a distance ! apart and are on the z-axis. If the
left end of the chain is considered fixed, we want to calculate, among other
things, the equilibrium force 7 along the z-axis necessary to hold the chain
extended a distance ! (Fig. 13-2). Real polymer chains do not have:free
joints between monomers (R units), but an approximate connection can be
established between real chains and this idealized model (see Section 13-2).

The contribution of any one unit to ! can range from —a to +a. Thus
l; in Eq. (13-9) can vary continuously between these limits. We use z for
this continuous variable. It is clear from Eq. (13-10) that j; is proportional
to the probability of a length I; being observed when there is no force on
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.

T

\

Fra. 13-2. Two-dimensional version of freely jointed chain. Each unit is of
length a¢. The ends are on the z-axis and are a distance ! apart.

the chain (r = 0). When there is a force, j™*T is proportional to this
probability. In the present problem, then, we let j(z, T) dx be propor-
tional to the probability that the end of a freely moving unit (Fig. 13-2)
will have an z-component in dz. It is easy to see (Problem 13-1) that
this probability is in fact independent of z (in the range —a < z < +a).
Therefore we have

= [Time

— %a
=

where { = ra/kT. From Eq. (13-10) we find for the length-force relation

sinh ¢, (13-11)

I = MkT (‘%‘;ﬁ | = Mas(), (13-12)

t=g! ("MZE)’ (13-13)

where £ is the Langevin function defined in Eq. (12-30) and £~ is the
inverse Langevin function. The maximum extension is Ma; to achieve
this we need ¢ — oo. Figure 12-3 provides us with a plot of I/Ma (ordinate)
against ¢ (abscissa).

The occurrence of the same (Langevin) function here and in Section
12-3 is not surprising. In Section 12-3 we were dealing with freely ro-
tating dipoles perturbed in their rotation by an electric field. Here we
have freely rotating units of a chain perturbed in their rotation by a force
pulling on the chain.

or
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At small extensions (I < Ma), we use £(f) = /3 and find the linear
relationship

= _Mgz—a or T= 3;—:2 . (13-14)
Thus [ = 0 when 7 = 0, which is what we should expect on symmetry
grounds (I can be positive or negative; with 7 > 0 we have l > 0).

The question of fluctuations is of some interest. For example, when
7 = 0 does the value of ! fluctuate much about [ = 0? By the methods
of Section 2-1 we find (Problem 13-2) from Eq. (13-10) for the fluctuation
in / at fixed 7,

B — (0O =kT (g—z)u'r- (13-15)

From Fig. 12-3, we see that dl/ar is largest at small extensions. In the
limit as 7 — 0 (Eq. 13-14),

=% _ L, (13-16)

where we compare the fluctuation 2 with the maximum extension Mg in-
stead of , since I — 0 as 7 — 0. The subscript on I3 refers to 7 = 0.
Thus, if M = 8000, 0;/Ma = 10™2, a rather significant fluctuation.
The conclusion we draw from this is that chains of this size are not quite
macroscopic in the thermodynamic sense. Hence, although quantities such
as 7, I, B, T, etc., are well defined (see Sections 3—4 and 7-2) and equations
of the type (13-10), (13-13), and (13-15) are valid, functions such as E,
F, 8, A, ete., for a single chain are slightly fuzzy in their thermodynamic
significance. These latter functions become sharply defined, of course, for
a system consisting of a large number of chains (as is always the case in
practice).

From Eq. (13-16) we have that I2 = Ma?/3. Then Eq. (13-14) can
be written
kTl

== 13-17
il (13-17)

Actually, the length-force equation in this form is applicable to small ex-
tensions of any kind of chain with J; = 0. This relation follows directly
from Eq. (13-15) and the necessary (by symmetry) linear dependence of
7 on ] at small /.

The generalization of Eq. (13-17) to l # 0 (as, for example, in Section
7-4) and extensions that are not small can be deduced by a method which
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has very wide applicability in statistical mechanics. Define Ay from Eq.
(13-6) by
A(M,T) = A, M, T) = EQ(I) M,T),
T

and rewrite Eq. (13-10) as

= 1 (9a/8) |
1= A/l (31’/’010' M,T (13-18)

Now if we expand the exponential in Eq. (13-6), we find

A _ Tieo (i) T100, M, DEATY _ 1 (77
RS ST N ‘§ﬁ(ﬁ> o

where I3, a function of M and T in general, is the average value of I at
zero force. This follows from Eq. (13-10), which states that the prob-
ability of the chain having & length I is proportional to Qe™/*T when the
force is 7 and to @ when 7 = 0 [see also Eq. (2-13)]. The occurrence of
“unperturbed” (7 = 0) averages is the essential point here, since these
are not so difficult to calculate. Equation (13-18) becomes, then,

7 _ Tt /G — DNG/RT) ' (1510
Tono (/i) /KDY TG

This gives I — I, as a power series in 7/kT, or vice versa. We shall not
pursue this method further here (but see Problem 13-3).

As just indicated, @Q(I, M, T) is proportional to the probability that the
free (r = 0) chain has a length I (for given M and T). An equivalent
statement is that Q(I, M, T) is proportional to the number of configurations
(a configurational degeneracy) the chain can assume consistent with a
length I, for given M and T. The dependence of this probability on [ is
perhaps the most important single property of a polymer chain. We
are now in a position to deduce this dependence for a freely jointed chain
(and more general chains) from Q. The same results can be obtained from
the theory of random walks, without use of any of our statistical thermo-
dynamical formalism.

The general method we employ is to integrate the length-force relation
to obtain 4 and hence Q, using Eqs. (13—4) and (13-5). It should be noted
that at this point we make use of macroscopic thermodynamics; hence in
the following we are dealing implicitly with the limit of very long chains
(M — «). For the freely jointed chain,

R 7 (_l_)
dA =7dl = a [ Wa dl (T, M constant),
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Wip -l @] o

Q(O M T) = exp (13-20)
This is the probability of a free chain having a length [ relative to the
probability of a length | = 0. It is also the ratio of the number of con-

figurations of the chain with length [ to the number with length zero. If
we use the expansion (Problem 13—4)

and therefore

') =3+ 8%+, (13-21)
which can be deduced from Eq. (12-31), Eq. (13-20) becomes

QID (- u[2(L) + 5 (%) +- ] asam

When I € Ma, we keep just the first term in this expansion and obtain
the gaussian probability distribution ordinarily used,

S = e, (13-23)

This equation also follows directly on integrating the linear length-force
equation, (13-14). Thus the gaussian probability distribution for the
length of a free chain and the linear length-force relation for a chain under
an extending force have the same limits of validity (Problem 13-5). To
go beyond the linear length-force range, configurations of the chain with
values of ! outside the gaussian region become involved. That the “gaus-
sian region” is in fact quite extensive can be seen as follows. The ratio of
the correction term in Eq. (13-22) to the gaussian term is (3/10)(l/Ma)2.
Even for a very large extension, this quantity is small compared with
unity. For example, take M = 1000 and an extension !’ of ten times the
root mean-square extension (Ma2/3)Y/2. Then

r ) 10_ 1
10 =M~ 100
We have been emphasizing the probability significance of @ and Qe™V*T
for the length of a chain with fixed force. But one must also keep in mind
that @ has the usual connections with the thermodynamic properties of a
chain with fixed length (fluctuating force). An example is the deduction of
the linear ! — 7 relation from Q(!) in Eq. (13-23) (Problem 13-6). An-
other example is the derivation of an equation for the dependence of the
entropy S of a chain on its length . In the present model, @(l, M, T) has
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the functional form (Eq. 13-20)

Ql, M, T) = @O, M, T)f(, M). (13-24)
This relation, combined with Eq. (1-33) for 8, leads immediately to
8¢ M,T) — 8O, M, T) = kiInf = kln [Q/Q(0)]

~-k f & %)a (13-25)

3k12 3 1\
== Ma = "EM"(EE) (¢ < Ma).

(13-26)

The entropy is & maximum (largest number of configurations) at I = 0
and decreases with increasing I. The right side of Eq. (13-25) approaches
—o0 when | — Ma. This, however, is pushing the model too far: a real
polymer molecule, when fully extended, will not be rigid, but will have
internal vibrational motion. The analog of this situation for an ideal gas
is letting V ~— 0 in Eq. (4-20).

It is possible to write Eq. (13-20) in an alternative and more explicit
form. Thus, from Eqgs. (13-11) and (13-13),

Q = ¢—ABT — p ~TIAT

- [Pt el - Lo (i)

QL M, T) _ [sinh .e—‘a/Ma)]“ [_ - (A% )]

Qo M, 1~ emitay | L™ o \ag/)]” 4320
Here again we should note that the limit M — oo is implicit, since we
have made use of the thermodynamic equivalence of the partition func-
tions @ and A. Equation (13-22) may also be obtained from Eq. (13-27)
(Problem 13-7).

From Eq. (13-19) we can derive a more general version of Eq. (13-23)

[or Eq. (13-22)) for any polymer chain (see also Problem 13-3). We
integrate dA = 7 dl, where

T = kTT————(l — 10) ’
13 - (Io)2

or

(13-28)
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and obtain

QLM T) _ 1 (¢ —)?
m— OXD[—E_ 0 ]; (13-29)

where M is a number proportional to the mass of the polymer molecule.
Thus a gaussian probability distribution about I = lo = Il;, for small
extensions, is always found. Since in general 7, and 7§ are functions of
temperature, Eq. (13-26) is somewhat more complicated here. For ex-
ample, if Io(T) = 0, we find (Problem 13-8)

_@_ﬁ_[

(6 lné
2 M

1= d In T)u]. (13-30)

We should expect I3 to increase with temperature for a real molecule
owing to increased freedom of rotation about chemical bonds in the chain.

As a final topic in this section, we consider briefly the one-dimensional
version of a freely jointed chain. The chain has M units, each of length a.
Each unit must now always lie on the z-axis so that the possible contribu-
tions of a unit to ! are the two values —a or +a. Thus the chain resembles
a folding ruler. In random-walk language, this is a random walk along a
line with each step of length +a or —a. In Eq. (13-9), we take l; = }a,
lo = —a,and j, = j, = j. Then

S, M, T) — S0,M,T) =

M
= (95 7
A= (2] cosh kT) (13-31)
and, from Eq. (13-10),
1= Matanht, t= 7a/kT, (13-32)

3
t=tanh"(“%)=%+%(ill—a) ool (13-33)

Just as the three-dimensional freely jointed chain under a pulling force
resembles a gas of dipolar molecules oriented by an electric field (Section
12-3), the one-dimensional freely jointed chain under a force resembles a
system of magnetic dipoles in a magnetic field (Section 12-4). In particu-
lar, Eqgs. (12-45) and (13-32) should be compared. Figure 124 is also a
plot of I/Ma (ordinate) against ¢ (abscissa).

The present one-dimensional problem is a special case of the model
discussed at the beginning of Section 7—4 using different independent vari-
ables. The connection in notation is l, = —a, I = ¢, and j. = js = j.
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By the same methods as for the three-dimensional case, we find
(Problem 13-9)

S0 3T = [“ : / tanh ™" (rfa) dl] (13-34)

= cosh™ (tanh-‘ %) exp (— 7: tanh‘l—l‘;—-a) (13-35)

S TR BT e

13-2 Gaussian probability distribution for free polymer molecules. In
this section we discuss further the gaussian probability distribution for
free (r = 0) polymer molecules with the usual property I, = 0. Since the
Zh%le section is concerned with free chains, we drop the subsecript zero on
1y, 15, ete.

We saw in the preceding section that if one end of a long polymer
molecule is chosen as origin and the other end is forced to lie on a pre-
assigned line passing through the origin, say the z-axis, then according to
Eq. (13-29), the probability that the ends of the molecule will be separated
by a distance ! is proportional, for I not too large, to exp (—12/2%). Since
the direction of the preassigned line is arbitrary, we can make the equiva-
lent alternative statement that if one end of a polymer molecule is chosen
as origin, the probability that the other end will lie in a specified volume
element dx dy dz, a distance r from the origin (Fig. 13-1), is proportional
to

and I3 = Ma?.

e84y dy dz.

As a next step, we can conclude that if one end of a polymer molecule is
chosen as origin, the probability that the other end is at a distance between
r and r + dr, trrespective of direction, is

&
e"‘"’ 2 garr? dr

f e g? gy

(]

P(r) dr = = @D ~¥3"1% 3 4 (13-37)

This probability is normalized to unity. The average values of r2 and r
are

2= /; r2P(r) dr = 3, (13-38)
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a

(2) (b

Fra. 13-3. Chain with fixed angle 0 between units. In part (b), if the left
unit is on the z-axis, the end of the right unit (point B) can be anywhere on the
dotted circle. The angle ¢ is measured from some fixed point 4.

r= ]: rP(r) dr = (8?)”2 = (-8—?:2)”2 . (13-39)

Thus ! = 0 but ¥ > 0 (! can be positive or negative, but r is always
positive). Using Eq. (13-38), Eq. (13-37) takes the more appropriate

form
8/2
P(r) dr = (—3;2) LA (13-40)

Equation (13-40), it will be recalled, follows from the very general
equation (13-29) and is therefore not restricted to any particular model.
In various special cases, an explicit expression can be given for 3. For
example, for the freely jointed chain of Section 13-1, B = Ma?/3, and
hence r2 = Ma?. We now list, without proof,* some further results for
idealized models of polymer molecules, which, however, are considerably
more realistic than the freely jointed chain.

(1) If the chain has M units or bonds of length a, and ¢ is the fixed
bond angle between successive bonds (Fig. 13-3a), and if rotation about
bonds (see the angle ¢ in Fig. 13-3b) is free, then for large M,

72— prg2{lL—cos)

= Ma* ey (13-41)
The tetrahedral angle # = 109.5° is the case of most interest: 2 = 2Ma2.
If 6 = 90° r2 = Ma?, as for a freely jointed chain.

* See Flory, pp. 414-422, for more details.



13-2] GAUSSIAN PROBABILITY DISTRIBUTION 225

(2) If fixed bond angles 6, and 8, alternate (e.g., 0—Si—O and Si—0—S8i
in the silicone chain), then

P = apar G 00 W0 — cocly) (13-42)

for large M.

(3) Here we have the same situation as in (1) except that rotation about
¢ is hindered (see Section 9-5). For a hindering potential V{(¢) which is
symmetrical about ¢ = 0,

T _ ppar (1= 008 0)(1 + B
(1 + cos O)(1 — c089)

(13-43)

for large M and ¢08 ¢ not too near unity, where

1 3
/o cos pe— VW g,
P = . (13-44)
]; v e~V IET de

If V(o) =0 orif V(p) = V(e + 2rm™"), where m > 2, as in Eq. (9-18),
then ¢05¢ = 0 and Eq. (13-43) reduces to Eq. (13—41). However, actual
polymer chains will not have this symmetry, and the Gos ¢ correction will
be significant.

Although the models leading to Eqs. (13-41) through (13-43) are
much more realistic than a freely jointed chain, they still cannot be taken
too seriously. For example, bending and stretching of bonds have not
been taken into account. Much more important, van der Waals (or other)
attractions and, especially, repulsions between different units of the chain
have been ignored. The neglect of van der Waals repulsions enters all the
above models with the implicit assumption that the chain has a length
but no thickness. Because of this complication alone, the polymer con-
figuration problem differs significantly from ordinary random-walk
problems: in a given polymer configuration, two parts of the chain cannot
cross each other (occupy the same space), but there is no such restriction
on random-walk (or diffusion) paths. In polymer language, this is called
the excluded volume problem, and much recent theoretical work has been
done on it.* _

For the above reasons, detailed theories providing expressions-for r2
in terms of a model are not very practical. Instead, one can regard r3

* See, for example, F. T. WaLL and J. J. ERPENBECK, J. Chem. Phya. 30, 634,
637 (1959). These authors find that 72 « M?, where b = 1.18 for a tetrahedral
lattice.
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in Eq. (13-40) as an empirical quantity to be determined by some physical
property of the polymer molecules that can be related to 3.

An approximale semiempirical device that may be used to relate a real
chain of unknown 12 to the simplest model above, the freely jointed chain,
is the following. Bond angle restrictions exist between one monomer and
the next in a real polymer molecule. But if we call, say, five or ten (de-
pending on the stiffness of the chain) monomers one “statistical unit,”
then the (end-to-end) direction of one statistical unit is essentially in-
dependent of the direction of neighboring statistical units in the chain. In
fact, enough monomers are included in a statistical unit to ensure this
independence. Thus we can replace the actual restricted chain of mono-
mers by an equivalent chain of freely jointed statistical units. If M is
the number of monomers in the chain and »n the number in a statistical
unit, then the number of statistical units is M’ = M /n. The length of a
statistical unit, a’, is estimated as the root mean-square end-to-end dis-
tance of a statistical unit (i.e., a chain of n monomers). Then, finally, in
Eq. (13-40) we put

2 = M'a'? (13-45)

as for a freely jointed chain. The excluded volume problem is ignored
here.

If ¥2 is known, then M’ and o’ can be chosen in a unique way so that not
only does the product M’a’? equal 72 but also so that the fully extended
length of the effective freely jointed chain, M'a/, is equal to the fully ex-
tended length of the real chain, lyay. That is, from the equations

= Ma? and lne = M,
we deduce

2
M=t g o= = (13-46)

Again the excluded volume problem is ignored.

13-3 Rubber elasticity. Rubber consists of an isotropi¢ network of
long polymer chains. The space-filling property of the chains, referred to
in Section 13-2 in connection with the excluded volume problem, is im-
portant here, for rubber is a condensed phase with some liquidlike proper-
ties. A rather good analogy to a sample of rubber is a large tightly packed
collection of very long actively wiggling worms, with each end of each
worm attached to one end of each of three other worms (to form a network).
The junctions joining the ends of four chains (worms) together are called
cross-links. A real network will of course have imperfections (chains with
free ends, etc.) just as a real crystal has imperfections.
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It is commonplace that rubber has rather unique elastic behavior. This
behavior is a consequence of the special configurational properties of
polymer molecules considered in the preceding sections. We shall give
here only a very brief and semiphenomenological discussion of rubber
elasticity. An adequate treatment of the details of polymer network
theory would take us far beyond the scope of this book. The reader inter-
ested in this subject should see the papers of James and Guth (Supple-
mentary Reading list). The alternative, simpler, but less satisfactory
theory of rubber elasticity, due to Wall, will be presented in Chapter 21.
This latter theory provides the starting point for the only existing theories
of polymer and polyelectrolyte gels, ete.

Let us begin by summarizing the observed thermodynamic behavior
of rubber for extensions up to the order of 300%,. First, rubber is approxi-
mately incompressible (as are typical liquids); when rubber is stretched,
the volume stays almost constant. We can therefore use the following
rather accurate thermodynamic equations for a sample of rubber of definite
mass (L = length of sample):

dE = T dS + rdL, (1347)
dA = —8dT + rdL, (13-48)

- (g—f)r — rg+ 75 (1349)
T8 = —T(gLS- = T(%,)L, (13-51)

where 7g and 7 are the energy and entropy contributions to the force 7.
By measuring 7 as a function of both L and T, 75 can be calculated from
(37/0T) 1, and hence g can be obtained from Eq. (13—49). It is found
in this way that 7z is approximately zero: the elasticity of rubber is an
entropy effect. Thus E depends on T but not on L. The implication of
this is that when rubber is extended, the intermolecular potential energy
remains constant, which is not surprising for a condensed phase of con-
stant volume, and also that the extension is made possible by sufficient
uncoiling of the polymer chains but does not involve any bending or
stretching of chemical bonds. This behavior is equivalent to that of an
ideal gas: F is a function of T but not V; and in the equation analogous
to Eq. (1349), p = pe + ps, p2 = 0.
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An alternative and equivalent experimental observation is that the force
7 is directly proportional to T at constant L. From the relation

rerg= —T (g—‘%)r (13-52)

we conclude, then, that (8S/0L)r is a function of L only. This is consistent
with a split of the entropy into two parts:

8 = 81(T) + 85(L), (13-53)

where S3(L) is the entropy associated with the configurational degeneracy
of the polymer chains of the network. Again there is an analogy with an
ideal gas: (3S/08V)r is a function of V only; 8 = 8,(T) + S2(V). For an
ideal gas, replace, in Eq. (13-52), 7 by p, 75 by ps, and —(3S/3L)r by
(a8/6V)r = NK/V.

On the basis of the above discussion, we postulate that the essential
molecular mechanism determining the elasticity of rubber is the elasticity
of the individual chains making up the network, and this in turn is de-
termined by the configurational properties of the chains (Section 13-2).
We have to superimpose on this postulate the facts that the volume is
constant on stretching and that a hydrostatic pressure exists in the rubber,
just as in any liquid.

Consider an isotropic cube of rubber, with edge Loy, when under no
force. The volume is ¥V = LJ. Now let a force 7 extend the rubber in the
a-direction so that L = L, > Lo. Then

Ly=1L, V=IL3§=LLL,=LL: (13-54)

Let us examine the mechanical equilibrium at a surface of the stretched
rubber perpendicular to the 2-axis. There is an outward force pLL, owing
to the hydrostatic pressure, but this is just balanced by the inward force
of the molecular chains. We cannot write a satisfactory and completely
explicit expression for this inward force without a detailed study of the
properties of the network. However, for the small extensions we are in-
terested in, we can deduce from Eq. (13-17) for a single chain that the
inward force exerted by a network of N chains will have the form CNkTL,,
since L, will be proportional to I, for a single chain. Here, C is a constant
which depends on the structure of the network. On equating the inward
and outward forces, and putting L, = L,, we find

p= L. (13-55)



13-3] RUBBER ELASTICITY 229

Force

Fia. 13-4. Comparison of experimental and theoretical length-force rela-
tions for rubber in a typical case. The vertical scale has been adjusted to give
best fit.

Next, consider the mechanical equilibrium at the surface (perpendicular
to the 2-axis) which is being pulled by an external force 7. Here 7 + pL?
(outward force) is balanced by CNETL (inward force). Then

T = CNkKTL — pL}. (13-56)
From Eqgs. (13-54) and (13-55) this becomes

7 = CNkTL, (a - ;1—,) (13-57)

where « = L/L,. This is the desired length-force equation, valid for
small (up to about « = 3) extensions. Of course « = 1 when 7 = 0.
The initial slope, (dr/da)a=1, i8 3CNkTLo. Experiment and theory
are compared in Fig. 13-4, where the vertical scale has been adjusted to
give the best fit. The experimental “knee” is well reproduced by the theory.
Deviations occur, as expected, at high extensions.

In the Wall theory of Chapter 21, C = Lj2.
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ProOBLEMS

13-1. Show that the function j(z, T') for a unit in a three-dimensional freely
jointed chain is independent of z in the range —a < 2 < - a. (Page 217.)

13-2. Derive Eq. (13-15) for the fluctuation in length of a chain under a
constant force. (Page 218.)

13-3. For any molecule with I = I = :-+ = 0, show from Eq. (13-19)

that
l=lﬁ(—) l[117—(3)"‘](—’— e (13-58)
kT " 213" kT
Invert this series to get 7/kT in powers of [, then integrate dA = r dl to find

QT _ A I P
b 4 -1 U 13-59
ao,n P { [a%)’ 3@*] + } (-5

72
Equation (13-59) is exact only for M — oo, but Eq. (13-58) is exact in general.
By comparing Eqs. (13-12) and (13-58), show that, for a freely jointed chain,

— 2 — 2 4
o = MTa and 13 M ( — %) (13-60)
(Page 219.)

13-4. Deduce the expansion of £-1(z) from that of £(y) in Eq. (12-31).
(Page 220.)

13-5. Use the gaussian form for Q(l) (Eq. 13-29) to deduce A from Eq. (13-6)
and I from Eq. (13-10). The result should agree with Eq. (13-28), of course.
(Page 220.)

13-6. Derive the length-force equation, (13-14), from the canonical ensemble
equations (13—4), (13-5), and (13-23). (Page 220.)

13-7. Deduce the probability expansion (13-22) from Eq. (13-27). (Page 221.)

13-8. Deduce the entropy equation (13-30) from Eqs. (1-33) and (13-29).
(Page 222.)

13-9. Derive Eqs. (13-34) through (13-36) for a one-dimensional freely
jointed chain. (Page 223.)

13-10. Obtain the equivalent of Eqs. (13-60) in Problem 13-3 for the one-
dimensional freely jointed chain.

13-11. Discuss the problem of a two-dimensional freely jointed chain.

13-12. Derive Eq. (13-33) as a special case of Eq. (7-59).

13-13. Discuss the problem of a three-dimensional freely jointed chain in
which each unit can have two lengths, a, and ag, with partition functions §.(T)
and jg(T) [in the notation of Eq. (13-11)]. Consider also the problem in which
each unit can have any length between ¢ = 0 and ¢ = a, with equal prob-
ability. Incidentally, in an equivalent chain of statistical units, a gaussian dis-
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tribution in a for the length of a statistical unit would be an appropriate approxi-
mation (in the text, we use a single length ).

13-14. Calculate I3 and I§ from the gaussian function (13-23). Compare with
Problem 13-3.

13-15. Show the identity of Eqs. (13-34) and (13-35).
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Systems of Interacting Molecules



CHAPTER 14
LATTICE STATISTICS

In Part IIT we discuss systems of molecules that exert intermolecular
forces on each other. First we consider, in the present chapter, molecules
confined to sites in a lattice (the “Ising problem”), and then turn in later
chapters to mathematically more complicated systems (imperfect gases,
liquids, etc.) in which the molecules are not restricted in this way. A
feature of particular interest in all this work is the possibility of phase
transitions (e.g., gas-liquid) when the temperature is low enough.

We have already considered, in Chapter 7 and in Sections 12—4 and 13-1,
a number of problems involving lattice statistics. In all these cases, how-
ever, the individual sites or subsystems were independent of each other.
In this chapter we extend the discussion to more complicated problems in
which interactions between nearest-neighbor sites or subsystems exist.
Second-neighbor, and higher, interactions are important in some cases
but, for simplicity, we shall confine ourselves to models with nearest-
neighbor interactions only.

Further applications of the results obtained in this chapter will be found
in Chapters 16 (hole theory of liquids) and 20 (lattice solution theory).

A more detailed and advanced review of this subject is available in
S. M., Chapter 7.

14-1 One-dimensional lattice gas (adsorption). We consider here the
following model: we have a linear array of M equivalent sites (M — );
each site may be empty or occupied by one molecule; the partition funec-
tion of an isolated molecule on a site is ¢(7") ; and when two nearest-neighbor
sites are both occupied by molecules, there is a potential energy of inter-
action w between the molecules (in some cases w is a free energy, a function
of T, and not a potential energy; also, the zero of energy for w is infinite
separation). This is a realistic model for the adsorption of molecules or ions
onto sites on a linear polymer molecule if the forces between the adsorbed
molecules or ions are of sufficiently short range that only nearest-neighbor
interactions need be taken into account. This might well be the case even
for ions, in the presence of added electrolyte (see Chapter 18). The model
is the same as that of Eqs. (7-3) through (7-16) except for the added
complication here of the nearest-neighbor interaction energy w.

This one-dimensional problem has a special added importance in statis-
tical mechanics by virtue of the fact that it can be solved easily and exactly.

235
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An exact treatment has been achieved with great difficulty for the corre-
sponding two-dimensional problem only in the special case that half the
sites are ocoupied; it has not been achieved at all for the three-dimensional
problem (except for various series expansions).

We shall use the canonical ensemble and the maximum-term method.
A much more elegant matrix method is available (see S. M., pp. 312-314
and 323-324), but we avoid this in deference to readers not sufficiently
equipped mathematically. The system is characterized thermodynamically
[see Eq. (7-6)] by M sites, of which N are occupied, and the temperature T'.
Equation (7—4) gives the canonical ensemble partition function Q(N, M, T)
when w = 0. Our task is to generalize this Q for w = 0.

When the N molecules are distributed among the M sites in a particular
configuration or arrangement with N;, nearest-neighbor pairs of sites
both occupied, the interaction potential energy is Ny,w. Actually, it
proves convenient later to use here, instead of Ny, the variable No;—the
number of nearest-neighbor pairs of sites with one site empty (subseript 0)
and one site filled (subscript 1). The relation between N;; and Ny; can
be established by the following argument. If we draw a line from each
occupied site to its two neighboring sites, we will have drawn 2N lines.
Also, in this process, we will have placed two lines between each nearest-
neighbor 11 pair (one starting from each side) and one line between each
01 pair. Therefore,

2N = 2N;; + Nos. (14-1)
A similar argument for empty sites gives
2(M — N) = 2Noo + Nos. (14-2)

We see from Egs. (14-1) and (14-2) that only one of N3, No1, and Ngo
is independent; we choose No;. End effects are neglected in Eqs. (14-1)
and (14-2) because M — oo.

A configuration or arrangement of N molecules on M sites with Ny,
pairs of type 01 will have an interaction potential energy

N
an=( ——é.! w,

according to Eq. (14-1). Suppose that there are altogether g(N, M, No,)
configurations with exactly No; pairs of type 01. That is, suppose there
are g(N, M, No,) different ways in which N molecules can be distributed
on M sites giving No; pairs of type 01. The contribution of these con-
figurations to Q is g(N, M, Ngy)e Y uv/*T and the complete expression
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for Q is then
oW, M, D) = ¢ 3 oW, M, Nov) exp [~ (v - Xor) wppr]
= (MY T oV, M, N} ™YV, (14-9)

No1

where the sum is over all possible values of N, for given N and M.

Having related @ formally to g, our next problem is to find an explicit
expression for g. We might note at the outset that we must have for the
total number of configurations with given N and M,

> 9(N, M, Noy) =ﬁ' (144)

No;

In view of this relation, it is clear that Eq. (14-3) reduces, as it should, to
Eq. (74) when w = 0.

Since we shall be using only the maximum term in the sum in Eq.
(14-3), N, M, and Ny; may all be regarded as very large numbers. For
concreteness, suppose No; i8 odd and that the site on the left of the linear
array of sites is of type 1. For example:

111i00i1i0i1i00i11i0
N=17 Na=7 M=1 M-N=6

Then there are (Ng; + 1)/2 groups of 1’s, (Ng; + 1)/2 groups of 0’s,
and the left-hand group is a 1 group, while the right-hand group is a 0
group. These remarks follow from the fact that a 01 pair occurs at each
boundary between a 1 group and a 0 group. Now consider the number of
ways of arranging N 1’s in (Ng; + 1)/2 groups. Each 1 group must have
at least one site of type 1 in it; thus the required number of arrangements
is the number of ways of assigning the remaining N — {(No; +1)/2] (=X)
1’s among the (N¢; + 1)/2 (=Y) groups, with no restriction on the number
of these 1’s per group. This number is

X+¥—11_ N
¥ —DIX! ~ (Nor/2IN — Wor/2N'

where we have dropped unity compared with large numbers in the second
expression. The corresponding number for the 0’s is obtained by replacing
N by M — N. Then g is twice the product of the above number for the
1’s and the corresponding number for the 0’s. The factor of two arises
because the left group could as well be a 0 as a 1. But this factor is neg-



238 LATTICE STATISTICS [cHAP. 14

ligible, for we use only In g and not g itself. Thus we have finally

NY(M — N)! .
IN — (No1/2{M — N — (No1/2)M(Nor/2)J2
(14-5)
This formula for g is now inserted in Eq. (14-3) for Q. But the sum is

difficult, so we use the maximum-term method (Appendix II). Let
t(No1, N, M, T) = g(¢*/*T)¥o1 in Eq. (14-3). Then from the condition

g(N, Ma NO!) =

dlnt . dlng , w
WNo1 — 0= oNo, T 2T (14-6)
and Eq. (14-5), we find
@—a)1 —0— a) - e_w/kq" (14-7)

o3
with
N N

0=M and a=m-)

where N, is the value of No, giving the maximum term in the sum in
Eq. (14-3). Equation (14-7) is a quadratic equation in «, and gives Ng,
as a function of N, M, and T:

N 2000 — 0)
o = ——2M = ——-—-ﬂ | 1 ’ (14‘8)
where

B=1[1—46(1 — O)(1 — e~I*Ty1/2,

The sign on the square root can be determined from the special case
w/kT = 0. Before proceeding to find the thermodynamic functions of the
system from @, let us digress to note that Eq. (14-7) can be rewritten as

N1iN$o _ e~™*T
AL
N 0? 4

(14-9)
if we use Egs. (14-1) and (14-2). This has the form of a chemical equi-
librium quotient, as in Eq. (10-5), for the “reaction”

2(01) = (11) + (00). (14-10)

The “equilibrium constant” ¢~*/*T/4 is consistent with the “partition
functions” goo = @, ¢11 —wkT  and goy = 2%(conﬁgurational de-
generacy). That is, e™/*T/4 = q11900/43,.
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The chemical potential follows from

InQ = Nlnge™* + n¢(N%;, N, M, T) (14-11)
and
B dln@Q _ —w/kT (3 lnt)
W= ( W Jur =€ TGN Jutinr

+ (alm) (aNzl) )
ONg,/nmr \ON Jur

The last term drops out because of Eq. (14-6). Then

dlng

_ _I‘_= —w/kT .
T = Do +(3N Nh.M.T

From this and Eq. (14-5) we find

Age VT = 1 ; o ( I i;j a), (14-12)

where A = ¢**T a3 usual. Finally, we eliminate « in Eq. (14-12) with
the aid of Eq. (14-8), and obtain

Y= )‘qe—wllﬂ' — g_+:%§_: . (14_13)
This equation gives \ as a function of 0 and 7. In the case of adsorption
or binding, A is (at least approximately) proportional to the equilibrium
gas pressure or solute concentration [see, for example, Eq. (7-9)). Hence
this is the “adsorption isotherm.” Equation (14-13) reduces to the Lang-
muir equation, (7-9), when w/kT ~ 0. Figure 14-1 gives 0 plotted against

1.0

[

. In yo—a

05lA | . ,

/ 08 16 24

w/kT =0
- w/kT = —2.4
0

Fia. 14-1. Exact adsorption isotherm for one-dimensional lattice with
nearest-neighbor interactions. The w/kT = 0 case is the Langmuir isotherm.
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Iny for w/kT = 0 (Langmuir) and —2.4. The symmetry evident in
Fig. 14-1 can be expressed analytically (Problem 14-1) by

y@®y(t — 6 = 1. (14-14)

Next, we find the equation of state. We could use & = kT 9 In Q/aM
(Eq. 7-7) but instead, with u available, we employ

® _Ne A _Nu 1
¥ = MkT — M%7 = Mkt T w2 @ (14-15)

From Eqs. (14-8) and (14-11), we find

2001 — 0) w

] 14 26
= 0ln BF1 kT

1 *
W E+_I-_+Mlng(N’M’N°l)+
Finally, we use Eqgs. (14-5) and (14-8) to eliminate N, from In g. Lengthy
algebra leads to
= g+1
ln——'g T1-20 (14-16)
This reduces to Eq. (7-7) (Langmuir) when w/kT — 0.

For a first-order phase transition to appear in this system, we must
find the familiar van der Waals type of loop in the equation of state,
(14-16), below a critical temperature. From the symmetry of Fig. 14-1,
it is clear that if a critical point exists, the critical value of 9 is 1/2. The
usual equation-of-state p-v plot corresponds here to a ®-1/6 plot
(Problem 14-2). In a van der Waals loop, then, a&/3(1/6) will be positive
at 0 = 1/2; or, /30 will be negative at ¢ = 1/2. But we deduce from

Eq. (14-16) that
) e e

This quantity can never be negative, 80 a loop and first-order phase transi-
tion are not observed. If w is negative and T — 0, the derivative ap-
proaches zero. Therefore the “critical point” isat 6, = 1/2, T. = 0. We
shall see in Sections 14-3 and 14—4 that two- and three-dimensional lattice
systems do lead to first-order phase transitions (that is, with T, > 0).
Incidentally, it is easy to show from thermodynamics (Problem 14-3)

that
(ap/kT' (a In y) _1 (OQ/kT)
90 Jr 30 o\ a0 Jr’
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and therefore, in Fig. 14-1,

( 90 ) e—vI2T
dny/emiy2 = z

This slope is steeper than the w = 0 slope if w < 0, but less steep if
w>0. Ifw < 0and T — 0, the slope approaches +co.

14-2 Elasticity of a linear polymer chain. In the first part of Section
7-4 we studied a linear chain of a and g units, with lengths of units I, and
ls. We reconsider the same problem here, but now we allow interactions
between nearest-neighbor units in the chain. The interaction energies
(hydrogen bonds, for example) are, in obvious notation, Wa,, W, and was.
This model, and extensions of it, has been applied to the a-8 transformation
in fibrous proteins, and to the helix-random coil transformation in protein
and nuecleie acid molecules in solution (force on chain = 7 = 0). We shall,
however, not go into the details of these applications.

Equation (7-57) is again the thermodynamic starting point. In place
of the canonical ensemble partition function (7-58), we must use the
equivalent of Eq. (14-3). We let g(M., M, N.s) be the number of ways in
which M, « units can be distributed among M positions on the chain so that
there are N.s nearest-neighbor pairs of type o8. This is obviously the same
function as in Eq. (14-5), except for notation. In any one of these g
configurations, the total interaction potential energy W is

W= Naawaa + Namaﬁ + Nﬂﬂwﬁﬁ

= — 2t Moveut O — Mo,  (1418)
where we have used Eqgs. (14-1) and (14-2) and defined w by
= Waa + Wpp — 2Wap. (14-19)

The energy w is the change in energy (or free energy if the w’s are functions
of T) in the process (14-10). This composite w plays the same role as w
in the preceding section. Therefore the problem is not complicated in a
fundamental way by the occurrence here of three different w’s. Then,
instead of Eq. (7-58), we have

Q(Ma’ M,T) = j:"jﬁu_u' E oM., M, N.p)G-W/kT
Nap
= (jﬂc—wu/kT)Ha(jﬁ—w”/kT)M—Ma NE g(May M, ng)(ewlsz)Nd.
af

(14-20)
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This is now in essentially the same form as Eq. (14-3). Equations (14—4)
through (14-10) apply here without change (except notation).
For the force on the chain we find, just as in Eq. (14-13),

(s — ) _ (dln@ _ B+1—25 j.c'“’aw”‘T]
kT (OM, )u.r =In [(B -1+ 25) joe—wpgl*T |’ (14-21)

where § = M./M (fraction of a units) and 0 is replaced by  in the func-
tion 8(9, T'). Figure 14-1 is a plot of & (ordinate) against

T (lp — 0 o/ BT
kT

+ In Jet

W =In Y. (14—22)

A negative w means here that aa and 88 pairs of units attract each other
more than do of pairs. This leads to a tendency for the system to split
into two phases (predominantly « or predominantly 8), a tendency which,
however, cannot be realized in a one-dimensional system, as pointed out
in the previous section. In Fig. 14-1,a87 — oo,Iny — —w0,and § —» 0
(all long units).

For free molecules (that is, 7 = 0), the equilibrium value of § is deter-
mined by Eq. (14-21) with 7 = 0. This value of 5 is a function of T, a
dependence which has been investigated experimentally for the « helix-
random coil transition in proteins by Doty and collaborators. The corre-
sponding equation when the w’s are all zero is (7-61).

14-3 Two-dimensional square lattice. Here we use the lattice gas
language again, since the only practical application is to adsorption on a
surface. The model is the same as in Section 14-1, except that the sites
form a two-dimensional square lattice instead of a one-dimensional lattice.
In particular, ¢ is the partition function of an adsorbed molecule on & site,
and w denotes the interaction energy between two molecules on nearest-
neighbor sites. Some of the exact properties of this system have been
found, especially by Onsager. These are confined mostly to the special
condition 8 = 1/2, but by symmetry [just as in Eq. (14-14)], it can be
deduced that 6, = 1/2 if a critical point exists, so this is the most inter-
esting value of 6. Because of the advanced mathematical techniques
needed for this problem, we shall confine ourselves to a brief summary,
without proof, of some of the results obtained. References and more
details will be found in 8. M., Chapter 7. The same problem is treated by
approximate methods in Sections 14—4 and 14-5.

The first result we mention is that the two-dimensional lattice gas can
exist in two phases, a dilute phase (“gas”) and a condensed phase (“liquid”),
and below a critical temperature the two phases can be in equilibrium with
each other. The transition from one phase to the other involves a latent
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F1a. 14-2. Exact two-phase region for two-dimensional lattice gas with
w < 0. Dotted curves are schematic isotherms.

heat. In other words, the model predicts a first-order phase transition
under suitable conditions. The critical density is 8, = 1/2, and the
critical temperature (first found by Kramers and Wannier) is given by
Zo = /2 — 1 = 04142, where x = ¢*/**T and z, = ¢*/2*T¢, Thus w
must be negative for a critical temperature to exist (Problem 14-4) and
for a first-order phase transition to occur. A plot analogous to the usual
p-v plot is given in Fig. 14-2 for w < 0. Inside the solid curve is the two-
phase region. For a given temperature (i.e., value of x) below the critical
temperature, the pressure at which the two phases are in equilibrium
(i.e., the vapor pressure) is

% =In(l+2%+ -2{; /o In {31 + (1 — k3sin® o)!'%]} dp, (14-23)

where
_ 42(1 — z?) .
S (P E

Actually, Eq. (14-23) is more general than just indicated: ® is the pressure
for any value of x (w positive or negative) at # = 1/2 (e.g., any point on
the dashed line in Fig. 14-2). Thus, f w =0(x = 1), ®/kT = In2, in
agreement with Eq. (7-7).

Let 6., be the value of 9, for given #, on the liquid side of the two-phase
region (Fig. 14-2). Then for the same x, symmetry leadsto g = 1 — 0y,

k
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Coontig/ ME

4&T/—w

Fig. 14-3. Exact configurational heat capacities for one-dimensional
(curve I) and two-dimensional (curve II) lattice gases.

where g is the corresponding value of @ on the gas side. The dependence
of 8g on z is given by

X1 ALl 4 1/21/4
ba(x) = % - %[(l tz )8 — 2’2‘)2"" ) ] . (14-24)

The contribution of nearest-neighbor interactions to the energy of the
system is called the configurational energy, Feontig = N7,w. We assume
w is independent of T here. For ¢ = 1/2, Onsager obtained explicit
expressions, which we shall not write down, for Egonsig and the heat
capacity Ceontig = 9Econtig/dT, involving elliptic integrals. Figure 14-3
shows Ceonfig plotted against T. This is the configurational heat capacity
along the dashed line in Fig. 14-2. As the temperature T, is crossed, a
singularity in Ceonfig OCcurs. It is easy to show (Problem 14-5) from
Section 14-1 that in one dimension (8 = 1/2)

. 2
Ct}:;;l’:;lc _ (Z%T sech Z%) . (14-25)

This function is also plotted in Fig. 14-3; it does not have a singularity.

Many exact series expansions have been found, not only for the square
lattice, but for other two- and three-dimensional lattices as well. As an
example (see also Problem 14-17), we derive the second virial coefficient
B3(T) in the expansion of ®/kT in powers of @ for an arbitrary lattice with
¢ nearest-neighbor sites to a given site (for example, ¢ = 4 for a square
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lattice). The definition of the nth virial coefficient B, is obvious from the
expansion

= 0+ Bo(T)6* + By(T)6* + - - . (14-26)

‘We use the method suggested by Eq. (1-69), since it reduces the problem

to a two-body problem. For an arbitrary lattice, Eqs. (14-1) through

(14-3) become
¢N = 2N11 + N(u, (14-27)

(M — N) = 2Ngo + Noy, (14-28)
Q(N’ M) T) = (qe—cw/2kT)N Z 0(N, M’ NOl)xNN’ (14_29)

Nox

where 2 = ¢*/2*T a3 before. The grand partition function is

E=e" MM =14 Q1,MT)\+Q2,M T\ +---, (14-30)

where A = ¢**T, When N = 1, the only possible value of Ny, is ¢, and
g(1, M, ¢) = M, since the one molecule can be on any of the M sites. Thus

QUL M, T) = ge—*“'*TMz° = Mg (14-31)

When N = 2, which is as far as we have to go for Ba(T'), Ny, can have the
values 2¢ or 2¢c — 2. In the former case the two occupied sites are not
nearest neighbors to each other, but in the latter case they are. Then

MM~—c—1) Mc
2 ’ 2

The first result, for example, follows from the fact that the first molecule

can be placed at any one of M sites and then the second can be placed at

any one of M — (c + 1) sites to avoid “contact.” Note that Egs.
(14-32) satisfy Eq. (144). Equations (14-29) and (14-32) give

0w, = ¢u(E- T H == 1),

92, M,2) = 92, M, 2c — 2) = (14-32)

(14-33)

The grand partition function, (14-30), becomes then

—3
R N T T R & T e

where we define
z = g\ (14-35)
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If we take the logarithm of both sides of Eq. (14-34), we get

—2
d—ep @ ez Dy (14-36)
Since Mz is of order M, the legitimacy of using the expansion of
In (1 4+ Mz + - - ) here is questionable, to say the least. Actually, the
result can be justified by another argument, which we give later in Sec-
tion 15-1. Next, we use the thermodynamic equation N du = M d®
(T constant), or

o= _» 6<I>/k ) a<I>/kT N (14-37)

to obtain from Eq. (14-36),

0=z2z+(x72—c— 12?4+ .-, (14-38)

Since, by definition, z is proportional to A\, and z — 9 as § — 0, it is ap-
propriate to call z an “activity” in the chemical thermodynamic sense.
The inverse of Eq. (14-38) is

z2=04+(c+1—cx o2+ ... (14-39)

Finally, we use Eq. (14-39) to eliminate z from Eq. (14-36) and obtain
®/kT in powers of 6, as in Eq. (14-26). We find

_ -2 _ —w/kT
Bg(T)=c+l2 cr =c+1 2ce . (14-40)

This agrees with Eq. (7-7) when w = 0 (x = 1). The second virial coeffi-
cient can become negative if w/kT is sufficiently negative (Bs — —cz~2/2).
On the other hand, if w/kT is large and positive, B, — (¢ + 1)/2 (two
molecules cannot occupy nearest-neighbor sites).

The method we have used here can be extended to Bg, By, etc., and has
very general applicability in statistical mechanics.* We shall encounter
it again several times in this book (Chapters 15 and 19).

14-4 Bragg-Williams approximation. No two- or three-dimensional
Iattice statistics problem has as yet been given a treatment that is both
complete and exact. Hence, approximate methods are useful. The present
approximation is probably the simplest possible that retains the correct
qualitative features. If is equivalent to the van der Waals approximation
for imperfect gases and liquids (Chapter 16).

* T. L. HiLy, J. Chem. Phys. 27, 561 (1957).
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In the Bragg-Williams approximation for a lattice gas with nearest-
neighbor energy w, the configurational degeneracy and average nearest-
neighbor interaction energy are both handled on the basis of a random
distribution of molecules among sites [i.e., a8 if w = 0, as in Eq. (7—4)].
This is obviously an incorrect procedure, except in the limit as T — c0.
Thus, instead of Eq. (7—4), we use

N —-N-"w/kT
QN,M, T) =%, (14-41)

where N;,w is the average interaction energy. We calculate N, as
follows: a molecule at a site has, on the average (random distribution),
¢6 = ¢N/M occupied nearest-neighbor sites next to it; therefore, Ny; =
(eN/M)(N/2) = cN?/2M, where the factor of two is inserted to avoid
counting each 11 pair twice. The same partition function follows from
Eq. (14-29) if we write

Mz

(N, M, Nop)z"» = Fn 3 g = 22
;ﬂﬂ » M, Noy NE‘., N — 1’

where No; = ¢eN(M — N)/M (random distribution).
The various thermodynamic properties may easily be derived (with
w assumed constant) from Eq. (14-41). For example,

A

Q= —=MaM—NiaN— (M — N M — N)
2
+Nlng—Se2:  (14-42)
S _ am@y _, M ( ngg)
=+ T\GF ) = ovor—mi TV \re+T55);
(14-43)
v
— 1, w1 .
B _ _(dnQ oy 8T
W= (aN wr = BT =0 (14-46)
(20—1)/2kT

1—¢

The entropy is seen to be the same as for the ideal lattice gas (Eq. 7-11).
Equation (14-44) is the equation of state, and Eq. (14-46) or (14-47) is
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Fi16. 14-4. Pressure-volume isotherms for a Bragg-Williams lattice gas.
The curve labeled cw/kT = —4 is the critical curve.
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F16. 14-5. Adsorption isotherm for Bragg-Williams lattice gas. The
cw/kT = O case is the Langmuir isotherm.
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the adsorption isotherm [see Eq. (7-9)]. The second virial coefficient in
Eq. (14-45) agrees with the exact relation (14—40) in the limit as w/kT — 0,
a8 we should expect from the nature of the Bragg-Williams approximation.
We have defined y above in such a way that the symmetry property
(Eq. 14-14) y(0)y(1 — 6) = 1 holds (Problem 14-1). This definition of
y is consistent with that in Eq. (14-13), where ¢ = 2.

Both Eqs. (14—44) and (14-47) lead to loops (as in van der Waals
equation) and to the prediction of a first-order phase transition (Figs. 144
and 14-5). To draw in the horizontal stable equilibrium path in Fig. 144,
we may use either the thermodynamic equal-area theorem or the symmetry
condition 8, = 1 — 0g. By symmetry, the critical point must be at
0, = 1/2. We can locate the critical temperature from the condition

(aja/oﬂ).o-l/z =0 (14-48)

We find cw/kT. = —4. The exact value for a square lattice (Section 14-3)
is 4w/kT, = —7.05. The Bragg-Williams theory incorrectly predicts a
phase transition for a linear lattice (¢ = 2).

A number of phase transitions (vertical jumps) in adsorption isotherms,
as in Fig. 14-5, have been observed experimentally. If we take (Problem
14-4), say, w = —400 cal-mole™?, then for a two-dimensional hexagonal
lattice we have* T, = 77°K. At this temperature, however, the adsorbed
phase is probably more nearly mobile than localized (Section 9-6) so a
better model for the experimental systems is a two-dimensional gas-liquid
transition (Sections 16-1 and 16-2). A system which is definitely localized,
which shows a phase transition, and to which the Bragg-Williams theory
has been applied successfully is the absorpiion of hydrogen gas (as atoms)
by palladium metal.t The experimental critical temperature is T, =
568°K. We might then roughly estimate w, using ¢ = 0.6 X 12 = 7.2
(6 = 1 corresponds to 0.6 H atom per Pd atom), from

15.80kT, ,, 6 . -1
= — 8 XT2.— 2500 cal-mole™".

For consistency and convenience we are using throughout this chapter,
except in Section 14-2, notation and language appropriate to a lattice gas.
We could have used “magnetic language,” instead, as in Section 12-4.
To illustrate this, we turn next to the Bragg-Williams approximation for a
ferromagnet or antiferromagnet.

* The exact value of 6w/kT, for a hexagonal lattice is —15.80.
t See Fowler and Guggenheim, pp. 558-563, for details.
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Section 124 should be reviewed for notation and thermodynamics.
In a ferromagnet, the magnetic dipoles are associated with electron spin
in atoms. Parallel spins or dipoles (1T or | |) at nearest-neighbor positions
in the lattice are assumed here to have an interaction energy —J, while
antiparallel spins (T]) have an interaction energy +J/. In Section 124,
J = 0. These interaction energies are not simply dipole-dipole interac-
tions, which are in fact negligibly weak by comparison, but are due instead
to quantum-mechanical exchange forces, as in chemical bond theory. If J
is positive, we have the ferromagnetic case, and if J is negative, we have
the antiferromagnetic case.

The partition function @(M, T, H) of Eq. (12-40) has to be modified
to take care of the nearest-neighbor interaction energies just referred to.
For a given value of N (the number of | dipoles) in the sum in Eq. (12-40),
we insert a factor ¢~%/*T, where W is the total interaction energy:

W = N1uwiy + Noiwor + Noowoo;
0="T, 1=1, wan=wo=-J, wn=-+;

Ny=, Fa=NH-—N g _ oM N

oM o1 M oM
This gives
_ _o@eN —Mm?
W= 53 (14-49)

After putting the factor e~7/*7 with the above W, behind the summation
sign in Eq. (12-40), we can rearrange as follows:

3 -
MchcJN IMkT[e 2(mH+cJ)/kT]N.

Ni(M — N)!

M
QM, T, H) = [qe®mH+eDI2TM
o (14-50)
Let us compare this with the grand partition function for the lattice gas,
based on Eq. (14-41):
M pflg—cN wI2MET o~

= N, M, T\ = . (1451
2= 200 M, TN = 3, “—gar—m (14-51)

The summation in Eq. (14-50) clearly has the same form as E in Eq.
(14-51). Therefore, instead of rederiving results (Problem 14-6) for the
magnetic problem, we can merely transcribe those already found for the
lattice gas. For example, since

NQ(N, M, T) >\¥
W = R i, T 14-52)
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the form of the sum in Eq. (14-51) suffices to determine N/M as a func-
tion of —cw/2kT and g\. This relationship has already been established
in Eq. (14-47), using the canonical ensemble [which is the same as apply-
ing the maximum term method to Z in Eq. (14-51)]. Then, from the sum
in Eq. (14-50) for the magnetic problem, N/M must be the same function
as above, but with 2¢//kT and ¢~ 2mE+e)ET g3 independent variables.
Thus we have the correspondences

A ?,ci,_,{ o wer —4J, (14-53)
Y= qM—cwl2kT > e—2(mﬂ+cJ)lkTeﬁchkT or ye e—2mH/kT.

(14-54)

The relation (14-53) also follows from Eq. (14-19). Therefore Fig. 14-5
is also a plot, for the magnetic problem, of N/M = (1/2)[1 — (I/mM)]
(ordinate) against —2mH/kT (abscissa).

The magnetic field strength is the analog of the chemical potential for
a lattice gas, as pointed out at the end of Section 12—4. The related thermo-
dynamic equations are

d(®M) = d(kTInE) = SdT + Ndu + ®dM (lattice gas),
—dA =d*TInQ) = SdT + IdH — udM (magnet).
When J > 0 (ferromagnetism), the critical (Curie) temperature is

given by ¢J/kT, = 1. Below the critical temperature, “spontaneous
magnetization” can exist. This is the magnetization I, (Fig. 14-6) that a

+1
—
—71
I/mM /KT = 2
p
A
\
\ L
\ | 1/mM

\

\

‘\

\

L i Z1 ] L
—4 =2 0 2 4
2mH/kT —»

Fia. 14-6. Magnetization as a function of magnetic field for a Bragg-
Williams ferromagnet. The metastable parts of the curve lead to the possibility
of hysteresis. This is the same curve as cw/kT = —8 in Fig. 14-5.
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ferromagnet (T < T.) retains if a sample is placed in a magnetic field
(H > 0) and then the field is removed (H — 04):
I, = lim I(H). (14-55)
H—04
In this state, even though H = 0, the majority of the spins are T, in the
direction of the previously applied field. f 7 > T., I, = 0.

In connection with any first-order phase transition, a hysteresis loop is
possible, as illustrated in Fig. 14-6. Hysteresis is well known in magnetic
and adsorption systems, for example,

As a final topic in this section, we show how the Bragg-Williams lattice
gas equation (14-47) can be derived very simply from a one-site grand
partition function £ [compare Eq. (7-31)]. We select one particular site
and regard it as being in the potential field of molecules occupying other
sites in the lattice at random. Let 6 be the fraction of other sites occupied.
Then the average number of occupied sites nearest-neighbor to the partic-
ular site is c6. When the particular site is itself occupied, the potential
energy of the occupying molecule in the field of its neighbors is cow.
Therefore, instead of § = 1 + ¢}, as in Eq. (7-31), we have

E=1-+4 qe—c'w/ka. (14—56)
The average occupation of the site is
_ 3ln 3 _ qe—eholka
§= X( N Jr 1 ge—ctwikT) ! (14-57)

where 8 is considered a fixed parameter in the differentiation. Since the
particular site selected is equivalent to any other site, we have to impose
the further condition of consistency, 3 = 0. With this substitution in
Eq. (14-57), we again arrive at Eq. (1447).

14-5 Quasi-chemical approximation. In this section we describe an
approximation that is significantly better than the Bragg-Williams ap-
proximation but still not of unreasonable mathematical complexity.
Further refinements of various sorts have been worked out, but we shall
not, pursue these here.

The essence of the present approximation is that pairs of nearest-
neighbor sites are treated as independent of each other, though we know
they are not, since they overlap. For example, in a square lattice:

— —
o L]
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We start with Eq. (14-29) and use the assumed independence of pairs
to approximate the function g(N, M, No;). Each pair of sites can be
occupied in four ways: 11, 01, 10, and 00. The total number of pairs of
sites is cM /2. For given values of N, M, and Ny, the numbers of pairs of
different types are [Eqs. (14-27) and (14-28)]:

Numberofllpairs=Nu=%_1_v§°_1_
Number of 01 pairs = Kzo_l
Number of 10 pairs = %"_‘. .

Number of 00 pairs = Ngg = ——pf—— — =2

If the pairs are independent of each other, each pair in the lattice can be
assigned to one of the four categories above. The number of ways of
doing this is
w(N ’ M ’ N 01)
_ (cM/2)! .
~ [(eN/2) — (No1/2)I{[e(M — N)/2] — (Nor1/2)1[(N0r/2)1]2
(14-58)

However, as it stands this cannot be set equal to g(N, M, Ny,), for it will
rather obviously not satisfy the condition (14-4). This is because many
configurations counted in w are actually impossible. For example, the
two pairs of sites shown below cannot both be occupied in the manner

indicated:
-] I

Thus w overcounts the number of configurations. To take care of this,
we must normalize w:

9(N, M, No1) = C(N, M)w(N, M, No1), (14-59)

2= N!(M_—M-!— 7y = CW, M) 3 oV, M, Now).

No Noy

To find C(N, M), we replace the w sum by its maximum term. From
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dIn w/3dNg; = 0, we obtain

NSI_CN(M—N) * _[ M
2 = a0 OMN = | i)

and therefore
Mt 1—¢
C(N, M) = [m] . (14-60)

Equations (14-58) through (14-60) provide our approximate expression
for g(N, M, No;). 1t should be noted that this argument accidentally
gives the right answer for a one-dimensional lattice: put ¢ = 2 in Eq.
(14-59) and compare Eq. (14-5). Hence all the quasi-chemical relations
below are exact in one dimension (¢ = 2).

From this point we proceed exactly as in Section 14~1, so we omit
details (Problem 14-7). Equations (14-7) through (14-10) are again
found, except that now « = Ng,/cM. From

InQ = Nlnge™™'?*T L In¢(N$,, N, M, T),
we deduce, as in Eqs. (14-11) through (14-13),

—cw/2kT __ l—-0°”( 0—a \?
Y=g "( ] ) i-6—a) '

_|B—=1+200 — 9" e
”‘[ B+1= 20)8 ] 1—6 (14-61)

This is the adsorption isotherm. The symmetry condition y(6)y(1 — 6) = 1
is easy to verify. The equation of state is

e _ . ff[e+na—ol? 1
W—m([(ﬂ+1—2o)] 1—0}' (14-62)

The qualitative behavior of Egs. (14-61) and (14-62) is the same as in
Figs. 14-5 and 14-4, respectively, for the Bragg-Williams theory. The
critical point is at 6. = 1/2 and a temperature determined from Eq.
(14-62):

and

9%/kT =0 = oz —
(39 '_llz—O—c(x h+2

or

_ ek, _ € — 2 o c——2.
o= ¢ = T, = chn——c (14-63)

For ¢ = 4 (square lattice), this gives 4w/kT, = —5.54, which is inter-
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mediate, a8 expected, between the Bragg-Williams value (—4) and the
exact value (—7.05). As a check on Eq. (14-63), if we put ¢ = 2, we find
T.= 0, as in Section 14-1. Incidentally, the Bragg-Williams result
follows from Eq. (14-63) if we let ¢ — oo holding cw constant: cw/kT, —
—4. Also, for example, the Bragg-Williams y(6) (Eq. 14-47) can be de-
rived from the quasi-chemical y(6) (Eq. 14-61) in the same limit
(Problem 14-8).

The quasi-chemical approximation was first used by Bethe in connection
with the order-disorder transition in alloys (see Chapter 20). However,
the mathematical identity of his quite different physical approach with
the above equations was not obvious at first. Guggenheim soon introduced
another method, equivalent to Bethe’s and the combinatorial argument
above, which was responsible for the choice of the term “quasi-chemical.”
We shall merely sketch Guggenheim’s procedure.f The starting point is
the intuitively reasonable quasi-chemical equilibrium relation, (14-9).
{Incidentally, in the Bragg-Williams approximation, w = 0 in Eq. (14-9).]
From this and the conservation equations (14-27) and (14-28), we derive
Eq. (14-8) with « = Ng;/cM. The configurational energy is then

*
Econfig = N:lw = (‘.ﬁ — h)w

2 T 2
= % [o - ——2"? +_1’)] . (14-64)

From this we can obtain Agung by integrating the thermodynamic

equation
L aAoonﬁ!/T)
Beontie = ( /T Jyu

between 1/T = 0 (random distribution) and 1/7. This integration is very
tedious, incidentally. Then from A gonsig We get ® and g by differentiation
with respect to M and N, respectively.

14-6 First-order phase transitions. In this section we make some com-
ments of a general nature on first-order phase transitions (i.e., transitions
with a latent heat). The exact treatment of Onsager and the Bragg-Wil-
liams and quasi-~chemical approximations for a lattice gas provide us with
examples. The familiar van der Waals equation of state for a fluid (Chap-
ter 16) is another example. The Lennard-Jones and Devonshire (LID)
theory of liquids (Chapter 16) is still another.

The solid curve in Fig. 14-7(a) shows typical p-v experimental behavior
below the critical temperature. The dashed portions represent meta-

. t See Fowler and Guggenheim, pp. 437438, 441-443.
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T = constant < T,

T=00n8t&llt<Tc

P (or )
S
p (or ®)

vL v (or 1/6) " o (or 1/6)

(a) (b)

Fia. 14-7. (a) Typical experimental p-v isotherm behavior below the
critical temperature. (b) Corresponding curve from approximate theory with
restraint of homogeneity.

stable states sometimes observed. If we start with dilute gas (p small)
and then increase the pressure, when p = py (and v = vg) is reached,
another phase—liquid with » = v,—suddenly appears in the system.
The sharpness of the appearance of a new phase is the feature of particular
theoretical interest. In this respect, a phase transition is quite different
from a chemical transition (i.e., chemical reaction), for in the chemical
case the equilibrium composition varies in a smooth and continuous way
with change in a variable (e.g., total pressure or temperature). The
essential difference is that there is a cooperative aspect to a phase transition
which is missing in a chemical reaction. Thus in a dilute gas reaction
A = B, the probability that any given molecule is in state A (or state B)
is independent of the state of the other moleculesin the gas. But, in a phase
transition, if A = molecule in dilute phase and B = molecule in dense
phase, there is a tendency for a large number of molecules to switch as a
group from state A to state B because the molecules in state B can stabilize
each other (hence the term “cooperative”) through intermolecular attrac-
tions. Unlike the chemical reaction example, the tendency for the conver-
sion of a particular A into a B is not independent of the state of other
molecules; rather, the conversion is aided by the presence of other B mole-
cules. Thus a phase transition resembles a landslide or autocatalytic
process.

