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1- Ma’ruza

Chekli o¢Ichovli ekstremal masalalarning umumiy qo‘yilishi va sinflari.
Reja:
1.1.  Chekli o‘lchovli ekstremal masalaning qo‘yilishi.
1.2. Chekli o¢lchovli ekstremal masalalarning asosiy sinflari
1.3.  Ekstremal masalalarni matematik modellashtirish.Misollar.
1.4. Ekstremal masalaning geometrik talgini.

Taynch iboralar: Evklid fazosi, skalar ko ‘paytma, ekstremal masala, ekstremal masalalarning
sinflari,aniq quyi chegara, aniq yuqori chegara, global minimum, global maksimum, lokal
minimum, lokal maksimum, bir o ‘zgaruvchili funksiyaning ekstremumi masalasi, shartsiz
ekstremum masalasi, klassik shartli ekstremum masalasi,chizigli bo Imagan
programmalashtirish masalasi, gavariq programma-lashtirish masalasi, chizigli
programmalashtirish masalasi, kvadratik programmalashtirish masalasi.
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1.1. Chekli o¢Ichovli ekstremal masalaning qo‘yilishi va uning asosiy tiplari.
R"- n- o‘lchovli haqigiy Evklid fazosi bo‘lsin. R" fazo X =(X;,...,X,) va Y= (Y, ¥Y,,)

elementlarining skalar ko‘paytmasi (X, y) = in y; tenglik bilan, X € R" vektorning normasi esa,
i=1

[X|= /2% korinishda aniglanadi. Ko*pincha (vektor — matrisali yozuvdan foydalanilganda),
i=1l

R" fazoning elementlarini n- o‘Ilchovli vektor — ustunlar deb garaladi va x,y € R" elementlarning
skalar ko‘paytmasi x"y ko‘rinishda belgilanadi, bu yerda T — transponirlash belgisi.

R" fazoning biror Q to‘plamida aniglangan f (x) funksiya berilgan bo¢lsin.

1-ta’rif. x° € Q bo‘lsin. Agar barcha x€Q lar uchun f(x°)< f(x) (f(x°)> f(x))
munosabat bajarilsa, X° ga f(x) funksiyaning Q to‘plamdagi global minimum (global
maksimum) nuqtasi deyiladi.

Agar x°- f (x)funksiyaning Q to‘plamdagi global minimum (global maksimum) nugtasi
bo‘lsa, f(x°) ga f(x) funksiyaning Q to‘plamdagi eng kichik (eng katta) yoki minimal

(maksimal) giymati deyiladi va f(x°)=min f() (f(x°)=max f (x)) deb belgilanadi.
xeQ xeQ



: sin? ) x=0;
1- misol. f (x) = X' ' X eR" = (—o0,+0)
0, x=0,
funksiyani garaymiz.
a) Q= {x eR':1<x< 2} to‘plamda f(x) funksiyaning global minimum nugtasi x° =1,
chunki f(1) =sin®z =0<sin’z/x = f(x),VxeQ;
ixng f(x)= rpig f(x)=f(@)=0; f(x) funksiyaning shu to‘plamdagi global maksimum nuqtasi

x® =2, chunki f(2)=sin?z/2=1<sin’7z/x,VxeQ;
sup f () = max f () = f(2) =1,

xeQ Xe
b) Agar Q:{XE R* :]/nggl} bo‘lsa, garalayotgan funksiyaning global minimum
nugtalari uchta : x? =1/3, xJ =1/2, x? =1; global maksimum nugtasi esa bitta : x° = 2/3.
v) Qaralayotgan funksiyaning Q:{XE R* :O<x£1} to‘plamda global minimum va
1

maksimum  nugtalari  sanoq|li: x! ==, n=12..- global minimum  nugtalari,
n
X} = 2 , n=1.2,...- global maksimum nugtalaridir.
2n+1

g) Q= {x eR':2<x< +oo} bo‘lganda, f (x)funksiya bu to‘plamda o°zining aniq quyi
chegarasiga erishmaydi, ya’ni bu holda funksiyaning global minimum nugtasi yo‘q. Hagigatan
ham,

ixrelg f(x) = 2Si£1<f+oosin2 % =0; ammo VX € Q uchun f(x)>0.
2-misol. f(x) =1—|x|, xeR" funksiya berilgan.

a) QZ{XE R" :||x||sl} bo‘lsa, f(x) funksiyaning Q to‘plamdagi global maksimum
nugtasi x=© =(0,0,...,0) € R" bo‘ladi, chunki f(®)=1>1-|x|, ¥xeQ; global minimum
nugtalari esa, |x| =1 shartni ganoatlantiruvchi nugtalardan iborat, chunki f(x)=0, [x|=1; f(x)
>0, x| <1; demak global minimum nuqtalari to‘plami kontinium quvvatlidir.

b) Q= {x eR":|¥| 21} to‘plamda esa, f(x) funksiya ||x|=1 shartni ganoatlantiruvchi
nugtalarda aniq yugori chegarasiga erishadi, chunki  f(x)=0, |x|=1; f(x) <0, |x|>1; bu
to‘plamda f(x) funksiyaning global minimum nugtalari yo‘q: 'Ilg f(X) = —oo0.

2- ta’rif. x° eQ, K(x°%, &) = {Xe R":

barcha xeQNK(x° &) uchun f(x°)< f(x) (f(x°)> f(x)) munosabat bajarilsa, x° ga
f (x) funksiyaning Q to‘plamdagi lokal minimum (lokal maksimum) nugtasi deyiladi.

f(x) funksiyaning Q to‘plamdagi minimum (maksimum) nugtalari va minimal
(maksimal) giymatini topish hagidagi masalaga minimallashtirish (maksimallashtirish) masalasi
deyiladi va u

f(X) ——>min(max), xe€Q, QeR" (1)
ko‘rinishda belgilanadi.
f (x) funksiyaning Q to‘plamdagi minimum va maksimum nugtalari ekstremum nugtalari

deb, (1) ko‘rinishdagi masalalarni esa chekli o‘lchovli ekstremal masalalar deb atamiz.
Qaralayotgan ekstremal masala uchun

f(X) —>extr, xeQ, QeR"

x=x°| <g} bo‘Isin. Agar biror & >0 son topilib,




belgilashdan ham foydalaniladi.

1) ekstremal masalaning global (lokal) yechimi deb, f(x)funksiyaning Q
to‘plamdagi global (lokal) ekstremum nugtalarini tushunamiz.

3- misol.

f(x)=x*(Ll—x*)—>min, xeQ=[-33]cR! 2)

x*=0. (2) masalaning lokal yechimi bo‘ladi, chunki, agar O<e&<1l bo‘lsa,
vYxeQNK(x% e)=(-¢¢) uchun f(x)>0=f(x") bo‘ladi. ammo, x°=0 nugta (2)
masalaning global yechimi bo‘la olmaydi, chunki agar 3>|x >1 bo‘lsa, f(x) < f(x°) bo‘ladi.
X" =3 va X" =-3 - masalaning global yechimlaridir: Xg[ligs] f(x)=f(£3)=-72.

1.2. Chekli o¢Ichovli ekstremal masalalarning asosiy sinflari

Matematikaning chekli o‘lchovli ekstremal masalalar bilan shug‘ullanadigan bo‘limi
matematik programmalashtirish deb ataladi.

Matematik programmalashtirishda ko‘pincha quyidagi atamalardan foydalaniladi: (1)
masala — optimallashtirish masalasi; f(x)- magsad funksiyasi; Q- rejalar (joiz nugtalar)
to ‘plami; x € Q - ixtiyoriy reja (joiz nugta); (1) masalaning global (lokal) yechimi — optimal (lokal
optimal) reja.

Magsad funksiyasi va rejalar to‘plamining berilishiga qarab chekli o‘lchovli
optimallashtirish masalalarini quyidagicha sinflarga (tiplarga) ajratish mumkin.

a) Bir o‘zgaruvchili funksiyaning ekstremumi masalasi:

f(x) —=xtr, xe€Q, QeR (3)

Bir o‘zgaruvchili funksiyaning ekstremumi matematik programmalashtirishning klassik
masalasi bo‘lib, bu masala hagida dastlabki ma’lumotlar bizga matematik analiz kursidan ma’lum.

b) Shartsiz ekstremum masalasi:

f(x) —=xr, xeR" 4)
Bu masala (1) dan Q=R" bo‘lganda kelib chigadi. Shartsiz ekstremum masalasi matematik
programmalashtirishning klassik masalasi bo‘lib, u matematik analiz kursida differensial hisob
yordamida o‘rganilgan.

v) Klassik shartli ekstremum masalasi:

f(x) —>extr, 9;(X)=0,i=1m, xeR" (5)
Bu masalada rejalar to‘plami Q = {x eR":g;(x)=0, i zl,m}, ya’ni fagat tenglik ko‘rinishidagi
cheklashlar berilgan.

g) Chizigsiz programmalashtirishning umumiy masalasi:

f(x) —>extr, g, <0, i=Lk, g;X)=0, i=k+1m,xeP. (6)

Ushbu masalani matematik programmalashtirishning umumiy shartli ekstremum masalasi deb
ham ataymiz. Unda tenglik ko‘rinishidagi cheklashlar bilan bir gatorda tengsizlik tipidagi
cheklashlar ham gatnashadi.

(6) masaladan, xususiy holda, m=0, P=R" bo‘lganda shartsiz ekstremum masalasiga,
k=0, P=R"bo‘lganda esa klassik shartli ekstremum masalasiga ega bo‘lamiz.

d) Qavariq programmalashtirish masalasi. P < R"- gavariq to‘plam f (x), g; (), i =1k
funksiyalar Pda qgavariqg, g;(x), i = k+1,m funksiyalar chizigli bo‘lganda

f (X) —>min, g,(x) <0, i=1k, 9,¥=0, i=k+1,m, xeP



minimallashtirish masalasiga gavariq programmalashtirishning umumiy masalasi deyiladi.
Qavariqg to‘plam gavariq funksiyalar va ularning zarur xossalari bilan gavariq analiz asoslari
bo‘limida (4-9-88) tanishamiz.

ye) Kvadratik programmalashtirish masalasi. Agar qavariq programmalashtirish
masalasida maqgsad funksiyasi  f(x)=x"Ax+b'x (A-simmetrik nxn- matrisa,

A>0,b" =(b,,....b,)) kvadratik funksiyadan iborat, cheklashlar esa chizigli funksiyalar bilan
berilgan bo‘lsa, unga kvadratik programmalashtirish masalasi deyiladi.

1) Chizigli programmalashtirish masalasi.Agar (6) masalada f(x),g;(x),i =1m
fuknsiyalar chizigli, P=1{xeR":a, <x, <b,, j=Ln| yoki P={xeR":x,>0, j=1n|
bo‘lIsa, chizigli programmalashtirish masalasiga esa bo‘lamiz.

1.3. Ekstremal masalalarni matematik modellashtirish.Misollar.

Amaliyotda paydo bo‘ladigan optimallashtirish masalalariga hozirgi zamon ekstremal
masalalar nazariyasini qullay olish uchun avvalo ularni matematika tiliga ko‘chirish — matematik
formalashtirish zarur. Qo‘yilgan har bir optimallashtirish masalasini matematik modellashtirish,
shu masalaning matematik modelini tuzishga olib keladi. Quyida optimallashtirish masalalarining
matematik modelini tuzishga doir bir necha misollar garaymiz.

1-masala. Berilgan to‘g‘ri chizigda shunday nuqtani topish talab gilinadiki, undan berilgan
ikki nugtagacha bo‘lgan masofalar yig‘indisi minimal (eng kichik) bo‘Isin. Qo‘yilgan masalaning
matematik modelini tuzamiz. Buning uchun tekislikda Oxy del=rt koordinatalar sistemasini

garaymiz va Oxo‘qini berilgan to‘g‘ri chiziq bo‘ylab y B(d.b)
yo‘naltiramiz, Oy o‘qgini esa berilgan A nuqgta orgali
0‘tkazamiz (1-chizma). p(A,C) va p(B,C) mos ravishda, A(0. a) X

berilgan A va V nugtalardan Ox o‘gidagi ixtiyoriy S
nugtagacha bo‘lgan masofalar bo‘lsin. Masala shartiga
ko‘ra, Oxo‘qgida

shunday S  nugtani  topish  talab  qilinadiki, C(x,0)
f =p(AC)+ p(B,C) miqdor eng kichik giymat gabul
gilinsin. A, V, S nuqtalarning koordinatalari quyidagicha
bo‘lsin: A(0,a), B(d,b), C(x,0). U vaqtda 1-un3ma

p(A,C)=+a’*+x*, p(B,C)=+b?+(d-x)?.Snuqtaning Ox o‘gida o‘zgarishi uning absissasi

- X o‘zgaruvchining R' = (—oo,+00) to‘plamda o‘zgarishidan iborat. Shunday qilib, go‘yilgan

masalaning matematik modeli f(x) =+/a? +x? ++/b? + (d — x)? min, x € R*, ko‘rinishda,
ya’ni bir o‘zgaruvchili funksiyaning ekstremumini topish masalasidan iborat.

2- masala. R" fazoda a',a’,..,a™ nugtalar berilgan bo‘lsin. Shunday X e R" nugtani
topish talab gilinadiki, bu nuqtalar berilgan a',..,a™ nuqtalargacha bo‘lgan masofalar
kvadratlarining yig‘indisi minimal bo‘lsin. Ixtiyoriy xeR" nugtadan a' eR", i=1m

nugtagacha bo‘lgan masofa p(x,a') :Hx—a‘H bo‘lgani uchun quyilgan masalaning matematik

modeli quyidagi f(x) = ZHX— a‘H2 min, X € R" shartsiz minimum masafasiian iboratdir.
i=1

3- masala. Tekislikda berilgan nugtadan berilgan to‘g‘ri chiziggacha bo‘lgan eng gisqga
masofa topilsin.

Berilgan nugta A(a,,a,), berilgan to‘g‘ri chiziq ¢,X, +C,X, =d bo‘lsin. Agar B(X,X,)-
to‘g‘ri chizigning ixtiyoriy nuqtasi bo‘lsa, undan A nugtagacha bo‘lgan masofa



p(A B) = \/(xl —a,)*+(x,—a,)> bo‘ladi. B nugta to‘g‘ri chizigda yotgani uchun uning
koordinatalari g(X) =c¢,Xx, +C,X, —d =0 cheklanishni ganoatlantiradi. Shunday qilib berilgan
masala quyidagi minimallashtirish masalasiga keltiriladi:

f(X) =~/(x, —a,)% +(X, —a,)> —> min, g(X) =¢,X, +C,X, —d =0, xe R?,

4- masala. Doiraga eng katta yuzaga ega bo‘lgan to‘g‘ri to‘rtburchak chizilsin.

Aylana tenglamasi x> + x> =r? bo‘lsin. Ox, x]
M (X, X,) /_
va Ox, o‘glarini to‘g‘ri to‘rtburchak tomonlariga /
parallel gilib o‘tkazamiz va (X;, X,) orqali to‘g‘ri \
to‘rtburchakning koordinatalar tekisligi birinchi
choragida yotuvchi uchining koordinatalarini belOm_| (2-chizma).
2- chizma

U vaqgtda doiraga ichki chizilgan to‘g‘ri to‘rtburchakning yuzasi 4x,X, ga teng bo‘ladi. X, X,
o‘zgaruvchilarga X7 +x2 =r?, X >0, X, >0 shartlar go‘yilgan. Shunday qilib, go‘yilgan
masalani quyidagicha matematik formallashtirish mumkin:
FO)=4x%, __smax g(x)=x+x5 -1’ =0,x=(X,X,) € P ={(X,%,): % 20,X, >0}.
Bu masalani
f(X) =4xX, —max, g(x)=x +xZ —-r?>=0,9,(x)=-x<0, g;(x)=-x, <0
ko‘rinishda ham yozish mumkin.

5- masala (ishlab chigarish masalasi). Korxona n turdagi mahsulot ishlab chigarish uchun
xomashyoning m xilidan foydalaniladi. Faraz gilaylikki, j - mahsulot birligini ishlab chigarish

uchun i - xomashyoning sarf bo‘ladigan miqgdori a; bo‘lsin; j- mahsulot birligining

realizasiyasidan olinadigan foyda miqdori esa c; bo‘lsin. Agar i- xildagi xomashyo migdori b

bo‘lsa, mahsulot ishlab chigarishning shunday rejasini tuzish talab qilinadiki, uning
realizasiyasidan keladigan foyda maksimal bo‘lIsin.
Qo‘yilgan masalaning matematik modelini tuzamiz. x;- j- mahsulot ishlab chigarish

rejasi bo‘lsin. Tushunarliki, x; >0, j=1n bo‘ladi. bundan tashgari, masala shartiga ko‘ra

Zaijxj <b,i =1.m cheklashlarga ega bo‘lamiz. Umumiy ishlab chigarish rejasi x = (X,,..., X,,)
j=1

ning realizasiyasidan keladigan foyda ZCJ-XJ- bo‘ladi. Shunday qilib, qaralayotgan ishlab
j=L

chigarish masalasining matematik modeli

f(x)=>c;x;, —max, Y a;x; <b,, i=Lm, x;>0, j=1Ln
=

=1
ko‘rinishdagi chizigli programmalashtirish masalasidan iborat.

1.4. Ekstremal masalaning geometrik talgini.

Chekli o‘Ichovli (1) ekstremal masalaning geometrik ma’nosi hagida gisqacha so‘z
yuritamiz.
La:{XeR”:f(X):a}, aeR (7



ko‘rinishdagi to‘plamlarni garaymiz. L, to‘plam (agar u bo‘sh bo‘Imasa!) n=2 bo‘lganda
tekislikda chizigdan, n=3 bo‘lganda sirtdan iborat. Bu to‘plamga f(x) funksiyaning sath
chizig‘i (yoki sirti) deyiladi.
1) masalaning go‘yilishidan va (7) to‘plamlarning aniglanishidan tushunarliki,
rpei(gl f(x)=min{ae R:L,N"Q=J

rye%xf(x):max{aeRl:LamQ;t@}.

Demak, geometrik nuqtai nazardan, (1) masalani yechish, L, to‘plam bilan Q to‘plam
kesishadigan eng kichik (eng katta) " sonni topishga keltiradi. Bunda x* € L, nQ nugtalar (1)
masalaning yechimidan, o = f(x*) esa f(x) funksiyaning Q to‘plamdagi minimal (maksimal)
giymatidan iborat bo‘ladi. x * nugta Q to‘plamning ichki nugtasi (3 a)-chizma) yoki chegaraviy
nugtasi (3 b)-chizma) bo*lishi mumkin.

Izoh. Funksiyaning o°zgarish xarakterini ko‘rsatish uchun L, sath chizig‘ining gaysi

tomonida funksiya « dan katta giymat gabul gilsa, shu tomonga *“+” ishora, ikkinchi tomonga esa
“-” ishora go‘yish foydalidir.

b)

3-chizma
5- misol. f(x)=(x, —2)*+(x, —1)* = min(max), x/ +xZ <1. Bu masalaning rejalar
to‘plami Q = K(©,1) = {x eR?:x2+x2 sl} markazi ® = (0,0) nugtada bo‘lgan birlik doiradan
iborat. Magsad funksiyasining sath chizig‘i

Van'sd
-

4 — chizma.

L, = {x eR?*: (X —2)* +(x, —1)? :a} a >0 bo‘lganda v radiusli va markazi (2,1) nugtada
bo‘lgan aylanadan iborat. =0 bo‘lganda L, to‘plam nugtaga aylanadi L, :{(2,1)}, a<0



bo‘lganda esa L, bo‘sh to‘plamdir (4-chizma). Chizmadan tushunarliki, magsad funksiyasining
minimum va maksimum nuqtalari L, a >0, aylanalarning K(®,1) doiraga urinish nugtalaridan
iborat bo‘ladi. K(®,1) doiraga dastlabki urinuvchi aylana minimumni aniglaydi, oxirgi marta
urinuvchi aylana esa, maksimumni aniglaydi.

Bu urinish nuqtalari esa, (0,0) va (2,1) nugtalardan o‘tuvchi x, :%xl to‘g‘ri chiziq bilan

- minimum nuqtasi,

x7 +x? =1 aylananing kesishish nugtalaridir. Demak, x* :(

ok

X" = ] maksimum nugtasi bo*ladi.

O¢z-o¢zini tekshirish savollari

1. Evklid fazosi va unda elementning normasi ganday aniqlanadi?

2. Chekli o‘Ichovli ekstremal masalaning go‘yilishini keltiring.

3. Chekli o‘Ichovli ekstremal masalalarning ganday sinflari bilan matematik analiz kursida
tanishgansiz, ularni sanab bering va ko‘rinishini yozing.

4. Chekli o‘Ichovli ekstremal masalaning asosiy elementlari nimalardan iborat?

5. Chekli o‘Ichovli ekstremal masalaning yechimi deganda nimani tushunasiz?

6. Chekli o‘lchovli ekstremal masalada global va lokal yechimlarning bir-biridan fargi
nimada?

7. Chekli o‘Ichovli ekstremal masalaning geometric talginini ganday tushunasiz?

Mustaqil ish topshiriglari

Quyidagi masalalarda asosiy elementlar: magsad funksiyasi, rejalar to‘plami aniglanib,
rejalar to‘plami chizilsin:

a) f () = 4%, +8X, — X’ + X5 + 2%, X, —> min(max);

X +X, <3,X, =X, <1Lx >0

b) f (x) = 6x, —3x, — X5 — max;

X, —X, <0,%x, <5

c) f(X) = 6%, —X,” — X +2x,X, — min(max);

3X, +4X, <12,X, +2X, 22,% =20,X, 20

d) f(x) = %" =X + X2 + X, +4 — min

2%, — X, <2,% <4,X, 20

e) f (x) = 4%, +2x2 — X2 +4x,X, + 8%, — min(max)

2X, +2X, + X3 <1,%, >20,%x, 20,X, 20

f f(X) = 3%, +2x% = 2X,X, + 4xX} +4x, + 2 — min(max)
2%, — Xy <5,X +2X, + X3 <6,X, >0

) f(X) =3%° = XX, +4X,X, + X’ — min(max)}

2
2%, =X, +3X; =2,X" + X, + X, £9,X, 20



2-Ma’ruza
Chekli o¢Ichovli ekstremal masalalarning ba’zi umumiy xossalari. Ekstremal masala
yechimining mavjudligi.
Reja:

2.1.  Chekli o‘lchovli ekstremal masalalarning ba’zi umumiy xossalari.

2.2. Ekstremal masala yechimining mavjudligi.

2.3.
Tayanch iboralar: chekli o Ichovli ekstremal masalaning magsad funksiyasi, chekli
o ‘Ichovli ekstremal masalaning rejalar to ‘plami,global yechimlar to ‘plami, lokal
yechimlar to ‘plami, kompakt to ‘plam, uzluksiz funksiya, funksiyaning sath to ‘plami,
funksiyaning Lebeg to ‘plami, chegaralngan va chegaralanmagan to ‘plamlar, quyidan
yarim uzluksiz funksiya, yuqoridan yarim uzluksiz funksiya, Veyershtrass teoremalari,
Veyershtrass teoremasining umumlashmasi,
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2.1.Chekli o¢lchovli ekstremal masalalarning ba’zi umumiy xossalari

Chekli o‘Ichovli
f(x) —rin(max), xeQ, Q<= R" (1)
ekstremal masalani garaymiz. Quyidagi,
f.@Q=inf f(x), f°(Q= sup f(x), )

Q(N={ eQ: f(x)=L@Q} Q(N={eQ: f(x)=1"(@Q)}
belgilashlarni Kiritamiz.
f (x) funksiyaning Q to‘plamdagi lokal minimum (lokal maksimum) nugtalari to‘plamini

Q/(f) (Qj(f)) deb belgilaymiz. Global va lokal ekstremum nugqtalarining ta’riflariga asosan
(1-ma’ruzagaq.),
Q. ()= Q(f), Q' (f) =Q;(f) @)
munosabatlar o‘rinlidir.
Agar global ekstremum mavjud va barcha lokal ekstremum nuqtalari aniglangan bo‘lsa,

(1) masalaning x° global yechimini
f(x°)= min f(x) (f(x°)= max f(x))
xQ!" (1) xeQj (f)

shartdan topamiz.



Keltirilgan bu tasdiq quyidagi teoremaning va (3) munosabatning natijasidir.
2.1-teorema. Q,(f)=9 (Q*(f)= ) va Q.(f)cP (Q*(f)cP, P<Q bo‘lsin. U
holda rIlig f(x):rpip f(x) (rrxl%x f(x)=rrxlapx f(x)) Q.(f)=P.(f) (Q"(f)=P"(f)) bo‘ladi.
A. Isbotni minimum uchun olib boramiz (maksimum uchun o‘xshash isbotlanadi). Q,(f) =<
va PcQ bo‘lganligidan ixn1p’ f(x)> rpig f(x) tenglik bajariladi. Q,(f) =P munosabatni

hisobga olib, ¥x, € Q,(f) uchun f(x,)> im; f (x) ga ega bo‘lamiz.

Shunday qilib,
mig f(x)="~f(x,)= inE f(x)> mig f (x). 4)

Bu yerdan rIli(gl f(x) =rpip f(x) kelib chigadi. (4) dan Q.(f) < P.(f) ni olamiz. x, € P.(f)
bo¢Isin. U holda f(x*):rpip f(x):rpig f(x). P.(f) =Q ekanligini hisobga olib, bu yerdan

P.(f) =Q.(f) niolamiz. Shunday gilib, Q,(f)=P.(f).A

Bundan keyin, f(x) funksiyaning shartsiz global (lokal) ekstremum deganda, shartsiz
ekstremum masalasining global (lokal) yechimlarini tushunamiz.

Q'(f), Q7(f), Q*(f), Q,(f) to‘plamlarning va f(x) funksiyaning shartsiz
ekstremum nugtalarining aniglanishidan, quyidagi teoremaga ega bo‘lamiz.

2.2-teorema. f(x)-R" da aniglangan funksiya, Q < R" bo‘Isin. U holda:

1) agar x° eintQ bo‘lsa, x° € Q" (f) (x°eQj(f)) bo‘lishi uchun x° — f(x) ning shartsiz
lokal minimum (lokal maksimum) nuqtasi bo‘lishi zarur va yetarlidir (bu tasdigning yetarlilik
gismi uchun x° € Q shart kifoya);

2) agar f(x) funksiyaning shartsiz lokal minimum (lokal maksimum) nugtalari Q ga tegishli
emas yoki bunday nugtalar umuman mavjud bo‘lmasa, Q. (f) € 6Q (Q7 (f) € 6Q) bo‘ladi,
bu yerda 0Q- Q to‘plamning chegarasi;

3) agar x°— f(x) ning shartsiz global minimum (global maksimum) nugtasi bo‘lib, x° €Q
bo‘lsa, x° €Q,(f) (x° €Q*(f)) bo‘ladi.

1-misol. f(x)=x7+x2 = min, x> +x2 <1, X, +X, <1 masalani garaymiz. Unga mos
keluvchi f(X)=x2+x5 —>min, xeR® shartsiz ekstremum masalasining yechimi
x’=(0,0)eQ= {x eRZ X2 +X5 <L X +X, 31}. Shuning uchun x° =(0,0) garalayotgan

masalaning yechimidir (2-teoremaning 3-tasdig‘iga q.).

2.3-teorema. f(x) funksiya Q< R" to‘plamda aniglangan f(X) e R < (—o0,+x),
vxeQ, g(y)—R da monoton o°suvchi funksiya bo‘lsin. U holda (1) masala
o(X)=g(f(x)) >min(max), xeQ masalaga teng kuchli vyani Q.(p)=Q.(f),

Q' (@) =Q(f) (Q (@) =Q"(f), Qi(p) =Q;(f))va

min(x) = g(min f(x))  (Maxe(x) = g(max f(x))) (5)

bo*ladi.

A. Isbotni minimum uchun keltirish bilan cheklanamiz. x° € Q,(f) bo‘lsin, ya’ni
f(x°)< f(x), vxeQ. U vaqtda g(x) funksiyaning monoton o‘suvchiligidan,
g(f (%)) <g(f(x)), vxeQ kelib chigadi, ya’ni x° €Q,(¢). Demak, Q,(f)cQ.(p) va
min g(f (x)) = 9(f (x,)) = g(min  (x)).x*< Q.(¢),ya'ni

p(X) <o(x) < g(f (X" ) <g(f(x), vxeQ



bo‘lsin. g(x) funksiyaning monoton o‘suvchiligidan f(x") < f(x), ¥x e Q kelib chigadi, ya’ni
X" €Q,(f). Demak Q,(p)=Q,(f). Shunday qilib, Q,(¢)=0Q,(f). Xuddi shunga o‘xshash
QY (p) = Q. (f) tenglikni ham ko‘rsatish giyin emas. A

Izohlar. a) Agar f(Q,)=-o(f"(Q)=+x) bo‘lsa va g(ixrlg f(x)) = ylirpwg(y) (

g(supf(x))zylim g(y)) deb tushunilsa, (5) da min(max) belgisini inf(sup) belgisi bilan
x€Q —>+00

almashtirish mumkin. Hagigatdan ham, agar {y, }- monoton kamayuvchi ketma — ketlik y, — —oo
bo‘lsa, Vx e Q uchun shunday k, =k,(x) nomer topiladiki f(x)>y,, k>k,, bo‘ladi. g(y)
funksiyaning monoton o‘suvchiligini hisobga olsak, ¢(x)=g(f(x))>g(y,), k=k,, yoki
k — oo da limitga o‘tsak, ¢(x) > L'ﬂl g(y,) munosabatni olamiz. Bu yerdan

inf p(x) > g(inf (). (6)
{x, }€ Q minimallashtiruvchi ketma — ketlik bo‘lsin, ya’ni lim f(x,) = f.(Q). U vagtda
g(f(x))= ixng 9(f(x)), k=212... Bu yerdan
g(inf T (x)) = lim g(f (x)) = Inf o(x). (7)
(6) va (7) dan ixng o(x) = g(ixng f (X)) kelib chigadi.
b) Agar f,(Q)>-co (f"(Q)<+wo) bo‘lib, Q. (f)=T. (Q"(f)=7) yani f(x)
funksiyaning Q da global minimum (global maksimum) ga ega bo‘Imasa, (5) da min(max)
belgisini inf(sup)bilan almashtirib bo‘Imaydi. Buni quyidagi misol tasdiglaydi.

el,y

2-misol. f(x):l, XEQz{XERl:x>O}, g(y)z{o >8bo‘lsin. U holda,
X =

() =9(f())=e"x>0, .(Q =1 f.(Q)=0, g(f.(Q)=0.

Demak,
ing o(x)=1> g(ing‘2 f(x))=0.
¢) Umuman olganda, (5) o‘rniga, hamma vaqt,
Inf (x) = ginf 1()) (supe(x) = g(sup (X))

o‘rinlidir. Hagigatan ham, f,(Q) =—c0 bo‘lgan holda esa (6) munosabatning bajarilishi yugorida
ko‘rsatilgan edi. f,(Q)>—o bo‘lgan holda esa (6) munosabat g(y) funksiyaning monoton
o‘suvchiligidan va f(x) > f,(Q), V¥xeQ dan kelib chigadi.

2.4-teorema. f(x) funksiya Q< R" to‘plamda aniglangan f(x) € R < (—o0,+x0),
vxeQ, g(y)-R da monoton kamayuvchi funksiya bo‘lsin. U holda (1) masala
o(X) =g(f(x)) > max(min), xeQ masalaga teng kuchlidir, ya'ni Q"(¢)=0Q,(f)
Q: (@) =Q (f) (Q.lp)=Q"(f), Q' () =Q}(f)) max g(f (x)) = g(min 7 (x)) (
min g(f (x)) = g(max f(x))).

Bu teoremadan kelib chigadiki, f(x) >max, x€Q masala - f(x) >min, xeQ

masalaga  teng  kuchli  bo‘ladi, vya'ni Q" (f)=Q.(-f), Q:(f)=Q/(-f) va
man f(x) =—mié1(—f (x)).



2.2. Ekstremal masala yechimining mavjudligi.

Bu yerda chekli o‘Ichovli ekstremal masalalar uchun yechimning mavjudlik teoremalarini
bayon gilamiz.
Chekli o‘Ichovli
—>f (X) min(max), xeQ (QeR")(1)
ekstremal masalani garaymiz. (1) masala yechimining mavjudligi,

f.(Q)= ing f(x) >—oo (f*(Q)=sup f(x) < +w),
Xe x€Q

Q.(f)={x. eQ: f(x)=f.(Q}»T
(Q ()= eQ: f(x)="(Q)f#2)
munosabatlarning bajarilishi demakdir. Bu munosabatlarning bajarilishini ta’minlovchi shartlar
f (x) funksiyava Q to‘plamga qo‘yiladigan shartlardan iborat bo“lib, ular Veyershtrass teoremasi

nomi bilan ma’lumdir.

1- ta’rif. Agar x" € Q nugtaga yaginlashuvchi ixtiyoriy {xk}f < Q ketma-ketlik uchun
l!iﬁmf(xk) > f(x") (lim f(x*)< f(x*)) bolsa, f(x) funksiya X" nuqtada quyidan (yugoridan)
yarim uzluksiz deyiladi. Agar f(x) funksiya Q to‘plamning har bir nugtasida quyidan(yugoridan)
yarim uzluksiz bo‘lsa, u Q to‘plamda quyidan (yuqoridan) yarim uzluksiz deyiladi.

Agar f(x) funksiya uzluksiz bo‘lsa, u ham quyidan, ham yuqoridan yarim uzluksiz
bo‘ladi, va aksincha, agar f(x) funksiya ham quyidan, ham yugoridan yarim uzluksiz bo‘lsa, u
uzluksizdir.