An example of the distinction between a smooth (chemical) transition
and a sudden (phase) transition can be seen in the magnetic system dis-
cussed in Sections 124 and 14—4. In Section 124, there are no interactions
between magnetic spins, i.e., the spins behave independently. We there-
fore have a “chemical” type of equilibrium between states T and |. If
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0 is the fraction of dipoles or spins in state | and 1 — @ is the fraction in
state T, then Eq. (12-46) can be written (in the notation of Chapter 10)
- i s =K = e—AFCIRT _ —2mHIRT

That is, K is the equilibrium constant and AF°® = 2mH is the energy
change in the process: state T — state |. If we vary the magnetic field
or temperature, K will change smoothly and the transition from pre-
dominantly one state (at equilibrium) to predominantly the other will
take place smoothly. On the other hand, if we introduce a negative inter-
action energy between nearest-neighbor spins in the same state [J > 0 in
Eqs. (14-49) through (14-55)], the spins tend to switch states coopera~
tively instead of independently and a sudden instead of smooth transition
will take place at H = 0 if H is varied holding T constant at T < T,
(Fig. 14-6).

The occurrence of a sharp phase-transition point can also be understood
from Fig. 14-8. Curve @ shows the typical dependence of the chemical
potential of a dilute gas on pressure at constant temperature (Eq. 4-25).
Curve L represents the chemical potential of the liquid. This curve is
almost flat because of the relatively small volume per molecule in the
liquid state; i.e., (0u/3p)r = v. The stable phase at any p is the one with
lower u. Because of the quite different slopes, the curves intersect at a
sharply defined pressure py (the vapor pressure at the temperature under
consideration). Thus, if we start with p < py, only the gas phase is
present, for its chemical potential is lower. On increasing p, the liquid
phase appears very suddenly at p = p,, the crossing point of the u-p
curves. Both phases are present at p = p,, and only liquid is present when
P > po. The dashed curves again correspond to metastable states.

T = constant < T,

Fig. 14-8. Chemical potential as a function of pressure (T constant),
showing liquid-gas transition.
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Just as for a chemical equilibrium, we can interpret in a general way
the relative stability of the gas (dilute) or liquid (dense) phase by ob-
serving that the gas phase is favored by a relatively high entropy and that
the liquid is favored by a relatively low (intermolecular potential) energy.
The dense phase is always more stable at low temperature or high pressure,
and the dilute phase is more stable at high temperature or low pressure.
At the transition point (p = po, pg = pr), the energy and entropy
effects just balance each other.

From the Bragg-Williams, quasi-chemical, van der Waals, or LID
(Chapter 16) theories, we obtain a continuous loop, as in Fig. 14-7(b),
instead of a three-branched p-v curve such as in Fig. 14-7(a). Why this
discrepancy? A loop is always encountered in a theory which (a) uses the
partition function @ and (b) introduces implicitly or explicitly the restraint
of uniform density through the extent of the system. It is not possible
under this restraint for two phases of different density to exist together in
the system, as required at p = po in Fig. 14-7(a). The loop in Fig. 14-7(b)
is the p-v curve of an artificial system forced to be homogeneous (one den-
sity) under all conditions. A three-branched curve as in Fig. 14-7(a) will
result if Q is evaluated exactly (all configurations being represented,
including those in which the density is different in different regions) or
even if Q is evaluated approximately but all possible densities are allowed
in any small region of the system. It should be added that mathematically
sharp corners occur in the curve only in the limit of an infinitely large
system. If the system is large but finite, the corners will be rounded off
somewhat.

It is easy to see that the partition functions = and A can never lead to a
loop, regardless of the nature of the approximation used in Q. This follows
from the fluctuation equations (2-10) and (2-14): (dp/ov)r cannot be
positive.

A much more detailed discussion of first-order transitions will be found
in 8. M., Section 28 and Appendix 9.

So-called higher-order phase transitions in which there is no latent heat
are also possible. A theoretical example is the two-dimensional lattice gas
of Section 14-3, restricted to 8 = 1/2. If the temperature of this system is
varied, a transition occurs at T' = T,: there is a singularity in the heat
capacity (Fig. 14-3) though the energy is continuous. The same kind of
heat-capacity curve is found experimentally and/or theoretically in, for
example, a ferromagnet or antiferromagnet at H = 0, a binary solution
with composition held fixed at the critical composition (Chapter 20), and
the order-disorder transition in alloys (Chapter 20).

For a review of the whole subject of phase transitions, the reader is
referred to Temperley (Supplementary Reading list).
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ProBLEMS

14-1. Prove the symmetry property y(6)y(1 — 6) = 1 for Eqs. (14-13) and
(14-47). (Pages 240 and 249.)

14-2. Calculate a few points and draw approximate curves for $/kT against
8 and 1/0 for an ideal lattice gas, Eq. (7-7). (Page 240.)

14-3. Derive the thermodynamic equation

(6;4/]:1’) _ l(&@/kT )
% Jr” 6\ 90 Jr
Note the connection with Problem 7-13. (Page 240.)

14-4. Calculate T, for a two-dimensional (square) lattice gas, using z, =
0.4142 = ¢/3Tc gnd w = —400 cal-mole—!. (Pages 243 and 249.)

14-5. Derive Eq. (14-25) for the heat capacity of a one-dimensional lattice
gas with @ = 1/2, (Page 244.)

14-6. Use Eqs. (12-38) and (14-50) to derive the relation between I and H
for a Bragg-Williams ferromagnet. (Page 250.)

14-7. Fill in the details in the derivation of the quasi-chemical equations,
(14-60) through (14-63). (Page 254.)

14-8. Derive the Bragg-Williams y(6) (Eq. 14-47) from the quasi-chemical
y(0) (Eq. 14-61), using the limit ¢ — c« (cw constant). (Page 255.)

14-9. Apply the (quasi-chemical) method of Section 14-5 to a one-dimensional
lattice gas with a first-neighbor interaction energy w; and a second-neighbor
interaction energy wz. Instead of assuming independent pairs of sites, assume
independent triplets.

14-10. Introduce second-neighbor, and higher, interactions into the Bragg-
Williams lattice gas treatment.

14-11. Derive equations for S and E for a Bragg-Williams lattice gas, con-
sidering w a function of temperature, w(T).

14-12. When H2 gas at pressure p is absorbed by Pd metal, the absorbed
hydrogen is in the form of atoms. Use the equilibrium condition ym, (gas) =
2un (absorbed) to deduce the absorption isotherm p(8) using the Bragg-Williams
approximation.

14-13. Expand the one-dimensional $/kT in powers of 8 in Eq. (14-16) and
verify Eq. (14-40) for B2 when ¢ = 2,

14-14. Define P(N) = Q(N, M, T)A¥ for a Bragg-Williams or quasi-chemical
lattice gas. P(N) is proportional to the probability that an open system
(\, M, T given) will contain N molecules. Discuss the form of the function
P(N) when w < 0, T < T, and: (a) A = ¢~1e*#T (ie, Iny = 0 in Fig.
14-5); (b) \ different from the value in (a) but still within the extent of the
loop (Fig. 14-5); and (c¢) A outside of the extent of the loop.

14-15. Apply the argument of Eqgs. (14-56) and (14-57) to a pair of nearest-
neighbor sites instead of to a single site. That is, treat the pair exactly
{see Eq. (7-32)], and assume all other sites in the lattice are occupied at random.
Show that, in this approximation,

2 (e D@D

y(0) = @EF1—p)12F (1 — 20)z
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Is this result exact in one dimension? Does it satisfy y(0)y(1 — 8) = 1? Does
it reduce to the Bragg-Williams approximation when w/kT — 0?
14-16. Consider the partition function for a lattice gas,

AN, ®,T) = ) QW M, D"
M=N

_ N Q(N’N'l"lyT)
= Q(N,N, T)y [1+Wﬂ+“']’

where y = ¢~%*T, This expansion is valid at high pressures where there are
very few empty sites (@ — 1). Use the same general procedure as in Eqs. (14-30)
through (14-38) to obtain an exact expansion of (1 — 6)/8 in powers of
through the %2 term.

14-17. Obtain the Bragg-Williams In @, Eq. (14-42), by starting with the
exact Eq. (14-29) and making use of the high-temperature expansion z = 1+
(w/2kT) + - - +. [This method, due to Kirkwood, can be extended to higher
terms; see Eqs. (20-30) through (20-32).]
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TER Haar, Chapter 12.
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CHAPTER 15
IMPERFECT GASES

This chapter is concerned with gases which are dilute, but not so dilute
that we can ignore intermolecular forces altogether. The first two sec-
tions, in which our main object is to relate thermodynamic virial coeffi-
cients to intermolecular forces, are the basic ones. The rest of the chapter
is devoted to a few special topics. A much more complete treatment of
this subject will be found in 8. M., Chapter 5.

The recurring theme throughout this chapter is that the application of
the grand partition function to a dilute system such as an imperfect gas
makes possible the reduction of a many-body problem in statistical me-
chanics to one-body, two-body, etec., problems.

15-1 Virial expansion for a one-component gas. The equation of state
of a sufficiently dilute gas is p = pkT. This is & universal law, the same
for all gases. At higher concentrations the equation of state (experimental
or theoretical) can be put in the form

=0+ Bu(T)* + Bo(T)° + -+, 15-1)

known as a virial expansion. The B,(T) are called virial coeflicients.
These coefficients are in general different for different gases and depend in
particular on intermolecular forces. Roughly speaking, when the gas is
dense enough so that pairs of molecules spend appreciable amounts of time
near each other, the term in B3 must be introduced. Interactions between
three molecules involve Bj, ete. The series (15-1) converges, when T < T,
for values of p up to p = 1/vg (Fig. 14-7), at which point liquid begins to
appear in the system and there is obviously a singularity in the function
p(p). When T > T,, the series converges for all p.
From the Taylor expansion

P _ M’) 1 azp/ka) 2 ...
kT = 1+( 30 Jrome® T2\ T0pF Jrpme? T (152

we have the thermodynamic relations

1 (3" "'p/pkT
B,.(T)=(n_l)!( ap’,ff‘l’ )M_o n=23,..). (153

261
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This emphasizes the fact that the virial coefficients are properties of the
gas in the limit of zero density, p = 0. This feature of the B, will be
confirmed by our statistical-mechanical expressions below.

First we give a quite general statistical-mechanical argument which is
valid for any one-component gas that possesses a virial expansion [not
all gases do, incidentally; e.g., a plasma of ionized hydrogen atoms (see
Chapter 18)]. The results will be applicable, for example, to polyatomie
gases, degenerate (quantum) gases (Chapter 22), ete. After deriving gen-
eral relations, we shall turn specifically and in more detail to a classical
monatomic gas (Section 15-2).

The grand partition function is most convenient here, for reasons al-
ready explained [see Eqs. (1-69) and (14-26)]. We have

EO0V, D) ="M= 3 Qu(V, T =1+ > oY,  (154)

N20 N21
where

QN(V’ T)=QWN,V, T), A = eHtT,

In Eq. (15-4), we have put Qo = 1 since, when N = 0, the system has
only one state, and this with energy E = 0 [see Eq. (1-29)]. Equation
(15—4) is a power series in A, the absolute activity. It proves very con-
venient later if we define a new activity, 2, proportional to A and having
the property that z — p as p — 0 [as in Eq. (14-35)]. To find the desired
connection between z and )\, we use the limit A\ — 0 in Eq. (154):

mz=2F—Qn+-
I E oV
N= k(ax) = =15

Then clearly z = Q;\/V, since p = N/V. The partition function Q,
(one molecule in ¥) is the same quantity as ¢q in Eq. (3-10). If we put
2V /@, in place of A in Eq. (15-4), the result is

E=l+}§l(@%ﬂ)z".

To simplify notation, we define Zy(V, T) by the relation

Zx(V, v, V¥
= G 155)

In particular, Z, = V. In classical statistical mechanics, Zy turns out,
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with this definition, to be the configuration integral [see, for example,
Eq. (6-22)]. We shall verify this statement in the next section. Then,
finally,

Zy(V, T) N

N (15-6)

ENV, =" =14+ 3

N21

Now we take the logarithm of both sides of Eq. (15-6), expand the
logarithm on the right, divide by V, and obtain an expansion for p in
powers of z: p ‘

RT = 2 b, (15-7)
i21
where
Why=2,=V, b=1,
20Vby = Z, — Z3, (15-8)
31Vby = Z3 — 32,2, + 228,

etc. A general relation is available* relating the b; to the Zy. To convert
the z expansion, (15-7), into a p expansion, as in Eq. (15-1), we use the

equation
al ap/kT
N = z( ;E)V , O P=z (La/z—)r . (15-9)
This gives
p= Y ibi(T). (15-10)
i21

If we invert this series to get z as a power series in p, we can substitute
2(p) into Eq. (15-7) and obtain the required virial expansion. To invert
the series, we use for simplicity a straightforward algebraic method,
though more elegant procedures are available for this purpose. We sub-
stitute

z2=p+ap®+azp®+--- (15-11)

in Eq. (15-10) to obtain an identity in p. Equating coefficients of like
powers of p on the two sides of the equation, we find

az = —2b,,

ag = —'3b3 - 4021)3 = —3b3 + 8b§,

¥ See, for example, S. M., Eq. (23.44).
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etc. As a final step, we then put Eq. (15-11) (with the a’s just deduced)
in Eq. (15-7) and get

&5 = 0+ Ba(T)p* + By(T)p® + - -+, (15-12)

where
By = —bs, B3 = 4b3 — 2b;, ete. (15-13)

In retrospect, we see, above, that we have found the virial coefficients
B, in terms of the bj, the b; in terms of the Zy, and the Zy in terms of the
Qn. We note further that to calculate B, we need only @, and Q5; to cal-
culate B, we need @, @3, and Qg; ete. Now Q,(V, T) is the partition func-
tion for a single molecule in a box of volume V; @2(V, T) is the partition
function for two molecules in V; etc. Thus even though the actual gas
has, say, 102° molecules in it, we have reduced the calculation of B; to
one- and two-molecule problems in quantum mechanics (i.e., we need the
energy levels for one and two molecules in ¥V to compute @, and @), ete.
In view of the comments at the beginning of this section, this result is
intuitively reasonable. Thus we expect that binary interactions become
significant when the B, term is needed in the equation of state, (15-12),
and this is confirmed by our finding that B; depends on the properties
of at most two molecules in the volume V. That no additional molecules
are in V in our computation of @, and @2 (for B,) corresponds to the fact,
mentioned in connection with Eq. (15-3), that the virial coeflicients are
properties of the gas at zero macroscopic density. That is, By depends on
binary interactions in a vacuum, B3 on ternary interactions in a vacuum,
ete.

At this point we digress to examine one step in the above argument
which happens to lead to correct results but which needs justification.
This is the step (15-6) — (15-7). [We employed the same procedure
in Eq. (14-36) and in finding the connection between z and A following
Eq. (154).] The difficulty is that the expansion In(1 + z) = z —
(1/2)22 + - - -, which we have made use of, is valid only if 2% < 1;
butin1 + Vz + - - - in Eq. (15-6), Vzis of order N. The following argu-
ment avoids this complication. We start with the desired form of expan-
sion, (15-7), and work backward to find the connection between the b;
and the Zy. That is, at the outset, the b; in (15-7) are undetermined
coefficients. From the expansion (15-7), we form the function

PVIRT — exp (V I b’y = I R

21 i21

=1 [ > ;n% (Vb,-)"'fzf"'f]- (15-14)

i21|miz0
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This is a power series in z. The coefficient of z¥ in the series is

E[ﬁ (Vb,:)'"i], 515

m | j=l mJ!

where the sum is over all sets m = m,, ..., my satisfying the condition

N
> jmj = N.
Jual
On equating coefficients of 2V in Egs. (15-6) and (15-14), we have, then,
that Zy/N! is equal to the expression (15-15). The first few relations are

Zl = Vbl = V,
32, = Vbs + #(V11)?, (15-16)
3Z3 = Vbs + (Vb1)(Vbe) + 3(Vh1)®.

These are easily seen to be equivalent to Egs. (15-8), which give the b;
explicitly in terms of the Zy.

We return now to (15-12) and related equations and derive a few more
general expressions. The fugacity f of an imperfect gas is, like z, propor-
tional to A, but with a proportionality constant such that f — pasp — 0.
That is, f — pkT as p — 0; hence the connection between f and 2
is f = zkT. Thus Eq. (15-11) gives f/kT as a power series in p. The in-
verse of Eq. (15~7) would give f/kT as a power series in p/kT (Problem
15-1). Also, if we define an activity coefficient ¥ by the relation z = 7p,
then, from Eq. (15-11),

=§=l+agp+asp2+--~. (15-17)

An alternative and more elegant expression for ¥ can be found as follows.
From z = @;2/V and z = 7p, we have

”(’,;'TT) =1In (%) +lnp+ T, (15-18)

where V/Q, is a function of T only, since Q, is proportional to V (see
Problem 3-1, where ¢ has the same meaning as @, here). If we now inte-
grate the thermodynamic equation

(IcT) = d(kT) P ap/kT) dp (T constant),
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using the virial expansion (15-12) for p/kT, we find

kT = constant -+ lnp + Z ( )Bk+1p (15-19)

k21

From the definition of z and the limit p — 0, we see that the integration
constant is In (V/Q;). Therefore, from Egs. (15-18) and (15-19),

Iny=— 3 BT’ (15-20)

k21

where we have defined g; by
- (’%) Bit1. (15-21)

Incidentally, it should be noted that Eqs. (15~7), (15-10), (15-12), and
(15-20) are all thermodynamic expansions that can be interrelated by
purely thermodynamic operations. Hence the connections obtained above
between the bj, B, and B are essentially thermodynamic in origin.
Molecular theory enters when we relate any of these coeflicients to the
Zx or Qn, as in Eqgs. (15-8).

A comment on the orders of magnitude in Eqgs. (15-8) may be helpful.
Yrom Eq. (15-7), we have that

z=0(¥,), kPT-=0@), bj=o(p%)=o V:)

Now let us write the equation for b; in (15-8) in the form

AVb; _ gy _ Zi— .-
Vi S VimLo Vi

From the definition (15-5), we see that Z; = O(V’). Therefore each
separate term (only one is shown) on the right of the above equation is of
order unity, but the complete right side is of order 1/N7~!, since this is
the order of the left side. Thus the b; in Eq. (15-8) represent small terms
left, over after cancellation of the major contributions to the right-hand
side.

15~2 One-component classical monatomic gas. The special case we
discuss in this section is a one-component classical monatomic gas with
an intermolecular potential energy assumed pairwise additive. The
reader should review Eqs. (6-15) through (6-22) and Appendix 1V, where
basic equations and criteria for the use of classical statistics are developed.
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We observe first that for this system Q, = ¢ = V/A3, according to
Eq. (4-10). Then, in Eq. (15-5), @vVV/@," = @vA®". Thus, on com-
paring Eqs. (15-5) and (6-21), we see that the two Zy’s have the same
relation to Qy. Hence, in this special case, Zy of Section 15-1 is just the
configuration integral defined by Eq. (6-22). The first three configuration

integrals are

Zy = [dl'l =V,
| 4

Z2 = //e—u(rn)/lﬂ' d!'l dl’g, (15'—22)
| 4

Z3 = [//e-lu(n2)+u(r|s)+u('zs)l/kT dr, dr, drs,
v

where dr = dx dy dz, r12 = |ta — ri|, and u(r) is the intermolecular pair
potential (Appendix IV) which, in principle at least, can be calculated
from quantum mechanics. Beginning with Z3, the assumption of pairwise
additivity in the potential energy U(ry, ry, r3) appears. That is,

U = u(riz) + u(ria) + u(rsa).

From Eqgs. (15-8) and (15-13), the second virial coefficient of a classical
monatomic gas is

Ba(T) = —by = — 5 (B — 2D

= — 2LV / f [e" % — 1] dr, dra. (15-23)
v

Since u(ry2) goes rapidly to zero for intermolecular distances ry5 greater
than, say, 15 or 20 A, the integrand in Eq. (15-23) is nonzero only when
the elements of volume dr; and dr; are close to each other. For this reason
we change variables from r; and r, to r; and r;2 = ro — r; (position of
molecule 2 relative to position of 1 as origin). Integration over r,; leads
to a result that is independent of the location of dr,, except when dr,
is in a region of negligible extent (V is macroscopic) within a distance of
order 20 A from the walls. Then

By(T) = — éll;- /dflfle_"("’)/kr — 1]dr2
v v

=— % / [~ T — 14xr® dr, (15-24)
0

where we have put dr,s = 4wr?dr, and the upper limit r = oo can be
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used, since the only contributions to the integral come in the first 20 A
or 80.
For a (hypothetical) gas of hard spheres,

u(r) = +w r<a

_ P> (15-25)

and

By = 2%, (15-26)

where a is the distance of closest approach of the centers of two spheres,
or the diameter of one sphere. Thus B, is four times the volume of a
sphere.

If we use the much more realistic Lennard-Jones potential, (IV-1), for
u(r), the second virial coefficient becomes

By(T) = —2xr*® /o ) [exp(,%e, vyt — ﬁ y"’) - l] vy, (15-27)

where y = r/r*. This result predicts that for all molecules with an inter-
molecular potential of the Lennard-Jones form, B,/r*® is a universal
function of k7'/¢. This is another example of a law of corresponding states.
Thus, if experimental values of By as a function of T for a given gas
are plotted by adjusting both horizontal and vertical scales (thereby de-
termining values of € and r* as given in Table IV-1), then the experimental
curve can be made to coincide with the theoretical curve of By/r*2 against
kT /e calculated from Eq. (15-27). This is illustrated in Fig. 15-1 for A,
Ne, N3, and CH,. (The two latter gases behave effectively as mona-
tomic gases as far as the equation of state is concerned.)

The Boyle temperature T'p is the temperature at which B = 0. The
theoretical value, from Eq. (15-27), proves to be kTp/e = 3.42. At
temperatures below T'p, B, is negative owing to the predominant effect
of the potential well in %(r) on the integral for B,. At sufficiently high
temperatures, on the other hand, the potential well gets “washed out”
(¢/kT — 0) and the short-range repulsion dominates. Hence, B; is posi-
tive, as for hard spheres. At very high temperatures, the effective “hard-
sphere diameter” decreases with increasing T, because the molecules can
approach each other more closely when they are more energetic. Therefore
By(T) passes through a maximum.

Turning now to Bg, Eq. (15-13) gives Bj in terms of b3 and bs. Define
Tij = e—u(r‘,)lﬂ" and recall that

b2=2L.V"[/(xlg and l)dr]dr2=';‘;[(x12— l)drlz'
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F1a. 15-1. Reduced second virial coefficient (B2/r*3) as a function of reduced
temperature (k7'/¢). Curve C is the classical curve calculated from Eq. (15-27).
The experimental points on curve C are a mixture of points for A, Ne, Ng, and
CH4. Curves A and B are the calculated quantum curves (Section 22-5) for He
and Hg, respectively, with corresponding experimental points also shown.

Now we notice that

// (t12 — 1)(z13 — 1) dr drpdrs
v

= V[/(xlz -1 dflz][](xla -1 dfla]
v

v
(15-28)

= 4b3V.
This gives us an expression for 3. For b3, we have from Eq. (15-8),

6Vbs = //[(x1ﬂ13323 — Ty2 — L33 — %23 + 2) drydradrs.  (15-29)
v

For symmetry, we combine Eqgs. (15-28) (using the first line) and (15-29)
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in the form

3B3V = 1263V — 6bgV
= //f[(xlz — D13 — 1) + (12 — D@2z — 1) + (x13 — 1)(x23 — 1)
v
— (x12%13%23 — T1z — T13 — %23 + 2)] dr, drp drs.

After cancellation, this gives
B = — b [[[ s = D12 = Dess — Dty deydra. 150
v

A falrly long calculation leads, for hard spheres, to By = (5/8)B3%, where
B, is given by Eq. (15-26).

For the Lennard-Jones potential, we first change variables to ry, r;,,
113 and integrate over r,, giving a factor V. Then, as in Eq. (15-27),

By = — ’%6//[@;12 — (z13 — 1)(x23 — 1) d(:iﬁ) (:::)
1 4

(15-31)
10+
8
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F1e. 15-2. Bj3/r*8 ag a function of kT/e, calculated from the classical equa-
tion (15-31). The experimental points are a mixture of points for A, N2, and CHg.
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This gives B3/r*® as a universal function of XT/e. Figure 15-2 shows this
function, calculated numerically from Eq. (15-31) (after rearrangement
for computational convenience). The experimental values of B3 in the
figure have been “reduced,” using value of € and r* obtained from the
second virial coefficient (i.e., by fitting the theoretical curve in Fig. 15-1).
The agreement with experiment is only fair. Possible contributions to the
discrepancy are: (1) error in the experimental values of B3; (2) lack of
effective spherical symmetry in Nj; (3) approximate nature of the Len-
nard-Jones potential; and (4) nonadditivity of the intermolecular poten-
tial of three molecules.

The dependence of B,/r*2 and B3/r*® on kT/e only, for the Lennard-
Jones potential, is in fact a general result for all virial coefficients [see
Eq. (15-38) below] if pairwiSe additivity of the potential is assumed for
B3, By, . ... In this case the complete equation of state (15~-12) can be
written, using v = 1/p,

*3 %3\ 2
e 1 ()l () )

v kT
_ “’(?*3’ T) . (15-32)

It is clear that not only the Lennard-Jones potential but any two-param-
eter potential which is of the form

u(r) = (energy parameter) X h( Titonce T ) (15-33)

parameter
and which is assumed pairwise additive, will lead to the law of corre-
sponding states for imperfect gases, (15-32).

Equations (15-32) and (15-33) imply that (subscript c refers to critical
point)

v kT, 3
w0 =6y p‘e = c3,
(15-34)
Pbe _ & _
ch = €4, Tc = Cs
where ¢y, . . ., ¢s are dimensionless constants, the same for all gases obey-

ing Eq. (15-33) with the same function A. Table 15-1 furnishes a test of
all but the last of these relations for simple molecules, using experimental
critical constants reduced by values of € and r* from the experimental
second virial coefficient. The constancy of the “constants” is very good
but not excellent. We can conclude that, to a rather good approximation,
the intermolecular potential for effectively spherical molecules satisfies
(15-33) and is pairwise additive.
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TasBLE 15-1

ReEDUCED CRITiCAL CONSTANTS

Ve kT, per*d Peveo

r*3 € € kT,

Ne 2.356 1.25 0.157 0.295
A 2.23 1.26 0.164 0.290
Xe 2.05 1.31 0.187 0.293
N2 2.09 1.33 0.185 0.291
02 1.90 1.31 0.201 0.292
CH4 2.09 1.29 0.178 0.288
Average 2.12 1.29 0.179 0.292

Equations (15-34) and Table 15-1 provide a method* for the estima-
tion, from critical constants, of * and € for other molecules that are of the
same type but which are not in the table. That is, we can use the relations

€ = !&’
1.29

s e . _ 0.179¢ _ 0.139kT,

=3y’ O = P P

There is a similarity in the form of Egs. (15-23) and (15-30) for B
and B3 which can be shown to be general in the case of pairwise ad-
ditivity. We give the result but not the proof. But first we digress to
introduce “cluster diagrams.” Define fi; = x;; — 1. The function
fi; = e~ “@i/¥T _ 1 ig nongero only when r;; is small. The molecules
1, 2 are said to form a “cluster” when f,2 occurs as the integrand in an
integral over dr; and dre. The term is appropriate because the integrand
is nonzero only when the two molecules are near each other. Equation
(15-23) provides an example. Three molecules 1, 2, 3 form a cluster when
any of the following integrands occur (nonzero only when all three mole-
cules are near each other): fi2fiaf2s, fizfas, fi2f18, f13f2s. Equation
(15-30) is an example. The integrands in Egs. (15-23) and (15-30) can
be represented schematically by “cluster diagrams”:

@ & 590

* T, L. Hir, J. Chem. Phys. 16, 399 (1948).

(15-35)

r*
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A line between two circles (molecules) ¢ and j means that a factor f;; is
present in the integrand. The other cluster diagrams for three molecules

t 5 (15-37)
—® @ ® O—®

Now Eq. (15-21) relates By to fr. The general result* referred to at
the beginning of this paragraph is that

PR = [Sirrsrinidn. dng, 559

where §'y,2,....k41 i8 the sum of all different products of f’s that connect
molecules 1,2, ...,k + 1 in a “doubly connected” cluster diagram. In a
doubly connected diagram, between each pair of molecules there are at
least two entirely independent paths which do not cross at any circle. In
addition, a cluster of two molecules is considered doubly connected, for
classification purposes, and is sometimes written O==0. Thus the
diagrams (15-36) are doubly connected, but those in (15-37) are only
singly connected. Hence S’l,z = fu and S’l,g,a = fmfmfzs. This is
consistent with Eqs. (15-23) and (15-30). However, for 83 and By, there
are ten terms in S';,2,3,4 corresponding to the following ten doubly con-
nected diagrams:

O—3 O0—(0 O OO OO
0BG G NN
O O— O0—v O—» Q3
AN %5 O 7 O 7 4

(15-39)

* See 8. M., Chapter 5, for proof.
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Usually 8) is referred to as an “irreducible cluster integral,” and b; is
called a “cluster integral.” Cluster diagrams were first introduced by
Mayer, starting from the canonical ensemble.*

15-3 Two-component imperfect gas. Imperfect gas theory can easily
be extended to gas mixtures. We illustrate this possibility by considering
a binary gas and retaining only those terms necessary to deduce the second
virial coefficient. We start off with equations not restricted to any particu-
lar kind of gas (classical, quantum, polyatomic, ete.). The grand partition
function is

E, A, V, T) = V¥ = 2> Q. (V, TV Y2, (15-40)
N1,N3220

We define 2;, 23, and Zy w, by the equations

2 = ‘LI","_' 23 = % (15-41)

Znvs _ Qun, VN
INJ :
Nilval - Qliseet

The coefficients Qo/V and Qo;/V in Eqs. (15-41) are functions of T only.
The definitions (15-41) and (15—42) will prove below to have the desired
properties that (a) z; — p; and z; — p; when p; and p; — 0, and
(b) Zy,n, becomes the configuration integral in classical statistical me-
chanics. Equation (15-40) can now be rewritten as

(15-42)

ZN\N3 NN
E=elekT= 1Ng 21 1z22
N1.Ng20 NN
= 14 Va1 + Vzo + 32202} + Z112122 + 320223 + -+ (15-43)

On taking logarithms and expanding [see Eqs. (15-14) through (15-16)],

EPT = 21+ 23 + bao(T2f + b11(Tzazz + boa(T23 + -+, (15-44)
where
bio=bo1 =1, 20Wbs = Z30 — V2,

, (15-45)
Wby = Zyy — V2, 0121Wbey = Zoy — V2.

* See Mayer and Mayer, Chapter 13.
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From
_ ,.(3p/kT .
Pi = 2 az; T"i t=12,

we have

p1 = 21 + 2b3e2? + brizaza + - - -, (15-46)

p2 = 23 + 2bgaz? + brizsze + -
and the inverses (Problem 15-2)

21 = p1 — 2bgop? — buip1ps + -+, (15-47)

23 = pg — 2bo2p3 — brip1ps + -+

These last equations also provide series in the activity coefficients
7y = 21/p; and V2 = 22/ps.

Substitution of Eqs. (1547) in Eq. (15-44) gives the desired virial
expansion

& = b1+ P2+ Bao(Tp} + Bra(TDp1pa -+ Boa(T)pR + - -+, (1548)

where
Bgo = —bgo, Bi1= —bi, Boz= —bos. (15-49)

The coefficients Bso and Bz are just the second virial coefficients of the
two pure gases (Section 15-1); B;, is new and depends on the properties
of two molecules in the volume V, one of each species.

For a classical monatomic gas mixture, we have from Eq. (6-25) that

Zn\N
Qn\Ny = W ) (15-50)
where
Zyw, = [V AN} d (N}, (15-51)
14

and d{N;} means dr; ...dry, for species 1, etc. Comparison with Eq.
(15-42) shows that, in this special case, Zy,n, defined in Eq. (15-42) is
the classical configuration integral, (15-51). Then, in Eq. (15-48), B3o
and B, are given by Eq. (15-24) for a pure gas [using the appropriate
u(r) for each gas] and

By = —-bu=—53 (Zu - v

- - /0” [e—""“"” — 14nr? ar. (15-52)
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In this equation, u;; is the intermolecular potential between one molecule
of each type. Information about %;; can be deduced from very accurate
measurements on the two pure gases and on the mixture, since only By,
in Eq. (1548) is not a property of a pure gas. If a Lennard-Jones poten-
tial is used for each of the three pair interactions, a good approximation
for the parameters of u;,, in the absence of other information, is

en = (qe)V% 11 = 40T+ 1)), (15-53)

where ¢;, €, 3, and rj refer to the pure gases 1 and 2. The first relation
follows from the simple theory of dispersion forces, and the second would
be correct for hard spheres.

The above equations provide a summary of the statistical-mechanical
relations that determine the thermodynamic properties of a slightly im-
perfect binary gas mixture. The (quantum-mechanical) interactions be-
tween the three kinds of pairs of molecules are the basic quantities ap-
pearing in these equations.

Next we investigate briefly an example of a chemical equilibrium oc-
curring in an imperfect gas mixture. It will be recalled that Chapter 10
was restricted to chemical reactions occurring in ideal gases. Suppose
that in the binary mixture 1, 2 the dissociation (or association) equi-

librium,
@=20,

as in Section 10-2, takes place. The equilibrium condition is u; = 2u,,
or Az = A}. Then from the definitions of #; and 2, in Eq. (1541),

zV _ AV
Qn Q%

’

or

2~ QD — k) (13-59

Here K(T) is the same kind of equilibrium constant as in Eq. (10-6), and
the @’s have the same meaning as the ¢’s in (10-6). However, the equi-
librium constant is equal to a quotient of activities rather than to a quo-
tient of concentrations. The fact that 23/z, is a function of T only, K(7T),
is of course a purely thermodynamic result. But the relation of K(T) to
the Q’s is statistical-mechanical.

We can also write

k@ = 22 z;:; (15-55)
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where v, and 7, are activity coefficients, determined by Eqgs. (15-47).
Thus,

2
K(T) = ﬁ—; [t + (11 — 4bag)ps + -+ ). (15-56)

The expansion in brackets here gives the first-order correction term, as-
sociated with gas imperfection, to the ratio p2/ps [which is exactly equal
to K(T) only in the limit as p;, pg — 0}. The linear term in p, is omitted
because it is of order p3. This expansion is thermodynamie in origin if we
regard the b;; as being determined from the experimental equation of
state, (15-48), and the relations (15-49). But Eqs. (15-45) for the by;
are of a molecular, not thermodynamic, nature.

A special case of the equilibrium (2) & 2(0), above, is the formation
of dimers, or clusters of two molecules, in a slightly imperfect one-com-
ponent gas. Of course, from a thermodynamic point of view, any dimer
formation, however defined, is automatically taken care of by the second
virial coefficient B and need not be discussed explicitly. But for some pur-
poses it is profitable to adopt the alternative but necessarily equivalent
point of view that dimers exist and are in equilibrium with monomers.
We shall say something about the definition of a dimer below. Higher clus-
ters (trimers, etc.) can be included in the treatment, but for simplicity we
confine ourselves to monomers and dimers (i.e., the gas is assumed very
dilute). Incidentally, we are referring here to “real” or “physical” clusters,
not the “mathematical clusters” of Section 15-2. A much more detailed
treatment of clusters of both kinds will be found in 8. M., Chapter 5.

The gas is considered an equilibrinm mixture of two species: mono-
mers, (), and dimers, ). The partition function of one monomer in V is
Q10; of two monomers in V is Q3¢ (the two monomers can interact with
each other); and of one dimer in V is Q¢;. The concentration of mole-
cules in the gas, from the one-component point of view, is

p = p1 + 2ps, 587
where
2 2
& = —3 Qlo .
ps K(T) V001 (15-58)

The extra term given in Eq. (15-56) is not involved in B,, so we drop it
here. From the above two equations we find
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or, for the concentrations of monomers and dimers,

2
p=p—5zp (15-59)

o?
pr="5 (15-60)

to terms in p2. If we substitute Eqs. (15-59) and (15-60) in Eq. (15-48)
for a binary gas mixture, we get for the equation of state

%=P+(—%—bzo)l’2+"', (15-61)
where
1 1 [2V%@z0 + Qo1) __ 2].
- - bao = — 37 [—————————ng 14 (15-62)

This should be the second virial coefficient B, of the one-component gas.
From Section 15-1,

By = — 55: \—f — V?)- (15-63)
(- v)

Since Q; and Q¢ have the same meaning, we conclude from (15-62) and
(15-63) that, for self-consistency, we must have Q3 = Qa9 1+ Qo1. But
this is just what we should expect since, from the monomer-dimer point
of view, two molecules in V can exist in two sets of states: (a) two mono-
mers; and (b) one dimer. As far as thermodynamies is concerned, the
splitting of @, into two parts, Q¢ and Qy;, is quite arbitrary; it depends
on the definition of “dimer” (but the same B, is found in any case, pro-
vided Q20 + Qo1 = Q2). Hence the numbers of monomers and dimers
calculated by Eqgs. (15-59) and (15-60) are also arbitrary. The most ob-
vious classification for the states of @, is to include the “bound” states
(in quantum or classical mechanics) in Qg and all others in @20. The
reader interested in pursuing this subject further should consult 8. M.,
Section 27.

15-4 Imperfect gas near a surface. In this section and the next we con-
sider a one-component imperfect gas in an external field. Here the ex-
ternal field is a short-range one provided by a solid surface, as, for example,
in Eq. (7-2). The present treatment provides a relatively exact (compared
to Chapter 7) approach to the problem of physical adsorption of gases on
solids. We shall merely sketch the basic equations here. Further details
are available elsewhere.*

* 8. M., Appendix 10, where additional references are given. Also T. L. HiLi,
J. Phys. Chem. 63, 456 (1959).
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Fie. 15-3. Gas in volume V (a) in the absence and (b) in the presence of
an adsorbing surface.

The system of interest is a one-component gas in a volume V in the
absence (Fig. 15-3a) and in the presence (Fig. 15-3b) of an adsorbing
surface of area @. In both cases the gas has a chemical potential u (or
activity 2) and temperature T. If N is the average number of molecules
in the system with solid present and if N'° is the average number with
solid absent, then the number of adsorbed molecules, by Gibbs’ surface
excess definition, is N — N°. The basic thermodynamic equation for the
system with the solid present is [compare Eq. (7-6)]

dE = TdS — ¢d@ — pdV + pdN, (15-64)
where p is the gas pressure far from the surface. Then it follows that
E(p, v,e,T) = e(pV+¢a)/kT = E QN(V) G, T)XN- (15-65)
N

In the absence of the solid, we use the notation
2, V,T) = " = 3 (¥, TR, (15-66)
N

where £° and Q% have the same meanings as E and Qy in Section 15-1.
Although we could pursue this problem using the general formulation of
Section 15-1, let us investigate instead the specific case of a classical mon-
atomic gas. The potentisl energy of the gas (when the solid is present)
is the sum of the usual (Section 15-2) intermolecular potential energy U%
(solid absent) and the potential energy of the gas molecules in the field
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of the solid, which we denote by U}. The energy U} is made up of a sum
of N separate contributions of the form u*(r), the potential energy of a
single gas molecule at r in the field of the solid {see, for example, Eq. (7-2)].

Then
z% Zn

QY = NIASH ' Qn = NIATH '’ (15-67,
where
= / ¢~UNT gr, .. dry (15-68)
and
0 *
Zy = [ NP ey dry. (15-69)
If we define the activity by z = QIN/V = \/Aj3, then
o _ ZN N H = ZN N (15_70)

== on i

We now follow the same argument as in Section 15-1, and find

—v Y, DA _ vyl s
i21 iz1
=V ¥, N=V) iz
i21 i1
N-N=vV ij(b,- - b7, (15-72)
izl

where the b’s are related to the corresponding Z’s by Eq. (15-8) (but
Z, # V, by 1), and p(z, T) is the pressure either in the absence of or
far from the surface. Equation (15-72) is the “adsorption isotherm”
giving the amount adsorbed as a function of the activity z (or fugacity,
J = zkT). At very low gas pressures (the Henry’s law region), p/kT = 2
and the number of molecules adsorbed is

N—N—= ¥V, — bz = V(by — 1) %,
where

Viby — 1) =2, — V = [ [~V ORT _ 114y,
v

If u* is a function of the distance { from the surface only [as in Eq. (7-2)
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and Problem 7-1), we have

— 0 ® *
N_G_N_ -2 fo [ ORT _ 1) g, (15-73)

The integral determines the relative extent of binding of different mole-
cules on a surface, and this in turn depends on u*(¢). As is typical of a
Henry’s law constant (Chapter 19), the constant is determined by the
interaction of just one “solute” (gas) molecule with the “pure solvent”
(solid surface). Equation (15-73) has been applied successfully to ex-
perimental data by Freeman and Halsey.}

It is left to the reader to obtain explicit expressions (in terms of »* and
u) for the quadratic terms in the expansion of N — N in powers of z or
p/kT.

From Eqgs. (15-71) and (15-72), the surface pressure in the limit as
p — 0 is given by

Ly, —b):=N—N° (15-74)

which has the form of the equation of state of a two-dimensional ideal gas.
Note from Eq. (15-73) that it is possible for N — N°and ¢ to be negative.
Incidentally, if we subtract

dE® = T dS° — pdV + pdN°®

from Eq. (15-57), we get the basic thermodynamic equation, in terms of
surface excesses,
dE, = TdS, — ¢d@ + pdN,, (15-75)

where
E, = E — E°, S, =8 —8° s = N — NO.

This is the analog of Eq. (7-6).

15-5 Imperfect gas in an electric field. The discussion here is a con-
tinuation of that in Sections 12-1 and 12-2, which should be reviewed.

Section 12-3 was concerned with a dilute gas of independent molecules
in an electric field. In an imperfect gas or liquid, the molecules are not
independent and the problem becomes very involved. Each molecule is
not only in the field (D) of the external charges, but is also in the field of
the other molecules. These intermolecular interactions are more compli-
cated than usual because (a) dipole-dipole forces have a relatively long

t M. P, FreemaXN and G. D. Hawisey, Jr., J. Phys. Chem. 59, 181 (1955).
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range, and (b) both the external field and the field due to other molecules
induce an additional dipole in a given molecule, which in turn contributes
to the interaction of the molecule with other molecules. Superimposed
on these electrostatic interactions are the usual van der Waals attractions
and repulsions (themselves ultimately, of course, of electrostatic origin).

Although the properties of a dielectric liquid in an electric field are
extremely difficult to analyze without approximation, use of the grand
ensemble and low-density expansions make it possible to treat an im-
perfect gas in a straightforward way. We confine ourselves here to slightly
imperfect gases (up to the second virial coeflicient), and even in this case
we develop general equations only. Detailed treatment of realistic special
cases or models involves rather complicated calculations.*

The grand partition function, (12-15), can be written

E=1+4+QuV,T,D)\+ Qx(V,T,D}A2 +- . -. (15-76)
Then
DY = InZ= QA+ (@ — WDV - (15-77)
and, from Eq. (12-17) (note the definition of My),
M= MQ\+ @Mz — QGIM N+ -... (15-78)

Also, from Eq. (12-9),

N = )\(a ;’;E)” L= O+ (20— QDM+ (15-79)

For a very dilute gas (p, p, or A — 0), only the leading terms in Eqgs.
(15-77) through (15-79) need be retained. For a slightly imperfect gas,
for which a second virial coeflicient is required in the equation of state,
Eqs. (15-77) through (15-79) indicate that we have to consider the proper-
ties of only two molecules in the volume V and external field D. Of course,
in this case, interactions (including dipole-dipole) between the two mole-
cules, and the influence of D on the interactions, have to be taken into
account.

From Eqgs. (15-77) and (15-79), we can obviously derive, just as in Sec-
tion 15-1, the virial expansion

ip = P+ 2 Bu(T, D)p", (15-80)
n22

* See A. D, BuckiNGuaM, J. Chem. Phys. 23, 2370 (1955); A. D. BUCKINGHAM
and J. A. PorLE, Trans. Faraday Soc. 51, 1029, 1179 (1955).
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where the B,, and Qy are related by the same formal expressions as in
Section 15-1. Also, we can show* (Problem 15-3) that the virial expan-

sion for the polarization is
P_E_Mlp—krz( )(‘fﬁ; P (15-81)

n22

ProBLEMS

15-1. Obtain an expansion for f//kT (f = fugacity) in powers of p/kT up to
the cubic term. (Page 265.)

15-2. Deduce the expansions (15-47) for a binary mixture from (15-486).
(Page 275.)

15-3. Use Eqs. (15-77) through (15-~79) to verify the coefficient of p2 in
the polarization expansion, (15-81). (Page 283.)

15-4. Estimate values of ¢ and r* for ethane from 7. = 305.2°K and
po = 48.8 atm.

15-5. The intermolecular potential for monatomic molecules,

ur) = — 5+ 87,

where «, 8, and ¥ are positive constants, is often used. (a) If the system (gas)
obeys the law of corresponding states, what conclusion can be drawn about
the independence or dependence of e, 8, and ¥ on each other? (b) If this poten-
tial is made to agree with the Lennard-Jones potential for large r and in the
location of the bottom of the well (¥ = —e¢ = minimum at r = 7¥), what are
the connections between a, 8, and v and r* and ¢? Calculate a, 8, and ¥ for
argon.

15-8. Sketch a plot of the function e~#®/*7 — 1 for hard spheres and for
the Lennard-Jones potential (at several different temperatures).

15-7. Find Bz at high temperatures for the potential

ur) = 4o r<rt

]
L]
= —¢ (’_) r>
r

That is, for r > r*, replacc e**T by 1 — (u/kT).
15-8. Show, using an integration by parts, that

I © au(r) O
B; = ﬁkT,/(; T 4nr® dr (15-82)

is equivalent to Eq. (15-24).

* T. L. HiLy, J. Chem. Phys. 28, 61 (1958). A number of other details are
also given in this paper.
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15-9. Extend the series of Section 15-1 one more term.
15-10. Show that the expansion of E/NkT in powers of p for a classical
monatomic gas starts off as

E

NiT ™ + /u(r)e"'""”m’ drt---, (15-83)

and that a more general relation is

+I Z Bb; 4, (15-84)

NkT 3+ P 51d

15-11. For a classical monatomic gas, put S/Nk at given p and T in the form

L2
NE

Find C(T) in terms of u(r). Show that for a finite temperature, C is always
negative (as might be expected intuitively). Find the asymptotic form of C
at high temperatures. Use the u(r) in Problem 15-7 to calculate C' at high
temperatures.

15-12. Use Problem 15-4, critical constants for methane, and Eqs. (15-53) to
estimate €1; and r{; for the ethane-methane interaction.

15-13. Extend Eqs. (15-43) through (15-49) to include the third virial
coefficient.

15-14. If Eq. (15-48) for a binary mixture is put in the form

= -)%(idealgas,samepandT)+0(T)p+o--.

kT = p+ By +-- p =+ p2

show that
Ba(z1, T) = Bzo(T)ai + Bu(T)z1(l — 21) + Bo2(T)(L — 21)°,

where 1 is the mole fraction of component 1.

15-15. Consider the isomeric equilibrium @ E=3 @ in a binary gas mixture.
Find the analog of Eq. (15-56). If the equation of state is written as in
Problem 15-14, show that
ByoK> + BuK + Bos

1+ K)2

15-16. Define the surface concentration I' = (N — N9/@. Extend Eq.
(15-74) to read

Bx(T) =

2
IcT = I' + B(T)I" +
and find an expression for Bz in terms of u* and u.
15-17. Relate the thermodynamic functions E,, S, ¢, and N, in Eq. (15-75)
to partition functions.
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CHAPTER 16

APPROXIMATE CELL AND HOLE THEORIES
OF THE LIQUID STATE

The general series expansion approach of the previous chapter is exact
but in practice can be applied only to dilute gases. The treatment of dense
gases requires higher virial coefficients, and it will be recalled that an
investigation of the virial coefficient B, involves an n-body problem. Al-
though the series method runs into computational difficulties when applied
to dense gases, it breaks down altogether when liquid is present in the
system; that is, there is a singularity in the function p(p) at the condensa-
tion point, as already explained in connection with Eq. (15-1).

Therefore we have to turn to new techniques in studying the liquid
state. Any exact approach to this problem involves, in one form or another,
the treatment of a system containing of the order of, say, 102° molecules.
For example, in the canonical ensemble, the integral (6-22) with N =
0(102%) must be evaluated. Because of this possibly insuperable difficulty,*
approximale theories of the liquid state are of great interest. We discuss
approximate cell and hole theories in this chapter, and the distribu-
tion function method in the next chapter. We restrict ourselves to a
classical monatomic system with pairwise additive potential energy.
Section 6-2 gives the criteria for the use of classical statistics. As usual,
our object is to provide an introduction to the subject and not to review the
latest refinements.

We begin by discussing the van der Waals equation of state. This
theory is of interest because of its simplicity, its prediction of a phase
transition, and its resemblance to the Bragg-Williams lattice gas approxi-
mation (Section 14-4).

16-1 The van der Waals equation of state. If no forces act between
the molecules of the system,
N

|4
Q=qﬁ!-’ q=F) (16"‘1)

as we found in Eq. (4-12). Here the partition function ¢ pertains to a

* High-speed computing machines seem to be the only hope in this connec-
tion. Model systems with of the order of several hundred particles have been
examined so far. See, for example, B. J. ALDER and T. E. WaINwRIaHT, J. Chem.
Phys. 31, 459 (1959), where other references are given.
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single particle moving in a volume V which is potential-free. In order to
derive the van der Waals equation, we assume that in a fluid of inter-
acting molecules, each molecule moves, independently, in a uniform po-
tential field provided by the other molecules, these being distributed in a
random manner (hence the analogy with the Bragg-Williams theory).
The potential energy between a pair of molecules is taken to be (see
Problem 15-7)
u{r) = +w r<rt
r*

= —¢ (—)6 r >t (16-2)

r

This interaction potential has a “hard-sphere core” and the usual r—*

attractive term for large r. The minimum occurs at u = —e¢, r = r*,
Because of the assumed independence of the molecules, we still have
Q = ¢"/N! but we make two modifications in g, both arising from inter-
molecular forces. First, because of the hard-sphere core in each inter-
molecular interaction, not all of the volume V is available for the motion
of a given molecule. We therefore replace V by a “free volume” V.
Second, we insert a Boltzmann factor e~*'2*T to take care of the inter-
molecular potential field in which the given molecule is moving. The
energy o, a function of N/V, is the potential energy of interaction between
any one molecule and all others in the system. The factor of two is inserted
in the exponent because each pair interaction has to be shared between
two molecules in counting up the total potential energy. Thus we write

N ~oI2kT
V L4
Q=% «=L5— (16-3)

Now we turn to the explicit forms to be used for ¢ and V;. In the
neighborhood of a particular molecule, the density of other molecules will
be zero between r = 0 (location of the specified molecule) and r = r*,
because of the hard core, and will be constant at the value N/V from
r = r* to r = o0, because of the assumed random distribution of mole-
cules. (Actually, the distribution is not random and the density not
constant—see Chapter 17.) Between r and r + dr, for r > r*, there are
(N/V)-4wr? dr other molecules. The potential energy of interaction be-
tween each of these and the central molecule at r = 0 is given by Eq.
(16-2). Therefore

® 1’* GN 2
(p——’/:' e(—r—) 741" dr
2a,N

_ o2xer*®

(16-4)

= e — ay

| 4 3
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As the particular molecule of interest wanders through the volume V,
a volume (47/3)r*? is excluded to it by each other molecule in the system.
However, we have to divide this quantity by two for the same reason as
above: the excluded volume arises from an intermolecular pair interaction,
(16-2), and only half of the effect can be assigned to a given molecule.
This argument will be confirmed by a direct calculation of By below.
Therefore we write

21".* 3

Vi=V—Nb b= 3 (16-5)
Use of the volume Nb in Eq. (16-5) implies nonoverlapping, i.e., addi-
tivity, of excluded volumes. This ean only be correct in the limit of low
densities, but we use this expression for V, at all densities, as an ap-
proximation.
Equations (16-3) through (16-5) now furnish us with a complete canonical
ensemble partition function from which the various thermodynamic
properties can be deduced. For example (Problem 16-1),

A V — Nb Nla,
-—W=an=N1n( 13 +VkT_NlnN+N’ (16-6)

and

(+N “") (V — Nb) = NkT. (16-7)

Equation (16-7) is the van der Waals equation of state. Thus the con-
stants a, and b, defined in Eqs. (16-4) and (16-5), are the usual van der
Waals constants, but here they are given expression in terms of the param-
eters € and r* of the intermolecular potential function. The subseript is
included in a, to avoid confusion with a in Eq. (16-24).

If we expand Eq. (16-7) in powers of 1/v = p = N/V, we obtain the
virial expansion

Bmot(o-E)o+v £b 4o (69

The second virial coefficient is B, = b — (a,/kT). If we multiply Eq.
(16-8) by b and let 8 = pb (the maximum density corresponds to § = 1),

ﬂ_ 2 3 4
kT_o+( kT)o ++0t4--.. (16-9)

This is very similar to Eq. (14-45) in the Bragg-Williams theory.

The second virial coefficient, calculated from Eq. (15-24) and the
potential (16-2), agrees in the limit of high temperatures (see Problem
15-7) with B, in Eq. (16-8). This is to be expected, since the random
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molecular distribution assumed in calculating ¢ is approached at high
temperatures, and the excluded volume correction in ¥V, is correct if the
density is low enough so that only pair interactions need be considered.

The fact that the van der Waals equation exhibits critical and phase-
transition behavior as in Figs. 144 and 14-7(b) is well known. This is,
of course, the reason for our interest in the equation: it is mathematically
very simple, but still predicts a first-order gas-liquid transition. The
critical constants, from Eq. (16-7), are

8a, Ay

v, = 3b, T, = 370k’ Pe = 7p2’ (16-10)
or, in terms of the pa.rameters e and r*,
kT, 8 _
r*a = 2r = 6.28, T =5m= 0.296, (16_11)
p* _ 1 Pde § -
P 8 = 0.0177, ¥, = 0.375.

The individual values of the critical constants in (16-11) are in very poor
agreement with experiment (Table 15-1). Hence we cannot take the
van der Waals model seriously in a quantitative sense, though it is useful
for qualitative purposes.

Because of the form of the potential (16-2) [see Eq. (15-33)], we expect
the van der Waals equation to obey the law of corresponding states. This
is easily verified if we rewrite Eq. (16-7) as

pv (v/b) a,
T Wb — 1 (/b)okT (16-12)

Now b = 2xr*3/3 and a,/bkT = ¢/kT. Therefore, pv/kT is a universal
function of v/r*3 and kT/e, as in Eq. (15-32).

The two-dimensional van der Waals equation is of considerable interest
as an approximate equation of state for an adsorbed monolayer. By the
same reasoning as above (Problem 16-2), we find the equation of state

(¢ + )(a NbV') = NkT, (16-13)
where
wer*? 3
a = 1 ’ Y = —2-— (16—14)

If the critical properties of the same gas [with u(r) given by Eq. (16-2)] are
compared in three dimensions and in two dimensions, we find T'.(3 dim)/
T.(2 dim) = 2 (Problem 16-3). This result has been confirmed approxi-
mately in several adsorption systems.
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16~-2 Cell theories of liquids. In a cell theory of liquids, we imagine
the volume V divided up into a lattice of N cells, with one molecule in
each cell. The motion of each molecule, within its cell and in the potential
field of its neighbors, is assumed independent of the motion of the other
molecules. This resembles the Einstein model for a erystal (the reader
should review the beginning of Section 5-1), except that we shall be using
classical mechanics here and the potential is not necessarily parabolic.
The conversion of a cell model for a crystal into a cell model for a liquid is
accomplished rather artificially by the introduction of the so-called
“communal entropy”—absent in a crystal, present in a gas, and assumed
also present in a liquid. Let us digress at this point to explain what is
meant by the term “communal entropy.”

In a crystal each molecule is confined in a “cell” or “cage” formed by its
nearest neighbors, and is only very rarely involved in excursions outside
the cell. At the other extreme, in a dilute gas, each molecule is quite free
to wander over the enfire volume V of the container. Because of this
additional freedom, gas molecules are said to have “communal entropy”
not possessed by molecules in a crystal. The liquid state is intermediate
in nature, and it is not at all obvious to what extent the liquid state pos-
sesses communal entropy. Originally, Hirschfelder, Stevenson, and
Eyring* assumed that the liquid state had essentially the complete com-
munal entropy and that the communal entropy therefore appeared on
melting as a large part of the entropy of fusion. This view was later
criticized by O. K. Rice.t It can safely be said that the situation with
regard to the communal entropy in the liquid state remains obscure even
at present, although Kirkwood has given the concept rigorous formal
definition.

‘We now consider the simplest possible illustration of communal entropy.
Suppose that we have a system of N monatomic molecules, without inter-
molecular forces, in a volume V. Then, as in Eq. (16-1),

C ETIQ = —kThh—le = —NKTIn %, (16-15)
NIASN = A3
and

S = Nk ln— + Nk. (16-16)
On the other hand, suppose, by the use of hypothetical partitions, that the

volume V is divided up into N cells, each of volume » = V/N, and that
each cell is occupied by a molecule which is restricted to move inside the

* J. HirscHFELDER, D. STEVENsON, and H. EyYRING, J. Chem. Phys. 5, 896
(1937).
t 0. X. RicE, J. Chem. Phys. 6, 476 (1938).
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cell. Again we assume that there are no intermolecular forces. From the
communal-entropy point of view this situation resembles that in a crystal.
The configuration integral is now ¢V instead of V¥; also, the factor 1/N!
in Eq. (16-15) is omitted, since the molecules are now distinguishable
(the cells can be labeled). Hence

N
= —kThQ = —kTIn Gz = —NkTIng,  (16-17)

and
3/2

S = Nk 1n”—eAT- (16-18)

Equations (16-15) and (16-16) may be compared with Egs. (16-17) and
(16-18). It is clear that if we start with the system divided up into cells
and then remove the partitions, the system acquires in this process the
additional “communal” entropy, AS = Nk.

Now suppose that we take into account, very roughly, the inter-
molecular forces in the cell model described above (for a crystal) by
assuming that each molecule moves in a field of constant potential ¢
within its cell, where ¢ arises from the interaction of a given molecule
with all the other molecules of the system. The only effect this will have
on thermodynamic properties is to raise the energy of the system by N¢/2.
Equation (16-17) becomes

A= —NkTIng; + %’ (16-19)

As a next step, suppose the interaction potential between a given molecule
and all other molecules is not assumed constant, but rather is a function of
position in the cell, ¢(r), where the origin r = 0 is located at the minimum
in ¢. For example, owing to intermolecular repulsions, we might expect ¢
to become very large in a condensed phase when the confined molecule
approaches its neighbors at the edge of its cell. The probability of ob-
serving the central molecule in a given element of volume is no longer
uniform throughout the cell but must be obtained from a Boltzmann
factor. As a result of this, the “effective” or “free” volume through which
the central molecule can move is reduced to a value less than ». In fact,
the cell configuration integral leading to Eq. (16-17),

v=/Adr,

where A represents the cell, must now be replaced by

y = /A eTIPO—HOURT g (16-20)
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where v, is the “free” or “effective” volume. Equation (16-19) is then
modified to read
_ v, Ne(0)

In this picture we would expect ¢(0) to be a function of p or v, and vy to
be a function of v and T'. This equation is very closely related to Eq. (5-3)
for an Einstein crystal: v;/A2 corresponds to ¢® in Eq. (5-3). The differ-
ence is that (a) vs/A%is a classical partition function, and (b) the potential
well inside the cell is not assumed to be parabolic in Eq. (16-20) (i.e., we
are not limited to small vibrations), as it is in the Einstein model.

Finally, to make Eq. (16-21) applicable to a liquid, we replace v; by
vse, just as v in Eq. (16-17) is replaced by ve in Eq. (16-15). That is, we
assume the liquid has communal entropy since, in a liquid, a given molecule
is not confined to a particular cell but can wander over the entire volume
V. As already mentioned above, this is a strictly intuitive step which is
found on more careful analysis to be inaccurate. Thus, for a liquid,

Ne(0;0)
2

Before going on to a particular application of Eq. (16-22), we note that
the van der Waals free energy, Eqgs. (16-3) and (16-6), although not based
on a cell model, can be put in the form of Eq. (16-22) with

A= —NkThZ ("1;37')6 + (16-22)

wo) = XL =v—b  o0;0) = -2 (16-29)

The van der Waals v, is a function of v but not 7.

‘We now turn to the cell theory of Lennard-Jones and Devonshire* (LJD),
based on Eq. (16-22) as a starting point. Many refinements of this theory
have been worked out, but they have not changed the position of the LID
theory as the basic prototype for cell theories of liquids.

In the LJID model, each molecule moves within its cell in the potential
field of its nearest neighbors assumed fixed at the centers of their cells.
To simplify the problem, the ¢ nearest neighbors are treated as uniformly
“smeared” over a spherical surface of radius a, where a is the distance
between the centers of nearest-neighbor cells. Then

a® =, (16-24)

where 7 is a numerical constant (not an activity coefficient here) depend-

*J. E. LeNnarp-JoNES and A. F. DEvoNsHIRE, Proc. Roy. Soc. (London),
A163, 53 (1937); A165, 1 (1938).
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F1e. 16-1. Cell geometry for the Lennard-Jones and Devonshire theory.

ing on the geometry of the lattice. For a face-centered cubic lattice,
Y = +/2 and ¢ = 12. Our task is to calculate (Eq. 16-20)

v = / eV  4qre? dr, (16-25)
s
where

Y(r) = o(r) — «(0). (16-26)

In Fig. 16-1, the central molecule is at P, a distance r from the center of
the cell. The area of the ring shown on the surface of the sphere is

2ma? sin 6 do.
The number of “smeared” nearest neighbors in this area is

2 ..
 Zxa_sm §df — 9 5 sin 0.d6,

and the potential energy of interaction between the molecule at P and the
neighbors in the ring is

w(R) - g sin 6 d6,
where
R? = r* + a® — 2arcos 6.

Hence the total energy of interaction between the molecule at P and all
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of its ¢ neighbors is

o(r) = g fo u(R) sin 0 d, (16-27)

where we use the Lennard-Jones potential

u(R) = —2¢ (%)°+ ¢ (%)n- (16-28)

We substitute Eq. (16-28) into Eq. (16-27), and obtain, on carrying out
the integration,

¥(r) = o(r) — ¢(0) = ce [(%),21(%) -2 (%)Gm((’l—:)], (16-29)

where

] *\ 12
0(0) = ce[—2 (%) + (f;) ] (16-30)
I(z) = (1 + 12z + 25.22% + 122® + 21 — 2)7'° — 1, (16-31)
mz) = (1+2)(1 —2)~* — 1 (16-32)

If we define

*3
v = is ™ = ':,Y—» (16-33)

9

Eqs. (16-29) and (16-30) become

¥ = o) — o0 = oe[(£) (5) — 2(5) m(Z)]: 00
o(0) = ce [—2 (3;)2 + (%)‘] (16-35)

When v/v* is small (< ~1.6), ¢(r) has & minimum at r = 0 and rises
rapidly as r increases. For large »/»* as should be expected from the
physical model, ¥(r) has a low maximum at r = 0, a minimum near
r = a — r* and rises rapidly when r > a — r*,
The potential ¥(r) in Eq. (16-34) is substituted in Eq. (16-25), and we
find (putting y = r%/a?)
v, = 2mwaly, (16-36)

= /o ‘ exp '— ki}[(%)‘l(y) —2 (%)zm(y)]l y''? dy.
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The upper limit & in the integral is determined by the “boundary condi-
tion” that, when ce/kT = 0 (ideal gas),

vy=0v= 21:'03/0. y*'?dy,

or
/ 3 2/3

&= \am

Actually, the results for the critical and liquid regions are quite insensitive
to the choice of s.

Equations (16-22), (16-35), and (16-36) now determine all the thermo-
dynamic properties of the system. For example, for the equation of state,
we find (Problem 16-4)

B-1-HE) - OTHE)S- 6% wn

where

o= /o . exp kT[( )l( ) — 2( )m(y)]'y”zl(y) dy  (16-38)

and
Im = '/o . exp kT[( ) Iy) — 2( ) m(y)]'y”’m(y) dy. (16-39)

The quantities g, g, and g,,» have to be calculated by numerical integration
for each pair of values of v*/» and ce/kT. Extensive tables of g, g1, gm,
and several thermodynamic properties have been published by Hirsch-
felder, Curtiss, and Bird (Supplementary Reading list). The tables given
actually include the contribution of second- and third-neighbor shells, but
this refinement turns out to have little effect on thermodynamic properties.
We can summarize the results as follows:

(1) Since pv/kT above is a universal function of »/v* and kT'/¢, the law
of corresponding states is obeyed.

(2) A plot of pv*/kT against v/v*, for different fixed values of kT'/e,
shows typical critical behavior and loops of the van der Waals type. The
critical constants (for ¥ = /2 and ¢ = 12) are

=125, Heo s,
ps*e Dobe (16-40)
B = 0014, =059,
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Comparison with the experimental values in Table 15-1 shows that the
LJD theory predicts the critical temperature very well, but is not so
successful on the other critical constants [though it is certainly an im-
provement over the van der Waals results, (16-11)].

(3) The expansion of pv/kT in powers of v*/v has no linear term, so
that the second virial coefficient is zero. This is a consequence of the fact
that, in this model, each cell has exactly one molecule in it at all densities;
at low densities, with this restriction, binary molecular interactions
(responsible for B;) become of negligible importance.

We can conclude that the LID cell theory is completely unsatisfactory
for a dilute gas and only fairly good in the critical region. But from the
nature of the model, we would expect it to be quite successful, and it is, at
very high pressures where the assumption of exactly one molecule per
cell is reasonable.

Incidentally, the two-dimensional theory is included in the LID refer-
ences on p. 292. We shall quote just the one result that 7. (3 dim)/
T.(2 dim) = 1.89, compared with the van der Waals value 2.00.

16-3 Hole theories of liquids. A rather obvious refinement of cell
theories of the LJD type is to relax the restriction of exactly one molecule
per cell. The most general approach would be to allow 0, 1, 2, . . . molecules
in a cell. (If the intermolecular potential u(r) is assumed to have a hard-
sphere core for sufficiently small r, there would be a maximum possible
number of molecules in a cell of fixed volume.) Much work along these
lines has been done, but we shall not review this area here. Unfortunately,
these refinements do not improve the LID theory a great deal.

A special case of generalized cell theories arises when the cells are
chosen small enough so that the number of molecules per cell can be only
zero or one. In this case, it is customary to speak of a “hole theory” of
liquids—an empty cell being a “hole.” Strictly speaking, this situation is
possible only with a hard-sphere core in %(r); but in practice, since the
Lennard-Jones potential rises so fast as r — 0, this point can be ignored
{except at very high temperatures). We consider here an approximate hole
theory of liquids, due to Cernuschi and Eyring, which is in fact identical
with the quasi-chemical approximation for a three-dimensional lattice gas
(Section 14-5). In the lattice gas, a “site” is a cell and an “empty site”
is a hole.

We make the following specific assignments of parameters in Sec-
tion 14-5. The lattice is assumed close-packed, so ¢ = 12. The Lennard-
Jones potential u(r) (with parameters € and r*) is used, and we choose the
lattice spacing (nearest-neighbor distance between sites) as r*. This is
perhaps the most natural choice, but is somewhat arbitrary. (A refine-
ment would be to select the lattice spacing so as to minimize A for given
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N, V, T.) Then, in Section 14-5, w = —e. The partition function ¢ refers
to the motion of a single molecule in its cell, and ¢ = 9,/A3 in the nota-
tion of Section 16-2. Clearly v, should be different for each different
number and arrangement of nearest-neighbor molecules, but as an ap-
proximation we assume v, is evaluated when all (¢ = 12) neighbors are
present. Since the nearest-neighbor distance 7* is fixed in this model, ¢ is
& function of T only. Because we shall consider just the equation of state,
which does not depend on ¢(T'), we need not pursue this question further
[but an obvious evaluation of ¢(T), if needed, would be that offered by
Eq. (16-36) with ¢ = r*}.
The equation of state is (14-62), if we put ¢ = 12 and

o2V P
M e

Then, from Eq. (14-63), the critical constants are (Problem 16-5)

*3
r"T; =12 = 1414, "f‘ = 2.74, % = 0.663,
(16-41)
Pele _
i, = 0342,

Table 16-1 brings together the critical constants of Table 15-1 and Egs.
(16-11), (16-40), and (16—41). The hole theory of Cernuschi and Eyring
is, on the whole, not as good as the LID theory in predicting critical
constants.

Equation (14-62) can be rewritten as pv/kT = (1/6)In { }. Since
0 = r*3/2/2v and w = —e, pv/kT is a universal function of v/r*2 and
kT/e. Hence this model also obeys the law of corresponding states.

TaBLE 16-1
RepuceED CriTicAL CONSTANTS

Yo | kTe | pr*® | peve

r*3 € € kT,
Experimental 2.12 1.29 0.179 0.292
van der Waals 6.28 0.206 | 0.0177 | 0.375
LJD 1.25 1.30 0.614 0.590
Cernuschi-Eyring | 1.41 2.74 0.663 0.342
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16-4 Law of corresponding states. We have by this time encountered
several special cases of the law of corresponding states in gases and liquids.
We give here a brief argument showing how this law can be deduced in a
general way.*

Consider the canonical ensemble partition function for a eclassical
monatomic gas, Eq. (6-21). Actually, the argument below applies also,
approximately, to diatomic and polyatomic gases if the angular dependence
of the intermolecular force is relatively unimportant so that the transla-
tional partition function is separable from rotation, ete., or approximately
80 (in other words, if these molecules are effectively spherically symmet-
rical). This rules out polar molecules, hydrogen bonding molecules, etc.
From thermodynamics, we know that —A/NET, being an intensive
quantity, must be a function of » and T only. Then N~} In@Qy is a func-
tion of v and T only. Therefore, from Eq. (6-21), N~ !In (Zy/N}) is a
function of v and T only, call it ¢;(v, T'). That is,

ln(%) = N1, T),
or

I = oY = goo, DY, (16-42)

where ¢ = ¢¥1, Now we can rewrite Eq. (6-22) as

Zy = P*3N L e—UIde(;%) o o d(%) ) (16-43)
where
U u(ry;) € re:‘)
-~ — —t —=h =3
kT ISiZj:SN kT ; KT\ s

if we assume a pairwise additive, two-parameter, intermolecular potential
of the form (15-33), in which € and r* are energy and distance parameters
(not necessarily identical with those in the Lennard-Jones potential)
characteristic of each species of molecule. The function % is assumed
the same for all gases under consideration. Then Zy, from Eq. (16-43),
can be written

ZN = T*aNlI/;;(&) rTV3 4 N) ’ (16—44)

* The original argument of this type is due to K. S, PirzER, J, Chem. Phys. 7,
583 (1939).
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where y3 is the same function for all molecules. Next, on comparing
Eqgs. (16-42) and (16—44), we see that ¥3 must in fact have the form

N
l[/s = N!‘I’(ﬁ’ ;':—3) ’

where ¥ is also the same function for all molecules. This result gives us

zy = Ve &s 2) = Quasy
N=T H kT’ 1‘*3 = QN N

or

*3 *3
_% = %IHQN = ln[r_i(f_/%g_',_vﬁ'_)]. (16-45)

For the equation of state, we have then

p_ v (8A/NET\ _ v (dln¥ .
TC_T’ - r*3 ( 60/1'*3 T - r*3 (av/r*3).m- (16-46)
Therefore pv/kT is a universal function of v/r*3 and kT/e, as was to be
proved.

In summary, then, we expect the law of corresponding states to be obeyed
by those monatomic (or effectively monatomic, as far as translational
motion goes) classical gases whose intermolecular potentials are pairwise
additive and of the form (15-33) (all with the same function A).

In Figs. 15-1 and 15-2 and in Table 15-1 we have seen experimental
evidence for the existence of this law of corresponding states. A much
more extensive summary and analysis of experimental data is given by
Guggenheim.*

Quantum fluids (e.g., H, and He) require an extension of the above law
of corresponding states. This will be considered in Chapter 22.

* E. A. GuaaeNHEIM, Thermodynamics. 3rd ed. Amsterdam: North-Holland,
1957. See pp. 165-172.
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ProBLEMS

16-1. Derive equations for u, E/NkT, and S/Nk as functions of v and T for
a van der Waals fluid. Compare these with ideal gas equations. (Page 288.)

16-2. Derive Egs. (16-13) and (16-14) for a two-dimensional van der Waals
fluid. (Page 289.)

16-3. Show that T, (3 dim)/7T, (2dim) = 2 for a vander Waals fluid.
(Page 289.)

16-4. Deduce the LID equation of state from Eqs. (16-22), (16-35), and
(16-36). (Page 295.)

16-5. Verify the numerical values in (16-41) for the reduced critical con-
stants of the approximate hole theory of liquids considered in Section 16-3.
(Page 297.)

16~6. Find Ts and Ts/T. (Ts = Boyle temperature) for a van der Waals
fluid.

16-7. Find the second virial coefficient for the hole theory of Section 16-3.

16-8. Show that if pv/kT is a universal function of v/r*3 and k7T/¢, then
pv/kT is also a universal function of v/v, and T/T.. The law of corresponding
states is often expressed in the latter way.

16-9. Anideal gas is adsorbed on a surface as a two-dimensional van der Waals
fluid. Derive the adsorption isotherm.

16-10. Two simple equations of state often used are:

Berthelot: (p+ o) @ — B = &T

and
Dieterici: p(v — b) = kTe~*v*™,

Find the second and third virial coefficients in each case. If each of these equa-
tions is considered to have been derived from Eqs. (16-3), find ¢.

16-11. If the curvature at the bottom of the LID potential well is used to
determine the frequency » of an Einstein model, find » as a function of ¢, ¢, a,
r*, and m (mass). Also, find the condition under which the LID potential well
has & maximum at r = 0 instead of & minimum,

SuPPLEMENTARY READING

FowLer and GuaGeNHEIM, Chapter 8.
HirscHFELDER, CuRTiss, and Birp, Chapter 4.
Pr1GoGINE, Chapter 7.

SvaTER, Chapter 12.

8. M., Chapter 8.
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CHAPTER 17

DISTRIBUTION FUNCTIONS IN
CLASSICAL MONATOMIC FLUIDS

An alternative approach to the theory of liquids that has received much
attention is the distribution-function method. In this chapter we give
an introduction to the subject, using arguments that are more intuitive
and transparent than would be the case in a formal and completely rigor-
ous treatment. This type of discussion seems particularly appropriate here
in view of the fact that a detailed survey of the formal type is already
available in 8. M., Chapter 6.

For simplicity we restrict the discussion to a classical monatomic fluid
with a pairwise additive intermolecular potential energy, though the ap-
plicability of the distribution-function method is by no means limited to
this special case. In fact, as will be intuitively obvious, in systems of ef-
fectively spherically symmetrical polyatomic molecules, the radial dis-
tribution function plays the same role as in monatomic systems. The cor-
responding function in systems of polyatomic molecules that are not
spherically symmetrical is obtained by integrating a more general, angular
dependent, distribution function over all rotational orientations.

17-1 Radial distribution function. Consider a one-component fluid
with number density p and temperature T. Imagine that an observer is
stationed on one particular molecule as it moves through the fluid, and
that he makes observations on the number of molecules found at different
distances from the (“central”) molecule on which he is sitting. Since the
system is a fluid, the distribution of other molecules around the central
molecule will be found, on the average, to be spherically symmetrical.
The mean number of molecules observed in an infinitesimal element of
volume dr at a distance r from the central molecule will not be, in general,
just p dr, because the presence of the central molecule itself perturbs its
immediate environment. For example, if the molecules of the fluid are
hard spheres of diameter a, then no other molecule would be observed at
distances r < a. Or, if the intermolecular potential is of the Lennard-
Jones type, there would be a tendency for other molecules to accumulate
at a distance of about r = ¥, In any case, at large distances, where the
influence of the central molecule has died out, the mean number of mole-
cules p dr in dr would be approached.

In general, we specify the mean number of molecules observed in dr
by pg(r) dr, where g(r), called the radial distribution function, is the fac-

301
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tor by which the mean “local density” pg(r) at r deviates from the bulk
density p. Because all real molecules become effectively “hard” for r
sufficiently small, g — 0 as r — 0. Also, as indicated above, g — 1 as
r — oo.

The radial distribution function g(r) depends on density and tempera-
ture. Therefore we shall sometimes write it as g(r, p, T).

The function g(r) cannot be obtained by direct thermodynamic measure-
ment, but fortunately it can be deduced by a nonthermodynamic experi-
mental method: x-ray diffraction. The observed diffraction pattern is a
sum of interference effects from pairs of molecules. The radial distribution
function determines the relative weight [proportional to 4wr2g(r)] in the
sum given to different intermolecular distances. From the observed pat-
tern, one can calculate backward to deduce g(r). Figure 17-1 shows typi-
cal experimental curves in gas and liquid states. The peaks in the liquid

gtr)

L

——s
(a) Dilute gas
sl
sl
o(r)
1 /\\
J \/\/
0
r —
(b) Liquid

Fia. 17-1. Typical experimental radial distribution functions for (a) dilute
gas and (b) liquid. In both cases the high peak occurs near r = r* (Lennard-
Jones 6-12 potential).
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curve are smeared-out remnants of relatively sharp peaks in g(r) in the
solid state (obtained by averaging over different directions outward from
the central molecule, since spherical symmetry is lacking). These peaks
in g(r) for the solid correspond, as r increases, to first neighbors, second
neighbors, etc. Thus the liquid has a certain amount of short-range order,
about each molecule, which is a residue of the long-range order in the
corresponding crystal.

The best single experimental paper available on this subject is an ex-
tensive one on argon.*

The radial distribution function is of interest in statistical mechanics
primarily because the thermodynamic functions of the fluid can be ex-
pressed in terms of it, as we shall see in Section 17-2. Because of this, it
becomes part of the task of statistical mechanics to provide the necessary
framework from which g(r) can be calculated theoretically, at least in
principle. This topic is the subject of Section 17-3. Comparison of theoret-
ical g(r)’s with experiment can be made either directly with experimental
g(r)’s (from x-ray work) or indirectly with experimental thermodynamic
properties of the fluid.

17-2 Relation of thermodynamic functions to g(r). The simplest con-
nection to establish concerns the internal energy E. It follows immedi-
ately from Eqgs. (1-35) and (6-21) that

E=3NkT+ U. (17-1)

The first term is the mean kinetic energy, and the second term is the mean
potential energy. It is very easy to express U in terms of g(r). Consider
any molecule as the “central” molecule. The total intermolecular potential
energy between the central molecule and other molecules in the fluid at
distances between r and r + dr is

u(r) - pg(r) - 4wr? dr.

Then U is obtained by integrating over all values of r and multiplying by
N/2, since any of the N molecules might be “central.” The factor of two
is inserted so that each pair interaction is counted only once. Thus

T = o+ ghr /o u(g(r, p, THxr® dr. (17-2)

If, for a gas, we suppose g(r, p, T') expanded in powers of p as

g(r, p, T) = go(r, T) + pga(r, T) + p%02(, T) + - -+,  (17-3)
* A. E1sEnsTEIN and N. 8. GiNgricH, Phys. Rev. 62, 261 (1942).
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we see immediately from Eq. (15-83) that
00(7'1 T) = }}E})g(r) P T) = e—u(r)lkT. (17‘4)

This is just what we should expect, for in the limit as p — 0, only one
molecule at a time need be considered in the neighborhood of the central
molecule, and its spatial probability distribution will be determined by the
Boltzmann factor (17—4) (see Fig. 17-1a). This, incidentally, is equivalent
to saying that the second virial coefficient involves pair interactions only.
At higher densities, many molecules are in the vicinity of the central mole-
cule, and the interactions between them influence the distribution about
the central molecule.

The expansion (17-3) is, of course, not valid for a liquid. Equation
(17-2) must be used as it stands.

Next, we consider the pressure in a fluid. Although there are several
ways to do this, we calculate the pressure as the force per unit area which
the molecules on one side of a mathematical surface S in the fluid (Fig.
17-2) exert on the molecules on the other side. There are two contribu-~
tions to this force: the first, px, is associated with momentum transport
and the second, py, with intermolecular forces. Since the momentum
distribution is independent of the existence of intermolecular forces (see
Section 6—4), the contribution of momentum transport to the pressure is
just the same as in an ideal gas at the same density and temperature,
namely, px = pkT. So we have to consider only the second contribution,
py.

P} ——

8

z = 0 plane

F1e. 17-2. Construction for calculation of pressure in a fluid.
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In Fig. 17-2, the surface S is the plane x = 0. The force which a mole-
cule at P a distance x from S exerts on a molecule at P’ on the other side
of Sis —uw/(r) = —du(r)/dr. The force normal to S is —u'(r)h/r. The
mean number of molecules in the ring (radius R) with values of R between
R and R + dR and values of A between k and k 4 dh is pg(r)27R dR dh.
The normal force exerted by the one molecule at P on the molecules in
the ring is then

—w(r) X pg(r)2wR dR dh. (17-5)

Now we change independent variable from R to r. Since r2 = A% 4 R?
rdr = RdR. Hence (17-5) becomes

—2mpu’ (r)g(r) dr h dh.

Then the normal force exerted by the molecule at P on all molecules on
the opposite side of S (z < 0) is —2wpI,(x), where

L) = f’ hdh /: w(B)g(r) dr. (17-6)

Finally, we will get py if we add up the contributions —2#pI,(z) of all
molecules in a cylinder of unit cross-sectional area and with axis perpen-
dicular to 8, extending from £ = 0 to £ = o. The number of molecules
in this eylinder between z and x + dz is p dr. Therefore

py = —2m0" [ i) da. a7-7)

Equation (17-7) can be simplified. An integration by parts (Problem
17-1) reduces I, (x) in (17-6) to

P 0 0
Ii(z) = — % /; u'(r)g(r) dr + % L 2w (r)g(r) dr.  (17-8)

This result is substituted in Eq. (17-7), and two further integrations by
parts are carried out. We find (Problem 17-2)

pv = —2mp*(—3+ % [: 2 (r)g(r) dr, (17-9)

where the two fractions result from the respective terms in (17-8). Finally,
P = px + Pu, and hence

2 00
d
EET-' =p— (—ill,c—T L T %’2 g(r, p, TY4mr? dr. (17-10)
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o4
e ——
1.0 N_—
p=0
o) J
)
J . .
0 1 2 3
f/fo

Fia. 17-3. Radial distribution functions for a gas calculated from the
Lennard-Jones 6-12 potential (ro is defined in Appendix IV).

Ecuation (17-10) is valid for a liquid or gas. If, for a gas, we introduce
the expansion (17-3) and then compare with Eq. (15-82), we confirm that
go = e “/*T_ Comparison of Eq. (17-10) with Eq. (15-31) for B; gives
an expression for g;, but a simpler procedure is to use Eq. (17-20) (Prob-
lem 17-3). Although go has only one peak (at r = r*), as seen in Fig.
17-1(a), with the inclusion of just one more term (that is, using g =
go + pg1) a second peak appears in ¢(r) (Fig. 17-3).

The last thermodynamic function we consider is the chemical potential.
This, together with E and p for given N, V and 7T, determines completely
all the thermodynamic properties of the system (for example, A and S).
Of course, if g(r, p, T) is known over the entire temperature range from
Tto T = oo, then 4 (and hence § and ) can be found by integrating

9A/T _
(al/T NV E

from T to T = o, using Eq. (17-2) for E and the limit ¢ — 1 when
T — o (random distribution). But this is not a very practical suggestion
since ordinarily g(r) is not available as a function of T

Instead, we introduce the idea, due to Onsager and Kirkwood, of a
coupling parameter ¢ which can vary from ¢ =0 to § = 1. This is
called a “charging parameter” in electrolyte theory (Chapter 18). We
imagine that the strength of the interaction between a particular central
molecule and all other molecules in the fluid is reduced from its normal
value by a factor £ [That is, u(r) for these interactions is replaced by
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tu(r) or, with the Lennard-Jones potential, ¢ is replaced by %e.] This is
often expressed by the statement that the central molecule is “coupled”
to the remaining molecules to the degree £ All other molecules interact
normally with each other. Then the radial distribution function about the
central molecule will be different than usual, and is denoted by g(r, p, T; ).
The ordinary g(r) is g(r; 1). Of course, there is no way to measure g(r; §)
directly, but theoretical equations determining g(r; £) can be derived
(Section 17-3).

We write the Helmholtz free energy of the fluid as A = A’ 4 A",
where A’ is the hypothetical Helmholtz free energy the system would
have (same N, V, T) if there were no intermolecular forces, and A’ is the
contribution of the intermolecular forces to A. Then

— aA J— '] " A
p= (6_N)v,r = p + (17-11)
where
w=2) —kTma +kTIp (17-12)
oN/v,r !
n _ (94" - _
= (aN pp = KDY, (17-13)

Equation (17-12) follows from Eq. (4-23) or (15-18). The activity coef-
ficient 7 is defined, as in Chapter 15, by 2 = A\/A® = 7p. Since N is a
very large number, we can write

" JA"
N /Jv.r

Because of the relation between the Helmholtz free energy and work in
thermodynamics, we may conclude from Eq. (17-14) that u” is the iso-
thermal, reversible work that has to be done on the system against inter-
molecular forces in order to add one more molecule to the system. More
exactly, we mean by the above language that x” is the work done on the
system (V and T constant) in passing from an initial state containing
N — 1 molecules fully “coupled” with each other and 1 molecule not
coupled with any of the others (that is, £ = 0) to a final state with all
molecules fully coupled (¢ = 1). The complete chemical potential (u)
is then this work (") plus a contribution (') which depends only on num-
ber density and temperature and not on the presence or absence of inter-
molecular forces.

We choose the one molecule that is orginally uncoupled (¢ = 0) as
the central molecule. For an arbitrary intermediate value of £, the radial
distribution function about the central molecule is g(r,p, T'; ). The

= A"(N,V,T) — A"N — 1, V,T). (17-14)
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potential energy of interaction of the central molecule with another mole-
cule at r is fu(r). Then u(r) d£ is the work that must be done on the sys-
ter, because of this one interaction, if £ is increased by d¢. Thus the work
done on the system when ¢ is increased by d¢, because of interactions be-
tween the central molecule and all molecules between  and r + dr, is

u(r) dt - pg(r; &) - 4ar? dr.

The total work u” is just the integral of this expression over r and over
¢ from & =0to & =1. Therefore

p=kTInA® +kThnp + kTlnv(p, T), (17-15)
Minv=p ! [ utdatr, b, T; pytar® dr d. (17-16)
[ ]

This is our final expression for the chemical potential.
From the discussion following Eq. (17—4), we expect that

lin;a(r, p, T; §) = ¢ SMIT, (17-17)
p—

If we substitute (17-17) for g in Eq. (17-16), and integrate over ¢, we ob-
tain a result that agrees with Eqs. (15-20) and (15-24).

17-3 Integral equation for g(r; £). In the preceding section we have
derived equations relating thermodynamic functions of a fluid to the
radial distribution function. In this section we obtain an integral equation
that determines g(r; §) theoretically. The argument we use is intuitive
in nature, but correct.* A rigorous argument requires a detailed discussion
beyond the scope of this book (see S. M., Chapter 6).

Consider a central molecule whose position, without loss of generality,
can be regarded as fixed at ry (Fig. 17-4). We define the local chemical

2
1

T

I3
Figure 174

* T. L. HiLy, J. Chem. Phys. 30, 1521 (1959); J. Phys. Chem. 61, 548 (1957).
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potential u(r;2) at r;, a distance r15 from ry, as the work against inter-
molecular forces necessary to “charge up” or “couple” a new molecule at
1y plus k7 In A2 plus kT times the logarithm of the local number density
at r;. This is by analogy with Egs. (17-12) and (17-13). Clearly, when
r12 — o0, the molecule at r; has no influence on the coupling process at
13, and u(e0) = u. For convenience we rewrite Eq. (17-15) as

p= o) =kTnA +kTlp
+p/ol /‘V u(r13)g(ris; §) drg dé.  (17-18)

That is, we use dr3 to represent an element of volume in the neighborhood
of 0.

Because the system is at equilibrium, we assume that the local chemical
potential u(r;2), defined above, has a constant value everywhere. This is
an extension to the molecular level of the thermodynamic principle of
constancy of the chemical potential in phase equilibria. That is, u(ry2) =
p(o0) = p. This is the intuitive step in the present argument, which,
however, as indicated above, can be justified.

Next, we write down an explicit expression for u(r;2). First we note
that the mean number density at r; is pg(r,2), which we use in place of p
in the concentration term, (17-12). To calculate the work against inter-
molecular forces in coupling a new molecule at r;, we have to introduce a
new, higher-order, distribution function g'3'(r,, 13, r3; £). This is defined
by stating that the mean number density at rz when a molecule is fixed
at r; and when a partially coupled (¢) molecule is fixed at r, is pg'®.
(The significance of the superscript is that three molecules are involved;
the radial distribution function is often written with a superseript two.)
The potential energy of interaction of the molecule at r, with those in
drg is, then, gu(rig) - pg'® drs. The corresponding work required to in-
crease ¢ by d& is u(rys) pg'® drs dt. Also, the work involved in the inter-
action with the molecule at r, is u(r12) dé&. On integrating over rz and ¢,
we obtain for u(r;2),

u(riz) = kTIn A® + kT In pg(r13) + u(rsa)
+o ' [, uri)g®dry de.  (17-19)

We now equate u(o) in Eq. (17-18) with u(r,3), and deduce

—kT Ing(ris) = u(ri2) +p /o ' /v w(r1a)lg™®(r1, 19, 155 £)
— g(r1s; H)dradt.  (17-20)
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This result is not quite general enough, for it pertains to g(r;2; 1) but
not to g(ri12; £). To remedy this shortcoming, we use the same type of
argument as above, but add a molecule at r, finally coupled only to the
extent £ instead of ¢ = 1. This resembles adding to a fluid of one species
(¢ = 1) a molecule of a second species (). Therefore we digress to briefly
consider a binary solution.

Let the species be o and 8, and let the number densities be p. and ps.
Consider two infinitesimal elements of volume, dr. and drs. The prob-
ability that an « molecule is in dr, is p. dr, (since dr, — 0, this is also the
mean number of « molecules in dr,). If an a molecule is in dr,, let the prob-
ability that a 8 molecule is in drs be psgas(r12, Pas s, T) drsg. Then the
probability that an « molecule is in dr, and a 8 molecule is in drg is the
product of the two probabilities, p.psges dr« drs. This result has to be
symmetrical with respect to o and 8; S0 ga.s is not only, as above, the
radial distribution function for 8 molecules about a central « molecule,
but is also the radial distribution function for a molecules about a central
8 molecule.

Suppose we have a solution in which pg is very small, ps — 0, so that
in effect each 8 has an environment made up entirely of « molecules.
Now if we add one more 8 molecule to the solution, by the argument lead-
ing to Eq. (17-15) [see also Egs. (18-17) through (18-19)],

ps = kTIn A3 + kT In ps
+ pe [ g " Uas(r)Gas(r, Puy T; D)4wr® drd,  (17-21)
0 J0

where £ refers to the 8 molecule. The last term is very closely related and
leads immediately to an expression for the Henry’s law constant of the
solute 8 in the solvent a (Problem 19-14).

We return to our generalization of Eq. (17-20). Consider a hypothetical
“binary solution” containing a fluid of number density p (“solvent”) and
a very few (“solute”) molecules of the same type but with coupling param-
eter £. Let the “solute” number density be p;, where p; — 0. A “solvent”
molecule is fixed at r,, and we add a new “solute” molecule to the system
at ry. If r; is far from ry, r;5 — o0, then, just as in Eq. (17-21),

pe(0) = kTIn A + kTlnp; + p f: fvu(rns)y(rls; §)drgdt’.  (17-22)
But if 12 is ﬁnite,
pe(ri2) = kT In A* + KT In peg(ry2; £)

t+tutrin) + o [ [ wlriog®(@) desdt.  (17-28)
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Then from uz(0) = pe(raa),

—kT Ing(ri2; &) = fulriz) + Pf: /v u(r13)lg'®(r1, 12, 13; £)
— glr3; )ldrg dt’. (17-24)

This is our final result, a generalization of Eq. (17-20), first derived by
Kirkwood (but not by this kind of argument).

Equation (17-24) relates a two-particle (n = 2) distribution function,
g, to a three-particle (» = 3) function, ¢'¥. If we choose two fixed mole-
cules instead of one (as above), an equation analogous to (17-24) can be
derived relating an n = 3 function to an n = 4 function (Problem
17-4). This procedure can be carried on indefinitely, giving us a hope-
lessly complex set of N interlocking integral equations. We should, in
fact, expect a very involved result of this kind, because the original con-
figuration integral over 3N coordinates (Eq. 6-22) seems impossible to
handle analytically and exactly, and there is no reason to believe that
any alternative approach (e.g., the distribution-function method) will
provide a solution which is fundamentally any simpler.

In view of this situation, Kirkwood suggested an intuitively attractive
approximation, called the “superposition approximation,” which serves
to “close” the set of integral equations. The approximation is to assume
that the influences of the fixed molecules at r; (with £) and r; on the mean
density at rz are independent of each other. Analytically, the approxi-
mation is

9'3(x1, T2, 13; £) = 9(r13; Hg(raa). (17-25)

If we put this in Eq. (17-24), we have
—kT Ing(rig; &) = fu(r12)

+ P/: /V u(r13)g(ris; &)lglras) — 1ldrgde’.  (17-26)

This is an integral equation in g(r; £), called the Kirkwood equation. It
has been solved numerically for a fluid of hard spheres and for the Lennard-
Jones potential (see 8. M., Chapter 6), and thermodynamic functions
have been calculated from ‘the solutions. An alternative but essentially
equivalent integral equation, due to Born, Green and Yvon, has also been
solved numerically. The results in both cases are qualitatively com-
pletely satisfactory, but only moderately accurate quantitatively, as
should be expected since the superposition approximation is used.

When applied to an imperfect gas, the superposition approximation can
be shown (Problem 17-5) to be exact for B but not B,.
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17-4 Formal definition of distribution functions. In this section we
show how distribution functions are related to the configuration integral.
In a.more exhaustive discussion (e.g., in 8. M., Chapter 6), we would use
these relations as a starting point.

Let us refer back to the paragraph preceding Eq. (17-21), and apply
the argument to a one-component fluid. Then we have that

p2g®(xy, 15) dry dr;

is the probability that any one molecule of the fluid will be found in dr,
and any second molecule in dr,, where g is the radial distribution func-
tion (the same as g above). To be more general, let us define g™ (ry, ..., 1,)
by the statement that p®g™ dr, . ..dr, is the probability that any one
molecule will be in dr,, another in drz, etc. We now relate this probability
to the configuration integral.
As in Eq. (6-28),
e~ T 4o dp,

[ eI 4o g

is the probability that the system will be found in the classical state
dg.dp.. We integrate over the momenta and find that

e U gy, .. dry
Z

is the probability that molecule 1 is in dry, ..., and that molecule N is
in dry. The probability that molecule 1 is in dr;, molecule 2 in dr,, .. .,
and molecule # in dr,, irrespective of the configuration of the remaining
N — n molecules, is then

drl ..odrn/ ‘;" /e—vlkrdrn.'.l .o .drN
Z

(17-27)

Now, the probability that any molecule is in dr,;, any second molecule
in drg, ..., and any nth molecule in dr,, irrespective of the positions of
the other molecules, is just (17-27) multiplied by N1/(N — n)}, since
any one of N molecules can be in dry, any one of N — 1 indrs, ..., and
any one of N — n 4+ 1 in dr,. This probability is just what we called
p"g™ dry . . . dr,, above. So we have

cee ~U/kT
g™ (r ) = WA / V]e dr"+l---dl'N.
P9 19¢++98n (N—n)! 7

(17-28)
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For many purposes, when 7 is a small number, we can use
N _yn 1
i [1 + O(Tv")]

V”/ . V /e"”’" dnyr...dry
Z

and

gV, ... ) = (17-29)
Note that g™ treats all the molecules in the set of n molecules equiva-
lently. On the other hand, ¢'® and ¢4, introduced elsewhere in this chap-
ter [see Eq. (17-19) and Problems 17—4 and 17-12], single out one molecule
for special consideration.
Let us define a quantity w™ by the equation

(n)
g(ﬂ) i e—w /kT. (17_30)

The physical significance of w™ can be seen as follows. We substitute
(17-30) for g™ in Eq. (17-28), take the logarithm of both sides of the re-
sulting equation, and then differentiate with respect to the position of
one of the » molecules 1, . . ., n, say molecule 7. This gives

~ / e /e—”/"'(—v.-U) dfpys ... diy

_v‘w(ﬂ) _
/ . ;" fC—U/kT dl'”.'.l [ drN

Now —V,;U is the force, f;, acting on molecule ¢ (for any given configura-
tion r;, . . ., ry). Therefore the right-hand side of Eq. (17-31) is the
mean force f;, acting on ¢, averaged over all configurations of molecules
n+1,..., N (the set of molecules 1,2, ..., n being in a fixed configura-
tionry, ..., r,). Thus,

(17-31)

I = —va™, (17-32)

This tells us that w™ is the potential whose negative gradient gives the
mean force acting on any one of the molecules 1, ..., n. Therefore w™
is called the potential of mean force.

As a specific example, suppose we start with two molecules far apart
in a fluid with given N, V, T, so that g® = 1 and w® = 0. We then
move the two molecules together reversibly in the thermodynamic sense
(i.e., extremely slowly) to within a distance . The force against which
work has to be done in this process is /*®, and the work done on the sys-
tem is w?(r). In the limit as p — 0, the two molecules are in effect in a
vacuum, and w?(r) is just u(r). But at a finite density, the work w‘®(r)
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is influenced by the presence of other molecules via statistical averaging
(Eq. 17-31). In fact, Eq. (17-20) gives a general expression for w‘®(r,),
since —kTIng = w®.

To extend the idea of distribution functions to open systems, we start
with the probability

Ve ~Up IkT
M .drl...dr,./ ; /e Atniy ... dix
N — ) Zn

for a closed system with N molecules that any molecule is in dry, . . .,
and any other one in dr,. (The subscript N is inserted here and below to
indicate a closed system with N molecules; we have omitted the sub-
seript N until now in this chapter to simplify the notation.) This is the
probability referred to preceding Eq. (17-28). In the notation of Chapter
15, the probability that an open system contains N molecules is

(17-33)

Py=223K_ 22N, (17-34)

We therefore multiply (17-33) by (17-34) and sum over N to get the prob-
ability that molecules are in dr,, . . ., dr,, irrespective of the locations of
other molecules, in an open system (i.e., irrespective of N). We define
g™ in an open system by equating this probability to p"g‘™ dr; . .. dr,,
where p = N/V. Thus we have that

n_(n) 1 zN /'../—Uﬂlkr .
Plg (T, .., = 5 ZZ”; W =n ; e dryyy...dry.
(17-35)

Here the physical significance of g* is the same as g% for a closed system
with N = N. The two g™’s differ only by a term of order 1/N. Although
the open system g appears to be more complicated, it has a number of
advantages in theoretical work.

We can define a w™ for an open system by the relation (17-30) and
again show (Problem 17-6) that w'™ is a potential of mean force. (This
time the force is averaged not only over all configurations of molecules
n+ 1, ..., N but also over the number of molecules N.) The physical
significance of w™ is the same as v}’ for a closed system. In the example
above [preceding Eq. (17-33)], w‘®(r) is the reversible work done on an
open system (u, V, T fixed) in bringing together two molecules from
r= o for.

17-5 Surface tension. In this section we illustrate the use of distribu-
tion functions in an inhomogeneous region. The system we choose is a
plane interface between a one-component gas and liquid. OQur object is
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Jz =+
/

Gas
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\ - z=0

plane

Z - ——l/’

F1a. 17-5. Construction for calculation of surface tension.

to relate the surface tension to g'*. We use an argument, due to Kirkwood
and Buff,* which is a generalization of that used for the pressure in Eq.
(17-10).

Consider a hypothetical macroscopic strip of zero thickness, width s,
and height 2!, immersed in the fluid and extending from bulk liquid to
bulk gas through and perpendicular to the interface (Fig. 17-5). The
a2y-plane is parallel to the interface and located in the transition region
(the exact location is immaterial). We include in the thermodynamic
system here only that part of the fluid in the area 8 X 2 and to the left
of the strip (z < 0). Now imagine the strip moved parallel to the surface
through an infinitesimal distance dz. Both the volume and interfacial
area of the system change, so the work done by the system is

pdV — vda = p-2lsdzx — 7 - sdz, (17-36)

where 7 is the surface tension (not an activity coefficient) and @ the sur-
face area.

The mean number density in this system is a function of z, p(2) (z is
not to be confused with the activity). We define p’(z) as the force per unit

* J. G. Kirgwoop and F. P. Burr, J. Chem. Phys. 17, 338 (1949).
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area which those molecules in the area s X dz at z and to the left of the
strip exert on all molecules to the right of the strip. The total force ex-
erted by the molecules in the system (z < 0) on those to the right of the
strip is then f:’,’ p’(2)s dz. If we multiply this force by the displacement
dz when the strip is moved, we get another expression for the work in
(17-36). Equating these two expressions, we have

-+ +1
sdx/_l P'(2)dz = sdx/_' pdz — vsdz.

Therefore, H
Y= f_, [p — () de. (17-37)

The limits can be replaced by o0 because p'(z) — p in either bulk
phase, by definition.

Thermodynamically, since ¥ exists only when two phases are in equilib-
rium, ¥ has to be a function of only one intensive variable, say T. In Eq.
(17-37), p (the vapor pressure) is a function of 7', and p’ a function of 2
and T'. Also, p is a function of z and 7. In the gas phase p(z, T) — pg(T),
and in the liquid p(z, T) — pL(T), where pg and py, are the bulk phase
values,

The remaining part of the problem is to express p'(z) in terms of g@
(which we denote by g hereafter). Consider a molecule at the point P (r,),
z1, 1 = 0, 23, and another at P’ (r3), s, ¥2, 22, a8 in Fig. 17-5, where
z; £ 0and z3 > 0. The normal (i.e., x-component of the) force exerted
by the molecule at P on the molecule at P’ is —(z; — z)uw'(r)/r, where
r = |t — r;]. The mean number density at ra when a molecule is fixed
at r; is p(22)g(21, 23, 7), which defines the distribution function g. Since
g depends on 2; and z; as well as on r, this pair distribution function is not
a “radial” distribution function. At large separations r, g — 1; that is,
g(z1, 23, 0) = 1. The mean number of molecules in drs;, when & molecule
is fixed at 1y, i8 p(22)g(21, 22, 1) drs; and the normal force exerted on these
molecules by the molecule at r, is

_ (2 — z)W(r)

; - p(22)g(z1, 22, 1) drs.

The normal force exerted on all molecules with zz > 0 is then

- f f f (32_':'33_1) w(r)p(22)9(z1, 22, 1) dza dy, d2s, (17-38)

-0 =0 0

which we denote by —G(xy, 2;). Finally, the normal force exerted on all
molecules with 2 > 0 by all molecules in the area s dz; at z; and to the
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left of the strip is 0
—sdz, f_“ G(z1, 21)p(z1) dzy.

To obtain the contribution of intermolecular forces to p’(z;) (a force per
unit area), we divide this last result by the area s dz;. In addition, just as
in Eq. (17-10), there is a contribution p(z;)kT owing to momentum
transport. Therefore

V) = pET — p(er) [ Gy e dey,  (17-99)

where —@ is given by (17-38).

We change variables from r, to r)s, that is, from 2, y,, 22 to
Tyg =Ty — Ty, Y13 =Yz %12 =23 — 2. Of course, r*> =z}, +
viz + 245 Then

o 4o 4o
G(xy, 21) = / f / (?)“’(")P(ﬁz + 21)g(z1, 212, 7) dz12 dy12 d212.

— —0 —Z)

Next, we perform an integration by parts on the integral in Eq. (17-39).
The integrand in the resulting integral over z; is an even function of z,.
For symmetry, then, we extend the integration from —oo fo +o0, multi-
ply by 1/2, and also replace z; by z,2 as the dummy variable of integration.
This gives the final result

?'(21) = p(z)kT
+-00
2
— 3p(21) //f(?':.—" QZ—Y)' p(z12 + 21)g(21, 212, 7) dT12 dY12 d21s, (17-40)

which can be put into Eq. (17-37) for 7.

It is not difficult to see (Problem 17-7) that Eq. (17-40) reduces to
Eq. (17-10), as it should, in either bulk phase.

In applying Eq. (17-40), we encounter essentially the same difficulty
a8 in the theory of homogeneous fluids (Section 17-3). That is, the “singlet”
distribution function p(z) can be related to the pair funetion ¢g'® (or g) by
an integral equation (Problem 17-8), the pair function to a triplet function
by another integral equation, etc. Exact solution of this set of equations
to obtain p(zy) and g(z, 212, r) for use, for example, in Eq. (17—40) is
impossible.

Numerical calculations have been made, however, on two approxima-
tions: (1) Fowler’s approximation,* in which an obviously unrealistic
sharp discontinuity is assumed in the density at the interface (Problem

* Kirgwoop and BUFF, loc. cit.
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1.0
T 0.8\ T/Te = 0.50
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0.2 Liquid
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-6 —4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 47
—zfr* —»
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(p — p")r*3/V2 kT —=

—2/r* ——
(b)

Fia. 17-6. Nature of gas-liquid interface based on approximate model and
the intermolecular potential (16-2). (a) Density as a function of 2, at
different temperatures, passing through the transition region. The maximum
density is 6 = 1. (b) The quantity p — 2’, as a function of z. The surface
tension (a function of temperature) is proportional to the area under the p — p’

curves (Eq. 17-37). In both (a) and (b), the location of z = 0 is arbitrary for
each curve.

17-9); and (2) Hill’s approximation,* which presumably gives a correct
qualitative picture of the transition region (Fig. 17-6) but which is based,
nevertheless, on a very erude model. Approximation (1), together with an
experimental radial distribution function for bulk liquid argon, leads to a
value of v at 90°K for argon that differs from the experimental value
(11.9 ergs-em™?) by 25%; while approximation (2) gives a value of ¥
that is off by a factor of two.

* T. L. Hiwy, J. Chem. Phys. 20, 141 (1952).
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PROBLEMS

17-1. Choose = f; and dv = h dh, integrate (17-6) by parts, and verify
(17-8). (Page 305.)

17-2. Deduce py in Eq. (17-9) from Eqs. (17-7) and (17-8), using two
integrations by parts: (a) choose dv = z2 dx with the first integral in (17-8),
and (b) choose dv = dz with the second integral in (17-8). (Page 305.)

17-3. At low densities, p — 0, we can put, in Eq. (17-20),

gl3! ® - o Ve KT, —tu(ryg)] W,
o@® _’e—iu('la)uro

Show, then, that g; in the expansion (17-3) is given by

01(7'12, T = c—u(ru)lk’l'[[e—u(ru)/k?' _ l][c—u(r”)lld' — 1)drs. (17-41)

(Page 306.)

17-4. Extend the argument leading to Eq. (17-24) to derive an integral
equation for gt3! in terms of g!4l, where pgl4l(ry, . . ., r4; §) is the mean number
density at r4 when molecules are fixed at rs and r3 and a partially coupled (£)
molecule is fixed at r;. (Page 311.)

17-5. Prove that the superposition approximation gives the correct third
virial coefficient. (Page 311.)

17-6. Show that w™ isa potential of mean force in an open system. (Page 314.)

17-7. Show that p’(z1) in Eq. (17-40) reduces to p in Eq. (17-10) in a bulk
phase. (Page 317.) '

17-8. Use the method of Eq. (17-15) to derive the following integral equation
for the surface-tension problem (assume the local chemical potential has the
same value at every point):

kT In p(z1) = kT In p,
1
+ L /v u(r)pugalr; £) — pl212 -+ 21)9(21, 212, 7; H)l dr1z dt, (17-42)
where « refers to either bulk phase. (Page 317.)

17-9. Imagine that a sample of bulk liquid is divided into two parts by a
plane of area @, and that the two parts are separated reversibly by gradually

Figure 17-7
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increasing d (Fig. 17-7) from d = 0 to d = . Assume that the (vapor)
space between the two liquid parts has essentially zero density, and that each
liquid part remains homogeneous right up to the vapor region, where there is
a sharp discontinuity in density (from the liquid density p to p = 0). If a
molecule is fixed at P (Fig. 17-7), the number density at P’ is assumed to be
pg(r), where g(r) is the bulk liquid radial distribution function. We can now
calculate the normal force between the molecule at P and the other half of the
liquid [compare Eq. (17-7)], and then we can calculate the total work necessary
to pull the two liquid parts away from each other. This work is set equal to
2YQ, since the amount of new surface area formed is 2@. Derive, in this
way, the equation

2 7 4 dut)
_wp 4 du(r
Y = S /:) T g(r, p, T) dr, (17-43)

originally due to Fowler. This can also be shown to be a special case of
Eqs. (17-37) and (17-40). (Page 318.)

17-10. Show schematically what you would expect the functions 4xr2g(r) and
g(r) to look like for a monatomic solid with cubic close packing [g(r) here is aver-
aged over all directions outward from the central atom]. The successive num-
bers of neighbors are 12, 6, 24, . . . at distances a, v/2a, v3a, . ... From these
curves guess the qualitative form of g(r) for the liquid state of the same
substance.

17-11. Apply Eq. (17-21) to the case where the “solvent” is a dilute gas .
Show that this equation is consistent with Eq. (15-47),

2/pg =1 — br1pa+---.

17-12. Devise a formal definition of gf3 analogous to Eq. (17-28) and find
the relation between gt3! and ¢,

17-13. Investigate the possible application of the law of corresponding states
to surface tension.
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CHAPTER 18
DILUTE ELECTROLYTE SOLUTIONS AND PLASMAS

Since a great many accounts of the Debye-Hiickel theory of electro-
lytes (based on the linearized Poisson-Boltzmann equation) are available,
in Section 18-1 we shall give only a rather short discussion of this topie.
The reader who desires a more detailed treatment should consult Fowler
and Guggenheim, Chapter 9. The rest of the chapter is devoted to a
less conventional approach to the problem, based on Kirkwood’s theory
of solutions.* The distribution-function methods of Section 17-3 are ex-
tended in Section 18-2 to solutions in general and, in Section 18-3, to
electrolyte solutions in particular. It is shown in Section 18-3 that the
Debye-Hiickel limiting law can be deduced from the Kirkwood solution
theory as well as by the usual (Debye-Hiickel) method of Section 18-1.

18-1 Debye-Hiickel theory. The model we consider here and in Sec-
tion 18-3 is the following. The volume V is completely filled with a dielec-
tric continuum of dielectric constant e which, for simplicity, is not con-
sidered a molecular species of the system. Immersed in the continuum
(see Fig. 18-1) are “hard” monatomic ions of diameter a, N; of species <.
Thus the system is in effect a “gas” mixture of ions in a continuous dielec-
tric medium. If the continuum is a vacuum, € = 1 and the system is a
real gas mixture (i.e., a plasma). The charge on an ion of species ¢ is
z;e, where e is the charge on a proton. In view of our continuum assumption
(see Fig. 18-1), the interionic potential energy for an ¢j pair is

u;i(r) = 4o r<a
2 (18-1)
= ZiZe r2a.
pm 2

Of course, real ions are not hard spheres,
and a real solvent does not behave like
a continuum when r is small (say,
r < 5a). Therefore Eq. (18-1) isonly  Frq. 18-1. Model for “hard” ions
an approximation. However, thisequa- immersed in a dielectric continuum.

* J. G. Kirkwoobo, J. Chem. Phys. 3, 300 (1935).
321
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tion becomes exact, in effect, in the limit of very dilute solutions, for
then only large values of r are significant.

We denote the concentration (number density) of species ¢ by p; =
N;/V. In order for the solution to be electrically neutral, we must have
Y p:z; = 0 (which we call the neutrality condition). If the solution
is not neutral, the excess charge will collect on the surface, and the prop-
erties of the system will depend on the shape of container.

If one is interested in temperature and pressure effects on an electrolyte
solution, the solvent must be treated explicitly as a molecular species
(as in Fowler and Guggenheim, Chapter 9). In this case, however, not
much real progress can be made without giving up Eq. (18-1) for small
values of r (say r < 5a) in favor of a detailed study of the behavior of
solvent molecules around a pair of ions. We avoid all such complications
in our brief treatment by adopting the continuum model already described.

The basic thermodynamic equation for our system is

dE = TdS — pdV + ) pidN,. (18-2)
[

The pressure p is the pressure of the “gas” mixture of ions. In reality,
of course, if the continuum is a solvent and not a vacuum, p is the
osmotic pressure of the electrolyte (this will be confirmed in Sections 19-1
and 19-2). In a plasma (¢ = 1), p is the total pressure,

Our object in this section is to give the Debye-Hiickel derivation of
the ionic activity coefficient 7; for an arbitrary species ¢ in a very dilute
solution. In the limit as p; — 0 (all §), we would have for the chemical
potential (Eq. 4-23) of species 7,

pi=kTln A} +kTlnp; (allp; = 0). (18-3)

Of course, if the molecular nature of the solvent were being taken into
account, A? would be multiplied by a quantity (a function of pressure
and temperature) closely related to the Henry’s law constant and deter-
mined by the nature of the interaction between one ion and pure solvent
[see Eq. (17-21) and Chapter 19]. We are interested in the first-order
correction to Eq. (18-3), when the solution is not quite dilute enough
for that equation to hold:

pi=kTInA? + kTlnp; + kTIn 7, (18-4)

Perhaps the first thought to come to mind is that we bave here, in effect,
a dilute gaseous mixture of ions and hence that the methods of Chapter 15
on imperfect gases are applicable. Thus, all we would need for the first-
order correction mentioned above would be to calculate second virial
coefficients as in Section 15-3. However, if we substitute the coulombic
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potential energy, (18-1), in Eq. (15-52), we see [on writing e */*T =
1 — (u/kT)) that the integral diverges because of the upper limit. In fact,
the integral will diverge not only for the coulombic potential »~! but
also for #~2 and r—3. Convergence begins with #~* (in the van der Waals
interaction, we have r~%). The same is true for the higher virial coeffi-
cients. The physical reason for the divergence is that with forces of
sufficiently long range, it is not possible to treat a dilute system in terms
of, successively, binary interactions, ternary interactions, etc., as the
concentration increases. Instead, many-body or “collective” interactions
appear even at the first departure from the dilute solution behavior of
Eq. (18-3).

Thus, a virial expansion does not exist for systems made up of particles
interacting by long-range forces (pair potential energy «r™, n < 3);
other methods must be used.

We now turn to the Debye-Hiickel argument, which leads to exact
limiting expressions (at very low concentrations) but which is otherwise
approximate. We consider the spherically symmetrical (on the average)
neighborhood around one particular (“central”) ion of type j (as it moves
through the system; or we can regard it as fixed). Let the mean electro-
static potential at & distance r from the j ion be ¢;(r). The zero for ¥;(r)
is chosen at r = o. Also, let the mean charge density at r be n;(r).
Then Poisson’s equation in electrostatics states that

v = — IO 5 ), (18-5)
Because of the presence of the central j ion, ¢¥;(r) will be nonzero for
finite r [¥;(r) will have the same sign as z;], and also n;(r) will be nonzero
for finite r [n;(r) will have a sign opposite to that of z; because of a net
accumulation of ions of opposite charge]. The region over which ¥;(r)
and n;j(r) differ significantly from zero is called the ion atmosphere of the
central j ion. As r — o0, n;(r) — 0 because of the neutrality condition.
The general plan is to convert IEq. (18-5) into a tractable differential
equation in y¥;(r), to solve the differential equation, and finally to use
¥;(r) thus found to calculate the activity coefficient ; by a charging process
(as in Chapter 17).
From Section 17-3, we have that the mean concentration of ions of
type ¢ a distance r from a central j ion is

PiUr) = piges(r) = pae W (18-6)

where w;;(r) is the potential of mean force. Since, with our model, no
ion can be closer to another than r = g, pi(r) = 0 and w;;(r) = 4+ for
r<a Atr= o, wi; = 0, g;; = 1, and the concentration of ¢ ions is
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the bulk concentration p;. The ﬁrgt approximation we make in the Debye-
Hiickel theory is to assume that p/(r) is determined by a simple Boltzmann
factor,

i) = pe™ WO > a). (18-7)

This is analogous to assuming that in an electrochemical equilibrium
between two bulk phases « and 8, with a potential difference ¢ = ¢* — %,
pi = ple VM,
with neglect of aclivity coefficients. This analogy will be pursued more
explicitly in Section 18-3. Comparison with Eq. (18-6) shows that the
assumption (18-7) also amounts to setting wy(r) = ze¥;(r) for r > a.
Exact expressions for w;;(r) and z;ey;(r) will be compared in Section 18-3.
Although Eq. (18-7) is in general not exact, it proves to be correct in

the limit of very dilute solutions.
Equation (18-7) makes it possible to write Eq. (18-5) as a differential
equation in ¥;(r) only. The charge density at r is

ni(r) = e Zz.-p’}(r) (18-8)
=e Ez.-p.e"""""/” (r > a). (18-9)

Then substitution of Eq. (18-9) for n;(r) in Eq. (18-5) leads to the so-
called Poisson-Boltzmann differential equation in ¥;(r). This equation is
nonlinear and very difficult to solve in general (except by numerical or
series methods). But much effort to solve the equation is probably not
justified in any case, since Eq. (18-7) and therefore Eq. (18-9) are approxi-
mations in the first place.

To make further progress, we limit the discussion to cases in which
z;ey;(r)/kT < 1 for the important values of . This is the second Debye-
Hiickel approximation; it allows us to linearize the Poisson-Boltzmann
equation. After solving the linearized equation, we can come back to see
what is meant by “important values of r” and for what electrolyte con-
centrations linearization is a good approximation. It will turn out that
this approximation, like the first one, is justified if the solution is
sufficiently dilute.

Therefore we expand the exponential in Eq. (18-9) up to the linear
term. The Poisson-Boltzmann equation becomes

2y, o _ e~ _mﬁf)
V!IIJ— € ‘z,p.(l kT ’
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or
2 A
% d‘gf’) — % > a), (18-10)
where
K “e",;?_, T out (18-11)

The leading term in the expansion does not contribute to Eq. (18-10)
because of the neutrality condition. The summation in Eq. (18-11) is
twice the “ionic strength,” often used in thermodynamics (and expressed
in moles-liter™!). Thus x < (ionic strength)/? and x — 0 as the solution
approaches infinite dilution. When we rewrite Eq. (18-10) in the familiar
form

2 (anl) :
TO = v,

the solution is obviously
;= Cre™™" + Coe™™.

Since we know that ¢; — 0 as r — oo, we have to choose C; = 0.
Therefore

-7

v =9 ¢ > a. (18-12)

To evaluate C; we must consider the situation inside the sphere r = a
(Fig. 18-1), where no charges can be present except the charge zje at
r = 0. Laplace’s equation is therefore satisfied inside the sphere. Let
¢; be the inside electrostatic potential. Then

2 A
v2¢,-=1M=0 r < a).

and
o =C+3 ¢ <a. (18-13)

When r — 0, ¢; must approach the coulombic potential z;e/er. Therefore
C4 = zjef/e. To evaluate the remaining two constants, C'; and C3, we use
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the two boundary conditions at r = a:

¥i(a) = oja),

(18-14)
Vi(a) = ¢ja).
Equations (18-12) through (18-14) give
_ _ziee” - _ Tk
Ci= (1 + xa)’ Cs = €(1 + xa)
Therefore
(r) = ﬂ‘:‘_(_'_—_a) r>a) (18-15)
'I"r—er(1+xa) < &

We also note that, in Eq. (18-13),C4/r is the contribution to the potential
inside the sphere owing to the central j ion itself, and hence C3 must be
the contribution of all the ions outside the sphere (i.e., the contribution
of the ion atmosphere). We denote the latter potential by ¢;'“"(r). This
quantity is a constant. Hence, at r = 0, where the central charge zje
is located, we have
¢§™(0) = C3 = — m—f_’:"—ms (18-16)
We can now use Eq. (18-16) to calculate the electrostatic contribution
to v;. The connection is established by extending the argument of
Eqs. (17-11) through (17-14) to solutions [in fact, we have already applied
it to a binary solution in Eq. (17-21)]. We have

wi = pi+ uf, (18-17)
- a_A: - 8

v = Gw, Wauyvr kT In A? 4 kT In p;, (18-18)
y_ %_) - :

u = (aN, - kT Inv; (18-19)

where kT In 7v; is the isothermal reversible work, against intermolecular
forces, required to add one more molecule of species j to the system.
For simplicity, we calculate the electrostatic contribution to kT In 7v;
using the work of a charging process, and then add on separately the
hard-sphere interaction contribution, since the latter is already available
from Chapter 15. To compute the electrostatic work of adding one more
J ion, we introduce the charging (coupling) parameter £; on the j ion.
For an arbitrary value of £;, the j ion has a charge ;z;e, and hence

o} 0; ) = — Z(li:%ﬁ
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If we bring in an increment of charge z;e d¢; to the j ion, the work done
against the ion atmosphere (i.e., against the electrostatic contribution to
the intermolecular forces) is ©**(0; §;)zje d%;. Therefore,

/l atm(o. z) dE = e ﬁ_— (18,_20)
o €7 Vi SIE 0= T 56l + ka)

is the electrostatic contribution to kT In 7;.

For the hard-sphere contribution to kT In ¥; (which would remain even
if we put each z; = 0) in a dilute solution, we merely have to extend
Eq. (1547) for a binary gas mixture to an arbitrary number of compo-
nents. In the binary case [and in the notation of Eq. (15-47)] we have
from Eqs. (15-24), (15-25), and (15-52),

In vs = Bj1p1 + 2Bozpz + -+ ¢
3
=2 o)+

For any number of components, then, we obviously have

4wa®
Inv; = =5~ 2 pi  (allj). (18-21)
Finally, then, for the electrolyte solution,
2.2 3
o _ziek | 4wa’ )
nv; = 2¢kT(1 + xa) +73 ; Pi- (18-22)

This is a statistical-mechanical equation for the activity coefficient of a
single ionic species. Of course, in thermodynamics we can measure activity
coefficients only for neutral salts, so only “neutral” combinations of ¥;’s
from Eq. (18-22) (e.g., 74—, Y+4+72, etc.) can be checked experimentally.
It is well known that excellent agreement is achieved between experi-
mental activity coefficients and the limiting form of Eq. (18-22) at high
dilutions, but not always with Eq. (18-22) itself. At high dilutions, we
have the so-called Debye-Hiickel limiting law,

32
Inv; — — ;’—:k% (k — 0). (18-23)
We note that In 7; is proportional to the square of the charge on a j ion
and to the square root of ionic strength.

Equation (18-22) has the disadvantage of reflecting the approximate
nature of our choice of u;;(r) in (18-1). It is therefore not surprising that
Eq. (18-22) is not always in satisfactory agreement with experiment.
On the other hand, Eq. (18-23) does not involve a. In fact, it is rather
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obvious on physical grounds that Eq. (18-23) must depend on the validity
of Coulomb’s law, u;j(r) = ziz;e®/er, only for r >> a, because in a very
dilute solution the ions are in general far apart. But we may have con-
fidence that Coulomb’s law (with €) will become exact for large r; there-
fore we expect Eq. (18-23) to be an exact limiting law provided that
our approximations, (a) w;;(r) — z;e¥;(r), and (b) ziey;(r) /kT « 1, become
valid in a very dilute solution. The fact that the Debye-Hiickel limiting
law is verified experimentally indicates that this is indeed the case. On
the theoretical side, we shall confirm (b) below and (a) in Section 18-3.

We can examine more carefully the point above about the importance
of r >> a for dilute solutions by investigating the (net) charge density
distribution (the “ion atrosphere”) about the central j ion. From
Eqgs. (18-10) and (18-15),

W) =~ = G (s=24

That is, nj(r) x e*"/r. Note that n;(r) has a sign opposite to z;, as
expected. The net amount of charge between r and r 4 dr is proportional
to r2ni(r), or re~*r = f(r). The function «f(r) is plotted in Fig. 18-2.
This figure shows the form and extent of the ion atmosphere. In par-

0.4

KPETRP

] r=a if xa=1/10
S r= 1/
4 Wi

KT

F1g. 18-2. Relative net amount of charge between r and r -} dr in ion at-
mosphere around a particular ion in a dilute electrolyte solution.
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ticular, the maximum in f(r) occurs at r = 1/, as is easy to verify
(Problem 18-1). Thus the most important region of the ion atmosphere
is in the neighborhood of r = 1/k. This region moves to larger values of
r as the solution becomes more dilute (x — 0). This confirms the fact
that the behavior of u;; near r = a is unimportant for the limiting law.