Q to‘plamda quyidan (yuqoridan) yarim uzluksiz funksiyalar to‘plami C(Q) (C(Q)) kabi

belgilanadi.
3- misol. f(x):{|x|’ 0<‘X|<1’
a, x=0

bolsin. f(x) funksiya a <0 bo‘lganda Q to‘plamda quyidan, a >0 bo‘lganda yuqoridan yarim
uzuluksiz; a =0 bo‘lganda esa bu funksiya Q da uzluksiz bo‘ladi.

: QZ{XERnZ|X|Sl}.

X, 0<x<l1
4-misol. f(x)=4 a, x=0 , Q={XER1:|X|S1}..
1-x, -1<x<0

Bu yerda f(x) funksiya a<0 bo‘lganda Q to‘plamda quyidan, a >1 bo‘lganda yugoridan
yarim uzluksizdir; 0 <a <1 bo‘lgandaesa, f(x) funksiya X =0 nugtada quyidan ham, yugoridan
ham yarim uzluksiz emas.

2.5-teorema (Veyershtrass). Faraz gilaylik, f €C(Q) (f eC(Q)), Q to‘plam- bo ‘sh
bo ‘Imagan, chegaralangan va yopiq bo ‘Isin. U holda:

a) f,(Q)>-oo (f*(Q)<+w); b) (1) masalaning yechimlar to‘plami Q,(f) (Q*(f))

bo ‘sh bo ‘Imagan chegaralangan va yopiq to ‘plam bo ‘ladi.

A. Isbotni minimum uchun olib boramiz. Maksimum uchun shunga oxshash isbotlanadi.

{xk}f < Q- ixtiyoriy minimumlashtiruvchi ketma — ketlik bo‘lsin, ya’ni Eiﬂ;f(xk)z f.(Q).
Bunday ketma - ketlikning mavjudligi anig quyi chegaraning ta’rifidan kelib chigadi. Q -
kompakt to‘plam bo‘lgani uchun, {xk} ketma — ketlik hyech bo‘Imaganda bitta limit nugtaga ega
va uning barcha limit nuqtalari Q ga tegishli bo‘ladi. shu ketma — ketlikning ixtiyoriy x* limit



nugtasini olamiz. U vaqgtda x* nuqgtaga yaginlashuvchi {xm}c {xk}qismiy ketma — ketlik mavjud.
Anig quyi chegaraning xossasidan va f(x) funksiyaning x" nugtada quyidan yarim
uzluksizligidan foydalanib, f,(Q)< f(x")<lim f(xm):lim f(x) = f,(Q) munosabatga ega

bo‘lamiz, ya’ni f(x")= f,(Q). Bu yerdan f,(Q)>—oo, Q,(f)= I ekanligi kelib chigadi.
Bundan tashgari, ixtiyoriy minimumlashtiruvchi ketma — ketlikning ixtiyoriy limit nugtasi Q, (f)
ga tegishli ekanligi ham ko‘rsatildi.
Endi Q,(f) ning kompakt (chegaralangan va yopiq) to‘plamligini ko‘rsatamiz.
Q.(f)=Q, Q- chegaralangan bo‘lgani uchun Q,(f) - chegaralangandir. Q,(f) ning

o0

yopigligini ko‘rsatish qgoldi. Ixtiyoriy yaginlashuvchi {yk}l < Q, (f) ketma — ketlikning olamiz.
y¥ > y*, k- bo'lsin. {y*} - minimumlashtiruvchi ketma — ketlik, chunki f (y*) = f,(Q),

k=12,... Yugorida isbotlanganiga ko‘ra, y" €Q,(f). Demak Q,(f) ning yopigligi ham
ko‘rsatildi. A
Keltirilgan Veyershtrass teoremasida f (x) funksiyagava Q to‘plamga qo‘yilgan shartlar

muhimdir. Quyida keltirilgan misollarda berilgan ekstremal masalalarning yechimi mavjud emas.
Ular uchun Veyershtrass teoremasining shartlaridan hech bo‘lmaganda birortasi bajarilmaydi.

5-misol. a) f(x)=1-x*> - min, xeQ=[0,1/2), xeR'.Buyerda Q to‘plam kompakt
emas.
b)

_ 2

F(x) = 12X, XE[O,J/Z) —> min, XEQZ[O,].]..
x2+1, xefy/21]

Bu vyerda Q =[O,1] kompakt, ammo  f(X) quyidan yarim uzluksiz emas:

LrDZf(x)=3/4, f(/2)=5/4, LFJT/IZ f(x) < f(1/2).

c) f(x)=e™* > min, xeQ=[0,+)
Bu masalada Q - yopig, ammo chegaralanmagan, demak Q - kompakt emas.
Amaliyotda ko‘pincha Q to‘plam kompakt bo‘Imaydi. Natijada 1-teoremani go‘llash

mumkin emas. Bunday hollarda 1-toyeremaning quyidagi umumlashmasidan foydalanish
mumkin.

2.6-teorema. Faraz gilaylik, f €c(Q) (f ec(Q)) , Q=R" to‘plam yopiq va biror

y =const uchun
Q/ ={xeQ: f(X\) <y} (Q ={xeQ: f(x)=7}) ()

bo ‘sh bo ‘Imagan, chegaralangan to ‘plam bo ‘Isin. U holda 1-teoremaning tasdiglari oz kuchida
goladi ((2) ko‘rinishdagi Q7 ny to‘plamlarga f(x) funksiyaning sath (yoki Lebeg) to ‘plamlari
deyiladi).

A(2) to‘plamlarning aniglanishidan ko‘rinib turibdiki, agar biror y =const uchun
Q} (QS) bosh bo‘lmasa, Q.(f)eQi (Q°(f)eQ,) bo‘ladi. shuning uchun (1) masala
yechimining mavjudligi

f(x) >min(max), xeQ; (xeQ) (3)

masala yechimining mavjudligiga keltiradi.

Shartga ko‘ra, Q7 (Q;) bo‘sh emas va chegaralangan. Demak, bu to‘plamning yopigligini
ko‘rsatsak, (3) masalaga 1-teoremani qo‘llab, talab gilingan isbotga ega bo‘lamiz.

{xk}e Q/, x* —>x*, k—oo bolsin, ya’'ni f(x*)<y.



Buyerdan, f(x) funksiyaning quyidan yarim uzluksizligiga ko‘ra, f(x") < Pﬁ f(x)<y, ya'ni

x*e Q7 ga ega bo‘lamiz. Demak Q] - yopiq to‘plam (ny ning yopiqligi ham shunga o‘xshash
ko‘rsatiladi). A

6-misol. f(X) =X —X,X; > min, X +X,—X; =2, X —X,—X; =6.

Bu masalada Q= {x eR®:IX +X, =X, =2, X-X,-X, =6 }: {x eR’ X, =2, X, —X; = 4}.

Q° toplamni quramiz (y =0). Q% ={xeQ: f(x) <0} ={x e R®:x, =—2, X, — X, =4,
X7 — X, X, SO}Z{XE R :x, =2, X, —X; =4, X +2X1—8S0}={X€ R®:X, =-2, X, —X; =4,
(x+1)?% < 9}: {x eR®:—4<x <2, Xx,=-2, -8<Xx< —2}, ya’ni Q? chegaralangan va yopiq
to‘plamdir. 2- teoremaga asosan berilgan masalaning yechimi mavjud.

Quyida Q] va ny to‘plamlarning chegaralanganligini ta’minlovchi  shartni keltiramiz.

1-lemma. Agar lim‘xk‘ = +oo shartni ganoatlantiruvchi ixtiyoriy (x*) eQ ketma — ketlik
uchun li_mf (x¥) = +w(liﬂ f(x*)= —oo) bo‘lsa, har bir 2= f(y), y€Q, uchun Q; (Q,")—bo‘sh

bo‘Imagan va chegaralangan to‘plam bo*ladi.
A Isbotni Q] to‘plam uchun keltiramiz. ny uchun shunga o‘xshash isbotlanadi.

VyeQ, y=f(y) uchun Q; to‘plamning bo‘sh emasligi ravshan.
Faraz qilaylikki, Q; chegaralanmagan bo‘lsin. U vaqtda shunday {xk}c Q ketma —ketlik
mavjudki,  |x| —>+c0, k >o0. Lemma shartiga ko'ra, li_mf(xk) =+00.  Ammo,
x* eQl & f(x*)<y, k=12,... munosabatdan li_mf(xk)gy<+oo kelib chigadi. Olingan

garama — garshilik lemmani isbotlaydi. A

7-misol. f(X) =X —X,X, + X2 —X,X; + X5 —min, X, >1. (5)
Q= {x eR%:x 21} to‘plamda
f(X) > X2 — XX, + X2 — X, X5 + X5 = X' AX (6)
munosabat bajariladi, bu yerda
1 -2 0
A=|-1/2 1 1/2|>0,
0 -12 1
chunki, uning ketma — ket bosh minorlari musbat:
T 1 -2 0
D, =1>0, DZ:‘_l/2 L ‘:3/4>0, D,=-%2 1 -1/2/=1/2>0.
0 -Y2 1

1-lemmani qo‘llab, (6) dan lim f(X) =+ ga egabo‘lamiz. U holda 1-lemma va 2-teoremaga

|-

asosan, (5) masalaning yechimi mavjud.

O¢z-o¢zini tekshirish savollari
Chekli o‘Ichovli ekstremal masalaning go‘yilishini keltiring.
Chekli o‘Ichovli ekstremal masalaning asosiy elementlari nimalardan iborat?
Chekli o‘Ichovli ekstremal masalaning magsad funksiyasi nima?
Chekli o‘Ichovli ekstremal masalaning rejalar to‘plami nima?
Funksiyaning aniqg quyi va aniq yugori chegaralari ta’riflarini keltiring
Funksiyaning minimumi va maksimimi ta’riflarini keltiring

curwhE



7. Funksiyaning sath (Lebeg) to‘plami deganda nimani tushunasiz?

8. Matematik analizdagi Veyershtrassning 1-teoremasini keltiring.

9. Matematik analizdagi Veyershtrassning 1-teoremasini keltiring.

10. Quyidan yarim uzluksiz funksiyaning ta’rifini bering va misol keltiring.
11. Quyidan yarim uzluksiz funksiyaning ta’rifini bering va misol keltiring.
12. Yuqoridan yarim uzluksiz funksiyaning ta’rifini bering va misol keltiring.
13. Veyershtrass teoremasining umumlashmasini keltiring.

Mustagqil ish topshiriglari

Kyiiugaru ¢ynkumsuiap yuyH c=const Oepuiranna M(c) caTxX TYIUIAMUHU
Ty3UHr (YM3MaCHHH XaM SICaHT):
a)f(x)=x>+x5+2x, +4x, +5c=2;

b) f (x) = x7 +8%, — X, +18,¢c = 2;

c) f(x) = 2x7 +3xZ +8x, — 6%, +12,c =1;

d)f(x)=x’ -3x, X, +4c=4

4) Beitepiurpace Teopemacuaan (oigananud, Kyhduaard Macajanap ¢UMMHAHUHT

MaBKYIJIMTHHA HUCOOTIIAHT;

a) f (x) = 4x, +8x, — x> + X2 + 2X,X, —> min(max);

X, +X, £33, X =X, <L, X, 20

b) f (x) = 6x, —3X, —X; —> max;}

X, —X, <0,% <5

) f(X) = 6%, — X — X2 +2X,X, = min(max);}

3X, +4x, <12,X, +2X, 22,%X, 20,%x, 20

d)f(x)=x"—x + X2 +X, +4—>min}

2X, =X, <2,% <4,X, 20

e) f(x) =4x.° +2x2 — xZ + 4x,X, +8X; — min(max)}

2%, +2X, + X3 <1,x, 20,X, 20,X; 20
f(X) = 3%, +2%2 — 2X,X, + 4X3 + 4X, + 2 — min(max)
2%, — Xy <5,X, +2X, + X, <6,X, 20 }
f(X) =3%° = XX, + 4% X, + X, = min(max)}

2
2X, =X, +3X3 =2,X" + X, + X, £9,X, 20



3-ma’ruza

Qavariq to‘plamlar va ular ustida amallar.Qavariqg to‘plamlarning ajralishi.
Reja:
3.1. Qavariq to‘plam tushunchasi.Misollar.
3.2. Qavariq konuslar va affin to‘plamlar.
3.3.  Qavariq to‘plamlarning xossalari.
3.4. To‘plamlarning gavariq va affin qobiglari.

Tayanch iboralar: gavariq to ‘plam, gat’iy gqavariq to ‘plam, konus, gavariq
konus,affin to‘plam,qavariq to‘plamlarning chizigli kombinasiyasi, gavariq
to ‘plamning yopig i, to ‘plamning gavariq qobig i, to ‘plamning affin gobig .
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aMaJInii MaIlFyIoTIIap. SJ]KYB-YCJIy(iI/II‘/JI kymnanma, 1-kucm, Camapkanm, 1987,

Ekstremal masalalarni o‘rganishda gavariq to‘plamlar va gavariq funksiyalar
muhim ahamiyatga ega. Ular amaliy matematikaning o‘yinlar nazariyasi, jarayon-
lar tadgiqoti, igtisodiy matematika, shuningdek, boshga sohalarda ham
go‘llaniladi.

3.1.Qavariq to‘plam tushunchasi. Misollar.
Bo‘sh bo‘lmagan Q < R" to‘plam berilgan bo‘lsin.
1-ta’rif. Agar vx, yeQ vabarcha 1 <[01] uchun ix+@-A)y €Q bo‘lsa, Q -
gavariq to ‘plam deyiladi.
Qavarig to‘plam o‘zining ixtiyoriy x va y nuqgtalarini tutashtiruvchi
[xy]={zeR":z=y+A(x—y), 0<A<1} kesmanito‘liq o‘zida saglaydi (1-chizma).




a) gavariq to‘plam

b) gavariq bo‘Imagan to‘plam
3.1- chizma.

Ta’rifga asosan, R"- gavariq to‘plamdir. Yagona elementli to‘plam va bo‘sh
to‘plamni ham gavariqg deb hisoblash mumkin.

R" da gavarig to‘plamlarga sodda misollar sifatida quyidagilarni keltirish
mumkin (n=2 uchun 2-chizmaga q.):

a) [U,V]:{XE R":x=u+a(v-u), OSasl}- kesma;
b) I*(u,h):{XG R" :x=u+oh, azo}- ueR" nugtadan heR" yo‘nalishda
chiquvchi nur;

I(u,h) = {x eR":x=u+oh, ae Rl}— ueR" nugtadan
bo‘yicha o‘tuvchi to‘g°ri chizig;

c)

heR" yo‘nalish
Hu)={xeR":u"x=y} -  gipertekislik, ueR", yeR';
H*(u,y):{XE R" :uTXZy}, H™(u,y) :{XE R" :usz;/}— H =(u,y) gipertekislik bilan
hosil gilingan yarim fazolar;

d) P(u,v)={x:(x1 ..... X, )eR" U, <x <V, i:1,n} - n o‘lchovli parallelepiped,
i=1n;

e) K(d,r)={xeR":|x—d|<r} - markazi d € R" nugtada bo‘lgan radiusli shar.
R" da gavariq bo‘lmagan to‘plamlarga quyidagilar misol bo‘la oladi (n=2
uchun 3-chizmaga q.):

Q:{XE R":|X|=1 x >0, izl,_n};

n)y —oo<U; <V; <400

Q={xeR":|x=x =1 % =0, i=1n} x, =(@L..1)eR";
QZ{XERanlS”X”SFZ,}, r<fr,.
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3.2-chizma.
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3.3- chizma.

2- ta’rif. Agar ixtiyoriy x,yeQ, x=y , nugtalar va barcha 1 <(01) sonlar
uchun Ax+@-21)yeintQ bo‘lsa (ya’ni z=Ax+@1-21)y—Q to‘plamning ichki
nuqtasi), Q- gat’iy gavarig to‘plam deyiladi.

Masalan, K(d,r) - shar — gat’iy qavariq to‘plam, P(u,v)—n o‘lchovli
parallelepiped — gat’iy gavariq emas (4-chizma).

zgintQ

a) b)
3.4- chizma.

| z o h. Ta’rifdan ko‘rinib turibdiki, Q = R" to‘plamning gat’iy gavariq

bo‘lishi uchun intQ = @ bo‘lishi zarur.
3.2. Qavariq konuslar va affin to‘plamlar.
Qavariq konuslar va affin to‘plamlar gavariq to‘plamlarning muhim sinfini

tashkil etadi.

3- ta’rif. Agar barcha xe€Q, A>0 uchun AxeQ bo‘lsa, Q =R" - konus
deyiladi.

Boshgacha aytganda, agar Q - konus bo‘lsa, u o‘zining ixtiyoriy nuqgtasidan
o‘tuvchi va uchi nolda bo‘lgan nurni to‘liq o‘zida saqglaydi.

Agar barcha x,yeQ, a>0, >0 uchun ax+pyeQ bo‘lsa, Q - gavariq
konus deyiladi.Qavarig konus bir vagtning o‘zida ham gqavarig to‘plam ham
konusdir (5-chizma).



3.5- chizma
4-ta’rif. Agar vx,y €Q va barcha 1 eR' uchun Ax+(@-1)eQ bo‘lsa, Q < R"
- affin to ‘plam deyiladi.
Affin to‘plam o°zining ixtiyoriy ikki nugtasidan o‘tuvchi to‘g‘ri chizigni to‘liq
saglaydi.
Affin to‘plamlar sodda tuzilishga ega. Buni quyidagi teorema tasdiglaydi.
1- teorema. Q cR" - affin to‘plam bo‘lsin. U holda:
a) ixtiyoriy x° eQ uchun L=Q-x° to‘plam R" da chizigli gism fazo bo‘ladi;
bunda L x° €Q nugtaning tanlanishiga bog‘liq emas;
b) Q ni quyidagicha tasvirlash mumkin:
Qz{XeR”:Ax:b}:{XER”:aiTx:b, i:l,_m}, (3.1)
bu yerda A-mxn- o‘lchovli matrisa, a,,...,a,- uning satrlaridan tuzilgan vektorlar,
b=(b,...b,) eR".
(3.1) tasvir ko‘rsatdiki, affin to‘plam chekli sondagi gipertekisliklar
kesishmasidan iborat.
L=Q-x° gaaffin Q to‘plamga parallel chizigli gism fazo deyiladi.
1-teoremadan kelib chigadiki, affin to‘plam yopiqdir; agar Q #R" bo‘lsa,
affin Q to‘plam ichki nugtalarga ega emas (intQ =<).

3.3. Qavariq to‘plamlarning xossalari.

Quyida gavariq to‘plamlarning bir necha xossalarini keltiramiz.

2- teorema. Ixtiyoriy sondagi gavariq to‘plamlarning kesishmasi yana
gavariq to‘plamdir.

A Q,, iel- qavariq to‘plamlar bo‘lsin (I-chekli yoki cheksiz indekslar

to‘plami). Q =("\Q, to‘plamning qavariqg ekanligini ko‘rsatamiz.

a) Q=9 bo‘lsin. Bu holda teoremaning isboti 0‘z — ozidan ravshan (chunki
bo‘sh to‘plam gavariq deb gabul gilingan);



b) Q=3, ¥vx,yeQ, 1€[01] bo‘lsin. To‘plamlar kesishmasining ta’rifiga
asosan  x,yeQ, Viel. Q,iel to‘plamlar qgavarig bo‘lganligi uchun
z=2x+(@1-A)yeQ, iel.Uholda ze(Q, ya'ni Q - gavariq to‘plamdir. A

Isbotlangan teoremaga asosan, Q={xeR":Ax<bj={xeR":a'x<b, i=1m|
to‘plam gavariqdir (bu yerda A—mxn - matrisa, a,,...,a, - uning satrlaridan tuzilgan
vektorlar, b=(b,..,b,)). Chunki bu to‘plam qgavariq to‘plamlar bo‘lgan
H (a;,b) = {x eR":a'x<b, i =1,_m} yarim fazolarning kesishmasidan iborat.

Chekli sondagi yarim fazolarning kesishmasidan iborat bo‘lgan gavariq
to‘plamga poliedr deyiladi.

Qavariq to‘plamlarning birlashmasi gavariq to‘plam bo‘lishi ham, bo‘Imasligi
ham mumkin. Masalan, Q=K(d,r)UK(d,r,) to‘plam qavariqdir, chunki,
K(d,r)UK(®d,r) =K(d,r), r=max{r,r,}; Q=H"(uy)UH (uy,) 7, >7, to‘plam
gavarigq emas.

3- teorema. Qavarig Q,,Q,.....Q, to‘plamlarning chizigli kombinasiyasi deb
ataluvchi

Bu teoremaga asosan, gavarig Q, va Q, to‘plamlarning
Q,+Q, :{x:x:x1+x2, x'eQ, xX° eQZ},
algebraik yig‘indisi,
Q,-Q, :{x:x:xl—xz, x'eQ, x° GQz}

ayirmasi hamda gavariq Q to‘plamning ixtiyoriy « songa ko‘paytmasi
aQ={y:y=ax xeQ}

gavariq to‘plamdir.

4- teorema. Qavarig Q to‘plamning yopig‘i Q - gavariqg to‘plamdir.

A vx, yeQ, Ae[01] uchun z=Ax+(@-1)y nugtani garaymiz. Qavariq
to‘plam yakkalangan nuqgtalarga ega bo‘Imaganligi uchun x va y - Q to‘plamning
limitik nugtalaridir. Shuning uchun shunday x* <Q va y* eQ nugtalar ketma -
ketligi mavjudki, x* ->x, y* —>vy, k—>ow bo‘ladi. Q to‘plam gavariq bo‘lganligi
uchun 2 =2x"+1-A)y*eQ, k=12,... U vagtda

Iimzk:llmxk+(l—l)|!myk=2,x+(1—l)y=z. Demak, zeQ, ya'ni Q - gavariq

k—o0

to‘plamdir. A



| z o h. a) Q to‘plamning yopig‘i Q - gavariq bo‘lsa-da, Q - gavariq
bo‘lmasligi mumkin. Masalan, Q={xeR":0<|x—d|<r} - gavarig emas, ammo
Q=K(d,r) - qavarig to‘plam.

b) gat’iy gavarig to‘plamning yopig‘i gat’iy gavariq bo‘lmasligi mumkin.

Masalan, QZ{XERnZZXiZSL X, >0, i=1,_n} - gat’ly gavariq, ammo
i=1

Q= {x eR":Y X <1 % 20, i :L_n} esa gat’iy gavaric emas.

5- teorema. Q - gavariq to‘plam, intQ =@ bo‘lsin. Agar xeQ, yeintQ
bo‘lsa, Ax+@1-A)yeintQ, VA e(01) bo‘ladi.
A yeintQ bo‘lganligi uchun, shunday ¢ >0 mavjudki,
{v:||v—y||<g}c Q. (3.2)
Biz
u=Ax+(1-1)y, 0<i<1 (3.3)
ko‘rinishdagi nugtalarni garaymiz. u intQ ekanligini ko‘rsatish uchun u nugtaning
Q to‘plamda to‘lig yotuvchi biror atrofini qurish yetarlidir. {z:[z—u|<@-2)s}<Q
ekanligini ko‘rsatamiz.
@L-A)e—|z—u
A

xeQ bo‘lganligidan, {v:||v—x||< }HQ to‘plam bo‘sh emas.

Shuning uchun, z, € Q nugta mavjudki, uning uchun
@-A)e—|z—u]

7 (3.4)

2. =] <

munosabat bajariladi.

2 =20 )j deb olamiz. U holda (3.3) va (3.4) dan
71— Az -1z, —(U—AX 1 1
R e B e e . o (R CREN BT LRI

+Ax-z|)<e

munosabatni olamiz. Demak, z, €Q ((3.2) gag.). z, nugtaning aniglanishiga ko‘ra,
z=7z,+(1-A)z,. z,,7, €Q va Q qavarig bo‘lganligi uchun, zeQ. Shunday qilib,
|lz—u[ < @—2)e shartni ganoatlantiruvchi har bir z vektorning Q ga tegishli ekanligi
ko‘rsatildi. Bu esa, ueintQ demakdir. A

Bu teoremadan natija sifatida quyidagi tasdiglarni olish mumkin.
6- teorema. Agar Q - gavariq to‘plam bo‘lsa, intQ ham gavariq to‘plam
bo‘ladi.



7- teorema. Agar Q - gavarig to‘plam, intQ =@ bo‘lsa, Q=intQ, intQ =intQ,
oQ=0Q bo‘ladi (buyerda 6Q=0Q \intQ - Q to‘plamning chegarasi).

Agar Q - gavariq to‘plam bo‘lmasa, 6Q =4Q tenglik o‘rniga fagat 6Q < aQ
munosabat o‘rinli xolos. Hagigatan ham, QcQ dan intQcintQ, demak,
0Q =Q\intQ cQ\intQ =4Q.

7-teoremadan foydalanib, quyidagi natijani olish mumkin: agar Q < R"-
gavarig to‘plam, intQ =@, Q - gat’iy gavariq bo‘lsa, Q - gat’iy gavariq to‘plam
bo‘ladi.

R" fazoning x*,..,x™ nuqtalari berilgan bo‘lsin.

5-ta’rif. Agar A >0, i=1m, ili =1 bo‘lsa, z:ilix‘ nugtaga x*,x’,..,x"
nugtalarning gavarig kombinasiyasi deyiladi.

Agar fagat i/li =1 shart bajarilsa, z :iﬁixi nugtaga  x',x%,..,x"
nugtalarning affin kombinasiyasi deyiladi.

8- teorema. Qavariq (affin) to‘plam o°z nugtalarining barcha mumkin bo‘lgan
gavariq (affin) kombinasiyalarini o°zida saglaydi.

A Teoremaning affin to‘plamga tegishli gismi 1- teoremadan kelib chigadi (
(1) formulaga q.).

QcR" - gavarig to‘plam bo‘lsin. Ixtiyoriy m=123,... uchun

2=32x, X eR, 420, i=1m, >4 =1 (3.5)
i=1 i=1
shartdan zeQ munosabat kelib chigishini ko‘rsatamiz. Matematik indukchiya

usulini go‘llaymiz. m =1 uchun tasdjigning bajarilishi ravshan. Faraz gilaylik, m=k
uchun tasdiq o‘rinli bo‘lsin. (5) da m=k+1 deb olamiz. Agar 4,,=1 bo‘lsa,

A =24, =..=2, =0 vademak, z=x*"eQ. Agar 0<A,, <1 bo‘lsa,
k+1 i _ _ k l .
2= 24X =1 )X+ 4 X, x= > ——x (3.6)
i=1 i=1 1_24({]_

deb yozib olamiz. x nugta x*,x?,...,x™ nugtalarning gavariq kombinasiyasidan iborat
bo‘lib, induktiv farazga ko‘ra x=Q. U Holda, Q ning gavarigligini Hisobga olib,
(6) dan z<Q gaegabo‘lamiz. A

3. 4. To*plamlarning gavariq va affin qobiglari.

6- ta’'rift. Q< R" to‘plamni o‘zida saglovchi barcha qavarig (affin)
to‘plamlarning kesishmasiga uning gavariq (affin) gobig ‘i deyiladi va convQ (affQ
) deb belgilanadi (6-chizma).



Sffil)

a) b)
3. 6- chizma.

Ixtiyoriy Q=< uchun convQ (affQ) — bo‘sh bo‘lmagan qavariq (affin)
to‘plamdir. Agar Q - gavariq (affin) to‘plam bo‘lsa, convQ =Q (affQ =Q) bo‘ladi.

9- teorema. Bo‘sh bo‘lmagan ixtiyoriy Q < R" to‘plamning gavariq (affin)
gobig‘i Q to‘plam nugtalarining barcha mumkin bo‘lgan qavariq (affin)
kombinasiyalari to‘plami bilan ustma- ust tushadi.

A Teoremaning gavarig gobiqga tegishli gismini isbotlaymiz (affin gobiq
uchun o‘xshash isbotlanadi).

Q to‘plam nugtalarining barcha mumkin bo‘lga gavarig kombinasiyalari
to‘plamini comQ deb belgilaylik. Q =convQ bo‘lganligidan (6-ta’rifga qg.) 8-
teoremaga asosan,

comQ — convQ . (3.7)
comQ to‘plamning gavarigligini ko‘rsatamiz.
. n m . ) mp . my m,
Hagigatan, z'=>Ax', z2°=>uy', 4 >0, >0 >, =1, D=1
i=1 i=1 i=1 i=1
bo‘lsin. u'=x', i=1m, u™t =y’ i=1m,, A=A, i=1m, Am. =0,

i=Lm,, w =0, i=Lm, u,,=x, i=Lm, deb belgilaymiz. U holda Va <[01]
uchun,

at +(1-a)z® :aiﬂ,ixi +(1—05)§:uiyi = mfz [azi +(1—a);111i,
i=1 i=1 i=1

> [aZ+(1—a);i]:ai;ti +(1—0¢)§:,ui =a+(@l-a)=1  aii+@-a)y, >0,

i=1

i=Lm +m,.
Demak, z=az"+(l-a)z* ecomQ. Bu esa comQ ning gavarigligini ko‘rsatadi.
Ta’rifdan  tushunarliki, QccomQ. Bundan esa, 6-ta’rifga ko‘ra,
convQ < comQ kelib chigadi. Olingan bu munosabat va (7) dan teorema isbotiga

kelamiz. A
9-teoremadan foydalanib, quyidagi natijani olish mumkin.

— K k
3.10-teorema. Agar Q, cR", i=1k bo‘lsa, convd Q, => convQ, bo‘ladi.
i=1

i=1



Qavarig analizda quyidagi teorema muhim ahamiyatga ega.
3.11-teorema (Karateodori). Q < R" bo‘lsin. U holda convQ ning ixtiyoriy
nugtasini Qning n+1 tadan ko‘p bo‘Imagan nuqtalarining gavarig kombinasiyasi
kabi tasvirlash mumkin. (Teoremaning isbotini [9,10] dan topish mumkin.)
Karateodori teoremasidan natija sifatida quyidagiga ega bo‘lamiz.
3.12-teorema. Agar Q = R" - kompakt bo‘lsa, convQ ham kompakt bo‘ladi.

O¢z-0¢zini tekshirish savollari.

Qanday to‘plam gavariq to‘plam deyiladi? Misollar keltiring.

Qanday to‘plam gat’iy gavariq to‘plam deyiladi? Misollar keltiring.
Qanday to‘plam konus deyiladi? Misollar keltiring.

Qanday to‘plam affin to‘plam deyiladi? Misollar keltiring.

Ixtiyoriy sondagi gavariq to‘plamlarning kesishmasi gavariq to‘plam bo‘li-
shini isbotlang.

Ikkita gavariqg to‘plamning algebraik yig‘indisi ganday to‘plam bo‘ladi?
Ikkita gavariq to‘plamning algebraik ayirmasi gavariq ekanligini isbotlang.
Qavariq to‘plamning yopig‘i gavariq ekanligini isbotlang.

. Nugtalarning gavarig kombinatsiyasi ta’rifini keltiring.

10 To‘plamning gavariq qobig‘i ta’rifini keltiring.

11. To‘plamning affin gobig‘i ta’rifini keltiring.

Ok wnE

© N>



4 —ma’ruza.

Qavariq funksiyalar va ularning xossalari. Qavariqlik kriteriylari.
Reja:

4.1. Qavariq funksiyalar.Misollar.

4.2. Qavariglik kriteriylari.

4.3. Silliq funksiyalarning gavariglik kriteriylari.

4.4. Qavariq funksiyalarning xossalari.

4.5. Qavariq funksiyaning sath to‘plami.

Tayanch iboralar: gavariq to ‘plam, gavariq funksiya, chizigli funksiya, gat’iy
gavariq funksiya, kuchli gavariq funksiya, botiq funksiya, gavariq funksiyaning
grafikusti (epigrafi), sath to ‘plami
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4.1. Qavariq funksiylar.

Qavarig Q = R" to‘plamda aniglangan f(x) funksiya berilgan bo‘Isin.
1- ta’rif. Agar vx, V2 e[01] uchun
f(X+@A—=A)y) <A (X)+(@L—2) f(y) 4.1)
munosabat bajarilsa, f(x) funksiya Q to‘plamda gavariq deyiladi.
Agar vx, yeQ, x=y nugtalar va V4 <(01) uchun
f (X +@A=A)y) < A (X)+(@L=21)f(y) 4.2)
gat’iy tengsizlik bajarilsa, f(x) funksiya Qda gat’iy gavariqg funksiya deyiladi.
Agar >0 topilib, vx, yeQ va Py(a)=x" uchun
f(AX+@A=2)y) <A () +@—A) f(y) - pAl-A)|x—y|? 4.3)
bo‘lsa, f(x) ga Q to‘plamda kuchli gavariq funksiya deyiladi.



Misollar. 1) Chizigli funksiya f(x):ch:Zn:cixi- R" da qgavarig, chunki

CTX+(@1-A)y)=Ac"x+(1-A)cy, Vx, yeR", Vviel0l], ya’ni (4.1) munosabat
bajariladi. f(x)=c"x - gat’iy gavariq ham, kuchli gavariq ham emas.
2) f(x)=¢el- R" da gat’iy qavariq funksiyadir, chunki
P el - e wx, yeR", x=y, Vie(01), ya'ni (4.2) tengsizlik
o‘rinlidir.
3) () =|x =Zn:xi2 - R"da kuchli gavariq funksiya bo‘ladi. Bu funksiya
i=1

uchun (4.3) munosabat 1 =1 o‘zgarmasli quyidagi tenglikdan iborat:
[ax+@-A)y[" = AN +@=y[ -A@-2x-y[, vx, yeR", 1e[o]]

2-ta’rif. Agar 9(x) =—f(x) funksiya gavariq Q = R" to‘plamda gavariq
(gat’iy, kuchli gavariq) bo‘lsa, f(x) funksiya Q to‘plamda botig (gat’iy, kuchli
botiq) deyiladi.