To obtain some feeling for the orders of magnitude involved, we can
calculate (Problem 18-2) that in an aqueous 1-1 electrolyte solution at
25°C (e = 78.5),

3.04

1 X . -
= iz (in A), (18-25)

where ¢ is the concentration of salt in molesliter™. Thus, if ¢ =
0.01 moles:1 ™%, 1/k == 30.4 A. By comparison, a is of order 3 or 4 A,
g0 that 1/k = O(10a) or xa = 0(10™") at ¢ = 0.01 moles:1™1. At about
this dilution, then, we should expect the limiting law, (18-23), to begin
to be rather accurate [again assuming approximations (a) and (b) above
to be valid), and this is found to be the case. If ¢ = 10™* moles:1™?,
1/k = 304 A, ete.

At this point, we are in a position to go back to the question of the
conditions under which the linear approximation, (b), made in writing
Eq. (18-10), is legitimate. We require that

zeoyi(r)
%7 LKL

As we have seen, the important values of r are those in the neighborhood
of r = 1/x. Therefore we put r = 1/« in Eq. (18-15), and obtain (drop-
ping factors of order unity)

e’k

e—kT<<l

as the necessary condition for the validity of the approximation. This
is the same as

1y e, (18-26)
Kk~ €T

For water at 25°C, this gives the condition 1/x > 7.1 A (Problem 18-3)
(that is, 1/k >> 2a). Hence we come to the conclusion that for ¢ <
0.01 moles1~! (1-1 electrolyte), where 1/k > 30 A, the linear approxi-
mation should begin to be a good approximation. For ¢ < 1072 or 10™*
moles:1~}, it should be an excellent approximation.

The Debye-Hiickel argument itself cannot provide any theoretical
justification for approximation (a) in a dilute solution [w;;(r) — z.e¢;(r)
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as k — 0], as it does for approximation (b) [see (18-26)]. However, as
already mentioned, there is indirect experimental evidence supporting both
(a) and (b). We shall return to (a) in Section 18-3. But let us note here
what the Debye-Hiickel theory has to say about w;;(r). From Eq. (18-15)
we have

wi(r) = +0  (r <a)

2 —x(r-—-a)
. . Z:zje €
- ZM[’:(") ef(l + Ka) (r 2 a)' (18_27)
In very dilute solutions, xa — 0 and
oy alp— "
wif(r) — ‘—":ri- . (18-28)

As implied by earlier remarks, Eq. (18-28) proves to be exact, as a
limiting law, but Eq. (18-27) is an approximation.

Incidentally, since by definition (see gas in Section 17-3) w;;(r) = w;:i(r),
we can deduce the symmetry condition zgj(r) = zpi(r) from approxi-
mation (a), w;; = z;ef;, which was used in arriving at the Poisson-
Boltzmann equation, (18-5) and (18-9). This symmetry condition is
seen to be satisfied by Eq. (18-15), which is a solution of the lnearized
Poisson-Boltzmann equation. But when the complete (nonlinear) Poisson-
Boltzmann equation is used, it turns out that the solution of this equation
does not satisfy the symmetry condition in general. Thus we can be sure
that approximation (a) is incorrect except when the electrolyte solution
is dilute enough (Eq. 18-26) to justify linearizing the exponential in
Eq. (18-7).

Finally, we turn to a consideration of thermodynamic funections (Prob-
lem 18-4) derivable from the Debye-Hiickel limiting law, (18-23). From
Eqgs. (18-2), (18—4), and (18-23), we have

F

1 Fo
W=WZN¢M,—2N1nAcPo ;1’

(18-29)

where

Fel K3V
= 2ekT EN.:. =~ o (18-30)

We use Fg) to represent the electrostatic contribution to F. To find the
(osmotic) pressure, we employ Eq. (18-29) and the thermodynamic
relationship,

op "_F) _ kT 22
V(aV NT (GV NT ZN +4eV Z:N'z“
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We multiply this equation by dV/V, integrate from V to », and obtain
E pi — 247r (18-31)
The Helmholtz free energy is then

_fl - i _ _ _ EN In ( .p,) ! Ael (18-32)

where

Ael
¥ = T 3ar E Nizi = — _1r' (18-33)

As a check on Eq. (18-33), we can make use of a different charging
process, one in which we start with all ions discharged and then charge
all ions at the same rate up to the final charge. Thus there is a single
charging parameter £. In this process, if carried out reversibly with 7', V,
and the N; held constant,

AA = Ael(s = 1) - Ael(s = 0) = Ael(s = l) = el;
where W, is the work done on the system in the charging process. When
all ions are charged to the degree £ we have from Eq. (18-16) that

o bzex(®)
0 = — T

Ezz,elc
—_—
€

since k(¥) = &« according to Eq. (18-11). Then the work necessary to
bring up an additional charge zje d£ to one j ion is ¢! "“(0 £)z;edt. Hence
the total work necessary to charge up all the ions 1s

Wa= Aalt = 1) = [ 3 N} (0; Ozt
I

in agreement with Eq. (18-33).

18-2 Kirkwood theory of solutions. In this section we extend the
methods of Section 17-3 to solutions of monatomic molecules. As in that
section, we use [in Eq. (18-37)] an intuitive argument (not employed by
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Kirkwood*) to avoid involvement in the detailed formal properties of
distribution functions. The results we find here will then be applied in
the next section to electrolyte solutions in particular.

We begin with Eqgs. (18-17) through (18-19), which apply to any solu-
tion of monatomic molecules:

pi=kTIn A + kTlnp; + kT Iln v, (18-34)

where kT In v; is the work W,, against intermolecular forces, required
to add one ¢ molecule to the system. We now derive an equation for W,
The average number of molecules of species s in the element of volume
dr, in the neighborhood of a partially coupled molecule of species ¢ is

p‘e—w,',(r.'.&o‘)/kr d!'., (18—35)

where w;, is the potential of mean force. The contribution to W, arising
from interactions with these molecules, when ; is increased by d¢;, is
(18-35) multiplied by wui(rs) dé;.  Therefore, if we integrate over r,
and §;, and sum over s, we have

We= kTl = X puf ! [ et s, dg. (18-36)

This is the generalization of Eq. (17-16) for solutions.

Consider an element of volume dr; near a fixed molecule of species j
and the equilibrium between ¢ molecules in dr; and 7 molecules at a very
large distance from the fixed j molecule. We can write

pi(0) = kTIn A2 4+ kT Inp; + kT In v,
= pilrs)) = kTIn A? + kT In pi(rsj) + Wirij),  (18-37)

where p is the mean concentration of ¢ molecules in dr;, and W repre-
sents the work that has to be done against intermolecular forces in order
to add an ¢ molecule to the system at r;.

The average number of s molecules in dr,, when a j molecule is fixed
at r; and a partially coupled ¢ molecule is at r;, is

P 'e—w:j(fij'l',j.fi)/kr dr,,
where w; is a potential of mean force defined by

g% (s, 15,15 £) = e VT, (18-38)

* J. G. Kirkwoob, J. Chem. Phys. 3, 300 (1935).



18-2] KIRKWOOD THEORY OF SOLUTIONS 333

in the notation of Section 17-3. The physical significance of w}; is the
following: it is the reversible work which must be done to move an s mole-
cule from infinity through the solution up to the position r,, when a par-
tially coupled (¢;) ¢ molecule is fixed at r; and a j molecule is fixed at r;
during the process. In the superposition approximation, (17-25), we
have

w:'j(fi) = wi:(fi) + Wisay (18_39)

but this is not true in general, because the effects of the molecular en-
vironments of the ¢ and 7 molecules on the s molecule are not simply addi-
tive but perturb each other. In the limit as p; — 0 (all ¢), that is, a
very dilute gas,

wii(§) — Edis + Wi
and (18-39) is correct (if the intermolecular potential energy is itself

pairwise additive).
The total work of coupling ¢ at r; is then

1 1 L TRY)
Wirs) = wiitrii) + 2 08 jo /V Usae P HEONT G e, (18-40)

We also have the relation
pirij) = pa TN, (18-41)
On combining Eqs. (18-36), (18-37), (18-40), and (18—41), we obtain

wiirig) = wiiri) + D pe f ' / ug[e PRI _ g —wistIIFT) gr gg,,
- o Jv
(1842)
This is the generalization of Eq. (17-20) to solutions.

We can deduce a more general equation than (18-42), for w;;(£:), in
exactly the same way as we obtained Eq. (17-24) from Eq. (17-20),
but we omit this derivation. The final result can easily be written down
on inspection of Eqs. (17-20), (17-24), and (18-42).

Also, we can extend the above argument without difficulty to succes-
sively larger groups of fixed molecules. For example, if we couple a new
molecule of species ¢ near fixed j and &k molecules, we find (Problem 18-5)

; 1 ¢ . ot
Wi = wij + ug + Z Ps /o /V Ugle™VIHERT _ o =i GIIET) g, g,
(1843)

Finally, we note that Eq. (17-10) for the pressure of a monatomic fluid
can easily be extended to fluid mixtures (Problem 18-6):
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l 00
ﬁ? = ZP-‘ ~ 6T %;Pipj [0 risi(ra)gii(ridmndidre;,  (1844)
where g;; = ¢~i/*T is a function of all the p’s and 7.

18-3 Electrolyte solutions. In this section we apply the equations of
Section 18-2 to the idealized electrolyte model described in the first
paragraph of Section 18-1. Here again the solvent, if any, is considered
& nonmolecular continuum. We first write down general equations and
then observe that the Debye-Hiickel limiting relations furnish a solution
of these general equations in the high dilution limit. This provides a
more firm statistical-mechanical foundation for the Debye-Hiickel limit-
ing law than the Debye-Hiickel argument (Section 18-1) itself.

We begin with Eqs. (18-37). It is now convenient for us to write W’
in the form

Witri)) = kT InYi(rsj)) + zeebi(rs})  (re; > @),  (18-45)

where ¢;j(r;;) is the mean electrostatic potential a distance r;; from a
fixed j ion {with y;(c0) = 0], and where ¥/ is a “local activity coefficient,”
defined by Eq. (18-45) in terms of W/ and ¢;. The point of separating
WY in this way is that now Eqgs. (18-37) give

Pilris) = paa=HHrD [;;'(1:3] > a),  (1846)
which (a) is analogous to an electrochemical phase equilibrium with
activity coefficients included [see the discussion following Eq. (18-7)], and
(b) furnishes the explicit correction factor by which the approximation
(18-7) has to be multiplied to make it exact. Of course, the introduction
of 7/ does not provide anything new and can be avoided, if desired, in
view of Eq. (1841):

—chj(rcj)lkT.y

e~ VSrNIRT € § rii > @), 18-47
Qualitatively, we would expect Yi(r;;) = v; for finite ri; since (a) the
mean local ionic strength at r;; is different than in the bulk solution

(rij = o0), and (b) the atmosphere around an ¢ ion at r;; is not spherically
symmetrical as it is at ;.= 0. The exact Poisson-Boltzmann equation is

Vi) = — 4%‘ 2 zipe T (e > q) (18-48)

4" —F. r ‘y
= = T Tapent [7—,(;—)] (r>a). (1849)
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An explicit expression for ¢;(r;;), the mean electrostatic potential at r;

a distance r;; from a fixed j ion, may be written as follows. The contribu-
tion to y; owing to an 8 ion at r, is z,e/ery,. The contribution of all s ions
in dr, is then

Zs© Pe e—w,,‘(r,,-)/kT.

€ris
Hence the total potential at r;, arising from the fixed j ion and its ion
atmosphere, is

w,-(r.'j) = + E Ps /V Zs® —w,,/kT dl' (18-50)

€Tis

This has to be the solution of the exact Poisson-Boltzmann equation,
(18-48), but it is expressed in terms of the (in general) unknown func-
tions w,;.

The electrostatic potential at r;; = 0, when the central j ion is charged
to the degree {; and owing to all ions other than j itself, is, from
Eq. (18-50),

w;tlﬂ(o sj) — Ep./;’, :;: —‘wu(Ej)lder (18_51)

where V’ means that the region r,; < a is excluded from the integration
since no ions (other than j) are present there (w,; = +o0 for r,; < a).
If, in Eq. (18-36), we introduce Eq. (18-51) and use (18-1) for u:,
we have .

KT Inv; = N+ [ 2e037(0; £ dis (18-52)

where ); is a small term arising from the region r;, < a [see, for example,
Eq. (18-22)). This is a generalized version of Eq. (18-20), used in the
Debye-Hiickel theory.

Equation (18-42) for w;; is converted into an equation applicable to
electrolytes by substitution of Eq. (18-1) for u;; and u;. An explicit
equation for In 7J/v; in Eq. (18-47) can then be written down, using
Eq. (18-42) for w;; and Eq. (18-50) for ¥; (Problem 18-7).

We now verify that the Debye-Hiickel limiting expressions for a very
dilute solution are consequences of the equations of the present section
and Section 18-2. We seek a (limiting) solution of the series of equations
of which Eqs. (18-42) and (18-43) are the first two members, using
Eq. (18-1) for u;;. We try a solution of the form

wii(§) = wu(E) + v, (18-53)
wiie(8) = wie($0) + wej + war, (18-54)
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ete. (i.e., superposition), where
z;zjele "

P (18-55)

wi(ri) =
Here o is a parameter whose value is to be determined. For arbitrary £,
we replace z; by z;¢;. Further, we expand all exponentials, e~i#*T, and
retain only linear terms, pending establishment of the conditions that
render this step legitimate (i.e., w;;/kT << 1). We ignore small terms
associated with the region r < a, because these prove to be negligible
(as in the Debye-Hiickel limiting law) under conditions such that the
solution we find is valid. Substitution of Eqs. (18-53), (18-54), and
e if*T = 1 — (w;;/kT) in Eq. (18-43) and in all higher members of
the series, reduces these equations to Eq. (18-42), which, therefore, is
the only one we need consider.

Equation (18—42) reads (after integrating over &)

z;zje® zize? [ w,;
wii(ri) = ?’u— + z.:P: v ;T,', - F‘T dr,. (18-56)
Next, we substitute Eq. (18-55) in Eq. (18-56), factor out z;z;e*/¢, and
write r;; = 7, i = u and 7;, = v:

e _1_

2 —ap
e 2f €
— = ekTE‘ PR /V — dr,. (18-57)

In Fig. 18-3, rotation of the element of area dx dy about the 2-axis sweeps
out dr,, so that dr, = 2wy dr dy. We transform coordinates x and y to
% and v, where

W=+ P=y+ -2

The Jacobian of this transformation gives

y dedy = W du dv,
yr
x de dy or
8 2wy
dl'. = — du dv.
Y Toj =0 r
Tis=U
The limits of integration we use are
X

: rj=r j 0<v< o,

Frgure 18-3 Ir—o <u<Lr+o.
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Equation (18-57) becomes, then,

-—r l 2 2
"r =;—e:',:T2p.z‘:’//, (18-58)
where
// / "‘”dv/du——z(l—e
| r—vl]

Thus Eq. (18-58) is an identity [that is, Eqs. (18-53) through (18-55)
are a solution of Eqs. (18-42), (18—43), etc.] +f

4
a2 = ':kr_eT Pclzy

that is, if « = « (Eq. 18-11). Equation (18-55) turns out to be, then,
just the Debye-Hiickel limiting potential of mean force, (18-28).

From Eq. (18-55) with « = &, we find, as in the Debye-Hiickel theory,
that the ion atmosphere has an extent of order r = 1/« and hence that
the linearization of e~*«#/*T is legitimate if the solution is dilute enough
to satisfy (18-26).

Let us confirm that the remaining Debye-Hiickel results are also ob-
tained. (a) When we put Eq. (18-55) (with a = «) in Eq. (18-50) for
¥;, we find, using Eq. (18-58), that

Vi) =L
Therefore, w;; = zey;. However, on comparing Egs. (18-42) and (18-50),

we see that this is a limiting or asymptotic relationship. In general,
w;; 7 z,ey; (see also Problem 18-7). (b) Equation (18-51) gives

m0; 8 = — K,
and hence, from Eq. (18-52),
22
kTlnv; = — K.
2¢

(c) Finally, if we put Eqs. (18-1) and (18-55) (with @ = «) in Eq. (18—44)
for p/kT, we obtain (Problem 18-8) Eq. (18-31) again. Note that the
integral in Eq. (18-44) converges because the potential of mean force,
(18-55), is a short-range potential if k > 0 (the ions ¢ and 5 are both
screened by ion atmospheres). But if we try to calculate second virial
coefficients from Eq. (18-44) by taking the limit x — O in g;; [see the
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paragraph following Eq. (17-10)], w;; in (18-55) approaches u;; and
the integral diverges (the ions 7 and j are no longer screened by ion atmos-
pheres). In summary: Eq. (18-44) can be used in electrolyte theory, but
we cannot expand g;; in this equation as a power series in the concentra-
tions for this would lead to a virial expansion that diverges.
Important, but advanced, recent papers on electrolyte theory have
been published by Mayer,* Kirkwood and Poirier,{ and Meeron.}

PROBLEMS

18-1. Show that the most probable value of » in the Debye-Hitickel ion
atmosphere, (18-24), is 1/x. Find also the mean value of r, #, in terms of «.
(Page 329.)

18-2. Verify Eq. (18-25) for 1/« in water at 25°C. (Page 329.)

18-3. Show that the condition (18-26) amounts to 1/x>> 7.1 A for water
at 25°C. (Page 329.)

184, Verify the details in the derivation of the thermodynamic functions
(18-29) through (18-33). (Page 330.)

18-5. Derive Eq. (18-43) for w;i,. (Page 333.)

18-6. Extend the derivation of Eq. (17-10) to the pressure of a monatomic
fluid mixture. (Page 333.)

18-7. Show that

kT In [ '(r")] = small terms 4 Zp‘/ ]lz;::e

8
X [e—w‘j(f")lkf — e-—w.j/kr — e—w.‘,(i;)lk?'] dl', df,'. (18_59)

Verify that 74/7; = 1 in the Debyc-Hiickel limiting law concentration region.
(Page 335.)

18-8. Deduce the Debye-Hiickel limiting expression for p/kT, (18-31), from
Eqs. (18-44) and (18-55). (Page 337.)

18-9, Consider a charge z;e at the center of a sphere of radius ¢ and with
dielectric constant ¢,. Outside the sphere is a dilute electrolyte of point ions
in & medium of dielectric constant e. Use the linear Poisson-Boltzmann equa-
tion outside the sphere. Show that the work done in charging up the sphere
(keeping the clectrolyte fully charged) against the ion atmosphere and dielec-

trics, is
14( 1 _ :_).
2 ea \14«xa e

* J. E. MAYER, J. Chem. Phys. 18, 1426 (1950).
t J. G. Kirewoop and J. C. PoIRIER, J. Phys. Chem. 58, 591 (1954).
1 E. MeERoN, J. Chem. Phys. 28, 630 (1958).
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18-10. This is the same as Problem 18-9 except that the charge z;e is smeared
uniformly over the surface of the sphere. Show that the work here is

22
O
2 ea(l 4+ xa)

18~-11. This is the same as Problem 18-9 except that the charge z;e is smeared
uniformly throughout the volume of the sphere. Show that the work here is

125° (_1_ N _e_) :
2 ea \14 xa ' Sen,

18-12. Show from Eq. (18-24) that the integral of the charge density n;(r)
in the Debye-Hiickel theory, over all space, gives —z;e, as expected.

18-13. Show that in the Debye-Hiickel ion atmosphere, (18-24), the fraction
of net charge between @ and 2a, in the limit as xa — 0, is 3(xa)2/2.

18-14. Use Eq. (18-23) to calculate Y in a 2-2 aqueous electrolyte at
25°C and at a concentration 10— moles1-1,

18-15. Find the expression for 1/k, equivalent to (18-25), which is applicable
for (a) a 2-2 electrolyte, (b) a 3-3 electrolyte, and (c) a 1-1 electrolyte in
solvents with (t)e = 10 and (it)e = 1 (solvent = vacuum; i.e., a plasma).
In each case find the value of ¢ giving 1/« = 30 A.

18-16. Calculate and compare the magnitude of terms in Eqs. (18-22) and
(18-31) for & 1-1 aqueous electrolyte at 25°C and a concentration 10~3 moles:1—1.
Takea = 3 A,

18-17. Verify the evaluation of the integral in Eq. (18-58).

18-18. Show that Eq. (18-36) leads to

InYe = B1ip1 + 2Bo2p2+ - -+

for a dilute binary gas mixture, a result used in Eq. (18-21) (obtained from
Chapter 15).

SupPLEMENTARY READING
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Harnep, H. 8., and OweN, B. B., Physical Chemistry of Electrolytic Solutions,
3rd ed., New York: Reinhold, 1958.

Kirgwoob, J. G., J. Chem. Phys. 3, 300 (1935); Chem. Revs. 19, 275 (1936).

Lanpavu and LiFsHrTz, Sections 74 and 91.
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CHAPTER 19
DILUTE LIQUID SOLUTIONS

The main thesis of the present chapter is that the expansion methods
of imperfect gas theory (Chapter 15) can be applied to a liquid solution
which is dilute with respect to at least one (“solute”) component, pro-
vided that the interaction between solute molecules is a short-range one
(energy « r~®, n > 3, for large r). The technique is to reduce the many-
body problem to, successively, (a) the interaction of one solute molecule
with pure solvent (this determines the Henry’s law constant, for example),
(b) the interaction between two solute molecules immersed in pure solvent,
etc. This procedure is not possible, as we saw in Chapter 18, with the
long-range forces in an electrolyte solution.

The same expansion methods can be applied to gaseous and solid
solutions, but these cases are less important than liquid solutions.

The expansions encountered in a particular solution theory depend
on the choice of independent variables and ensemble. The expansions of
the different theories may be interconverted by suitable thermodynamic
manipulations, so any formally exact theory is in principle equivalent to
any other one. But, generally speaking, if one is interested in the expan-
sion of a given dependent variable as a function of a certain set of inde-
pendent variables, the simplest result will be obtained if the ensemble is
suitably chosen to yield the expansion directly—instead of indirectly by
thermodynamic operations on series obtained from another ensemble.
Hence there is some point in discussing more than one dilute solution
theory.

We shall emphasize in this chapter, rather arbitrarily, the McMillan-
Mayer theory, which is particularly suitable for an investigation of
osmotic systems and the osmotic pressure. Section 19-1 contains a gen-
eral discussion of this theory, while Section 19-2 is devoted to particu-
lar applications. For contrast, we consider in Section 19-3 a solution
theory which is especially appropriate for solutions at fixed pressure
and temperature with molality as composition variable. This is a very
common choice of independent variables in practical solution thermo-
dynamics.

An important alternative approach to solution theory, which we shall
not include, is that due to Kirkwood and Buff.*

*J. G. Kirgwoop and F. P. BuFr, J. Chem. Phys. 19, 774 (1951).
340
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“Qutside” “Inside”
T
Component 1 | Components 1,2
i
w T ! ryyu2, T
»V I p+myV
]
p2=0 : P2

A Semipermeable
membrane

Fia. 19-1. Osmotic equilibrium system. The membrane passes component 1
(solvent) but not component 2 (solute).

19-1 McMillan-Mayer solution theory. We begin by considering a
two-component solution which may contain monatomic or polyatomic
molecules, and which may obey classical or quantum statistics. Com-
ponent 1 is the solvent and component 2 the solute, the dilute component.
We assume short-range forces between solute molecules, as already ex-
plained above. Our object is to choose partition functions in such a way
that we can develop a treatment here for “solute in solvent” which exactly
parallels the treatment of “gas in vacuum” in Section 15-1. For this
reason, the reader should review Section 15-1. The derivation we give*
is chosen for its relative simplicity, rather than for its generality.t

The two-component solution referred to above (the “inside” solution
of Fig. 19-1) is in osmotic equilibrium with pure solvent (“outside” in
Fig. 19-1). That is, a semipermeable membrane, permeable to solvent
only, separates solvent from solution. The outside system has specified
values of the chemical potential u; and temperature T. The values
of uy and T fix the pressure p. The “inside” solution is also at tem-
perature T and contains solvent at u; and solute at pa. The values of
T, u1, and u, then determine, for example, the inside pressure p 4 IT and
solute number density ps. II is the osmotic pressure—the extra pressure
needed on the inside (in the presence of solute which tends to lower u,)
to give u; the same value inside as outside.

The grand partition function for the “inside” solution is

POV = 3 Quan(V, TN
N1,Na20

= 3 ¥n(u, V, TADY, (19-1)
N320

* T, L. HiLy, J. Chem. Phys. 30, 93 (1959).
1 More general and complicated derivations will be found in 8.M., Chapter 6,
and in McMillan and Mayer (Supplementary Reading list).
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where

Y, = O QuunaAlt (19-2)
N.ZO

Here ¥y,(p1, V, T) is a “semigrand” partition function for a system at
V and T, open with respect to 1 but not with respect to 2 (Problem 19-1).
We note that in the special case Ny = 0,

Yo=Y, Qu* = VM, (19-3)
N;i20

which is the grand partition function for the outside system. We shall be
interested in small values of N, that is, ¥;, ¥,, ¥3, éte., for solvent systems
(#1, V, T) with only one, two, three, etc., solute molecules immersed in
the solvent. We now have to digress to introduce activities, the Henry’s
law constant, ete.

If, as in Section 15-3, we define activities z; and 2z; by Eqgs. (15-41),
then z; — p; and z2 — p; in the limit p,, p; — O (ideal gas mixture).
In this limit

pr = p3(T) + kTn p,,

p2 = p3(T) + kT In po,
where

W1 = ¥ In (e ) ¥UT) = kT'n (ﬁ‘é—m) (194)

Examples will be found in Eqs. (4-26), (8-40), and Problem 9-3.

It is more convenient for the present problem, however, to define a
solute activity 8,, proportionsal to z3, but with the property that 3, — pa
when p2 — 0 in the tnside solution (i.e., with u; and T fixed). In this limit
we have pure solvent at u; and T, and not an ideal gas mixture, so z, does
not approach p, but approaches instead, say, Y3p2, which defines v2(u;, T).
This is a limiting value of the activity coefficient 7, defined by 23 = 72p2
(Eq. 15-47). Hence the connection between 3, and z3 is 22 = Y3(u;, T) 3.
We shall encounter explicit expressions for ¥ below.

The inside solution in the limit ps — 0 is often referred to as the
“infinitely dilute solution.” When p; = 0, the inside solution is the same
as the solvent (outside).

The fugacity of the solute in the solution (at any composition) is defined
as usual by fa = 2,kT. (That is, if the solute here is in equilibrium with
an ideal gas phase in which the partial pressure of component 2 is p,, then
f2 in solution is equal to p; in the ideal gas, since 2, is the same in the two
phases at equilibrium.) Now we define the Henry’s law constant ka(u1, T)
for the solute in the solvent at u;, T by the statement that f; — koz; as
22 — 0, where z, is the mole fraction of the solute. In this limit,
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Zg — pav1(py, T), where v; is the volume per molecule of pure solvent
at uy, T. Therefore, in the limit as p; — 0, we have

29 = 702P2 = _k2,?12’vl N
or
Yy, THET
k = 2L Z )00 9-
2(”'1)1') vl(l‘l’ T) ! (1 5)

which gives k5 in terms of 73.
Returning to the activity 3., we shall verify below that the definition

A¥,
YoV

3 = (19‘6)

gives, as required, 3; — p a8 po — 0 in the solution. Accepting this
definition tentatively, we find that

29 = 2 =

or
¥ = Qo1¥o __ Ve Ty, .
T T, T kT,

(19-7)

Since 73 is a function of 4, and T only and Qy, is proportional to ¥,
¥, /¥, must also be proportional to V. We see that Y3 depends on the
properties of one solute molecule in a vacuum (i.e., on Qg;) and on the
nature of the interaction between one solute molecule and pure solvent
(i.e., on ¥;/¥;). We shall examine a special case of Eq. (19-7) in Problem
19-2. Equation (19-7) gives for k,,

ky = Qor¥okT (19-8)
‘I’lvl
From the relations
QoIl,’\z = 23— ps  (component 2 in vacuum),
Qoi1dz _ 3, — (component 2 in solvent)
vy - TP po ’

we see that Qo1/73 plays the role of an “effective” partition function for
one solute molecule in a volume V filled by solvent at u; and T (analogous
to Qo1 for one molecule of component 2 in a volume V otherwise unoc-
cupied). The factor 1/7] thus takes care of the “contact” of the solute
molecule with solvent. This gives some indication of the physical sig-
nificance of 73 (see also Problem 19-2).
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Another interpretation of 73 is the following:
_ P2 (solute in infinitely dilute solution) _ Qo /1Y
Z2 p2 (solute in infinitely dilute gas)  Qo1/V

1
h 73(#1, T)

= K(u1, T).

Comparison with Eq. (10-6) shows that 1/73 = K(u,, T) is the “equi-
librium constant” for the process

solute in gas = solute in solution.

The numerieal value of ¥ depends on how a single solute molecule “likes”
(including both energy and entropy effects) being in a vacuum relative
to pure solvent.

We now return to the expansion (19-1). To simplify the notation we
use N for N, (number of solute molecules), replace Ay by 3; (Eq. 19-6)
and ¥, by Z%, where Z}(uy, V, T) is defined by

NWyvy v
Z% = _Nw%—" (19-9)
Note that Z} = V. The definition (19-9) is constructed so that Z} plays
the same formal role here for N solute molecules immersed in the solvent
a8 Zy does in Section 15-1 for N molecules in a vacuum (one-component
gas). This will become more apparent as we proceed. Then Eq. (19-1)

becomes
ePTIVIT — gy + 9o 3 Z 3.

N21 N
Using Eq. (19-3), we have

N21

This equation is seen to be formally identical with Eq. (15-6) for a one-
component gas: IT replaces p, Z} replaces Zy, and ; replaces z. (We still
have to check later that 3, — p2 as po — 0 in the solution, just as
z — p as p — 0 in the gas.) The solute is thus treated as a quasi-one-
component system, with the solvent playing an implicit background role
through its influence on Z}. We shall be able to put this in more physical
terms below for a special case. Incidentally, this point of view is obviously
the same as that adopted for the solvent, without formal justification, in
Chapter 18 (on electrolyte theory).
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Equation (15-6) is a special case of Eq. (19-10): if the “solvent” is a
vacuum, then the outside pressure p in Fig. 19-1 is zero and II is the total
pressure of the gas (solute) on the inside.

We can now manipulate Eq. (19-10) just as we did Eq. (15-6). On
taking the logarithm of Eq. (19-10) and expanding [see also the discussion
of Egs. (15-14) through (15-16)], we find

n .
T > b3, )33, (19-11)
j21

where the b} are related to the Zy by Egs. (15-8). From the thermo-
dynamic equation [see (1-65)]

N, = [a(p +mv
2= F)
”’2 IvT.V
we have (p is determined by g, and 7 only and hence is constant)

N2 _ (an/kT) R e ;
p2= 3 =8 3% St = RZIJb; (u1, T)33, (19-12)

just as in Eq. (15-10). We finally confirm here the property already used
above that 3, — p; as ps — 0, since b} = 1. Then, as in Eq. (15-12),
we have the osmotic pressure virial expansion

T = pa+ 3 Bu, The}, (19-13)
n2

where the B}, are related to the b} by Eqgs. (15-13). In the limit p; — 0,
/kT — ps.
From the general thermodynamic equation, for a binary solution,

Nldﬂl + de[l.g = —8dT -+ Vdp,
we have in our special case and notation,

Nodus = Vd(p+ 1) = VdlI  (u;, T constant).

Therefore
(6pz/kT) _1 (aII/kT) ) (19-14)
W2 /u.1 P2 W2 Ju.7

We substitute Eq. (19-13) here for II/kT, carry out the differentiation,
multiply by dp2, and finally integrate. The result is
E+1

l’:_;‘ = constant + In p; + 2 (T) Bz.,_,p';, (19-15)
k21
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which is the analog of Eq. (15-19). To evaluate the integration constant,
we recall that in the limit p; — 0,

ellz/kT
22 = Qo™ Y385 — V3ps.

14
From this relation we find that
4 D 4 T
constant = In -Q-OT = Iin T = T + In kgvl.
Therefore Eq. (19-15) can be written
LA L V‘I’° + Inps + In T2 (19-16)
where
In¥2 = — Z ﬁ:(“b T)p';y (19-17)
k21
Bt = (" + 1) Bl (19-18)

The activity coefficient 7, (the bar does not mean an average value) is
obviously defined by the equation 3, = p;¥, and has the property,
desirable for a practical activity coefficient, that ¥ — 1 a8 pg — 0 (uy
and T held constant). The relation between 3 and ¥, is

22 = Yopg = 7333 = 7272”2,
or v
Fa= —>- (19-19)

The treatment above parallels completely that in Section 15-1 for a
one-component imperfect gas. Here, when p; — 0, interaction between
one molecule and pure solvent is responsible for the term In (V¥,/¥;)
in Eq. (19-16) for sy but does not mﬂuenee the “equation of state,”
I = pgkT; at higher concentrations, B, which depends on the properties
of a pair of solute molecules in pure solvent contributes to u; and II/kT';
ete. The quantities ZY, b7, By, 8} have a significance for solute molecules
in solvent which is identical with that of Zy, b;, B,, and 8 for gas mole-
cules in vacuum.

The above equations are necessarily quite formal because of their
generality. To give a better physical understanding of their significance,
we now turn to the simplest special case, a classical binary solution of
monatomic molecules, and introduce the potential of mean force.
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Classical binary solution of monatomic molecules. We first have to extend
Eq. (17-35) for g™ = ¢™*™/*T t, a binary system. We let {n;} represent
the spatial positions ry, ..., r,, of a set of n, molecules of component 1,
and let d{n,} represent drl ... dr,,. Then, as in Eq. (17-33), the proba.-
bility that, in a closed binary system with numbers of molecules N; and
N3, any n; molecules of component 1 will be found in d{n;} and any ng
of component 2 in d{n.]} is

N,! N,!
(N1 — n))! (N3 — n2)!

d{m} dfng} [ =M AN, — m} AN — na)

ZN Ny

X (19-20)
The probability that an open system characterized by 2, 29, V, T contains
the numbers of molecules N,, N, is

2'2Y*Zn v,

NJINJE
If we take the product of (19-20) and (19-21) and sum over N; and N,
we have the probability that any n, molecules of 1 are in d{n,} and any
ng of 2 are in d{ns}, in an open system. We denote this probability by
php22g™ d{n,} d{ns}, which defines the distribution function g™ (n
refers to the set of numbers n;, no—a general notational system we have
been using throughout most of this book), a function of 2;, 25, and T as
well as of {n,} and {ny}. Thus we have

(19-21)

ng (n) l 2”122
PR =g 20 = mVs =
N’_ng

X /V e UMNT YN, — ny} d{Ny — ng},  (19-22)

which is the generalization of Eq. (17-35). Since N; and N2 are merely
dummy summation indices, we can change notation by putting Ny for
N, — n1, Ny + n; for Ny, ete. This gives

9@, @}, T) = Lk 7” E ;,‘:,;3 j / exp (— Unya/kT) d{N}. (19-23)

where z refers to the activity set z;, 2.
Now we define w™ by

g™ = exp [—w™/kT], (19-24)
substitute this expression in Eq. (19-23), and integrate over {n}. The
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result is

[ explouimyagy = YL Eimo AN N D

Twzo (228%/N1IN 2D Zx

As in Section 17-4, w™ is the potential of the méan force acting between
the set of molecules n located at {n} in the solution characterized by z,
V, T. We are particularly interested in the special case. of a set of N
solute molecules only, n = 0, N, in the limit as z — 2,0 (i.e., N solute
molecules immersed in pure solvent at z,, T—the outside system in Fig.
19-1). In this limit, only terms with N = 0 contribute in the sums of
Eq. (19-25), so we find

(19-25)

o¥ N
o' v /N
[e VBT gy = 22 2N:120 (;ll /NA\DZyw (19-26)
v Zn2o (21 /N10)Zx,
We shall make use of this result presently.
If we substitute Eq. (19-7) in Eq. (19-9), we obtain
N on
. Noyv¥ (ﬂ)" _ Ntar§ a3
Zy = v, \v,/ = —‘l’o (19-27)
Also, from Eq. (19-2), we have
1 R
¥y = . (19-28)
AZNN! ot Ny

Using Eq. (19-28), we eliminate ¥y and ¥, from Eq. (19-27) and observe
that Z% is the same as the right side of Eq. (19-26). Therefore,

W)
zZh = / e *T g(N}. (19-29)
v

Equation (19-29) should be compared with Zy for a classical one-

component monatomic gas (Section 15-2);

- —UNIKT ) 19—

Zyn /V e a{N} (19-30)
We sce that, for classical monatomic systemst at least, the analogy be-
tween the formal significance of Z%, b}, etc., for a dilute solution and

Zy, bj, ete., for a dilute gas, already emphasized above, extends even
further: Uy in Eq. (19-30) is the potential of the force between N gas

1 Actually the analogy between ™ and Ux is much more general. It extends
to systems of polyatomic molecules of any complexity in which vibration is
separable and in which rotation (internal and external) and translation are
classical. See S. M., Section 40.
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molecules in a vacuum, while w™’ in Eq. (19-29) is the potential of the
(mean) force between N solute molecules in the pure solvent. Thus the
physical significance, in terms of force or work, of w'™ and Uy in the
respective cases is identical.

This analogy makes it possible to write down immediately, by inspec-
tion, a number of equations for dilute solutions. For example, from
Eq. (15-24) for a one-component gas, we have

B, T) = —3% [o“ [~V DAT _ 2 g (19-31)

Similarly, from Eq. (15-30), we have an equation for B}(z,, T). It should
be emphasized here, though, that the assumption

Us = uyz + w13 + uas, (19-32)
used in Eq. (15-30), is in a different class than
w® = wyp + wyg + was, (19-33)

needed for B}. Equation (19-32) is a quantum-mechanical approximation,
and & good one in general, but Eq. (19-33) is statistical mechanical (the
w's are functions of 2z, and T) in origin and not necessarily a very good
approximation. Equation (19-33) is in fact the superposition approxima-
tion of Chapters 17 and 18. Another example is Eq. (17-10):

2 00
% = ps — é% /0 rw'(r, T, 21, 0)e =T 1206402 g (19-34)

where w = w'® and here the solution is not necessarily dilute. The
superposition approximation (pairwise additivity) has been made use of
in w(z;, 0) but not in w(z;, z2). The extension of Eq. (19-34) to a multi-
component solute is obvious from Eq. (18-44). It is this extension which
is in reality involved in Problem 18-8 for the Debye-Hiickel p (actually,
II), if the dielectric is not a vacuum.

In view of the fact that the solvent does not play an explicit role in
Eq. (19-29) and in view of the interpretation of w™ as the potential of
mean force between solute molecules immersed in the outside solution
(solvent) of Fig. 19-1, it is physically obvious (and can easily be con-
firmedt) that whether the solvent is made up of one component or many
components, formal relations such as Eq. (19-29) and those between
Zy, b}, By, etc., are unchanged. A multicomponent solvent influences
the system indirectly or implicitly through its influence on w™’, which is
now a function of T and one z for each solvent species (we denote this

{ See 8. M., Section 40.



350 DILUTE LIQUID SOLUTIONS {chap. 19

“Outside” “Inside”
)
z, T : Zru, T
I
»V ! p+ImV
p=0 i P
|
\— Semipermeable
membrane

Fra. 19-2. Osmotic cquilibrium system. The membrane passes all solvent
species (subseript ) but not the solute (no subscript).

set of solvent z’s by z,). For example, Eqs. (19-13) and (19-17) become

H‘ = p+ ) Bl ", (19-35)
n22
my=3 (& l) Bt11(z., )", (19-36)
k21

where p is the number density of the single solute (“nondiffusible”) species
on the “inside” in Fig. 19-2 and ¥ is its activity coefficient. All of the
solvent species can pass through the semipermeable membrane in Fig.
19-2. The second virial coefficient is

B3z, T) = —4 " {exp [—w(r, z,, T)/kT] — }4mr®dr, (19-37)

where w(r) is the reversible work necessary to bring two solute molecules
together from r = o to r in the solvent at z,, T (i.e., in the outside
solution).

19-2 Applications of the McMillan-Mayer theory. We consider here a
few examples of the calculation of B for a solute in a solvent (which may
be multicomponent). B} then determines the first departures from
limiting behavior in II/kT and In ¥ [Eqgs. (19-35) and (19-36)], for example.

Hard spheres. Suppose the nondiffusible species (i.e., the solute) in an
osmotic equilibrium can be represented approximately by hard spheres
of diameter a. Spherical protein molecules, under some conditions, might
be an example.t That is,

wr) = 4o r<a

19-38
=0 r>ae, ( )

t The many “internal” degrees of freedom—vibration and rotation—of such
a molecule can be ignored in calculating virial coefficients.
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as in Eq. (15-25). Then we find, as in Egs. (15-26) and (15-30), that

2ra®
3

If we let v,, be the volume occupied by the molecule (sphere), B} = 4v,.

Considerable work has been donet on the calculation of B} for “hard”
molecules which are not spheres. Of course, in this case a generalization
of Eq. (19-37) has to be used (Problem 19-3) which involves integration
over rotational orientations as well as over r. It is found that B’;/v... is
always greater than 4 for nonspherical particles and that, for highly
anisometric particles (e.g., “needles” or “pancakes”), B3/v,, is approxi-
mately equal to the ratio of the long to the short dimension. Solutions
of such particles will therefore be “nonideal” at much lower molar con-
centrations than spheres of the same volume.

The caleulation of B} for polymer and polyelectrolyte molecules will
be deferred to Chapter 21.

Donnan membrane equilibrium. A Donnan equilibrium is an osmotic
equilibrium in which the nondiffusible species (solute) is charged and all
other species, including at least two which are charged and of opposite
sign, can pass through the membrane.

Necessarily, if there is a charged nondiffusible species, then for electrical
neutrality at least one other charged species must be present on the
“inside.” If there is only one other charged species (of sign opposite to
the solute) on the inside, it too will be confined to the inside, even though
it could under other conditions pass through the membrane, for otherwise
the outside solution would not be electrically neutral. (Even extremely
small departures from neutrality would be resisted by the creation of
very large electrostatic potentials.) The uncharged solvent can, of course,
be on both sides. In this case, then, we have an electrolyte solution on the
inside and solvent (usually water) on the outside. This is not a Donnan
equilibrium. The osmotic pressure II here is just that (called p) of Chap-
ter 18. We cannot use a virial expansion of IT because w(r) (=w'?) for
a pair of ions immersed in the outside system (solvent) has the coulombic
form, 1/r (Eq. 18-1), and hence the virial coefficients diverge. Incidentally,
the reason why the coulombic potential energy (18-1) is denoted by u(r)
in Chapter 18 and by w(r) here is that we are now treating the solvent as
a molecular component of the system: Eq. (18-1) is an approximation for
the work necessary to bring two ions together, calculated from a mean
force, that is, a force averaged over all configurations of the solvent
molecules.

By =%, =3By (19-39)

1 See B. H. Zmum, J. Chem. Phys. 14, 164 (1946); L. ONsAGER, Ann. N. Y.
Acad. Sci. 51, 627 (1949); Hirschfelder, Curtiss, and Bird, pp. 183-187.
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To achieve a Donnan equilibrium, we must have, besides the charged
solute on the inside, at least two other charged (opposite to each other)
species on the inside. Then both of these latter species can also be on the
outside, with electrical neutrality achieved on both sides. An example
would be P* (protein, say), Na*, CI~, and H,0 on the inside, and Na™,
C17, and H20 on the outside. The “solvent” here (i.e., the outside system)
is itself an electrolyle solution. Equations (19-35) and (19-36) are ap-
plicable. We can use a virial expansion approach because w¥’(z,, T) for
a set of N charged solute molecules refers to the set immersed in the out-
side (electrolyte) solution. That is: the solute molecules in the solvent
are screened by ion atmospheres; w(r) has the form e™"/r (x refers to the
outside solution), at least approximately; hence, the virial coefficients
do not diverge.

The traditional approach to this problem is the method of Donnan in
which a membrane potential is introduced. One of the more satisfying
aspects of the present statistical-mechanical method is that this opera-
tionally questionable conceptt does not enter the discussion.

As a first example of a Donnan equilibrium, let all ions (including the
solute) be treated as point charges (@ = 0), let the charge on a sol-
ute ion bel ze, and let us use the Debye-ITiickel limiting w(r) (Eq. 18-28)
for a pair of solute ions immersed in the outside solution:

w(r) = ——— (19—40)

where x depends on the oulside ionic strength. We note that intensive
properties of the system are completely determined by the concentration
p of solute on the inside, by T, and by the dielectric constant and ionie
strength on the outside. Examples of such intensive properties are II,
In ¥, and p}/p? for a diffusible ion of type k (Problem 19-4), where pj is
the inside concentration and p? is the outside concentration.

To ecalculate B}, we put Eq. (19-40) for w(r) in Eq. (19-37), after
expanding the exponential in the latter equation up to the term in (w/kT)2.
This suffices to give us Bj up to the linear term in a = e%/ekT, which is
as far as we are justified in going [see Eq. (18-26)]. Elementary integra-
tions then give

2 4

z  _z
2%

R

B} =

-

o
™

(1941)

t See E. A. GuGoENHEIM, Thermodynamics. Amsterdam: North-Holland,
1957; pp. 374-381.

I Note the difference between the symbols z (charge number) and z (activity
sct). The distinction will also be clear from the context.
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where

2= 2 et
k

The first term on the right can be shown to be a consequence only of the
fact that the Debye-Hiickel w(r) is consistent with electrical neutrality
in the outside solution (Problem 19-5). The second term is probablyt not
the exact linear term in «, because higher terms in w(r) [i.e., Eq. (19—40)
gives the leading term in an expansion] may also contribute linear terms
in a to B}.

As a second example of a Donnan equilibrium, let us caleulate B} for
the potential of mean force between solute molecules (in the solvent),

w(r) = 4+ r<a
zzez e—x(r—a) (19—42)
= w(frm '2%

where k again refers to the outside solution. This w(r) would be appropriate
as an approximate potential in two cases. (1) All ions, including solute
ions of charge ze, have a diameter ¢ (Eq. 18-27). (2) The solute ions are
relatively large spheres of diameter a, each with total charge ze smeared
uniformly over the surface; the relatively small diffusible ions are treated
as point charges (Problem 18-10). One finds in either case,

s _2ma® 22 gla
B; = 3 +2Z 8(1 + ka)2 Y

The first term on the right is the hard sphere term (Eq. 19-39), the second
is the “neutrality” term, and the third is definitely not the exact linear
term in « because Eq. (19-42) is not even an exact leading term for w(r).
However, Eq. (19-43) should be a useful approximation for « not too large.

Solute with binding equilibrium. A relatively complicated but instruc-
tive and important (especially in physical biochemistry) application of
the McMillan-Mayer theory is to an osmotic system in which the solute
molecules can bind (adsorb) one of the diffusible (solvent) species. The
most important example is the binding of hydrogen ions by solutes such
as proteins, nucleic acids, polyelectrolytes, etc. But in other systems,
other ions or molecules, in the solvent, may also be bound to solute mole-
cules. Some of the questions that arise for this kind of system are the
following: How is the binding equilibrium (e.g., the titration curve, if H*
is being bound) influenced by solute concentration? How does the osmotic

(19-43)

¥ 8ec T. L. HiLy, Faraday Soc. Disc. 21, 31 (1956); J. Phys. Chem. 61, 548
(1957).
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pressure second virial coefficient depend on the concentration of the species
being bound? How does the potential of mean force between a pair of
solute molecules (at infinite dilution, p — 0) depend on the concentration
of the species being bound?

The present problem is a generalization of Section 7-3, which should
be reviewed. In Section 7-3 we were concerned with binding of one species
on another in an ideal gas mixture. Here we have intersolute interactions
and the presence of solvent to complicate matters.

To keep the notation from getting too complex, we consider the follow-
ing special case: (1) there is only one solute species; (2) only molecules
of one solvent species can be bound on solute molecules; and (3) the
potential of average force w™ between a set of solute molecules depends
on the number of bound molecules on each of the solute molecules in the
set and on the location of the center of mass of each of the solute molecules,
but not on the manner of distribution of bound molecules among the
binding sites of each solute molecule nor on the rotational orientation of
the solute molecules. All of these restrictions can, however, be removed.*

For convenience we refer to the solvent species that can be bound as A
(adsorbate). Each solute molecule can bind up to m A molecules, s = 0,
1,...,m. There are thus a total of m -+ 1 solute “subspecies,” depending
on the value of s. The partition function of a single solute molecule with
8 A molecules bound to it (an s-solute), in a box of volume V at T, is
denoted by q(s). We let A\, be the absolute activity of s-solute molecules
and A be the absolute activity of A molecules. The activity 2z, for an
s-solute is defined as usual (Eq. 1541) by

o = 0%, (19-44)
Then z, — p, if all species become infinitely dilute (ideal gas mixture).
The activities of all solvent species other than A are represented by the
set z,. The outside solution (solvent) in the osmotic equilibrium is there-
fore characterized by z,, A, and T'; and the inside solution is characterized
by z,, A, T, and the total (all subspecies) solute concentration p(=3, p,).
The general method we use is: (a) write an expression for IIV/kT that
is a generalization of Eq. (19-10), regarding the solute as multicomponent
(m + 1 “different” solutes); (b) introduce in this expression the fact that
actually the solute subspecies are not independent of each other but are
interrelated by binding equilibria; and finally (¢) develop series expan-
sions, ete., treating the solute as a single (composite) component.

*J. G. Kirkwoob and J. B. SHUMAKER, Proc. Naf. Acad. Sci. 38, 855, 863
(1952); T. L. HiLy, J. Chem. Phys. 23, 623, 2270 (1955).
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The rather obvious generalization, which we shall not prove,* of
Eqgs. (19-10) and (19-29) to a multicomponent solute in an osmotic
equilibrium, is

SV = 3 [H &/ 7‘ ] /V exp [—w™/kT) d{N}, (19-45)

20
where the sum is over all solute sets N = Ny, Ny, ..., N, and where
7% and w™ are functions of z,, A, and T. As explained in Section 19-1,

‘Y° depends on the interaction of one s-solute molecule with solvent (outsnde
solutlon), and w™ depends on the interaction between a set of N solute
molecules immersed in the solvent (outside solution).

Let N; be the mean number of i-solute molecules in the inside solution.
Then, as in the equation preceding (19-12),

N (a(p + 1) V/kT) (an V/kT)
§ = G\~ = g\ ——
92; 2ot e TV 02; /st \T.V

elIV/kT E N; [H (z,/‘y, ] /;, exp [—w™/kT1d{N}.  (19-46)

To conform with the notation in Section 7-3, we let M be the total number
of solute molecules of all subspecies and let N be the total number of A
molecules bound to these solute molecules. Then

M=% N,
=0 (19-47)
N =3 iN.

f=1

Hence we get expressions for M and N from Eq. (19-46) by replacing
N;, behind the summation sign, by X N; and X_; iN;, respectively.

At this point we recognize explicitly the fact that the solute subspecies
are interconnected by binding equilibria:

s-solute =2 O-solute 4 sA,
Be = po + Sp,

8
A = AN, 2z = q—(“’)lﬁ—“‘-- (19-48)

This means that only one of Ag, Ay, . . . , A is independent, and we choose
Ao (0-solute; solute with no A bound). We substitute Eq. (19-48) for z,

* See: Eqs. (15-43) and (15-51); 8. M., Section 40; and Problem 19-15.
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in Eq. (19-45) and obtain

VT _ E [H (H.)\ok )l ] /V exp [—w‘“’ /kT] d{N}, (19-49)

where

= 96
Ho= 25 (19-50)

The physical significance of H, (a function of T, ), z,) for an s-solute
molecule is evident from the paragraph following Eq. (19-8): ¢(s)/7? is
the effective partition function of an s-solute molecule immersed in the
outside solution; g(s) itself is discussed following Eq. (7—46).

Note that if we perform the operation Agd(IIV/kT) /3o on Eq. (19-49),
we get just X, N, [see Eqs. (19-46) and (19-47)). Therefore

_ (ouv/rT .
"= xo( e )W'” (19-51)

This shows that if we regard all solute molecules (of whatever subspecies)
as a single component, then uo should be considered the chemical poten-
tial of the solute (thus u¢ has the same significance as u’ in Section 7-3).
Next, we observe that the purely formal operation No(IIV/kT)/d\ on
Eq. (19-49), ignoring the actual dependence of the Y? and ©w™ on ),
gives Y, sN,. Hence,

_ . (ouv/kT . .
N—)\( N )xorvww (19-52)

If we regard Eq. (19-49) as a power series in )y, the solute absolute
activity, we will have equations analogous to those in Section 19-1 for
an osmotic equilibrium with a single solute. Here, however, the various
coefficients will be more complicated because they involve averaging over
the different solute subspecies. For simplicity, let us go only as far as the
second virial coefficient.* If we consider only those sets N containing a
total of 0, 1, or 2 solute molecules, Eq. (19-49) becomes

e N '
VT — 1 4 2V E H)\ + 5‘!! Z HAN)HAY)
8,8

X /V e T gr dre o0y (19-53)

* For higher terms, see T. L. HiLr, J. Chem. Phys. 23, 623, 2270 (1955).
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where the double sum includes terms with s = &, and w,, is the
potential of mean force between one s-solute molecule and one s’-solute
molecule, immersed in the outside solution. We define a solute activity
% by
8= oy H\ (19-54)
L ]

so that 3 — p(=M/V) as p — 0. Then, just as in Eq. (19-10),

’ (i
e“vlkr=1+ZT;3+Z77‘32+”') (19_55)

where
=Y,

Tosr (HN)(HA) /V e~ ¥ ge, dry,
Z: = 539 ACD

(19-56)

It is necessary to digress briefly to introduce the radial distribution
function g(r) for solute molecules at infinite dilution, p — 0 (i.e., in the
outside solution). As in the paragraph preceding Eq. (17-21),

Pape €0 5T dr, dr,,

is the probability that an s-solute molecule is in dr, and an s’-solute
molecule is in dr,., in the limit p — 0. In this limit, Eq. (19-46) gives

i
R L EY
i h
or
ps = NoH )\,

p= EP.‘ = koZH.'X'.-
3 3

(19-57)

Therefore the probability above becomes

PXHMN) (H N )e M dr, dr,
(. H\)?

If we sum this expression over s and s/, we have the total probability that
any solute molecule (any subspecies) is in dr, and any other is in dr,..
If we regard the solute as a single component, this same probability is
p%g(r) dr, dr,., where g(r) is the solute radial distribution function. On



358 DILUTE LIQUID SOLUTIONS [cuap. 19

comparing the two expressions, we have

, s , 8\, —we ()T
g(r) = e~ CNIET ) (H.)(\%(.HI}.)‘N;: ,

(19-58)

where w(r) is the potential of mean force for a pair of solute molecules
in the outside solution, properly averaged over the different solute sub-
species (Problem 19-6). Since X is proportional to the activity and ap-
proximately proportional to the concentration of the A molecules, Eq.
(19-58) contains the dependence of w(r) or g(+) on this activity or con-
centration. Incidentally, in Eq. (19-58), w,,- is also a function of A since
A is a component of the solvent (w,, depends on r, z,, A, T), but this
will generally be a relatively unimportant effect.

We note that e~"/*T jn Eq. (19-58) has the formal appearance of a
one-component (A) grand partition function (Eq. 7-27) for A molecules
bound on a pair of solute molecules a distance r apart divided by the
grand partition function with r = 0. This result might have been antici-
pated by analogy with the following thermodynamic relations for such
a system:

dE = T dS + DWon + pdN,
d(A — uN) = DW,, (T, p constant),

E(r)

—AwN — 4) = —kTIn g

= w(r) (T, p constant),

where DW,, and w(r) are reversible work donc on the system, the latter
being the work (potential of mean force) necessary to bring the two solute
molecules together from r = oo.

We return now to Eq. (19-56), which, with the aid of Eq. (19-58),
becomes

Zh = /V e~ I* g{2}, (19-59)

This has the same form as Eq. (19-29); furthermore, w has the same
physical significance (potential of mean force) in the two equations,
despite the complication here of subspecies averaging. This analogy proves
in fact to be general; that is, for Z/.

From Egs. (19-10) and (19-55), it is clear then that we can define a
group of quantities ZY;, b/, 8}, B, (all of which depend on the properties
of small groups of solute molecules in the outside solution) in complete
analogy with Z}, b7, etc. For example, Eqs. (19-35) through (19-37)
hold here for I/kT and In ¥ provided we replace B} by B’ (z,, \, T) and
w by w(r, z,, A\, T) in these equations.
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Next, let us derive an equation for N/M, the mean number of A mole-
cules bound per solute molecule. Specifically, we want to express N/M
as a power series in p. From Eq. (19-52),

N N/kT _ ‘4
v (0 In) )M,T,‘yo,w - Z b%’

J>l

i . b
= ggbﬂ’ l) Mo Z sH\ + ’222 (8 m’)‘),.’.,o'wbj

Then

=% alnA T,o.,

Lr g R L )

Using the series 3(p) (Eq. 15-11) and Eqs. (15-13) relating the B}, and b/,
we find

E_ZN?HJ\_ (63,2) _52 aB’S)
) A SN AUMERA CI TV S A FY re Y S

(19-60)

In the limit p — 0, we get, as expected, the same result as Eqs. (7-29)
and (7-51) [except that, because of the presence of the solvent, q(s)/7?
replaces g(s)]. The terms in p take care of the effect of solute concentration
on the amount of binding. We can understand the linear term in p, quali-
tatively, as follows. If, for example, adsorbing A molecules on a pair of
solute molecules increases the repulsion between the solute molecules
(i.e., 3B3/dInA > 0), then, when two solute molecules are brought to-
gether from r = oo, they will desorb some A molecules. But this is
essentially what happens when the concentration of solute is increased:
pairs of solute molecules spend more time near each other,so N/M decreases.

An explicit expression for 3dB5/0 In )\ in Eq. (19-60) is easily shown to
be (Problem 19-7)

28 SHOA.
VA
[z...' HEMYHA [ Tow @+ HEN)HA) ]
1 I >%: SO 25, r (8o

where fa.l is the integral in Eq. (19-56).

As s final topic, we consider an important special case. Suppose that
the solute and A molecules are charged and that the potential of mean
force between a pair of solute subspecies a distance r apart is proportional
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to the product of the charges on the two molecules:

Lerlt) — 2z f ). (19-62)

For example, we might have (Eq. 19—42)

ez e-—u(r—a)

i) = @l F xa)kT (19-63)

Let the charge number of a 0-solute be zg and that of an A molecule be z.
Then z, = zo + sz for an s-solute. A typical case would be a protein mole-
cule with z = +1 (4 = H1), 2z negative, and z,, positive. We expand
exp (—wse./kT) in Eq. (19-58) up to the quadratic term:

T _ <1ch (w.. )z> —e,  (19-64)

<(%1.'_ )"> Lo (H ‘)(‘;_‘,(.}2.);:')) 2(wu /kT)" (19-65)

These arc averages, it will be noted, in which the probabilities of s and &
are “unperturbed” or independent of each other [compare Eq. (13-19)
and Problem 14-17]. We put Eq. (19-62) into Eq. (19-64) and obtain

where

e =1 — @FC) + DY~ -, (19-66)
where
< Z}:Iz)\x (19-67)

Then from Eq. (19-66),

20 — @) — HF — @UF + @V +---. (1968

The leadmg term in Eq. (19-68) gives the potential of mean force between
a pair of solute molecules a distance r apart which would obtain if the
binding of 4 molecules on one solute molecule were uninfluenced by the
binding on the other (i.e., Z is the average charge number of an ¢solated
solute molecule in the solvent). Actually, the binding on the two solute
molecules is not independent (Problem 19-8), and we expect that the
perturbation of one by the other will always be such as to lower the poten-
tial of mean force. This is confirmed by the second term in Eq. (19-68),
which is always negative.

The coefficients in Eq. (19-68) can also be expressed in terms of 3
and 8%, where the averaging here is the same as in Eq. (19-67) [thus 3
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is equal to N/M in Eq. (19-60) in the limit as p — O—that is, isolated
solute molecules]:

F=2z0+ 8, 22— 2 =z[Z — (3. (19-69)
Also, it is easy to show that (Problem 19-9)
Z—m =(&

8 @°=2A a)\)q-,-,o . (19-70)

Consider the special case in which A (or the concentration of A) is
chosen so that Z = 0; that is, two solute molecules far from each other
(r = o) in the outside solution would have zero charge on the average.
An equivalent statement is that \ is chosen so that the average charge
on & solute molecule is zero (“isoionic point”) in the limit as p — 0. Then,
from Eq. (19-68),

207,02
% - _ &) 2"(’) : (19-71)

This equation tells us that if the two solute molecules are brought to-
gether to finite r, then w will be negative. The reason for this is the follow-
ing: when the (fluctuating) charge number z, on one of the two solute mole-
cules happens to be, say, negative, this will increase the probability of the
other charge number z,. being positive [w,, will be negative and hence
this ss’ combination gets extra weight in Eq. (19-58)]. Thus there is a
correlation between the fluctuating charges on the two solute molecules
tending to favor charges on them of opposite sign. This is closely analogous
to (a) the net attraction between rotating dipolar molecules in & gas
which arises from a correlation between molecular orientations favoring
those mutual arrangements with negative potential energy, and to (b)
the origin of London dispersion forces (Appendix IV).

Incidentally, for simplicity we have assumed from the outset that w,,.
depends only on the total numbers of A molecules bound, s and &', and
not on how these molecules are distributed among solute sites. It is clear,
however, that if the A molecules are charged, the interaction w,, will
involve not only the total charges we have been concerned with but also
electric moments depending on particular A distributions. In this more
general situation, then, there will be a contribution to a negative w(r) in
Eq. (19-71) not only from total charge correlation but also from a cor-
relation between electric moments associated with the distribution of A
molecules among available sites on the two solute molecules.

The simplest model to which we can apply Eq. (19-71) is the following:
each solute molecule has m independent and equivalent sites for binding
A molecules; ¢ is the partition function for one A molecule bound on
one site; and 7° is the same for all s (we neglect the dependence of 7°
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on A). Then (see Problem 7-9)

_ 1 mlg’ __mg\
H'—T’Wos!(m—s)l’ 3_l+q)\’
22 = 22[s2 — (3)?] = 22 Qf—ﬂ.
F=dF - @ =G = gy (197
2
zn (19-73)

T2 at @1

The form (19-73) is essentially the same as Eq. (11) of Kirkwood and
Shumaker.

Finally, we calculate Bj, for use in II/kT or In%, from the w,, of
Eqgs. (19-62) and (19-63). Comparison of Eq. (19-66) with the expansion
of ¢ */*T from Eq. (19-42) shows that B} is given here by Eq. (19—43)
but with z2 replaced by (z)? and z* replaced by (z2)2. In the special
case Z = 0 (“isoionic” at p = 0), B} can be written

2mwa® _ 1r(;§)2e4
3 2(ekT)2(1 + Kka)k’

By = (19-74)
where x refers to the outside solution. The first term is positive and
the second is negative. At sufficiently low ionic strengths, the second
term predominates (Problem 19-10). Equation (19-74) is the same as
Eq. (17) of Kirkwood and Shumaker.*

19-3 Constant pressure solution theory.t The solution theories of
McMillan and Mayer and Kirkwood and Buff are based on the grand
canonical ensemble and open system distribution functions. The natural
composition variable is the concentration, since the system is at constant
volume. These theories are formally exact and necessarily equivalent
through suitable thermodynamic manipulations. In the present section
we discuss an alternative, rigorous solution theory designed to yield di-
rectly thermodynamic functions expressed in a particularly practical
form. For example, for a binary solution, the chemical potentials and
partial molal volumes, entropies, and heat contents can be developed as
power series in the molality of the solute, with coefficients which depend
on properties of the solvent (and small sets of solute molecules) at the

* See 8. N. TIMASHEFF, et al., J. Am. Chem. Soc. 79, 782 (1957) for an experi-
mental confirmation.

t See T. L. HiLr, J. Am. Chem. Soc. 79, 4885 (1957); J. Chem. Phys. 30, 93
(1959).
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same pressure and temperature as the solution. The pressure (instead of
the volume) is held fixed at the outset, and hence molality is a natural
composition variable. One can substitute mole fraction for molality as
composition variable, but we shall not discuss this possibility here.

We restrict the treatment to binary solutions (1 = solvent, 2 = solute)
and use a method which is closely analogous to that in the first part of
Section 19-1. In Section 19-1, to prepare the solution we start with
pure solvent at u; and T and add solute, holding x, and T constant (this
is accomplished by use of a semipermeable membrane). The pressure
changes as we add solute (the increase in pressure is II, the osmotic pres-
sure). Here, on the other hand, we start with the same pure solvent but
choose p and T as independent variables (instead of u; and 7). We
then add solute holding p and T constant. In this latter case, the solvent
chemical potential changes. Hence the change in solvent chemical poten-
tial plays a role analogous to that of II in Section 19-1.

To obtain the desired independent variables, we use an ensemble
apparently first introduced by Stockmayer (in a study of the relation
between light scattering and composition fluctuations):

TNy, », T, p2) = e~ = Z Apny(Ny, p, T)eN”’/kT, (19-75)
Na20

where
= Y Q(N1, No, V, e PV/*. (19-76)
\ 4

The partition function Ay, is the p, T, N partition function already
encountered several times [e.g., Eqs. (1-87) and (1-91)]. The partition
function T is a “semigrand” partition function for a system, at p and T,
open with respect to 2 but not with respect to 1. The right side of
Eq. (19-75) is seen to be a power series in the absolute activity of the
solute, Ay = e**'*T, with coefficients which depend on properties of the
solvent (Ny, p, T) containing small numbers (V2) of solute molecules.

For convenience, we replace the absolute activity A; by a more practical
activity az, proportional to A, but defined in such a way that (as will
be seen below) a; — ms; as mg — 0, where my = N3/N;. We shall
refer to m as the “molality” of the solute, though this differs from the
conventional molality, 1000 mo/W,, by a constant (W, is the molecular
weight of the solvent).

The substitution of ag for A\ in Eq. (19-75) gives, after dividing by
the leading term, A,,

__ 1+ 3 Ex 22 o, (19-77)

NZ21
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where
Nty AY-'NY
Xy = ——”A—;;—-— (19-78)
- A2 Al
ag = % N (19-79)
We note that X; = N;. The logarithm of the quotient
Ax Ag—l — e—-AFN/kT (19_80)

ay

in Eq. (19-78) has the physical significance of a Gibbs free energy change,
as indicated, since F = —kT In A in general. In Eq. (19-80), AFy is
the free energy change (non-pV work done on the system by the sur-
roundings) for the process

N systems with N,, No = 1,», T —

1 system with Ny, No = N, p, T
+
N — 1 (solvent) systems with N, N = 0, p, 7.

We can manipulate Eq. (19-77) just as we did Eqs. (15-6) (imperfect
gas) and (19-10) (osmotic system). We first note that

Nui(p, T,0) = —kT In A,

where x(p, T, 0) is the chemical potential of the pure solvent. Then
if we define

¥i(p, T, mg) = pi(p, T, m3) — pa(p, T, 0),
we have (Eq. 15-7)

- Fa g = T, Del, (08D
where
NG =X, =N;, 6,=1,
2IN,0; = X, — X3, (19-82)
3IN,0; = X3 — 3X, X, + 2X3,  ete.
From the Gibbs-Duhem equation,
["(—;‘;: "T)]M = m, (19-83)
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we have .
ma(p, T, a3) = Y, j6;(p, T)ab. (19-84)

iz1
The inverse of Eq. (19-84), in logarithmic form (Eq. 15-20), is

In Yy, T, ma) = — Y7 &u(p, T)mh, (19-85)
k21
where 74 (the solute activity coefficient) = as/m,, and where
& = 26
1 2, \ ( 1 )
8o = 303 — 6063,

ete. Finally, if we replace a; by m. as independent variable in Eq. (19-81),
by use of Eq. (19-85) we find

7
—8eLm) S Gy, DI, (19-87)
n>2
where 1
Cn e L ; 31;_1- (19—88)

Equation (19-87) is the formal equivalent of the virial expansion of an
imperfect gas. Equations (19-85) and (19-87) give essentially the expan-
sions of the two chemical potentials in powers of the molality.

Dilute solution. In a dilute solution 74 — 1 and ap — my, according
to Eq. (19-85). Hence, from Eq. (19-79),

ps = kTl (%) +kTlnms (ms—0).  (19-89)
1

In the notation of Section 19-1, we also have
p2 = p3(T) + kTInf; (19-90)
= p3(T) + kTlnke(p, Tzz  (z2 — 0), (19-91)

where f, = fugacity of solute, z = mole fraction of solute, ks = Henry’s
law constant, and uJ = chemical potential of solute gas :.t unit fugacity.
Since x2 — my; as my — 0, comparison of Eqs. (19-89) and (19-91)
yields, for the Henry’s law constant,

N, Aoe_“glu'

ks (19-92)
4
If we write T
ky _ BT _ -arnr (19-93)

Nl A
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then AF is the Gibbs free energy change for the process
System with Ny, No = 1,p, T —
{system (solvent) with Ny, No = 0,p, T
+

1 molecule of solute in gas at fo = 1.

Of course, when the solution is not dilute, fo = kym,7} in Eq. (19-90),
and m; is replaced by m,7} in Eq. (19-89).
For the solvent, we have in general

'
Y W i (19-94)

where f? is the fugacity of the pure solvent. For a dilute solution (Raoult’s
law)
'
—,'c‘—;= —In (1 — 23) — 23 — my, (19-95)
in agreement with Eq. (19-87).

Osmotlic pressure. We omit series expansions (Problem 19-11) for the
partial molal volumes, heat contents, and entropies,{ and the correspond-
ing extensive properties, but we consider the osmotic pressure briefly.
Suppose we have osmotic equilibrium between the solution at p, T, m;
and the pure solvent at p — I, T':

mp, T, mg) = m(p — I, T, 0). (19-96)
But
m@, 7,0 - me ~0,7,0 = [ o@, Ddp'. (1997

p—

Therefore, from Eqs. (19-87), (19-96), and (19-97),

P
ELT/;_“ n@, T)dp = ms + Z Cu(p, T)m3. (19-98)

n22

This equation determines II as a function of p, T, and m,. If the pure
solvent is incompressible, the left side becomes Iy, /kT.

Ezxample. Consider the following simple model. The solvent is an
tnert incompressible fluid of volume Vo = N,v;, whose only role is to

1 See T. L. HiLt, J. Am. Chem. Soc. 79, 4885 (1957).
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provide a suspension medium for solute molecules. The solute molecules
are monatomic and interact with each other. These interactions are
characterized by imperfect-gas type virial coefficients B3(T), B3(T), ete.
The configuration integral for solute molecules, Z%, can be written in
terms of the virial coefficients as follows [Egs. (15-13) and (15-16)]:

Zt =V,
Z3 = —2VB} + V%, (19-99)
Z3 = —3VB} + 12VB$ — 6V?B: + V°.
The solution is also assumed incompressible, with volume
V="Vo+ Novg.
For the pure solvent we write
QN1,0, V) = Qod(V — Vo),

where §(V — V¥,) is the Dirac é-function (introduced because of incom-
pressibility). In general

where Z% /N 1A43¥ is the canonical ensemble partition function of the solute
molecules, with the Z} given by Eqs. (19-99). Then, from Eq. (19-76),

e PVotNnikTg 7% (7 + Nvs)
Ny

Ay =

and

o—SFNIAT _ Z3(Vo + Nvg) |
NIV, + vV

For example, to terms in N3,

—afspir _ 1 vs B} (v
e [1+2 Vo Vo (Vo t- ]

N

OFIT %[1 +63E — —+e

%
+12 f,) 18"—’%’— —+ ]
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and
_v_Bi_ _
02 = 0 1 = 02)
_ 32y (B_’i)’_ veB3 _ 1B}
03 = 2(”1) +2 " 3 ” 3 2 (19-101)
B B}
om () 22 2L
1
The osmotic pressure is given by
Do _ _ wh,
kT kT

which can be shown without difficulty (Problem 19-12) to be equivalent to
)13 —_ B* 2 B# 3
= P2 + B3p2 + Bipz +---, (19-102)

as expected [see Eq. (19-13)].

Relation to McM<llan-Mayer theory. The coefficients BY of Section 19-1
and the C, in this section are properties of the pure solvent under the
same conditions: u;, T, and p(u;, T) or p, T, and u;(p, T). We expect
therefore that general relations exist between the B} and the C, [Eqgs.
(19-101) refer to a special case only]. From thermodynamics we findf

20qv; = 2B — 73 + a0, (19-103)

and a similar but more complicated relation between C3 and B}, where
93 is the value of 7, (partial molal volume) in the limit as ms — 0; a;
(Problem 19-4) is the value of (9p1/9p2)r.s, for the inside solution in
the limit as p; — 0; and v, is the volume per molecule in the pure solvent.
In the example immediately above, @) = —v,/v1, 5 = v, and therefore

Cavy = B} — vy,

in agreement with Eq. (19-101).

t T. L. Hiwi, J. Chem. Phys. 30, 93 (1959).
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PrOBLEMS

19-1. Find the characteristic thermodynamic function associated with the
partition function ¥x, in Eq. (19-2) and its relation to othcr thermodynamic
functions [as in Eq. (1-78), for example]. (Page 342.)

19-2. Replace the sum in ¥ and ¥, by a single term with N1 = N and show
that, for monatomic molecules,

/e" EPRLPT) A
- = (19-104)
Y3 j; IR T (N

[sec Eq. (19-20) for notation]. Give a physical interpretation of this equation.
(Page 343.)

19-3. Use Eqgs. (8-28), (15-5), and (15-8) to show that for, say, a pair of
“hard” right circular cylinders,

—2VB% = ?‘t_:lrﬁ [ (e™*'* — 1) 5in 8, d8, dp, sin 02 df2 des dry dre,

where w is a function of r12, 61, 02, ¢1, and 2 (w = -+ for cylinders overlapping
and w = 0 otherwise). (Page 351.)

19-4. It can be shownt that the inside/outside concentration ratio of a
diffusible species & in an osmotic equilibrium is given by

;’—; =1+bu®p+---, (19-105)
k

where b11(k) is a cluster integral of the form (15-52) involving the potential of
mean force w11(k), in the outside solution, between one solute molecule and one
molecule of species k. (a) If the solute ions are spheres of diameter a and total
surface charge ze, if all other ions are treated as point charges (see Problem 18-10),
and if an ion of species k has a charge z:e, then w11(k) is given by Eq. (19-42)
with @ replaced by a/2 and z2 by zz;. Show that

3 2.2
e ZTx Z ZxOol
L IS S TEN YD >
(b) If the solute binds A ions, show that
bua(k) = — ﬁi - i—25+ 2zl

6 % 44+ (a/2PL

where the averages are defined by Eq. (19-67). (c¢) Show that in a two-com-
ponent osmotic system, Eq. (19-105) leads to @1 = b11/v1, where a; i the quan-
tity appearing in Eq. (19-103). (Pages 352 and 368.)

t T. L. Hiw, J. Am. Chem. Soc. 80, 2923 (1958).
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19-5. Show that the term in z2 in Eq. (19—41) is a consequence of (a) the
condition of electrical neutrality in the outside solution, and (b) wi; = z;z;f(r)
for an j pair of ions in this solution, where f(r) is arbitrary. (Page 353.)

19-6. Show that the w(r) defined by Eq. (19-58) is the potential of the mean
force between two solute molecules if w,.(r) is the potential of mean force
between an s-solute and an ¢/-solute. (Page 358.)

19-7. Show that (19-61) is equal to dB5/d In\. (Page 359.)

19-8. In the special case (19-62) through (19-70), 3 is the mean value of &
for a pair of solute molecules separated by r = o in the outside solution.
(a) Let § be the mean value of s for a finite separation r. Show that

3=3— 2 — @) +---

and give a physical interpretation of the result. (b) Let & be the mean value of
8 on one solute molecule of a pair if the other solute molecule is at r and has a
fixed charge number z,,. Show that

b= 3 — 22 @ — @UO + -

and interpret the result. (Page 360.)

19-9. Derive Eq. (19-70) for 32 — 32 from & = Y *H\Y/Y HMN.
(Page 361.)

19-10. In Eq. (18-74), put @ = 60 A, ZZ = 16, T = 208.1°K, ¢ = 78.5,
and determine the approximate concentration in moles-liter—! of a 1-1 elec-
trolyte (outside solution) at which the two terms making up B} have the same
magnitude. (Page 362.)

19-11. Obtain expansions in powers of ma for 9, Hy and §; in a binary
solution at p, T, ma2. (Page 366.)

19-12. Verify Eq. (19-102) for II/kT. (Page 368.)

19-13. Discuss the problem of an isomeric chemical equilibrium between two
solutes in a very dilute solution at p and T (solutes = A, B; solvent = 1; use
m4 = N4/Nyand mp = Ns/N; as composition variables).

19-14. Find an expression for kg, the Henry's law constant, in a dilute binary
solution (8 = solute, @ = solvent), from Eq. (17-21).

19-15. Translate Egs. (15-40) through (15-49) into corresponding equations
for a binary solute in the McMillan-Mayer theory.

19-16. Show, from the general Bj referred to just preceding Eq. (19-74), that

3By _ =l — 0°) _ azllz(d® — 5 + 220 — 9]
dln} > 4(1+ xa)2 )

SurPPLEMENTARY READING

McMiLean, W. G., and MaveR, J. E., J. Chem. Phys. 13, 276 (1945).
8. M., Chapter 6.
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CHAPTER 20
THEORY OF CONCENTRATED SOLUTIONS

The methods employed in the previous chapter made possible a rigorous
formulation of the theory of dilute solutions. But these methods cannot
be extended in a practical way to concentrated solutions. If a phase sep-
aration occurs in the solution at higher concentrations, the methods of
Chapter 19 are not applicable even in principle beyond the concentration
of phase separation (because of divergence of the series expansions). In
view of the fact that we are interested in the entire concentration range
here, approximate theories must be introduced.

This situation is completely analogous to that in gases and liquids:
the imperfect-gas theory of Chapter 15 had to be discarded in treating the
theory of liquids (Chapter 16).

1t is particularly appropriate to give only a brief introductory treatment
in this chapter because of the existence of the two recent and excellent
monographs on this subject by Guggenheim and by Prigogine (see Sup-
plementary Reading list). In particular, these books should be consulted
for detailed comparisons between theory and experiment. Section 20-1 on
the lattice (or “strictly regular”) theory of solutions may serve as an in-
troduction to Guggenheim’s book, and Sections 20-2 to 204 are related
in the same way to Prigogine’s book.

We study only binary solutions in Sections 20-1 to 20-3. But the meth-
ods discussed can all be extended to any number of components.

20-1 Lattice theory of solutions. In this section we consider a model
of & binary solution which is sufficiently idealized so that we can take over
the results of Chapter 14 on lattice statistics with only notational changes.
The model is more nearly appropriate for a solid solution, but it is usually
applied to liquid solutions.

The system is a condensed, incompressible solution containing N 4 and
N5 molecules of the two components at temperature . The molecules
occupy sites of a regular lattice; there are no vacant sites. Each site has
¢ nearest-neighbor sites. The lattice is rigid, that is, it has a fixed volume
per site. The volume V ig then not an independent thermodynamic vari-
able, since it is simply proportional to N4 + Np = M (total number of
sites). Hence, this model omits all p-V effects. The molecules are spherical
or effectively spherical and the two species are of approximately the same
size (otherwise they would not be interchangeable on the same lattice).

371
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Each molecule vibrates about a lattice site with a (three-dimensional)
partition function g4(T) or ¢5(T), independent of the state of occupation
of neighboring sites. If the molecules are polyatomic, ¢4 and ¢p include
the rotational and internal vibrational degrees of freedom. We take into
account nearest-neighbor interactions: the pair interaction energies are
denoted by wa, wap, and wpp. That is; was = us4(a), etc., where a
is the nearest-neighbor distance. We treat the w’s as constants, though
we could consider them functions of temperature. Usually all the w’s have
negative values.
The thermodynamic equations for the Helmholtz free energy are

dA = —SdT 4+ padN4 + usdNp, (20-1)
A= psN,+ pupNp. (20-2)

If we rewrite Eq. (20-1) as
dA = —8dT + ppd(N4 + N3) 4 (pa — us)dN4, (20-3)
we have the analog, term by term, of the equation
dA = —SdT — ®dM + pdN (20-4)

for a lattice gas, where we have made the arbitrary association: occupied
site <> species A.
The canonical ensemble partition function for the solution is

Q(NA, NB; T) = qA(T)NAqB(T)NB 2 g(NA; Na+ NB) NAB)e—W/kT,
V45 (20-5)
where
W = Ngqwaa + Napwas + Nppwss.

The notation is essentially the same as that in Eq. (14-20); the function
g is that of Chapter 14. We introduce [see Eqgs. (14-19), (14-27), and
(14-28)]

w = wa4 + wpp — 204, (20-6)
¢N4 = 2Na4 + Naus, (20-7)
¢Np = 2Npp + Nus, (20-8)

into Eq. (20-5) and obtain

Q = (qu—chA/2kT)NA(de—ch3/2kT)NB E ngAB, (20_9)
Nas
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where z = ¢®/2*T, The sum is now exactly the sum which occurs in lat-
tice-gas theory [see, for example, Eq. (14-29)]; we denote it by X (a func-
tion of N4, M, and T), below.

Incidentally, we note that in this model pure A [put Np = 0 in Eq.
(20-9)] has the partition function

QN4, T) = (qae~°P44/2TyNa

as in an Einstein crystal. If the solution is supposed to be a liquid, then
¢4 should include a communal entropy factor e [see Eq. (16-22) and Sec-
tion 20-2]. The interaction potential energy in pure A, relative to infinite
separation as zero, is seen to be cws4N4/2, as expected. The chemical
potential u4 and vapor pressure p% of pure A are

Ba _ aan —_ —cwy 4/2kT
% (aNA p o TIngaeT
0
— 2alg) _ pall) 4 g, (20-10)

assuming the vapor is an ideal gas. There is, of course, a similar equation
for component B.

Ideal solution. The first special case of Eq. (20-9) that we consider is
w = 0; that is, wq4 + wpp = 2wap. This means that, energetically,
A and B molecules “like” the opposite species as well as their own species;
or, that there is no energy change when an A molecule which is completely
surrounded (nearest neighbors) by A molecules and a B which is sur-
rounded by B’s exchange places with each other. In Eq. (20-9), z = 1
and, as in Eq. (14-4),

= - e -

This corresponds to the ideal lattice statistics of Chapter 7. We can now

put Eq. (20-11) for 3 in Eq. (20-9) and find the thermodynamic func-
tions of interest. For example,

Ba _ _(aan

= — . —cwy4/2kT
BT N, )NB'T Inzq — Ingue

where x4 (not to be confused with z) is the mole fraction N4/(N4 + N5)
of A in the solution, and where p, is the partial pressure of A above the
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F1a. 20-1. Vapor pressurc curves tor Bragg-Williams binary solution.

solution. Using Eq. (20-10),
24 _ za (20-12)

Thus with this model, Raoult’s law is obeyed over the whole composition
range (Fig. 20-1) when w = 0. It should be recalled that, besides w = 0,
we are also imposing the implicit condition that A and B molecules be
near enough in size to'fit into the same lattice. In thermodynamics, a
solution exhibiting the behavior (20-12) is called “ideal.”

Component B also follows Raoult’s law, of course. This is, in fact, a
purely thermodynamice consequence of Eq. (20-12) for A (Problem 20-1).

From the standard canonical ensemble equations (Section 1-4), we
find for the entropy

dings

S=NA(kT +klnq4)+NB(delan+klnq3)

(Na+ Np)!
+ ki

The last term arises from the configurational degeneracy. If we define
AS,, (“entropy of mixing”) as the entropy change in the process

N 4 molecules of pure 4 at T}

(20-13)

solution with

+ = N4 Ns, T,

N 5 molecules of pure B at T
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Fig. 20-2. Entropy of mixing in an ideal solution as a function of mole
fraction of component B.

then

e — —zulnzs — 2alnzs 2 0. (20-14)
In ordinary solution thermodynamics, “mixing” is defined at constant
p and T, but we need not specify p above because of the absence of p-V
effects in this model. The function (20-14) is plotted in Fig. 20-2. We
find also

AA
i =~ 7 (20-15)

AE, = 0. ’ (20-16)
Bragg-Williams approximation. We recall that in this approximation
(Section 14-4) the molecules are assumed to be distributed among sites

in a random fashion, despite molecular interactions. Equation (20-9)
becomes in this case

1 Nas
= (qae— "4/ BTN (g, —owBBI2T\N B _._—__(N 4 ';, jv!;l’;” <, (20-17)

where NAB = CNANB/M. Then

Ba _ ‘M) = _ —ewgai2kr _ cw(l — z4)°
KT~ N4 /Ngr Ines — Ingae SET
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Fi1g. 20-3. Critical vapor pressure curves for Bragg-Williams binary solution.

and therefore
2 o
p—“: = g7 /'”', (20-18)
A

with an analogous equation for ps/p% (Problem 20-1). We plot Eq.
(20-18) in Figs. 20-1, 20-3, and 204 for various choices of cw/kT.

In Tig. 20-1, the value cw/kT = 0 leads to ideal behavior, as already
mentioned. If we take w negative, say cw/kT = —2, this means, accord-
ing to Eq. (20-6), that w44 -+ wpp is more negative than 2wsp (4A
and BB pairs are more stable, energetically, than AB pairs). This gives
so-called “positive” deviations from Raoult’s law, as shown in the figure:
the presence of B molecules increases the “escaping tendency” of A mole-
cules, and vice versa, compared to ideal behavior, because of the “dislike”
of A and B for each other relative to A for A and B for B. When w is
positive, we have, on the other hand, “negative” deviations from ideality
(Fig. 20-1, cw/kT = 4).

We found that cw/kT = —4 leads to critical behavior in a lattice gas
(Section 14—4). The same is true here, as should be expected, and as can
be seen in Fig. 20-3. When cw/kT < —4, the two components are no
longer miscible in all proportions; over part of the composition range we
get a separation of the solution into two phases of different composition
(Fig. 20~4). In one phase the majority of molecules are of type A and in
the other, of type B. We can understand this as follows: if AA and BB
interactions are sufficiently favored over AB interactions (or if the tem-
perature is low enough), the system splits into two solutions with excess A
in one and excess B in the other in order to have the advantage of a larger
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F1a. 204. Vapor pressure curves for Bragg-Williams binary solution showing
phase separation.

number of AA and BB interactions. The location of the horizontal line
(stable equilibrium curve) is fixed in Fig. 204 by the thermodynamic
requirement that the chemical potential (or vapor pressure) of each com-
ponent be the same, at equilibrium, in the two solutions of different
composition.

It will already be apparent to the reader that this very simple (lattice,
Bragg-Williams) theory of solutions predicts correctly some of the most
important qualitative features observed experimentally with binary solu-
tions. Of course, the theory cannot be expected to be satisfactory in a
quantitative way.

We can also easily derive from the Bragg-Williams Q (Eq. 20-17) the
following “mixing” properties (Problem 20-2):

% = calnay + onlnas — oo zazs, (20-19)
% = —z,In24 — z5n 25, (20-20)
% = — 2 caes. (20-21)

The entropy of mixing is the same as for an ideal solution. This is a con-
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Fra. 20-5. Free energy of mixing for Bragg-Williams binary solution at
temperatures above and below the critical temperature (cw/kT, = —4).

sequence of the “random distribution” assumption in the Bragg-Williams
theory. If w is negative (AA, BB more stable than AB), the energy of
mixing is positive, as expected. The free energy of mixing is plotted in
Fig. 20-5 for cw/kT = —3 and cw/kT = —4.5 (phase separation). The
horizontal line (mixture of two solutions of different composition) is the
stable equilibrium curve. This curve has a lower free energy than the
dashed metastable curve.

It is useful for many purposes in the study of solutions to define “excess”
quantities relative to the values the quantities would have if the pure
components at a given pressure and temperature formed an tdeal solution
(at the same pressure and temperature). For example, for the entropy,

AS, = 8 — 8 (ideal) = AS,, — AS,, (ideal). (20-22)
Thus, in the Bragg-Williams approximation,
. T (20-23)
AS, = 0, (20-24)
AE‘ = AA‘. (20—25)

In experimental work it is in general found that AE, and T AS, are of
the same order of magnitude. The fact that the present approximation
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predicts AS, = 0 is therefore a serious fault. In the next subsection we
find that higher approximations (lattice model) do not improve this
situation appreciably.

Other criticisms of the lattice model, which, incidentally, are also in-
dependent of the order of approximation used in treating the model, are
the omission of p-V effects and the predicted symmetry in various proper-
ties about 4 = %, which is not always observed experimentally.

Quasi-chemical approximation. It is somewhat more troublesome to
rederive binary solution equations in this approximation, so instead we
take over results from Section 14-5 (lattice gas in the same approximation).
To do this we take advantage of the fact that Q.. in Eq. (14-29) and
Qsolution in Eq. (20-9) contain the same sum Y. From Egs. (20-3), (20—4),
and (14-62) we have

UB __ aansol) — _ —cwppi2kr _ B
7 ( oM Jyyp = Imase kT
—cwpp/2kT ¢ (B4 Dazp
— Ingpe~""BB + Inzp ln————ﬂ—1+2 »  (20-26)
where
B =1 — 4zazp(1 — e~ V/2,
Then
PB _ g —1+ 2',”3]0/2.
P8 xp [——(ﬁ T Dzp (20-27)

Equations for u4 and p4 may now be written down by symmetry consid-
erations. The qualitative behavior of the vapor pressure equations is
the same as in Figs. 20-1, 20-3, and 20-4. The critical temperature is
given by Eq. (14-63).
The free energy is
A xAMA + IBI‘B_

MkT =

From Eq. (20-26) and its counterpart for component A, we have then

A4, _ ¢ B — 14224 ﬂ—1+2x3].
iy = 5lzam Bt e TR ET R I BB

The total nearest-neighbor (“configurational”) interaction energy,
Eoontig, i8, from Egs. (20-6) through (20-8),
Eeontig = Niawaa + Nipwap + Nbpwps

Nisw
2

cwasNa + cwpsNp ,

+ 2 2
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where
Nis _ 2z428
cM  B+1
Then
AE,, _ AE, Nizw CWTATB

MiT = MET— —oMkT — TG+ D 2029

The expression for T AS, = AE, — AA, then follows from Eqgs. (20-28)
and (20-29).

The significance of the results for the excess functions can best be seen
by converting them into (high-temperature) power series in cw/kT. We
find (Problem 20-3)

AA. - _ xAxB (__ _ :CA.‘EB( ) .
MET ¥T T , (20-30)
AE, _ _ za78 (ﬂ) z4zh (ﬂ)z .
MET ~ \kT) ~ 2 \er) T (20-31)
AS«_A_EL__A&__M(_@)"’
Mk = MkT — MkT 2 e T (20-32)

Actually these series are exact, for a lattice model, as far as they go (in
fact the quasi-chemical equations also give the exact cubic termst). The
linear terms are just the Bragg-Williams results (see Problem 14-17); they
are associated with random mixing (T — o). The quadratic terms are
the first corrections for nonrandom mixing. Note that AS, is always
negative, as should be expected ¢n this model from any reduction in ran-
domness. But experimentally, AS, ¢s sometimes positive.

To get an idea of the orders of magnitudes involved in the above equa-
tions, let us take a numerical example: z4 = zp = 0.5, ¢ = 10 (a good

average for a liquid), and cw/kT = —4 (a rather low temperature). Then
AA,__l_l AE.__l___l_ AS, 1.
MEkT 40’  MkT 20° MkT~ ~— 40

We see that the correction for nonrandomness is very small. Incidentally,
the ideal mixing terms that have been subtracted out here [Eqs. (20-14)
and (20-15)] are In 2 = 0.69 for the entropy and —0.69 for the free
energy. The main conclusion we reach is that improvement of the Bragg-
Williams approximation does not provide an excess entropy term T AS,
of the same magnitude as AE,, as found experimentally. This difficulty,

t See Guggenheim, pp. 62-70.
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as well as the fact that AS, is always negative, is therefore a property of
the lattice model itself and not of approximations introduced in deriving
thermodynamic functions from the model.

However, it should not be concluded from the above discussion that
nonrandom mixing corrections are never important. For example, the
location of the critical point is quite sensitive to such corrections [see
Eq. (14-63), et seq.].

Because of the small correction found for AS, in Eq. (20-32), the ap-
proximation of random mixing can appropriately be introduced, for mole-
cules of like size, in lattice or cell solution theories that are otherwise
fairly sophisticated (e.g., Section 20-2). Random mixing should not be
assumed in such theories, however, if the molecules are very different in
size (say have more than a 259%, difference in diameters).

Solid solutions and alloys. The lattice theory of solutions has been ap-
plied recently by Halsey et al., in considerable detail, to solid binary solu-
tions of the rare gases.* One would expect that this kind of system would
put the lattice theory in the best possible light. But, at least for argon-
krypton solutions, the conclusion is reached that the experimental results
cannot be explained by the present lattice model. We shall not attempt a
comparison between experiment and the above equations because w was
treated in Halsey’s work as temperature-dependent. Negative values of
w and critical solution phenomena are observed.

Another example of the application of lattice theory to binary solid
solutions is found in the so-called order-disorder transitiont in alloys
(e.g., B brass, an alloy of copper and zinc). In this case w is positive and
phase separation does not occur. However, a higher-order transition
(“order-disorder”) is observed, for example, in the heat capacity as a
function of temperature at constant composition (say z4 = 0.5). The
experimental heat capacity curves resemble the square lattice curve in
Fig. 14-3. Qualitatively, the nature of the transition is the following.
Suppose the lattice is simple cubic and x4 = 0.5, for ease of discussion.
At low temperatures, because of the greater energetic stability of AB
pairs relative to AA and BB, the molecules will tend to arrange them-
selves alternately in the lattice (--- ABAB---), as for example in a
crystal of NaCl. There is also a second and equivalent way to do this
(+++ BABA - - -). In either case there is long-range configurational order of
the type found in crystals but not in liquids (or in a solid solution when w

*J. F. WeLLiNGg and G. D. Haisey, Jr., J. Chem. Phys. 30, 1514 (1959);
J. Phys. Chem. 62, 752 (1958); J. H. SingLETON and G. D. HaLsey, JR., J.
Phys. Chem. 58, 1011 (1954); M. FreeMaN and G. D. Haisey, Jr., J. Phys.
Chem. 60, 1119 (1956).

1 See Guggenheim, Chapter 7, for details.
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is negative). The extent of long-range order varies with temperature and
completely disappears above a critical temperature T.. Hence the term
“order-disorder transition.” It can be shown rigorously, by a symmetry
argument,”* that the heat capacity as a function of temperature, of a lat-
tice model with x4 = 0.5, is the same for a given magnitude of w, whether
w is negative (phase separation below 7,: .- AAA---BBB-.--) or
positive (long-range order below T.: -+ ABAB.-.). See, for example,
Fig. 14-3. It follows from this that the temperature T', of the transition
is the same for the two systems (w positive or negative). For a square
lattice, e~ 1®!/%¥Te — /2 — 1 exactly (Section 14-3), but the exact
theoretical critical temperature is not known for any three-dimensional
lattice.

Experimental heat capacity curves for binary solutions with negative
w, at fixed (critical) composition, have been obtained recently.t They
resemble Fig. 14-3, as expected.

20-2 Cell theories of binary solutions. We saw in the preceding section
that our earlier study (Chapter 14) of lattice problems could easily be ap-
plied to binary solutions. Our object here is very similar: to show how the
LJD cell theory of liquids (Section 16-2) can be extended to include binary
solutions,

Our starting point is a modification of Eq. (20-5). We assume that the
molecules are similar in size and that we have a lattice with every site
(cell) occupied by an A or a B. The nearest-neighbor number is ¢ and the
nearest-neighbor distance is . In view of our findings in Section 20-1,
we assume further that we have a random distribution of molecules among
sites. Then we write

_ Nang (Na+ Np)! —W/kr
Q= aa"as” TN sl (20-33)

where W is the average configurational potential energy, calculated on a

random-distribution basis, with each molecule at the center of its cell.
That is,

W = Niawas + Napwas + Nppwss

= 2° (hwas + 2uavsoas + abwss).  (20-34)

So far we seem to have just Eq. (20-17) for the Bragg-Williams lattice

* See 8. M., Chapter 7.
t G. Jura, D. FraGa, G. Maxi, and J. H. HiLpEBRAND, Proc. Nat. Acad.
Sci. 39, 19 (1953).
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theory. But now we introduce a refinement, which brings in the LJD
theory. We evaluate ¢4 and ¢p explicitly by a cell caleulation of the LID
type, assuming that the ¢ neighbors of a given molecule, smeared uni-
formly over the surface of a sphere of radius a, consist of cx4 A molecules
and c¢xp B molecules (again using the random distribution assumption).
Thus ¢4 and ¢gp are now not only functions of T but also of » = V/M
and x4 (or zp). Unlike the lattice theory, the present treatment does not
make the solution incompressible, and V is an independent thermodynamic
variable as it is in real solutions. V is related to a by Eq. (16-24): a® =
v, where ordinarily we take ¥ = 4/2 (and ¢ = 12). The thermodynamic
equation for the Helmholtz free energy is

dA = —8dT — pdV + padN4 + ppdNp, (20-35)
= —kThQ.

Let us now begin to change notation to conform with Section 16-2.
For each type of pair interaction, we use the Lennard-Jones potential
(16-28) with parameters €4 4, 7% 4, €45, 74 B, etc. Incidentally, in numerical
caleulations, in the absence of other information, one usually takes (Eq.
15-53)

ean = (easenn)'’?,

&* *
« _ Tas + BB
rAB - 2 ¢

We assume A and B are both monatomic, so that
A B
= Ue =Ue
g4 = Ai ’ qB = A% ’ (20—36)

as in Eq. (16-22). Polyatomic molecules with effective spherical sym-
metry can be treated simply by changing the definition of A(T) (Problem
20-4). The factor ¢ is included, rather arbitrarily, for a liquid (see Section
16-2). Actually, this factor or any other constant factor will have no ef-
fect on the equation of state, on excess or mixing properties, or on p4/p%,
ete. The free volume for an 4 molecule is (Eq. 16-25)

0,24, T) = [ e~*4/*T 4502 gy, (20-37)
A

Y4 = ea(t) — ¢4(0),

where ¢,(r) is the potential energy of interaction of an A molecule in its
cell at r with its ct4 A4 neighbors and cxp B neighbors. Instead of
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Eq. (16-27), we have
pa(r) = % /o [rau44(R) + zpusp(R))sin 6d.  (20-38)

On writing out x4u44 + rpusp in detail, using the Lennard-Jones po-
tential, we see that this quantity is equivalent to a single potential u4(R)
with average parameters €4 and 7%, which are functions of composition,
determined by
earh® = zaeaarth + zpeanr’h,
(20-39)
eari'? = zqeaarid + vpeanri.
These equations can easily be solved for €4 and %. Thus ¥4, ¢4(0), and
v}‘ depend in exactly the same way on €4 and v% = r%3/7 as do ¥, ¢(0),
and v; on € and v* in Eqgs. (16-34) through (16-36). For example, if
g(*/v, ¢/kT) is the function in Eq. (16-36), then

0}4 = 27"039(02/”, eA/kT);

where v% and €4 are functions of r4. Completely analogous results are
of course found for v}’, ete. This means that numerical tables computed
for the one-component liquid LJD theory can be employed here without
alteration.

For the interaction potential energy in the LID notation, we have

W= N 441324(0) + N B‘A;B(O) , (2040)

where, from Eq. (20-38),
¢4(0) = clrauaa(a) + zpuan(a),
¢8(0) = clxauan(a) + zpups(a)l.

It is easy to see that Eqs. (20-34) and (20-40) are the same, since waq =
u44(a), ete.

The random-distribution assumption can be pushed one step further
in this theory, to simplify matters a little more. Here we consider all cells
as equivalent (as they are, on the average) and use a single free volume vy
based on a potential energy that is averaged (random distribution) not
only over the two kinds of nearest neighbors but also over the two kinds of
occupation of the cell itself (4 or B). Thus, in Egs. (20-33) and (20-36),
instead of (vf)V4(v})VB, we have v}, where

vy = /A e 4v® gy, (2041)
¥ = o(r) — ¢(0),
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and .
o(t) = g/‘; [#%u44(R) + 2z428us8(R) + z3upp(R)] sin 0d8. (20-42)
If we replace the expression in square brackets by a single Lennard-Jones

potential u(R) with average parameters € and r* (functions of composi-
tion), we find that € and r* are determined by the equations

6
er*® = zheanrth + 2zazpeanrdh + thepnrt,
(20-43)
12 2 12 12
o*'? = e artid + 2zazpeanri + zhenprty,

which are again easy to solve. In this case, then, we get the LJD functions
(only one set this time) ¥, ¢(0), and v, in the same notation as in Section
16-2, but we have to keep in mind the fact that € and »* (or v*) are func-
tions of composition.

The interaction potential energy is

W= ]'i‘g-(—ol, (20-44)

where, from Eq. (20-42),
¢(0) = clzfuaa(e) + 2x4zpuan(0) + 23uss(a)l.

This is the same W as in Eq. (20-40).
From Eqs. (20-33), (20-36), and (20—44), the canonical ensemble parti-
tion function in the single free-volume approximation is

(ve)™ (N4 + Np)le~MrOIZT

Q= ATAATEN LN 5] ’ (20—45)
or
——4-——xlnA +25lnAY —lnoye+z4lnzs + zpinz +¢()
MET A Y] B B /1 A A B B + opp
(20-46)

where v, is & function of v, T, and x4, and ¢(0) is a function of v and
z4. The equation of state is found from

94 (aA)
—_py =12 . 204
P oV T.Ns.Np 14 T,M.xy ( 7)

Since vy and ¢(0) are the same functions as in the LJD theory {except for
the dependence of € and v* on x4, which, however is constant in the dif-
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ferentiation (20-47)], we get the same equation of state (but with € and
v* functions of x,4), (16-37). We are usually interested in solution be-
havior at low and constant pressure. In computational work, p = 0
is often chosen, since for a condensed phase most properties are relatively
insensitive to p. If we choose T and take p = 0 (or p = any constant),
Eq. (16-37) then provides v = V/M as a function of z4.

Now A/MET in Eq. (20-46) is a function of v, T, and z4. If we want
p, T, and z4 as independent variables, v can be determined as a function
of these variables from the equation of state, (16-37). Therefore we may
consider v in Eq. (20—46) to be replaced by v(p, T, z4), so that A/MkT
becomes a function of p, T, and x4.

We know from thermodynamics that for an ideal solution (defined by
stating that the fugacities f4 and fp obey Raoult’s law), the quantities
AV, AE,,, and AH,, are all zero, for mixing at constant p and 7, while
AS,, is given by Eq. (20-14). These properties require, in the present
theory, that for an ideal solution

114”-7:;'1 = zaln A} +25ln A} — zalnvs(es = De — zalnoy(zz = De
+zalnzs +2zplnzp + 249(0, 24 = 1) ';' zpe(0, 28 = 1) (20-48)

The quantities labeled 24 = 1 and 25 = 1 refer to pure liquid A and B,
and the independent variables are p, T, and x4, as explained above. Hence
v ig in general different in the terms labeled 4 = 1 and 23 = 1 (ie,,
pure A and B will usually have different molar volumes at the same
pressure). Equation (20-48) necessarily gives

AA,, (i
An (deal) _ 1o 24 + 23 In 23,

as required. From Eqs. (20-46) and (20-48), we have for the excess Helm-
holtz free energy,

B = zalny(ea = 1) + zsInoyles = 1) — Inoy(za)

+ ¢(07 xA) - 2410(0, xA2:Tl) - xB‘P(O) zp = 1) , (20_49)

where p, T, and x4 are independent variables and v is in general dif-
ferent in the terms labeled 24 = 1, 3 = 1, and z4. All terms in
Eq. (20-49) contribute to AE,, but only the v, terms contribute to AS,
(Problem 20-5). The ¢ terms are essentially equivalent to Eq. (20-23)
in the Bragg-Williams lattice theory (Problem 20-6), but are not exactly
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the same because the nearest-neighbor distance a is different in pure A4,
pure B, and in the solution at the same pressure. It is clear from the form
of the vy terms that AS, might be positive or negative.

‘We shall not pursue this subject further in any detail. It is sufficient to
say that Salsburg and Kirkwood* have made detailed calculations based
on Eq. (20-45), but with the added refinement of including three shells of
neighbors in the calculations instead of only one. These authors have
compared their results with a number of experimental systems. A very
considerable improvement over the lattice theory is found, and complete
qualitative agreement with experiment is achieved. In particular, AS,
is calculated to be of the correct order of magnitude, though always some-
what too small. The theory gives the correct sign for AS, (usually positive),
unlike the lattice theory which always has AS, < 0. Both AV, and AH,
are in general too large (but the lattice theory does not even consider
the volume: AV, = 0 always). Usually experimental values of AH, and
AV, have the same sign. We shall see that first-order conformal solution
theory (Section 204) predicts that AH, and AV, always have the same
sign. Recent experimental cases in which these two quantities have op-
posite signs have been observed (e.g., neopentane and carbon tetrachloride).
The cell theory under discussion here correctly predicts this sign reversal
in such cases.

20-3 Random-mixing, corresponding-states theory. The treatment in
the preceding section has one serious source of error, which is easy to rem-
edy: it is based on LID theoretical functions for a pure liquid. If we set
for ourselves the less ambitious goal of predicting properties of the solution
from those of the pure liquids rather than from first principles, then instead
of using LJD functions for the pure liquid state, we may use experimental
(corresponding-states) functions. In this section we show briefly how this
can be done. Otherwise we employ the methods (random mixing, average
€ and r*) of Section 20-2. As we should expect, since experimental in-
formation is built into the “theory,” agreement with experimental data
on solutions is better, quantitatively, than with use of the LJD theory.}

The method of this section was suggested independently by Brown,}
Prigogine et al.,} and Scott.}

* 7. W. SaLssurc and J. G. Kimrkwoob, J. Chem. Phys. 20, 1538 (1952); 21,
2169 (1953). See also I. PriGoGINE and G. GARIKIAN, Physica 16, 239 (1950);
1. PricoGINE and V. MatrOT, J. Chem. Phys. 20, 49 (1952); J. A. PopLE, Trans.
Faraday Soc. 49, 591 (1953).

ISee Prigogine, Chapter 11, for a detailed summary.

W. B. Brown, Phil. Trans. Roy. Soc. (London) 250, 175, 221 (1957); I.
PRIGOGINE, A. BELLEMANS, and A. ENGLERT-CHWOLES, J. Chem. Phys. 24, 518
(1956); R. L. Scorr, J. Chem. Phys. 25, 193 (1956).
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We recall [Eqs. (20-33) through (20-40)] that in extending the LJD
theory to mixtures we passed from the one-component equation

oree— O KT\N
Q=\5— (20-50)
A
to the two-component equation
A —a(0)/2kT B —ep(0)/2kT\Np
v7ee vree (Na + Np)!
¢ ‘( A3 ) ( A3 ) NalNgl ' (05D

where v# and ¢4(0) depend on the average parameters €4 and r4 deter-
mined by Eqs. (20-39). Here the procedure is identical except that the
starting point is the experimental corresponding-states equation (16—45).
That is, the one-component equation is, instead of (20-50),

[ *3\I,(G/KZ, v/r*s)] ,

and the two-component equation is assumed to be

0— [rzsqr(e,./kr o)y )]" [ \Il(eg/kT o/ )]”B (NﬁATN IZf)!’
(20-52)

where €4, %, €5, and r% are average values still determined by Egs.
(20-39). These equations refer specifically to monatomic molecules, but
if we change the usual definition of A(T) (see Problem 20-4), they also
apply to polyatomic molecules (with effectwe spherical symmetry) that
obey the law of corresponding states.

Just as we used a single vy and ¢(0) in Eq. (20-45), we can simplify
(20-52) by writing

— PP U(/RT, o/r* M (N4 + NB)!
AsN‘A BN 4INg!

(20-53)

where € and r* are averages found from Eqs. (20-43).

We shall not extend this discussion any further. Prigoginet (Supple-
mentary Reading list) goes into the subject in great detail. It will be ob-
vious (Problem 20-7) from the LJD equations (20-46) through (20-49)
how to compute the equation of state, AA,, etc. In fact, the LJD equa-
tions may be considered a special case of the present discussion in which
an approximale theoretical function is used for ¥ instead of an empirical
one.

1 Chapters 9 and 10.



20-4] CONFORMAL SOLUTION THEORY 389

20-4 Conformal solution theory. Equation (20-53) is an approximate
equation applicable to a binary mixture of liquids, each of which obeys
the law of corresponding states. In writing Eq. (20-53) we have assumed
a random distribution of the two components in: (a) the configurational
factor M!/N 4IN5!; (b) the occupation of any given element of volume
{this is implied in the use of a single ¥—see the discussion preceding Eq.
(2041)]; and (c) the occupation of an element of volume in the neighbor-
hood of a fixed molecule of either component [this is implied in the use of
average parameters r* and e from Eq. (20-43), based on a random dis-
tribution]. Now there would really be random mixing and these assump-
tions would be exact if both components had the same interaction param-
eters (e.g., an isotopic mixture), say €go and rgo. Similarly, in the lattice
model, the random mixing assumed in the Bragg-Williams approximation
is exact if w = 0. Actually, the assumption of random mixing in the lat-
tice model leads to the exact first-order or linear terms if we use expansions
in powers of w/kT as in Eqs. (20-30) through (20-32). This is not a special
situation, but is in fact a property of perturbation methods generally
(e.g., in quantum mechanics): exact first-order terms are obtained by
averaging with unperturbed (in our case, random mixing) weights. Whereas
the expansions were in powers of w/kT in the lattice model, here we
should use expansions in powers of €44 — €g0, €48 — €90, €tc., or the
equivalent, since the unperturbed state (with random mixing) corresponds
to these quantities having the value zero. We therefore reach the follow-
ing conclusion: use of the random-distribution assumptions listed above
and Eq. (20-53) will lead to an exact first-order (in €44 — €go, €te., Or
equivalent) solution theory for molecules obeying the law of corresponding
states. This means that the components must have very nearly the same
interaction parameters € and *. An equivalent statement is that it must
be possible to choose parameters €y and 3§y of a reference component
(hypothetical, or, more often, one of the components in the solution) such
that €44 — €, €tc., are all small.

This general approach is referred to as conformal solution theory and is
due to Longuet-Higgins.f The argument we use here (for continuity and
simplicity) is somewhat different from that of Longuet-Higgins. It is
based on Eq. (20-53) as the starting point and is therefore restricted to
first-order effects. Second-order conformal solution theory has been dis-
cussed in detail by Brown.}

Without complication we can easily generalize Eq. (20-53) in two ways:
(a) we consider any number of components; and (b) instead of restrict-

1 H. C. LoNneuET-HiaGINns, Proc. Roy. Soc. 205A, 247 (1951). For a review,
see Prigogine, Chapter 4.
1 W. B. Brown, Proc. Roy. Soc. 240A, 561 (1957).
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ing ourselves to the Lennard-Jones potential, we use (Eq. 15-33) u(r) =
€h(r/r*) for each pair interaction.
For the reference component,

r
%uo0 = €ooh{ ),
oo

and for the interaction between a molecule of component # and one of

component j, ,
Uiy = €55 A K (20—54)
r"j

Following Longuet-Higgins, we define f;; [not to be confused with f;; in
Eq. (15-38)] and g;; by

*
€5 = fij€00, T = ;ﬁ ) (20-55)

and we shall use expansions in powers of f;; — 1 and g;; — 1 (the ref-
erence component has foo = goo = 1).

Let us rewrite Eq. (20-53) for a multicomponent system and at the
same time omit the factors A3"s, calling the remaining partition function
the configurational partition function Q.:

[r*2¥w(e/kT, v/r*®))X M1 ,

iN;l

QN,V,T) = (20-56)

where M = Y ;N;, v = V/M, r* and € are (random) average parameters,
and ¥ is an empirical corresponding-states function applicable to each
pure component. For example, for pure s,

Qo = [r.. (;'T' r,,)]" 20-67)

For a hypothetical (isotopic) reference solution with all parameters the
same as €gp and r5g,

Qg(N, V, 1’) = [rgg‘ll(GOO/kT v roo)]MM!

II: N

At this point, let us calculate the first-order random average param-
eters r* and e for use in Eq. (20-56). We have (z = mole fraction)

3
r
= zapl =Y, za; 22,
53 G gsi

(20-58)
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or

r* —rdo = raozﬁ:m,-(y—“; - 1)-
Thus to first-order terms in g;; — 1,

™ =rdo [1 - ‘Z’:xm(ﬂﬁ - 1)]

and
= rss[l — 33 waigi — 1)]. (20-59)
7]
Similarly,
€ = € [1 + E z2x;(fsi — 1)] . (20-60)
LY

We notice, from Eq. (20-58), that

[r&3% (e/kT, v/r*®))* M)
II: N ’

where V' = Vr33/r*3 and T = Tego/e. Comparison with Eq. (20-56)
then gives

QUN, V', T) =

Qu(N, ¥V, T) = (r’—;)“” QUN, V', T). (20-61)
0

Next, we want to expand In Q2(N, V', T7V) in powers of the g;; — 1
and fi;; — 1. This, together with Eq. (20-59), will give us In Q.(N, V, T)
(that is, the logarithm of the configurational partition function of the
actual solution of interest), expanded in powers of the g;; — 1 and f;; — 1.
To linear terms,

In QX(N, V', T) = nQ(N, V, T)
31n QX(N, V', T") o
+ Z,: [( )n.v.r @ — 1)

. 9¢gij
- —
2InQY(N, V', T')) L ]
+ (————af‘j vr (fis — D} (20-62)
Smgmml
where
dlnQYN, V', T) _ 3InQ? oV’ _ 3pV 3p°Vaur;

9gs; ) 9g:; kT Txi f-::; kT
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and we have used Eq. (20-59) in differentiating V’. The pressure
p%(M, V, T) is the pressure of the reference solution (or of the pure
reference component at the same M, V, and T, since the intermolecular
forces are the same in either case). Similarly, from Eq. (20-60),

amQYN, V', T) _almQ2aT _  _ Elza;
of i =TT ofij 101 kT’

where E%(M, V, T) is the configurational energy (intermolecular potential
energy) of the reference solution (or of the pure reference component at
M, V,and T). Then Eq. (20-62) becomes

InQUN, Vv, T) = mQYN, V, T)
3p°V E?
+Zwm[z—T @i — V) — 3p G — 1)]+ s
2

Finally, we put this result and Eq. (20-59) in Eq. (20-61) to obtain
Ac(N’ V’ T) - Ag(N, V, T)
=D z&ABY(fi; — 1) + 3(MKT — p°V)(gi; — D1 +---, (20-63)
3

where A, = —kTInQ,. is the configurational Helmholtz free energy.
This exact and elegant result expresses A, for the solution in terms of the
intermolecular interaction parameters f;; and g;; and of the properties
of the pure reference component E?, p°, and

A?:.l-comp(M: V,T) = Ag.sol(N’ V,T) — MkT Z zilnz;  (20-64)

The A? in Eq. (20-63) refers, of course, to the solution; the last term in
Eq. (20-64) is the ideal entropy of mixing term. These properties of the
pure reference component are determined by €g¢, 90, and the empirical
law of corresponding states.

The independent variables N, p, T and the function F, are more con-
venient than N, V, T and the function A., so we proceed now to make this
change. Let p be the pressure on the actual solution when its volume is
V and let VC be the volume of the actual solution when its pressure
is p%. Now let us abbreviate Eq. (20-63) by the notation

Adp, V) — A20% V) =D 0% V). (20-65)

What we want (since we keep the same reference solution at p°, V) is the
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corresponding equation for

Fc(po’ Vn) h Fg(po’ ),
where
F.(p°% VD) = A.(p° VO) + p°¥", (20-66)

F(p° V) = 4.0° V) + p°F. (20-67)

If we integrate d4./8V = —p from p° VO to p, V, we obtain, to the
linear term in V — VU,

Ap, V) — A% VO) = —p%V — VD). (20-68)
From Egs. (20-65) through (20-68) we find, then, that

Fe(N’ por T) - Fg(N’ po, T)
=Y zafENfij — 1) + 3(MET — p°V)(gsj — D] +---, (20-69)
i
where the right side is the same as in Eqgs. (20-63) and (20-65). In Eq.
(20-69), however, we regard V and E? as functions of 3, p° and T.
Our next task is to derive an equation for AF,, which, incidentally, is
the same a8 AF(cxcess), Since nonconfigurational contributions are the

same in F and Figea1 and therefore cancel. For N; molecules of a single
component ¢ at p° and 7, Eq. (20-69) reads

FoNyp® T) — FOU(N;, 0% T)
= E%(fis — 1) + 3(N&T — p°Vi(@gis — 1) +---, (20-70)

where F%;, E2, and V; all refer to N; molecules of the reference component
at p° and 7. If the pure components mixed to form an ideal solution, we
would have

F(N, p° T) (ideal) = 3 Foi(Ns, p°, T)
+ MET 3 s In s, (20-71)
Since the reference solution is ideal, we also have
Fg(Ns p07 T) = Z F(c)i(Nt’; Po, T)

+ MET 3 wiln ;. (20-72)
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Finally, then, from Eqs. (20-69) through (20-72),
AF, = AF exoonsy = Fo(N, p°, T) — Fo(N, p° T) (ideal)
= E vaB(fi; — 1) + 3MET — p°V)(gs; — D]

[cHaP. 20

— D2 BU(fsi — 1) + 3(NET — p°V)(gss — D] + - - -
7

But E% = z,E? and V; = 2;V (the reference solution is ideal), so that

this last equation reduces to (put z; = 2;%.; z;)
AF, = B2y zixi(2fi; — fus — fi3)
i<i

+ 3(MkT — p°V) > xxi(205 — gis — gi) + -+

i<j

(20-73)

This is the central resuli of (first-order) conformal solution theory. If

we make the presumably excellent approximation that

* (% + r;j)
T — —2— ’

or (to first order)
o giitgin)
gij = 9 !

Eq. (20-73) simplifies to
AFc(N: po: T) = Eg(My Po, T) Z x5 dt'i)
i<j
where
di; = 2fi; — fus — Jis-

Other excess quantities follow immediately from Eq. (20-74):

(AN aE2) _
AS‘ o _( aT )po,l' - (ﬁ- %M gjz‘xj d"j,

Yo
AH, = AF, + T A8, = (E2 -T W) me‘dﬁ,

£<j

_ am) _(21_3_) e
av. = ( ° Jrx~ \8p%/r.mM szx,-x, dij-

(20-74)

(20-75)

(20-76)

(20-77)
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Note that for binary solutions the sum Y in the above equations reduces
to a single term, z,x; d12, symmetrical about z; = %, as in the Bragg-
Williams theory (Eq. 20-23).

At ordinary pressures, E? is negative (E? is practically equal to the
negative of the energy of vaporization of the reference component at T),
as are also all the other coefficients of 3 in Eqgs. (20-75) through (20-77):
an increase in T expands the liquid, increases the distance between neigh-
bors, and hence makes E? less negative; an increase in p° contracts the
liquid and makes E? more negative; both terms in the coefficient of ¥ in
Eq. (20-76) are negative. The sum }_ can be positive or negative, but is
of course the same in all these equations. In a binary solution, d;2 and X
are positive if 12 pairs are energetically more stable than 11 and 22 pairs
[this corresponds to a positive w in Eq. (20-6)]. In this case (binary,
dyis > 0), all the excess quantities are negative. In general (multicom-
ponent), the excess quantities are all of the same sign, positive or negative,
and in the ratio of the coefficients of 3_ for any composition.

The above predictions (and others) of the first-order conformal theory
of solutions were extensively compared with experiment by Longuet-
Higgins in 1951. The theory proved to be quite successful when applied
to data on suitable binary systems available at that time. In particular,
all the excess functions were found to have the same sign. However, more
recently other “suitable” solutions, such as neopentane 4 carbon tetra-
chloride and methane -+ carbon monoxide, have been found experimentally
to have positive AH, and negative AV,. We have already mentioned
that this feature can be explained by the approximate “random” theories
of Sections 20-2 and 20-3.

The conclusion we reach is that although first-order conformal solution
theory is formally exact for almost ideal solutions of “corresponding-
states” molecules, its range of applicability to real systems is quite limited.
To extend the range of applicability, one must turn to the exact (and rela-
tively complicated) second-order conformal solution theory or to the ap-
proximate theories of Sections 20-2 and 20-3.

As a final remark, we remind the reader that the “theories” discussed in
Section 20-3 and in the present section are semiempirical in a sense, for
they are based on experimental “corresponding-states” information about
the pure components. This is justified in the absence of an exact theory of
the liquid state. On the other hand, Section 20-2 is completely theoretical,
but in it we must use an approximate (LJD) theory of liquids.
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ProBLEMS

20-1. Use the Gibbs-Duhem equation to deduce an expression for pp/p$
from (a) Eq. (20-12) (ideal), and (b) Eq. (20-18) (Bragg-Williams). (Pages 374
and 376.)

20-2. Derive the Bragg-Williams “mixing” equations (20-19) through (20-21).
(Page 377.)

20-3. Expand the quasi-chemical equations (20-28) and (20-29) in powers of
w/kT to obtain the second-order results (20-30) through (20-32). (Page 380.)

20-4. Show how to redefine A in equations such as (20-36) so that it may
refer to diatomic or polyatomic molecules instead of to monatomic molecules.
(Page 383.)

20-5. Break up Eq. (20-49) for A4, into separate expressions for AE, and
AS,. (Page 386.)

20-6. Show that the ¢ terms in Eq. (20-49) (LJD theory) are essentially
equivalent to Eq. (20-23) (Bragg-Williams). (Page 386.)

20-7. Discuss the equation of state and A4, from Eq. (20-53). (Page 388.)

20-8. Develop a Bragg-Williams lattice theory of binary solutions, allowing
each site to be occupied either by A, by B, or be empty. Take the lattice distance
& = constant.

20-9. Derive expressions for 4 from Eqs. (20-52) and (20-53). Will p,/»%
and p,/p} have the usual symmetry about z4 = $?

20~10. Show from Eq. (20-74) that, for a binary conformal solution,

. 0 Etdiz \ 2
#1 = (function of p, T) + kT In 21 + (Nl T Nz) 2.
Compare this with the Bragg-Williams equation preceding (20-18).

20-11. Discuss the equation of state and critical behavior (gas-liquid and
solution-solution) of a conformal solution.

20-12. In the application of Eq. (20-74) to a binary solution, AF, should
be the same irrespective of the arbitrary choice of component 1 or component 2
as reference component. Investigate this point.

20-13. What can be deduced about dy3 if e12 = (e11¢22) V2?

20-14. In a one-component “corresponding-states” system, Q is given by the
equation preceding Eq. (20-52). If we regard A as a function of T, V, N, ¢,
and r*3, find the coefficients a; and a2 in the equation

dA = —8d4T — pdV 4 pdN 4 a1 de + ag dr*s.

Derive an analogous equation for a conformal solution regarding A as a function
of T, V, N, f, g. Use this result to provide an alternative (and more elegant)
derivation of Eq. (20-69) for F, from Eq. (20-63) for 4..
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CHAPTER 21

POLYMER AND POLYELECTROLYTE SOLUTIONS
AND GELS

In Chapter 13 we considered the configuration of polymer molecules and
rubber elasticity. Our object in the present chapter is to extend this dis-
cussion to polymer and polyelectrolyte solutions and gels. Since this is a
relatively specialized topic in statistical mechanics, we shall confine our-
selves in each section to the simplest possible analysis that brings out the
essential features.

To present a unified discussion, we devote the first section to the Wall
theory of rubber elasticity. This leads to the same length-force equation
(13-57) as the (simplified) James-Guth argument of Section 13-3, but the
method of Wall has the advantage that it has been exploited in the theory
of polymer and polyelectrolyte gels (Sections 21-3 and 21-4). As far as
the theory of rubber elasticity itself is concerned, the James-Guth theory
(which we have not fully presented) is more detailed and fundamental.

21-1 Wall theory of rubber elasticity.* The reader should review
Section 13-3 through Eq. (13-54) for general background and point of
view.

We start with an isotropic cube of rubber with edge L, under no forces.
On a molecular level, we assume that the sample is made up of a cross-
linked network of N chains, all of the same length. But our results will turn
out to be independent of chain length, so the assumption of uniformity of
chain length is not really necessary. We assume further that the distribu-
tion of end-to-end lengths r of the N chains in the undeformed (L) net-
work is gaussian and is in fact the same distribution that N free molecules
would have (Chapter 13). Equation (13-40) is therefore applicable, and
we rewrite it in terms of the components of r as

3
Po(z,y,2) dedyde = oo D gy e, @1

52 = .i_
2r2

*F. T. Wavy, J. Chem. Phys. 10, 132, 485 (1942); 11, 527 (1943). See also
Flory, Chapter 11.
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The subscript zero refers to the undeformed state. Our final assumption is
that if the cube is deformed from edges of length Lo to edges of length
L., Ly, L,, then the end-to-end distribution becomes

3 2 2. 2:.2
P(x, y,2)dxdydz = ;;,-a”—f(-,m e—ﬂzl(:c’/az)+(vzlay)+(s 1a2)) dr dy dz, (21_2)
where a; = L,/L,, ete. This is obviously true if each of the N chains is
deformed in the same way (as, ay, ;) as the bulk sample itself (Prob-
lem 21-1), but this detailed an assumption is not needed [only the over-all
distribution (21-2)].