Masalan, f(x)=c'x- chizigli funksiya botiq funksiya ham bo‘ladi;
f (x) =1-e*- gat’iy botiq funksiya, (x)=1-|x|"- kuchli botiq funksiyadir.

Qavariq (botiqg) funksiya ta’rifining geometrik ma’nosi 1-chizmada berilgan.

F AT
g=Ax+(1-A4r
(xfix)) ) w= AN +1- D00 &Sl
(e '
(xfx))
oy )
Lt X
x z ¥ x z ¥
1-chizma.

Bundan buyon, asosan, qavariqg funksiyalarning xossalarini o‘rganamiz.
Ulardan botiq funksiyalarning mos xossalarini keltirib chigarish giyin emas.

4.2. Qavariglik kriteriylari.

Funksiyaning qavarigligiga ekvivalent bo‘lgan tasdiglarni gavariqlik
kriteriylari deb ataymiz. Quyida bir necha gavariglik kriteriylarini keltiramiz.



1-teorema (Yensen tengsizligi). f(x) funksiyaning gavariq Q — R" to‘plamda
gavarigq bo‘lishi uchun ixtiyoriy m=12,...x' €Q, i=1m nugtalar va ) 4 =1
i=1

munosabatni ganoatlantiruvchi barcha 4, =0, | =1,m sonlar uchun

f(i&xi] < iﬁv.f(xi) (4.4)

tengsizlikning bajarilishi zarur va yetarlidir.

A Yetarliligi. m=2 bo‘lganda (4.4) dan qavariq funksiya ta’rifidagi (4.1)
munosabat kelib chigadi.

Zaruriyligi. f(x)-Q da gavariq funksiya bo‘lsin. Matematik induksiya usulini
go‘llaymiz. m=1 uchun (4) ning bajarilishi ravshan. Faraz gilaylik, m=k uchun

(4.4) munosabat o‘rinli bo‘lsin. Uning m =k +1 uchun bajarilishini ko‘rsatamiz.
K+1

x= D Ax (4.5)
i=1
bo‘lsin. 0< 4,,, <1 deb olamiz (agar 4,,, =0 bo‘lsa, (4.5) da k taelement, 4, =1
bo‘lgandaesa 4, =4, =...= 4, =0 bo‘lib, (4.5) da fagat bitta element gatnashadi; bu
hollarda tasdigning to‘g‘riligi faraz gilinmogda). U holda x = 4,_x*"* +(1—A_,)X,

X = Z/L = 2, /(1-2,,,) deb yozib olamiz va x € Q (chunki X element X',

i =1k, nugtalarning gavariq kombinasiyasidan iborat; Q-gavariq to‘plam
ekanligini hamda f (x) funksiyaning gavarigligini, keyin esa, (4.4) ning m =k uchun
o‘rinliligi hagidagi farazni hisobga olib, quyidagiga ega bo‘lamiz:

(kf/mx )— (A X+ Q=2 )X < A PO +A-2,,) F(X) <

. k+1 .
<(1- ,1k+1)z i f(x')+2k+1f(xk+1)=;Aif(x').

Sl-A
Demak, (4) munosabat () =e" uchun ham o‘rinlidir. A

3-ta’rif. Q = R" to‘plamda aniglangan f(x) funksiyaning grafikusti (yoki
epigrafi) deb, quyidagi epif ={(x,y)eR™:xeQ, y= f(x)] to‘plamga aytiladi
(4.2-chizma).




2-chizma
4.2 — chizma.

2-teorema. Qavariq Q — R" to‘plamda aniglangan f(x) funksiyaning shu
to‘plamda gavariq bo‘lishi uchun, uning ustgrafigi epif ning R"™ da gavariq
to‘plam bo‘lishi zarur va yetarlidir.

A Zaruriyligi. f(x) funksiya Q da qavariq bo‘lsin. Ixtiyoriy ikkita
' =(x" y) eepif, z*°=(x*,y*)eepif nugtalarni olib ularning qgavariq
kombinasiyasini tuzamiz: z(1)=Az'+(1-2)2" = (X' +(1-2)Xx%), ' +@A-2)y?),
0<2<1. Q to‘plamning gavarigligidan x(1) = Ax* + 1-1)x* € Q kelib chigadi. f(x)
funksiyaning  gavarigligini va  z',z* eepif  ekanligini  hisobga olib,
f(X(A) <A (D) +A-A)F(x?) <Ay +@1-A)y* tengsizlikni olamiz. Bu esa,
2(1) eepif, A <[04] ya’ni epif gavariq demakdir.

Yetarliligi. epif -gavariq to‘plam bo‘Isin. Ixtiyoriy x',x* € Q nugtalarni va
A €[01] sonni olamiz. U vaqtda z' = (X, f (x")) eepif, 22 = (%2, f(x?)) e epif , epif -
gavariq to‘plam bo‘lganganligidan, z(1) = Az + (1—A) f (x*) > f (Ax" + (L—A)x?)
munosabat bajarilishini bildiradi. Demak, f(x) Q da gavariqg funksiya bo‘ladi. A

3-teorema. f(x) funksiyaning gavarig Q — R" to‘plamda gavariq (gat’iy
gavariq) bo‘lishi uchun ixtiyoriy X,y€Q larda skalyar ¢(t)= f(x+ty)
funksiyaning [0,1] da gavariq (qat’iy gavariq) bo‘lishi zarur va yetarlidir.

A Zaruriyligi.  1€[01] t,t, e[01]  bo‘lsin. U  vaqtda

(A +(1-A)t,) = F(X+ (At +A-t)y) = F(AX+LY) + Q- ) (x+t,y) <

M (x+ty) + (L= F(x+ty) = dpt) + 1-et,), yani  ot)-[01] da
gavariqdir.

Yetarliligi. Ixtiyoriy x*,x* €Q nuqtalarni va A <[01] sonni olamiz. x = x?,
y = x' —x* deb belgilasak,

FX +(1L=2)x) = F (X +A(X = x)) = F(x+ Ay) = (1) (4.6)
Shartga ko‘ra (1), A €[0], qavariq bo‘lgani uchun

P(A) = (A-1+(1-2)-0) < Ap(D) + (1~ )p(0) = Af (x) +L-A) f (x*)  (4.7)
(4.6) va (4.7) dan

fOX + (L= <A (XD +(1L-2) F(x?)

kelib chigadi, ya’ni f(x) - Q da gavariq funksiyadir. A

4.3. Sillig funksiyalarning gavariglik kriteriysi.



Quyida differensiallanuvchi funksiyalar uchun gavariqlik kriteriylaridan birini
keltiramiz.
4-teorema. f(x) - gavarig Q < R" to‘plamda differensiallanuvchi bo‘lsin. U
holda f(x) funksiyaning Q to‘plamda: 1) gavariq, 2) gat’iy gavariq, 3) x>0
o‘zgarmasli kuchli gavariq bo‘lishi uchun, barcha X,y € Q larda, mos ravishda,

1) f(x) - f(y)=(x—y) f‘xy) (4.8)
2) 1)~ F(y) > (x—y)" a;(y’ X%y,

X
3) F(x)— F(y) = (x—y) ‘X +lx—yP

munosabatlarning bajarilishi zarur va yetarlidir.
A Teoremani gavariq funksiyalar uchun isbotlaymiz (gat’iy va kuchli gavariq
funksiyalar uchun o‘xshash isbotlanadi).
Zaruriyligi. f(x) qavariqg funksiya bo‘lsin. Ta’rifdan foydalanib, VX, y € Q,
A e [01]uchun
fX+A-2)y) <A () +A-2)f(y) = f(y)+A(F(X) - F(y))
yoki

F9— 1) = 2[F(y+ 20— y) - (V)] (4.9)
tengsizlikni olamiz. f(x) differensiallanuvchi bo‘lgani uchun,
Lof
F(y+A(x—y)— F(¥) = A(x—y) aa—(xy)ww, (4.10)

buyerda 0(1)/A —0, 2 —0+. (4.9) va (4.10) lardan, 2 — 0 da, talab gilingan, (4.8)
munosabatga ega bo‘lamiz.

Yetarliligi. Faraz gilaylik, (4.8) bajarilsin. Ixtiyoriy x*, x* € Q, 1 €[0,1] uchun
y = X'+ (1—-1)x* deb, (4.8) ga asosan,

f(xl)—f(y)Z(xl—yf%, f(x2>—f(y)2(x2—yf¥

tengsizliklarga ega bo‘lamiz. Bu tengsizliklarning birini A ga, ikkinchisini (1-2)
ga ko‘paytirib va ularni go‘shib, quyidagini olamiz:

A +A-D)F(X)-f(y) > +@-)x*—y)' % =0,

ya’ni (4.1) munosabat bajariladi. Demak, f(x) - gavariq funksiyadir. A

Natija. Agar gavariq Q to‘plamda gavariq f(x) funksiya x" € Q nugtada
differensiallanuvchi bo‘lsa, barcha x € Q nugtalar uchun
r 0 f(xX)

FO)— () 2 (x=x7) o

(4.11)



tengsizlik bajariladi.

Skalar argumentli (x € R') differensiallanuvchi gavariq f (x) funksiya uchun
(4.11) munosabat funksiyaning grafigi uning ixtiyoriy (x, f(x7)) nugtasiga
o‘tkazilgan urinmadan quyida yotmasligini ko‘rsatadi.

4.4. Qavariq funksiyalarning xossalari.

Quyida natijasi gavariqg funksiya bo‘luvchi bir necha amallarni ko‘rsatamiz.
5-teorema._ f;(X), i=Lm - gavarig Q = R" to‘plamda qgavariq funksiyalar,
a,, i =1m - manfiymas sonlar bo‘lsin. U vaqgtda

f(x)= iai fi () (4.12)

funksiya Q to‘plamda gavariqdir.
A VX, yeQ, Ae [O,l] uchun quyidagiga ega bo‘lamiz:

O+ @ A)Y) = D 0+ W= A)Y) <30 (31,00 + A= A) T, () =

=20 00+ A=A f,(9) = 2 ()+A- AT ().

Demak, f(x) funksiya gavarigdir. A

Quyidagi xossa ham gavariq funksiya ta’rifidan osongina kelib chigadi.

6-teorema. Q < R" - gavariq to‘plam, P<R™, @(x,y) funksiya har bir
y € P uchun X bo‘yicha Q da gavariq va har bir x e Q uchun Y bo‘yicha Q da

yugoridan chegaralangan funksiya bo‘lsin. U holda f (X) =supe(X,y) funksiya p

yeP
da gavariqdir.
Bu teoremadan, xususiy holda, agar f,(x), i=1m funksiyalar to‘plamda

gavariq bo‘lsa, f(x)= max f; (X) funksiyaning ham Q da gavarigligi kelib chigadi.

7- teorema. g(x) - qavariq Q < R" to‘plamda gavariq funksiya, ¢ (u)-gavariq
PcR! to‘plamda monoton kamaymaydigan gavariq funksiya, g(x) e P, vxeQ
bo‘lsin. U holda f(x) =¢(g(x)) funksiya Q da gavarig bo‘ladi.

A g(x) funksiyaning gavarigligidan va ¢(y) funksiyaning monotonligidan
foydalanib, ixtiyoriy x',x*€Q, A € [0,1] uchun, quyidagi munosabatni yozamiz:

f (X +@-2)x%) = (g(AX" + (L~ 2)x%)) < p(Ag(x') + (L— 1) g(x*)) < Ap(g(x)) +
+@L-D)p(g(x?)) = Af (x) + (1~ 2) F (x7).



Bu esa, ta’rifga ko‘ra, f(x) funksiyaning gavarigligini ko‘rsatadi. A

Xuddi shunga o‘xshash quyidagi teorema ham o‘rinlidir.

8-teorema. ¢(y) - gqavarig PcR"™ to‘plamda gavariq funksiya, A- mxn
o‘lchovli matrisa, bcR"™, Q= {x eR": Ax+be P};t & bo‘lsin. U vagtda
f (X) = p(Ax+b) funksiya Q da gavariq bo‘ladi.

Misollar.

1
1) 9(x) - Q da qgavarig, 9(x)<0, ¥xeQ bo‘lsin. U holda f(x):—m

1
funksiya ham Q da gavariq bo‘ladi. Hagigatan, ®(Y) = "y funksiya P = (-0,0) da

monoton o‘suvchi gavariqg funksiya va g(x) € P, vx e Q bo‘lgani uchun, f(x) ning
gavariqligi 7-teoremadan kelib chigadi.

2) Ixtiyoriy a>0, b>0, v>1 sonlar uchun f(x)=(ax+b)" funksiya
Q =[0,+) da gavarigdir. Chunki ¢(y) =y*, v=1 funksiya P =[0,+o) da gavarig,
ax+b>0, vxeQ bo‘lgani uchun, f(x) funksiyaning gavarigligi 8-teoremadan
kelib chigadi.

3) f,(x), f,(x),..., f,(x) - Q da gavariq funksiyalar bo‘lsin. U

f(x) = i[max{o, f)), v=>1
i=1

funksiya ham Q da gavariq bo‘ladi.
Hagigatan ham 6-teoremaga ko‘ra, g;(x) =max{0, f;(x)} funksiyalar Q da
gavarigdir. v>1 bo‘lganda ¢(y) =y" funksiya P = [O,+oo) da gavarig va monoton

o‘suvchidir. Shuning uchun, 7-teoremaga asosan, g;(x)= [ﬁi(x)r funksiyalar
gavariqgdir. U vagtda f(x) funksiyaning gavarigligi 5-teoremadan kelib chigadi.
4.5. Qavariq funksiyaning sath to‘plami.
Q < R" to‘plamda aniglangan f(x) funksiya berilgan bo‘Isin.
4-ta’rif. Quyidagi,
Qf ={xeQ: f(x <y}, yeR (4.13)

ko‘rinishdagi to‘plamga f(x) funksiyaning sath (Lebeg) to ‘plami deyiladi.

Qavarig funksiya ta’rifidan va sath to‘plamning aniglanishidan quyidagi
xossaga ega bo‘lamiz.

O-teorema. f(x) funksiya Q < R" to‘plamda gavariq bo‘lsin. U vaqtda
ixtiyoriy y € R" uchun QY sath to‘plami gavariqdir.



9-teoremaning teskarisi o‘rinli emas, ya’ni, ixtiyoriy y € R' uchun Qf
to‘plamning qavarigligidan, f(x) funksiyaning qavarigligi kelib chigmasligi
mumkin. Masalan, ixtiyoriy y € R® uchun Qf ={X€ RY: x° S}/}=(—OO, WJ
to‘plam gavarig, ammo f(x) = x?, x e R* funksiya gavariq emas.

Qavariq funksiyalar uchun sath to‘plamlarining yana bir xossasi ularning
chegaralanganligidir.

10-teorema. Qavariq yopiq Q to‘plamda uzluksiz kuchli gavariq Qf f(x)
funksiyaning barcha sath to‘plamlari Q7 , y € R*, chegaralangan to‘plamlardir.

A Q= bo‘lsin (aks holda teoremaning to‘g‘riligi 0‘z-o‘zidan ravshan).
Ixtiyoriy x°€Qj uchun K(x’1)={xeR':[x—x| <1} birlik sharni garaymiz. f(x)
ning uzluksizligidan Q7 ning yopigligi kelib chigadi. U vagtda P =Qj[K(x’.])

chegaralgan va yopiq (ya’ni kompakt) to‘plam bo‘ladi. VVeyershtrass teoremasiga
asosan, f(x) funksiya P to‘plamda quyidan chegara-langan, ya’ni shunday
a = const mavjudki,

f(x)2a, vxeQi[) K(x°,1) (4.14)

Barcha xeQf uchun
[x-x] <1+ 7== (4.15)
7,
ekanligini ko‘rsatamiz (bu yerda x - f(x) funksiyaning kuchli gavariglik ta’rifidagi
0‘zgarmas).
Agar xeQj(K(x°1) bolsa, [x-x°| <1 ya'ni (4.15) tengsizlik bajariladi.

xe Q¥ vk bolsin. A=1\|x=x°|, x=2ax+@-1)x* debolamiz. 0<2 <1,

xeQl, x"eQ} bo‘lgani uchun xeQ}f  (chunki Q}-qavarig).

1
=]

gilib, x e Q¥ N xx°». Endi (4.14) tengsizlikdan, f(x) funksiyaning kuchli

x=x"+ A(x=x") = x° + (x=x), [x=x|=1 yani = xexxy. Shunday

gavarigligidan, f(x°)<y, f(x)<y shartlardanvaA ning aniglanishidan ketma-ket
foydalanib, quyidagiga ega bo‘lamiz:
a < £(x)< 2 (x)+ L= 2)F () pall-A)x -7 < y -y @-A)x—x =
= ullx—| -1
Buyerdan (4.15) tengsizlik kelib chigadi. Bu esa, Q% ning chegaranganligini
ko‘rsatadi. A



Qavarig (kuchli gavariq bo‘lmagan) funksiyalar uchun 10-teoremani
quyidagicha umumlashtirish mumkin.
11-teorema. Faraz gilaylik, f(x) gavariq yopiq Q to‘plamda quyidan yarim

uzluksiz gavariq funksiya bo‘lsin. Agar biror ) o uchun Qio sath to‘plami bo‘sh

bo‘lmagan va chegaralangan bo‘lsa, ixtiyoriy y e R* uchun ham Q} to‘plam

chegaralangan bo‘ladi.
Teoremaning isbotini [4,11] dan garash mumkin.

O¢z-o0¢zini tekshirish savollari.

Qavariq funksiya ta’rifini bering va misollar keltiring.
Qat’iy gavariqg funksiya ta’rifini bering va misollar keltiring.
Kuchli gavariqg funksiya ta’rifini bering va misollar keltiring.
Funksiyaning gavariglik kriteriylaridan Yensen tengsizligini keltiring.
Sillig funksiyalarning gavariqlik kriteriysi yozilsin.
Funksiyaning grafikusti ta’rifini bering va misolda namoyish giling.
Funksiyaning sath to‘plami ta’fifini bering va misolda namoyish qiling.

8. Kuchli gavariq funksiya sath to‘plamining chegaralanganligi hagidagi
teoremani keltiring.

9. Quyidan yarim uzluksiz gavariq funksiya sath to‘plamining chegaralan-
ganligi hagidagi teoremani keltiring.

No gk owbdhe

Mustaqil ish topshiriglari.
1. Agar Q = R" qavariq to‘plam bo‘Isa, oo (X) = é@E”X_q” funksiyaning R"

da gavarigligini ko‘rsating.
2. Agar f(x) - qavariq funksiya bo‘lsa, |f (x)| ham qavarig bo*ladimi?

3. f(x)=41+x +x% funksiyaning R?da gavarigligini tekshiring.
4. o(t) —[a,b] kesmada monoton kamaymaydigan (o‘suvchi) funksiya bo¢lsin.

X
f(x) = I¢(t)dt funksiyaning [a,b] da qavariq (gat’iy qavariq) ekanligini ko‘rsating.
[04

5. f(x) - qavariq Q < R" to‘plamda differensiallanuvchi gat’iy gavariq

f(x)

funksiya bo‘lsin. U holda ixtiyoriy @ € R" uchun =a tenglama bittadan

ko‘p yechimga ega bo‘Imasligini isbotlang.



6. Agar fi(x), f2(x) — gavariq funksiyalar bo‘lsa, ularning ko‘paytmasi ham
gavariqg bo‘ladimi?
7. f(x), k=1,2,.... funksiyalar gavarig QcR" to‘plamda gavariq bo‘lsin va

VXEQ uchun lim f.(x)= f(x) limit mavjud bo‘lsin, yoki ifk(x)zf(x) qator
e k=1
yaginlashsin. f(x) funksiyaning Q to‘plamda gavariq ekanligini ko‘rsating.

8. Agar ¢(x,t) funksiya har bir te[0,1] da x bo‘yicha QR" da gavariq, har bir
xeQ da t bo‘yicha [0,1] da integrallanuvchi, o(t), te[0,1] manfiymas

integrallanuvchi funksiya bo‘lsa, f(x):I¢(X,t)o¢(t)dt funksiyaning qavarigligini
0
ko‘rsating.

9. o(X)- Q to‘plamda gavariq funksiya bo‘lsa, a) f(x)=e**) x<Q — gavariq;
b) f(x)=1/o(x), xeQo={XQ: ¢(X)<0} to‘plamda botiq ekanligini ko‘rsating.



5—-ma’ruza
Qavariqg funksiyalarning ekstremumlari
Reja:
5.1. Qavariq funksiyaning uzluksizligi
5.2. Qavariq funksiyaning yo‘nalish bo‘yicha hosilasi.
5.3. Qavariq funksiyaning minimumi.
5.4. Qavariq funksiyaning maksimumi.
Tayanch iboralar: gavariq to ‘plam, gavariq funksiya, uzluksizlik, yo ‘nalish
bo ‘yicha hosila, local minimum, global minimum, gat’iy gavariq funksiya, kuchli
gavarig funksiya, kvazigavariq funksiya, subgradiyent, subdifferensial.
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5.1. Qavariq funksiyaning uzluksizligi.

1-teorema. Qavarig Q< R" to‘plamda qavarig  f(x) funksiya Q
to‘plamning barcha ichki nugtalarida uzluksiz bo‘ladi.
A Dastlab 6 €intQ, f(0)=0 deb faraz qgilib, teoremani x* =6 nuqta uchun

isbotlaymiz (0 =(00,...,0))

0 €intQ bo‘lgani uchun, shunday kichik I >0 son topiladiki,
P={xeR":—r<x, <r, j=1n/ giperkub (x =6 nugtaning atrofi) Q da yotadi.
x,...x"(m =2")— P ning uchlari, ya’ni (r,....£r) ko‘rinishdagi nugtalar bo‘lsin.
a=max f(x°) 1=1m deb olamiz. Qavariq to‘plamlarning xossalariga ko‘ra,
gavariq ko‘pyoqli R ning ixtiyoriy x nugtasini X',...,x™ nuqtalarning

x:zm: Axt, A =0, 1=1m; ixizl
i=1

i=1



gavariq kombinasiyasi kabi yozish mumkin. U holda

f(x)si /lif(xi)SaZm: A =a

munosabatga kelamiz. Shunday gilib, f(X) funksiya P da yugoridan
chegaralangandir. Endi VX € (0,1) son uchun X' =6 nugtaning S, = &P

ko‘rinishdagi atrofini garaymiz. VX € S, nugtani olamiz. f(x) funksiyaning

qavarigligidan, f(0) =0 shartdan va ig e P nugtalar uchun (4) tengsizlikdan
foydalanib, quyidagiga ega bo‘lamiz:
(%)= f(gh(l_g)eJggf(ij+(1_g)f(e)gw,
& &

~ ~

0=1f(0)= f(imi(—iJ}i F(R)+— f(—ijsi F(R)+—a.

1+ 1+e\ ¢)) 1l+¢ 1+¢ g) l+e 1+
Bu yerdan, \f(ﬂ <ae ni olamiz. Demak, f(X) funksiya X" =6 nugtada
uzluksizdir.
Umumiy hol yugoridagi garalgan holga keltiriladi. Chunki f (X) funksiya-
ning X" e1ntQ nugtadagi uzluksizligi ®(y)= f(y+x*)- f(x*) (@(6)=0) funk-
siyaning y" =60 €intG (G :Q—x*) nugtadagi uzluksizligiga ekvivalentdir. A

5.2. Qavariq funksiyaning yo‘nalish bo‘yicha hosilasi.

5.1-ta’rif. f(x), xeQcR" funksiya berilgan, x'€Q, heR", h=0
bo‘lsin. Agar
£/(x*;h)= lim flx+an)- () (5.1)

o—0+ a

chekli limit mavjud bo‘lsa, f’(x*;h) - f(X) funksiyaning x* nugtadagi h
yo ‘nalish bo ‘yicha hosilasi deyiladi.

Agar ixtiyoriy he R" uchun (5.1) formula bo‘yicha f'(X*;h) aniglangan
bo‘lsa, h— f'(X*;h) funksiya f(X) funksiyaning x* nugtadagi yo ‘nalishlar
bo ‘yicha hosilasi deyiladi.

Yo‘nalishlar bo‘yicha hosilasiga ega funksiyani yo‘nalishlar bo‘yicha
differensiallanuvchi funksiya deb ham ataymiz.



5.1) formulaga ko‘ra ixtiyoriy A >0 uchun f'(X*;/lh):lf '(X*;h), ya’ni

f'(X*;h) - N ga nisbatan musbat bir jinsli funksiyadir.
Funksiyaning  yo‘nalish  bo‘yicha  differensiallanuvchiligi  talabi
differensiallanuvchilikka nisbatan ancha kuchsiz talabdir.
1-misol.
X %y
fx, %)= X+ X
0, azap X, =0, X, =0 6yaca

: azap X% #0 Oyrca,

funksiya ixtiyoriy yo‘nalish bo‘yicha hosilaga ekanligini ko‘rsating.
A Bu funksiya X" =(x,X,)=60=(0,0) nugtada ixtiyoriy h =(cos¢,sin¢),
0<¢p <2z, yo‘nalish bo‘yicha hosilaga ega. Hagigatan ham,
f(x* +ah)— f(x*)_ cos” @sin g

> - - ca>0.
a a’cos® @ +sing
Bu yerdan,
cos’ @ .
. , azap SN #0 6yica,
f(xh)=2 Tsing pneET
0, azap sinp=0  6yica

Ammo f(X) funksiya x* =6 nugtada hatto uzluksiz ham emas. Hagigatdan ham,
agar X=(X1,X2) nugtani X, =X parabola bo‘yicha X' =6 nugqtaga intiltirsak,

fx, x?)=1/2, lim f(xl,xf)=%¢ £(0,0)=0. A

2-teorema. Agar T(X), xeR" funksiya x" €R" nuqtada differensial-

lanuvchi bo‘lsa, u shu nugtada VheR" yo‘nalish bo‘yicha differensiallanuvchi
bo‘ladi va

af(x*)
OX

f(x*,h)=hT (5.2)

tenglik bajariladi.
A heR", a>0. bolsin. f(X) funksiyaning x* nuqtada
differnesiallanuvchiligiga asosan,

f(x* +ah): f(X')+ahT %:*)+O(a), 0)/oc =0, a—>0+.

U holda (5.1) formuladan



rotlx)
()= tim T ) Mo O A) O
a—0+ a a—0+ a OX a0+ (g

=h' af@(:: ) ya’'ni (5.2) tenglikka ega bo‘lamiz. A

3-teorema. Agar T (X) funksiya qavariq Q — R" to‘plamda gavarig bo‘lsa,

ixtiyoriy X” e riQ va h e LinQ (LinQ —affQ ga parallel qism fazo) uchun (5.1)
formula bo‘yicha chekli f'(x;h) mavjud va
f '(x*;ﬂ,lh1 + lzhz)g <A f ’(x*; h1)+ A, f ’(x*; h2) vh, +h, e LinQ, A, >0,
A, >0. (5.3)
munosabat o‘rinlidir.

A Ixtiyoriy X* €riQ, h e LinQ uchun

A=fa>0:x +acheQ}, B={a<0:X +oheQ] (5.4)
to‘plamlarni garaymiz. x* € riQ bo‘lgani uchun nisbiy ichki nuqta ta’rifiga ko‘ra
biror g >0da K(x",e)NaffQ = Q bo‘ladi (bu yerda

K(X',&) = X eR": x=x| < e}). helinQ=affQ —X" bo‘lgani uchun barcha

aeR' da ehelinQ, yoki X" +ah e affQ bo‘ladi. Natijada modul bo‘yicha

yetarlicha kichik @ € R* uchun X" + ¢h e K(x",&)NaffQ = Q bajariladi.
Shunday qilib, (5.4) formula bo‘yicha aniglanuvchi A va B to‘plamlar bo‘sh emas.

Ixtiyoriy o, € A, o, € A, oy <cx, sonlarni olamiz. f(x) funksiyaning

gavarigligiga asosan  f(x +a;h) = f(( —ﬁn

a,

Ixtiyoriy a € 4, a® € B uchun yana f(x) funksiyaning gavarigligidan
foydalanib,

0

f(x')= f( 2 (x +a'h)+—= O(x*+ah)J£ 2 f(x +ah)-—2f(x +ah)

oa—a oa—a a—a a—o

tengsizlikni olamiz. Bu yerdan: ¢(a) > ¢(d®), VaeA, ya’ni ¢(a) funksiya A
to‘plamda quyidan chegaranlangandir. U vagtda monoton funksiyaning limiti
hagidagi analizdan ma’lum teoremaga asosan, chekli f’(x",h)zaliﬁrg+ ola)= Lm; o(a)

limit mavjud.
Endi (5.3) munosabatni isbotlaymiz. Ixtiyoriy A>0 uchun
f’(x*;lh): Af ’(x*; h)



bo‘lganligidan,
£/(x";h, +hy )< £(x";h )+ £(x";h, )}, h, e LinQ
tengsizlikni isbotlash yetarli.
Buning wuchun, (5.1) formuladan va gqavarig funksiyaning ta’rifidan
foydalanamiz:

e o) g 10 sl ) 1)

a—0+ 104

f(x*+20¢h1 x*+2ahlj_ £ (x')

lim 2 2 < im O +20h) - F(C)
lim a a—0+ ZOC
R +20;h2)— f(x) _ f'(x*;h1)+ f'(X*;hz). A
(04

1-natija. Agar intQ=< bo‘lsa, gavariq f(x) funksiya gavariq Q to‘plamning
har bir ichki x™ nugtasida yo‘nalishlar bo‘yicha differensiallanuvchi va yo*‘nalishlar
bo‘yicha hosila h — f’(x*;h) R" da gavariq funksiya bo‘ladi.

2-natija. Qavariq f(x), xe[a,b], funksiya har bir  xe(a,b) nugtada chekli
chap f ’(x* —O) vao‘ng f '(x* +0) hosilalarga ega.

5.3.  Qavariq funksiyaning minimumi.

Qavariq QcR" to‘plamda aniglangan gavariq f(x) funksiya berilgan bo‘Isin.
4-teorema. Qavariq f(x), x eQ funksiyaning gavariq Q to‘plamdagi har bir lokal
minimum nugqtasi uning global minimum nugtasi ham bo‘ladi.

A x*eQ lokal minimum nugtasi bo‘lsin, ammo global minimum nugtasi
bo‘Imasin, deb faraz gilamiz. U vaqtda shunday x<Q nuqta mavjudki, f(x)<f(x*)
bo‘ladi. Ixtiyoriy A.&(0,1) uchun z=ax+(@-2)x* =x* +2(x—x*) nugtani garaymiz. Q-
gavarig to‘plam bo‘lgani uchun, z Q. f(x) funksiyaning gavarigligidan foydalanib,

£(2) <M (0 + - 1) )< af(x* )+ - e ()= lx*)
ya’'ni
f(z)<f(x" (5.5)
tengsizlikni olamiz.
x*—lokal  minimum nugqtasi bo‘lgani uchun, shunday £*>0 mavjudki,
f(x)zf(x*), VXeQmK(x*,a*), (5.6)



X —x"* <e*}. 0<X<min{1,s*/“§—x*} bo‘lsin. U holda

bu yerda K(x*,s*)z {x eR":

z=x*+x(§—x*)eQmK(x*,a*) va demak,(5.6) ga ko‘ra, f(x)>f(x*). Bu esa, (5.5) ga
ziddir. Olingan garama-garshilik teoremani isbotlaydi. A

5-teorema. Qavariq f(x) funksiyaning gavarig QcR" to‘plamdagi minimum
nuqtalari to‘plami

Q«(f)= {x* eR" :f(x*)zmi(gf(x)}

gavariq to‘plam bo‘ladi. Agar f(x) — gatiy gavariq funksiya bo‘lsa, uning gavariq Q
to‘plamdagi minimum nugtasi yagonadir.

A f(x)-Q da gavariq funksiya Q«(f)=<Ibo‘Isin. x.€Q«(f), y-€Q «(f) nugta-larni
olamiz. U holda f(x*):f(y*):mi(gf(x). X =X, +(L-L)y. (re[01) uchun f(x)

funksiyaning gavariqligidan foydalanib,
(X4 ) <F(X)=F(xs + Q=L )ys ) SAF(X4 )+ Q=) (ya ) =F(x.)

munosabatga ega bo‘lamiz. Demak, f(i):f(x*)zmigf(x), ya’'ni xeQ.f(x). Bu esa,
Xe

ta’rifga ko‘ra, Q«(f) to‘plamning gavarigligini ko‘rsatadi.
Endi f(x) — gat’iy qavariq funksiya bo‘lsin, ammo uning minimum nugtasi
yagona bo‘lmasin, deb faraz gilaylik:
f(xl)zgligf(x), f(xz)z Xmeigf(x), xt £ x2, (5.7)

x(W)=axt+(@-2)x?> (re(01) nugtani garaymiz. f(x) funksiyaning qat’iy
gavarigligi ta’rifiga ko‘ra,
F(x(1) = Ffx? + 0= w2 )< [t )+ =2 ) (x2).
Bu yerdan (5.7) ga ko‘ra, f(x(»))< Xmeigf(x) ga ega bo‘lamiz. Ammo, x(1) eQ

bo‘lgani uchun, f(x(»))> mi(gf(x). Olingan garama-garshilik ko‘rsatadiki, agar f(x) —

gat’ty gavariqg va Q«(f)=0 bo‘lsa, Q«(f) fagat yagona elementlidir. A

Qavarig (hatto gat’iy gavariq) funksiyaning minimum nugtalari to‘plami
bo‘sh bo‘lishi mumkin. Masalan, f(x)=e>* funksiya R! da gat’iy gavarig, ammo
minimumga ega emas.

Kuchli gavariq funksiyalar uchun esa, quyidagi teorema o‘rinlidir.

6-teorema. Qavarig yopig QcR" to‘plamda quyidan yarim uzluksiz kuchli
gavariq f(x) funksiyaning yagona minimum nuqtasi mavjud.

A Kuchli gavariq funksiyalar sath to‘plamlarining chegaralanganligi hagidagi
teoremaga asosan(4-ma’ruzaga g.), ixtiyoriy y €Q uchun

Qf ={xeQ:f(x)<f(y)} (c=F(y))



to‘plam chegaralangandir. U vagtda Veyershtrass teoramasining umumlashmasiga
ko‘ra, f(x) funksiyaning Q to‘plamda global minimum nugtasining mavjudligi kelib
chigadi. Minimum nugtasining yagonaligi 5-teoremadan kelib chigadi.

5.4. Qavariq funksiyaning maksimumi.

Qavariq funksiyaning gavarig to‘plamdagi maksimumini topish masalasi
minimumni topish masalasidan muhim farq giladi. Xususan, gavariq funksiya
gavariq to‘plamda global maksimumdan tashgari, bir necha lokal maksimumlarga

2 2
ham ega bo‘lishi mumkin. Masalan, f(x)=(x1—%j +[x2—%) funksiyaning

Q={x=(x1,X2):X1+X%2<1, x120, x>0} to‘plamdagi global maksimumi x°=(0,1)
nugtadadir. Shu bilan birga, x!=(0,0) va x?=(1,0) nugtalar funksiyaning lokal
maksimum nugtalaridir.

7-teorema. Agar gavariq QcR" to‘plamda gavariq f(x) funksiya biror z eriQ
nugtada global maksimumga erishsa, f(x) funksiya Q da o‘zgarmas bo‘ladi
(f(x)=const, x €Q).

A zeriQ - f(x) funksiyaning Q to‘plamdagi global maksimum nuqgtasi bo‘Isin.
Ixtiyoriy xeQ, X=z nugtani garaymiz. z eriQ bo‘lgani uchun, shunday A<(0,1) va
yeQ mavjudki, z=(1-A)x+Ay bo‘ladi. U holda f(x) funksiyaning qavarigligiga
asosan,

f(2) <(L-A)f(x)+ Af(y)
munosabat bajariladi. z nugtaning aniglanishiga ko‘ra esa,
f(x)=<f@), f(y) <f(2).

Demak, agar f(x)<f(z) bo‘lsa,
garama-qarshilikni olamiz. Shunday qilib, f(x)=f(z)=const, xeQ. A

Isbotlangan teorema ko‘rsatadiki, o‘zgarmasdan fargli gavarig funksiya gavariq
to‘plamning fagat nisbiy chegaraviy nugtasidagina global maksimumga erishishi
mumkin.

O¢z-o0¢zini tekshirish savollari.

1. Funksiyaning uzluksizligi ta’riflarini keltiring.

2. Qavariq funksiyaning uzluksizligi hagidagi teoremani yozing.

3. Qavariq funksiyaning yo‘nalish bo‘yicha hosilasi ta’rifini keltiring.

4. Funksiyaning yo‘nalish bo‘yicha hosilasi hamda hosilasi orasidagi bog*-
lanishlarni izohlang.

5. Qavariq funksiyaning lokal minimumi uning global minimumi bo‘lishi



hagidagi teoremani keltiring.
6. Qat’iy gavariq funksiyaning minimumi haqidagi teoremani keltiring.
7. Kuchli gavariq funksiyaning minimumi hagidagi teoremani keltiring.

Mustaqil ish topshiriglari.
1. f(x) - gavarig Q< R" to‘plamda differensiallanuvchi gat’iy gavariq

X :
=a tenglama bittadan

funksiya bo‘lsin. U holda ixtiyoriy @ € R" uchun

ko‘p yechimga ega bo‘Imasligini isbotlang.

2. Agar fi(x), f2(x) — gavariq funksiyalar bo‘lsa, ularning ko‘paytmasi ham
gavariqg bo‘ladimi?
3. f(x), k=1,2,.... funksiyalar gavarig QcR" to‘plamda qgavariq bo‘lsin va

VXEQ uchun lim f.(x)= f(x) limit mavjud bo‘lsin, yoki ifk(x)zf(x) gator
—® k=1

yaginlashsin. f(x) funksiyaning Q to‘plamda gavariq ekanligini ko‘rsating.
4. Adgar ¢(x,t) funksiya har bir te[0,1] da x bo‘yicha Q<R" da gavarig, har bir
xeQ da t bo‘yicha [0,1] da integrallanuvchi, a(t), t€[0,1] manfiymas integral-

lanuvchi funksiya bo‘lsa, f(x):jgp(x,t)a(t)dt funksiyaning gavarigligini ko‘rsating.
0

5. @(x)- Q to‘plamda gavariq funksiya bo‘lIsa, a) f(x)=e®™*), x € Q — qavariq;
b) f(x)=1/¢(x), xeQo={XQ: ¢(X)<0} to‘plamda botiq ekanligini ko‘rsating.
6. Quyidagi funksiyalarning subdifferensiali va yo‘nalish bo‘yicha
hosilasini toping:
a) f(x)=[x-1+[x+1,xeR*; b) f(x)= max (afx—b,)xeR";

i=1,2,...m
C) f(x)zzm:‘afx—b‘,x eR"; d) f(x)=e" xeR"
i=1

7. F(x)-R " da yuqoridan chegaralangan gavariqg funksiya bo‘lIsin. U holda,
F(x)=const, xe R" ekanligini ko‘rsating.

8. f(x) - Q to‘plamda p>0 o‘zgarmasli kuchli gavariq funksiya bo‘lsin. f(x)
ning Q to‘plamdagi x"eQ minimum nugtasi uchun quyidagi baholar o‘rinli
ekanligini ko‘rsating:

a) plx-x" 12 <f(x)-f(x*), ¥xeQ;

b) agar f(x )-x €Q nugtada differensiallanuvchi bo‘lsa,

ETSS v ryy O (%)
ul X Is‘ 09 2 (1(9-f(x ))S‘TX
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9. f(x) funksiya gavariq Q — R" to‘plamda kvazigavariq, ya’ni
vC=const uchun Qf ={xeQ:f(x)<c}- gqavariq to‘plam bo‘lsin. Quyidagi
tasdiglarning tog°riligini ko‘rsating:

a) f(x) funksiyaning kvazigavarigligi
fOxt +(1-2)x 2 )smax{f(x'), f(x*)},vx* x* eQ, 2¢[0,1]

munosabatlarning bajarilishiga teng kuchlidir;

b) kvazigavariq funksiyaning minimum nugtalari to‘plami gavariqdir.

c) agar f(x) — qat’iy kvazigavariq (ya’ni f(Ax!+(1-A)x 2)<max{f(x*), f(x2)},
x' = x?, x5, x* €Q, Ae(0,1)) bo‘lsa, uning lokal minimumi global minimum ham
bo‘ladi va minimum nuqtasi yagonadir.

6 —ma’ruza
Shartsiz ekstremumni izlashning sonli usullarini qurish tamoyillari.
Reja:

Kirish.
Minimallashtiruvchi va yaqginlashuvchi ketma-ketliklar.
Ekstremumni izlash sonli usullarining tiplari.
Ketma-ketlikning yaginlashishi tartibi.

Tayanch iboralar: shartsiz ekstremum masalasi, funksiyaning aniq quyi

chegarasi, ketma-
ketlik, minimallashtiruvchi ketma-ketlik, yaginlashuvchi ketma-ketlik, sonli usullar,
sonli usul-larning tiplari, nolinchi tartibli usullar, birinchi tartibli usullar ,
ikkinchi tartibli usullar, itera-tsiya, iteratsiya gadami, tushish yo ‘nalishi, eng tez
tushish yo ‘nalishi,kvadratik yaginlashish, chizigli yaginlashish, o ‘ta chizigli
yaginlashish.
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6.1. Kirish

Biz 1- va 2- ma’ruzalarda ko‘rib chiggan shartsiz ekstremumning zaruriy va
yetarli shartlari, chegaralangan sondagi, ulardagi bu shartlar yordamida olinadigan
munosabatlar analitik yechimga ega bo‘ladigan, masalalarni yechishda samarali
bo‘ladi. Lekin ko‘p amaliy masalalarda ular quyidagi sabablarga ko‘ra tavsiya
gilinmaydi:

1. f(x) magsad funksiyasi ikkinchi tartibgacha uzluksiz xususiy hosilalarga
ega bo‘la olmasligi.

2. Birinchi tartibli zaruriy shartdan foydalanilganda hosil bo‘ladigan, umumiy
holda, n ta nochizigli algebraix tenglamalar sistemasini yechishning o‘zi
dastlabki masalani yechishdan murakkab bo‘lishi.

3. Masalaning magsad funksiyasi oshkor ravishda berilmagan bo‘lib, fagat
uning qiymati tagribiy hisoblanishi mumkinligi hagidagi ma’lumot
berilganligi.

Optimallashtirish sonli usullarining ko“pchiligi iteratsion usullar sinfiga
mansub bo‘lib, ularda ma’lum bir gonuniyatga rioya gilinib, jarayonni tugatish
kriteriysi ham ko‘rsatilgan, nugtalar ketma-ketligi hosil gilinadi.Bunda berilgan x°
boshlang‘ich nugtadan boshlab x°, xt, x2, ... .. nugtalar ketma-ketligi hosil gilinadi.

x* nugtadan x**1 nugtaga o‘tish iteratsiya deyiladi.

Aniglik uchun, ushbu

f(x*) = min f(x) (6.1)
shartsiz minimumni topish masalasini garaymiz.

(6.1) masalani sonli yechish, odatda, quyidagi

fO*) < f(xF), k=0,1,... (6.2)
xossaga ega bo‘lgan {x*} nuqgtalar ketma-ketligini qurish bilan bog‘liqdir.

{x*} ketma-ketlikni qurishning umumiy goidasi ushbu

xl=xk +¢t,d* k=01, ... (6.3)
Bunda x° — izlashning boshlang‘ich nugtasi, d* — x* nugtadan x*** nugtaga
o‘tishning mumkin bo‘lgan yo‘nalishi bo‘lib,u (6.2) shartning bajarilishini ta’min-
laydi, t,, — gadamning kattaligi (miqdori).

x% boshlang‘ich nugta masalaning fizik ma’nosi hamda ekstremum nugtasi-
ning joylashishi hagidagi oldindan berilgan ma’lumotga tayangan holda tanlanadi.



Mumkin bo‘Igan tushish yo‘nalishi d ushbu, f(x) funksiyaning kamayishini
ta’minlaydigan,

(Vf(x*),d*) <0, k=041,..., (6.4)
shartni ganoatlantirishi zarur. Mumkin bo‘lgan tushish yo‘nalishining misoli —
antigradiyent vektorining yonalishidir: d® = —Vf(x%).

t, > 0 gadamning kattaligi yoki (6.2) shartdan, yoki funksiyaning tushish
yo‘nalishi bo‘ylab minimum shartidan tanlanadi:
fx* +t,d*) - ngin. (6.5)
k

t, gadamni (6.5) shartga ko‘ra tanlash d* yo‘nalish bo‘yicha eng tez tushishni
ta’minlaydi.

6.2. Minimallashtiruvchi va yaginlashuvchi ketma-ketliklar.

1-ta’rif. Agar I!im f(x*) = f£., ya’ni ketma-ketlik funksiyaning aniq quyi

chegarasiga yaginlashsa, f, = iean f(x), {x*} ketma-ketlik minimallashtiruv-chi
X n

ketma-ketlik deyiladi.

2-ta’rif. Agar k — oo da ||x* — x*|| - 0 bolsa, {x*} ketma-ketlik x*
minimum nugqtasiga yaginlashuvchi deyiladi.

{x*} ketma-ketlikning, mumkin bo‘lgan d* yo‘nalish va t, gadamning (6.2)
va (6.5) shartlardan tanlanishida, yaginlashuvchi bo“lishi, f(x) funksiyaning

xarakteri hamda x° boshlang‘ich nugtaning tanlanishiga bog‘liq bo*ladi.
1- misol. 1- va 2- ta’riflar bo‘yicha berilgan ketma-ketliklarni sinflang:

a) fx) ==

1+x4
b) £(x) = x? + x% funksiya uchun x*+1 = x¥ — -V (x*) qoida bo‘yicha

*

funksiya uchun {x*} = k ketma-ketlikni;

berilgan {x*} ketma-ketlikni.
o 1- va 2- ta’riflardan foydalanamiz.
xZ

a)f () = 2

mallashtiruvchi ketma-ketlikdan iborat, chunki I!im f(k)=0=Ff, lekinux*=0

funksiya uchun {x*} = k , k = 1,2, ... ketma-ketlik mini-

minimum nugtasiga yaqinlasshmaydi;

b)f(x) = x2 + x2 funksiya uchun x**1 = x* — %Vf(x") ketma-ketlik
fagat minimallashtiruvchigina bo‘lib golmasdan, u aniq quyi chegaraga erishiladi-
gan, f(x*) = f. = 0,x* = (0,0)T nugtaga yaginlashuvchidir, chunki,

VF(xR) = (2xF, 2x%) va (xf*L )T = (xf, x5)T —%(Zx{"', 2x§)T.l



6.3.Ekstremumni izlash sonli usullarining tiplari.

f(x) funksiyaning tushish yo‘nalishi d* va iteratsiya qadami t; larni
shakllantirishda foydalaniladigan xususiy hosilalarining eng yugori tartibiga
bog‘lig ravishda, (6.1) shartsiz ekstremum masalasini yechishning sonli usullarini
uchta guruhga bo‘lish gabul gilingan.

1. Fagat f(x) funksiyaning giymatlari ma’lumotdan foydalaniladigan
nolinchi tartibli usullar.

2. f(x) funksiyaning birinchi tartibli hosilalari hagidagi ma’lumotdan
foydalaniladigan birinchi tartibli usullar.

3. f(x) funksiyaning ikkinchi tartibli hosilalari hagidagi ma’lumotdan
foydalaniladigan ikkinchi tartibli usullar.

Usulning ishlash gobiliyati unga mos ketma-ketlikning yaginlashuvini
isbotlash bilan kafolatlanmaydi — yaginlashishning ma’lum bir tezligi zarur
bo‘ladi.

Shuni e’tirof etish kerakki, amaliyotda umumiy yaqginlashish nazariyasining
natijalaridan ehtiyotkorlik bilan foydalanish kerak bo‘ladi. Masalan, algoritmlarni
fagat ular hosil gilgan ketma-ketliklarning texnik yaginlashish tezliklari kattalik-
lari bo‘yicha baholash mumkin emas, lekin bu tezliklar ma’lum bir darajada
usulning samaradorligini ifodalasa ham, ularga erishish mumkin bo‘lgan shartlar
juda kam hollarda amalga oshiriladi. Shuningdek, algoritmni, fagat uning
yaginlashish tezligi hagidagi teoremalar isbotlanmaganligi uchun, chetlab o‘tish
mumkin emas: bunda usul sifatining pastligi, yoki isbotni amalga oshirish ancha
giyinchiliklarga olib kelishi kabilar muhimdir[30].

6.4. Ketma-ketlikning yaginlashishi tartibi.

x" nugtaga yaginlashuvchi {x¥} ketma-ketlikni gqaraymiz. Bunda ketma-
ketlikning elementlari har xil va x nugtalarning birortasi ham x* nugta bilan
ustma-ust tushmaydi, deb faraz qgilinadi

Yaginlasish tezligini baholashning eng samarali usullaridan biri, x** va x”
nuqtalar orasidagi masofa bilan x¢ va x” nugtalar orasidagi masofani tagcoslashdan
iborat.

3-ta’rif . Agar r - ushbu
. xk+1_x*
0 sL|QW<w. (6.6)
munosabatni ganoatlantiruvchi maksimal (eng katta) son bo‘lsa, {x} ketma-ketlik
r tartibli yaginlashuvchi deyiladi.



r migdor {x} ketma-ketlikning limitik xossalari vositasida aniglanar ekan, u
yaginlashishning asimptotik tezligi deyiladi.
4-ta’rif. Agar {x<} kema-ketlik r tartibli yaginlashuvchi bo‘lsa,u holda,

¢ = lim 2=
koo ||xk—x||”

son xatoning asimptotik parametri deyiladi.
5-ta’rif. Agar r=1, c<1 bo‘lsa, u holda, yaginlashish —chiziqgli; agar r=2
bo‘lsa, u holda yaginlashish —kvadratik; r>1 yoki r=1, c=0, bo‘lganda esa,
yaginlashish - o ‘ta chizigli deyiladi.
Chiziqgli yaginlashish geometrik progressiya tezligi bilan yaginlashishning
sinonimidan iborat.
2-misol. Ushbu
xk=a@ k=0,1,2,...,bunda 0 < a < 1,
ketma-ketlikning yaginlashish tartibini aniglang.
Bu ketma-ketlikning har bir hadi oldingisining kvadratiga teng bo“lib,
uning limiti nolga teng. U holda, 4-ta’rifga ko‘ra,
|xk+1 _ O| B
oy ¢
shu sababli, r=2 va yaginlashish — kvadratik ekan.Boshgacha aytganda, kvadratik
yaginlashish — har bir gadamda x* ketma-ketlik to‘g°ri ragamlarining soni ikki
marta ortadi. Parametri @=0,99 bo‘lgan ketma-ketlikning dasnlabki 14 ta hadi 6.1-
jadvalning ikkinchi ustunida keltirilgan.Shuni e’tirof etish kerakki, to‘g‘ri ragamlar
sonining ikki marta ortishi birdan boshlanmasdan, aniqrog‘i, k = 7 dan boshlanar
ekan. m

(6.7)

6.1- jadval
K XK vk 7K
0 0,99 2,2
1 0,9801 1,4832397 1,0
2 0,96059601 1,2178833 0,25
3 0,92274469 1,1035775 0,03703704
4 0,85145777 1,0505130 0,00390625
5 0,72498033 1,0249453 0,00032
6 0,52559649 1,0123958 0,00002143
7 0,27625167 1,0061788 0,00000121
8 0,07631498 1,0030847 0,0000000596
9 0,00582398 1,0015411 0,0000000026
10 0,00003392 1,0007703 -
11 0,11515*10® 1,0003851
12 0,13236*10"7 1,0001925
13 0,17519*107%¢ 1,0000963

14 0,30692*1072 1,0000481




3-misol. Quyidagi ketma-ketliklarning yaqinlashish tartibi aniglansin:
a) y* = a@ k=0,1,..., bunda a>0;
b)y* =1+2% k=01, ...
o 4.3-4.5- ta’riflardan foydalanamiz:

a) bu ketma-ketliikning har bir hadi oldingisidan olingan kvadrat ildizdan

Iborat. Uning limiti ixtiyoriy a > 0 uchun 1 ga teng, hamda
a1 1 1
M=y M2
Shu sababli, r=1 va yaqinlashish chiziglidir. Bu ketma-ketlikning a = 2.2 bo‘lgan

holdagi dastlabki 14 ta hadi 4.1-jadvalning uchinchi ustunida keltirilgan.

b) {yk}z{z,z, 5,2. } ketma-ketlik x"=1 nuqtaga yaginlashadi, hamda

48"
Iim ,Yk+1_l: l
k-0 Yk-l 2.

Shu sababli, r=1 va yaginlashish chizigli ekan. m
4-misol. Ushbu

z":ﬁ, k=1.2,...,

ketma-ketlikning yaginlashish tartibi aniglansin.
o {z} ketma-ketlikning limiti nolga teng va

N Zk+1 -0
lim —
k- 20 k—oo k(1+

= lim ——=0.
E)k+1
r=1 va ¢=0 bo‘lganligidan, yaqginlashish o‘ta chiziglidir. Bu ketma-ketlikning
dastlabki 14 ta hadi 6.1-jadvalning to‘rtinchi ustunida keltirilgan.m
6.1- izohlar.

1. Amaliyotda chizigli yaginlashish sekin bo‘lishi, bir vaqtning o‘zida
kvadratik yoki o°‘ta chizigli yaginlashish unga garaganda tez bo‘lishi mumkin.
Iteratsion jarayonning real o‘zgarishi ¢ 0‘zgarmasga bog‘lig bo‘ladi, masalan, c
= 0,001 o‘zgarmasli chizigli yaqginlashish, ehtimol, to‘la ganoatlantirishi, ¢ = 0,9
o‘zgarmasli chizigli yaginlashish esa, ganoatlantirmasligi mumkin.

2. Algoritmlarni  tagqoslash jarayonida yaqginlashishning eng ko‘p
go‘llaniladigan kriteriylaridan biri, ularning kvadratik funksiyalarni samarali
minimallashtirish qobiliyati hisoblanadi. Bu, kvadratik funksiyaning minimum
nuqtasi yaqinida maqgsad funksiyasining yetarli yaxshi approksimatsiyasi ekanligi
bilan tushunturiladi. Shunday qilib, kvadratik funksiyani minimallashtirishda
yaxshi natija bermaydigan algoritmning, joriy nugta minimum nugtasining atrofida
joylashganda, umumiy nochizigli funksiya holida muvaffaqiyatli foydalanilishi amri

maholdir.




(6.1) masalani yechishning quyida bayon qilinadigan sonli usullari ikki
o‘zgaruvchili kvadratik funksiyalarni minimallashtirish bilan bog‘liq misollarni
yechish orgali namoyish gilinadi.

O¢z-o¢zini tekshirish savollari.
1. Shartsiz ekstremumga qo‘yilgan masala ganday ifodalanadi?
2. Shartsiz ekstremumga go‘yilgan masalada birinchi tartibli zaruriy shartni

keltiring.

3. Shartsiz ekstremumga qo‘yilgan masalada ikkinchi tartibli zaruriy shartni
keltiring.

4. Shartsiz ekstremumga go‘yilgan masalada ikkinchi tartibli yetarli shartni
keltiring.

5. Funksiyaning aniqg quyi chegarasi ta’rifini bering va misollar keltiring.

6. Funksiyani minimallashtiruvchi ketma-ketlik ta’rifini bering va misol
keltiring.

7. Yaginlashuvchi ketma-ketlik ta’rifini bering va misol keltiring.

8. r — tartib bilan yaqginlashuvchi ketma-ketlik ta’rifini bering va misol
keltiring.

9. Xatoning asimptotik parametri ta’rifini bering.

10.Kvadratik yaginlashishda xatoning asimptotik parametri nimaga teng?

11.Qanday ketma-ketlik o°ta chizigli yaginlashadi, deyiladi?

Mustaqil ish topshiriglari.

1. f(x)=5x%-15x; +x2-x, +3x5+6x; +10 funksiya uchun

xk+1 xk 1/10 O 0 10xk — 12
xk*t1 ) = xk |- ( 0O 1/2 0 ) 2xk —1

ketma-ketlik gaysi sinfga mansub ekanligini aniglang.

Javob: ketma-ketlik minimallashtiruvchi va x"=(1,5;0,5;-1)" minimum
nuqtasiga yaginlashuvchidir.

2. f(X)=4x2+16x, +3x3-18x, +x2-4x, +16 funksiya uchun



xftt Xt (1/8 0 o> 8xk + 16

x5t | =1 xk 0O 1/6 O 6xk + 18
xt1 xX 0 0 1/2/\2xk—4

ketma-ketlik gaysi sinfga mansub ekanligini aniglang.
Javob: ketma-ketlik minimallashtiruvchi va funksiyaning x"=(-2;-3;2)"
minimum  nuqtasiga yaginlashuvchidir.
3. Ushbu
xk=1+3* k=0,1,...,
ketma-ketlikning yaginlashish tartibini aniglang.
Javob: ketma-ketlik x*=1 nuqtaga, c=1/3 bo‘lganda, chizigli yaginlashadi.
4. Ushbu
xk=1+2"2" k=01,...,
ketma-ketlikning yaginlashish tartibini aniglang.
Javob: ketma-ketlik x*=1 nuqtaga, c=1 bo‘lganda, kvadratik yaginlashadi.
5. f(x)=x? — 6x+12 funksiya uchun

Xk=-3+—— k=0,1,...,
k+1
ketma-ketlik gaysi sinfga mansub ekanligini aniglang.
Javob: ketma-ketlik minimallashtiruvchi va funksiyaning x*= -3 minimum
nugtasiga yaginlashuvchidir.
6. f(x)=4x?— 8x+7 funksiya uchun

Xk+= Xk 2V £(x4), k=0,1,...

ketma-ketlik gaysi sinfga mansub ekanligini aniglang.
Javob: ketma-ketlik minimallashtiruvchi va funksiyaning x’=1 minimum
nugtasiga yaginlashuvchidir.

7. Ushbu
k+1— 1 k.9
xiTi=-=x ,
1 872 g
k=0,1,
k+1— 1 kg 4
XxTi= - =xX + =
2 571 ' 5

ketma-ketlik gaysi sinfga mansub ekanligini aniglang.
Javob: ketma-ketlik x"=(1,1)" nugtaga yaginlashuvchidir.



7—ma’ruza
Bir o‘Ichovli minimallashtirish usullari. Tekis izlash va intervalni teng ikkiga bo¢lish
usullari.
Reja:
7.1. Masalaning qo‘yilishi va izlash strategiyasi.
7.1.1. Masalaning go*yilishi.
7.1.2. 1zlash strategiyasi.
7.2.Tekis izlash usuli.
7.2.1. Masalaning qo‘yilishi
7.2.2. lzlash strategiyasi.
7.2.3. Algoritm.
7.2.4. Yaginlshishi.
7.3.Intervalni teng ikkiga bo¢lish usuli.
7.3.1. Masalaning qo‘yilishi
7.3.2. lzlash strategiyasi.
7.3.3. Algoritm.
7.3.4. Yaginlshishi.

Tayanch iboralar:shartsiz ekstremum masalasi, unimodal funksiya,passiv strategiya,
ketma-ket strategiya,izlash strategiyasi bosqichlari,boshlang ‘ich noaniglik intervali,Svenn
algoritmi, kafolatli interval,noaniglik intervalini nisbiy kichraytirish xarakteristikasi, tekis izlash
usuli, tekis izlash usulining algoritmi, intervalni teng ikkiga bo ‘lish usuli, intervalni teng ikkiga
bo ‘lish usulining algoritmi, yaginlashish.
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7.1. Masalaning qo‘yilishi va izlash strategiyasi.
7.1.1. Masalaning qo‘yilishi

Bir o‘zgaruvchili f(x) funksiyaning shartsiz ekstremumini, ya’ni shunday x* e R
nugtani topish talab gilinadiki, quyidagi
f(xX)=min fx

xeR

munosabat bajarilsin.
Qo‘yilgan bir o‘lchovli minimallashtirish masalasi bizga matematik analiz kursidan ma’lum

bo‘lgan shartsiz ekstremumning zaruriy va yetarli shartlari yorda-mida yechilishi mumkin. Lekin

df (x)

——==0

dx

tenglama yechimini olish muammosi ancha giyinchiliklarni keltirib chigarishi mumkin.
Bundan tashqgari, amaliy masalalarda f (X) funksiya analitik ko‘rinishda berilmagan bo‘lishi
yoki ko‘pincha uning differensiallanuvchi ekanligi noma’lum bo‘lishi ham mumkin. Shu sababli
go‘yilgan masalaning sonli yechimini olish dolzarb hisoblanadi.



Biz yuqorida berilgan masalani yechishning nolinchi tartibli sonli usullarini bayon gilamiz.
71-izohlar.
1. Bir o‘Ichovli minimallashtirish masalalarida minimum nuqtasi hagidagi dastlabki ma’lu-mot

L, =[a,,b,] boshlang‘ich noaniglik intervali yordamida beriladi. Bunda x* nugta L,
intervalga tegishli, lekin uning aniq qiymati ma’lum emas, deb faraz gilinadi.
2. Ma’lum bir o‘lchovli minimallashtirish usullarining ko ‘pchiligi unimodal funksiyalar sinfiga
go‘llaniladi.

7.1- ta’rif. Agar f(x) funksiya [a,,b,] kesmadagi yagona x* nugtada minimumga
erishsa va bunda x* nugtadan chapda bu funksiya gat’iy kamayuvchi, x*nugtadan o‘ngda gat’iy
o‘suvchi bo‘lsa, f(x) funksiya L,=[a,,b,] intervalda unimodal deyiladi.
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Ta’rifgako‘ra, agar a, <y <z <x" bo‘lsa, f(y)> f(z) bo‘ladi, X" <y <z<bh,bo‘lganda
esa, f(y)< f(z)bo‘ladi (7.1- a) chizma).

Uzluksiz gat’iy gavariq funksiya unimodal funksiyadan iborat. Lekin 5.1- ta’rifni uzluksiz
va gavariq bo‘lmagan funksiyalar ham ganoatlantiradi (7.1- b) chizma).

3. Bir o‘Ichovli minimallashtirish usullari birinchi va ikkinchi tartibli usullarda iteratsiya
gadamining optimal giymatini topishda keng go‘llaniladi. Bunda noaniglik intervalining chap
uchi, odatda, koordinatalar boshi, ya’ni a, =0 bilan ustma-ust tushadi.

7.1.2. 1zlash strategiyasi
Funksiyaning giymatlari hisoblanadigan nuqgtalarni tanlashning ikkita har xil tubdan farq
giladigan strategiyalari mavjud. Agar barcha nuqtalar oldindan berilsa, - bu passiv (parallel)
strategiyadir. Agar bu nuqgtalar, izlash jarayonida oldingi hisoblashlar natijalari bo‘yicha, ketma-
ket tanlansa, - bu ketma-ket strateiyadir. Passiv strategiya, masalan, tekis izlash usulida amalga
oshiriladi.

Ketma-ket strategiya quyidagi yo‘llar bilan amalga oshiriladi:

a) kvadratik va kubik interpolyatsiyani qo‘llash, bunda funksiyaning hisoblan-gan bir
necha giymatlari bo‘yicha interpolyatsion ko‘phad quriladi, uning minimu-mi esa, izlanayotgan
ekstremum nugtasiga navbatdagi yaginlashishni ko‘rsatadi;

b) har biri minimum nugtasini o‘zida saglovchi ichma-ich joylashgan intervallar ketma-
ketligini qurish.

Izlash startegiyasi uchta bosgichdan iborat:
1. Boshlang‘ich noaniglik intervalini tanlash. Intervalning a,,b, chegaralari

shunday bo“lishi kerakki, f(x) funksiya unimodal bo‘lib golsin.
2. Noaniglik intervalini kichraytirish.



3. Tamom qilish shartini tekshirish. 1zlash joriy [a,,b,] noaniglik intervalining

uzunligi talab gilingan migdordan kichik bo‘lganda tugallanadi.

Javob oxirgi noaniglik intervaliga tegishli nugtalardan iborat bo‘lib, ularning ichidan
gandaydir goida asosida masalaning x* yechimi tanlanadi.

72—-izohlar.

1. Ba’zi usullarda funksiyaning hisoblanadigan giymatlari soni N oldindan beriladi yoki topiladi.
Bu holda izlash davri chegaralangan bo‘ladi.
2. Boshlang‘ich noaniglik intervalini evristik tanlash uchun Svenn algoritmidan foydalanish
mumkin:

1) quyidagi parametrlarni ixtiyoriy berish: biror x°nugtani, t >0 gadam Kattaligini. k =0
deb olish;

2) uchta x°—t,x°,x° +t nugtalarda funksiyaning giymatlarini hisoblash;

3) tamom qilish shartini tekshirish:

a) agar f(x°—t)>f(x°)< f(x°+t) bo‘lsa, L, =[a,,b,]=[x"—t,x°+t] boshlang¢ich
noaniqlik intervali topildi;

b) agar f(x°—t)< f(x°)> f(x°+t) bo‘lsa, funksiya unimodal bo‘Imaydi, talab gilingan
noaniglik intervali topilishi mumkin emas. Bunda hisoblashlar to“xtatiladi (yangi x° boshlan-
g‘ich nuqgtani berish tavsiya gilinadi);

c) agar tamom qilish sharti bajarilmasa, 4-gadamga o‘tiladi;

4) A miqdorni aniglash:

a)agar f(x°—t)>f(x°)> f(x°+t)bolsa, uholda, A=t;a, =x%x" =x° +t;k =1;

b) agar f(x°—t)< f(x°)< f(x°+t)bo‘lsa, u holda, A=-t;b, =x%;x* =x° —t;k =1;

5) navbatdagi x*** = x* + 2*A nugtani topish;

6) funksiyaning kamayish shartini tekshirish:

a) agar f(x*")< f(x“) va A=tbo‘lsa, u holda, a, = x*;

agar f(x*") < f(x*) va A=-tho‘lsa, u holda, b, = x;

har ikki holda ham k = k + 1 deb olish va 5-gadamga o°tish;

b) agar f(x")> f(x“)bo‘lsa, jarayon to‘xtatiladi. A=t bo‘lganda b, =x"* deb
olish, A=-t bo‘lganda esa, a, = x“"*deb olish kerak. Natijada, [a,,b,] boshlang‘ich noaniglik
intervali bo‘ladi.

3. Ketma-ket strategiya go‘llangan holda noaniqglik intervalini kichraytirish funksiyaning
giymatini joriy intervalning ikkita nugtasida hisoblash asosida amalga oshiriladi. Unimodallik
xossasi hosil gilingan gism intervallarning gaysi birida minimum nugtasi yo“gligini aniglash
imkonini beradi.

Faraz gilaylik, [a,b] intervalning y, z nugtalarida funksiyaning f(y), f(z) giymatlari
hisoblangan bo‘Isin. Agar f(y)> f(z)bo‘lsa, u holda, x° ¢[a, y) bo‘ladi va, shuning uchun,
x° e[y,b] (7.2- a) chizma). Agar f(y)< f(z)bo‘lsa, u holda, x° & (z,b]bo¢ladi va shuning
uchun, x° e[a,z] (7.2-b) chizma). Boshgacha aytganda, yangi noaniglik intervali sifatida,
minimum nugtasini o‘zida saglagan “kafolatli interval” olinadi. Agar f(y)= f(z) bo‘lsa, yangi
interval sifatida 7.2-chizmada tasvirlangan intervallarning ixtiyoriy bittasini olish mumkin.
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7.2 — chizma.