In the undeformed state the chains are free to assume the unbiased
“random walk” distribution (21-1). We may therefore anticipate that this
distribution corresponds to the maximum possible entropy of the system,
So. Any deformation of the sample will lead to a decrease in entropy
because the chains are forced to assume a distribution [e.g., (21-2)] which
is not “random” or “unbiased.” OQur next step is to compute the entropy
difference S(ay, ay, az) — So.

Let us divide the “end-to-end space” z, y, z [one end of the chain is
chosen as origin, the other end is at x, y, z (Fig. 13-1)] into small elements
of volume dr; = dx; dy; dz;. Then p; = Py(r;) dr; is the probability of a
free chain having an end-to-end vector in dr;. The undeformed state of
the network corresponds to the chains having their most probable end-to-
end distribution, with n; = Np; chains in dr; for each ¢. The deformed
state az, ay, as, on the other hand, corresponds to a distribution which is
not the most probable: there are, according to our assumption (21-2),
8; = NP(r;) dr; chains in dr;, with 8; = n; unless a, = ay = a, = 1.
We want to calculate the ratio of the probabilities of observing these two
distributions, Q(a., ay, a,)/Q, because S — Sy = k In (/).

The probability that any specific chain is in dr; is p;, and the probability
that n; = Np; specific chains are in dr; is pj*. Therefore, for the unde-
formed state (most probable distribution),

N! n:
Qo = Tind ];[ pit, (21-3)

where the combinatorial factor is inserted because it is immaterial which
particular chains are in dr;, etc. Now if we place in each of the dr;, not the
most probable number of chains n;, but some other number s;, then the
corresponding Q is

N!
2 = oy I o, (214)

where we expect @ < Q¢ (Problem 21-2). Equation (21-4) is a quite
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general expression for any set of numbers 8y, 8, . . ., but we are interested
in the particular set s; = NP dr; from Eq. (21-2). On using

ZP¢=1, Zse=zn.-=N,
; 3 T
we find from Egs. (21-3) and (21-4),

8 _ n .
ln90 = Zs.lns‘

But
ln%‘: =l 1;30((:;;) = In azoya,
a3 oi-3)+46- )
so that
ln(% = Nln a;aya, — g2 [(1 — a_lﬁ) z': 82 + etc.] .
Now

o
dosri=N Z P@)aidr; =N / / j z22P(z, y, 2) dz dy dz

_ Na?
=25

and therefore

Q
AS = S(ay, ay, @) — Sp = It:lnn—o

= Nkfn asapa, — $e +al +a? — 3. (215)

It is easy to verify (Problem 21-3) that AS has its maximum value at
a, = ay = a, = 1, as we have anticipated. We note that AS is inde-
pendent of chain length; it depends only on the number of chains in the
network and on the macroscopic deformation parameters a,, ay, o..
Therefore, if the network has a distribution in chain lengths, we obtain a
contribution to AS of the form (21-5) for each group of chains of the same
length and a fotal AS still given by (21-5), where N is the total number of
chains of all lengths.

We next introduce a correction into Eq. (21-5), suggested by Flory.*
Actually, this correction does not affect the length-force equation for

* See Flory, p. 468.
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rubber, derived below, but will influence our results beginning with
Section 21-3. In deriving Eq. (21-5) we have assumed that the entropy
of a network is the same as the entropy of the same number of polymer
chains nof involved in a network, but with the same end-to-end distri-
bution. This neglects the fact that when a network is formed from
chains, there is an entropy change which is volume-dependent, and
therefore this network-formation entropy will in general be different at
az, ay, a than at o, = ay = a«; = 1. A network of N chains has N/2
cross-links. Each cross-link is formed by chemical bond formation between
a monomer on one chain and a monomer on another. If the second mon-
omer must be within a small volume 8V (a constant) around the first
monomer in order for reaction to occur, the probability for cross-link
formation is proportional to 8V/V. Hence the probability of forming
N/2 cross-links is proportional to (8V/V)¥/%, and the ratio of this prob-
ability at V to the probability at L3 is (aze,e,) /2. This contributes an
additional term to AS, —(Nk/2)In (a.ayx;). The corrected form of
Eq. (21-5) is thus

AS = S(az, ay, a;) — 8o = %c(lnazayas —af —af —al+3).
(21-6)

We now consider the rubber elasticity problem specifically. Here, for
stretching in the z-direction,

V = L3 = constant, aae, = 1,

L,=1, o, = a

Ly = L,, ay = a, =
Therefore, Eq. (21-6) becomes

8(@) — S() = NT’“(:s —a?— %)
Then from Eq. (13-52),

T (o8 NkT 1
= - 2(%), - (- ). @)

This is just the same equation as (13-57), obtained from the James-Guth
theory, with C = Lg2 (see also Fig. 13-4).

21-2 Flory-Huggins polymer solution theory.* We leave, temporarily,
the discussion of polymer networks begun in the previous section and
turn here to solutions of free polymer molecules (component 2) in a solvent

* See Flory, Chapters 12 and 13.
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(component 1). In the next section we will then combine the results of the
present and preceding sections to study the swelling of polymer networks
(gels) in a solvent.

The theory to be presented here, due independently to Flory and
Huggins, is a direct generalization of the Bragg-Williams approximation
in the lattice model of binary solutions (Section 20-1). The thermodynamic
equations of Section 20-1 are applicable without change. The Bragg-
Williams theory is appropriate for solutions of molecules of approximately
equal size—each site in the lattice can be occupied by either an A molecule
or a B molecule. The essential difference in the present problem is that the
polymer molecules are much larger (a factor of usually 10° or 10%) than
the solvent molecules. This leads to striking departures from the A-B
symmetry we became accustomed to in Chapter 20. We still use a lattice
model and assume random mixing, but whereas a solvent molecule occupies
only one site in the lattice, the polymer molecule occupies M sites along
a “random walk” (Fig. 21-1), where M == 0(102 or 10%). We assume that
all the chains have the same length. Since M should be regarded as the
ratio of the two molar volumes, it will be of the order of the number of
monomers or of the number of statistical units in a polymer chain, but
not usually exactly equal to either of these numbers.

77

OIOIOI0[0[0)]

Fia. 21-1. Lattice model (schematic, in two dimensions here) for polymer
molecule in a solution. Sites not occupied by polymer segments are occupied by
solvent molecules (one per site).
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Because of the great difference in size of the two molecules, the mole
fractions z; and z; are no longer very useful. Instead, we use volume or
site fractions:

=N —  MNs _ =
¢1—N1+MN2’ ¢2—N1+MN2’ ¢l+¢2—l-

We shall sometimes denote the total number of sites by Mo = Ny + MN,.
We investigate first the entropy of (random) mixing solvent and polymer
molecules. Let @(¥;, N;) be the number of possible configurations or
arrangements of Ny, N, molecules on M, sites, and let 2(0, N3) be the
number of possible configurations of N, polymer molecules on MN, sites
(this refers to the pure polymer before mixing). Then, since @ = 1 for
N solvent molecules on N, sites (pure solvent), the desired entropy of
mixing is
&N,, No)

AS, = kIn 20, Ny .

(21-8)
We now find Q(N,, Nj).

The number (N4, N) is just equal to the number of ways of arranging
N, polymer molecules on M q sites, for after we place the polymer molecules
in the originally empty lattice, there is only one way to place the solvent
molecules (i.e., we simply fill up all the remaining unoccupied sites).
Imagine that we label the polymer molecules from 1 to N; and introduce
them one at a time, in order, into the lattice. Let w; be the number of ways
of putting the i-th polymer molecule into the lattice with ¢ — 1 molecules
already there (assumed to be arranged in an average, random distribu-
tion). Then the approximation to Q(N;, N2) which we use is

Ng
N, Na) = Niz, I o 21-9)

fm=]

The factor (N3!) ™! is inserted because we have treated the molecules as
distinguishable in the product, whereas they are actually indistinguishable.

Next, we derive an expression for w;y;. With ¢ polymer molecules
already in the lattice, the fraction of sites filled is f; = Mi/M,. The first
unit of the ¢ 4+ 1-th molecule can be placed in any one of the My — M:
vacant sites. The first unit has ¢ nearest-neighbor sites, of which ¢(1 — f;)
are empty (random distribution assumed). Therefore the number of
possible locations for the second unit is ¢(1 — f;). Similarly, the third
unit ean go in (¢ — 1)(1 — f;) different places. At this point we make the
approximation that units 4, 5, ..., M also each have (¢ — 1)(1 — fi)
possibilities, though this is not quite correct (Huggins’ treatment is more
detailed here, but in view of the rather ecrude model, we omit this refine-
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ment). Multiplying all of these factors together, we have for w;,,
wip1 = (Mo — Mi)elc — D¥=3(1 — £y~

= (Mo — Mi)¥ (6—1;‘)—1)1"_l ,

where we have replaced ¢ by ¢ — 1 as a further approximation.
Now we will need

)+M flln(Mo Mi). (21-10)

{==0

In]Iw. No(M — l)ln(

t=]

We approximate the sum by an integral:

Mo

N2
1
> = /m(Mo Midi=g [ Inudu
=-ﬂ(MolnMo"-Mo—NllnN1+Nl). (21—11)

We put Eqgs. (21-10) and (21-11) in (21-9) and find
In@N,, Ng) = —N2InN2+ N — NylnN, + N,
+ Moln Mo — Mo + Nao(M — x)m(cﬂ;ol).
From this result, we also have
InQ0,N3) = ~NaInNy + Nz + MN2In MN; — MN,

1
+ No(M — 1) ln(MN )
Therefore, from Eq. (21-8),

A% = ——N;lnm bt Nzln P2 (21-12)
This very simple relation is the generalization of Eq. (20-20) to solutions of
molecules of unequal size. Note that if weput M = 1 (¢ = 21, 3 = 22),
we recover Eq. (20-20). Figure 21-2 shows AS,,/M ok plotted against ¢,
with M > 500 (Problem 21—4). This should be compared with Fig. 20-2
for molecules of equal size.

Next, we calculate AE,, on the same random mixing (Bragg-Williams)
basis. We let w;; be the interaction energy between nearest-neighbor
solvent molecules, ws, between nearest-neighbor polymer units (not
chemically bonded), and w,5 between one solvent molecule and one poly-
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Fie. 21-2. Entropy of mixing as a function of volume fraction of polymer for
M > 500 (the curve is independent of M for sufficiently large M).

mer unit. In the solution N, N,, the probability that any site is oc-
cupied by a solvent molecule is ¢, and by a polymer unit is ¢;. The
average number of solvent molecules nearest neighbor to a polymer unit
is (¢ — 2)¢1, neglecting end-of-chain effects. Therefore the number
N2 of 12 interactions is Ny = (¢ — 2)¢1MN,. Similarly, Ny; =
cpiN1/2 and Noy = (¢ — 2)o2MN2/2. In the pure polymer, ¢ = 1
and Nz = (¢ — 2)MN,/2, while in the pure solvent, Ny; = ¢N,/2.
As a further simplification and approximation, we replace ¢ — 2 by ¢ in
the above expressions, so that

AE,, = (corMNow;2 + 3co1N1w11 + $coaMN 2w23)
—(3cMN w22 + 4cN1w11)

= — Ellfw;;w_", (21-13)
where, as usual,
w = Wy + Wsz — 2w;s.

Equation (21-13) is the generalization of Eq. (20-21); the two equations
are the same when M = 1. We define the “mixing parameter” x by
X = —cw/2kT. Then

AE,

_kTm = XMop102. _ (21-14)
This is often called the “van Laar heat of mixing” expression. When w
is negative and x positive, 11 and 22 neighbors are more stable than 12
neighbors. In this case (X > 0) the solvent is said to be a “poor solvent”
(solvent and polymer molecules “dislike” each other). A “good” solvent
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has X < 0. We shall find below, just as in Section 20-1, that if X is positive
and large enough (e.g., if w is negative and 7 is low enough), the solution
will split into two phases with different compositions.

‘We have mentioned in Section 20-1 that w may be regarded as a func-
tion of temperature. This proves to be a particularly useful generalization
in polymer solution work, though we shall avoid it by discussing isothermal
processes only. If w is a function of T, AE,, is a free energy rather than
an energy. Even if w is a constant, X is a function of T, of course.

QOur derivations of AS,, and AE,, have assumed a random distribution
of polymer units over the whole lattice. We should emphasize that although
this assumption is in general a reasonable first approximation, it is not
realistic when ¢ is 80 low that only isolated molecules or pair, triplet, ete.,
interactions between otherwise isolated polymer molecules are involved.
For in this case the concentration of polymer units will have a finite
value within the space more or less occupied by polymer molecules but
will be zero in the space between polymer molecules. Thus, for example,
we cannot expect to get a reasonable osmotic pressure second virial
coefficient from the present theory (see Section 21-6).

Finally, the free energy of mixing follows from Eqs. (21-12) and (21-14):

AA,, AE,, .
T = FT % = Nilng¢; + Naln o + xMop1p2.  (21-15)

The form of this result, which should be compared with Eq. (20-19),
suggests that it ought to be possible to derive it without using a lattice
model, and indeed this has been done.*

With the free energy of mixing available, we can now easily find the
chemical potentials g, and u, from the thermodynamic equation (20-1).
Thus

(aAA,,,/kT) = talpa) — @) _
8N1 N2, T kT

2[R

=In(l — ¢2) + (1 - %) e2 + Xe3, (21-16)

where p,(0) is the chemical potential of the pure solvent and p{ is the vapor
pressure over the pure solvent. Equation (21-16) reduces to Eq. (20-18)
when M = 1, but otherwise there is a term in ¢, that destroys the sym-
metry of Figs. 20-1, 20-3, and 204. When w = 0 in Eq. (20-18) (mole-
cules of approximately equal size), Raoult’s law is obeyed. But if we put

* J. H. HiLDEBRAND, J. Chem. Phys. 1S, 225 (1947); H. C. LoneueT-HigeINs,
Faraday Soc. Disc. 15, 73 (1953).
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Fie. 21-3. Effect of molecular size of solute on vapor pressure of solvent
whenX = 0.

X = 0 in Eq. (21-16), there remain considerable deviations from Raoult's
law (Fig. 21-3) that can only be associated with the great difference in
molecular size of the two components.

For us we have

(aAA,../kT) _ Baleg) — ps(1)
aN, N..T kT

= In gz — (M — 1)(1 — @3) + XM(1 — ¢3)%. (21-17)

Actually, Eq. (21-17) contains no new information. It follows from
(21-16) and the Gibbs-Duhem equation or from Eqs. (20-2) and (21-16)
(Problem 21-5).

Equation (21-16) is also essentially an equation for the osmotic pressure
(2 = nondiffusible solute, 1 = diffusible solvent). For, with an incom-
pressible solvent as in the present model, we have from thermodynamics

#x(m)k-q-' m@© _ % , (21-18)

where v, is the volume per molecule (i.e., volume per site) of pure solvent,
a constant.
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Fi6. 21-4. Critical behavior and phase geparation for polymer solution with
M = 1000.

Figure 21-4 shows a plot of —[u; — 31(0)l/kT or Nv,/kT against ¢z
for M = 1000 and different positive values of X (i.e., different temperatures
for constant w). Critical behavior and phase separation are evident, as in
Section 20-1, but here the curves are very unsymmetrical. The horizontal
line can be located by use of the criteria that

pi(es) = mlef),  pa(e?) = uale?),

where ¢ and o} (p; < ¢3) give the composition of the two phases in
equilibrium. The first of these criteria is of course satisfied by any hori-
zontal line; but the horizontal line has to be adjusted to satisfy the second
one, using Eq. (21-17) for u,. Alternatively, if the plot in Fig. 21-4 is
made against 1/¢; instead of ¢; (II vs. 1/¢, is analogous to p vs. v for

a gas), the equal-area theorem can be used to locate the horizontal line
(Problem 21-6).

To locate the critical point we put

o _ 'ﬁ =0

002 d¢2 ?

using Eq. (21-16), and find
__1

1 — ¢

I S

(1 — ¢9)2

1
+(1—A—, + 2xp5 = 0,

+2x = 0.
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Fre. 21-5. Temperature-composition curve for polymer solution with
M = 1000.

Eliminating 2x, we get the critical value
1

$2¢ = T ME (21-19)
Then
1/2\2
X, = il_%_)_ (21-20)

As M — o, these relations become

1 1 1 1
v > gams Xe” gt Ty

For M = 1000, ¢, = 0.0307 and X, = 0.532. When M = 1, we get
the same results as in Section 20-1 (Bragg-Williams).

If x is positive and less than x.(220.5) or if X is negative, the polymer and
solvent are miscible in all proportions. But if X > X,, phase separation
occurs for some compositions. Since necessarily ¢; < ¢ac, one phase is
extremely dilute in polymer. If we vary X by varying T, we obtain a
temperature-composition curve, as in Fig. 21-5 for M = 1000. Note
especially the marked asymmetry. In the shaded area of this figure,
two solution phases are present (immiscible region); the miscible (one
solution) region is outside the shaded area.

As an illustration, we give in Table 21-1 a few experimental values
of X for the polymer molecules of natural rubber.

A great deal of work has been done on checking the predictions of the
Flory-Huggins theory against experimental results. The reader should
consult the Supplementary Reading list for summarizing discussions. We
shall merely state here that the theory proves to be completely satisfactory
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TaBLE 21-1
MixinG PARAMETER X FOR NATURAL RUBBER
Solvent t,°C X
CCly 15-20 0.28
Benzene 25 0.44
CS2 27 0.49
Ethyl acetate 25 0.78
Methyl ethyl ketone 25 0.94
Acetone 25 1.37

in a qualitative or, indeed, semiquantitative way, but a number of detailed
discrepancies have been uncovered which require refinement in the theory.
There is no doubt, though, that this relatively simple theory contains the
essential features which distinguish high polymer solutions from ordinary
solutions of small molecules.

21-3 Swelling of polymer gels.* If a sample of free (uncross-linked)
polymer molecules is put in contact with pure solvent at the same pressure,
the polymer will take up solvent to form a solution. In fact, if a large
amount of solvent is available, it will continue to enter the solution in-
definitely (¢ — 0) because the chemical potential of the solvent in the
solution is always lower than in the pure solvent at the same pressure.
However, we can stop the process after a finite amount of solvent has
mixed with polymer by making the pressure on the solution higher than
on the pure solvent (Ap = osmotic pressure = II). If, on the other hand,
a network of polymer molecules is put in contact with free solvent at the
same pressure, solvent will be absorbed by the network forming a gel,
but the process will stop after a finite amount of solvent absorption
(without establishing a pressure difference) because the tendency of solvent
molecules to mix with the polymer chains is resisted as a result of the
fact that mixing entails stretching of the network in this case.

In this section we employ the concepts of Sections 21-1 and 21-2 to
construct an approximate theory of polymer network swelling. Actually,
it is easy to give a treatment that includes stretching as well as swelling:
we shall therefore investigate, below, the equilibrium swelling of a net-
work, under a pulling force 7 in the 2-direction, when in contact with solvent
at the same pressure (Fig. 21-6).

In view of the semiquantitative success of the Wall and Flory-Huggins
theories (the latter is more accurate than the former), we can anticipate

* See Flory, Chapter 13, for further details.
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Fi1Gure 21-6

the same order of agreement with experiment here, for no new ingredients
need to be added to the theory.

Consider the following mixing process. The initial state, with Helm-
holtz free energy Ag, is: (1) an undeformed polymer network (free of
solvent) made up of N, chains, each with M units (of solvent size), with
volume Vo = L8 = MNy;; and (2) N, molecules of pure solvent with
volume N,v;. The final state, with Helmholtz free energy A, is the above
network, swollen with N; molecules of solvent, with volume (assumed
additive) V= (Nl + MNz)f)l and shape L,=L= aLo, Ly =L, =
(V/L)Y2. We also have the relations ¥/Vy = 1/¢, (called the swelling
ratio) and ay = a; = 1/(ap2)"/2.

The basic thermodynamic equation for the gel (swollen network) is

dA = —8SdT + 7dL + p; AN + pa dN .

In practice, of course, one can vary T, L, and N; but not N,.
The free energy change, AA = A — A,, in the above process is

AA = AAdn + AAg = AA,, — T AS,, (21-21)

where AA,, is the free energy of mixing network with solvent, and AS; is
the entropy of deforming the network. The implicit approximation is
made here that the free energies of deformation and mixing are independent
of each other. We obtain AA4,, from Eq. (21-15), but we have to make an
appropriate alteration to take care of the fact that here, instead of N,
free polymer molecules, we have a single giant polymer molecule (the
entire network). Thus the coefficient of In ¢; in Eq. (21-15) is essentially
gero, The volume fractions retain the same physical meaning, however,
80 we have

AA".

S Niln gy 4+ xMoer02, (21-22)
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where, in the relation ¢; = MN3y/My, N3 now refers to the number of
chains in the network. Equation (21-6) gives AS;. Therefore,

2
A4 Nilngs + XMopior + %(ln prtat+ 2 — 3)- (21-23)

We are particularly interested in the chemical potential of the solvent,
for it determines the swelling equilibrium. When equilibrium has been
reached (Fig. 21-6), u; in the gel must equal x; in the pure solvent in
contact with the gel: u;(¢s) = u,(0). Therefore, we have for this equi-
librium condition, from Eq. (21-23),

palen) — m(0) _ (aAA/kT) _ (6AA/IcT)
kT Ny /r,L.N, Ny /1N,

=h(Q— ¢2)+¢2+X¢§+%(£—%§ =0.
(21-24)

Equation (21-24) determines the equilibrium swelling ratio 1/, for a
given extension «. One can give the following physical interpretation of this
equation. The first three terms are equal to —Il.1/kT [see Eq. (21-18)],
where II,,.; is the osmotic pressure of the network. These terms lead to an
expansion of the gel. (By themselves, they would equal zero and hence
lead to equilibrium only when ¢; — 0.) The last two terms are equal to
—pav1/kT, where pg is the pressure associated with deformation of the
network. This follows from

Actually, pq is negative and —py is a force per unit area tending to con-
tract the gel. When equilibrium is reached, these two opposing pressures
just balance each other: IIpet = —pa.

The special case of Eq. (21-24) which is of most interest is free (and
isotropic) swelling of the gel in the solvent; that is, 7 = 0 and V/V, =
a® = 1/¢;. Therefore we replace 1/ in Eq. (21-24) by ¢3'3 and solve
the resulting equation for ¢;. In a good (or not too poor) solvent and with
ordinary values of M, the swelling ratio 1/¢, will exceed 10, and ¢, < 0.1.
(Of course, if the swelling is too great, say 1/¢02 > 30, the gaussian dis-
tribution used in deriving the deformation terms begins to become inac-
curate.) Therefore we expand the logarithm in Eq. (21-24) to obtain
the approximate equation

;1;(;-;-5 - %) =M (% ~ x)- (21-25)
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\

log M} — x)
Fie. 21-7. Theoretical behavior of a stretched, swollen gel.

If we also neglect 4 compared to ¢; /3, we have

(i)m = (Vlo)sl3 =M (% - ")' (21-26)

As a numerical example of this last equation, a swelling of « = 3 and
1/¢2 = o® = 27 is obtained if we take X = 0.25 and M = 972, or if we
take X = 0 and M = 486. Figure 21-7 (¢ = 0 curve) shows a plot of «
against log M (3 — x), calculated from Eq. (21-25).

Equation (21-20) gives reasonable agreement with experiment for
solvents leading to large swelling. The exponent 5/3 has been verified
experimentally, and the values of X calculated from swelling experiments
and Eq. (21-26) agree fairly well with those found from vapor pressure
measurements on the uncross-linked material using the Flory-Huggins
theory.

Returning now to the more general situation in which the gel may be
stretched, we calculate the length-force relation from

;e 414) _ lg(aAA/kT) ’
" \oL/r.x,x; Lo da  Jopx,Na

with the result

the _,_,__1. -
m=t—a ey (21-27)

For a given a, we find ¢; from Eq. (21-24) and then ¢ from Eq. (21-27).
When 1/¢, is large, we expand the logarithm and find (Problem 21-7)
the generalization of Eq. (21-25),

a(a — Dafa — 1) — 3] = M@ — x). (21-28)
If we also drop % compared to a2, we have

_ MG — x)]llz’ (21-29)

t=a «312
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which reduces to Eq. (21-26) if £ = 0. Curvesfort = 1and ¢t = 2, cal-
culated from Eq. (21-28), are included in Fig. 21-7.
Comparison of Eqgs. (21-27) and (21-29) shows that, when 1/¢, is large,

i = MG — 0]V, (21-30)

This equation predicts that a highly swollen gel, in equilibrium with
solvent, will absorb more solvent when it is stretched. This is confirmed
experimentally.

21-4 Swelling of polyelectrolyte gels.* Suppose that along the molecu-
lar chains of the network studied in the preceding section there is a fixed
charge ze on every zthf unit (on the average) formed by the dissociation
of an ion (e.g., —XNa — —X~ -+ Na¥). In this case the “solvent” is
an electrolyte solution (usually aqueous), though we still treat it for
simplicity as a one-component solvent in nonelectrostatic expressions.
The gel now resembles the “inside” solution in a Donnan membrane
equilibrium (Section 19-2), and the “solvent” in which the gel is immersed
(Fig. 21-6) is the “outside” solution. The fixed (“solute”) charges are
nondiffusible (confined to the gel), but the electrolyte ions are diffusible.
No membrane is necessary because the fixed charges are attached to the
polymer chains.

The repulsion between the fixed charges furnishes an additional tend-
ency for the gel to swell (beyond what one would calculate from Section
21-3). We give in this section the first-order theory of this effect. Later
in the section, we indicate how the treatment can be generalized to
take care of the case in which the charge on the polymer chains can
vary in amount because of a dissociative or binding equilibrium (e.g.,
—COOH — C00~ + H™).

Aside from intrinsic interest, important applications of this work are
to the electrostatic theory of muscle contraction and to ion exchange
resins. Muscle contraction will be referred to again at the end of the
section.

For simplicity we assume that although the fixed charges are attached
to polymer chains, they are spatially distributed in the volume V occupied
by the gel just as if they were free to move throughout V. Because of the
Brownian motion of the polymer chains, this is not an unrealistic assump-
tion. However, these charges are not and do not count as additional

* The simple theory in the present section is included in the following papers,
where a more detailed treatment will be found: T. L. HiLy, J. Chem. Phys. 20,
1259 (1952); Faraday Soc. Discussions 13, 132 (1953).

t This z has no relation to z or x; in Chapter 20.
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molecules in contributing, for example, to the osmotic pressure. We
assume further that electrostatic effects are independent of mixing and
deformation effects—we have merely to add appropriate electrostatic
terms.

The simplest procedure for us is to work directly with Eq. (21-24)
rather than with the free energy, because of information already available
in Chapter 19. (The free-energy approach is the subject of Problem 21-8.)
We have seen that the first three terms in this equation may be associated
with the osmotic pressure I, of the chains of the network. Similarly, the
additional tendency of the repulsion between fixed charges on the polymer
chains to expand the gel may be attributed to the osmotic pressure I, of
these “nondiffusible” or “solute” charges. We proceed next to evaluate IT).

We saw in Section 19-2 that the leading terms in the osmotic pressure
for a system of charged (ze) solute molecules with number density p is

2
%=p+(;_>:)pz+... @1-31)

2 = E szlfy
k

where pf in Y refers as usual to the kth diffusible ionic species in the
outside solution. The second term in Eq. (21-31) is & consequence of the
electrical neutrality in the outside solution (see Problem 19-5). (The
second term can also be interpreted as due to the excess total concentra-
tion of diffusible ions, inside over outside; or as due to the repulsion be-
tween solute molecules.) In the present case, the fixed charges do not
count as additional molecules contributing to II, but they do produce a
“peutrality” term. That is, in Eq. (21-31), since we are dealing with a
single giant molecule (network), we let p — 0, keeping the “solute” charge
density pze constant [this resembles the argument leading to Eq. (21-22)]:

Y
% - __—(‘“'h”g?‘:fg‘s‘ty ), (21-32)

The fixed charge density in the gel is
MN; ze _ MNyze Vo _ ze0;

z V Ve V vy

The term to be added to Eq. (21-24) is —Il,v,/kT. Thus we have

2.2
In (1 — ¢2) + ¢2 + X3 + %(& - 2;,:22 =0. (21-33)



416 POLYMER AND POLYELECTROLYTE SOLUTIONS [chap. 21

The length-force relation, (21-27), is unaltered because II,; depends only
on the volume of the gel and not its shape.

1t is clear from Eq. (21-33) that the effect of adding charges to the net-
work, when an electrolyte solution is “solvent,” is simply to lower the

effective value of X to
2

z
X — s (21-34)
This increases the degree of swelling, as expected. Figure 21-7 is applicable
with the effective X in (21-34) replacing X itself. The electrostatic term in
(21-34) is seen to be proportional to the square of the amount of charge
placed on the gel ( « z2/2%) and inversely proportional to the ionie strength
of the electrolyte solution in which the gel is immersed. As a numerical
example, take [zl = 1 and let the electrolyte be of type 1-1 with
number density p° In an aqueous solution, p%; = ¢%/55.5, where c° is
the molar concentration of electrolyte. Thus (21-34) becomes, in this
special case,
55.5
X — Za—:fc—o . (21—35)
Now X is of order unity, often less than 0.5. If we take c® = 0.1 mole
liter—}, and z = 10, the electrostatic term in (21-35) is 1.39; if 2z =
(1000)1/2 = 1.6, it is 0.139.
When 7 = 0 (free swelling) and the degree of swelling is large, Egs.
(21-26) and (21-35) give us

V=1 _ [1} — x4+ (13.9/x’c°)]3’“ _
V=0 3 —x (21-36)
for the ratio of gel volumes with and without fixed charges on the gel. For
example, if X = 0.25 and ¢® = 0.15 mole-liter™?,

% =94 when 2 = 3,
Y@ _ . _
Vo) — 2.5 when z = 10.

Because of the enhanced swelling in polyelectrolyte gels, the gaussian
distribution is often inadequate if an accurate theory is desired, and must
be replaced by the Langevin function (Eq. 13-20).

Next, we consider a polyelectrolyte gel with an ionic dissociation (or
binding) equilibrium. Let N be the number of ions bound to the network
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(each such ion has a charge mze) and let u be the chemical potential of the
bound ions. The total number of sites for binding is B. These are dis-
tributed uniformly over the chains of the network, and are all equivalent.
The partition function of a bound ion is g. A term u dN has to be added
to the thermodynamic expression for dA. When no ions are bound, the
network is assumed to have a total fixed charge of MNj,ze/x. This becomes
nze when N ions are bound, where

n=E;—M+Nm.

We have to extend Eq. (21-21) for AA. The initial state, with Helm-
holtz free energy Ao, has N = 0. The final state, with free energy A,
has N bound ions. Thus, assuming additivity of all contributions to A4,

AA = A — Ay = AA, — TAS; + AAdq + Adags, (21-37)

where AA.) is the electrostatic free energy (the work necessary to charge
up the network in the presence of electrolyte), which we have to deduce
from I, and where A4 4 is (Eq. 7-5)

AAygy = —kT[BInB — NInN — (B— N)In(B — N) 4+ NIn ¢(T)).
(21-38)

Now we consider A4.). First we note that n can be written as

!
n = o 14 60m N,

The quantity xB/N M, a constant, is the number of ion binding sites on
the polymer chains (B) divided by the number of fixed charges on the
chains (NoM/x). As usual, 8 = N/B, the fraction of binding sites oc-
cupied. Thus the last term in Eq. (21-33) has to be modified to read

20311 4 om(zB/N M)
_ n,:l;l _ _Zeal +2x72’:(1-'52 /N2M}" (21-39)
Now, as in Eq. (21-24), we have
9 AAel/kT) . Helvl
( N, T.aNo N kT’ (21-40)

s0 we can obtain AAe from Eqgs. (21-39) and (21—40) by integrating with
respect to N, which enters only in ¢ = NM/(N, + N,M). We choose
as limits Ny and Ny = 0. When N; = o, V = o and AAy = 0 (the
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work of charging is obviously zero). We find easily (see also Problem 21-8)

AAa _ 2°n? .

kT — 2vi

It has already been mentioned that the swelling equilibrium equation,
(21-33), is modified by use of (21-39) as the electrostatic term. The

length-force relation is still (21-27). We must, finally, derive the binding
equilibrium equation from

B aA/kT) _ (a Ado/kT (a Aduss/kT
kT — \ ON /N, NaL.7T aN Ny.NaT oN T

(21-41)

o .
1 — 6)q

Zznm
- I
vy, tlng

We can rewrite this as

__ z’mes(l + om(zB/N-M))| |
M= oe"p{ TP

(2142)

The quantity g is equal to the outside concentration of the ions in the
binding equilibrium, multiplied by a constant (Eq. 7-9).

The three basic equations referred to in the above paragraph determine
the properties of the system. For example, consider the free swelling
(r = 0) of a polyelectrolyte gel with a binding equilibrium. The param-
eters X, M, z, m, x, B/N,M, v,, and Y all have to be assigned. From
Eq. (21-27), a™! = ¢}/3, which is put in Eq. (21-33) [modified by (21-39))
to eliminate a~'. Then, if we assign a value to ¢,, 8 can be calculated from
this equation. TFinally, the pair of values ¢,, 0 is put in Eq. (21-42) and
Ag is calculated (Problem 21-9).

A theory of polyelectrolyte gels, in a somewhat more sophisticated
form than above, has been developed and tested experimentally by A.
Katchalsky and his collaborators.* Again the theory proves to be adequate
for semiquantitative purposes.

Important early work in this field was done by Hermans and Overbeek.t
Perhaps the most elaborate unified theory of polyelectrolyte solutions and
gels at present available is that due to Harris and Rice.}

* See, for example, A. KaTcHALSKY, J. Polymer Sci. 7, 393 (1951); A. KATCHAL-
sKY, S. LirsoN, and H. E1sENBERG, ibid, 7, 571 (1951; A. KarcHALSKY and
I. MicHAELL ibid. 15, 69 (1955); A. KatcuaLsky and M. Zwick, ibid. 16,
221 (1955).

IJ. J. HermaNs and J. TH. G. OVERBEEK, Rec. trav. chim. 67, 761 (1948).

F. E. Harris and 8. A. RicE, J. Phys. Chem. 58, 7125, 733 (1954); J. Chem.
Phys. 25, 955 (1956); S. A. Rice and F. E. Harris, J. Chem. Phys. 24, 326,
336 (1956); Z. physik. Chem. (Frankfort) 8, 207 (1956).
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Finally, we mention briefly an interesting possibility in the application
of the above theory to muscle action. It can be shown* that a polymer
or polyelectrolyte gel, constrained to a constant radius and with x suf-
ficiently larger than 0.5, will exhibit a first-order phase transition in its
length-force curve. This means, for example, that the gel may undergo
a very large change in length (“contraction”) at constant force as a con-
sequence of a very small change in some parameter, such as ionic strength
or the concentration of an ion or molecule being bound on the polymer
chains. This type of precipitous or “razor-edge” behavior, observed in
all first-order transitions, seems characteristic of muscle action. Other
first-order phase transitions which have also been mentioned as possi-
bilities in this connection are the lwo-dimensional «-f transition* (Sec-
tion 14-2) and the crystalline-amorphous transition in polymers.}

21-§ Isolated polymer or polyelectrolyte molecules in solution.} We
emphasized in Section 21-2 that the Flory-Huggins solution theory was
not suitable for extremely dilute polymer solutions because the theory
assumed a uniform distribution of polymer units or segments throughout
the volume of the solution. In this section we give an approximate treat-
ment designed to take care of the limit of infinite dilution. In this limit
we need consider only a single polymer (z = 0) or polyelectrolyte molecule
immersed in the solvent. The polymer segments are confined to the region
occupied by the molecule (Fig. 21-8). Between molecules are large spaces
of pure solvent. In the next section we treat pair interactions between
polymer molecules (which determine, for example, the osmotic pressure
second virial coefficient).

The point of view we adopt here resembles that of Chapter 13 in that
we consider a single polymer molecule and the solvent it encloses as a
thermodynamic system. Specifically, we treat the single molecule as if it
were a spherical gel with uniform polymer density. This allows us to take
over, with little change, the equations of the preceding two sections on
macroscopic gels.

In a good, or not too poor, solvent, or if charged, the polymer molecule
will expand over a considerable volume of solvent (in which the polymer
volume fraction might be, say, 0.01 or less). The mixing and electrostatic
free energies are responsible for this, just as in Section 21-4. However,

* T, L. HiLy, J. Chem. Phys. 20, 1259 (1952); Faraday Soc. Disc. 13, 132
(1953).
IP. J. FLory, Science, 124, 53 (1956).
See Flory, Chapter 14, for the polymer problem and T. L. Hiry, J. Chem.
Phys. 20, 1173 (1952) for the polyelectrolyte problem.
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Fi1e. 21-8. Isolated polymer molecules in a very dilute solution.

the tendency to expand is resisted by the low probability of highly extended
molecular configurations (Chapter 13). This is a deformation free energy
effect, just as in previous sections.

When we treat a single polymer molecule in the solvent as a uniform
“gel,” we introduce two new approximations. First, the polymer units
have approximately a gaussian distribution rather than a uniform dis-
tribution about the center of the sphere. We shall replace this gaussian
distribution by a uniform equivalent sphere. Second, especially in con-
nection with AA,), there are surface effects which may become significant
for a relatively small sphere but which are negligible for macroscopic gels.
The criterion, as far as electrostatic effects are concerned, is whether or
not the radius of the sphere is large compared to the Debye-Hiickel 1/x.
If the electrostatic forces are large enough, these surface effects will,
in fact, lead to nonspherical (e.g., ellipsoidal) shapes for the molecule.*
In an extreme case, the molecule will become an extended rod in
order to reduce AA,.. We shall not pursue these shape changes here,
however.

Floryt has shown that, in the present problem, the actual approximately
gaussian distribution of polymer units about the center of the polymer
molecule in & “free” (or random walk) polymer chain can be replaced by
an effective uniform distribution of polymer units over a sphere of diameter
equal to the root mean-square end-to-end distance (122 = M'Y2g’
(Eq. 13—45), where a’ is the length of a statistical unit and M’ is the number
of statistical units in the chain. This is an intuitively reasonable result.
When the chain is expanded. (or contracted) in each dimension by a factor

* T. L. Hiwy, J. Chem. Phys. 20, 1173 (1952).
1 P. J. FLory, J. Chem. Phys. 17, 303 (1949).



21-5) ISOLATED MOLECULES IN SOLUTION 421

« relative to the random walk state, the radius of the effective sphere
becomes

_ a(r?)!/? _ oM 3y
R(a) = 2 = 3
and the volume
wa® M3 2’3

Vi(e) = %rRs =Tl o, (21-43)

which defines C (the volume of the sphere when a = 1).
We use the basic equation

AA = A — Ay = AA,, — TAS: + A4y, (2144)

where A is the free energy of the single polymer or polyelectrolyte chain
of M units and of the solvent in the volume V(a) = v,(N; + M). Here
A, is the free energy of the initial (before mixing) pure solvent and of the
(discharged) polymer chain in the random walk state, « = 1 (i.e, in a
sample of undeformed and uncross-linked polymer chains). We retain
the notation Vo = My, and ¢2 = Vo/V = M/(N; + M), where now
@3 refers to the interior of a single polymer molecule and not to the whole
solution (for which ¢; — 0). The free energy of mixing is given by Eq.
(21-22), which we rewrite as

AAyw V —Vo, V—=Vo , xXVo(V — Vy)
——n In 4+ .
14 01V

kT - V1
We get AS; from Eq. (21-5) [the correction in Eq. (21-6) is omitted since
there are no cross-links here}, with N = 1.

2/3 '

(21-45)

Finally, if we are concerned with a polyelectrolyte molecule, we have
from Eq. (21-41),
Ag _ M
kT - 212VZ
Substitution of Eqs. (21-45) through (21-47) in Eq. (21-44) gives AA.
We find the equilibrium degree of swelling by setting v, 3 A4/0V = 0,
which is obviously equivalent to Eq. (21-24). We obtain in this way

(21-47)

2
ln(l—¢2)+¢z+(x—2;v—Tz)¢§+%(%—$)=0, (21-48)

just as in Eq. (21-33), except for the deformation terms.
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The volume fraction of polymer, ¢,, will be smaller here than in the
corresponding swollen network; for in a network, when ¢ = 1 (random
walk state), ¢ = 1, but here, when « = 1, ¢, is already small, say,
0.01 (’roblem 21-10). The reason for this is that a random walk con-
figuration is a rather open one, and in the present problem the open space
is filled with solvent rather than other chains of a network. The relation
between ¢z and « is 93 = Mv,/Ca®.

Therefore it will almost always be legitimate to expand the logarithm
in Eq. (21-48), with the result

2 2
s s_ (1 z _x)Yo.
«a o’ = (2 -+ 3270, 3 X o, (2149)

If we put Ma = Al’a’ (a is the length of a polymer unit with volume »,)
and r; = a3, the coefficient in Eq. (21-49) becomes

i _ 9(2) e,
Cry w\a M

In a typical case, a’ = 3a, so that

2 11/2
S _ o = _z ___ M__ .
a a® =114 P> 2x 3 (21-50)

If the polymer is not charged (z = 0) and x = 0 (good solvent), and

if M’ = 000, then « = 1.7,
if M’ = 10,000, then « = 2.1.

If X = 4, « = 1. For this value of X, the tendency of the molecule to
swell because of the entropy of mixing with solvent is just balanced by
the tendency of the molecule to compress itself because of the poor solvent.
The result is a molecule in the random walk state (« = 1).

With a polyelectrolyte, the coefficient of M’!/2/3 can easily be 3 [see
Eq. (21-35)). In this particular case,

if M’ = 900, then o = 21,
if M’ = 10,000, then o« = 2.

Equation (21-49) has been subjected to extensive experimental checking
(see Flory, Chapter 14) using, especially, frictional properties of the
polymer molecules. The general conclusion is, again, that the theory is
fairly successful but has some shortcomings, as should be expected. The
electrostatic term, in particular, seems to predict too large an effect.
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It is easy to extend the above theory to a polyelectrolyte molecule with
an ionic binding equilibrium (see Section 21-4), but we leave this as an
exercise for the reader (Problem 21-11).

21-6 Second virial coeficient in polymer and polyelectrolyte solutions.{
We have so far combined the basic ideas of the Wall and Flory-Huggins
theories to treat macroscopic polymer (and polyelectrolyte) gels and also
infinitely dilute solutions in which a single polymer molecule in a solvent
is treated essentially as a very small gel. In this section we make a straight-
forward extension of the considerations of the preceding section to a
slightly more concentrated polymer solution. Specifically, we deduce the
second virial coefficient B} (Eq. 19-37) from a potential of mean force w(r)
calculated as the work necessary to bring two isolated polymer molecules
together from r = o0 tor.

The argument we use is based on the uniform effective sphere model of
the preceding section. This model is quite sufficient to bring out the
essential points. Refinements will be found in the references already given.

Consider first two isolated uncharged (z = 0) polymer molecules in a
solvent, each with radius B (Section 21-5). If the distance r between
centers is greater than 2R, there is no overlapping of the spheres and no
interaction between the molecules. Thusw(r) = Oforr > 2R. Ifr < 2R,
the spheres overlap. We assume, as a first approximation, that the over-
lapping does not distort the molecular configuration or the distribution of
polymer segments. If ¥V’ is the volume of overlap of the two molecules, we
find from elementary geometrical considerations (overlap of two spheres),

2 3
vir) = Z(2r — 227 4 %) (21-51)

Also, if the polymer volume fraction in each of the isolated spheres is g,
it is 2pg in V',

The above discussion also applies to polyelectrolyte molecules, but this
statement requires some special comment. In general, we would expect
that two spherical polyelectrolyte molecules of radius B and fixed charge
zeM /x would have w(r) > 0 for r > 2R, even though electrolyte solution
can penetrate inside the spheres. This will be true for small polyelectrolyte
molecules.] But implicit in the model adopted in the preceding and present

1 See FLory, Chapter 12; also B. H. Ziuum, J. Chem. Phys, 14, 164 (1946) and
T. A. Ororino and P. J. FLory, J. Chem. Phys. 26, 1067 (1957); J. Phys. Chem.
63, 283 (1959).

1 See, for example, F. T. WaLL, el al., J. Chem. Phys. 26, 114 (1957); 31,
1640 (1959); T. L. HiLr, J. Am. Chem. Soc. 78, 1577 (1956); 80, 3241 (1958).
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sections is the assumption that a polyelectrolyte molecule is large enough
to be considered to have the properties of a very small macroscopic gel.
As far as electrostatic effects go, this condition is equivalent to B > 1/k.
In this case, the fixed charges will be virtually neutralized by the diffusible
ions of the electrolyte. The electrostatic potential will be constant and
the net charge density will be zero both inside and outside the sphere (the
potential has a different value inside and out), except for a relatively un-
important boundary region at the edge of the sphere with thickness of
order 1/«. Thus, if R > 1/k, two polyelectrolyte molecules with r > 2R
“see” each other as essentially electrically neutral bodies, and hence
w(r) = 0. Consequently, we can use the same kind of argument for both
polymer and polyelectrolyte molecules.
In a typical numerical example, 1/k might be 20 A (Eq. 18-25) and

aM'V%! 2% 30X 12
2 2

R = = 350 A.

In this connection we might recall Eq. (19-43) for the second virial
coefficient of large spheres with a surface charge and in the presence of
nonpenetrating electrolyte. The “neutrality” term in that equation is pro-
portional to the square of the net charge (ze) in the region r < a (all of
the charge happens to be on the surface). In the present problem, the
corresponding term in B} vanishes because the net charge in r < 2R is
essentially zero. :

We return now to the overlap volume ¥V’ when r < 2R. When we bring
two molecules together from infinity to r, the only change occurs in the
two volumes V' destined to overlap. Thus we can represent the process by:

2 [volume V’ with ¢,] —

1¢))

{volume V’ with 2¢,] -
2)

[volume V’ with 92 = 0). (21-52)
)

The free energy change in this process is
AAgyeriap = w(r) = AAP + AA® — 2447, (21-53)

where AA™ is to be calculated as in Eq. (21-44). A helpful simplification
is that ASY = 0, AS{? = 248", and hence there is no deformation
contribution to AA,y. This is a consequence of our assumption that over-
lapping is “additive,” i.e., without distortion of polymer configuration.
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Let us put Eq. (21-44) in the form

A A(ﬂ)
kT = N(I“) In (l - ¢(2”))
" XV'ef(1 — of) _ ASPY
U1 k
27, (nN\2¢7/
’—("’;3 L (21-54)

2z 012

where
=0, =0 o =20,

and

N — L — eV
1 2

Substitution of Eq. (21-54) into Eq. (21-53), with expansion of the
logarithm, leads to

3 2
LA %’-(l — x4 x,—:lf) V)  ( <2R), (21-55)
where V'(r) is given by Eq. (21-51) (Problem 21-12). The same elec-
trostatic term as in Eqs. (21-33) (polyelectrolyte gel) and (21—49) (single
polyelectrolyte molecule) enters here and lowers the effective value of x.
When z = 0, w(r) has the sign of 1 — 2x. Thus, in a good solvent (e.g.,
X = 0), w(r) > 0 and work has to be done to force the molecules to over-
lap. This is because the overlapping process, (21-52), involves a partial
unmixing of polymer and solvent. In a poor solvent with x > 0.5, w(r) is
negative: the molecules “want” to overlap to increase the number of
polymer-polymer and solvent-solvent interactions relative to polymer-
solvent interactions. When X = %, these mixing and interaction effects
just balance, and w(r) = 0 for all . That is, polymer molecules inter-
penetrate without effective interaction. This of course leads to a vanishing
second virial coefficient, B} = 0.

Next, we use the w(r)/kT of Eq. (21-55) to calculate B} from Eq.
(19-37). Because the integration cannot be carried out analytically, we
resort to an expansion of e~*/*T;

2R
* w 1{w 2 ] 2
Bz = —21!'/; [— ’H, + E(ET) — oo rdr. (21—56)

The contribution from r > 2R is zero because w = 0 in this range. We
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find from Eqs. (21-51), (21-55), and (21-56), after elementary integrations,

* 2 1 z2
Bz= le _+2x2012 - X

< ’ , 03240} + (22/22%0,3) — XV} + - ’ . (21-57)
01V

This is the same as Flory’s result [Eq. (75") of his Chapter 12], derived
from a gaussian instead of uniform segment distribution, except that 0.324
is replaced by 0.354. Using V = Ca® and Eq. (21-49), Eq. (21-57)
becomes

B3 = Ca®(e® — D1 — 0.324(a® — 1) + -], (21-58)

where, it will be recalled, C is the volume of the effective isolated polymer
sphere (Eq. 21-43) when « = 1. Equation (21-58) expresses B} in terms
of the swelling parameter a of an isolated polymer molecule, which in turn
is determined by Eq. (21-49). When the quantity in large parentheses
in Egs. (2149) and (21-57) is zero, the isolated molecule is in the
“random walk state,” « = 1, and B} = 0. When B} # 0, B} has the
sign of the quantity in large parentheses in Eq. (21-57), as expected from
our discussion of Eq. (21-55). Convergence of Eq. (21-58) is rapid only
when « is near unity, that is, when the quantity in large parentheses in
Eq. (21-57) is small.

Incidentally, the leading term in Eq. (21-57) is the same as the second
virial coefficient obtained (a) from the Flory-Huggins theory (Prob-
lem 21-13), and (b) as a first approximation by Zimm, using the McMillan-
Mayer theory.

Orofino and Flory have tested a somewhat refined version of this theory
against extensive experimental results on both polymers and polyelec-
trolytes. The agreement between theory and experiment is very satis-
factory for polymers but less so for polyelectrolytes. Again the predicted
electrostatic effects are too large.
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ProBLEMS

21-1. If Eq. (21-1) gives the end-to-end distribution in an undeformed sample
of rubber, show that Eq. (21-2) gives the distribution in a deformed sample,
assuming each chain is deformed in the same way (e, oy, ,) as the bulk sample.
(Page 399.)

21-2. Use the method of undetermined multipliers to prove that the maxi-
mum  in Eq. (21-4) for given N and p is obtained when s; = Np;. (Page 399.)

21-3. Show that AS in Eq. (21-5) has its maximum value when o, = a, =
a, = 1, (Page 400.)

21-4. Make a rough plot of ¢2 vs. z2 and AS./Mok vs. x2 for M = 1000.
(Page 404.)

21-5. Use Eqs. (21-16) and (21-17) for uy and u2, and 4 = N1 + Naue,
to check Eq. (21-15) for AA,,. (Page 407.)

21-6. Show that use of the cqual-area thcorem on a plot of II vs. 1/¢2 to
locate the two-phasc equilibrium point in a polymer solution is equivalent to
using the equality of the two chemical potentials in the two phases. (Page 408.)

21-7, Derive Eq. (21-28), for the relation between a and ¢ in a polymer gel,
from Egs. (21-24) and (21-27) by expanding In (1 — ¢2). (Page 413.)

21-8. In a macroscopic polyelectrolyte gel the total charge density can be
written (compare the Poisson-Boltzmann equation of Chapter 18)

nze 0 —zedliT
v + ’Z pjzjee ’

where ¢ is the electrostatic potential in the gel (relative to the outside as zero).
Linearize the exponential, solve for ¥, and deduce A4 in Eq. (21-41) by a
charging process. (Page 418.)

21-9. Consider the free swelling of a gel with, say, —COOH groups which
dissociate into —COO~ and H*. That is, the gel has fixed negative charges on
the —COO~ groups and can bind H*, one for every —COO—. Calculate and
plot the swelling ratio 1/¢2 as a function of 1 — 8, the fraction of dissociated
—COOH groups (as, for example, in a titration of the gel with base). This
particular case implies z = —1, m = —1, and £B/N2M = 1. Assume the
elcctrolyte is of type 1 — 1, with concentration ¢ = 0.15 mole-liter—!, Also,
take z = 10, X = 0.25, M = 400, and v; = 18 cm3mole—1. In Eq. (21-33),
expand the logarithm and drop the term ¢2/2 compared with 1/ = ¢31/3,
Also, calculate and plot the titration curve, 1 — # against Ag. Repeat the caleu-
lation with ¢® = 0.05 mole-liter—1. (Page 418.)

21-10. Show from Eq. (21-43) that ¢2 is of order 102 when & = 1, in a
typical case. (Page 422.)

21-11. Make the necessary modifications in Section 21-5 when the poly-
electrolyte molecule is involved in an ionic dissociation or binding equilibrium.
(Page 423.)

21-12. Make a rough plot of the function V/(r) between r = 0 and r = 2R.
(Page 425.)



428 POLYMER AND POLYELECTROLYTE SOLUTIONS [cHAP. 21

21-13. Show that the osmotic pressure second virial coefficient obtained from
the Flory-Huggins theory agrees with the leading term in Eq. (21-57). (Page
426.)

21-14. Modify the Flory-Huggins theory for & heterogeneous polymer (mix-
ture of polymer molecular weights).

21-15. Investigate whether the Flory-Huggins type of argument can be
applied to long rigid rods (instead of random coils).

21-16. Extend the Flory-Huggins theory to polyelectrolyte molecules. If
the polyelectrolyte molecules are involved in an ionic binding equilibrium, what
happens to the titration curve (adsorption isotherm) when a phase separation
occurs?

21-17. Discuss qualitatively some of the errors made in assuming additivity
of the free energy terms in Eq. (21-37).

21-18. Beginning with Section 21-4, the solvent (electrolyte solution) has
several components, but we treat it as a single component in nonelectrostatic
expressions. Investigate the legitimacy of this procedure as far as the entropy
of mixing solvent with polymer is concerned.

21-19. According to Section 21-5, how does the radius B of the effective
sphere vary with the molecular weight of the polymer?

21-20. Deduce one more term in the expansion of B} in Eq. (21-57). Com-
pare with Flory [Eq. (75"), Chapter 12].
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Parr IV

Quantum Statistics




CHAPTER 22
QUANTUM STATISTICS

Although the argument in the first few chapters of the book is based
on quantum mechanics, up to now we have bypassed all topics which in-
volve any but the most elementary and familiar quantum-mechanical
ideas (energy levels, degeneracy, etc.). This has been done for the benefit
of those readers with practically no background in quantum mechanics.
In this chapter we consider a few of the more fundamental and simple
problems in quantum statistics. Even here the demands on the reader’s
knowledge of quantum mechanics are very modest—in keeping with the
introductory nature of the present work.

Sections 22-1 to 224 are concerned with the quantum statistics of one-
component systems of indistinguishable particles without interparticle
interactions. (We use the term “particle” here and below to refer to funda-
mental particles, atoms, or molecules.) In Sections 22-5 to 22-7 molecular
interactions are allowed. This makes the problem very involved, so our
treatment is strictly introductory. Section 22-8 is concerned with the
special topic of dilute symmetrical diatomic gases at low temperatures
(e.g., ortho- and parahydrogen).

22-1 Introduction to Fermi-Dirac and Bose-Einstein statistics. The
problem we consider here is the same as that of Section 3-2 but now we
give a general treatment. We are concerned with a macroscopic system
of identical and indistinguishable particles, which do not exert forces on
each other, in a volume V (or area @, etc.) and at temperature 7. The
possible energy eigenvalues for a single particle in V are denoted by
€y, €3, €3, . . . (functions of V), and the associated energy eigenfunctions
are ¥, ¥, ¥3, - . . . For simplicity of notation, an energy level with de-
generacy w is listed here « times (i.e., these are energy states, not levels).
In Section 3-2 we limited ourselves to special conditions such that the
number of energy states of the above type (available to any one particle)
is very much larger than the number (N) of particles in the system. When
this is the case, we found (Eq. 3-10) that the canonical ensemble partition
function of the system is simply

1
Q=577 @2-1)
where
g =Y e, (22-2)
J

431
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When we remove the above restriction, as we do here, the situation is
more complicated. In particular, because of symmetry restrictions on the
wave functions of the system, the particles are not independent of each
other (even though interparticle interactions are absent): @ is no longer
essentially given by a product of (independent) ¢’s, ¢" ; indeed, the single
particle partition function ¢ no longer arises as a significant quantity.
But the general results we shall find will reduce to Egs. (22-1) and (22-2)
as a limiting case, as expected.

There is no way of detecting experimentally an exchange, one for the
other, of two identical particles in a system. Let ¥ be the wave function
representing the state of a system of N identical and indistinguishable
particles. Then we can easily deduce* from the above-mentioned experi-
mental fact that ¥ may behave in one of two ways: when the coordinates
of two particles are exchanged in the function ¢, ¢ may remain unchanged
or ¢ may change sign. We say that ¢ is symmelrical in the coordinates of
identical particles in the former case and antisymmetrical in the latter case.
One of the fundamental postulates or principles of quantum mechanics
is that (a) the only states available (or “accessible”) to real systems of
indistinguishable particles are those represented by wave functions which
are either symmetrical or antisymmetrical, and (b) particles with half-
integral spin (e.g., electrons, protons, neutrons) have antisymmetrical
wave functions, while those with integral spin (e.g., photons) have sym-
metrical wave functions. Nuclei, atoms, ions, and molecules made up of
an odd number of electrons, protons, and neutrons (e.g., D, He?) are in
the antisymmetrical class, and those with an even number (e.g., H, H,,
D, He?) are in the symmetrical class. The above restrictions on accessi-
bility are applicable whether or not there are interparticle forces. They
are also applicable to multicomponent systems in an obvious way (Prob-
lem 22-1).

The canonical ensemble partition function is in any case (interparticle
forces, multicomponent systems)

Q = Z e—E ,‘/kT, (22_3)
i

where the E; are eigenvalues of the Hamiltonian operator 3¢ for the system.
But we now understand explicitly that we are to include in the sum only
those energy eigenstates associated with energy eigenfunctions with the
correct symmetry properties. This was implicit in our discussion in
Chapter 1, but the point was not emphasized. In other words, the sum
is over all accessible energy states; those states which are inaccessible
because of symmetry (or other) restrictions are omitted from the sum.

* See, for example, L. D. Lanoavu and E. M. Lirsuirz, Quantum Mechanics.
Reading, Mass.: Addison-Wesley, 1958; p. 204.
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In a one-component system, we include in the sum either all the sym-
metrical or all the antisymmetrical states, depending on the kind of
particle. It is customary to say that Bose-Einstein statistics is involved
in the former case and Fermi-Dirac in the latter.

We now return to the special case of a one-component system of non-
interacting particles. It will no doubt be helpful to the reader if we illus-
trate the above considerations on symmetry restrictions by an explicit
simple example. Consider a system with only three particles, N = 3;
call them g, b, and ¢. For simplicity, suppose that the (nondegenerate)
single-particle energy eigenvalues €, €5, €3, . . . , are proportional to the
quantum number: €; = 73, where § is a constant (as for a harmonic
oscillator with proper choice of energy zero). Let us use the canonical
ensemble partition function in the form (Eq. 1-37) of a sum over energy
levels instead of states:

Q = ) Qe B, (22-4)
+

Consider, say, the system energy level £ = 95. That is, 9 units
(1 unit = 8) of energy are to be divided up among the three particles.
The possibilities are listed in Table 22-1 (Problem 22-2). The numbers
under q, b, and ¢ are particle quantum numbers j for the respective particles;
the sum of the j values is 9 in every case (E = 98). The first row cor-
responds to the system energy eigenfunction ¢y = ¥7(a) ¥1(b) ¥1(c), where
(a) refers to the coordinates of particle a, etc. This function satisfies the
Schrodinger equation for the system, 3¢y = 98¢y. The number 3 under
“permutations” refers to the fact that the first row might have read 1,7, 1
or1,1,7 as well as 7,1, 1 [the first of these corresponds to the system
energy eigenfunction ¥,(a) ¥7(b) ¥1(c), etc]. In the second row, there
are six different functions possible for the set of quantum numbers 6, 2, 1;

TaBLE 22-1
SyYsTEM OF THREE PARTICLES
Permu-
Row a b ¢ tations
1 7 1 1 3
2 6 2 1 6
3 5 3 1 6
4 5 2 2 3
5 4 4 1 3
6 4 3 2 6
7 3 3 3 1
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ete. So far we have ignored symmetry. If we continue to do so, and this
would be correct if the particles are distinguishable (as in an Einstein
crystal, for example), we deduce, by adding up the column of numbers
under “permutations,” that there are 28 different wave functions which
satisfy the equation 3¢y = 95y¢. That is, the system energy level £ = 94§
has a degeneracy Qp = 28 (D = “distinguishable”). Thus one term in
Eq. (22-4), for this simple example, is 28¢~%/T,

Suppose the three particles obey Fermi-Dirac statistics (e.g., they
might be electrons). If we run through the list of 28 energy eigenfunctions
referred to above, we find that none of them is antisymmetrical. For
example,

Veo(a) ¥2(b) ¥1(c) = —vs(b) ¥2(a) ¥1(c),

where we have exchanged the coordinates of particles ¢ and b. But we
have not really exhausted all the possibilities. Any linear combination of
two or more of the 28 functions is also a solution of the (linear) equation
Jop = 95¢. On examining linear combinations, we find, for example,
that the function

ve(a) vYe(b) V(o)
¥ =C|¥2(a) ¥a2(b) ¥a(o)|, (22-5)
i@ ¥1(0) ¥1(0)

where C is a normalization constant, meets our requirements. This function
satisfies the equation 3¢y = 95y because it is a linear combination of the
6 functions corresponding to row 2 in Table 22-1 (as can be seen on
expanding the determinant). Also, it is an antisymmetrical wave function,
for to exchange, say, (a) and (b), amounts to exchanging two columns in
the determinant. But it is well known that the exchange of two columns
changes the sign of a determinant. In this way, (22-5), we can construct
one antisymmetrical energy eigenfunction for the system from each of
rows 2, 3, and 6 in Table 22-1 (the quantum numbers are all different
in each case). No such function can be formed from any of the other
rows, however. For example, the determinant constructed from the set
of quantum numbers 7, 1, 1 has two rows exactly alike and therefore is
identically equal to zero. This will be the case whenever two or more particles
are in the same quanium stale. Further inspection reveals no other anti-
symmetrical linear combinations of the 28 functions (except linear com-
binations of the three determinants already found). Therefore, in this
example, there are 3 antisymmetrical system energy states belonging to
the eigenvalue £ = 94; that is, Qrp = 3. Thus one term in Eq. (224),
for a Fermi-Dirac system, is 3¢~—%/*T,
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The above argument can obviously be generalized to a system contain-~
ing any number N of noninteracting particles. We reach the general con-
clusion that & quantum state of a Fermi-Dirac system in which two or
more particles are in the same particle quantum state is inaccessible. An
alternative statement is that, in Fermi-Dirac statistics, each particle
quantum state can be “occupied” by either zero or one particle at a time.
This is just the Pauls exclusion principle (which forms the basis of the
periodic table when applied to electrons in atoms). For example, when
the above system of 3 particles is in the state (22-5), particle states 1, 2,
and 6 are occupied (we cannot say by which particle), while states 3, 4, 5,
7, 8, ... are unoccupied.