Funksiyaning giymatlarini hisoblashlarning soni N berilganda noaniqlik intervallarini
kichraytirish algoritmlarining samaradorligini baholash uchun kriteriy kiritamiz.
7.2-ta’rif. Boshlang ‘ich noaniglik intervalini nisbiy kichraytirish xarakteristikasi R(N) deb,
funksiyaning giymatlarini N ta hisoblash natijasida hosil gilingan interval uzunligining boshlan-
g‘ich noaniglik intervali uzunligiga nisbatiga aytiladi:

R(N):“—Nl
Lo |

7.1-misol. Ushbu f(X)=(x — 5)? funksiyaning minimumini izlash uchun boshlang‘ich
noaniglik intervalini toping.
o Svenn algoritmidan foydalanamiz.

1°. x°=1va t=1 larni beramiz. k =0deb olamiz.

2°. Funksiyaning x°—t=0;x° =1, x° +t =2 nuqtalardagi giymatlarini hisoblaymiz:
f(0)=251(1)=16,f(2)=9

3°. Jarayonning tamom bo‘lish shartlari bajarilmaydi.

4°. Modomiki, f(0)> f(1)> f(2) ekan, uholda, A=1; a,=1 x'=x"+t=2;k=1.

5°.  Navbatdagi x*=x'+2A=2+2=4nugtani topamiz.
6°. f(x*)=1<f(x") va A=1 bo‘lganligidan, a, =x'=2. k =2deb olib, 5-qadamga
o‘tamiz.
5. Navbatdagi x* = x* +4A = 4+ 4 =8 nugtani topamiz.
6'. f(x})=9<f(x*) va A=t=1bo‘lganligidan, jarayon yakuniga yetdi hamda o‘ng
chet b, =x* =8 ekan. Shuning uchun, boshlang‘ich noaniglik intervali [a,,b,]1=[2,8] bo‘ladi. m
7.2. Tekis izlash usuli
7.2.1. Masalaning qo‘yilishi.
Bir o‘zgaruvchili f(x) funksiyaning shartsiz ekstremumini, ya’ni shunday x* € R nugtani
topish talab gilinadiki, quyidagi
f(xX)=min f (¥

xeR

munosabat bajarilsin.
7.2.2.1zlash strategiyasi
Usul passiv strategiyalarga ta’alluglidir. Unda boshlang‘ich noaniglik intervali L, =[a,,b,]
va funksiyani hisoblashlar soni N beriladi. Hisoblashlar bir-biridan teng uzoglikda joylashgan N
ta nuqtalarda bajariladi (bunda L, interval N + 1 tateng intervallarga bo‘linadi).
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f(x),1=1...,N, migdorlar taggoslangan holda, funksiyaning undagi giymati eng kichik bo‘lgan
X, hugta topiladi. Izlanayotgan x* minimum nugtasi [X, ,,X,,,] intervalda joylashadi, deb
hisoblanadi (7.3-chizma).

S 4

fx)

s A e A e s A R R

v

x
X X2 Xgot Xk Xpyy x

Puc. 5.3

7.3- chizma.

7.2.3. Algoritm
1-gadam. L, =[a,,b,]boshlang‘ich noaniglik intervali va funksiyani hisoblashlar soni N
ni berish.
2- qadam. Bir-biridan teng uzoqlikda joylashgan
(bo — ao) s

X; =4, +iw, 1=1..,.N,

nugtalarni hisoblash.
3- gadam. Topilgan nugtalarda funksiyaning f(x;), i=1,...N, giymatlarini hisoblash.
4- gadam. Topilgan x;,i =1,...N,nuqtalar ichida funksiya eng kichik giymat gabul
giladigan X, nugtani topish: f(x,) =]r2m f(x,).

5- gadam. X" minimum nugtasi [x, ,,X,.,] intervalga tegishli, ya’ni
X" €[X,_4»X.1]= Ly, Vva bu intervalda tagribiy yechim sifatida x” = x, nugta tanlanishi mumkin,

7.2.4. Yaqinlashishi
Tekis izlash usuli uchun boshlang©ich noaniglik intervalini nisbiy kichray-tirish
xarakteristikasi

formula bo‘yicha topiladi, bunda N - funksiyani hisoblashlar soni.
7.3-izohlar.
1. Agar R(N) migdor berilgan bo‘lsa, funksiyaning giymatlarini hisoblashlar

soni anigligi N > —1 munosabatni ganoatlantiruvchi eng kichik butun son kabi

2
R(N)
aniglanadi.

2. [a,,b,] kesmanio‘zaroteng N +1 ta gismlarga bo‘lish tanlov usulida ham qo‘llani-

ladi. Masalani bu usul bilan yechish uchun:



(b, — &)

a) bir-biridan teng uzoqglikda joylashgan x, =a,+i————>=, i=0,...N +1, nuqtalarni

N+1
hisoblash;
b) topilgan nugtalarda funksiyaning f(x;), i=0,4...N +1, giymatlarini hisoblash;
c) topilgan x,, i=01...N +1, nugtalar ichida funksiya eng kichik qiymat gabul giladigan
nuqtani topish: f(x,)= min f(x;).

I<i<N+1
3)
+1
5.2- misol. f(x)=2x*—-12x funksiyaning minimumini tekis izlash usuli vositasida
toping.

Tanlov usuli bo‘yicha minimum nugtasini topishdagi xatolik (b lil dan oshmaydi.

o Tekis izlash usulidan foydalanamiz.
1. Boshlang‘ich noaniqlik intervalini Svenn algoritmi bo‘yicha topamiz:
a) x° =5 boshlang‘ich nugta va t =5qgadamni beramiz. k =0 deb olamiz;
b) uchta x°—t=0;x°=5;x° +t =10 nugtalarda funksiyaning giymatlarini hisoblaymiz:
f(x°-t)=0 f(x°)=-10 f(x"+t)=80

c) f(x"—t)> f(x°)< f(x°+t) bo‘lganligidan, boshlang‘ich noaniglik intervali topildi:
L, =[0,10]. L, interval N + 1 = 10 ta o‘zaro teng gism intervallarni o‘zida saglashi uchun,
N =9 deb olish yetarli.
(10-0)

10
3. Topilgan 9 ta nuqgtalarda funksiyaning giymatlarini hisoblaymiz:

f=-10, f(2)=-16, f(3)=-18, f(4)=-16, f(5)=-10, f(6)=0, f(7)=14,

f(8) =32, f(9)=54.

4. Funksiya X, =3 nugtada eng kichik giymat gabul giladi: f(x,) =-18

2. Funksiyani hisoblash nugtalarini aniglaymiz: x, =0+i———,i=1..,9.

5. lIzlanayotgan minimum nugtasi, to‘qgiz hisoblashdan so‘ng, [2,4] intervalga

tegishli bo‘ladi, ya’ni x" €[2,4]=L, vaunda X" = x, =3 nuqta tanlanadi.
Buyerda boshlang‘ich noaniglik intervalini nisbiy kichraytirish xarakteristikasi

R(N)=|L9|——4_2 _02=-2

L, | 10-0 7 9+1

bo‘ladi.m
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7.3. Intervalni teng ikkiga bo‘lish usuli.
7.3.1. Masalaning qgo‘yilishi

Bir o‘zgaruvchili f(x) funksiyaning shartsiz ekstremumini, ya’nishunday x" € R
nugtani topish talab gilinadiki, quyidagi
f(x)=min f(x

xeR

munosabat bajarilsin.
7.3.2. I1zlash strategiyasi

Usul ketma-ket strategiyalarga mansub bo‘lib, har bir iteratsiyada joriy noaniglik
intervalining rosa yarmini chigarib tashlash imkonini beradi. Boshlan-g©ich noaniglik intervali
beriladi, intervalni kichraytirish algoritmi esa,umumiy holdagi kabi “kafolatlovchi” bo“lib,
funksiyaning joriy intervalda tekis tagsimlan-gan uchta nugtadagi(ular joriy intervalni to‘rtta
teng bo‘laklarga bo‘ladi) giymatlari tahliliga asoslanadi. 1zlash jarayonini yakunlash shartlari
standartdir: izlash jarayo-ni joriy noaniglik intervali uzunligi belgilangan migdordan kichik

bo‘lganda to“xtatiladi.
7.3.3. Algoritm
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1-gadam. L, = [ao,bo]boshlang‘ich noaniqglik intervalini va talab gilingan  1>0
aniglikni berish.
2-qadam. k=0 deb olish.

3-gadam. x{ = ak—;rbk o‘rta nugtani hisoblash, |L,, |=b, —a,, f(x).

| Lo |
4 H

4-qadam. y, =&, + z, =b, —% nugtalarni va f(y,), f(z,)qgiymatlarni

hisoblash.Shuni e’tirof etish kerakki, y, ,x? ,z, nugtalar [a,,b,] kesmani to‘rtta teng
bo‘laklarga bo‘ladi.
5-gadam. f(y,) va f(x{) giymatlarni tagqoslash:

a) agar f(y)<f(x’)bo‘lsa, b, =x", a_, =a debolib, (x,b, Jintervalni chigarib

tashlash.Yangi intervalning o‘rta nugtasi vy, : xJ., = y, bo‘ladi (5.4 a)-chizma).
b) agar f(y,)=> f(x’)bo‘lsa, 6-qadamga o‘tish.

6-gadam. f(z,) va (x> )qiymatlarni tagqoslash.
a) agar f(z)< f(x’)bo‘lsa, a_,=x7, b, =h debolib, [a,x)intervalni

chigarib tashlash. Yangi intervalning o‘rta nugtasi z, : x_,, = z, bo‘ladi (5.4. b)-chizma).7-
gadamga o‘tish.
b) Agar f(z,)>f(x;) bo‘lsa, a.,, =YV, b., =z debolib, [a,Y,), (z.,b]

intervallarni chigarib tashlash. Yangi intervalning o‘rta nugtasi - x¢' nugta bo‘ladi: x°, = x
(5.4. B)-chizma).
7-qadam. | L., [H by, —a,,, | ni hisoblash va yakunlash shartini tekshirish:

a) agar | L,y [<1bo‘lsa, izlash jarayoni yakunlanadi va X e Loy =[8x.0: 0] -

Tagribiy yechim sifatida oxirgi intervalning o‘rtasini olish mumkin: x" = x?.;
b) agar |L,,.,|>Ibolsa, k=k+1 deb olish va 4-gadamga o‘tish.
7.3.4. Yaqinlashishi.

Intervalni teng ikkiga bo‘lish usuli uchun boshlang‘ich intervalni nisbiy kichraytirish
1

N

22
formula bo‘yicha topiladi, bunda N- funksiyaning giymatlarini hisoblashlar soni.

xarakteristikasi ushbu R(N)=

54-izohlar.

1. Ketma-ket olinadigan intervallarning o‘rta nugtasi hamisha oldingi iteratsiyada olingan
uchta nugtalardan biri bilan ustma-uat tushadi. Demak, har bir iteratsiyada funksiyani ikki marta
hisoblash talab gilinadi.

2. Agar R(N) migdor berilgan bo‘lsa, talab gilingan aniglikka erishish uchun funksiyaning

giymatlarini hisoblashlar soni ushbu
N> 2InR(N)

In0,5



shartni ganoatlantiruvchi eng kichik butun son kabi topiladi.
3. Joriy intervallar Lo L2, La,...., juft ragamli bo‘lib, bunda ularning indeksi — funksiyaning
giymatlarini hisoblashlar sonini ko‘rsatadi.

7.3 = misol. Ushbu f (x) = 2x* —12x funksiyaning minimumini intervalni teng ikkiga bo‘lish
usulidan foydalanib, toping.
o 1. Ly = [0,10] boshlang‘ich noaniglik intervalini beramiz (7.1-misolning 1-bandiga q.).
| =1 bo‘lsin.
2. k =0deb olamiz.

3% x¢ = 0+210 =5, |L,|=[10-0| =10, f (x¢ )=—10 larni hisoblaymiz.
49, y0:a0+¥:0+¥:2,5; zozb—H—10—¥_75 f(y,)=-17,5 f(z,)=22,5

larni hisoblaymiz.

50 f(y,)va f(x¢)lami tagqoslaymiz. f(y,)=-17,5< f(x¢)=—10 bo‘lganligidan,
a,=a,=0,b =x5=5  x =y,=25 debolamiz.

7°. Natijada, L, =[05] |L,|=5>1=1k =1bo‘ladi. 4-gadamga o‘tamiz.

41y =a +H_ 4_125 z,=h |2| =5- Z_375 f(y,)=-11875;

f(z,)=-16,875 Iarnl hisoblaymiz.
51 f(y,) va f(xf): f(y,)=—17,5 larni taggoslaymiz.
f(y,)=-11875> f (xlC ): ~17,5 bo‘lganligidan, 6-gadamga o‘tamiz.
6. f(z,) va f(xf) larni  taqgoslaymiz. f(z,)=-16,875> f(xf):—l7,5bo‘|galigidan,
a,=Yy,=125 b,=2z,=375  x; =x =25debolamiz.
7t L, =[25375] |L|=375-125=25>1=1 bo‘ladi. k=2deb, 4-qadamga
0‘tamiz.

L L
42 y2=a2+u=1,25+£=1,875; z,=b, - I _375-25 315,
4 4 4 4

f(y,)=-1547, f(z,)=-17,97 larni hisoblaymiz.

52 f(y,) va f(x;_’)= f(xf)=—17,5 larni taqgoslaymiz. f(y,)=—15,47 > f(x§)=—17,5
bo‘lganligidan, 6-gadamga o‘tamiz.

62 f(z,) va f(x§)=—17,5 larni taqgoslaymiz. f(z,)=-17,79 < f(xg):—17,5
bo‘lganligidan, a; = x* =2,5; b, =b, =3,75,  x; =z, =3125 deb olamiz.

7% . Natijada, L =[25;375] |L|=375-25=125>1=1bo‘ladi. k =3 deb,4-gadamga
0‘tamiz.

|L6| —25+ %:2,8]_- z, bs_H 375—g—343
4 4 4 4

f(y,)=-17,93  f(z,)=—17,62 larni hisoblaymiz.

5% f(y,) va f( 3)= f(z,)=-17,97 larni tagqoslaymiz. f(y,)=-17,93> f(xg):_17’97
bo‘lganligidan, 6-gadamga o‘tamiz.

6° f(z,) va f(x) lani tagqoslaymiz. f(z,)=-17,63> f(x¢)=-17,79 bo*Iganligidan,
a,=Y,=25 b,=2,=343, x{=x{=3125.

4 y,=a,



7° . Natijada, L, =[2,81,343] |L,|=343-281=062<I=1 X L, N=8

bo‘ladi.Yechim sifatida oxirgi intervalning x” = x{ = 3,125 o°rta nugtasini olish mumkin.
Dastlabki iteratsiyalar 7.5- chizmada tasvirlangan.

S a
\_ =73 4)’02«/‘ o
4 132 Hof6 7 8 9
-10 1 /
b o
-20 + L, fe > Ly
oA
Puc. 5.7
7.5- chizma.

O¢z-0¢zini tekshirish savollari.
Shartsiz ekstremum masalasi deganda nimani tusunasiz?
Unimodal funksiya ta’rifini bering va misol keltiring.
Minimumni izlashning passiv strategiyasi ganday amalga oshiriladi?
Minimumni izlashning ketma-Kket strategiyasi ganday amalga oshiriladi?
Minimumni izlash strategiyasi bosqgichlarini keltiring.
Boshlang‘ich noaniglik intervali deganda nimani tushuasiz?
Svenn algoritmini keltiring.
Tekis izlash usulining algoritmi ozilsin.
Intervalni teng ikkiga bo‘lish usulining algoritmi qadamlarini yozing.
0 Qarab o‘tilgan usullarning yaginlashishi hagida nima deyish mumkin?

"©.°°.\‘.°’Sﬂ:'>.°°!\3!‘

Mustagil ish topshiriglari.
1. Ushbu f(x) = 2x2 — Nx funksiyaning minimumini izlashdagi boshlang‘ich

noaniglik intervalini toping, bunda N — talabanig guruh jurnalidagi ragami N # 12.
2. Ushbu
f(x) =2x% — Nx
funksiyaning minimumini tekis izlash usuli va intervalni teng ikkiga bo‘lish usuli yordamida
toping, bunda N — talabanig guruh jurnalidagi ragami, N # 12, [ = 1 deb olish tavsiya
gilinadi.



8- ma’ruza.
Bir o‘lchovli minimallashtirish usullari. Dixotomiya va oltin kesim usullari.
Reja:

8.1.Dixotomiya usuli

8.1.1. Masalaning qo‘yilishi

8.1.2. lzlash strategiyasi.

8.1.3. Algoritm.

8.1.4. Yaginlshishi.
8.2.0Itin kesim usuli.

8.2.1. Masalaning go‘yilishi

8.2.2. lzlash strategiyasi.

8.2.3. Algoritm.

8.2.4. Yaginlshishi.

Tayanch iboralar: shartsiz ekstremum masalasi, ketma-ket strategiyalar, dixotomiya
usulida izlash strategiyasi, dixotomiya usulining aloritmi, dixotomiya usulining yaginlashishi,
oltin kesimning ta’rifi,oltin kesim usulida izlash strategiyasi, oltin kesim usulining algoritmi,
oltin kesim usulining yaqginlashishi.
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8.1. Dixotomiya usuli
8.1.1. Masalaning qo‘yilishi

Bir o‘zgaruvchili f(x) funksiyaning shartsiz ekstremumini, ya’ni shunday x* e R
nugtani topish talab gilinadiki, quyidagi
f(x)=min f(x

xeR

munosabat bajarilsin.
8.1.2. Izlash strategiyasi
Usul ketma-ket strategiyalarga mansub. Dastlab boshlangch noaniglik intervali va talab
gilingan aniglik beriladi. Algoritm funksiyaning ikkita nuqtadagi qiymatlari tahliliga asoslanadi
(7.2-chizmaga q.). Ularni topish uchun,joriy noanig-lik intervali teng ikkiga bo‘linadi va o‘rta

nugtaning ikki tomoniga %miqdorjoy—lashtiriladi, bunda & - kichik musbat son. Jarayonning

yakunlanish sharti stan-dartdir: izlash joriy noaniglik intervalining uzunligi oldindan gabul
gilingan migdordan kichik bo‘lganda to“xtatiladi.
8.1.3. Algoritm



1-gadam. L, = [a,,b, ] boshlang*ich noaniglik intervali, & >0 - kichik son, 1>0 -

anigliklarni berish.
2-gadam. k=0 deb olish.

3-gadam. y, :ak+—t2)k_8,
f(y,) zk:ak+—2k+8, f (z,)larni hisoblash,

4-gadam . f(y,) va f(z,)larni taggoslash:

a) agar f(y, )< f(z,)bo‘lsa, a,,,=a, b, =z debolish (8.1a)-chizma) va 5-qadamga
o‘tish;

b) agar f(y,)> f(z,) bo‘lsa, a,, =y, b, =h, debolish (8.1 b)-chizma).

5-gadam. |Ly )

a) agar ‘ L2(k+l)

=|by,1 — 4| Ni hisoblash va yakunlash shartini tekshirish:

<Ibo‘lsa, izlash jarayoni tugaydi va x" e Ly, = [a.,,b,.,} Tagribiy

Qg by
2

yechim sifatida oxirgi intervalning o‘rtasini olish mumkin: x =

b) agar ‘Lz(kﬂ) > bo‘lsa, k=k+1deb olish va 3-gadamga o‘tish.

oy S 4

ay ag
HoBslit uETEpBan Hosslli uHTEpBaN
Texkymmit HHTEpBAI Texyiumit HHTEpBaI
a 6
Puc. 5.6
8.1- chizma.

8.1.4. Yaginlashish.
Dixotomiya usuli uchun boshlang‘ich noaniglik intervalini nisbiy kichraytirish
xarakteristikasi

formula bo‘yicha topiladi, bunda N - funksiyani hisoblashlar soni.

8l-izohlar.

1. Joriy noaniqlik intervallari, intervalni teng ikkiga bo‘lish usulidagi kabi, Lo L2, La,...., juft
ragamli bo“lib, bunda ularning indeksi — funksiyaning qiymatlarini hisoblashlar sonini ko ‘rsatadi.

2. Kichik € lar uchun dixotomiya va intervalni teng ikkiga bo‘lish usullarining samaradorligini
bir xil deb hisoblash mumkin.

8.1- misol. Ushbu f(x)=2x*-12x funksiyaning minimumini dixotomiya usulidan
foydalanib, toping.



o 1. Boshlang‘ich noaniglik intervalini beramiz: L, = [0,10], (7.2-misolning 1-b.ga q.).
& =0,2, I=1deb olamiz.
2. k=0 deb olamiz.
Py, = a,+b,—¢ _0+10-02 _49; 7,- a,+b,+¢ _0+10+02 _
' 2 2 2 2
f(y,)=-10,78;  f(z,)=-918 lami hisoblaymiz.
4°  f(y,)< f(z,) bo‘lganligidan, a, =a,=0; b =z, =51 bo‘ladi (8.1 a)-chizma).
5° Demak, L,=[051] |L,|=51>1=1. k=1 deb olamiz va 3-qadamga o‘tamiz.
3 y,- a+b—-&_0+51-02 245 7,- a+b+e_ 0+51+02
' 2 2 2 2
f(y,)=-17,395,  f(z,)=—-17,755 larni hisoblaymiz.
4. f(y,)> f(z,) bo‘lganligidan, a, =y, =245; b, =b, =51 bo‘ladi (8.1 b)-chizma).
5. Demak, L.=[24551] |L,|=51-24=265>1=1 k=2 deb olamiz va3-
gadamga o‘tamiz.
2y, = a, +22 —& _ 2,45+2,1—0,2 3675, 7, = a, +22 +& _245+51+0,2
f(y,)=-17,089;  f(z,)=-16,469 larni hisoblaymiz.
4> f(y,)< f(z,) bo‘lganligidan, a, =a, =2,45; b, =z, =3,875 bo‘ladi (8.1 a)-chizma).
5 Demak, Ls=[2453875] |L,|=3875-245=1425>1=1. k=3 debolamizva
3-gadamga o‘tamiz.
3y, = a;+b;—& 245+3875-0,2
.73 2
. a,+b,+& 2,45+3875+0,2
’ 2 2
larni hisoblaymiz.
4°. f(y,y)< f(z,) bo‘lganligidan, a, =a, =2,45; b, =z, =326 boladi (8.1 a)-
chizma).
5° Demak, L,=[2453260] |L,|=326-2,45=081<I=1.

X" €[2,453,26], N=8, x" ex L;?”% =2,885.

51

=2,65;

=3,875;

=3,06;

=326 f(y,)=-17,99; f(z,)=-17,86

|
Misolda bajarilgan dastlabki iteratsiyalar 8.2- chizmada keltirilgan.
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8.2-chizma.

8.2. Oltin kesim usuli.
8.2.1. Masalaning qgo*yilishi.

Bir o‘zgaruvchili f(x) funksiyaning shartsiz ekstremumini, ya’ni shunday x" € R nugtani
topish talab gilinadiki, quyidagi
f(x)=min f(x

xeR

munosabat bajarilsin.

Bir o‘Ichovli minimallashtirishning muayyan bir, oaniglik intervalini ketma-ket gisgartirish
tamoyiliga asoslangan holda ishlaydigan, usulini qurish uchun, har bir gadamda ikkita ichki
nugtani tanlash goidasini berish talab gilinadi. Bunda tanlangan nuqtalardan biri navbatdagi
intervalning ichki nuqtasi bo*lishi magsadga muvofiq bo‘ladi. U holda har bir iteratsiyada
funksiyaning giymatlarini hisoblash-lar soni ikki marta kamayadi, ya’ni bitta iteratsiya fagat
funksiyaning bitta yangi giymatini hisoblashni talab giladi. Oltin kesim usulida ichki nugtalar
sifatida oltin kesim hosil giluvchi nugtalar tanlanadi.

8.1-ta’rif. Agar kesmada biror nuqta berigan bo‘lib, kesma uzunligining nugta yordamida
hosil gilingan katta qismi uzunligiga nisbati, katta qism uzunligining kichik gism uzunligiga
nisbatiga teng bo‘lsa, u holda, nugta kesmada oltin kesim hosil giladi, deyiladi.

[a,,b,] kesmada uning chetlariga nisbatan simmetrik bo‘Igan ikkita y,, z, nugta mavjud:

b, —a, _ by — Yo :bo—ao _ -8 :1+\/§
bo—=Yo Yo—a Zo—a, by-z,
Bundan tashqari, Yo nugta [ao, ZO]kesmada oltin kesim hosil giladi va % nugta esa,

=1,6180.

[yO’bO]kesmada oltin kesim hosil giladi.
8.2.2. Izlash strategiyasi

Usul ketma-ket strategiyalarga mansub. Dastlab boshlangch noaniglik intervali va talab
gilingan aniglik beriladi. Intervalni kichraytirish algoritmi funksiyaning ikkita nugtadagi
giymatlari tahliliga asoslanadi (7.2-chizmaga g.). Funksiyani hisoblash nugtalari sifatida, oltin
kesim hosil giluvchi nugtalar olinadi. U holda, oltin kesimning xossasiga asosan, birinchi
iteratsiyadan keying iteratsiyalarning har birida funksiyaning bitta yangi giymatini hisoblash
talab gilinadi. Jarayonning yakunlanish sharti standartdir: izlash joriy noaniglik intervalining
uzunligi oldindan gabul gilingan migdordan kichik bo‘lganda to“xtatiladi.

8.2.3.Algoritm

1-gadam. L, = [ao,bo], boshlang‘ich noaniglik intervali, 1>0 - anigliklarni berish.
2-gadam. k=0 deb olish.
3_2‘/§ =0,38196.

3-5
2

3-gadam. y, =a, + (b, —a, ), zo =2y +by—Y,,

larni hisoblash.
4-gadam. f(y,), f(z,) giymatlarni hisoblash.
5-gadam. f(y,), f(z,) giymatlarni taggoslash:
a) agar f(Yk)S f(zk) bo‘lsa, a,,; =&, Dy =2, Va Vi =81 +Bc— Yo Zea =Y, deb
olish (8.2 a)-chizma). 6-qadamga o‘tish;
b) agar f(yk)> f(zk )' bo‘lsa, @&, =Y, b =b va  Yia =1,
Z,., =4, +b, —z, debolish (8.2 b)-chizma).

6-gadam. A =|a,,, —b,,|ni hisoblash va yakunlash shartini tekshirish:



a) agar A<I ho‘lsa, jarayon yakuniga yetadivax [a,,,,b,,,] . Tagribiy yechim sifatida
oxirgiintervalning o‘rtasini olsh mumkin: x" = a“l—erk”;
b) agar A>1I bo‘lsa, deb olish va 4-gadamga o‘tish.

» L3

Yi =Tpst |k

;!om HHTEpBAN

Texyiuuit uHTCpBAN

a 6
Puc. 5.9

8.2-chizma.
8.2.4. Yaginlashish.
Oltin kesim usuli uchun boshlang‘ich noaniglik intervalini nisbiy kichraytirish

xarakteristikasi R(N) = (0,618)"" formula bo‘yicha topiladi, bunda N - funksiyani
hisoblashlar soni.

82-izohlar.

1. Joriy noaniqlik intervallari quydagi, L,,L,,L;,L,,...ko‘rinishga ega. Ular, birinchi
iteratsiyada funksiya ikki marta, keyingilarida esa, bir marta hisoblanishini ko ‘rsatadi.

2. Noaniglik intervalining gisqgarishi o‘zgarmasdir:

ol Jbef bl 1495 g
Lo Ll (L 2
R(N)
3. Agar miqgdor berilgan bo‘lsa, funksiyaning giymatlarini hisoblashlar soni
N >14 MRIN)
In0,618

munosabatni ganoatlantiruvchi eng kichik butun son kabi aniglanadi.

8.2-misol. Ushbu f (x) = 2x* —12x funksiyaning minimumini oltin kesim usulidan
foydalanib, toping.

o 1. Boshlang‘ich noaniglik intervalini beramiz: L, = [0,10] (7.2-misolning 1-b.ga g.). I=1
deb olamiz.

2. k=0 deb olamiz.

3. y,=a,+0,382(b,—a,)=0+0,382-10=382; z,=a,+b,—Yy,=0+10-382=6,18
larni hisoblaymiz.

4. f(y,)=-16,65,  f(z,)=2,22 larni hisoblaymiz.

5° f(Yo)va f(Zo)1arni taggoslaymiz. fy,)< f(z) bo‘lganligidan, & =8, =0,
b=2,=618 vy =a +b-y,=0+618-382=236;, 7z, =Y, =382 po‘Jadi.

6°. Natijada, L» =[0:6,18}, |L,| =618 > 1 =1 ekanligini olamiz. K=1deb olamiz va 4-gadamga
0‘tamiz.



4 (y,)=-1718;nj hisoblaymiz, f(z)= f(¥,)=-16,65¢sa, 4° —qgadamda hisoblangan
edi.

5. f(y,) va f(z)larni taggoslaymiz. f(¥:)< f(z)bolganligidan, @ =a =0,
b,=2=382, y,=a,+b,—-y,=0+382-236=146; z,=Y, =236.holadi.

6". Natijada, Ls =[0:382] |Ly|=382>1=1 ekanligini olamiz. k=2 deb olamiz va 4-
gadamga o‘tamiz.

4% £(y,)=-13,25pj hisoblaymiz (yangi hisoblash), f(z,)=f(y,)=-1718.

52 f(y,) va f(z,)larni taggoslaymiz. f(y,)> f(z,)bo‘lganligidan, a, =y, =146,

b,=b,=382, y,=2,=236; z,=a,+b, -2z, =1,46+382-2,362 =2,92.bo"ladi.

6°. Natijada, L. =[146:382] |L,|=382-146=236>1=1 ekanligini olamiz k=3
deb, 4-gadamga o‘tamiz.

4. f(ys)= f(z,)=—-17,18 (ular 42 —qadamda hisoblangan). f(z,)=-17,99. ni
hisoblaymiz (yangi hisoblash).

5. f(y,) va f(z,) larnitagqoslaymiz. f(y,)> f(z,)boclganligidan, a, =y, = 2,36,
b,=b,=382, z,=a,+b,-2,=236+382-292=326. y,=12,=292.bo‘ladi.

6°. Natijada, L, =[2,36;382] |Lj|=382-2,36=146>1=1 ekanligini olamiz. k=4
deb olib, 4-gadamga o‘tamiz.

4% f(y,)= f(z;)-17,99 (ular 4° —qgadamda hisoblangan). f(z,)=-17,86 ni
hisoblaymiz.

5 f(y,)va f(z,) larnitaggoslaymiz. f(y,)< f(z,) bo‘lganligidan,
a;=a,=236, b =2z,=618 y.=a.+b-y,=236+326-292=2,7, z.=Yy,=292
bo“ladi.

6*. Natijada, L, =[2,36;326] |L;|=326-2,36=09<I=1 ekanligini olamiz. Demak,

ety oo, xR oy

Izlashning dastlabki iteratsiyalari 8.3- chizmada keltirilgan. m
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8.3- chizma.



127 , 61
f(x)==""=x* ——=x+2

8.3 — misol. Ushbu 4 4 funksiyaning minimumini oltin kesim usuli
orgali toping.

o 1. Svenn algoritmidan foydalanib, boshlang‘ich noaniglik intervalini topamiz.

x° =0,25 t=0,25 k=0
a) boshlang‘ich nugtani, gadam kattaligini beramiz. deb olamiz;
x*=0,25 x°-t=0; x"+t=05:

b) Uchta nugtalarda funksiyaning giymatlarini

hisoblaymiz:

f(x°)=0171  f(x—t)=2 (X +t)=231
f(xo —t)> f(x°)< f(xo +1
C) bo‘lganligidan, boshlang‘ich noaniglik intervali topildi:
L, =[0;05] 1=0,15 _
. deb olamiz.
k=0
2. deb olamiz.
3. y,=a,+0,382(h, —a,)=0+0,382-0,5=0,191;
Zy =8 +by ¥, =0+05-0191=0.309 |, i hisoplaymiz.
4% f(y,)=0245  f(z,)=0,319 larni hisoblaymiz.
5°.  f(y,)< f(z,) boclganligidan, a, =a, =0, b =z, =0,309;
y,=a,+b -Yy,=0+0,309-0191=0,118; Z, =Y, =0191 bo‘ladi.
6° Natijada, L, =[0,0,309} |L,|=0,309>1=015. k=1 deb, 4-qadamga o‘tamiz.
4. f(y,)=0,642; f(z,)=0,245 larni hisoblaymiz.
5. f(y,)> f(z) bo‘lganligidan, a, =y, =0118; b, =b, =0,309;
z,=a,+b, -2 =0118+0,309-0191=0,236; vy, =z, =0,191 bo‘ladi.
6. Natijada, L,=[0118,0,309] |L,/=0191>1=015. k=2 deb olamiz va 4-
gadamga o‘tamiz.
4%, f(y,)=0,245; f(z,)=0169 larni hisoblaymiz.
5. f(y,)> f(z,) bo‘lganligidan, a,=y,=019L b, =h,=0,309;
z,=a,+b, -2, =0191+0,309 -0,236 = 0,264; Y, =2, =0,236 bo‘ladi.
6° Natijada, L,=[01910309} |L,|=0118<1=015 X el, N=4,
i« = 0,191+0,309

=0,25.

|

O’z-0"zini tekshirish savollari.

. Dixotomiya usuli ganday strategiyalarga mansub?
. Dixotomiya usulida minimumni izlash strategiysi ganday amalga oshiriladi?
. Dixotomiya usulining algoritmini keltiring.
. Dixotomiya usulining yaqginlashishi ganday ifodalanadi?
. Oltin kesim usuli ganday strategiyalarga mansub?
. Oltin kesim usulida minimumni izlash strategiysi ganday amalga oshiriladi?
. Oltin kesim usulining algoritmini keltiring.
. Oltin kesim usulining yaqginlashishi ganday ifodalanadi?

O~NOOOTE WN

Mustaqil ish topshiriglari.
3. Ushbu f(x) = 2x2 — Nx funksiyaning minimumini izlashdagi boshlang‘ich



noaniglik intervalini toping, bunda N — talabanig guruh jurnalidagi ragami N # 12.
4. Ushbu
f(x) =2x% — Nx
funksiyaning minimumini tekis izlash usuli va intervalni teng ikkiga bo‘lish usuli yordamida
toping, bunda N — talabanig guruh jurnalidagi ragami, N # 12, [ = 1 deb olish tavsiya
gilinadi.
9- ma’ruza.
Bir o‘lchovli minimallashtirish usullari. Fibonachchi va kvadratik interpolyatsiya usullari.
Reja:
9.1. Fibonachchi usuli.
9.1.1. Masalaning go‘yilishi.
9.1.2. Izlash strategiyasi.
9.1.3. Algoritm.
9.1.4. Yaginlashishi.
9.2. Kvadratik interpolyatsiya usuli.
9.2.1. Masalaning qgo‘yilishi.
9.2.2. Izlash strategiyasi.
9.2.3. Algoritm.
9.2.4. Yagqinlashishi.

Tayanch iboralar: shartsiz ekstremum masalasi, unimodal funksiya, ketma-ket
strategiya, Fibonachchi usuli, Fibonachchi usulining algoritmi, kvadratik interpolyatsiya
usuli, kvadratik interpolyatsiya usulining algoritmi, yaginlashishi.
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9.1. Fibonachchi usuli
9.1.1. Masalaning qo‘yilishi

Bir o‘zgaruvchili f(x) funksiyaning shartsiz ekstremumini, ya’ni shunday x* € R nugtani
topish talab gilinadiki, quyidagi
f(x)=min f(x

xeR
munosabat bajarilsin.

Bir o‘Ichovli minimallashtirishning muayyan bir, oaniglik intervalini ketma-ket gisqartirish
tamoyiliga asoslangan holda ishlaydigan, usulini qurish uchun, har bir gadamda ikkita ichki
nugtani tanlash qoidasini berish talab gilinadi. Bunda tanlangan nuqgtalardan biri navbatdagi
intervalning ichki nugtasi bo‘lishi magsadga muvofiq bo‘ladi. U holda har bir iteratsiyada
funksiyaning giymatlarini hisoblash-lar soni ikki marta kamayadi, ya’ni bitta iteratsiya fagat
funksiyaning bitta yangi giymatini hisoblashni talab giladi. Fibonachhi usulida shunday
strategiya amalga oshirilganki, unda funksiyani hisoblashlar soni berilganda noaniqlik intervalini



maksimal kafolatlngan gisgartirish ta’minlanadi va u optimallikka da’vogar bo‘ladi. Bu
strategiya Fibonachchi sonlariga tayanadi.

9.1- ta’rif. Fibonachchi sonlari

F,=F=1L FK=FK,+F,, k=234....
formula bo‘yicha aniglanadi.
Fibonachchi sonlari ketma-ketligi  1,1,2,3,5,8,13,21,34,55,89,144,233,... .ko‘ri-nishga ega.
9.1.2. Izlash strategiyasi

Usul ketma-ket strategiyalarga mansub. Boshlang‘ich noaniglik intervali va funksiyaning
giymatlarini hisoblashlar soni N beriladi. Intervalni kichraytirish algoritmi funksiyaning ikkita
nuqtadagi giymatlari tahliliga asoslanadi (7.2— chiz-maga q.).Funksiyani hisoblashlar
bajariladigan nugtalar N + 1 ta Fibonachchi sonlaridan tuzilgan ketma-ketliikdan foydalanilgan
holda topiladi. Jarayonning yakunlanish sharti standartdir: izlash joriy noaniglik intervalining
uzunligi oldin-dan gabul gilingan migdordan kichik bo‘lganda to‘xtatiladi.

9.1.3. Algoritm

1-gadam. L, =[a,,b, ] boshlang*ich noaniglik intervali, & >0 - kichik son, I>0 - oxirgi

inntervalning mumkin bo‘lgan uzunligini berish.

2-gadam. Funksiyani hisoblashlar soni N ni F >

| LIO | shart bajariladigan
eng kichik butun son kabiva F,,F,F,,...,F, Fibonachchi sonlarini topish.
3-gadam. k=0 deb olish.

F
4-gadam. y,= a, +—-*

(b, —a,); z,= &, WL%(b0 —a,) larni hisoblash.
N N

5-gadam. f(y,), f(z,) larni hisoblash.
6-gadam.  f(y,), f(z,) larnitaggoslash:
a) agarf(y,)< f(z,)bo‘lsa, uholda, a,,,= a,; b= 2,; z,,= Y

I:N—k73

Vi = Q4 + (b,,, —a,.,) debolish. 7-gadamga o‘tish;

N-k-1
b) agar f(y,)>f(z,) bo‘lsa, u holda, a,,,= y,; b..=b; V=27 2,=

P .
8+ = (B, —ay.,) debolish.
N—k-1

7-gadam. Yakunlash shartini tekshirish va zarur bo‘lgan holda, yechimni olish uchun
funksiyaning oxirgi N —hisoblanishini amalga oshirish:
a) agar k= N —3; bo‘lsa, k=k+1 deb olish va 5-qadamga o°tish;
b) agar k= N —3bo‘lsa, hamisha , ya’ni funksiya yangi hisoblanadigan nugta yo‘q. Bu

ay,+b

holda Yr-2== N2 deb olish lozim. In-1= Yn-2=%n-2 va 7z, =y, , +¢ nuqtalarda

funksiyaning giymatlari hisoblanadi hamda oxirgi noaniglik intervalining chegaralari topiladi:
- agarf(yy,)<f(z,,) bo‘lsa, a, ,= ay_,; by,= z,_,debolish;
- agar f(yy,)>f(z\,) bolsa, ay ;= Yy_,; by,= by_,debolish.
Izlash jarayoni to‘xtatiladi va x* € [ay_, by_1]. Tagribiy yechim sifatida oxirgi inter-
valning ixtiyoriy nugtasini, masalan, uning o‘rtasini olish mumkin:
X* =~ a‘N—l +bN—l .
2



9.1.4. Yaginlashish.
Fibonachchi usuli uchun boshlang‘ich noaniglik intervalini nisbiy kichraytirish
R(N)==
xarakteristikasi ushbu Fy formula bo‘yicha topiladi, bunda N - funksiyani hisoblashlar
soni.

9.1- izohlar.

1. Funksiyaning giymatlarini hisoblashlar soni N berilganda, Fibonachchi usuli boshqga,
oldingi ma’ruzalarda ko‘rib o‘tilgan usullarga garaganda, oxirgi noanigliik intervalining
minimal uzunligini ta’minlaydi.

2. Noaniglik intervallarining ragamlanishi oltin kesim usulidagi kabi bo‘ladi:

L, L,, L, Ly,
I:N—k—l

3. k- iteratsiyada noaniglik intervalining uzunligi Fv-« qoida bo‘yicha gisqaradi.
f(x) =2x*—12x
9.1 — misol.Ushbu funksiyaning minimumini Fibonachchi usulidan
foydalanib toping.
1. Boshlang‘ich noaniqlik intervalini beramiz: Lo =[0,10] (6.2 misolning 1-b.ga q.). I=1
£=0,01; Fs —13>|LOI —10 bo‘lsin, shu sababli, N=6.
2. Flbonachchlsonlarmltopamlz Fo=F1=1, F»=2, F3=3, F4=5, F5=8, Fs=13.
3. k=0 deb olamiz.
4°. yo=ao + ﬂ(bo - ao):0+i * 10 = 3,846; zo=ao + F—S(bo —ao)= 0+= %10 = 6,154
Fg 13 Fg 13
larni hisoblaymiz.
5°. f(yo) =-16,57; f(z0) = -1,893 larni hisoblaymiz.
6°. f(1o) va f(z0) Iarnitaqqoslaymiz f(yo) <f(zo) bo‘lganligidan, a;= ap=0;
bi= 20=6,154; y1= a1+ (b1 ai)= 0+— *6,154=2,308; z1= yo=3,846.
7°. Yakunlash shartini tekshlramlz k O;E N- 3 =6-3=3; Lo=[0; 6,154]. k = 1 deb, 5-
gadamga o‘tamiz.
5. f(y1) =-17,04 giymatni hisoblaymiz, f(z1)=-16,57 ( 5°- gadamda hisolangan edi).
6. f(y1) va f(z1) larni taqqoslaymiz f(y1) < f(z1) bo‘lganligidan, a,=a; =0;
b= 2:=3,846; y,= az+ (bz—az) 0+— -3,846=1,538; zo= y1=2,308.
7%, Yakunlash shartlnltekshlramlz k= 1¢N 3=3; L.=[0; 3,846]. k= 2 deb olib, 5-
gadamga o‘tamiz.
52, f(y2) =-13,73 giymatni hisoblaymiz; f(z>) = -17,04 (5*- gadamda hisolangan edi).
62 f(yz) va f(z2) . f(yz) >f(z2) bo‘lganligidan, asz=y.=1,538;bs= b,=3,846; y;= zo= 2,308;
3= a3+ —= (b3—a3) 1, 538+ = - (3,846-1,538)=3,077.
72 Yakunlash shartini tekshlramlz k = 2#N= 3, Ls=[1,538; 3,846]. k=3 deb olamiz va 5-
gadamga o‘tamiz.
5% f(y3) = f(z,) = —17,04 (avval hisoblangan edi); f(z3) = —17,9884 ni hisoblaymiz.
6% f(y3) va f(z3) larni hisoblaymiz. f(y;) > f(z3) bo‘lganligidan, a, = y; = 2,308 ;
b, = b; =3,846;y, = z; = 3077 ;
4 Fe-s

+ (b4—a4)—2308+— (3,846 — 2,308) = 3,077 .
6—4



73. Yakunlash shartini tekshiramiz: k =3 =N — 3 = 3; L; = [2,308 ; 3,846]. [Tonoxum
Vs = y4 =2z, = 3,077 ;25 = ys + & = 3,077 + 0,01 = 3,087 deb olamiz. f(ys) =
—17,9884 (5%-qadamda hisoblangan edi); f(zs) = —17,985 ni hisoblaymiz. f(ys) > f(z5)

bo‘lganligidan, as = a, = 2,308; bs = zs = 3,087 . Shu sababli, x*e L, = [2,308; 3,087];
|Ls| = 3,087 — 2,308 = 0,78 < [ = 1. Ravshanki, % = 0,078 = ﬁ = 0,077 . Tagribiy
0 6
2,308+
yechim sifatida, L, intervalning o‘rtasini olamiz : x* = 3(;l = 2,697.

9.2. Kvadratik interpolyatsiya usuli.
9.2.1. Masalaning go‘yilishi.

Bir o‘zgaruvchili f(x) funksiyaning shartsiz ekstremumini, ya’ni shunday x* e R
nugtani topish talab gilinadiki, quyidagi
f(x)=min f(x

xeR

munosabat bajarilsin.
9.2.2. Izlash strategiyasi.

Kvadratik interpolyatsiya usuli (Pauell usuli) ketma-ket strategiyalarga mansub. Unda
boshlang‘ich nugta beriladi va tanlov gadami yordamida shunday uchta, imkoni boricha ular
izlanayotgan minimum nugtasiga yaqin nuqgtalar topiladi.Hosil gilingan nugtalarda funksiyaning
giymatlari hisoblanadi. So‘ngra, shu uchta nugtalardan o‘tuvchi ikkinchi darajali interpolyatsion
ko‘phad quriladi. 1zlanayotgan minimum nugtasi sifatida ko‘phadning minimum nugqtasi olinadi.
Izlash jarayoni, olingan nuqgta, uchta tayanch nugtalarning eng yaxshisidan oldindan berilgan
miqgdordan katta bo‘Imagan farqg gilganda, yakunlanadi.

9.2.3. Algoritm.

1- gadam. x3 boshlang‘ich nugtani, Ax >0qadam kattaligini, hamda aniglikni ko‘rsa-
tuvchi g, va &, — kichik musbat sonlarni berish.

2- gadam . x, = x; + Ax
3-gadam . f(x;) = f; va f(x,) = f, larni hisoblash.
4- gadam . f(x;)va f(x,) larni taggoslash:
a) agar f(x;) > f(x,) bo‘lsa, x3 = x; + 2Ax deb olish (9.1 a)- chizma);
b) agar f(x;) < f(x;) bo‘lsa, x3 = x; — Ax deb olish (9.1 b)- chizma) .
5-gadam . f(x3) = f; ni hisoblash.
6-gadam . F, = min{fi, fo. 3}, Xmin = xi: f(x;) = Fpin larni topish.
7- gadam . Uchta nugta bo‘yicha qurilgan interpolyatsion ko‘phadning:

_1G -2 + (0 —x{)fe + (6F — x9)fs

*= 2 (r, —x3)fi + (s —x)fo + (1 —x2)f5




minimum nuqtasini va funksiyaning f (x) giymatini topish (9.1- chizma).

Bunda x nugta uchta, x;, x,, x5 nugtalar va f(x;), f(x,), f(x3) giymatlar bo‘yicha
qurilgan,

= — fxe) (e = x2)(x — x3) + fxz)(x — x1)(x — x3) + fx3)(x —x)(x — x3)

fx) (1 — x2) (X1 — x3) (2 = x1)(x2 — x3) (x3 —x1)(x3 —x3)

X € RY,
parabolaning minimum nuqtasidan iborat.

Agar x uchun olingan formulaning maxraji nolga aylansa, interpolyatsiyaning natijasi
to‘g‘ri chiziq bo‘ladi. Bu holda, x; = x,,;,, deb olib, 2-gadamga o‘tish tavsiya gilinadi.

8- gqadam . Yakunlash shartini tekshirish:

Xmin — X

&1,

‘Fmin - f(f)
f(x)

U holda:

a) agar har ikki shart ham bajarilsa, izlash jarayoni tugaydi va x* = Xx;

b) agar shartlarning biri bajarilmasa va xe[x;, x3] bo‘lsa, eng yaxshi nugtani (x,,,;, yoki x)
ni va uning ikki tomonidan ikkita nuqtani tanlash. Bu nuqgtalarni tabiiy ravishda belgilash va 6-

gadamga o‘tish;

c) agar shartlarning biri bajarilmasa va x & [x;, x3] bo‘lsa, u holda, x; = x deb olish va 2-
gadamga o‘tish.

/1 fT

/)

S i

5 ol . é S =

X AXx xy AxXx; X X3 Ax x; Ax Xy
- 6

9.1 — chizma.

92—-izohlar.



1. Kubik interpolyatsiyadan va hosilaning giymati hagidagi ma’lumotdan foydalanaladigan
aniqroq usulni biz keying ma’ruzalarda garaymiz.

2. Algoritmning 1 — 4 gadamlari, funksiyaning kamayish yo‘nalishini aniglash, ba’zi
hollarda funksiya unimodal bo‘ladigan intervalni aniglash imkonini beradi.

9.2 - misol. Ushbu  f(x) = 2x? +1x—6 funksiyaning minimumini kvadratik interpolyatsiya
usuli yordamida toping.
o 1° x; =1 boshlag‘ich nugtani, Ax=1 gadam kattaligin, €;=0,003 kichik sonni beramiz.
2°.  x, = x; +Ax =2 ni hisoblaymiz.
3% f(xy) = f;=18; f(x,)=f,=16 larni hisoblaymiz.
4% f(x1)>f(x,) bo‘lganligidan, x; = x;+2Ax = 1+2 = 3 deb olamiz (9.1-a) chizma).
5°.  f(x3) = f3=23,33 nihisoblaymiz.
6°.  Fp,;,= min{18; 16; 23,33} =16; x,,;,=x,= 2 larni topamiz.
7°. Interpolyatsion ko‘phadning minimum nugtasini topamiz:

— _ 1(4-9)18+(9-1)16+(1-4)23,33 _ ) — _
T 2(2-3)18+(3-1)16+(1-2)23,33 =1,714; f(x)=1521.

8°. Yakunlash shartini tekshiramiz:
|16_15’21| = 0,052>g,=0,003 (bajarilmaydi), x —eng yaxshi nugta, uning chap

15,21
tomonida x,; =1nuqgta, 0°‘ng tomonida esa, x, =2 nuqta yotadi. Ularni, tabiiy ravishda, x; =1,
x, =x =1,714; x; =2 deb ragamlaymiz. Bu nuqgtalarga funksiyaning quyidagi qiymatlari mos
keladi: f,=18; f,=15,21; f;=16. 6 —gadamga o‘tamiz.

6. Fn=min{18;15,21;16} =16; X,,in,=x,= 1,714 larni topamiz.
7%. Interpolyatsion ko‘phadning minimum nuqtasini topamiz:
— _ 1(1,714%2-4)18+(4-1)15,21+(1-1,714%)16 _ . — _
B 2((1,714 —2%18+(2—1)15,21+E1—1,714 ))16 =1,65; f(x)=15,142.
8. Yakunlash shartini tekshiramiz:

|M| = 0,0045>0,003 (bajarilmaydi), x - eng yaxshi nugta, uning chap

15,142
tomonida x; =1 nuqta, o‘ng tomonida esa, x, = 1,714 nuqta yotadi. Ularni, tabiiy ravishda,
x; =1,x, =1,65; x3; =1,714 deb ragamlaymiz. Bu nugtalarga funksiyaning quyidagi
giymatlari mos keladi:

f1=18; f,=15,142; f;=15,21. 6- gadamga o‘tamiz.

62 Fp;,= min{18;15,142;15,21} =15,142; x,,;,=x,= 1,65 larni topamiz.
72. Interpolyatsion ko‘phadning minimum nuqtasini topamiz:
%= 1(1,652-1,7142)18+(1,7142-1)15,142+(1-1,652)15,21 =1,6125; f(%) = 15,123.
2(1,65 -1,714)18+(1,714-1)15,142+(1-1,65 )15,21
82. Yakunlash shartini tekshiramiz:

[F2218423) — ,0013<€,=0,003 (bajariladi),
15,123
[£e=18125) - 0,023<¢,=0,03 (bajariladi).
Izlash jarayoni yakuniga yetdi. Yechim: x* = x =1,6125.
Endi minimum nugtasining koordinatasini analitik ifodasini shartsiz ekstremumning zaruriy
sharti yordamida topamiz:

YO - g2
dx x2 )

Buyerdan, x* =3/4 =1.5874. Bunuqtada f”(x*)=4 +
minimumning yetarli sharti bajariladi.
9.3- misol. Ushbu f(x) = 12—71:2- =

siya usuli orgali toping.

32

5E =12 > 0, ya’ni shartsiz

t+ 2 funksiyaning minimumini kvadratik interpolyat-



ol. x; =0,25boshlang‘ich nugta; Ax=0,25 gadam kattaligi; aniglikni ifodalovchi
€,=0,02;&,=0,05 kichik musbat sonlarni beramiz.

2. x, = xq+Ax=0,5 ni hisoblaymiz.

3. f(xy) = £1=0,171; f(x,)=f,=2,31 larni hisoblaymiz.

4. f(x1)>f(x,) bo‘lganligidan, x; = x;- Ax =0.

5. f(x3) = f3=2 ni hisoblaymiz.

6. Fpnm=min{0,171;2,31;2} =0,171; x,in=x,= 0,25 larni topamiz.

— _ 1(0,52-0%)0,171+ (0% -0.25%)2,31+(0,252-0,52)2
7. x=
2(0,5 —0)0,171+(0-0,25)2,31+(0,25-0,5)2

laymiz.

8 . Yakunlash shartini tekshiramiz:

[AAE=0L%872) = 0,013 <€, =0,02 ( bajariladi).
0,16879
| = 0,04 <e,= 0,05 ( bajariladi).

|0,25—0,2402
0,2402

Shu sababli, x = 0,2402. m

=0,2402; f(x)=0,16879 larni hisob-

O’z-0"zini tekshirish savollari.
. Fibonachchi usuli ganday strategiyalarga mansub?
. Fibonachchi usulida minimumni izlash strategiysi ganday amalga oshiriladi?
. Fibonachchi usulining algoritmini keltiring.
. Fibonachchi usulining yaqginlashishi ganday ifodalanadi?
. Kvadratik interpolyatsiya usuli ganday strategiyalarga mansub?
. Kvadratik interpolyatsiya usulida minimumni izlash strategiysi ganday amalga oshiriladi?
. Kvadratik interpolyatsiya usulining algoritmini keltiring.
. Kvadratik interpolyatsiya usulining yaginlashishi ganday ifodalanadi?

coO~NOOT A~ WN -

Mustagil ish topshiriglari.
5. Ushbu f(x) = 2x? — Nx funksiyaning minimumini izlashdagi boshlang‘ich

noaniglik intervalini toping, bunda N — talabanig guruh jurnalidagi ragami N # 12.
6. Ushbu
f(x) =2x% — Nx
funksiyaning minimumini tekis izlash usuli va intervalni teng ikkiga bo‘lish usuli yordamida
toping, bunda N — talabanig guruh jurnalidagi ragami, N # 12, [ = 1 deb olish tavsiya
gilinadi.

10 - nekuus
SHARTSIZ EKSTREMUM MASALALARI UCHUN NOLINCHI
TARTIBLI USULLAR



KONFIGURATSIYALAR (XUK-JIVS) USULI
Reja:
10. 1. Masalaning qo‘yilishi.
10. 2. Izlash strategiyasi.
10. 3. Algoritm.
10. 4. Yaginlashishi.
10. 5. Misollar.

Tayanch iboralar: shartsiz ekstremum masalasi, Xuk-Jivs usulida izlash
strategiyasi, tadgiqotli izlash, namuna bo ‘yicha izlash, Xuk-Jivs usulining
algoritmi, eski basis, yangi basis, tezlashtiruvchi ko ‘paytuvchi,gadamni
kichraytirish koeffitsiyenti, o ‘zgaruvchilarning tsiklik o ‘zgarishi..

Asosiy adabiyotlar
1. BacuabeB @.I1. YncrieHHbIE METOJIBI PEIICHUS SKCTPEMAIbHBIX 3a/1a4. M.:
Hayxka, 1988.
2.T'abacoB P., Kupuiiosa ®.M. Metonbl ontumuzaruu. U3a. 2-e, MuHCK,
n3n-so bI'Y, 1981.
3. AaekceeB B.M, I'asteeB .M., Tuxomupos B.M. CoopHUK 33124 TI0
ontumuzaruu. M.: Hayka, 2005.
Qo‘shimcha adabiyotlar
4. AmmmanoB C.A., TumoxoB A.B. Teopusi onTuMu3aIuu B 3aa4ax
ynpaxkaeHusx. M.. Hayka, 1991.
5. ITanTeneeB A.B. MeToibpl ONITUMHU3AIMU B IPUMEpPaX U 3aja4ax. M.:
Beicmr.mk. 2005.
10.1. . Masalaning qo‘yilishi
Ko‘p o‘zgaruvchili  f(x) funksiyaning shartsiz minimumini, ya’ni shunday
x*€e R™ nugtani topish kerakki, unda
f(x) = min £(x)
X€ER
munosabat bajarilsin.
10.2. lzlash strategiyasi.

Konfiguratsiyalar (Xuk-Jivs) usuli - o‘zgaruvchilarning tsiklik o‘zgarishi
mujassam bo‘lgan tadgiqotli izlash va tezlashtiruvchi namuna bo‘yicha izlashning
koombinatsiyasidan iborat. Tadgiqotli izlash maqgsad funksiyasining lokal
o°zgarishini kuzatish va uning “jarliklar” bo‘ylab kamayish yo‘nalashini aniglashga
yo‘naltirilgandir.  Olingan ma’lumotdan namuna bo‘yicha izlashda “jarliklar”
bo‘ylab harakat gilinganda foydalaniladi.

Tadgiqotli izlash, eski basis deb ataladigan, biror boshlang‘ich x° nugtada
boshlanadi. Bunda izlash yo‘nalishlari to‘plami sifatida koordinatalar yo‘nalishlari
to‘plami tanlanadi. Har xil koordinatalar yo‘nalishlarida harxil va izlash jarayonida
o‘zgaruvchi bo‘lgan, gadam Kkattaligi beriladi. Birinchi koordinata yo‘nalishi
tanlanadi va mos o‘zgaruvchini Kkattalashtirish tomoniga gadam qo‘yiladi. Agar
funksiyaning sinalayotgan nugtadagi giymati, uning boshlang‘ich nuqtadagi
giymatidan kichik bo‘lsa, u holda, go‘yilgan gadam muvaffaqiyatli hisoblanadi. Aks



holda oldingi nugtaga gaytish zarur va garama-garshi yo‘nalishda gadam go‘yish,
so‘ngra funksiyaning o‘zgarishini tekshirish lozim. Barcha koordinatalar garab
chigilgandan so‘ng, tadqgiqgotli izlash tugaydi. Hosil gilingan nuqta — yangi basis
deyiladi (10.1-chizmada x° nuqtada tadgiqotli izlash amalga oshirilgan va x* nugta
— yangi basis olingan).

14 ¥

7 4311 12
15

Puc. 5.12

10.1-chizma.

Agar berilgan gadam kattaligida bajarilgan tadqgiqotli izlash muvaffagiyatsiz
bo‘lsa, gadam Kichraytirilib, jarayon davom ettiriladi. Qadamning joriy Kkattaligi
oldindan berilgan migdordan kichik bo‘lganda izlash yakuniga yetadi.

Namuna bo‘yicha izlash eski bazisdan yangi bazisga yo‘nalgan harakatdan
iborat (10.1-chizmada x° nugtadan x* nugta orgali, x* nugtadan x? nugta orgali, x?
nugtadan x3 nugta orgali). Tezlashtiuvchi gadam kattaligi A tezlashtiruvchi
koeffitsiyent orqgali beriladi. Namuna bo‘yicha izlashning yutug‘i olingan
nugtalardan tadqiqotli izlash yordamida aniglanadi (masalan, 10.1-chizmada - 6, 11,
15 nugtalar). Agar bunda funksiyaning eng yaxshi nugtadagi qiymati, oldingi basis
nugtadagi giymatidan kichik bo‘lsa, namuna bo‘yicha izlash muvaffagiyatli bo‘ladi
(6,11 nugtalar — muvaffagiyatli namuna bo‘yicha izlash natijasi, 15 esa, -
muvaffagiyatsiz namuna bo‘yicha izlshnnatijasidir). Agar namuna bo‘yicha izlash
muvaffaqgiyatsiz bo‘lsa, u holda, yangi bazisga qaytilib, Kkichraytirilgan gadamli
tadqgiqotli izlash davom etadi.

10.1- chizmada muvaffaqiyatli izlash tutash chiziglar orgali, muvaffagiyatsiz
izlash esa, punktir chiziglar orgali ko‘rsatilgan, sonlar esa, algoritmda hosil
bo‘ladigan nuqgtalarga mos keladi.

di,...,ds lar orgali

1 0 0
d=(%)d= (1) . d=1("
0 0 1

koordinatalar yo‘nalishlarini belgilaymiz. d; yo‘nalish bo‘yicha izlashda fagat x;
o°zgaruvchi almashadi, golgan o‘zgaruvchilar belgilangan holda goladi..



10.3. Algoritm

1 - gadam. x° boshlang‘ich nugta, algoritmni to‘xtatish uchun & > 0 son,
koordinatalar yo‘nalishlari bo‘yicha gadamlarning 4, ...,4,, = &€ boshlang‘ich
giymatlari, 4 > 0 tezlashtiruvchi ko‘paytuvchi, @ > 1 gadamni kichraytirish
koeffitsiyenti berilgan bo‘lsin.  y! = x%i = 1,k = 0 deb olish.

2- gadam. Tanlangan koordinata yo‘nalishi bo‘yicha tadgiqotli izlashni
amalga oshirish:

a) agar
_ fO + 4dy) < [,
ya’ni
[ ¥ ¥ A vn) < [ Y )
bo‘lsa, gadam muvaffagiyatli hisoblanadi. Bu holda y't*! = y' + A,d; deb olish
va 3-gadamga o‘tish kerak;

b) agar «a» bandda gadam muvaffagiyatsiz bo‘lsa, u holda, garama-garshi
yo‘nalishda gadam go‘yiladi:

a) agar

_ f(v" = 4idi) < f(¥Y),
ya’ni
fO1 e ¥ = Bive Yn) < [ Yio e V),
bo‘Isa, qadam muvaffagiyatli hisoblanadi. Bu holda y**' = y‘— A,d; deb olish
va 3-gadamga o‘tish lozim;
B) agar «a» va «b» bandlardagi gadamlar muvaffagiyatsiz bo‘lsa,
y'*1 = y'deb olish

3-gadam. Quyidagi shartlarni tekshirish:

a) agar i <n bo‘lsa, u holda i = i + 1 deb olish va 2-qadamga o‘tish
(golgan yo‘nalishlar bo‘yicha tadgiqotli izlashni davom ettirish);

0) agar i = n bo‘lsa, u holda, tadgiqotli izlashning muvaffagiyatli ekanligini
tekshirish:

-agar f(y™*1) < f(x*) bo‘lsa, u holda, 4-qadamga o‘tish;

-agar f(y"*1) > f(x*) bo‘lsa, u holda, 5-qadamga o‘tish.

4-gadam. Namuna bo‘yicha izlash o‘tkazish. x**1 = yn+1
yl = x**1 + A(x**1 - x¥),i = 1,k = k + 1 deb olish va 2-qadamga o“tish.

5-gadam. Yakinlash shartlnl tekshirish:

a) agar barcha Ai<e bo‘lsa, u holda izlashni tugatish: x* = x*;

0) Ai>g bo‘lgan i lar uchun, gadam kattaligini kichraytirish: 4; = %. yl =
xk xk+t1 = xk k = k+1,i = 1 debolish va 2-qadamga o‘tish.
10.1 izohlar.

1. Algoritmda koordinatalar yo‘nalishlari bo‘yicha gadamlarning bir xil
kattaligidan foydalanish, ya’ni  A1,A»,...,An larning o‘rniga A ni go‘llash mumkin.



2. Usulning, unda ham tadqgiqotli izlashda, ham namuna bo‘yicha izlahda bir
o‘lchovli minimallashtirishdan foydalanish ko‘zda tutilgan ozgartirilgan variant
ham mavjud. U holda, agar f(x) funksiya differensiallanuvchi bo‘lsa, usul statsionar
nuqtaga yaginlashadi.

10.1 - misol. Ushbu
f(X) = 4(x1 = 5)* + (x2 - 6)°
funksiyaning minimumini konfiguratsiyalar (Xuk-Jivs) usuli orgali toping.
o 1. 10.2-chizmada berilgan funksiyaning sath chiziglari tasvirlangan: ular
f(x) = 4(x; - 5)* + (x, — 6)* = const.
tenglamalar bilan berilgan ellipslar oilasidan iborat.

_£\2
Agar const = 4 bo‘lsa, u holda, (x; —5)% + @: 1 ellipsni olamiz,

yani,a =1,0=2 x0=5, %0 = 6. x°= (89)7T boshlang‘ich nugtani
beramiz.

2°. Modomiki,

fO + 4dq) = f(9.9) = 73 > f(y') = f(x°) = 45

ekan, gadam muvaffaqgiyatsizdir.

fO' = 4idy) = f(79) = 25<f(y") = f(x°) = 45,
bo‘lganligidan, bu gadam muvaffagiyatli: y> = y' — A,d; = (7,9)7.

3% i=1 < 2 = n bo‘lgani uchun, i = 2 deb olamiz va 2-gadamga
o‘tamiz.

2L, f(y? + A,dy) = f(7,11) = 41> f(y?) = 25, bo‘lganligidan,
gadam muvaffaqgiyatsizdir.

f(y?—A4,d,) = f(7,7) = 17 < f(y?) = 25 bo‘lgani uchun, bu gadam
muvaffagiyatli:

y? = y?—Ad, = (1,7)".

3. Modomiki, i = 2 =n = 2 va f(y®) = 17 < f(x°) = 45 ekan, u
holda, 4-gadamga o‘tamiz.

4°, Yangi bazisnix* = y3 = (77T —deb,i = 1,k = k + 1 = 1,deb
olib, y!=x'+1-(x1-x% = @' + [(7.7)"- (89)'] = (65)T ni
topamiz. Namuna bo‘yicha izlash amalga oshirildi. 2-qadamga o‘tamiz.

22, ft + Ady) = f(75) = 17> f(y}) = 5, bo‘lgani uchun,
gadam muvaffagiyatsizdir.

ft—4,d) = f(55) = 1< f(y}) = 17, bo‘lgani uchun, gadam
muvaffagiyatli: y2 = y! —A,d; = (5,5)".

3%2. Modimiki, i =1<2=mn, ekan, u holda, i =i +1 =2 va 2-
gadamga o‘tamiz.

2. fO? + 4dy) = f(57) = 1= f(y*) = f(55) = 1, bo‘lgani
uchun, gadam muvaffagiyatsizdir.

f(y?—14,d,) = f(53) = 9 > f(y?) = 1, bo‘lgani uchun, gadam
muvaffagiyatsizdir. Shu sababli, y> = y2 = (5,5)7.

3. i=2=n=2va f(¥3) =1 < f(x) = 17 bo‘lgani uchun, 4°
gadamdagi namuna bo‘yicha izlash muvaffagiyatli. y3 = (5,5)" nugta yangi
bazisga aylanadi, x* = (7,7)T nugta esa, eski basis bo‘ladi. 4-gadamga o‘tamiz.