Next, we consider the Bose-Einstein case (e.g., the three particles
might be He* atoms). We examine the 28 wave functions above and find
that only the last one,

¥ = ¥3(a) ¥a(d) ¥a(e),

is symmetrical. But, if we allow linear combinations, we find that in fact
one symmetrical wave function can be formed from eack of the rows in
Table 22-1. All these functions can be represented in the form of a modi-
fied determinant; for example, from row 1 (Problem 22-3),

yr(a) (b)) Y0} {
¥y =C¥1(a) ¥1(b) ¥:1(0}, (22-6)
¥i(@) (b)) ¥l

where the prime on the determinant means that in expanding the de-
terminant all signs are lo be taken positire. This scheme gives, for row 7,

¥ = 6C"¥s(a) ¥a(d) ¥a(o),

etc. Thus, in this example, Qgg = 7, and one term in Eq. (22-4) is
7e—WIET,

From the above simple example we can make the following general state-
ment: in Bose-Einstein statistics (symmetrical wave functions), the number
of particles in a particle quantum state is unrestricted; the number can
be 0,1,2,3,..., N (whereas in Fermi-Dirac statistics only 0, 1 are
possible).

There is another important general deduction we can make by inspection
of Table 22-1. We note that, in this example,

Qe > 32> gpp (22-7)

N =
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It is easy to see that this will always be true. Each Fermi-Dirac state
(rows 2, 3, and 6 in Table 22-1) corresponds to N! “distinguishable”
states. But there may be some sets of particle quantum numbers (rows
1, 4, 5, and 7 in Table 22-1) which give “distinguishable” states but not
a Fermi-Dirac state. Therefore 2p > Npp. Also, each set of particle
quantum numbers gives one Bose-Einstein state. The maximum number
of “distinguishable” states for one set of quantum numbers is N! (all
quantum numbers different). Therefore 2p < N!Qpg.

It is also clear that if E is sufficiently large (high temperature), the
number of available particle quantum states can be very large compared
with the number of particles N (see Sections 3-2 and 4-1). In this case the
vast majority of sets of particle quantum numbers will have all quantum
numbers different (i.e., because of the large excess of particle quantum
states, only infrequently will two particles be in the same quantum state,
even if allowed). Thus, for large values of E, the equalities in (22-7)
are approached:

og = 32— ep (B — w). (22-8)
Hence, the two kinds of statistics give the same limiting result. This
limiting type of statistics (treating the particles as distinguishable to get
©@p, and correcting with N'!) is referred to as “classical” or “Boltzmann.”
We have been using Boltzmann statistics in most of the book, since the
limiting condition is achieved in the usual problems of interest.

The canonical ensemble expression corresponding to Eq. (22-8) is

T A i TPt T el (22p)
Actually, this relation and (22-8) are not restricted to systems of non-
interacting particles (see Sections 6-2 and 22-6).

We turn now to the explicit problem of calculating thermodynamic
functions for a one-component system of noninteracting indistinguishable
particles. The customary treatment”* is based on & and the microcanonical
ensemble. Table 22-1 makes it clear how one is to proceed in principle.
For given N and E, QgE is the total number of different ways of dividing
E up among the N particles, treating the particles as indistinguishable
and without restricting the number of particles in any one particle
quantum (energy) state. For Qgp, however, we have the limitation that
not more than one particle can be in a particle quantum state (hence
Qrp < QE). In practical cases, N and E are of course very large (macro-

* See, for example, Mayer and Mayer, Chapter 5.
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scopic). The restriction of fixed values for N and E requires use of unde-
termined multipliers (Problem 22—4), or the method of steepest descents.
A simpler procedure is to employ the grand partition function (u, V, T
specified). This avoids the restraints of constant N and E.

In Chapter 7 [see, especially, Eqgs. (7-26), (7-31), and (7-34), and the
discussion following Eq. (7-27)], we found that a grand partition function
¢ for a single subsystem was useful. Specifically, we considered a system
in which the adsorption sites were distinguishable and the particles in-
distinguishable. In Eq. (7-31) (Langmuir adsorption), the number of
molecules per site was restricted to zero or one, while in Eq. (7-34) (B.E.T.
adsorption) the number of molecules per site was not restricted. The
situation here is very similar. A particle quantum state with the particles
occupying it is a subsystem in the present problem. The particle quantum
states are distinguishable, but the particles are indistinguishable. In
Fermi-Dirac statistics, the subsystem has s = 0 or 1, and in Bose-Einstein
statistics s = 0,1,2,....

In Fermi-Dirac statistics, then,

Ew, V, ) = L&V, 1), &=1+9D0 )=

! (22-10)

The first term in £; is associated with s; = 0, and the second with s; = 1,
where e—4/*T [corresponding to ¢ in Eq. (7-31)] is the partition function
of one particle in the energy state ¢;, The mean number of particles in

) ] ] 1
-3 -2 -1 0 +1 +2 43

(e — u)/kT
Fia. 22-1. Bose-Einstein, Fermi-Dirac, and classical (Boltzmann) distribu-

tions: mean number (¥) of particles in a quantum state as a function of the
energy (¢) of the state.
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F1a. 22-2. Fermi-Dirac distribution at different temperatures.

the system is

_ dlnE _ dln ¢ _ ' :
N= k( F7Y )”, = ;)\(—a)‘ ’)v,r = Z’;s,, (22-11)

where

= fL‘aﬁ) Y it SR S
3= x( > Jve = T iy — gy 212

This is the Fermi-Dirac distribution law (see Fig. 22-1).

Equation (22-12) gives the mean number of molecules in the state ¢;.
For any finite ¢; and constant T':if 4 — — o0, 3; — 0 (therefore the system
approaches zero density, N/V — 0); and if u — 40, 3; — 1 (the system
approaches infinite density unless there are only a finite pumber of particie
energy states). For finite €;, constant u, and 7 — 0 (see Fig. 22-2):
3, >0if ¢ > pand 3; — 1if ¢ < p. Thus, at the absolute zero of
temperature, the particles fill up (one per state) all energy states below
€ = p and leave all states above € = u completely unoccupied. Because
the particles cannot all go into the ground state at T = 0, a Fermi-Dirac
system necessarily has a large zero-point energy. (If u is chosen less than
€1, the ground state, all 3; = 0 and N = 0 at T = 0.) For T slightly
above absolute zero, the distribution is no longer a step function, and
there is partial occupation (0 < ¥; < 1) of states in the neighborhood
of € = p (Fig. 22-2).

We noted in connection with Egs. (22-8) and (22-9) that both kinds
of quantum statistics are expected to go over into classical statistics if
the number of available quantum states greatly exceeds the number of
particles, N. In the present context and notation, this means 3; — 0
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for all energy states (i.e., 8; = 0 almost always, but occasionally 3; = 1).
We see from Eq. (22-12) that this condition is achieved if A — 0 (e.g.,
N/V — 0 with T constant or T — -}-o0 with N/V constant). Equation
(22-12) becomes, for small A,

3 =2 (A—>0), (22-13)

or

. —e; (kT

% = "—;—, g= z’: e (Ao 0),  (22-19)
where \ has been eliminated (\ = N/g) by summing (22-13) over j. The
quantity §;/N is the fraction of molecules in state j, or the probability
of any one particular molecule being in state j. Equation (22-14) is the
Boltzmann distribution, the same as Eq. (3-35), as should be expected.
We observe that ¢ and the Boltzmann probability e—4/*7/q arise only in
the limit A — 0. Figure 22-1 includes the classical or Boltzmann case,

(22-13).
In Bose-Einstein statistics,
2w v, 1) = L &7, D), (22-15)
i
o —ey (V)T —24(V)kT\2 | 1 .
tgi=1+4e Ate A° 4 TN

(22-16)
The successive terms in the above series are for 8; =0, 1, 2, ..., the
number of molecules in state j, with energies 0, ¢;, 2¢;, . . ., and partition

functions 1, e—*'*T, e=24/*T  etc. The series converges only if e—%/*TA < 1.
Since this condition must hold for all states j, we have that x must be
less than the ground state energy €; (usually taken as zero for conven-
ience). There is no corresponding restriction on values of g in Fermi-
Dirac statistics. Equation (22-11) for N still applies but here we find

dln &; 1
IG=\ (T)v.r = went _ 1 (22-17)
This is the Bose-Einstein distribution law, which differs from the Fermi-
Dirac law only by the sign in front of the unity in the denominator.
Figure 22-1 shows that for a given g < ¢, each energy state ¢; has a
mean population which decreases in the order BE, Class, FD. The result
BE > FD is to be expected simply because of the restriction s; = 0 or 1
for FD. Relative to the classical case, the larger (smaller) number of
particles in the system for given u in the Bose-Einstein (Fermi-Dirac)
case corresponds to an effective attraction (repulsion) between the parti-
cles. We shall see this also in Eqgs. (22-38) and (22-76).
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In a Bose-Einstein system, for any ¢ < €, when T — 0 all 3, — 0
and N — 0. However, if u is only infinitesimally less than ¢; and T — 0,
then we still have 3; — O for all j > 1, but §; can be made as large as
one pleases. Thus if we put ¢, — u = kT/N,

fi=——=N (T—O0). (22-18)

In other words, in the limit 7 — 0, the only thermodynamically significant
(N > 0) value of u is u = ¢;; also, in this limit, all particles are in the
ground state (¢;) and all excited states (j > 1) are unoccupied. This is
in distinct contrast to the behavior of a Fermi-Dirac system at T = 0.

The low-temperature behavior for either kind of statistics also follows
from Fig. 22-1 if we keep in mind that as T — 0 the horizontal energy
scale in the figure shrinks proportionally.

If we let A — 0 in Eq. (22-17), we have

3 — m = Ne~/*T \—0). (22-19)

This is again the classical or Boltzmann distribution, (22-13), as it should
be. Each 3; < 1:usually s; = 0, occasionally s; = 1, and only very rarely
iss; > L.

Finally, let us indicate in a formal way how the various thermodynamic
functions are obtained in either kind of quantum statistics. The variables
#, V, and T are independent and specified in advance. Then, from Eq.
(22-11), the mean number of particles in the system is (upper sign FD;

lower sign BE) 1
Ty 20
The average energy is obviously
= PV o DN SN _
E= ; 6% = z,.:ew—n/w T (22-21)
Also, for the equation of state, we have
pV = kTInE = kT 3 In[l £ *~9*), (22-22)
i

In these equations the €; are functions of V (or of the external variables
of the problem). All other thermodynamic functions can now be found
from g, V, T, N, E, and p (Problem 22-5).

We consider the three most important special cases in the following
sections,
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22-2 1deal Fermi-Dirac gas; electrons in metals. The particular model
we consider here is a noninteracting gas of Fermi-Dirac particles in a box
of volume V (ideal Fermi-Dirac gas). The energy levels ¢; are then those
of a particle in a box, Eq. (4-2). Because the energy levels are extremely
close together, for macroscopic V, we can treat them as continuous.
Equation (4-9) gives the number of translational states between e and
€ de.

For concreteness, we discuss one particular example—the electrons in
a metal. In this case there is an electron spin of one-half (in units of
h/2%) and degeneracy of two. We therefore multiply Eq. (4-9) by two and
have

3/2
w(e) de = 41(%% Ve'!2 de. (22-23)

If an electron at rest in the gas phase is used to locate the zero of energy,
then each electron in the metal is assumed to move in a constant potential
field ¢ (compare ¢ in Chapter 16). This potential is negative (of the order
of several electron volts), owing to the attraction between an electron and
the lattice of positive ions, and goes to zero at the surface of the metal.

It is at first glance quite surprising that a noninteracting gas of electrons
is of any use at all as a model for the electrons in a metal. The fact is
that the deductions from this model are in good qualitative (not quanti-
tative) agreement with experiment (heat capacity, electrical and thermal
conductivity, thermionic emission, etc.). The essential reasons for this
agreement are: (1) each electron interacts with the other electrons and
the lattice of positive ions by long range coulomb interactions which
change only relatively slowly with the position of the electron (hence the
use of ¢ = constant); and (2) as we shall see below, quantum effects are
extreme in this case, and these (rather than interaction) dominate in the
behavior of the electrons.

For simplicity, from here on we take (but see Problem 22-6) the zero
of energy as the ground state in the metal, ¢, = 0 (instead of ¢; = ¢).
Then Eq. (22-20) becomes

om 8/2 / 1/2 d€
= 41r(h2) 0 e(‘—#)/kT + 1 (22-24)

Let us check immediately to see if the classical limit (omit the +1) can
be used. This requires A << 1. We can use the classical (ideal gas) A for
this test, Eq. (4-23) (the electron spin introduces a factor of two, which
is unimportant for the moment). That is, if Aclass K 1 then N = Aglaes.
Now the condition Agaes < 1 from Eq. (4-23) is just the condition
AIN/V « 1 in Eq. (4-6). Let us take m = electron mass, T = 300°K,
and N/V corresponding to 10 cm®mole™! for the metal and one free
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electron per metal atom. We find

AN

T = 4800
which is large, rather than small, compared with unity (see also Table 4-1).
Thus quantum effects are large here; this is because of the high free-electron
density and, especially, low mass. (The term “strong degeneracy” is often
used in both kinds of statistics to refer to the case Aqass > 1; “weak
degeneracy” means almost classical, Aelass < 1.) One can use the classical
limit of Eq. (22-24) only above about T = 10%°K (Problem 22-7), at
which temperature, however, the metal would be vaporized.

Thus, from the point of view of the electrons in a metal, room tempera-
ture is itself a relatively low lemperature (see Fig. 22-2). In fact, equations
valid in the limit T' — O give numerical results that are quite accurate
(as we shall confirm below) at room temperature. Therefore we begin by
investigating the low-temperature limit.

When T = 0,8 = 1fore < pand § = 0 fore > p, as already pointed
out. Equation (22-24) becomes, then,

N=dr (%’,-‘ 14 / 12 ge = &1 (2";" V. (22-25)
The number of electrons that can be accommodated by the system is
clearly just equal to the number of quantum states with energy u or less
[compare Eq. (4-5)]. Or, if we regard N/V as given, all energy states up
to the so-called Fermi energy,

h? (3N)**
b= (;f; ) (22-26)

are filled, and all above u are empty. The Fermi energy is of the order of
several electron volts (Problem 22-8).
The (kinetic) energy at T = 0 is

E= Ee,s,—‘lr( ) V/ 2 de

= %Vi‘- (22-27)

That is, the average energy (ground state as zero) per particle is 3u/5.
This is the zero-point energy of the system. It is large because of the Pauli
exclusion principle. If we use Eq. (22-26) to eliminate u from Eq. (22-27),
we have F as a function of N and V. We see, then, that Cy = 0 (T — 0).
An early problem in the (classical) theory of metals was to try to reconcile
the fact that although “free” electrons exist as far as thermal and electrical
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conductivity are concerned, they still do not contribute significantly to
the heat capacity (the expected value was 3k/2 per electron). We have
here the quantum-mechanical explanation: at ordinary temperatures the
vast majority of electrons are in the filled states, € < u; the only electrons
that have higher energy levels available (i.e., unoccupied) to which they
can jump (and absorb heat) are those near ¢ = u. The first nonzero
term in C'y, expanded in powers of T, is given below in Eq. (22-31).

We can find the pressure from Eq. (22-22). When u > € (and T — 0),
it is permissible to drop the unity. When u < ¢, we drop the exponential.

Thus .
V= M'fo ("k_;,e)w(e)de =Nu—F

= $Nu = 3% (22-28)

The electrons in a metal exert a very high pressure (even at T' = 0,
because of the large zero-point kinetic energy), of the order of 10° atm.
This pressure is balanced, however, by & potential energy contribution
from d¢/dV, which we have not included explicitly.

We digress here to note that the result pV = 2E/3 is rather general: it
holds for any noninteracting (ideal) gas of particles in a three-dimensional
box, irrespective of statistics or temperature. To see this in a formal way,
put w(e) de = Ce'/2 de (Eq. 4-9) in Eqs. (22-21) and (22-22):

€3I2d€
—_— .,
1} c('—ﬁ)lkrﬂ: 1

E=c

pV = :I:kTC’/o €/2In[1 £ ®9*) de.

An explicit expression for C is not needed here. An integration of the pV
equation by parts leads immediately to pV = 2E/3. The physical
explanation of this general result has already been given in connection
with Eq. (4-19).

For the entropy of a Fermi-Dirac gas at 7 = 0, we have

8§ =0, (22-29)

gince there is only one way (€ = 1) to put N indistinguishable particles
in the lowest N energy states, one per state. For T > 0, § is proportional
to T [see Eq. (22-31)).

The above equations for the low-temperature limit are the most im-
portant for this simple model of a metal. To find the next term in expan-
sions in power of T requires straightforward but quite lengthy mathe-
matical manipulations, which we omit because the results obtained are
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not sufficiently important for our purposes. (We shall see below that the
corrections found are rather negligible.) Let us simply state, as a typical
exsmple, the result for the energy:

_3 57 (kT\? ]
E=2nuft+ 2 () 4., (22-50)

where pq is the Fermi energy:

K (3N)*®
Mo = 8—m(;r7) .

This gives F as a function of the independent variables N, V, T (closed,
isothermal system). Since po is of the order of electron volts and 1 ev
corresponds to kT with T = 1.16 X 10*°K, we see that the correction in
Eq. (22-30) at, say, T = 300°K, is of the order of only 0.1%,.

Other thermodynamic functions follow easily from Eq. (22-30) (Problem
22-9). For example,

oF w° kT
Cy = (aT)N.V = Nk T + . (22-31)

This predicts that Cy is proportional to T, a conclusion which has been
verified at low temperatures (where the Debye T2 heat capacity of the
metal—arising from vibration of positive ions—goes rapidly to zero).
Also, integration of Cy/T leads to 8 « T. At room temperature, Eq.
(22-31) gives, in agreement with experiment, a heat capacity which is of
the order of only one percent of (a) the classical value for free electrons,
or (b) the vibrational heat capacity of the positive ions (Chapter 5).
Figure 22-3 shows the heat capacity of an ideal Fermi-Dirac gas over
the whole temperature range.

A much more detailed account of this subject is available in a number
of places. See especially Mayer and Mayer, Chapter 16.

2.0" BE

1
1

Cy/Nk

5
0 TD

T/To

Fia. 22-3. Heat capacity of ideal Bose-Einstein and Fermi-Dirac gases. To
is defined in both cases by Eq. (22-45).
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22-3 Ideal Bose-Einstein gas; helium. We saw in the preceding section
that very strong quantum effects occur in an electron gas even at ordinary
temperatures. In this section we shall be concerned with a gas of non-
interacting Bose-Einstein molecules (ideal Bose-Einstein gas). The mass
of a particle (molecule) here is several thousand times the mass of an
electron. Hence quantum effects are much smaller: they are absent at
room temperature and become very strong only at very low temperatures
(a few degrees absolute). We found, for example, in Table 4-1 that Acjges =
A3N/V = 1.5 for helium at the liquid density and 4.2°K. The condition
for classical behavior, it will be recalled, is Aotass << 1. We conclude from
the above remarks that in the present problem (and of course also for a
Fermi-Dirac gas of molecules) we have to consider both weak and strong
quantum effects. Low-temperature expressions (strong degeneracy) are
not valid over the whole range of practical interest, as is the case with
electrons in a metal.

The specific example we choose is helium. Helium is almost the lightest
gas available and it has the weakest known intermolecular forces. Hence,
with helium, quantum effects have the best possible chance to make them-
selves evident in the gas at low temperatures without intermolecular forces
confusing the issue. Unfortunately, it turns out that the extremely in-
teresting condensation properties of helium, observed experimentally, are
due to an inextricable mixture of quantum and intermolecular force
effects. But there is little doubt that the “condensation” in an ideal Bose-
Einstein gas, which we shall study below, is intimately related to the actual
behavior of helium at low temperatures, though it furnishes only part
of the story.

Let us begin by investigating the region of slight degeneracy (low
density or high temperature). This is most simply done using essentially
the grand-partition-function, virial-expansion method of imperfect gas
theory (Chapter 15). The question of the range of convergence of the series
will be examined later. We shall write explicit expressions only through
the second virial coeflicient and related terms, but it is easy to extend the
various series further {see, for example, Problem 22-10 and Eq. (22-89)].
Up to the second virial coefficient there is no inconvenience in including
both Fermi-Dirac (upper sign) and Bose-Einstein (lower sign) cases in
the same equations, so we may as well do this.

We begin with

pV =kThE

8/2 ®
= +27kT i—';') V/; €?In (1 £ e~*T\) de. (23-32)
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For small A we can expand the logarithm and integrate term by term:

iy 3
pV = F2mkT (%) vy 8 GRVRS / €1/2—HIT g
i21 J
or

kT A3 &4 g8z (22-33)

In the limit of zero density (\ — 0), p/kT = A/A® = p (classical ideal
gas; Chapter 4). As usual, we define the activity z so that z — p when
p—0. Thatis, 2z = )\/Aa. If we replace A by z in Eq. (22-33), we have

= Y bi(T7, (22-34)
i21

where

(-'-F l)i—lAa()'-l)

b(T) = 7512

(22-35)
Equation (22-34) is in the same form as Eq. (15-7) of imperfect gas theory.
‘While those departures from the ideal gas law (p/kT = z = p) that were
discussed in Section 15-2 were due to intermolecular forces in a classical
gas, here they are due to quantum effects. Because Eq. (22-34) is a special
case of Eq. (15-7), we can use the general methods of Chapter 15 without
modification: Eqs. (15-7) through (15-21) are all applicable if we take
Eq. (22-35) for the b;. Also, we have

E _3p _ _[ ]
NkT ~ 2 pkT 2 1+ ’; Bi41(T)p (22-36)

and (see also Problem 22-11)

S E P P
Nt~ NkT ' pkT ~ kT

5 5 k+1
=5~ In A+ (§ - %) Bry1p”. (22-37)

k21

Next, we list a few explicit equations (weak degeneracy) through the

second virial coefficient, using By = —b, = +A3/2%2 (upper sign,
Fermi-Dirac):
A3
;’%,—lzl:zslzp+---, (22-38)

3
kT =A% + 23 o33P +- (22-39)
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E 3 A2
_NkT=§(l:|:mp+'“)’ (22-40)
S 5 A3
..._k.__2.__lnA3pd:§7l_2p+..., (22—41)
Cv _3 A®
_Nll’t::é(l:':mp-l_) (22-42)

The following comments on these equations may be of interest. (a) The
sign of B, corresponds to a “repulsion” between Fermi-Dirac molecules
and an “attraction” between Bose-Einstein molecules. (b) The magnitude
of the purely quantum second virial coefficient above is B = 0(A3).
The magnitude of a classical B, arising from intermolecular forces is
BEY = 0(1/peona), Where poona is the number density of a condensed phase.
The ratio of the two magnitudes is then B}/BS = O(A%pcond). But this
is just the order of the quantity calculated in Table 4-1; hence, we have
a verification of the fact that in helium, at about 4°K, quantum and inter-
molecular effects both contribute significantly to Bo. (¢) If intermolecular
forces are suddenly “switched on” in a classical monatomic ideal gas
(p and T constant), the entropy decreases whether the forces are repulsive
or attractive (Problem 15-11). But note in Eq. (22—41) that although a
Bose-Einstein gas has a lower entropy than a classical gas, a Fermi-Dirac
gas has a higher entropy. This shows that the analogy between quantum
effects and intermolecular forces referred to in (a) cannot be pushed too far.
(d) These series may be regarded not only as in powers of p (coeflicients
are functions of T") but also as in powers of A%p (coefficients are constants),
powers of T2 (coefficients are functions of p), or powers of h® (coefficients
are functions of p and T). (e¢) Equation (22—42) informs us that the Cy
curves in Fig. 22-3 deviate from the classical value at high temperature
by a quantity proportional to 732,

The above series are valid for small \. Now let us examine what happens,
in Bose-Einstein statistics (the complications we find below do not arise
in Fermi-Dirac statistics) when we take larger values of A. First, we note,
from Eq. (22-17), that the number of molecules in the ground state
(e = 0) is ; = A/(1 — X) and hence that A can never be greater than
unity (u cannot be positive). We are interested, then, in the range
0 < X < 1. Next, let us look at the integral form of the equation for N':

2m\3/2 /‘” €!'? de
N= 21(7;2—) v 0 FT\~1 _ 1 .

We multiply numerator and denominator of the integrand by e—*7\,
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expand (1 — e¢—¢*TA\)~%, integrate term by term, and find

2 3/2
N= ( ”,’;kT) VFs15(e), (22-43)
where
a= — ki‘f' ’ e =\

and the function F,(«) is defined by

Fo) = D, j7% %,

iz1

F.0) = > i~ = t(o),

iz1

(2244)

where {(o) is the Riemann {-function. Since s cannot be positive, «
cannot be negative. As \ increases from 0 to 1, a decreases from +o to 0.
In order to study increasing degeneracy, then, we can start with large a
and let o decrease toward zero. In this process the function F3jy(c)
increases monotonically (something like ¢™* but more rapidly for small
a) from a value zero at @ = o0 to a value $(3/2) = 2.612 at « = 0.
Thus, for given ¥V and T, N increases from zero at @ = -0 to a mazsmum
value 2.612V /A% at @« = 0. But this result is inconsistent with the rela-
tion 3; = A/(1 — ), which implies that 3, and hence N (since N > 3,)
can be made arbitrarily large by taking A\ arbitrarily close to unity. The
reason for the discrepancy is that in converting the sum (22-20) to an
integral, we have incorrectly omitted a contribution from the ground
state, because the weight w(e) « €'/Z is zero at € = 0.

Let us now change our point of view a little and suppose that N/V = p
is fixed, and that Eq. (22-43) determines « as a function of T'. This equa-
tion is valid so long as o is significantly greater than zero or \ is sig-
nificantly less than unity, for in this case the number of molecules in the
ground state, \/(1 — 1), is of negligible order compared with N. For
example, if « = 107% A = 1 — 10~%, and 3; = 10°, which is negligible
in relation to N. At high temperatures, o is large and Eq. (22-43) is equiv-
alent to the series (22-39) (lower sign). As T decreases, a decreases
until the limiting value a = 0+ (or 4 = 0—) is reached at a special
temperature To(p) defined by the equation

B\ _ 53/2) _ 2612
(21rkao) = p (22-45)

At this temperature there is apparently some kind of singularity. Hence,
for given p, Eq. (22-43) and the series (22-38) through (22-42) are valid
for T > Ty, but not for T < Ty. Alternatively, we can say that, for
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given T, these series are valid for p < po(T) but not for p > po, where

Po is defined by
8/2
2.612
() -2 -

The numerical value of T'¢ turns out to be 3.13°K at the density of
liquid helium (27.6 em®-mole™?). This is of the same order of magnitude
as the temperature of the (higher-order) phase transition in helium (re-
ferred to again below), 2.19°K. Closer agreement is not to be expected,
since intermolecular forces are being neglected in the present discussion.

For T < To, and N and V fixed, the right side of Eq. (22-43) gives
the number of molecules in excited states. Then N is equal to this number
plus the number &, in the ground state:

1 T 8/2
N=tot (”,:’;" VF3/3(0).

This equation has a solution for « if « is only slightly greater than zero:

3/2 3/2
N=>+ (2’"""") VFaa(04) = =+ N[T’('p)] »
where we have eliminated V by use of Eq. (22-45). Then
1 kT _ . _ T 3”]
e~ "= 5 = [1 — (T(;) (T < Ty). (2247

This verifies that « and u are essentially zero in the wholerange 0 < T <
Toia= O(N"') and —p = O(KT/N). At T=20, —u = kT/N, in agree-

3 5

N N
p = constant T = constant

"olo) 1/oo(T)
T — 1/p=1r

(@) (b)

Fig. 22-4. Number of molecules in the ground state as a function of (a) tem-
perature (density constant) and (b) volume per molecule (temperature constant),
for an ideal Bose-Einstein gas.
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ment with Eq. (22-18). Figure 22-4(a) shows how the number of molecules
§; in the ground state varies with T. Above Ty, 3, is a thermodynamically
negligible number, but starting suddenly at Ty (as T is decreased), there
is a “condensation,” called the “Bose-Einstein condensation,” of a macro-
scopic number of molecules into the ground state. At T = 0, all molecules
are in the ground state: 3, = N.

Alternatively, for p > po(T) with T constant, we have from Eqs.
(22-45) and (22-46),

n=nN(1- fpﬁ (@ > po), (22-48)

as shown in Fig. 22-4(b).

We shall return to the Bose-Einstein condensation following investiga-
tion of other thermodynamic properties. The equation for the energy of
a Bose-Einstein gas is

3/2 3/2 de
E= 21( /; et/ka—l

2rmkT\%/?
= 31r (ZL) " VR (22-49)
_3 Fgia(a)
= & wer Lozt (22-50)

For T > T, (p constant) or p < pg (T constant), Eq. (22-50) is equiva-
lent to Eq. (22-40) [where o has been eliminated as an independent
variable in favor of p, using essentially Eq. (22-39)]. For T < T, the
macroscopically significant number of molecules in the ground state [not
taken care of by the integral in Eq. (22-49)] do not contribute to the
energy anyhow, since € = 0. Therefore Eq. (22-49) also holds for
T < Ty if we put « = 0+:

£(5/2) -
NkT e [To(p)] (T <To).  (22-51)

The numerical value of £(5/2) is 1.342, and £(5/2)/¢(3/2) = 0.5134. We
note that E « T%2 for T < Ty. The heat capacity is

oE 15 . $(5/2) 3/2
Cr = (GT)N v N ) ) (T < To), (22-52)

or Cy « T32 The complete Cy from Eqs. (22-42) and (22-52) is shown
in Fig. 22-3. There is no discontinuity in Cy at T, but there is a dis-
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3.0

C; cal-.gm -deg !
I
=

[
(=]

T,°K
Fia. 22-5. Experimental heat capacity of liquid helium under its own vapor
pressure.

continuity in 8Cy/0T. The experimental heat capacity of liquid helium
under its own vapor pressure (neither Cy nor C,) is shown in Fig. 22-5,
with a singularity at 2.19°K. Because of the shape of this curve, the
singularity is often referred to as a A-transition. Experimental curves of
this kind are also found in the order-disorder transition in alloys (Sec-
tion 20-1).

"The equations for pV follow immediately from pV = (2/3)E. We
already have the case T > Ty or p < po in Eq. (22-38). This can be
deduced from Egs. (22-50) for E and (22-39) for « (or ). For T' < T
or p > po, we have from Eq. (22-51),

3/2
pV = NkT%g%(—%) (T < To), (22-53)
or
LI ggg—;g;pom © > o). (22-54)

Equation (22-54) is particularly important, for it states that if T is held
constant, p remains constant in value for p > po. The p-v isotherms are
shown in Fig. 22-6.

It should now be clear that, thermodynamsically, the Bose-Einstein con-
densation is a first-order phase transition (but the experimental transition
in helium is not firét order). The two phases in equilibrium are the con-
densed phase with T, 1/p = v = 0 and the dilute phase with T,
v = 1/po(T). The two phases have the same pressure (the vapor pressure),
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p =32

T =371
p = 22 T =27/
T =T

p=p

\ v=1
v = 3-3/2,,/_/ \,, = 9-3/2y

Fig. 22-6. Pressure-volume isotherms for an ideal Bose-Einstein gas.

p = 0.514kTpo(T), and the same chemical potential, u = 0. How-
ever, this first-order phase transition is very unusual on the molecular
level. When 0 < v < 1/po(T), that is, in the flat portion of a p-v isotherm
(Fig. 22-6), the system has a uniform macroscopic density 1/v (instead
of the customary two different densities). As it is usually stated, the
condensation oceurs in momentum space rather than in coordinate space:
the condensed phase consists of molecules with zero energy and momen-
tum, and macroscopic de Broglie wavelength. (Actually a zero-point
energy and momentum exist for a molecule in a box, but they are com-
pletely negligible in magnitude since V is macroscopic.)
It T < Toorp > po, the entropy is given by

_E+pV —Nu
8§ = T
E+pV _H_SE
=TT TT3T
£(5/2) B2
3 M o [To(P)] (T'<To)-  (22-89)

Hence S « T%2 and S = 0 at T = 0 (all molecules are in the ground
state). For the heat of the phase transition, per molecule, we then find



22-4] BLACKBODY RADIATION (PHOTON GAS) 453

[replace (T/T')%? by po/p in Eq. (22-55)]
AH _ TAS _ T(Sair — Seond)

NN T N
_ TG = po — S =)l _ 5,786/2).
N t(32)

For further details the reader is advised to consult the treatment by
F. London (Supplementary Reading list).

(22-56)

22-4 Blackbody radiation (photon gas). Here we give a brief derivation
of the thermodynamic properties of electromagnetic radiation in thermal
equilibrium, which we regard as a gas of photons. We consider the photons
to be in a container of volume V with heat insulating and perfectly re-
flecting inside walls. Thus the system is isolated and has a definite energy
E. Because photons do not interact with each other, a very small black-
body is assumed to be present in the container to absorb and emit photons,
thus making thermal equilibrium possible. Because photons absorbed at
one frequency might be emitted at another, and in different numbers to
conserve energy, the total number N of photons in the system is not fixed,
even though the system is isolated.

There are two essential respects, then, in which a photon gas differs
from a gas of particles with nonzero rest mass (e.g., electrons or helium
atoms): (1) the photons do not interact with each other, so that in the
photon gas no approximation is made by neglecting interparticle inter-
actions; and (2) the number of particles in an isolated system is not
conserved.

Thermodynamically, the system is characterized by E and V only
(not E, V, and N, as usual for an isolated system).

Photons have spin one (units of h/27) and hence obey Bose-Einstein
statistics. The spin degeneracy is two (corresponding to two independent
directions of polarization); it is not three, as would be the case for particles
with spin one and nonzero rest mass.

Electrons also have a spin degeneracy of two, so we might expect to be
able to take over Eq. (22-23) for w(€) de, the number of energy eigenstates
between € and ¢ + de, for a single particle in V. However, because of their
zero rest mass, Eq. (22-23) is not applicable to photons. Instead, we write
this equation in terms of the absolute value of the momentum (¢ = p%/2m,
p > 0, since the energy is all kinetic):

8xVp?dp
73

is the number of quantum states with p between p and p + dp. (Note
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that we use p for both momentum and pressure in this section.) This
expression does not involve the mass. In applying it to photons, we use
the de Broglie relation,

h hv
to again change variables, this time from p to v. This gives
2
6oy ar = 2 & (22-58)

as the number of quantum states with frequencies between » and » + dv.
Note that Eq. (22-58) agrees with the “transverse part” of Eq. (VI-30)
for g(v) dv in Debye’s continuum model for a crystal. In fact a wave
argument of the type presented in Appendix VI is ordinarily used to derive
Eq. (22-58). We have, instead, taken the particle point of view. This
illustrates the fact that photons may be viewed either as particles or waves.

‘We now wish to apply the relations (22-20) through (22-22) for N, E,
and pV to the special case of & photon gas. We use the lower sign for
Bose-Einstein statistics, take Eq. (22-58) as the weighting function in
converting the sums to integrals, and put € = hv for the energy of a
photon. Also, because of the fact that this (isolated) system is defined
thermodynamically by E and V only, we can make a special assignment
of u at the outset. We first consider this point.

We have already encountered other isolated systems in which the
numbers of molecules are not fixed: systems with chemical equilibria. Let
us review this topic briefly (see Chapter 10, especially Section 10-2).
Suppose we have a two-component system characterized by E, V, N4,
and Np. Then a catalyst is added making possible a chemical reaction
between A and B, say A & B. Thermodynamically, this reduces the
number of independent components by one, from two to one. The equi-
librium point can be located by, for example, maximizing S with respect
to N4 holding E, V, and N4 + N constant, minimizing F (or A) with
respect to N4 holding p (or V), T, and N4 + Np constant, etc. In any
case, the equilibrium condition Ay = up — u4 = 0 is found. The situa-
tion in a photon gas is rather similar. The small blackbody catalyzes the
“reaction” nd 2 mA (n and m arbitrary integers, A = photon), which
leads to a number of independent components one less than would other-
wise be the case (i.e., the number of independent components here is zero
instead of one). The equilibrium point is located by maximizing S with
respect to N holding E and V constant, minimizing F (or A) with respect
to N holding p (or V) and T constant, etc. In any case, all the relations

a8y __m_ SFY _(o4) _ ., _
(8N E.V— T—o’ aN)p,r_ (ON v »=0, ete.,
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give u = 0. We also get 4 = 0 from
Ap=mp—np=(m—n)p=0.

In summary: because the number N of photons is not conserved in an
isolated system, N must be regarded as a parameter and not as an inde-
pendent thermodynamic variable; location of the equilibrium point with
respect to the value of the parameter leads to the condition u = 0.

‘Whereas a molecular Bose-Einstein gashasp = 0for T < T, a photon
gas has u = 0 for all temperatures.

The remainder of the analysis is very straightforward. Equations
(22-20) through (22-22) become

sxV [~ v

seVh [© Vdv
E= P ‘/; T _ 1’ (22-60)
pV —= SrcI;kT A yz In (l — e—'wle) dv. (22‘61)

The integrand in Eq. (22-60) is essentially the blackbody energy distribu-
tion function, discovered at first empirically by Planck in 1900, which
provided the starting point for the whole development of quantum theory.
If we write this integrand as

3, —hv/kT

| 4 —_ ve = ys Z (e—hr/kT)n’

ehr/kT -1 1— e~ WIkT a1

we find

£ = B2Vh (M)

Since {(4) = x*/90, we have

_ 82V (kT)*
E = W * (22"62)

Note that E is a function of V and T only; or T is a function of E/V only.
The fact that the total energy of the radiation is proportional to T is
the well-known Stefan-Boltzmann law. The heat capacity is

Cy = (g_g 321r°Vk (kT) 22-63)
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The temperature dependence of E and Cy is the same as that of a crystal
at low temperatures, as we should expect from Sections 5-3 and 5~4 and
the discussion following Eq. (22-58). The resemblance between Eqs.
(5-33) and (22-60) for E should also be noted. Because of the relation
between these two problems, the acoustical quanta in a crystal are often
regarded as forming a phonon gas in analogy to a photon gas.

Integration of Eq. (22-60) by parts leads to

pV = %’7 (22-64)
The reason why we get pV = E/3 here and not pV = 2E/3, as in earlier
sections, is that this is an extreme relativistic system (¢ = ¢p instead of
p%/2m, p = momentum). Since E/V is a function of T only, the pressure
is a function of T only, as in a first-order phase transition. This result
might have been expected since s = constant (=0). Equation (22-54)
for the pressure in the Bose-Einstein condensation is similar.

The radiation pressure p = E/3V is completely negligible in magni-
tude except at extreme temperatures. For example (Problem 22-12),
p = 1/5 atm at 10%°K (atomic bomb explosion).

We handle Eq. (22-59) for N just as we did Eq. (22-60) for E and find
for the equilibrium number of photons

N = 161r;'(3)V(E ° . (22-65)

where {(3) = 1.202. Thus N is determined by V and T (or F and V,
etc.). We can combine Eqs. (22-62), (22-64), and (22-65) to obtain

aNET
E= 3000 ~ 2.701NkT, (22-66)
PV = 2 = 0.900 NAT. (22-67)

The entropy follows from
Nu=0=E— TS pV,

5 3
g E+pV _4E _ 320°VEGT)® ©2-68)

ThusS « T2and S = 0at T = 0.
22-5 Quantum statistics with intermolecular interactions. This is a

very involved subject, so we must confine ourselves to a brief introduction
to it. Further details will be found in 8. M., Sections 8-11 and 16, and,
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especially, in Hirschfelder, et al., Chapters 1, 2, and 6. Many of the
contributions in this field are due to J. de Boer and his collaborators.
Because of their complexity, we omit entirely any discussion of the many
current attempts being made to attack the liquid helium and other quan-
tum fluid problems exactly.

The method of Sections 22-1 to 22—4 breaks down when intermolecular
interactions are present, for the energy eigenvalues (eigenfunctions) of
the whole system can no longer be written simply as a sum (product) of
the energy eigenvalues (eigenfunctions) of the individual molecules in
the system. We have to return instead to the completely general equa-
tion (22-3),

Q — E e—Ej/kT, (22—69)
?

where the sum is over all energy states accessible to the particular system
under consideration.

There are alternative but equivalent forms of Eq. (22-69) that are
often useful. Let ¥; be the normalized energy eigenfunction belonging
to the eigenvalue E;. That is, 3¢y;(¢) = E¥;(g), where I is the Hamil-
tonian operator for the system, 3¢ = X (kinetic energy operator) + U(q)
(potential energy), and ¢ represents all the coordinates. Then we can write

Q=25 [y3awila) da
2
= 22 [¥3@e " Ty5(0) da. (22-70)

Let us define the operator e~ %/*T by

e4c”‘7'=1—%+1£
Then, since,
X"i(g) = B ¥l (m=12,..),
we have
e Tyi(g) = e~ F*yy(g),
and Eq. (22-70) becomes

Q=3 [V yx(q) dg. (22-71)
I

Actually, there is a more general form of Eq. (22-71):
Q= [e2@e™ en() da, (22-72)
”
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where the ¢, are any complete set of orthonormal functions. To prove
this, we expand ¢, in the set of functions ¢;:

Pn = 2 Ani¥i,
F)
Anj = j'l‘;'ﬂn dq-
Substitution of this expansion for ¢, in Eq. (22-72) gives
Q=D e MY AYiA.
F) n
— E e—EjlkT.

J

The last step can be justified by expanding the function ¢; in the set ¢,
and then forming the integral f¥;¥;dg = 1. Thus both Egs. (22-71) and
(22-72) are equivalent to Eq. (22-69) and hence are equivalent to each
other. Equation (22-71) is the special case of (22-72) obtained when we
choose the energy eigenfunctions for the set ¢,.

One quite general application of Eq. (22-72) is the following: it allows
us to write the quantum-mechanical analog of the classical statistical-
mechanical quantity e~U/*T (vecall that ¢~U/*T is proportional to the
configurational probability density). Consider, for example, a one-
component system of monatomic molecules. In classical mechanics
(Eq. 6-21)

1 -
Q = yiaw / e~V g, (22-73)

Equation (22-72) also involves an integral over dg. Comparison of (22-72)
and (22-73) shows that the analog of ¢~ U/*T ig

(81 = NIA*Y 3~ o (@)e ™  ou(o) (22-74)
= NI 3" ¥ a)vi(g)e 5. (22-75)
j

We call [S] the “Slater sum.” We can easily verify that [S] has the same
physical significance as e~U/*T by noting that
o~ EilT

o V3 (9)¥i(q) dg

is the probability of observing the system in the energy state E; and also
in a configuration between g and ¢ 4 dg. If we sum this quantity over j,
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we have the probability of observing a configuration between ¢ and
g + dg, irrespective of j. This sum over j is essentially that in (22-75).

As a very simple example of Eq. (22-75) we can calculate [S] for two
noninteracting particles in a one-dimensional box of length L. We find
(Problem 22-13)

[S] = 1 Fe~2=1—* ¢ (ypoer sign FD), (22-76)

where z; and z, are the coordinates of the two particles. A negligible
term in (z; + z5)2 has been dropped here. Clearly, there is an effective
interaction between the particles when their distance apart is of order A
(thermal de Broglie wavelength) or less, an attraction in the Bose-Einstein
case and a repulsion in the Fermi-Dirac case. The leading term (unity)
is the classical value (h, A — 0) for noninteracting molecules.

For two particles in three dimensions (see Hirschfelder, et al., p. 402),

[S] = 1 Fe~2"1'*  (upper sign FD). (22-77)
In view of Eqs. (22-72) and (22-74) this gives

Q= th';‘/‘[S] dr; dr,

V2 14

= oK% F 3wk (22-78)

The equations of Section 15-1 then lead to the second virial coefficient
As
B; = = 3873 (22-79)

in agreement with Eq. (22-38).
In general, we can write for monatomic molecules [compare Eq. (6-21)]

N
W = ynsw’
where
Zy = / [Sldrs. .. drw. (22-80)

This is the quantum-mechanical configuration integral. Even if Uy is
pairwise additive, in general the guantity —kT In[S] (the quantum
analog of Uy in Zy) will not be. Hence quantum analogs of equations
such as (15-30) for Bg, By, ete., do not exist (but we recall that the equa-
tions of Section 15-1 are general and apply to the quantum case).

It may be instructive if we also evaluate Q; (Eq. 22-78) for two non-
interacting molecules in V using Eq. (22-69) directly. We are seeking just
first-order quantum effects; for this purpose, we can replace sums by
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integrals. First, we have from the energy-level expression (4-2) that @,
is given by (this is Problem 4-2)

&= exp[—(@ + I + B)%/8mV*3%T)

I by, 1,21
- /f/exp[ Vdl, dly dl, = -
0

Now, to start on @, we take the corresponding sixfold sum over all
possible values of 1, L1, L, Lea, Ly, and lz2:

Do Do exp[— (W + - - - + Bo)h?/8mVoRT).

Iztser o lga2l

The value of this sum (from integration) is obviously (V/A®)2. In this
sum we have counted, for example, the states

Liy..., s =4,9,8,13,3,3
and
L, ..., L3 = 13,3,83,4,9,8

as separate states (with the same energy). Because of indistinguishability,
this is wrong, and we divide the above sum by two, giving ¥2/2A%. But
this correction is not proper for those states in which

L1, lyl, Iy = lz2, lv2: le2;
for example,
lzl,.- -,1‘2 = 4,9,8,4,9,8.

Such states should not be included at all in Fermi-Dirac statistics, and
their contribution should not have been divided by two in Bose-Einstein
statistics (because each occurs only once in the sixfold sum). We can
compensate for these errors by adding an appropriate term. Thus for Qs
we have (upper sign Fermi-Dirac)

2
Q=gs FIX T Y exp[—2(8 + By + Bk /BmV%T].
lzlv 'yl- 13121 (22_81)
On replacing the sums by integrals, we again get Eq. (22-78).
The calculation of the quantum-mechanical second virial coefficient

for interacting molecules (e.g., a Lennard-Jones 6-12 interaction potential)
has been carried out for several monatomic gases, but the procedure is
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too complicated to discuss here (see Hirschfelder, e al., Chapter 6). At
low temperatures, @, in the form Y je%i’*T was the starting point. At
higher temperatures, @, in the form of an integral of the Slater sum (Eq.
22-80), using momentum eigenfunctions for the ¢,, was the starting point.
Figure 15-1 contains curves for the theoretical (high-temperature method)
and experimental second virial coefficients of H, and He, using the
Lennard-Jones potential with values of the parameters € and r* chosen
to give best fit (these are the valuesin Table IV-1). Agreement is excellent.
The curves for H, and He depart significantly from the classical curve.

At high temperatures (slight quantum effects) the explicit equation for
B, is found to be (upper sign FD)

3
By(T) = —21r/ [e™ T _ 12 dr + 21212

h2 /"" —u(r)/kT (du)
t SaamET)s )y © a)r

+ O(h*/m?). (22-82)

The first term is the classical By (Eq. 15-24), and the second term (of
order h3/m®'2) is the quantum B, for noninteracting molecules (Eq. 22-79).

It is appropriate at this point to discuss the modification in the law of
corresponding states (Sections 15-2 and 16—4) that must be made for
quantum fluids. We consider, as usual, monatomic gases with a pair
interaction potential of the form u(r) = eh(r/r*) (this k is an arbitrary
function and not Planck’s constant). The Lennard-Jones 6-12 potential
is an example, The virial expansion can be written

pv By(T) (r By(T) r*a)’ B
kT_1+ 3 (v)-l-——r;o——;)" + - (22-83)

In the classical case, we have already seen that By/r*3, B;/r*%, etc., are
universal functions of k7 /e only, and hence pv/kT is a universal function
of kT/e and v/r*® (law of corresponding states). In quantum statistics
the thermodynamic expansion (22-83) of course still holds, but we observe
on inspection of Eq. (22-82) that By/r*? is now a function (different in
Fermi-Dirac and Bose-Einstein statistics) of £7"/€ and also of the quantum
parameter h/(me)Y%r*, where h/(me)"? is essentially the de Broglie
wavelength for a molecule with energy e. This is true as well for the higher
virial coefficients B3/r*®, etc. (as can be verified by dimensional analysis).
Therefore pv/kT is a function, different in the two statistics, of the reduced
thermodynamic variables kT/e and v/r*3, and also of the reduced quantum
parameter h/(me)/%r*. These two functions approach each other and
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become the universal classical function (Section 16—4) in the limit
h/(me)"%r* — 0. The B2/r*? curves for H, and He (both Bose-Einstein)
in Fig. 15-1 do not coincide because they have different values of the
quantum parameter (Problem 22-14). In fact, the three curves in
Fig. 151 may be regarded as a Bose-Einstein family of curves correspond-
ing to three different choices of the quantum parameter.

Hirschfelder et al. give many more details about the quantum-mechanical
law of corresponding states and its applications.

The next section contains another application of the quantum equation
for Q, Eq. (22-72).

22-6 The factors A" and N!in classical statistics. In Chapters 3, 4, and
6 we found it necessary to introduce the factors A™ (n degrees of freedom)
and N'! (N molecules) into the classical canonical ensemble partition func-
tion [see, for example, Eq. (6-25)]. In Chapter 6, by appealing to special
cases, we justified the use of k" as the volume in classical phase space cor-
responding to a single quantum state. Here we give an argument, due to
Kirkwood, which provides a general justification for this. The appro-
priateness of the factor N! has already been demonstrated adequately
in Sections 3-2, 6-2, and 22-1. In the case of N! there can be no doubt
about the correet quantitative expression [whereas with A™ we might
have expected, say, (h/4m)", etc.]. In fact, we can deduce the factor N'!
simply by combining the quantum-mechanical idea of indistinguishability
of identical particles with the classical phase integral (Eq. 6-18). But
Kirkwood’s method can be extended (we omit this here) to provide a
Jormal verification of the N'! correction.

We consider a system of N point particles with a potential energy U(r),
where r stands for ry, ..., ry. We use cartesian coordinates, even though
for some systems other coordinates would be more natural. For example,
the system might consist of two atoms, N = 2, forming a diatomic
molecule, in which case the rotational (9, ¢), vibrational (r;3), and trans-
lational (z, y, z of center of mass) coordinates would be the conventional
choice; but instead we employ r; = =z, ¥1,2; and rz = 25, y3, 23. Our
procedure is to obtain the desired result concerning A" with cartesian
coordinates and then use the classical mechanical theorem, (VII-11),
that an element of volume in phase space is invariant under a canonical
transformation (g, p — ¢’, '), to embrace any choice of coordinates.

We start with Eq. (22-72), and use for the ¢,(r) the normalized momen-
tum eigenfunctions

1 %
o(r; p) = ha_Ni'z'e’ oeih, (22-84)

The normalization is such that if we expand the arbitrary function ¥(r)
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in momentum eigenfunctions,
V) = hszvm / A@)e* ™ dp,
then by the inversion formula for the Fourier transform,

Alp) = 7{:%/? / y(o)e 2R g,

Whereas ¢*¢ is the probability density for r, A*A is the probability
density for p. Temporarily we ignore restrictions on the symmetry of
wave functions. Substitution of Eq. (22-84) in Eq. (22-72) gives

Q= h_:_ﬁ ]; /; o IIPETh T 2w el g o (22-85)

It should be apparent that momentum eigenfunctions were chosen for
the ¢, in Eq. (22-72) because we now have, in (22-85), @ expressed as an
integral over r and p—just as for the classical Q. Next, we define a func-
tion w(r, p, T) by the equation

e—xlk?’eﬁrirﬂh = e—HlkTe2tirrlh w(r, P T). (22"86)

If we put this in Eq. (22-85), we obtain
Q= MLN f' f, e~ To(r, p, T) dr dp. (22-87)

Now all we have to show is that in the classical limit (2 — 0), w — 1.

To do this, we go back to Eq. (22-86) defining w. For simplicity of
notation, let us consider a one-dimensional (x) system here. Because we
are using cartesian coordinates, the extension to any number of variables
is very straightforward. The reader should verify this using two variables
(z and y or x, and z;). With the aid of the relations

1 D SOt N
- k‘f"c"'z!(kr)s“c ’

h2
~ 8m dzz

d¥elrirsh ( 4"”?’)" Sxipalh
—gm =\ )

e X = g
X = + U(z),

dx2
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the left side of Eq. (22-86) becomes

KT 2wipzlh _ czrip:r/h[l _ _I_(P_2 + U)
e e = kT \2m

+ ) ( + ) + e
I t’elrns Of Oldel h )h P

In the classical limit (b — 0), the terms of order k2, h*, ete., drop out,
and there remains

e—ﬁclk'l'e2 ripz/h — let'pz/he—-H/kT (h — 0).

Therefore, from Eq. (22-86),
w—1 a8 h—0.

Kirkwood used a more elegant argument based on the so-called Bloch
differential equation, but the result is the same.

On referring back to Eq. (22-87), we see, then, that the factor A~V in
front of the classical phase integral is indeed correct, at least with cartesian
coordinates. But in view of Eq. (VII-11), we can change variables from
r, p to any set @', p’ and still have

Q=1 f , f eHM ggrdy (b 0). (22-88)

This is what we set out to prove.

We observe that Eq. (22-88) does not have the desired factor (N!)~?!
in front of the integral signs. The reason is that we have ignored sym-
metry restrictions on the wave functions [Eq. (22-88) is correct as it
stands for a system of distinguishable particles—an Einstein crystal, for
cxample]. Actually, the same kind of argument as above can be carried
through, including symmetry effects (indistinguishable particles). But
the argument is too sophisticated for the present text and we omit it
(see S. M., pp. 85-89). The result is that %Y in Eq. (22-88) is replaced
by R*¥N1.

22-7 Free-volume theories of quantum liquids. In Chapter 16 we
discussed several approximate theories of classical liquids. Similar ap-
proximations have been applied to quantum liquids. Because the theo-
retical foundation is especially unsatisfactory when quantum effects are
included in these theories, we shall merely sketch here what is perhaps
the simplest procedure in converting a classical free-volume theory into
a quantum theory. For further discussion of this general subject, see
Prigogine (Chapter 18) and Band (Chapter 8).
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To be specific, we consider a Bose-Einstein system. The same kind of
argument will obviously apply to a Fermi-Dirac system. In Sections
16-1 and 16~2, the transition from an ideal classical gas (no intermolecular
interactions) to a real classical fluid was made by passing from the ideal
gas equation (16-15),

—4
NkT

to the “real fluid” equation (16-22),

ve
= lnA—a-,

4 _ uTe  o@)
~ NkT A% T 2%T’

That is, we replace v by the free volume vy, and we add a potential energy
term —¢(v)/2kT. We now follow exactly the same formal procedure for
& Bose-Einstein fluid,* and for the same physical reasons. Thus, we first
write the expression for the Helmholtz free energy of an ideal (no inter-
actions) Bose-Einstein gas, from Eqs. (22-40), (22-41), (22-51), and
(22-55):
4 vo(T) vo(T)
~ NET = ln s T 04618 ——= + 00112[ ]

+o.oooes['i‘i9] Foee, 0> 0o(T) (22-89)
05134” (T) v < vo(T), (22-90)

where we have included additional terms (see Problem 22-10) in the
v > vg series and (Eq. 22-46)

) (T) = ; = Ls_ .

0 po(T) ~ 2612
Next, we replace v by vy, T) and add the potential energy term
—o(v)/2kT:

4w % w) ... __e
— yp = % + 0461822 4 00112( ) to—gtn @ >0
(22-91)
= 05134 L — b Gy < w0 (22-02)

2kT

Equations (22-91) and (22-92) now determine all the properties of the
fluid once we adopt some definite model which provides vy and ¢.

*T. L. HiLv, J. Phys. Chem. S1, 1219 (1947).
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The simplest example is the van der Waals model [Egs. (16—4), (16-5),

and (16-23)]1:
#3 3
y=v—bp=—2, b=2"’T,a,=%- (22-93)
If we substitute these expressions for vy and ¢ in Egs. (22-91) and (22-92),
and then use p = —(04/9V)y,r, we find for the equation of state

_ 1 _ Vo _ Vo 2 .. .]
&= m[l 0.4618 % — 0.0225 (v — b)
— i 0> vn+b (22-94)
=%—05;’T (® < v < vo+b) (22-95)

It is easy to verify (Problem 22-15) that pv/kT is a universal function of

kT/e, v/r*®, and h/(me)"?r* and hence that the quantum-mechanical

law of corresponding states is obeyed (Section 22-5). It is also apparent

that the above very simple theory gives for the second virial coefficient

(upper sign Fermi-Dirac) ,
3

By(T) = b — 2 & 2 (22-97)

which should be compared with Eq. (22-82).
We leave it as an exercise for the reader (Problem 22-16) to deduce
further properties of the van der Waals-Bose-Einstein fluid.

22-8 Gas of symmetrical diatomic molecules at low temperatures. In
this section we consider a rather different type of application of quantum
symmetry restrictions. A symmetrical (or homonuclear, which is a less
confusing term in the present context) diatomic molecule is made up of
two identical nuclei and one or more electrons. It is impossible, experi-
mentally, to distinguish one of these nuclei from the other (when the
molecule rotates), just as two identical atoms in a box are indistinguish-
able. A wave function representing the state of a system containing
homonuclear diatomic molecules must therefore be symmetrical or anti-
symmetrical (depending on the nucleus) in the exchange of the two nuclei
of any homonuclear diatomic molecule. The wave function must also be
antisymmetrical in the exchange of any two electrons. A similar restric-
tion obviously applies to more complicated molecules with equivalent
and identical atoms, such as CH,, CDHj, etc., but we limit ourselves to
the diatomic problem.
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Clearly, there is no analogous symmetry restriction for the nuclei of
heteronuclear diatomic molecules. Nothing essential needs to be added
to the discussion of this case already given in Chapter 8.

Let us investigate a one-component homonuclear diatomic gas at suf-
ficiently low density (Eq. 4-6) so that classical statistics can be used for
the translational motion. Then, as in Eq. (22-1), @ = ¢"/N!, where ¢
is the partition function 3" ;e~%"*7 for a single molecule in a box of volume
V. In this special case we need consider only the energy eigenvalues ¢;
and eigenfunctions y; of a single molecule. We are to include in the g-sum
only those molecular energy eigenstates with proper symmetry (e.g., states
which are antisymmetrical in the exchange of the two nuclei for H, and
symmetrical for D;, since a hydrogen nucleus contains an odd number of
nucleons and a deuterium nucleus an even number).

We have already seen in Section 8-3 that the above symmetry restric-
tions can be ignored and a classical treatment of rotation can be used if
T > ©,. Our problem here is to provide a formulation which is suitable
at low temperatures, that is, when T 3} > O, and the classical approach
breaks down. In order to reach the range of temperatures at which quan-
tum effects would show up, very low temperatures are needed (see Table
8-1) except for H, (8, = 85.4°K) and D; (8, = 42.7°K).

As in Eqs. (4-41) and (8-1) through (8-3) we write, for a homonuclear
diatomic molecule,

H= Ht+Hr+Hv+He+Hm
€E=€+ 6+ €& €1 6,
¥ = VYWl e¥n.

We consider only the ground electronic and nuclear states, for reasons
already discussed in Chapters 4 and 8. We now examine the symmetry
of ¥ to see which energy eigenstates are to be included in the g-sum. The
ground state electronic function . is necessarily antisymmetrical in the
electrons. Usually (for example, Hy), the ground state ¢, is also sym-
metrical in the nuclei: this is the only case we consider. The function ¢,
(which depends only on the coordinates of the center of mass) is not
affected by exchanging nuclei, nor is ¥, (which depends only on the inter-
nuclear distance). Hence both of these functions are symmetrical in the
nuclei. Therefore ¥ has the nuclear symmetry of the product ¥,¥,. If
the nuclei have an odd (even) number of nucleons (“mass number”),
v and ¥,¥, must be antisymmetrical (symmetrical) in exchange of the
nuclei.

Let s, be the nuclear spin (in units of 4/2x). For example, s, = %
for H, s, = 1 for D, 8, = 0 for He*, etc. Then the nuclear ground state
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degeneracy of each nucleus is w,; = 28, + 1. Let the nuclear ground
state energy eigenfunctions be ¢¥;, ¥, ..., Yo, If we denote the two
(identical) nuclei by A and B, a functlon of the form Vi1(AW:2(B) —
v1(B)¥2(A) is a possible antisymmetrical nuclear function ¢, for the
diatomic molecule (if A and B are interchanged, the function changes
sign). Such a function exists for each pair of different numbers 12, 13,
, lwy), ete. Altogether there are wyj(wa; — 1)/2 such pairs and
therefore this number of antisymmetrical nuclear states for the molecule.
The function y; (A)Wa(B) + ¢1(B)¢2(A), obtained simply by changing
the sign in an antisymmetrical function, is symmetrical in the exchange
of the two nuclei 4 and B. Other symmetrical functions are ¥;(4)¢1(B),
¥2(A)2(B), etc. Thus there are a total of

wul(wnzl —1) + @t %1(%21 + 1)

symmetrical nuclear states.
The total number of nuclear states for the molecule is

"’nl("’nzl -1 +wnx(wn21 +1) _ ok,

as one should expect.
Now we turn to ¢,. Aside from normalization, we have*

¥:(0, ¢) = €™ P™(cos 9),

in rather standard notation. The associated Legendre functions can be
defined by

Piri@) = (1 — atyi2 . df,if”)
1 d@ -1
51 T dad

Pj(x) =
If we interchange nuclei, 8 becomes # — 8 and ¢ becomes ¢ + #. Thus
z = cos 8 becomes —z. Then we note that
Pi(—2) = (—1)’Py(x)

and
P"(—2) = (=1)*"™P"(2).

* See any text on quantum mechanics.
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Also,
et'ﬂl(9+r) = e‘m'et'ﬂw _ (_l)lﬂle‘ﬂl'.

Therefore, finally,
Vr(m — 8, ¢ + 1) = (—1)""™(—1)"™y, (9, ¢)
= (—1)%:(0, ).

We conclude that ¥, is antisymmetrical in exchange of the nuclei if j is
odd and symmetrical if j is even.