4, x? = y3= (55)T —vyangibazis,i = 1,k = k + 1 = 2;
yl = x2 + (x2-xY) = 657+ [(65) - (7,7)T] = (3,3)T deb olamiz va
2-gadamga o‘tamiz.
28 fiy! + Ad) = f(4 3) = 13 < f(y') = f(3,3) = 25, bo‘lgani
uchun, gadam muvaffagiyatli: y?> =y + 4,d, = (4,3)7.
3% Modomiki, i = 1 <2 = nekan,uholdai = i +1 = 2va2-gadamga
o‘tamiz.
25, f(y*+4,d,) = f(45) = 5< f(y?) = 13, bo‘lgani uchun, gadam
muvaffagiyatli: y> = y% + 4,d, = (4,3).
3% Modomiki, i = nva f(y3) =5 > f(x?) = 1 ekan, 4 gadamdagi
namuna bo‘yica izlash muvaffagiyatsizdir. 5-gadamga o‘tamiz.
50 4, =1 > g, 4, = 2 > & bo‘lgani uchun, qadamni Kichraytiramiz:
A, =%=0,5;A2 == 1 = 557, x3=x2 = (557, = 1,
k=k+1= 3deb olib, 2- qadamga 0‘tamiz.
28, ft + A,d)) = f(55;5) = 2> f(y!) = 1, bo‘lgani uchun,
qadam muvaffagiyatsizdir.
ft—4,d) = f(45,5) = 2> f(yl) = 1, bo‘lgani uchun, gadam
muvaffagiyatsizdir. Shu sababli, y? = = (55)T.
3%, Modomiki, i =1 <2 =n ekan uholda, i=1i+1=2 deb
olamiz va 2-gadamga o‘tamiz.
2. fO*+4,dy) = f(56) = 0< f(¥y*) = f(55) = 1, bo‘lgani
uchun, gadam muvaffagiyatli: y3 = y? + 4,d, = (5,6)".
37. Modomiki, f(y3) = 0 < f(x3®) = 1 ekan, 4-gadamga o‘tamiz. y3
nugta yangi bazisga aylanadi, x3 nuqta esa, eski bazis bo*lib goladi.
4 x* = y3 = (56)T—yangibazis,i = 1,k = k + 1 = 4;
yt = x* + (x* - x3) = (56)T + [(56)T- (5,5)7T] = (57)" deb olamiz. 2-
gadamga o‘tamiz.
28, fy*+ A4,dy) =f(55;7)=2>f(y") = {(5;7) = 1 bo‘lgani uchun, gadam
muvaffaqgiyatsizdir.
foy* - A,dy) = f(4,5; 7) = 2 > f(»') = 1, bo‘lgani uchun, bu gadam ham
muvaffagiyatsiz. U holda, ?=y'=(5;7)".
3%, Modomiki, i = 1 < 2 =n ekan, u holda, i =i +1 = 2 va 2-
gadamga o‘tamiz.
2%, f(® + A,dy) = f(5; 8) = 1 bo‘lgani uchun, gadam muvaffagiyatsiz.
fG? - A,d,) = f(5;6) =0< f(5; 7) = 1 bo‘lgani uchun, qgadam muvaffagiyatli:
¥ =)?-4,d;, = (5,6)"
3% Modomiki, i = 2 = n = 2va () = f(x*) = f(5,6) = 0 ekan, namuna
bo‘yicha izlash muvaffagiyatsiz. 5-qadanga o‘tamiz.
5L A1>eva Az> ¢ bo‘lgani uchun, gadamni kichraytiramiz: A; = 02;5: 0,25;

A2=0,5. yt=x*=(5;6)",x>=x* k=k+1=5,i = 1debolib, 2-gadamga o‘tamiz.
210 Ot + Aydy) = f(5,25; 6) = 0,25 >f(»') = 0 bo‘lgani uchun, gadam
muvaffagiyatsiz.



fOr - 4,dy) = f(4,75; 6) = 0,25 >f(3') = 0, bo‘lgani uchun, gadam
muvaffagiyatsiz va y?=y!=(5;6)".

3% Modomiki,i=1<2=nekan, uholda, i =i+1=2 va2-gadamga o‘tamiz.

211 f(* + A,d,) = f(5; 6,5) = 0,25 >f(3*) = 0 bo‘lgani uchun, gadam
muvaffagiyatsiz. f()? — 4,d,) = f(5; 5,5) = 0,25 >f(3?) = 0 bo‘lgani uchun, gadam
muvaffagiyatsiz: 3 =y%= :(5;6)T.

31, Modomiki, i=2=n=2va f()®) =0 = f(x°) =0 ekan, tadgiqotli izlash
muvaffaqiyyatsizdir. 5- qadamga o‘tamiz.

52 A1 =025 <e¢ =0,3; A, = 0,5 > ¢ bo‘lgani uchun, A, gadamni
kichraytiramiz: A; = 0,25; Az———025 W=x°=(56)T,x°=x°, k=k+1=6,
I =1 deb olamiz va 2-gadamga o ‘tamiz.

212, ft+ A.dy) = f(5,25;6) = 0,25 >f(y}) =0va f(3* + A,d,) = f(4,75; 6)
=0,25>f(y') = 0, bo‘lganligidan, gadamlar muvaffagiyatsiz va y? =y = (5;6)".

32, Modomiki, i=1<2=n ekan,uholda, i=i+1=2 va 2-gadamga
o‘tamiz.

2. f(O* + 4,d,) = f(5; 6,25) = 0,0625 >f(y?) = 0 va f()* - 4,d;) = f(5;
5,875) = 0,0625 >f(y?) = 0 bo‘lganligidan, gadamlar muvaffagiyatsiz va

¥’ =y =(56)".
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10.2- chizma

313, Modomiki, i=2=n=2va f(»®) =0 = f(x®) = 0 ekan, u holda, 5-qadamga
o‘tamiz.

5. A1=0,25<g=0,3vaA,=0,25<¢ = 0,3 bo‘lgani uchun izlash nihoyasiga
yetdi: x = (5; 6)".

10.2- a-c chizmalarda olingan nuqgtalar ketma-ket tasvirlangan; bunda
muvaffaqiyatli iteratsiyalar — tutash chiziglar orgali, muvaffaqiyatsiz iteratsiyalar
esa, punktir chiziglar orgali berilgan. =

O¢z-0¢zini tekshirish uchun savollar

88



Konfiguratsiyalar usuli ganday strategiyalar sinfiga mansub?
Tadgiqotli izlashning mohiyatini izohlang.

Xuk-Jivs usulida minimumni izlash ganday tartibda amalga oshiriladi?
Namuna bo‘yicha izlashning mohiyatini izohlang.

Qanday iteratsiya muvaffaqiyatli iteratsiya deyiladi?

Qanday iteratsiya muvaffagiyatsiz iteratsiya deyiladi?

Xuk-Jivs usulining algoritmi bosqgichlarini keltiring.

Xuk-Jivs usulining yaqinlashishi hagida nimalar ni bilasiz?

O N kWb

Mustaqil ish tooshiriqglari
Quyidagi funksiyalarning minimumini, konfiguratsiyalar (Xuk-Jivs) usulidan
foydalanib, toping:
1. f(x) = x3 + x2-3x; - 2x, + 2.
Javob: aniq yechim: x* = (1,1)7.
2. f(x) = (x1-2)* + (x,-5)? + (x5 + 2)%
Javob: aniq yechim - x* = (2,5,— 2)T.
3. f(x) = xt + xt + 2x2xf - 4x, + 3.
Javob: aniq yechim - x* = (1,0)".
4 f(x) = (xf + x3- 11)% + (x; + x5/ - 7)%
Javob: aniq yechim - x* = (3,2)".
5. f(x) = 1-2x; - 2x, — 4xyx, + 10x? + 2x}.

Javob: anig yechim - x* = (0,25;0,75)".



11 - ma’ruza
ROZENBROK USULI
Ilnan:
11.1. Masalaning go‘yilishi.
11. 2. Izlash strategiyasi.
11. 3. Algoritm.
11. 4. Yaginlashishi.
11. 5. Misollar.

Tayanch iboralar: shartsiz minimum masalasi,Rozenbrok usulida izlash
strategiyasi, cho zish koeffitsiyenti, sigish koeffitsiyenti, joriy yo ‘nalishlar
sistemasi, Rozenbrok usulining algoritmi.

Asosiy adabiyotlar.
1. BacuabeB @.I1. YncrieHHbIE METOJIBI PEIICHUS SKCTPEMAIbHBIX 3a1a4. M.:
Hayxka, 1988.
2.T'abacoB P., Kupuasmosa ®.M. Metonbl ontumuzaruu. U3a. 2-e, MUHCK,
n3n-so bI'Y, 1981.
3. AuekceeB B.M, I'aneeB .M., Tuxomupo B.M. C6opHuk 3anau no
ontumuzaruu. M.: Hayka, 2005.
Qo‘shmcha adabiyotlar.
4. AmmmanoB C.A., TumoxoB A.B. Teopus onTuMu3zannu B 3aja4ax u
ynpaxkaeHusx. M.. Hayka, 1991.
5. ITanTeneeB A.B. MeToibl ONITUMHU3AIMY B TIPUMEpPaX U 3aja4ax. M.:
Beicmr.mk. 2005.
11.1. Masalaning go‘yilishi.
Ko‘p o‘zgaruvchili  f(x) funksiyaning shartsiz minimumini, ya’ni shunday
x*€e R™ nugtani topish kerakki, unda
() = min £(x)
X€ER
munosabat bajarilsin.

11.1-ta’rif. Faraz qilaylik, di, d2,...,d»— normasi birga teng bo‘lgan o‘zaro
chizigli bog‘lanmagan vektorlar bo‘lsin. Agar barcha i = 1,....,n, lar uchun
Ha3BbIBAIOTCA 63AUMHO OpmMO2OHAIbHbIMU, CCIIN OJIA BCCX CIIPABCAJINBO YCIOBHUC
di'd;=0, j # i shart bajarilsa, bu vektorlar o‘zaro orthogonal deyiladi.

11.2. Izlash strategiyasi.

Rozenbrok usulining mohiyati quyidagidan iborat. Boshlang“ich nugta
beriladi. U nugtadan n chizigli bog‘lanmagan va orthogonal yo‘nalishlar boylab
o‘zgaradigan diskret gadamlar yordamida funksiyaning kamayish yo‘nalishini
iterativ izlash amalga oshiriladi. Tadgiq gilinayotgan yo‘nalishda muvaffagiyatli
gadam holida, navbatdagi gadamda uning giymati cho‘zish koeffitsiyenti yorda-
mida ortadi, gadam muvaffagiyatsiz bo‘lgan holda esa, sigish koeffitsiyentiga
ko‘paytirish hisobiga, kamayadi ( bunda izlash yo*nalishi garama-garshisiga
almashtiriladi). Joriy yo‘nalishlar sistemasidagi izlash, funksiya kamayishining
barcha imkoniyatlari aniglanganiga gadar o‘tkaziladi. Agar izlashning har bir



yo‘nalishida muvaffagiyatsizlik yuz bersa, u holda, yangi chizigli bog‘lanmagan va
orthogonal yo‘nalishlar to‘plami quriladi va alohida yo‘nalishlar bo‘yicha tsiklik
izlash davom ettiriladi. Yangi yo‘nalishlar oldingilariga nisbatan shunday
buriladiki, ular jarliklar bo‘ylab cho‘ziladi (11.1-chizma).

\x:

v

d, M
Puc. 5.17
11.1- chizma.
11.3. Algoritm.
1 -gadam. x° boshlang‘ich nuqta, algaritmni to‘xtatish uchun & > 0 son,
a > 1 cho‘zishva —1 < B < 0 siqish koeffitsiyentlari berilgan, boshlang‘ich
chizigli bog‘lanmagan va ortogonal dj, ds,...,d, s ifatida

AR

d2—|

Uy

koordinatalar yo‘nalishlarini 0|ISh izlash yo nallshlarlnmg har biri bo‘ylab
gadamning boshlang‘ich uzunligi A?, ..., A%> 0; N-bir iteratsiyada barcha
yo‘nalishlar bo‘yicha muvaffagiyatsiz qadamlar seriyasining maksimal soni
bo‘lsin. y'=x% k =0, i =1, barcha i lar uchun A;=AY deb olish.

2-gadam. i-yo‘nalish bo‘yicha:

a) agar (' + 4;d;) < f(¥') bo‘lsa, gadam muvaffagiyatli hisoblanadi. Bu
holda y'*! = y' + A;d;, A; = ad; deb olish va 3-gadamga o-tish;

b) agar f(' + 4;d;) = f(¥*) bo‘lsa, gadam muvaffagiyatsiz hisoblanadi. U
holda, y'*1 = y! A; = BA; deb olish va 3-gadamga o-tish.

3-gadam. Quyidagi shartlarning bajarilishini tekshirish:

a) agar i <n bo‘lsa, u ho lda, i =i+ 1 deb olish va 2-gadamga o‘tish
(golgan yo‘nalishlar bo‘yicha gadamlar amalga oshirish);

b) agar i =n bo‘lsa, joriy ortogonal yo‘nalishlar bo‘yicha izlashning
yutugliligini tekshirish:




- agar f(y™*1) < f(y!) bo‘lsa, ya’ni 2-gadamda yo‘nalish bo‘yicha hech
bo‘Imaganda bitta tushish muvaffagiyatli bo‘lsa, y* = y™*1 i = 1, deb olish va 2-
gadamga o‘tish;

- agar f(y™*t1) = f(y?) bo‘lsa, ya’ni n ta oxirgi gadamlarning har biri
muvaffagiyatsiz bo‘lsa, joriy iteratsiyada izlashning yutugliligini baholash:

-agar f(y™*1) < f(x*) bo‘lsa, ya’ni k —iteratsiyada hech bo‘Imaganda bitta
gadam muvaffagiyatli bo‘lsa, u holda, 4-gadamga o‘tish;

- agar f(y™?1') = f(x¥) bo‘lsa, ya’ni Kk — iteratsiyada birorta ham
muvaffaqgiyatli gadam bo‘lmasa, izlash jarayonini vagtincha to‘xtatish. Agar joriy
iterarsiyada barcha ketma-ket muvaffaqgiyatsiz qadamlar seriyasining [ soni N dan
oshmasa, u holda, yakunlash shartini tekshirish, aks holda esa, 4-gadamga o‘tish.
Oxirgi gadamlar seriyasida foydalanilgan A; miqgdorlar tekshiriladi. Agar barcha i
lar uchun |4;] <& bo‘lsa, u holda, masalaning taqribiy yechimi topilgan
hisoblanadi: x* = x*. Agar hech bo‘Imaganda bitta i uchun |4;| > ¢ bo‘lsa, u
holda, y! = y™*1 i = 1 deb olish va 2-qadamga o‘tish.

4-gadam. x**1 = y™*1 deb olish va yakunlash shartini tekshirish:

a) agar |[x*** — x¥|| < e bo‘lsa, u holda, izlashni to‘xtatish: x* = x*+1;

b) agar ||x**! — x*|| > & bo‘lsa, u holda k — iteratsiyada izlashning har
bir yo‘nalishi bo‘yicha gadamlar 1 ... A,; uzunligini

xk+1 _ xk — ?=1Aidi
formula yordamida hisoblab chigish. So‘ngra Gram-Shmidt almashtirishidan
foydalanib, izlashning yangi chizigli bog‘lamagan va ortogonal d;...d,
yo‘nalishlarni qurish:

di! Ai =0 a;, i=1
n i-1
A = led, Ai #0 ) bi - z(ai TCZ])CI, [ = 2;
=1 ,
Czi = i .
|1 b;l

Shuni e’tirof etish kerakki, agar A; = 0 bo‘lsa, u holda, cfj = dj, ya’ni yangi
yo‘nalishlarni, fagat, ular uchun, A; # 0 bo‘lgan indekslar uchun hisoblash lozim.
Yangi yo‘nalishlar topilgandan so‘ng: barchai =1, ...,n, lar uchun, afj =d;, 4; =
A° k=k+1y'=x**"1 i =1, debolish va 2-qadamga o‘tish.

11.1. lzohlar.

1. Agar 2-gadam muvaffagiyatli bo‘lsa, u holda 4; gadam a4; ga
almashtiriladi, ya’ni gadam miqdori (kattaligi) orttiriladi, chunki a > 1.
Muvaffagiyatsizlik navbatdagi urinishda i — yo‘nalish bo‘ylab qgarama-qgarshi
yo‘nalishda siljishga olib keladi, chunki g < 0.

2. Rozenbrok quyidagi cho‘zish va sigish koeffitsiyentlarini tavsiya etgan:
a=3,p=-05.

3. Devis, Swenn va Kemilar har bir d; yo‘nalish bo‘ylab izlashda bir oIchovli
minimallashtirish algoritmini qo‘llab, Rozenbrok usulini  modifikatsiya



gilishdi[4,42]. U holda, agar f(x) differensiallanuvchi bo‘lganda, u holda
generatsiya gilinayotgan nugtalar ketma-ketligi statsionar nuqgtaga intiladi.

11.1-misol.  Ushbu f(x) = 4(x; —5)% + (x, — 6)*> funksiyaning
minimumini Rozenbrok usulidan foydalanib, toping.

o 1. Boshlang‘ich nugta x°=(89)",e=06; a =2, =-05;d, =
1,07, d, = (0,1)7; 4,°=1,4,°=2,N =3 larni beramiz. y* = x° = (8,9)7,
k=0,i=14,=14, =2 debolamiz.

20 fOr+4,d)=1099) =73>f() = (8,9) = 45 bo‘lgani uchun,
qadam muvaffagiyatsiz: y?> = y! = (8,9)T,4, = -05-1 = —-05.

3% Modomiki, i =1 <n =2 ekan, u holda, i =i+ 1 =2 va 2-gadamga
o‘tamiz.

2L, f(3* + A,d,) = f(8,11) = 61 > f(3*) = 45 bo‘lgani uchun, gadam
muvaffagiyatsiz: y* = y? = (8,9)7,4, = -05-2 = —1.

3L, Modomiki, i =2 =n,f(y™*) = f(y3) = f(x°) ekan, gadamlarning
bitta muvaffagiyatsiz seriyasi bajarildi: [ =1 < N = 3, lekin bajarilgan gadamlar
seriyasi uchun |4,] =1>&=0,6; |4,] =2 > ¢ =0,6, shu sababli, yl =y3 =
(8,9)T, i = 1 deb olamiz va 2-qadamga o‘tamiz.

22, fOY+4.dy) = f(7,5;,9) =34 > f(»') = (8,9) = 45 bo‘lgani uchun,
gadam muvaffagiyatli:

y2 =yl + A, d; = (7,5:9)7,4, = ad, = 2(-05) = -1

32 Modomiki, i =1 <n =2 ekan, u holda, i =i+ 1 =2 va 2-gadamga
o‘tamiz.

23, f(? + A4,d,) = f(7,5;8) = 29 < f(3*) = 34 Dbo‘lgani uchun, gadam
muvaffagiyatli:

y3 =32+ A,d, = (7,5:8), 4, = ad, = 2(-1) = -2.

3% Modomiki,i =2 =n =2, f(y3) = 29 < f(y!) = 45 ekan, u holda,
yl =93 =(75;8)7, i =1 debolamiz va 2-gadamga o‘tamiz.

24, fGr+4,dy) =1(65;8) =13 < (1) =f(75,8) =29 bo‘lgani
uchun, gadam muvaffagiyatli:

y2 =yl +4,d, = (65;8), 4, = ad; = 2(-1) = -2.

3% Modomiki, i =1 <n =2 ekan,uholda,i =i+ 1 =2 va 2-gadamga
o‘tamiz.

25, fG2 + A,d,) = (6,5:6) =9 < f(»?) = f(6,5;8) = 13 bo‘lgani
uchun, gadam muvaffaqiyatli:

y3 =y2=(65;6)T,4, = ald, = 2(-2) = —4.

3%, Modomiki, i =2 =n,f(»®) =9 < f(31) = 29 ekan, u holda,
y3 =y2=(6,5;6)T,i =1 deb olamiz va 2-qadamga o‘tamiz.

26, fGt+4.d) =f(45,6)=1<f() =f(6,5;6) =9 bo‘lgani uchun,
gadam muvaffagiyatli:

y2=y'+4,d, A, = ad; = —0,5(-4) = 2.

3%. Modomiki, i =1 <n =2 ekan,uholda, i =i+ 1 =2 va 2-gadamga

o‘tamiz.



2. fG2+4,d,) =f(45;2) =17 > f(»*) = 1 bo‘lgani uchun, gadam
muvaffagiyatsiz: y3 = y? = (4,5;6)7, 4, = aff = —0,5(—4) = 2.

37. Modomiki, i =2=mn,f(?®) =1< (') = f(6,5;6) = 9ekan, u
holda, y! = y3 = (4,5;6)7,i = 1 va 2-gadamga o‘tamiz.

28, fOt+4.dy) =f(05;6) =81=>f() = f(4,5;6) = 1 bo‘lgani
uchun, gadam muvaffagiyatsiz: y? = y! = (4,5;6)7,4, = —0,5(-4) = 2,

38 Modomiki, i =1 <n =2ekan,uholda, i =i+ 1 = 2 va 2-gadamga
o‘tamiz.

2°. f(* + 4,d,) = f(4,5,8) =5=> f(y*) =1 bo‘lgani uchun, gadam
muvaffagiyatsiz: y3 =y% = (4,5;6)7,4,=-05-2= -1

3% Modomiki,i =2=n=2vaf(?) = f(?'), lekin f(?) =1 < f(x°) =
45 ekan, u holda, 4-gadamga o‘tamiz.

4°, x1 =y3 =(45;6)T deb olamiz. Modomiki, [|x! — x°| =
1(8,9)T — (4,5:6)T|| = /3,52 + 32 = 461 > £ = 0,6 ekan, u holda, A,, 1, larni

xt—x0= (4?5) — (g) = (%) = 4(5) + 22(%) munosabatdan hisoblaymiz.

Buyerdan, 4, = —3,5; 1, = —3. Endi izlash yo‘nalishlarining yangi majmuasini

quramiz:
n=2
and =—35(1)=3(0) = (73
a; = jfz_’()_()z(— );a1
& 0 1 3
~ n=2 ~ 0 B 0 .
=24 =-3(y) = (L)
j=2
_ . - b iy -
by =a, = ( _:“és), chunki, i = 1; d; = Ilbill = % = (_8:22);

N

-1

.0 —0,76 \\ (—0,76
o Ti\d: = —( (- | |

b, = a, 1(a2 d;)d; (_3) <(O 3) (—1,729)) (—0,65)
—3) " \—076) T\ L ) 2T, T 2,28

729
_ ( 0,65 )
-~ \-0,76/"

di=dydy,=dy A= 4,°=14,=4,°=2k=k+1y'=x'=

(4,5;6)T,i = 1 deb olamiz va 2-gadamga o‘tamiz.

210 f(3! + A,d,) = f(3,74:5,35) = 6,766 > f(41) = f(45,6) = 1
bo‘lgani uchun, gadam muvaffagiyatsiz:

y2 =yl =(45;6)T,4, =-05-1=—-05.

3%, Modomiki, i=1<n=2ekan,uholda, i =i+1=2.

2% f(3* + A,d,) = f(5,801;4,481) = 4,876 > f(3*) = 1 bo‘lgani
uchun, gadam muvaffagiyatsiz: y* = y? = (4,5;6)7, 4, = -05-2 = —1.

31, Modomiki, i=2=mn, f(G3)=fG') =1 ekan, joriy iteratsiyada
izlashning yutugliligini baholaymiz.  f(3*) = f(»') = 1 bo‘lgani uchun, joriy

-
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iteratsiyada birorta ham muaffagiyatli bo‘lgan emas. [ —1 < N = 3 ekanligidan,
yakunlash shartini tekshiramiz. Natijada: |4,] = 1 > & = 0,6 va shu sababli, y* =
y3 = (4,5;6)7,i = 1 deb olamiz va 2-gadamga o‘tamiz.

212, fGr+ 4,d,) = f(4,880;6,325) = 0,164 < f(!) = f(4,5;6) = 1
bo‘lgani uchun, gadam muvaffagiyatli:

y?2 =y +4,d, = (4880;6,325)7, 4, =ad; =-05-2=-1.

3%2, Modomiki, i =1 <n = 2ekan,uholda,i =i+ 1 =2 va 2-gadamga
o‘tamiz.

218 (% + 4A,d,) = f(4,229;7,085) = 3,555 > f(»?) = 0,164 bo‘lgani
uchun, gadam muvaffagiyatsiz:

y3 = y? = (4,880,;6,325)T, 4, = fA, = -0,5(-1) =05.

31, Modomiki, i =2 =n ekan, u holda, joriy ortogonal yo‘nalishlar
bo‘yicha izlashning yutugliligini tekshiramiz: f(»*) = 0,164 < f(3!) = 1 - izlash
yutugli. y! =1vy3 =(4,880;6,325)7,i = 1 deb olamiz va 2-qadamga o‘tamiz.

214, Ushbu

fGr +4,d,) = (5,639;6,976) = 2,586 > f(y') = (4,880;6,325) = 0,164,
tengsizlik bajarilganligidan, gadam muvaffagiyatsiz:
y? =yl =(4,880;6,325)7, 4, = -05-(-1) = 0,5.

34, Modomiki, i =1 <n =2 ekan, u holda, i =i+ 1 = 2 va 2-gadamga
o‘tamiz.

2%, f(y? + A, d,) = f(5,205; 5946) = 0,171 > f(y,) = 0,164
bo‘lgani uchun, gadam muvaffagiyatsiz:

y3 = y?2 = (4,880; 6,325)T,4, = -05 - 05 = —0,25.

3%, Modomiki, i = 2 = nva f(y3®) = 0,164 = f(y?!) ekan, joriy
iteratsiyada izlashning yutugliligini baholaymiz: f(y3) = 0,164 < f(x!) = 1
— joriy iteratsiyada muvaffagiyatli gadam bo‘lgan edi. 4-gadamga o‘tamiz.

4, x? = y3 = (4,880; 6,325)" deb olamiz. Ushbu
lx? — x| =/(4,880 — 45)2 + (6,325 -6)2=05 < ¢ = 0,6
shart bajarilganligidan, izlash jarayoni yakunlanadi:

x* = x% = (4,880; 6,325)7; f(x*) = 0,164.m
O¢z-0¢zini tekshirish savollari
9. Rozenbrok usuli ganday strategiyalarga mansub?
10.Rozenbrok usuli da minimumni izlash strategiyasi ganday amalga oshiriladi?
11.Rozenbrok usulining algoritmini keltiring.
12. Rozenbrok usulining yaginlashishi hagida nima deyish mumkin?
13.Chizigli bog‘lanmagan vektorlar sistemasining ta’rifini bering va misollar
keltiring.
14.Qanday vektorlar sistemasi 0‘zaro ortogonal deyiladi?

Mustagqil ish topshiriglari
Rozenbrok usulidan foydalanib, quyidagi funksiyalarning minimumini toping.
6. f(x) = x3 + x2-3x; - 2x, + 2.



Javob: aniq yechim x* = (1,1)".
7. f(x) = (x1-2)% + (x2-5)% + (x3 + 2)%
Javob: aniq yechim x* = (2,5,—2)".
8. f(x) = x* + xt + 2xfx} - 4x, + 3.
Javob: aniq yechim x* = (1,0)".
9. f(x) = (x2 + x,— 11)? + (x; + x7 - 7).
Javob: aniq yechim x* = (3,2)".

Hpumep 11.2. Haiitu munumym dpyukuuu f(x) = 2x2 + x,x, + x5
MetonoM Posenbpoka.

o 1. 3agagum HauaneHyo Touky x° = (0,5; 1)T,e = 0,075, a =
3, = —0,5;

dl — (110)T1 d2 - (011)T1 A(l) = A(Z) =
05; DTk =0,i = 1,4, = 4, = 0,1.

20, TMockomeky f(y! + A;dy) = f(0,6; 1) = 232 > f(y!) =
f£(0,5; 1) = 2, mar meynauen: y> = y', 4, = —0,5(0,1) = —0,05.

3% Takkaki = 1 <n = 2,nodtoMy i = i + 1 = 2 u nepeiigem k
mary 2.

21 Tockoneky f(y? + A, d,) = f(05; 1,1) = 226 > f(y?) = 2,
mar Heygaded: y> = yl A, = —0,5(0,1) = -0,05.

3L Umeemi = 2 = n, f(y3) = {(y?!), BoinonHeHa o7Ha HeynayHas cepys
mraroB. [ = 1 < N = 3. Haoaroii cepun |4,] = 0,1 > ¢ = 0,075;|4,]| =
0,1 > ¢ = 0,075, mosToMy MOIOKHM y1 = y3,i 1 u nepeiinem k mary 2.

22, Tockomeky f(y! + A,d;) = f(0,45; 1) = 1,855 > f(y!) =
f(0,5; 1) = 2, mar ynauen: y> = (0,45;1)T ,4, = 3(-0,05) = -0,15.

3. Umeemi = 1 <n = 2,no3tomy i = i + 1 = 2 unepeiigem k
mary 2.

23. Tlockomeky f(y? + 4,d,) = f(0,45;095) = 1,735 < f(y?) =
1,855, To mar ymauen: y> = (0,45;0,95)T ,4, = 3(-0,05) = —0,15.

3. Umeemi = 2 = n, f(y?) = 1,735 < f(y') = 2. Monoxum yt =
(0,45;0,95)7,i = 1 u nepeiinemM k mary 2.

24 Tak xak f(y! + 4, d;) = £(0,3;0,95) = 13675 < f(y!) =
1.735, mar ypagen: y2 = y! + A;d; = (0,3; 0,95)7,4;, = 3(-0,15) =
—0,45.

3 Umeemi = 1 <n = 2,nodtomy i = [ + 1 = 2 unepeiinem k
mary 2.

0,1; N = 3.Tonoxumy! = x% =



25 Tlockomeky f(y? + A, d,) = £(0,3; 08) = 1,06 > f(y?) =
1,3675, war ynauen: y> = (0,8;0,8)7 ,4, = 3(-0,15) = —0,45.

. Umeemi = 2 = n, f(¥y3) = 1,06 < f(y') = 1,855. Honoxum
yl =93 = (03;0,8)7,i = 1 unepeiinem k mary 2.

2% Tlockomsky f(y! + A;d;) = f(-0,15; 0,8) = 0,565 < f(y!) =
1,06 mar ynauen: y* = (—0,15; 0,8)7,4, = 3(-0,45) = —1,35.

3% Mmeemi = 1 <n = 1, mosromyi = i + 1 = 2 unepeiigem K
miary 2.

2'. Tak xax f(y* + 4,d,) = f(-0,15; 0,35) = 0,115 < f(y3) =
0,565, mar ynauen: y* = (—0,15;0,35)", 4, = 3(-0,45) = —1,35.

3. Umeemi = 2 = n, f(y3) = 0,115 < f(y!) = 1,06. [Tonoxkum
y! = y3 = (-0,15; 0,35)T ,i = 1 u nepeiinem k mary 2.

28 Tlockoneky f(y! + A;dy) = f(=15; 0,35) = 41 > f(y!)
0,115, war Heynauen: y> = y! = (-=0,15;035)7,4; = —0,5(-1,35)
0,675.

3% Mmeemi = 1 <n = 2,modromy i = i + 1 = 2 u nepeiineM K
miary 2.

2°.. Tak xak f(y? + A, d,) = f(-0,15; —1) = 1,195 > f(y?)
0,115, war Heynauen: y> = y! = (—0,15;0,35)T,4, = —0,5(—1,35)
0,675.

3% Umeemi = 2 =n

2, f(y®) = {(y') = 0,115. Tak xak
BBIMOJIHAETCS yCIIOBUE f (y3) 0,115 < f(x°) = 2, nepexomum k mary 4.
4°, Tlonoxxum x1 = (—0,15;0,35)".

Tak kak ||x* — x| = \/( 0,15 —0,5)2 + (0,35 —1)2 =0,92 > & = 0,075,
—0,65 1 0
1 0 — ) —_
TO BBIYUCIIUM A1, A2 U3 COOTHOLIEHHUA X — X = (—0,65) = M(O) + Xz(l).
Otcroma M = Ao = -0,65.

[TocTporm HOBBIN HAOOp HaMpaBJICHUH MTOUCKA!

a, = zjzlz/l-d- = -0,65(3) ~0,65 (2) = (:8:22);
n= 2
a = Z, =0 65(3) ( 0065)

== 065) a2 4 = g = 8:;8;);

b=a= Y, @ =( O°G5>—(<o—o-es> (Coron) Coron)-

-0, (—0,707) |
:(—0?65)_0'459(—8,;8;):(00?3’2255) dp= ||b2|| e :(—0077057)'

Honoxum d; = dy,dy, = dy, Ay =4, = A = A =01k = k +
1 =1,
yl = x! = (-0,15;0,35)7 ,i = 1 u nepeiizem K mary 2.



219 Tlockomeky f(y! + A;d;) = f(-0,22; 0,28) = 0,114 > f(y!) =
0,115, mar ynmauen: y2 = y* + A;d; = (-0,22;0,28)", 4, = ad, = 3-
01 = 03.

30 Umeemi = 1 <n = 2,nodromy i = i + 1 = 2 u nepeiigeM K
miary 2.

211 Tlockoneky f(y? + A4,d,) = f(-0,15; 0,209) = 0,057 >
f(y?) = 0,114, mar ynauen: y> = (-0,15;0,209)" ,4, = 3:0,1 = 0,3.

3% Umeemi = 2 = n, f(y3) = 0,057 < f(y!) = 0,015. Nonoxum
yl = y3 = (-0,15;0,209)" ,i = 1 u nepeiinem k mary 2.

212, Tlockoneky f(y! + 4, d;) = f(-0,362; —0,004) = 0,264 >
f(yY) = 0,057, war veynauen: y> = y!, 4, = —0,5(0,3) = —0,015.