Putting these results together, we have the following situation. If the
nuclei of the homonuclear diatomic molecule contain an odd (even) num-
ber of nucleons, ¥ and ¥, must be antisymmetrical (symmetrical) in
exchange of the nuclei. For rotational states with j even, ¥, is symmetrical,
and hence only antisymmetrical (symmetrical) nuclear states are accessi-
ble—in order to make the product ¥,¥, antisymmetrical (symmetrical).
On the other hand, for § odd, ¢, is antisymmetrical, and only symmetrical
(antisymmetrical) nuclear states are accessible in order to make ¥4,
antisymmetrical (symmetrical). We therefore have

4 = Q:9969rn, (22-98)
with (see Eq. (8-23))

_ amiwar — 1) B —iG+10IT
D A

+wu(w,.21 +1) Y @+ DeUHIIT  (0dd mass no.),
=18, ... (22_99)

-1
don = "’nl(“’n21 4+ 1) E +wn1(wn21 ) ‘ E
jem0,2, - - - P S

(even mass no.), (22-100)

where g,y is the combined rotational and nuclear partition function which
cannot here be factored into ¢, and ¢y.

If s, = O (which occurs only with even mass number), as for example
in 03% w1 = 1and

G = .
jm0,2, ...

In this case odd rotational states do not appear at all. This has been
verified spectroscopically.
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For a heteronuclear diatomic molecule XY (see Section 8-3), the equa-
tion corresponding to Egs. (22-99) and (22~100) is
Irn = @nlr,

0= Gmor, = ), (22-101)
7=0,1,2,...
At high temperatures (Eq. 8-25), Eqs. (22-99) and (22-100) both
reduce to

= |omonr — 1) | onifen + D1 T
b ‘[ 2 T 2 ]§ e,

aT
20,

in agreement with Eq. (8-29) withe = 2. In the same limit, Eq. (22-101)
becomes

(homonuclear), (22-102)

X ¥
G = "’_"1.8'_11 (heteronuclear). (22-103)

When the classical forms for g, (22-102) and (22-103), can be used
(which is almost always the case), g, is separable and constant (the product
of the two nuclear spin weights) and is ordinarily omitted, as already
explained in Sections 2-4 and 4-4.

We confine ourselves in the remainder of this section to the special
case of hydrogen gas (see also Problem 22-17 concerning deuterium
gas, D3). A hydrogen nucleus has odd mass number (one proton) and
8 = %, wa1 = 2 (spin “up” er “down”). Therefore Eq. (22-99) becomes

gm=1 2, +3 > . (22-104)
jm=0,2,... J=1,8,...
TABLE 22-2

EquiLiBRIUM PERCENT p-H,; 1IN Hy; Gas
T,°K % p-Ha

0 100
15 99.989
30 96.95
50 76.8
100 38.5
200 25.953

208.1 25.074
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Hydrogen molecules in even rotational states (j = 0,2,...) are con-~
ventionally referred to as parahydrogen, or p-H,, and those in odd rota-
tional states are called orthohydrogen, o-H2 (Problem 22-18).

The thermodynamic properties of hydrogen gas, at equilibrium, are
determined by Q@ = ¢"/N! and ¢ = ¢sq.qrn, With ¢ given by Eq.
(22-104). At the temperatures of interest here (10°K-300°K), translation
is classical, while the vibrational and electronic degrees of freedom are
completely unexcited.

The ratio of the number of ortho- to parahydrogen molecules, at equi-
librium, is obviously

No _ 8% jmrs....,
Np 121’-0.2. eee

The high-temperature limit is No/Np, — 3, and the low-temperature limit is

N, _, 3374 ..

—

Ny 101 + 5% ..

— 0.

That is, the equilibrium mixture approaches 100% para (j = 0) as
T — 0 (Table 22-2; Problem 22-19).

The rotational-nuclear contribution to the heat capacity, Cyrm, can be
calculated from Eq. (22-104) after two differentiations with respect to
temperature [see, for example, Eqs. (8-31) and (8-33)). The curve ob-
tained is labeled e-Hy (e for equilibrium) in Fig. 22-7. Also included in

G-Hg

/&
Classical

Experimental

T,°K

Fig. 22-7. Rotational-nuclear contribution to the heat capacity for o-Hz,
p-Hz2, e¢-Ha (equilibrium mixture at each temperature) and § o-Ha (labeled
“experimental”).
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the figure are curves for pure p-H, and pure o-Hj, calculated from

para: gm=1 3,
j=0,2,...

ortho: ¢, = 3 E

fm=1,8,...

The experimental curve for H,, shown in the figure, does not agree with
any of these! This interesting puzzle was resolved by Dennison, who
realized that, in the absence of a catalyst, the half-life for the interconver-
sion between ortho and para states is very long compared with the time
of an experiment. Therefore when ordinary hydrogen gas is cooled down
from room temperature for low-temperature heat-capacity measurements,
the high-temperature composition (§ 0-Hj) obtains even at low tempera-
tures, instead of the equilibrium composition (Table 22-2). The gas is
not in a state of complete equilibrium (as assumed in Table 22-2), but is
in a state of “frozen” metastable equilibrium with § o-H,. (See Sections
2-3 and 2-4 in this connection.) If we calculate a heat-capacity curve
based on § o-H at all temperatures, using

Cyem = iCVm (ortho) + iCVm (para)

and the ortho and para curves already included in Fig. 22-7, we find a
theoretical curve that is in excellent agreement with the experimental
curve shown in the figure.

The above analysis is elegantly confirmed by an experiment due to
Bonhoeffer and Harteck: active charcoal is found to be a catalyst (the
mechanism involves adsorbed free H atoms) for the ortho-para conversion;
in the presence of a catalyst, points on the equiltbrium curve (labeled
e-Hj) in Fig. 22-7 are obtained experimentally.
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PRrOBLEMS

22-1. Explain how symmetry restrictions on accessible quantum states apply
to multicomponent systems. (Page 432.)

22-2. Construct & table analogous to Table 22-1 for a system of four particles
with a total of 12 energy “units.” (Page 433.)

22-3. Expand the determinant in Eq. (22-6), and show that the wave func-
tion ¥ is symmetrical. (Page 435.)

224, Use the microcanonical ensemble and the method of undetermined
multipliers to derive the Fermi-Dirac distribution law, (22-12). To avoid
applying the Stirling approximation to small numbers, the quantum states
should be treated in large groups with essentially the same energy. (Page 437.)

22-5. Show that the entropy of an ideal quantum gas can be written in the
form (upper sign Fermi-Dirac)

S=—k) g+ (1FiHNAFI
i

(Page 440.)

22-6. Derive an equation for the equilibrium vapor pressure of electrons in
a metal assuming the gas phase is very dilute (classical statistics; ignore space
charge) and using the low temperature limit for 4 in the metal. Note that it is
necessary to introduce the potential ¢ in this problem. (Page 441.)

22-7. Show that e << 1 for the electrons in a typical metal only above
about 105°K. (Page 442.)

22-8. Calculate a numerical value (in ev) for the Fermi energy uo of a typical
metal. Show in an energy-level diagram the relation between uo and ¢ (electron
at rest in gas phase = gero of energy). (Page 442.)

22-9, Use Eqgs. (22-30) and (22-31) for an electron gas to derive equations
for the thermodynamic functions S, pV, and Nu. (Page 444.)

22-10. Extend the series (22-38) through (22-42) one more term for the Bose-
Einstein case. (Page 445.)

22-11. Derive the equation

S &5 3 B4y p_"
i~z A ;(B"“"‘T dT)k

for a monatomic gas from the virial expansion and show its equivalence with
Eq. (22-37) for an ideal quantum gas. (Page 446.)

22-12. Show that the radiation pressure p = E/3V is about 1/5atm at
10%°K. (Page 456.)

22-13. Use Eq. (22-75) to derive Eq. (22-76) for the Slater sum of two non-
interacting particles in a one-dimensional box. Note that NIA3Y in Eq. (22-75)
becomes 2!A2? in this case. (Page 459.)

22-14. Use the values of ¢ and r* in Table IV-1 to calculate the quantum
parameter h/(me)1/2r* for Ha, He3, He#, A, and Xe. (Page 462.)

22-15. Show that the van der Waals-Bose-Einstein equation of state, (22-94)
through (22-96), obeys the quantum-mechanical law of corresponding states.
(Page 466.)
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22-16. Investigate the nature of the phase transition and Cy(T) for the
van der Waals-Bose-Einstein fluid. (Page 466.)

*22-17. Give a discussion of the D2 case analogous to that in the text for Ha.
(Page 470.)

22-18. Write out the four ground state nuclear wave functions for Ha. Classify
them as ortho and para and as symmetrical or antisymmetrical in exchange
of the nuclei. (Page 471.)

22-19. Calculate the equilibrium percent of p-Hz in Ha gas at 30°K. (Page 471.)

22-20. Investigate the properties of one- and two-dimensional ideal Bose-
Einstein gases.

22-21. Investigate the properties of the following ideal two component
systems: BE-BE, BE-FD, FD-FD.

22-22. Derive an expression for the radial distribution function in an ideal
quantum gas in the limit p — 0.

22-23. (a) Investigate the fluctuation in N in an isolated photon gas (E and
V given). Compare Section 10-3. (b) Consider the same question for an iso-
thermal system (T and V given).

22-24, Derive equations for the fluctuation in s; in systems of noninteracting
Bose-Einstein and Fermi-Dirac particles. Compare Section 7-2.

22-25. Verify that the Clausius-Clapeyron equation, dp/dT = AS/AV for a
first-order phase transition, where p is the vapor pressure, is satisfied in the ideal
Bose-Einstein condensation.

22-26. Consider the following hypothetical system with hybrid “quantum”
statistics. The particles do not interact in the usual sense, and any number of
particles ean be in a single quantum state. But when s particles are in the same
state ¢, there is a new kind of “interaction” energy, (s — 1)w, which favors or
disfavors more than one particle occupying the same state. The s particles
contribute a total of se 4+ (3 — 1)w to the energy. In Bose-Einstein statistics,
w = 0; in Fermi-Dirac statistics, w = 4-. Consider the general case, for a
gas, where w is finite (positive or negative) and investigate the thermodynamic
properties of the system. Use the grand partition function method of Egs.
(22-10) and (22-15). Note the formal resemblance to B.E.T. adsorption theory
(Eq. 7-36).

#22-27. Derive equations for the asymptotic low-temperature heat capacity
Cv.s for o-H2 and p-Hz. Calculate Cy. at 60°K in the two cases.
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APPENDIX I

NATURAL CONSTANTS

Quantity Symbol Value
Avogadro’s number No 6.02486 X 1023 mole!
Velocity of light c 2.997930 X 1010 em+gec—!
Electronic charge 4.80286 X 1010 egu
Electron rest mass 9.1083 X 10~28 gm
Planck’s constant h 6.62517 X 1027 erg-sec
Mass of hydrogen atom 1.67330 X 10~2¢ gm
Mass of unit atomic weight 1.65979 X 10— gm
Mass of proton 1.67239 X 10-24 gm
Boltzmann’s constant k 1.38044 X 10-16 erg.deg ™!
Gas constant R = Nok| 8.31696 X 107 erg-deg—'-mole—1
Temperature scales 0°C = 273.15°K

1cal = 4.184 joules = 4.184 X 107 ergs
lev = 1.60208 X 102 erg = 23.0693 keal-mole—!
1atm = 1.0133 X 10° dynescem—2 = 760 mm Hg

477




Copyrighted Materials

Copyright © 1988 Dover Publications Retrieved from www.knovel.com

INDEX

Index Terms

A

Absolute reaction rate theory
and surface diffusion
Absorption of gas by solid
Accessibility of quantum states
Activated state (complex)
Activation energy
Activity
absolute

coefficient

local
Adsorption
B.E.T. theory of

and Bragg-Williams approximation

diffusion and
of imperfect gas
and Ising model

Langmuir equation for

and lattice gas, ideal

Links

[\
NI

6

[\
3
0

— ] |—= — | o =] |—=][w] [w] [w] o o =] [— N )
[\ [\ O| | |W] ] |W] ]I 1O | o] |~ 1O
N I B I Kore) ol ol IR I | »—‘u—t[\.).[;ooH

2

W
(V)]

W

—_
]
\O

N}

49
432
94

—_

274

275

335
365

146

\9}
—
—

211

(%) (%)
S B
| [\S}

W
g
\S)

437

239

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Adsorption (Cont.)
and LJD theory
localized
localized-mobile transition in
mobile
multilayer
in osmotic systems
on polyelectrolyte gels
and quasi-chemical approximation
and van der Waals equation
Alloys

Antisymmetrical wave functions
B

Bethe approximation

Binding of ions or molecules

Binomial theorem
Blackbody radiation
Bloch differential equation
Boltzmann constant
Boltzmann factor

Boltzmann statistics

Born-Green-Yvon integral equation

Links

N

2
2

N

Bl =] |=]|l—=]|]—
| [WR] I |3] |
AN W] [B] ]I SN |

Nel

1

W

2
9
55

(]

432

W
—_
—_

—_—

— s [=][=][=] =] [=][=] [0
— NN =] | w W W] ] |

)
AW

—_—

—_
[\
Ne)

~
\S}

—_
N
N

381

33

II

n
[\

(98]
W
w

N

~J
]

39

BEE

3
]

36

—_
3
\)

!

45

W =] |—
[ RE RN
[==3 N E-N [ [o)}

—_
—
[o)

I
[VS)
0

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Born-Oppenheimer approximation

Bose-Einstein condensation

Bose-Einstein statistics

Bound states
Boyle temperature

Bragg-Williams approximation

Brownian motion

Brunauer-Emmett-Teller (B.E.T.)

equation

C

Canonical ensemble

Cell theory of binary solutions
for crystal
for liquid
Characteristic temperature
for rotation
for vibration
Characteristic thermodynamic

function

Charging parameter

‘E
=
=
7]

_
[9%)
N

W
(=]
(@)}

=

[\OF I LOCT BN I NOT I I (SF B | \O N I oy [} IF SN NG
— | |00 | || || |W] D B
LS S o3} W =] ] |

4

(o)}

—_— [\ 2
N = ()] ool oo |eo] |
SIE z2 BEERE

ii
o]
o]

\9)

0

146

Ele

0

I

90

437

—_
[\

—
9]
[\

(98]
—_—

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Chemical equilibrium

in absolute rate theory

fluctuations in

in ideal gas mixtures

in imperfect gas
isomeric

isotopic exchange

noncooperative aspect of

and photon gas

Chemical kinetics

Classical statistical mechanics

Classical statistics

Cluster
irreducible
mathematical
physical

Cluster integrals
irreducible

Collective interactions

Compressibility

Conductivity
electrical
thermal

Configuration integral

in quantum statistics
Conformal solution theory

Constants, table of natural

Links

—_| =] =
3| |oo| |NO
| | =] |

-
[\)

4
7

-

W] [N I I D] [N | —_ B =] =]
W I | |=] ||~ | | |co] |oo] |
| ||~ OOUJNH-PO\O\NO\

2
3

7

BN
N

I BES
R
—| =

5

W=
[02e] .
O| |\O| |oo

477

N
SIIRES

N
W
(@)}

—_ —_
—_ 0
[@) O

N
(98]
oo

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

‘E
=
=
7]

Cooperative phenomena 56
Correspondence principle 78
62
Corresponding states, law of
in classical fluids 68

9

()
O
|

for Einstein crystal

for molecular vibration

N
[o))

in quantum fluids
solution theory

Coulomb’s law

Coupling parameter 0
Critical constants 2 9
Crystals

Debye theory 54

[o)}
—

—_] = KN - N W] W] W ]|~ W N[N B [\
[« I == | INo) B} No) [\ ~J N ool [N] |\ Ne)
ool | O] W] |\ 3 (XN B Rl B N 1 I Ll I 1S [\

Einstein theory

[ N N w N —_ NN
wE e} > 3
(V)] | o] —_ —_

90 292 3
34

general vibration theory for 93

normal coordinates for

one-dimensional 106

three-dimensional

two-dimensional

N

Curie temperature 51

Thispage hasbeen reformatted by Knovelto provide easiernavigation.

9

~
W

298

0

[ N
W |\o
N!



Index Terms

D

Darwin-Fowler method

de Brogli wavelength
thermal

Debye heat-capacity theory

Debye temperature

Debye-Hiickel theory

Degenerate gas
Degree of advancement
Degrees of freedom

electronic
excited
independent
internal
nuclear
rotational

translational

unexcited

vibrational

Links

[\
(o)
S}

&
(o))

—
— | |
O | |—

—
(V)]
~

| |oo] |
[\S} I |\ 3 i No}

N
H
—_

—_
[o)
—

H
[y

—_
—_
\e]

—
V)]
3

H
—

—_
(@)}
—_—

&

Wl W] |—= N
I B A k=) | b |—

67

o

—_
o)
—

e} I (o)}
Bl [ [

N~

—_
[e)}
—

N

W

9
54

w
|

H
[

42

67

67

n
O
o

W
B
\O

82
67

~

84

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Diatomic molecules
constants for
dissociation energy of
electronic energy curve for
ideal gas of
rotation in
thermodynamic functions of
translation in
vibration in
symmetrical
Dielectric constant
of ideal gas
of imperfect gas
Dielectric displacement
Diffusion
surface
Dimerization in imperfect gas
Dipole moment

Dirac d-function

Dispersion (van der Waals) forces
Distribution functions
in binary solutions
in canonical ensemble
in grand canonical ensemble
radial
integral equation for

in osmotic systems

Links

—_—
W
W

[—
W
W

,_‘
n
{Q

N

DN [ =] D] (D] | | — Y Y
— O| |— o] B k=) Al W0 |
—_ | |oo] || I | AN |0 |oo) | O] |0

[\
(=]

W

w
—_
[\

W || |w
Sl 1] |=
cof| |—| |

(O8]
9]
o]

(o))

=3

7

S

O | |

w

47

153

!

15

I

25

N
(957 I (=)
7 ]

N
o0
=

09

ElE

W
2

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Distribution functions
radial (Cont.)
thermodynamic functions and
from x-rays
and surface tension
unsymmetrical
Donnan membrane equilibrium

Dulong-Petit, law of
E

Einstein heat-capacity theory

Elastic constants
Elasticity
of gels

and muscle action

of rubber

of short-long (a-f) polymers
Electric field

ideal gas in

imperfect gas in

thermodynamics of

Electrolyte solutions

Electron diffraction

Links

W W] W] W] | W
Noj i (V) B (ol B Dol B (=) [ Kenl
=l =] O] || I W

—_

—_

=]
—_

—_ W] I I e B RN R E RS —_| ==
[oN NS oo BN B (=N B BR] B | \S] N fo)
N REN R N i B S| O] |<S] |@w BN I (=0 I DN N

I

1

N
.
N

—_
(=]
—_

35

0

[\

[\O} I OS] —_ | RN —_
=] |2 S| [ = E
—_ N oo —

05

98]
W
[\

334
423

O

N
\e)

—_
9]
N!

2

414

N
~
=

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms Links

Electron gas in metals
Electronic energy curves and surfaces
Ellipsoid of inertia 165
Energy
distribution in 64
blackbody 55
fluctuations in 3
zero of 149
8
zero-point

)
0

in Fermi-Dirac statistics
vibrational
Ensemble

canonical

constant pressure

grand canonical

(98]

W | —_
[@)) oo —_ o

microcanonical

o) | —] | —
BN I B [ =)
2 E2llE = SIRIE

semiopen 2
of small systems (subsystems)

canonical

I
—

30
7

grand canonical 6

2

ii
[ =
—_
(e}

Ensemble average

[\e) N [— N
=B RR HrmlEea=EE  EEE E R

Ensembles

summary of

W W
0| |

thermodynamic equivalence of
Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

‘E
=
=
7]

Entropy
absolute
calorimetric
communal
configurational
excess
of mixing 374 377
practical absolute
and probability
and second law of thermodynamics
spectroscopic
and third law of thermodynamics
zero of
158 168
Equal-area theorem
Equilibrium constant
Ergodic hypothesis
Ethane, hindered rotation in
Excluded volume
in fluids
in polymers
External variables

F

Fermi energy 442

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Fermi-Dirac statistics

and metals
Ferromagnetism
Flory-Huggins solution theory
Fluctuations
in charge of proteins
in chemical equilibrium
in composition
at critical point
in energy
and equivalence of ensembles
in number of molecules
in polymer lengths
in pressure
in small systems (subsystems)
in volume
Force constants
in crystal
in molecules
for normal coordinates
Fourier transform
Free volume
in quantum fluids
Frequency distribution for crystals

acoustical branch

‘E
=
=
7]

N
=
=

\®}
(=]
O

N |

~
N
x

O
3

—_—
o
[e%3)

ﬁ
G| o
=| 3]

[\] W =] lw N
Wl =R W] ] W] [N] |oo] [N I S
\IHHOOO\OO\IOOK»»—»—‘N»—

o]

BE|E
W

63
87

BN

98]
W

—

N
2
H

37

50
19

W

~
!

78

32

486

N

J
o]

HIE

65

426

—_ |-
| |
(NS} I I\

383

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Frequency distribution for crystals (Cont.)

Debye

Einstein
one-dimensional
optical branch
three-dimensional
two-dimensional

Fugacity

G

Gaussian distribution
in fluctuation problems

in polymer molecules

Gels
polyelectrolyte
polymer
Generalized coordinates
Gibbs-Duhem equation
Grand canonical ensemble
distribution functions in
Einstein crystal and
for electric field system
ideal monatomic gas and

lattice gas and, ideal

Links

\®}
N
()

[
[\
e

O

—_— =] =] |— Al
Sl S| |12 2] |© o
| 1O] |oo] |V | [oze] BN RN

9

(=]

2

[*)) N k=)

—_—

4
1
9

=)

N [S] |
W

o ) WIS A1
— N —_ (¥

—_
—_
(==

107

98]

42

W
\O

N
[\
W

—_
S
N

454

i

65

480
412

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Grand canonical ensemble (Cont.)
and mean-force potential
phase transitions in

for small systems (subsystems)

Grand partition function

Gravitational field
H

Hamiltonian equations of motion
Hamiltonian function

for crystals

for molecules
Hamiltonian operator

Hard spheres

Harmonic oscillator
adsorbed molecule as
classical
in crystals
in diatomic molecules
partition function for

Heat, in statistical mechanics

Heat capacity
of crystals

singularity in

Links

[\

[\
!

[\S}
—_
[\S}

—_
[\
(e

—_
[
(=]

[\

[\ I (O8]
||| |=

52

[®))
o]

—_ —_] | — W I
—_ | joof =] | W N |0 [N
oS — |0 IN] [ S Bloo] |\©

44

130

]

1= RS
— | |\o ]
\10\!\]\]

(V)]

270

(@)
N

H
—_

2

95

58

216

—_
N
O

W
\S]
—

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Heat of sublimation

of Debye crystal

of Einstein crystal
Helium, liquid
Helix-random coil transition

Henry’s law constant

Hindered rotation
Hindered translation on surface
Hole theory of liquids
Hydrogen atoms, ionization of
Hydrogen molecules
dissociation of
ortho-para

Hysteresis

Ideal gas
Bose-Einstein
chemical equilibrium in
of diatomic molecules
in electric field
equation of state of
Fermi-Dirac
of monatomic molecules

mixture

Links

—_
(=]
E-b

445

—_
N
S

8

[*))

N I P — o] =] =] W] W] |
0 e | || | |
W Kool ] [ [n] I |1©

66

[\
(V)]
—

=
vy

N [\ I ==Y (== [ NN
| ||| E BN
N =] | | |

(=
—_

[\
N
—_

W [N
(e BN

225

296

!

47

205

138

W |W
N
l\‘)!

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms Links

Ideal gas (Cont.)
of polyatomic molecules

as thermometer

—_
HO\
ool =

[\
[o)}
—

Imperfect gas
binary 274
6

-

chemical equilibrium in

-
[\

clusters in 274 277

in electric field

monatomic 66
at surface 78
virial expansion for 61

Ion atmosphere

—_—

Ion exchange resins
Ionic strength 325

Ising model

[N}

Bragg-Williams approximation 4

(o)}
RN
o]
N |oo
w
J
W

[\

(98]

(@)}
(=]

[o%} 9%} Ao [ro] [rof [rof [rof [rof [ro
Q) (] [w 0 ) %}
- \S] A1 |oo —_

matrix method

N
()]

in one dimension

N
[\

296

quasi-chemical approximation

solution theory

[\
N
\S}

in two dimensions

=]
B
(o)

5
[\

Isolated system

K
Kirkwood integral equation 311
Kirkwood solution theory 331

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Kirkwood-Buff solution theory
L

Lagrange’s equations
Lagrangian function
Langevin function

Langmuir adsorption isotherm

Laplace’s equation
Lattice gas
ideal
with interactions
one-dimensional
solution theory
two-dimensional
Legendre functions
Lennard-Jones and Devonshire theory

Lennard-Jones potential

Light scattering

Liouville’s theorem
M

Magnetic systems
electron spin
ideal

with neighbor interactions

Links

H

40

496
496

[\
O

0

oo

3

W
V)]

4

Ol |
[\SX [ [otell |l 1 \S]

N | — BN W] ] |~ Wl =
W N 3 N N =] N
w (o)} —_ | | |—] |0

~J
(@)

—_
[\
S

209
209
250

362

[\
—_—
N

135
239

133

292

[*))
oo

(O8]
o]
W

363

222
256

1

—| [~
(0%)
Ol |

21

!

II
| |0
iy

484

256

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Magnetic systems (Cont.)
nuclear spin
thermodynamics of

Magnetization
intensity of
spontaneous

Many-body problem

Matrix method in Ising problem
Maximum-term method
Maxwell-Boltzmann velocity
distribution

McMillan-Mayer solution theory

and constant pressure theory

and Donnan equilibrium

and hard spheres

and ion binding

and polymer molecules
Mean-force potential

in binary solutions

in canonical ensemble

in grand canonical ensemble

in osmotic systems

Mechanical thermodynamic variables

Membrane potential

Metals

Links

[\
(]

9

[\
(=]
—_

[\
—_
S

D

[\

B W] W] W] W NN [\
| || | SN — | W] | ()]
SIEISIEEIE SIHIE IR

W W |Ww
—_— =
E-NI N AN B o)

Sl [e ®
@ E

N
=
=

N
(9]
—

[\
(o)}

2

N W
(98]
o] w

-
~

362

358

[=]

N w
3 P

—_
[\
[

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Metastable states

Microcanonical ensemble

Molecules

diatomic

monatomic

polyatomic
Momenta, conjugate
Moments of inertia

of diatomic molecules

of polyatomic molecules
Monte Carlo method
Morse function
Multinomial theorem
Muscle action

o~ transition and

crystalline-amorphous transition

and
phase transition and

polyelectrolyte gels and

N

Nonequilibrium statistical mechanics

Nonmechanical thermodynamic

variables

N
= B[] ‘“
Z

I
[v8)
[N

=]

—_ —_l =] =] = A= —_
N W |l oo [N | N3] |
o —| o] N |&]| | | [—=]| || |

419
419
414

H

Eim

6

O

[\

W =
~J
N |0

419

7

S}

ﬁi
o0 Gh
EEE

419

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Normal coordinates

Nucleic acid molecules
(0]

Opalescence, critical
Order
long-range
short-range
Order-disorder transition
Ortho-para hydrogen
Osmotic pressure
in constant preasure ensemble
in gels

in McMillan-Mayer theory

virial expansion
P

Partition functions
classical

electronic

nuclear
rotational

summary of

‘E
=
=
7]

i
H
AN |

8

—_
N
(e

Wl W] =B W] |Ww
AR I R Y B IS R = B A B =2 B k=) |95
AEEIREEEEREE @

[o%)
~
D

—
(@)}
W
—
\O
(93]

N
N
=

W

| |0 o]
—| | —_

2

\S}

i
—
(9}

349
362

165

(98]
9]
w

!

45

W
(]
!

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Partition functions (Cont.)

translational

vibrational
Pauli exclusion principle
Phase integral
Phase space
Phase transition
in Bose-Einatein gas
in Bragg-Williams approximation
in canonical ensemble
in grand canonical ensemble
in helium
higher order
in Ising model
in Lennard-Jones and Devonshire
theory
and muscle action
order-disorder
in polymer solutions
in quasi-chemical approximation
in van der Waals equation
Phonon gas
Photon gas
Planck distribution law
Plasma
Poisson’s equation

Poisson-Boltzmann equation

Thispage hasbeen reformatted by Knovel

Links

N1 I [\

2
4
2
4

o

(98]
N
w

2

|

5

=

9

8

o]

(V)]
oo

40

58
19
55
08
252
258
456
453

o] o] o] [&] o] =] |—]| [~ —
Dl |n] |Dn (9, [ L B AN N
& 2|13 5] B 2] €] 3] ]

5
6

N |

W
[\
I

g
8

p

—_
_
(9}
—_
o
N3

112 152
462

J—
J—
O

N
(9]
o]
w
~
[@))

449
4

oo
[N I =

295

(%)
o0
—
N
()]
—

258
289

W
~
O

(98]
\S]
—_

334
vide easiernavigation.



Index Terms Links
Polymer molecules
binding, on 235
freely jointed 215
one-dimensional 222
isolated, in solution 419

second virial coefficient of 423

[\
[\
(@)}

and rubber elasticity
with short-long (a-f) units

binding on

211

elasticity of

Polarizability
Polarization, electrical 283
Polyatomic molecules

hindered rotation in

potential energy surface for

rotation in

thermodynamic functions of

translation of

vibration in
Polyelectrolyte gels 414
Polyelectrolyte molecules

binding on 124 353

isolated, in solution 419

I
w

=5l

second virial coefficient of
Polymer gels 4

Postulates of statistical mechanics

120
Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Potential barrier

in chemical kinetics

to internal rotation

to translation on surface
Potential energy surface

in chemical Kkinetics

for diatomic molecules

for polyatomic molecules
Pressure

ensemble

surface (spreading)
Protein molecules

binding on

fibrous

Q

Quasi-chemical approximation
R

Radiation pressure

Random walk

Raoult's law
Rate constant
Reaction coordinate

Reduced mass

Links

[N} I BN i Ne]
N | =] |—

D
S

—_—1 ] = —_ [ I TS O[S
B [\ N W N | ] [0
S S OOOH'—'\]\O

i

52

456
2
225

(=
(=]

—_—f =] =] W
()} I iN<) I ANo} B BN |
—l =] |

172

N
o]

35

W

6

[\
~
=

296

214
402
406

H
—

353

w
\]
O

219

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Restraint
Riemenn {-function
Rotation
of diatomic molecules
in electric field
hindered
of polyatomic molecules
Rotator, rigid linear
energy levels of
partition function of

Rubber elasticity
S

Schrodinger equation
Slater sum
Solution, ideal
Solution theory
concentrated
conformal
constant pressure
Debye-Hiickel
dilute
Flory-Huggins
of Kirkwood
of Kirkwood and Buff
lattice

of McMillan and Mayer

‘E
=
=
7]

W
N
—

I

N ===~ =] |~ N
N ] ] ] ] D] D] |0
RN R A=A R R R

4

6

0

(el B 1\

2

W W] W] ||| |W] W] W] |w W &
| [ |w BN ol || W] ] |»
Ll B 6= B el B el B E=2 B L \D»—AUJUJOOH

N
N
o

[\
—
2

—_
(@)
=

398

419

426

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms Links

Solution theory (Cont.)

]

polyelectrolyte
polymer
regular

solid

Solvent for polymers

(9]

good

Poor 5
Sound, velocity of
Spectroscopic notation
Spectroscopy

energy levels from

infrared

notation for

Raman

rotational

vibrational

vibrational-rotational
spherical top
Spin and statistics 3

spin systems

S
o)

electronic

S
O

N [\ N [\S) Nl =] =] ]=]]|=]]= —_ - I EENEEN Wl W] & |
—_ (9%} AN ] ] vl | |eo] || |0 0| 1o 2] | | |3 <] =
EEE [ 3l[2) 2] 2] [zl Bl Bl m L B SEIE

nuclear
Standard deviation
Standard free energy (or chemical

potential)

[\
(@)}

Statistical unit in polymers

Steepest descents, method of

419

W
oo
—_

492

167

167

—_
D

—_
N
N R )

79

79
0

(\S)

&l [—= B
H
—_

426

—_ —_
~ ~
S =)

469

i

20
437

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Stefan-Boltzmann law
Stirling approximation
Subsystems, independent
Superposition approximation
Supersystem

Surface tension

Swelling of gels

Swelling ratio

Symmetrical top

Symmetry number
Symmetry of wave functions

in rotation
T

Temperature
negative
Textiles, elasticity of
Thermionic emission
Thermodynamic functions
of Bose-Einstein gas
of diatomic ideal gas
in electric field
excess
of Fermi-Dirac gas
of metal

of mixing

‘E
=
=
7]

o
wn| [—] |5

w
—_—
—_

= =] |w
= 18 B EE] E 5

2l =
(3
\S]

—
W
W

(=3

~

Bl ] =] > =]
< (O Il ESS Nl |~=]]|~
=l Bl SO0 W AV3 ) [ fe el il IN<R B [o)| I [@)) — ||| ] |oo

4

o]

404

H
[y

EENy B (O8] W
NN w2
(=3 B Ll B [@)

—
~

N
W

—
(o))
)]

[\
2

N
W
S

374

N
%3

7

w
N
3| |\©O

N
[@)
x

I
[®))
o)

78

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms

Thermodynamic functions (Cont.)
of monatomic ideal gas
of photon gas
of polyatomic ideal gas
Thermodynamics
of electric field
of magnetic field
second law of
third law of
Time average

Titration curves

Transformation, canonical
Translational quantum states
classical limit

Transmission coefficient
U

Uncertainty principle of Heisenberg

Undetermined multipliers, method of

Unsymmetrical top
\%

van der Waals (dispersion) forces
van der Waals equation

for quantum fluids

Links

W

—_ NS | e ENEES
R NN NINIERES a -
ul-b-n-b-bﬂ\ow—- o Q2

5

J—
O
|

N
2|l =

—_—
(o))
(V)]

246
466

—_—

(98]
(@)}

W | — el Bl B N)
[\l N [o) Y B EN|
(==} [ forcl I RN I kel

9]
w

497

[—
[N N I
[\O} [ QU8

—_—
o
(=]

—
98]
O

416

—_
—_
V)]

n
w
|

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms Links

Vapor pressure

constants
of monatomic crystal
Vibration
in Debye crystal 454 490

in diatomic molecules

in Einstein crystal

Nel
w

Wl B |~ — —_ —_ | —
[\S] [ [o) i k=) I [o)) Ne) | | (=) |} K]
(OS] B \S] (9} 3| |~ Kl

in general monatomic crystal
normal modes of

in absolute rate theory

in crystals
in molecules 486
in polyatomic molecules 486
Volume fraction 3
Virial coefficient
in electrolytes
osmotic pressure 349 350 352
362 423
second
degenerate gas 459 460
in electric field
of Ising model
of monatomic gas
of monatomic gaa mixture
of polyelectrolytes
of polymers 423
of proteins 352 362
van der Waals 288

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



Index Terms Links

Virial coefficient (Cont.)

third
Virial expansion

of imperfect gas 261

of Ising model 244

osmotic pressure 345

W

—_
o

Work, in statistical mechanics

X

X-ray diffraction 166 302

Thispage hasbeen reformatted by Knovelto provide easiernavigation.



	Front Matter
	Dedication

	Preface
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Dedication

	Preface
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Preface
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Dedication

	Preface
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	1. Statistical-Mechanical Ensembles and Thermodynamics
	1.1 Introduction
	1.2 Ensembles and Postulates
	1.3 Canonical Ensemble
	1.4 Canonical Ensemble and Thermodynamics
	1.5 Grand Canonical Ensemble
	1.6 Microcanonical Ensemble
	1.7 Other Ensembles
	Problems

	2. Further Discussion of Ensembles and Thermodynamics
	2.1 Fluctuations
	2.2 Thermodynamic Equivalence of Ensembles
	2.3 Second Law of Thermodynamics
	2.4 Third Law of Thermodynamics
	Problems

	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	14. Lattice Statistics
	14.1 One-Dimensional Lattice Gas (Adsorption)
	14.2 Elasticity of a Linear Polymer Chain
	14.3 Two-Dimensional Square Lattice
	14.4 Bragg-Williams Approximation
	14.5 Quasi-Chemical Approximation
	14.6 First-Order Phase Transitions
	Problems

	15. Imperfect Gases
	15.1 Virial Expansion for a One-Component Gas
	15.2 One-Component Classical Monatomic Gas
	15.3 Two-Component Imperfect Gas
	15.4 Imperfect Gas near a Surface
	15.5 Imperfect Gas in an Electric Field
	Problems

	16. Approximate Cell and Hole Theories of the Liquid State
	16.1 The van der Waals Equation of State
	16.2 Cell Theories of Liquids
	16.3 Hole Theories of Liquids
	16.4 Law of Corresponding States
	Problems

	17. Distribution Functions in Classical Monatomic Fluids
	17.1 Radial Distribution Function
	17.2 Relation of Thermodynamic Functions to g(r)
	17.3 Integral Equation for g(r; xi)
	17.4 Formal Definition of Distribution Functions
	17.5 Surface Tension
	Problems

	18. Dilute Electrolyte Solutions and Plasmas
	18.1 Debye-Hückel Theory
	18.2 Kirkwood Theory of Solutions
	18.3 Electrolyte Solutions
	Problems

	19. Dilute Liquid Solutions
	19.1 McMillan-Mayer Solution Theory
	19.2 Applications of the McMillan-Mayer Theory
	19.3 Constant Pressure Solution Theory
	Problems

	20. Theory of Concentrated Solutions
	20.1 Lattice Theory of Solutions
	20.2 Cell Theories of Binary Solutions
	20.3 Random-Mixing, Corresponding-States Theory
	20.4 Conformal Solution Theory
	Problems

	21. Polymer and Polyelectrolyte Solutions and Gels
	21.1 Wall Theory of Rubber Elasticity
	21.2 Flory-Huggins Polymer Solution Theory
	21.3 Swelling of Polymer Gels
	21.4 Swelling of Polyelectrolyte Gels
	21.5 Isolated Polymer or Polyelectrolyte Molecules in Solution
	21.6 Second Virial Coefficient in Polymer and Polyelectrolyte Solution
	Problems

	Part IV. Quantum Statistics
	22. Quantum Statistics
	22.1 Introduction to Fermi-Dirac and Bose-Einstein Statistics
	22.2 Ideal Fermi-Dirac Gas; Electrons in Metals
	22.3 Ideal Bose-Einstein Gas; Helium
	22.4 Blackbody Radiation (Photon Gas)
	22.5 Quantum Statistics with Intermolecular Interactions
	22.6 The Factors h^n and N! in Classical Statistics
	22.7 Free-Volume Theories of Quantum Liquids
	22.8 Gas of Symmetrical Diatomic Molecules at Low Temperatures
	Problems

	Appendices
	Appendix I: Natural Constants
	Appendix II: Maximum-Term Method
	Appendix III: Method of Undetermined Multipliers
	Appendix IV: The Lennard-Jones Potential
	Appendix V: Normal Coordinate Analysis in a Special Case
	Appendix VI: Vibrational Frequency Distribution in a Solid Continuum
	Appendix VII: Generalized Coordinates

	Index
	A
	B
	C
	D
	E
	F
	G
	H
	I
	K
	L
	M
	N
	O
	P
	Q
	R
	S
	T
	U
	V
	W
	X

	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	1. Statistical-Mechanical Ensembles and Thermodynamics
	1.1 Introduction
	1.2 Ensembles and Postulates
	1.3 Canonical Ensemble
	1.4 Canonical Ensemble and Thermodynamics
	1.5 Grand Canonical Ensemble
	1.6 Microcanonical Ensemble
	1.7 Other Ensembles
	Problems

	2. Further Discussion of Ensembles and Thermodynamics
	2.1 Fluctuations
	2.2 Thermodynamic Equivalence of Ensembles
	2.3 Second Law of Thermodynamics
	2.4 Third Law of Thermodynamics
	Problems

	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	1. Statistical-Mechanical Ensembles and Thermodynamics
	1.1 Introduction
	1.2 Ensembles and Postulates
	1.3 Canonical Ensemble
	1.4 Canonical Ensemble and Thermodynamics
	1.5 Grand Canonical Ensemble
	1.6 Microcanonical Ensemble
	1.7 Other Ensembles
	Problems

	2. Further Discussion of Ensembles and Thermodynamics
	2.1 Fluctuations
	2.2 Thermodynamic Equivalence of Ensembles
	2.3 Second Law of Thermodynamics
	2.4 Third Law of Thermodynamics
	Problems

	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	3. General Relations for Independent Distinguishable and Indistinguishable Molecules or Subsystems
	3.1 Independent and Distinguishable Molecules or Subsystems
	3.2 Independent and Indistinguishable Molecules
	3.3 Energy Distribution among Independent Molecules
	3.4 "Ensembles" of Small, Independent "Systems"
	Problems

	4. Ideal Monatomic Gas
	4.1 Energy Levels and Canonical Ensemble Partition Function
	4.2 Thermodynamic Functions
	4.3 Grand Ensemble and Others
	4.4 Internal Degrees of Freedom
	Problems

	5. Monatomic Crystals
	5.1 Einstein Model of a Monatomic Crystal
	5.2 General Treatment of Molecular Vibrations in a Monatomic Crystal
	5.3 The Debye Approximation
	5.4 Exact Treatments of the Frequency Distribution Problem
	Problems

	6. Classical Statistical Mechanics
	6.1 Introductory Examples
	6.2 More General Systems
	6.3 Phase Space and Ensembles in Classical Statistics
	6.4 Maxwell-Boltzmann Velocity Distribution
	Problems

	7. Introduction to Lattice Statistics: Adsorption, Binding, and Titration Problems
	7.1 Ideal Lattice Gas (Langmuir Adsorption Theory)
	7.2 Grand Partition Function for a Single Independent Site or Subsystem
	7.3 Systems Composed of Independent and Indistiguishable Sub-Systems
	7.4 Elasticity of and Adsorption on a Linear Polymer Chain
	Problems

	8. Ideal Diatomic Gas
	8.1 Independence of Degrees of Freedom
	8.2 Vibration
	8.3 Rotation
	8.4 Thermodynamic Functions
	Problems

	9. Ideal Polyatomic Gas
	9.1 Potential Energy Surface
	9.2 Vibration
	9.3 Rotation
	9.4 Thermodynamic Functions
	9.5 Hindered Internal Rotation in Ethane
	9.6 Hindered Translation on a Surface
	Problems

	10. Chemical Equilibrium in Ideal Gas Mixtures
	10.1 General Relations
	10.2 Statistical Derivation in a Special Case
	10.3 Fluctuations in a Simple Chemical Equilibrium
	10.4 Examples of Chemical Equilibria
	Problems

	11. The Rate of Chemical Reactions in Ideal Gas Mixtures
	11.1 Potential Surfaces
	11.2 Absolute Rate Theory
	11.3 A Nonchemical Application of the Eyring Theory
	Problems

	12. Ideal Gas in an Electric Field
	12.1 Thermodynamic Background
	12.2 Statistical-Mechanical Background
	12.3 Dilute Gas in an Electric Field
	12.4 Lattice of Noninteracting Magnetic Dipoles
	Problems

	13. Configuration of Polymer Molecules and Rubber Elasticity
	13.1 Freely Jointed Chain
	13.2 Gaussian Probability Distribution for Free Polymer Molecules
	13.3 Rubber Elasticity
	Problems

	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	14. Lattice Statistics
	14.1 One-Dimensional Lattice Gas (Adsorption)
	14.2 Elasticity of a Linear Polymer Chain
	14.3 Two-Dimensional Square Lattice
	14.4 Bragg-Williams Approximation
	14.5 Quasi-Chemical Approximation
	14.6 First-Order Phase Transitions
	Problems

	15. Imperfect Gases
	15.1 Virial Expansion for a One-Component Gas
	15.2 One-Component Classical Monatomic Gas
	15.3 Two-Component Imperfect Gas
	15.4 Imperfect Gas near a Surface
	15.5 Imperfect Gas in an Electric Field
	Problems

	16. Approximate Cell and Hole Theories of the Liquid State
	16.1 The van der Waals Equation of State
	16.2 Cell Theories of Liquids
	16.3 Hole Theories of Liquids
	16.4 Law of Corresponding States
	Problems

	17. Distribution Functions in Classical Monatomic Fluids
	17.1 Radial Distribution Function
	17.2 Relation of Thermodynamic Functions to g(r)
	17.3 Integral Equation for g(r; xi)
	17.4 Formal Definition of Distribution Functions
	17.5 Surface Tension
	Problems

	18. Dilute Electrolyte Solutions and Plasmas
	18.1 Debye-Hückel Theory
	18.2 Kirkwood Theory of Solutions
	18.3 Electrolyte Solutions
	Problems

	19. Dilute Liquid Solutions
	19.1 McMillan-Mayer Solution Theory
	19.2 Applications of the McMillan-Mayer Theory
	19.3 Constant Pressure Solution Theory
	Problems

	20. Theory of Concentrated Solutions
	20.1 Lattice Theory of Solutions
	20.2 Cell Theories of Binary Solutions
	20.3 Random-Mixing, Corresponding-States Theory
	20.4 Conformal Solution Theory
	Problems

	21. Polymer and Polyelectrolyte Solutions and Gels
	21.1 Wall Theory of Rubber Elasticity
	21.2 Flory-Huggins Polymer Solution Theory
	21.3 Swelling of Polymer Gels
	21.4 Swelling of Polyelectrolyte Gels
	21.5 Isolated Polymer or Polyelectrolyte Molecules in Solution
	21.6 Second Virial Coefficient in Polymer and Polyelectrolyte Solution
	Problems

	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	14. Lattice Statistics
	14.1 One-Dimensional Lattice Gas (Adsorption)
	14.2 Elasticity of a Linear Polymer Chain
	14.3 Two-Dimensional Square Lattice
	14.4 Bragg-Williams Approximation
	14.5 Quasi-Chemical Approximation
	14.6 First-Order Phase Transitions
	Problems

	15. Imperfect Gases
	15.1 Virial Expansion for a One-Component Gas
	15.2 One-Component Classical Monatomic Gas
	15.3 Two-Component Imperfect Gas
	15.4 Imperfect Gas near a Surface
	15.5 Imperfect Gas in an Electric Field
	Problems

	16. Approximate Cell and Hole Theories of the Liquid State
	16.1 The van der Waals Equation of State
	16.2 Cell Theories of Liquids
	16.3 Hole Theories of Liquids
	16.4 Law of Corresponding States
	Problems

	17. Distribution Functions in Classical Monatomic Fluids
	17.1 Radial Distribution Function
	17.2 Relation of Thermodynamic Functions to g(r)
	17.3 Integral Equation for g(r; xi)
	17.4 Formal Definition of Distribution Functions
	17.5 Surface Tension
	Problems

	18. Dilute Electrolyte Solutions and Plasmas
	18.1 Debye-Hückel Theory
	18.2 Kirkwood Theory of Solutions
	18.3 Electrolyte Solutions
	Problems

	19. Dilute Liquid Solutions
	19.1 McMillan-Mayer Solution Theory
	19.2 Applications of the McMillan-Mayer Theory
	19.3 Constant Pressure Solution Theory
	Problems

	20. Theory of Concentrated Solutions
	20.1 Lattice Theory of Solutions
	20.2 Cell Theories of Binary Solutions
	20.3 Random-Mixing, Corresponding-States Theory
	20.4 Conformal Solution Theory
	Problems

	21. Polymer and Polyelectrolyte Solutions and Gels
	21.1 Wall Theory of Rubber Elasticity
	21.2 Flory-Huggins Polymer Solution Theory
	21.3 Swelling of Polymer Gels
	21.4 Swelling of Polyelectrolyte Gels
	21.5 Isolated Polymer or Polyelectrolyte Molecules in Solution
	21.6 Second Virial Coefficient in Polymer and Polyelectrolyte Solution
	Problems

	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	14. Lattice Statistics
	14.1 One-Dimensional Lattice Gas (Adsorption)
	14.2 Elasticity of a Linear Polymer Chain
	14.3 Two-Dimensional Square Lattice
	14.4 Bragg-Williams Approximation
	14.5 Quasi-Chemical Approximation
	14.6 First-Order Phase Transitions
	Problems

	15. Imperfect Gases
	15.1 Virial Expansion for a One-Component Gas
	15.2 One-Component Classical Monatomic Gas
	15.3 Two-Component Imperfect Gas
	15.4 Imperfect Gas near a Surface
	15.5 Imperfect Gas in an Electric Field
	Problems

	16. Approximate Cell and Hole Theories of the Liquid State
	16.1 The van der Waals Equation of State
	16.2 Cell Theories of Liquids
	16.3 Hole Theories of Liquids
	16.4 Law of Corresponding States
	Problems

	17. Distribution Functions in Classical Monatomic Fluids
	17.1 Radial Distribution Function
	17.2 Relation of Thermodynamic Functions to g(r)
	17.3 Integral Equation for g(r; xi)
	17.4 Formal Definition of Distribution Functions
	17.5 Surface Tension
	Problems

	18. Dilute Electrolyte Solutions and Plasmas
	18.1 Debye-Hückel Theory
	18.2 Kirkwood Theory of Solutions
	18.3 Electrolyte Solutions
	Problems

	19. Dilute Liquid Solutions
	19.1 McMillan-Mayer Solution Theory
	19.2 Applications of the McMillan-Mayer Theory
	19.3 Constant Pressure Solution Theory
	Problems

	20. Theory of Concentrated Solutions
	20.1 Lattice Theory of Solutions
	20.2 Cell Theories of Binary Solutions
	20.3 Random-Mixing, Corresponding-States Theory
	20.4 Conformal Solution Theory
	Problems

	21. Polymer and Polyelectrolyte Solutions and Gels
	21.1 Wall Theory of Rubber Elasticity
	21.2 Flory-Huggins Polymer Solution Theory
	21.3 Swelling of Polymer Gels
	21.4 Swelling of Polyelectrolyte Gels
	21.5 Isolated Polymer or Polyelectrolyte Molecules in Solution
	21.6 Second Virial Coefficient in Polymer and Polyelectrolyte Solution
	Problems

	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	14. Lattice Statistics
	14.1 One-Dimensional Lattice Gas (Adsorption)
	14.2 Elasticity of a Linear Polymer Chain
	14.3 Two-Dimensional Square Lattice
	14.4 Bragg-Williams Approximation
	14.5 Quasi-Chemical Approximation
	14.6 First-Order Phase Transitions
	Problems

	15. Imperfect Gases
	15.1 Virial Expansion for a One-Component Gas
	15.2 One-Component Classical Monatomic Gas
	15.3 Two-Component Imperfect Gas
	15.4 Imperfect Gas near a Surface
	15.5 Imperfect Gas in an Electric Field
	Problems

	16. Approximate Cell and Hole Theories of the Liquid State
	16.1 The van der Waals Equation of State
	16.2 Cell Theories of Liquids
	16.3 Hole Theories of Liquids
	16.4 Law of Corresponding States
	Problems

	17. Distribution Functions in Classical Monatomic Fluids
	17.1 Radial Distribution Function
	17.2 Relation of Thermodynamic Functions to g(r)
	17.3 Integral Equation for g(r; xi)
	17.4 Formal Definition of Distribution Functions
	17.5 Surface Tension
	Problems

	18. Dilute Electrolyte Solutions and Plasmas
	18.1 Debye-Hückel Theory
	18.2 Kirkwood Theory of Solutions
	18.3 Electrolyte Solutions
	Problems

	19. Dilute Liquid Solutions
	19.1 McMillan-Mayer Solution Theory
	19.2 Applications of the McMillan-Mayer Theory
	19.3 Constant Pressure Solution Theory
	Problems

	20. Theory of Concentrated Solutions
	20.1 Lattice Theory of Solutions
	20.2 Cell Theories of Binary Solutions
	20.3 Random-Mixing, Corresponding-States Theory
	20.4 Conformal Solution Theory
	Problems

	21. Polymer and Polyelectrolyte Solutions and Gels
	21.1 Wall Theory of Rubber Elasticity
	21.2 Flory-Huggins Polymer Solution Theory
	21.3 Swelling of Polymer Gels
	21.4 Swelling of Polyelectrolyte Gels
	21.5 Isolated Polymer or Polyelectrolyte Molecules in Solution
	21.6 Second Virial Coefficient in Polymer and Polyelectrolyte Solution
	Problems

	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	14. Lattice Statistics
	14.1 One-Dimensional Lattice Gas (Adsorption)
	14.2 Elasticity of a Linear Polymer Chain
	14.3 Two-Dimensional Square Lattice
	14.4 Bragg-Williams Approximation
	14.5 Quasi-Chemical Approximation
	14.6 First-Order Phase Transitions
	Problems

	15. Imperfect Gases
	15.1 Virial Expansion for a One-Component Gas
	15.2 One-Component Classical Monatomic Gas
	15.3 Two-Component Imperfect Gas
	15.4 Imperfect Gas near a Surface
	15.5 Imperfect Gas in an Electric Field
	Problems

	16. Approximate Cell and Hole Theories of the Liquid State
	16.1 The van der Waals Equation of State
	16.2 Cell Theories of Liquids
	16.3 Hole Theories of Liquids
	16.4 Law of Corresponding States
	Problems

	17. Distribution Functions in Classical Monatomic Fluids
	17.1 Radial Distribution Function
	17.2 Relation of Thermodynamic Functions to g(r)
	17.3 Integral Equation for g(r; xi)
	17.4 Formal Definition of Distribution Functions
	17.5 Surface Tension
	Problems

	18. Dilute Electrolyte Solutions and Plasmas
	18.1 Debye-Hückel Theory
	18.2 Kirkwood Theory of Solutions
	18.3 Electrolyte Solutions
	Problems

	19. Dilute Liquid Solutions
	19.1 McMillan-Mayer Solution Theory
	19.2 Applications of the McMillan-Mayer Theory
	19.3 Constant Pressure Solution Theory
	Problems

	20. Theory of Concentrated Solutions
	20.1 Lattice Theory of Solutions
	20.2 Cell Theories of Binary Solutions
	20.3 Random-Mixing, Corresponding-States Theory
	20.4 Conformal Solution Theory
	Problems

	21. Polymer and Polyelectrolyte Solutions and Gels
	21.1 Wall Theory of Rubber Elasticity
	21.2 Flory-Huggins Polymer Solution Theory
	21.3 Swelling of Polymer Gels
	21.4 Swelling of Polyelectrolyte Gels
	21.5 Isolated Polymer or Polyelectrolyte Molecules in Solution
	21.6 Second Virial Coefficient in Polymer and Polyelectrolyte Solution
	Problems

	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	14. Lattice Statistics
	14.1 One-Dimensional Lattice Gas (Adsorption)
	14.2 Elasticity of a Linear Polymer Chain
	14.3 Two-Dimensional Square Lattice
	14.4 Bragg-Williams Approximation
	14.5 Quasi-Chemical Approximation
	14.6 First-Order Phase Transitions
	Problems

	15. Imperfect Gases
	15.1 Virial Expansion for a One-Component Gas
	15.2 One-Component Classical Monatomic Gas
	15.3 Two-Component Imperfect Gas
	15.4 Imperfect Gas near a Surface
	15.5 Imperfect Gas in an Electric Field
	Problems

	16. Approximate Cell and Hole Theories of the Liquid State
	16.1 The van der Waals Equation of State
	16.2 Cell Theories of Liquids
	16.3 Hole Theories of Liquids
	16.4 Law of Corresponding States
	Problems

	17. Distribution Functions in Classical Monatomic Fluids
	17.1 Radial Distribution Function
	17.2 Relation of Thermodynamic Functions to g(r)
	17.3 Integral Equation for g(r; xi)
	17.4 Formal Definition of Distribution Functions
	17.5 Surface Tension
	Problems

	18. Dilute Electrolyte Solutions and Plasmas
	18.1 Debye-Hückel Theory
	18.2 Kirkwood Theory of Solutions
	18.3 Electrolyte Solutions
	Problems

	19. Dilute Liquid Solutions
	19.1 McMillan-Mayer Solution Theory
	19.2 Applications of the McMillan-Mayer Theory
	19.3 Constant Pressure Solution Theory
	Problems

	20. Theory of Concentrated Solutions
	20.1 Lattice Theory of Solutions
	20.2 Cell Theories of Binary Solutions
	20.3 Random-Mixing, Corresponding-States Theory
	20.4 Conformal Solution Theory
	Problems

	21. Polymer and Polyelectrolyte Solutions and Gels
	21.1 Wall Theory of Rubber Elasticity
	21.2 Flory-Huggins Polymer Solution Theory
	21.3 Swelling of Polymer Gels
	21.4 Swelling of Polyelectrolyte Gels
	21.5 Isolated Polymer or Polyelectrolyte Molecules in Solution
	21.6 Second Virial Coefficient in Polymer and Polyelectrolyte Solution
	Problems

	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	14. Lattice Statistics
	14.1 One-Dimensional Lattice Gas (Adsorption)
	14.2 Elasticity of a Linear Polymer Chain
	14.3 Two-Dimensional Square Lattice
	14.4 Bragg-Williams Approximation
	14.5 Quasi-Chemical Approximation
	14.6 First-Order Phase Transitions
	Problems

	15. Imperfect Gases
	15.1 Virial Expansion for a One-Component Gas
	15.2 One-Component Classical Monatomic Gas
	15.3 Two-Component Imperfect Gas
	15.4 Imperfect Gas near a Surface
	15.5 Imperfect Gas in an Electric Field
	Problems

	16. Approximate Cell and Hole Theories of the Liquid State
	16.1 The van der Waals Equation of State
	16.2 Cell Theories of Liquids
	16.3 Hole Theories of Liquids
	16.4 Law of Corresponding States
	Problems

	17. Distribution Functions in Classical Monatomic Fluids
	17.1 Radial Distribution Function
	17.2 Relation of Thermodynamic Functions to g(r)
	17.3 Integral Equation for g(r; xi)
	17.4 Formal Definition of Distribution Functions
	17.5 Surface Tension
	Problems

	18. Dilute Electrolyte Solutions and Plasmas
	18.1 Debye-Hückel Theory
	18.2 Kirkwood Theory of Solutions
	18.3 Electrolyte Solutions
	Problems

	19. Dilute Liquid Solutions
	19.1 McMillan-Mayer Solution Theory
	19.2 Applications of the McMillan-Mayer Theory
	19.3 Constant Pressure Solution Theory
	Problems

	20. Theory of Concentrated Solutions
	20.1 Lattice Theory of Solutions
	20.2 Cell Theories of Binary Solutions
	20.3 Random-Mixing, Corresponding-States Theory
	20.4 Conformal Solution Theory
	Problems

	21. Polymer and Polyelectrolyte Solutions and Gels
	21.1 Wall Theory of Rubber Elasticity
	21.2 Flory-Huggins Polymer Solution Theory
	21.3 Swelling of Polymer Gels
	21.4 Swelling of Polyelectrolyte Gels
	21.5 Isolated Polymer or Polyelectrolyte Molecules in Solution
	21.6 Second Virial Coefficient in Polymer and Polyelectrolyte Solution
	Problems

	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	14. Lattice Statistics
	14.1 One-Dimensional Lattice Gas (Adsorption)
	14.2 Elasticity of a Linear Polymer Chain
	14.3 Two-Dimensional Square Lattice
	14.4 Bragg-Williams Approximation
	14.5 Quasi-Chemical Approximation
	14.6 First-Order Phase Transitions
	Problems

	15. Imperfect Gases
	15.1 Virial Expansion for a One-Component Gas
	15.2 One-Component Classical Monatomic Gas
	15.3 Two-Component Imperfect Gas
	15.4 Imperfect Gas near a Surface
	15.5 Imperfect Gas in an Electric Field
	Problems

	16. Approximate Cell and Hole Theories of the Liquid State
	16.1 The van der Waals Equation of State
	16.2 Cell Theories of Liquids
	16.3 Hole Theories of Liquids
	16.4 Law of Corresponding States
	Problems

	17. Distribution Functions in Classical Monatomic Fluids
	17.1 Radial Distribution Function
	17.2 Relation of Thermodynamic Functions to g(r)
	17.3 Integral Equation for g(r; xi)
	17.4 Formal Definition of Distribution Functions
	17.5 Surface Tension
	Problems

	18. Dilute Electrolyte Solutions and Plasmas
	18.1 Debye-Hückel Theory
	18.2 Kirkwood Theory of Solutions
	18.3 Electrolyte Solutions
	Problems

	19. Dilute Liquid Solutions
	19.1 McMillan-Mayer Solution Theory
	19.2 Applications of the McMillan-Mayer Theory
	19.3 Constant Pressure Solution Theory
	Problems

	20. Theory of Concentrated Solutions
	20.1 Lattice Theory of Solutions
	20.2 Cell Theories of Binary Solutions
	20.3 Random-Mixing, Corresponding-States Theory
	20.4 Conformal Solution Theory
	Problems

	21. Polymer and Polyelectrolyte Solutions and Gels
	21.1 Wall Theory of Rubber Elasticity
	21.2 Flory-Huggins Polymer Solution Theory
	21.3 Swelling of Polymer Gels
	21.4 Swelling of Polyelectrolyte Gels
	21.5 Isolated Polymer or Polyelectrolyte Molecules in Solution
	21.6 Second Virial Coefficient in Polymer and Polyelectrolyte Solution
	Problems

	Part IV. Quantum Statistics
	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	22. Quantum Statistics
	22.1 Introduction to Fermi-Dirac and Bose-Einstein Statistics
	22.2 Ideal Fermi-Dirac Gas; Electrons in Metals
	22.3 Ideal Bose-Einstein Gas; Helium
	22.4 Blackbody Radiation (Photon Gas)
	22.5 Quantum Statistics with Intermolecular Interactions
	22.6 The Factors h^n and N! in Classical Statistics
	22.7 Free-Volume Theories of Quantum Liquids
	22.8 Gas of Symmetrical Diatomic Molecules at Low Temperatures
	Problems

	Appendices
	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Appendix I: Natural Constants
	Appendix II: Maximum-Term Method
	Appendix III: Method of Undetermined Multipliers
	Appendix IV: The Lennard-Jones Potential
	Appendix V: Normal Coordinate Analysis in a Special Case
	Appendix VI: Vibrational Frequency Distribution in a Solid Continuum
	Appendix VII: Generalized Coordinates

	Index
	Front Matter
	Table of Contents
	Part I. Principles of Quantum Statistical Mechanics
	Part II. Systems Composed of Independent Molecules or Subsystems
	Part III. Systems of Interacting Molecules
	Part IV. Quantum Statistics
	Appendices
	Index
	A
	B
	C
	D
	E
	F
	G
	H
	I
	K
	L
	M
	N
	O
	P
	Q
	R
	S
	T
	U
	V
	W
	X