32 Umeemi = 1 <n = 2,modromy i = i + 1 = 2 u nepeiigem K
miary 2.

213, Tak kak f(y? + A, d,) = f(0,062; —0,004) =
0,057, war ynauen: y> = (0,062; —0,004)",4, = 3:0,3

313 Umeemi = 2 = n,y f(y®) = 0,008 < f(y))
yl = = (0,062; — 0,004)7,i = 2 u nepeiinem k mary 2.

214 Iockonsky f(y! + A;d;) = {(0,168; 0,103)
0,008, mar neynauen: y2 = y! = (0,062; —0,004)7 , 4,
0,0075.

3% Takkaki = 1 <n = 2,t0i = i + 1 = 2 u nepeiigem Kk mary 2.

2% Tockomeky f(y? + A, d,) = f£(0,698; —0,216) = 0,719 >
f(y?) = 0,008, mar meynauen: y° = y?, A, =-0,5-0,9 = -0,45.

3% Umeemi = 2 =n,f(y3) = 0,008 = f(y!) = 0,008.

Tak kak f(y3) = 8:10—3 < f(x!) = 0,115, 1o nepeiinem k mary 4.

4, Tlonosxum x? = y3 = (0,062; —4 - 10 — 3)T. Tak kxak crpaBeaInBo

lx? — x'= /(0,062 — (—0,15))2 + (—4-10"3 —0,35)2 =041 > ¢ = 0,075,
0,212 ): A (—0,707) N
—0,353/~ "\-0,707

). Orcroma 1, = 0,1,4, = 0,4. Iloctpoum HOBBIK HAOOP

0,008 < f(yz) =
= 0,9.

= 0,057. IMomoxum
0,084 > f(yl) =
—-0,5-(-0,015) =

TO BBIYHCIIHM A1, A2 U3 COOTHOMICHHS X°—x! = (

0707
M(—o,707

HaIpPABJICHUU NTOUCKA!

a = Z"ZZA 4;=04(" 0,707)+ 0.4( 0,707 )= ( 0212 )
j=1

0,707 ~0707) = -0,353
o2 0,707 \ _ /02828 \.
% —ZFZM =04(Z9.707) = (Z0.2828)
/0212 o —_ b, (Sesss) o051y,
by = ai= ( 0 353), TakkKak i = 1;d; = IIbill Tostr (—0,86)’b2

Zj i(a ) d=( 06?;382;38)_<(0,2828 — 0.2828) (—()(,)%LG)) (—06%6):

, , b, _ Coosos) _ (O,
:(—00?2882;8)_0'3874(—00,5816) (88282) &= i = o0 ‘(8,22)'



Honoxnm d; =dq,d, = dy, 41 = A, =49 = A9 =01y, = x, =
(0,062;—4-10—-3)" k = k + 1 = 2,i = 1u nepeiinem K mary 2.

218 Tlockomeky f(y! + 4, d;) = f(0,111; 0,047) = 0,06 > f(y!) =
8-10 — 3, mar HeygaueH: y> = y?, 4, = —05-0,1 = —0,05.

3. Umeemi = 2 = n, f(y®) = f(y}) = 81073, BemmonneHa oHa
HeynauHas cepus maroB: | = 1 <N = 3. Ha nocienHeit cepun cripaBeyTuBbI
HepaBenctBa: |44 = 0,1 > ¢ = 0,075,]|4,] = 01 > ¢ = 0,075.

ITostomy nonoxum y! = y3 = (0,062; —4-10 — 3)7,i = 1 u nepeiinem
K [ary 2.

218 [ockomkyf(y! + 4, d;) = f(0,036; 0,039) = 55103 <
f(y?») = 8-:1073, war ygauen: y> = (0,036;0,039)7,4, = 2-(-0,05) =
-0,1.

38 Umeemi = 1 <n = 2,nodromy i = i + 1 = 2 u nepeiizeM K
miary 2.

219 Tax kax f(y2 + A,d,) = f(—7-10—3; 0,0135) = 1,86 10 —
4 < f(y?) = 55-10 — 3, mar ynauen: y> = (=7-10-3; 0,0135)7 ,4, =
2(—0,05) = —0,1.

39 Vveemi = 2 =n,f(y®) = 1,86-10—4 < f(y') = 8-10 — 3.
[Tomoxum
y! = y3i = 1 unepeiinem x mary 2.

220 Tlockombky f(y'+A d;) = f(—0.058;0.095) = 0.01 > f(y!) = 1.86 -
107%, war "eygauen: y? =y, A;= —0.5(-0.1) = 0.05.

320 Mmeem i =1 <n =2, nosroMy i =i + 1 = 2 u nepeiinem k mary 2.

221 Tockomeky f(y?+A,d,) = f(—0.093; —-0.0375) = 0.02 > f(y?) = 1.86 -
107%, war meygauen: y3 =y% =yl A,=-05(-0.1) = 0.05.

321 meem i=2=n, f(y3) = f(y!). Tak kax cnpasemnuso ycnosue f(y3) =
1.86-107* < f(y?) =8-10"3 To0 mepeiinem k mary 4.

429 Tlonoxum x3 = y3 = (7 - 1073;0.0135)7. Tak xax ||x3 + x2|| =
J(=7-103 —0.062)? + (0.0135 — (—4 - 10-3))2 = 0.071 < & = 0,075, 1o
nporecc noucka 3apepmaercs: x0 = x* = (7 - 1073;0.0135)7; f(x°) = 1.86 -
107 m

Bonpocsl 1i1s1 camonpoBepKu
15.Kakum ctparerusim oTHOcHTCS MeTosT Po3zenOGpoka?

16.Kak ocy1iecTBisieTcsl CTpaTerusi oucka MUHUMYMa B MeTozie Po3enOpoka?
17.TlpuBeaute anroput™ Merona PoszenbOpoxa.
18. YUto MOXHO CKa3aTh O CXOJUMOCTH MeTojsa Po3eHOpoka?

3aaHus HA CAMOCTOSITEJIbHYI0O PadoTy

Metonom PozenOpoka HallTH MUHUMYM (yHKITHH:
10.f(x) = x3 + x2-3x; - 2x, + 2.

Otser: Tounoe pemenne x* = (1,1)T.

11f(x) = (x1-2)* + (x2-5)* + (x5 + 2)%.



OtseT: Tounoe pemenne x* = (2,5,— 2)T.
12.f(x) = x* + xf + 2xf2x2 - 4x, + 3.
Otser: Tounoe pemenue x* = (1,0)7.
13.f(x) = (x# + x, - 11)% + (x; + x2 - 7).
Otser: Tounoe pemenne x* = (3,2)T.
14.f(x) = 1- 2x; - 2x, — 4x;x, + 10x? + 2x72.
Otser: Tounoe pemenne x* = (0,25;0,75)7.

TecThl 10 M3y4YEeHHOH TeMe
1. YTBepxkaenmue:

k+1 — \,n+1

[To0KUTh X y Y TIPOBEPUTH YCIIOBUE OKOHYAHMS:
a) eciu ||xk+1 — xk” < &, TO IOWCK 3aBepIInTh: x* = x*+1;
0) ecmu ||xk+1 — xk” > g, BBIYMCIUTH JUIMHBI IIATOB 110 KaXIOMY

HANPABJICHUIO TIOMCKa Ha K-if urepammu A, ... A, u3 cootHomenns x*t1 — x* =

* 1 Ad;. Ianee moOCTpOUTH HOBBIA HAOOp JHWHEHHO HE3aBHCHUMBIX M B3aUMHO
OpPTOTOHAJIPHBIX HAMpaBJICHUH TMoucka d, ... d, ¢ MOMOIILI0 mpolenypsl ['pama-
[IImunara:

di! Ai =0 a;, i=1
n b i—1
a; = zajd-, 4,#0 DT Z(aiT&j)&-, i>2,
j=1 j=1
7 — bi
di = ;]I
SABJISAECTCA ........ maromM ajropurma meroaa PoszenOpoxa.

A)3-; B)4-; B) 2-;T) 1-.

2. YTBep:KIeHuUe:
Cnenatp 1o I-My HaITpaBJICHHUIO

a) eciu f(yi + Aidl-) < f(y'), mar cumraercs yjmauHeIM. B 3ToM
ciydae ciexyer nonoxuth Yt =yt + A;d;, A; = aA;u nepeiitn k mary
3;
0) ecim f (yi +Aidl-) > f(y'), mar cumraercs HeynadHeIM. Torma
cnenyer monoxuts Yt =yt A; = BAu nepeiitn k mary 3.
SIBIISICTCH ........ [1arom ajgroputMa Merona Po3eHOpoka.
A)3-; Bb)4-; B) 2-;1) 1-.



3. YTBep:KIeHHe:
[IpoBepuTh BBINOJIHEHUE YCIOBUN:
a) ecm [ < n, TO MOJIOKUTH i = i + 1 u mepelTu k mary 2 (crenarb
IIarH [0 OCTABIIMMCS HATIPABJICHUSM);
0) ecnmu i =n, NPOBEPUTh YCIEHIHOCTh IIOUCKA MO TEKYIIUM
OpPTOTOHAJIBHBIM HATIPABIICHUSIM:
- ecmn f(y™*1) < f(y1), T.e. X0Ta OBl OAMH CIYCK 10 HAMPABJIECHUIO

Ha mare 2 ObLI yCIEHbIM, TonokuTh ¥ = y™+1 i = 1 unepeiitu k mary

2,

- ecmn f(y™1) = f(y1), T.e. xaxaplii U3 N MOCIEAHUX MIArOB OBLI

HEyIa4HBIM, OI[CHUTH YCIIEITHOCTh MOMCKA Ha TEKYIICH UTEPaIlHH:

- ecm f(y™*1) < f(x¥), 1.e. Ha K -if uTeparmu x0T GBI OMHMH mIAT
yJlayHbli, TO IEpeTH K mary 4;

-ecmm f(y™*1) = f(x¥), 1.e. He 6BITO HE OxHOTO yHayHOrO mara Ha K
-l WTepamnMH, TMPOIECC I[OWCKAa MPHUOCTAHOBUTH. Eciu gucimo [
MOCJICIOBATEIbHO HEYNAYHBIX CEpPHil IIAaroB IO BCEM HANpPaBICHUSAM Ha
TEKyIeHd UTepaluu He mpeBbimact N, MPOBEPUTH YCIOBHE OKOHYAHUS, a
MHaYe TepeiTH K mary 4. [IpoBepsiroTcst BEMYUHBI A;, UCTIOIB30BaHHBIC BO
BpeMs mociequei cepun maros. Ecmu |4;| < € mig Becex i, To HaiigeHo
IpUONIIKEHHOE pelrenne 3agaur: x* = x*. Ecmu |4;] > & xors 61 mua

0JIHOTO i, TO monokuTh Y1 = y™*1 i = 1 u nepeiitu k mary 2.

ABJACTCA ........ marom ajaropurmMa Meroaa P03eH6p01<a.

A)3-; B)4-; B) 2-;1) 1-.

4. YTBep:KIeHHeE:

3agaTh HAYAJIbHYIO TOUKY X%, yrcio € > 0 uIs OCTAHOBKH aJropuTM™Ma,

koa(durmeHTsl pacTsbkeHus a > 1u coxatust —1 < < 0, B KauecTBe HAYaJIbHBIX
JUHEHHO HE3aBUCHUMBIX U OPTOrOHAIBHBIX HanpasieHuit d1, d,...,d, BEIOpaTh

KOOpAMHATHBIC HAIIPABJICHHA .

() /\ /\

d=|" | =]

NNV

HAuaIbHYIO JUTMHY IIara BAOJNb KaXKJI0TO W3 HarpapiaeHuii moucka AY, ..., A%2> 0;
N—MmakcHMalIbHOE YHCII0 HEYJAaYHBIX CEPUH IIAroB 0 BCEM HANPaBICHUSAM Ha
onnoi nrepauuu. [onoxuts y1=x°, k=0, i=1, A, =A(1) JUTS BCeX .
SBIAETCH  ...... IaroM ajaropurma merojaa Po3eHOpoxa.

A)3-; B)4-; B) 2-;T)5-.



12 - ma’ruza
SHARTSIZ MINIMALLASHTIRISH MASALASIDA BIRINCHI TARTIBLI
SHARTLAR.
Reja:
11.1. O‘ZGARMAS QADAMLI GRADIYENTLI TUSHISH USULL.
11.1.1. Masalaning go‘yilishi.
11.1.2. Izlash strategiyasi.
11.1.3. Algoritm.

11.1.4. Yagqinlashishi.
11.1.5. Yagqinlashish tezligi.
11.1.6. Masalani yechish jarayoni.

11.2. GRADIYENTLI ENG TEZ TUSHISH USULLI.
11.2.1. Masalaning go‘yilishi.

11.2.2. lzlash strategiyasi.

11.2.3. Algoritm.

11.2.4. Yagqinlashishi.
11.2.5. Yagqinlashish tezligi.
11.2.6. Masalani yechish jarayoni.

Tayanch iboralar: quyidan chegaralangan funksiya, funksiyaning xususiy hosilasi, Evklid
fazosi, funksiyaning lokal minimum, nuqtalar ketma-ketligi, kamayuvchi funksiya, funksiyaning
gradiyenti, iteratsiya gadami, izlash strategiyasi, o ‘zgarmas gadamli gradiyentli tushish,
algoritm, usulning yaginlashishi, yaginlashish tezligi, gradiyentli eng tez tushish , iteratsiya
gadamini aniglash yo ‘llari.
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12.1. O*ZGARMAS QADAMLI GRADIYENTLI TUSHISH USULI
12.1.1. Masalaning qo‘yilishi
R™ to‘plamda quyidan chegaralangan va uning barcha nuqtalarda uzluksiz xususiy
hosilalarga ega bo‘lgan f(x) funksiya berilgan bo‘lsin.
X = R™ joiz nugtalar to‘plamida funksiyaning lokal minimumini, ya’ni shunday x* € R™
nugtani topish talab gilinadiki, unda
f(x7) = min f(x)

shart bajarilsin.



12.1.2. lIzlash strategiyasi

Masalani yechish strategiyasi, shunday {x*}, k = 0,1,.., nuqgtalar ketma-ketligini

qurishdan iboratki, bu ketma-ketlikning nuqgtalari uchun,
fl*) < f(x*),k =01, ..,
munosabatlar bajarilsin. {x*} ketma-ketlikning nugtalari quyidagi,
xkt = xk_t, Vf(x*),k = 01, ...,
goida bo‘yicha hisoblanadi, bunda x° nuqta foydalanuvchi tomonidan beriladi; Vf(x¥) —
funksiyaning x* nugtada hisoblangan gradiyenti; t, gadam Kkattaligi foydalauvchi tomonidan
beriladi va ketma-ketlikning nuqgtalarida funksiya kamayuvchi bo‘lganiga gadar o‘zgarmasdan
goladi, bu esa,
fO)= f(x¥) < Oyoki f(x** )= f(x¥) < —e IVf(x¥)II?,0 <e< 1
shartning bajarilishini tekshirish yo‘li bilan nazorat gilinadi. {x}ketma-ketliikni qurish,
IV £ (x¥)||<e, tengsizlik o‘rinli bo‘ladigan x* nugtada tugaydi, bunda e, — berilgan kichik musbat
son, yoki k = M, bunda M — bir vagtning o°zida ikkita,
k¥t — x¥li<ey, [fF(*1) — fF(F) < &
tengsizliklar bajariladigan iteratsiyalarning eng ko‘p soni, &, — kichik musbat son. x* nugta-ning
izlanayotgan minimum nuqtasiga yaginlashish sifatida olinishi masalasi quyida bayon etilgan
go‘shimcha tekshirishlar yo“li bilan hal etiladi.
12.1.3. Algoritm
1-gadam. x°0<e<1,¢ > 0,6, > O,M - iteratsiyalarning eng ko‘p (mumkin

bo‘lgan) sonini berish. Funksiyaning ixtiyoriy nuqtadagi gradiyentini topish:

vF() = (22, . 29"

ox, ' 9xqn
2-gadam. k = 0 deb olish.
3-gadam. Vf(x*) ni hisoblash.
4-gadam. ||Vf(x*)||l<e; yakunlash kriteriysini tekshirish:
a) agar kriteriy bajarilsa, hisoblashlar tugaydi: x* = x*;
b) agar kriteriy bajarilmasa, 5-gadamga o‘tish.
5-qadam. k > M tengsizlikning bajarilishini tekshirish:
a) agar tengsizlik bajarilsa, hisoblashlar tugaydi: x* = x*;
b) agar tengsizlik bajarilmasa, 6-gadamga o‘tish.
6-gadam. t;, gadam Kattaligini berish.
7-gadam. x*k*t1 = x*k — t, Vf(x*) ni hisoblash.
8-gadam.  f(x**1) - f(x*) < 0 (yoki f(x**1) - f(x*) < — e ||Vf(x¥)||?) shartni
tekshirish:

a) agar shart bajarilsa, u holda, 9-qadamga o°tish;
b) agar shart bajarilmasa, t; = %" deb olish va 7-gadamga o‘tish.

9-gadam. lxk*tt — x¥||<e,, |f(x**1) — f(x¥)|<e, tengsizliklarning bajarilishini
tekshirish:

a) agar k va k = k- 1 larning joriy giymatlarida temgsizliklarning har ikkisi ham
bajarilsa, hisoblashlar tugaydi, x* = x**1;

b) agar tengsizliklardan birortasi bajarilmasa, u holda, k = k + 1 deb olish va 3-
gadamga o‘tish.

n = 2 uchun usulning geometrik talgini 10.1-chizmada keltirilgan.
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12.1- chizma.
12.1.4. Yagqinlashishi

12.1-tasdig. f(x) funksiya R™ da quyidan chegaralangan va differensiallanuvchi bo ‘lib,
uning gradiyenti esa,

WWflx) = VFO)I <L llx —yll,vx,y € R™,

Lipshits shartini ganoatlantirsin, bunda L > 0. U holda, ixtiyoriy x® € R™ boshlang ‘ich nugtada
0 ‘zgarmas gadamli gradiyentli tushish usuli uchun

,!im I7f(x )l =0
munosabat o ‘rinli.

12.1- izohlar.

1. 10.1 tasdiq {x*} ketma-ketlikning V£ (x*) = O shart bajariladigan x* statsionar nugtaga
yaginlashishini kafolatlaydi. Demak, usul go‘llanilganda topilgan nuqgta, uni sinflash uchun,
go‘shimcha tadgigotlarni talab giladi.

2. Gradiyentli tushish usuli {x*} ketma-ketlikning kuchli gavariq funksiyalarning
minimum nuqtasiga yaginlashishini kafolatlaydi.

3. Misollar yechishda yaxshiroq t, migdorni tanlashning iteratsion jarayoni 7- va 8 —
gadamlarning indekslarida namoyon bo‘ladi. Bunda birinchi indeks ragam bilan, ikkinchisi esa,
joriy t,miqdorning teng ikkiga bo‘linishi bilan ustma-ust tushadi.

12.1.5. Yagqinlashish tezligi
Yaginlashish tezligini baholashlar, fagat kuchli gavariq funksiyalar uchun, {x*} ketma-

ketlik f(x) funksiyaning minimum nuqtasiga geometrik progressiya tezligida yaqginlashganda,
olingan:



fOR) = f(x7) < ¢*(FE) = fFENNIxE = %Il < € (Ja)¥,
bunda g € (0,1),C > 0-o0°‘zgarmas sonlar.
12.1.6. Masalani yechish jarayoni

1. O‘zgarmas gadamli gradiyentli tushish algoritmidan foydalanib, unda, hisoblashlarni
tugatish kriteriylaridan hech bo‘lmaganda bittasi bajariladigan, nugtani topish.

2. Topilgan x* nugtani, masala yechimi uchun topilgan yaginlashish bo‘lishini aniglash
magsadida, tahlil gilish. Tahlil jarayoni f(x) funksiyaning uzluksiz ikkinchi tartibli hosililari
borligi orgali aniglanadi. Agar f(x) € C? bo‘lsa, minimumning yetarli shartlari bajarilishini
tekshirish lozim: H(x*) > 0. Agar H(x*) > 0 bo‘lsa, u holda, x* nugta izlanayotgan x* nuqta
uchun topilgan yaginlashish bo‘ladi. Agar f(x) € C' bo‘lsa, u holda, f(x) funksiyani x*
nugtaning Q-atrofida gavariglikka tekshirish kerak, bunda f(x) € C' funksiyaning gavariglik
kriteriysi:

f(x) qavariq (gat’iy gavariq) bo lishi uchun,

fx+y) =2 fx)+(Vf(x).y).Vx,y € Q; (f(x +y) > f(x) + (Vf(x).y))

munosabatning bajarilishi zarur va yetarli dan foydalanib, tekshirish lozim.

Agar f(x) funksiya gavariq (gat’iy gavariq) bo‘lsa, u holda x*- x* nugta uchun topilgan
yaginlashish bo‘ladi.

12.2 - izoh. Agar f(x) funksiyaning global minimumini topish talab gilingan bo‘lsa, gat’iy
gavariq f(x) funksiya uchun bu masalani yechish funksiyaning lokal minimumini izlashga

o‘xshash bo‘ladi. f(x) funksiya bir necha local minimumlarga ega bo‘lsa, global minimumni
izlash, barcha lokal minimumlar ichidan tanlash natijasida amalga oshiriladi.

12.1-misol. Ushbu
f(x) =2x7 + xyx, + x3
funksiyaning lokal minimumini toping.

o I. Hisoblashlarni tugatish kriteriylaridan hech bo‘lmaganda bittasi bajariladigan, x*
nugtani aniglash.

1. x% &,&,M:x°=(0,5;1)7T, & =0,1; &, = 0,15; M = 10 larni beramiz. Funksiyaning
ixtiyoriy nugtadagi Vf(x) = (4x; + x,;x, + 2x,)T gradiyentini topamiz.

2. k = 0debolamiz.

3% £ (x°) ni hisoblaymiz: V£ (x%) = (3;2,5)7.

4% |[V£ (x®)|I ni hisoblaymiz:||Vf(x®)|| = 3,9 > 0,1. 5 -gadamga o‘tamiz.
5% k> M ni tekshiramiz: k = 0 < 10 = M. 6-gadamga o‘tamiz.

6°. t, = 0,5 migdorni beramiz.



7% x* ni hisoblaymiz: x* = (0,5;1)T- 0,5(3;2,5)T = (-1;0,25)"; f(x') = 2,31.

8% f(x') va f(x° = 2 larni taggoslaymiz. f(x') > f(x°) ekan. Xulosa: k =0
uchun f(x**1) < f(x*) shart bajarilmaydi. t° = 0,25 migdorni beramiz va 7-, 8- qadamlarni
takrorlashga o‘tamiz.

7%, x' ni hisoblaymiz: x* = (0,5;1)T - 0,25(3;2,5)" = (-0,25;0,375)T; f(x') =
0,171.

8%, f(x1) va f(x°) larni taggoslaymiz. Xulosa: f(x') < f(x°). 9-gadamga o‘tamiz.
9% [lx* = x°| valf(x') — f(x°)] larni hisoblaymiz:
lxt — x°|| =0,976 > 0,15; | f (x1) — f(x®)]| = 1,829 >0,15.
Xulosa: k =1 deb olamiz va 3-gadamga o‘tamiz.
3L 7£(x1) ni hisoblaymiz: Vf(x') = (-0,625;0,51)".
AL |I7f (M)l ni hisoblaymiz: [|7f (x*)]| = 0,81. 5-gadamga o‘tamiz.
5. k > M shartnitekshiramiz:k = 1 < 10 = M. 6-gadamga o‘tamiz.
6'. t, =0,25 migdorni beramiz.
71, x2 ni hisooblaymiz:

x? = (—0,25;0,375)"- 0,25(—0,625;0,5)T = (—0,094;0,25)"; f(x2) = 0,056,
8L f(x?)va f(x?) larni taggoslaymiz. Xulosa: f(x?) < f(x').9-gadamga o‘tamiz.
9. |[x% — x| va [f(x?) — f (x| larni hisoblaymiz:

lx? — x| =0,2>0,15; | f(x2) — f(x1)| = 0,115 <0,15.
Xulosa: k=2 deb olamiz va 3-qadamga o‘tamiz.
32. Vf(x?) nihisoblaymiz: Vf(x?) = (-0,126;0,406)™
4. ||V £ (x?)|| ni hisoblaymiz: ||V f(x?)|| = 0,425 > 0,1. 5-gadamga o‘tamiz.
52. k > M shartni tekshiramiz: k = 2 < 10 = M. 6-gadamga o‘tamiz.
6% t, = 0,25 migdorni beramiz.
72, x3 ni hisoblaymiz:
x3 = (—0,094;0,25)" - 0,25(—0,126;0,406)" = (—0,063;0,15); f(x3) = 0,021.
82. f(x®)va f(x?) larni taggoslaymiz. Xulosa: f(x3) < f(x?). 9-gadamga o‘tamiz.
92, [|x3 — x2|| va |f(x3®) — f(x?)] larni hisoblaymiz:

lx® — x?|| =0,105<0,15; [f(x3) — f(x?)] = 0,035 <0,15.



Xulosa: k=3 deb olamiz va 3-gadamga o‘tamiz.
3. V£ (x®) ni hisoblaymiz: V£ (x3) = (—0,102;0,237)T.
4 |Vf (x®)|| ni hisoblaymiz: ||V f (x®)|| = 0,257 > 0,1. 5-qadamga o‘tamiz.
5% k > M shartni tekshiramiz: k = 3 < 10 = M. 6-gadamga o‘tamiz.
6°. t; = 0,25 migdorni beramiz.
73, x* ni hisoblaymiz:
x* = (=0,063:0,15)T —0,25(—0,102; 0,237)" = (—0,038;0,091)"; f(x*) = 0,0076.
8% f(x*) va f(x®) lamnitaggoslaymiz: f(x*) < f(x3).
9% |lx* — x3|| va |f(x*) — f(x3)] larni hisoblaymiz:
lx* — x3|| =0,064>0,15; |f(x*) — f(x3)| = 0,015 <0,15.
k = 2,3 bo‘lganda,
lxf+t — xKll<ey, [f (1) = f(x¥)I<e,
shartlar bajariladi. Hisoblashlar tugadi. x* = (—0,038; 0,091)T nuqgta topildi: f(x*) =

0,0076.
Topilgan nugtalar 10.2-chizmada punktir chiziglar bilan tutashtirilgan.




11.2-chizma.

Il. x* nugtaning tahlili.
f(x) = 2x? + x;x, + x3 funksiya ikki marta differensiallanuvchi, shu sababli, x*

i’ ;) Gess

matrisasini tahlil gilamiz. Matrisa 0‘zgarmas va musbat aniglangan (ya’ni H > 0), chunki, uning
A, = 4 va A, =7 burchak minorlarining ikkisi ham musbat. Shunday qilib, x* =
(—0,038;0,091)" nugtax* = (0,0)" lokal minimum nugtasi uchun topilgan yaginlashish bo“lib,
f(x*) = 0,0076 esa, f(x*) = Ogiymat uchun topilgan topilgan yaginlashishdan iborat. Shuni
e’tirof etish kerakki, H >0 shart, bir vagtning o‘zida R? daf(x) = 2x% + x;x, + x5
funksiyaning gat’iy gavarigligi shartidan iborat.

nugtada minmumning yetarli shartlarini tekshirish o‘tkazamiz. Buning uchun, H= (

Demak, x* = (—0,038;0,091)T, f(x*) = 0,0076 lar f (x) funksiyning minimum nugtasi
va uning dagi eng kichik giymati uchun topilgan yaqinlashishlardan iborat ekan. =

12.2. GRADIYENTLI ENG TEZ TUSHISH USULI
12.2.1. Masalaning go‘yilishi
R™ to‘plamda quyidan chegaralangan va uning barcha nuqtalarda uzluksiz xususiy
hosilalarga ega bo‘lgan f(x) funksiya berilgan bo‘lsin.
X = R™ joiz nugtalar to‘plamida funksiyaning lokal minimumini, ya’ni shunday x* € R™
nuqtani topish talab gilinadiki, unda
f(x7) = min f(x)
shart bajarilsin.
12.2.2. 1zlash strategiyasi
Masalani yechish strategiyasi, shunday {x*}, k = 0,1,..., nuqgtalar ketma-ketligini
qurishdan iboratki, bu ketma-ketlikning nuqgtalari uchun,
fl ) < f(x*),k = 01,...,
munosabatlar bajarilsin. {x*} ketma-ketlikning nugtalari quyidagi,
xktl = xk-t, VF(x*),k = 01, ..., (11.3)
goida bo‘yicha hisoblanadi, bunda x° nuqta foydalanuvchi tomonidan beriladi; Vf(x*) —
funksiyaning x* nugtada hisoblangan gradiyenti; t, qadam kattaligi, har bir k uchun,

o(tx) = f(x" - tVf(x")) - min (11.4)
k
shartdan topiladi.

(11.4) masalani yechish, ST"’ = 0 minimumning zaruriy shartidan foydalanish hamda ‘f;T‘p>0
k k

minimumning yetarli shartini tekshirish orgali amalga oshiriladi. Bu yo‘ldan yoki yetarli sodda
@(t;) minimallashtiriluvchi funksiya holida, yoki yetarli murakkab  ¢@(t,) =

= f(x* - t, Vf(x*) funksiyani P(t,) ko‘phad (odatda, ikkinchi yoki uchinchi darajali) orqali
yaginlashtirishdan so‘ng, foydalanish mumkin va bu holda 27"’ = 0 shart :TP = 0 shartga, ZZT% 0
k k k
shart esa, ‘fTP> 0 shartga almashtiriladi.
k
(11.4) masalani yechishning boshga yo‘li,

. — . k _ k
tkrg[glbfp(tk) t,ZE[Tb]f(x teVf(x"))



masalani yechishda sonli usullardan foydalanish bilan bog‘ligdir. Bunda [a,b] intervalning
chegaralari foydalanuvchi tomonidan beriladi.

Bunda topilgan t, giymatning, ZT"; =0, 227? 0 shartlarni ganoatlantiruvchi t; optimal
giymatga yaqinlik darajasi, [a, b] intervalning berilishiga va bir o‘lchovli minimallashtirish
usullarining anigligiga bog‘liq bo‘ladi.

{x¥}ketma-ketliikni qurish, ||V £ (x*)||<e, tengsizlik o‘rinli bo*ladigan x* nugtada tugaydi,
bunda &; — berilgan kichik musbat son, yoki k > M, bunda M — bir vaqgtning o‘zida ikkita,
[l — xll<ey, If () — fF(xF)lI<e;
tengsizliklar bajariladigan iteratsiyalarning eng ko‘p soni, &, — kichik musbat son. x* nugta-ning
izlanayotgan minimum nuqtasiga yaqginlashish sifatida olinishi masalasi quyida bayon etilgan
go‘shimcha tekshirishlar yo“li bilan hal etiladi.

12.2.3. Algoritm
1-gadam. x°,&,>0, £,>0, M- iteratsiyalarning eng ko‘p (mumkin bo‘Igan) sonini berish.
Funksiyaning ixtiyoriy nugtadagi gradiyentini topish:

7F) = (22, m)T.

a_xl' " 9xn

2-gadam. k = 0 deb olish.
3-gadam. Vf(x*) ni hisoblash.
4-gadam. ||V f (x¥)||<e; yakunlash sharti bajarilishini tekshirish:

a) agar kriteriy bajarilsa, x* = x* bo‘ladi;

0) agar kriteriy bajarilmasa, 5-gadamga o‘tish.
5-gadam. k > M tengsizlik bajarilishini tekshirish:

a) agar tengsizlik bajarilsa, x* = x bo‘ladi;

0) agar tengsizlik bajarilmasa, 6-gadamga o‘tish.
6-gadam. t,; gadamning kattaligini

p(t) = f(x* — t, Vf(xF)) - min

shartdan topish.
7-gadam. x®1 = x* — ;7 f(x*) ni hisoblash.
8-gadam.
”xk+1 _ xk”<€2, |f(xk+1) —f(xk)|<82
shartlarning bajarilishuini tekshirish:

a) agar joriy k = k- 1 giymatda ikki shart ham bajarilsa, hisoblashlar tugaydi,
k+1.

*

X" =x ;
6) agar shartlardan bittasi bajarilmasa, k = k + 1 deb olish va 3-qadamga o‘tish.
n = 2 uchun usulning geometric talgini 11.3-chizmada keltirilgan.



X2

Puc. 6.3

12.2.4. Yagqinlashishi
12.2 - tasdiq. f(x) funksiya 11.1-tasdigning shartlarini ganoatlantirsin. U holda,
ixtiyoriy x° € R™ boshlang ‘ich nugtada, eng tez gradiyentli tushish usuli uchun, k —» o da

I7f ()l — 0.
12.3-izohlar.
1. 11.1 tasdiq {x*} ketma-ketlikning V£ (x*) = O shart bajariladigan x* statsionar
nugtaga yaginlashishini kafolatlaydi. Demak, usul go‘llanilganda topilgan nuqta, uni sinflash
uchun, qo‘shimcha tadgiqotlarni talab giladi.

2. Gradiyentli tushish usuli {x*} ketma-ketlikning kuchli gavariq funksiyalarning
minimum nuqtasiga yaginlashishini kafolatlaydi.

12.2.5. Yaginlashish tezligi

Yaginlashish tezligini baholashlar, fagat kuchli gavariq funksiyalar uchun, {x*} ketma-
ketlik f(x) funksiyaning minimum nuqtasiga geometrik progressiya tezligida (chizigli)
yaginlashganda, olingan:

ket — xkf| < 2 flak =

bunda M, m - f(x) funksiya uchun qurilgan H(x) matrisaning eng kichik va eng katta xos
giymatlarini baholashlardan iborat.
12.4-izohlar.
1. Masalani yechish jarayoni 11.1-bandda bayon gilingani bilan ustma-ust tushadi.
2. f(x) funksiyaning global minimumini izlash jarayoni uchun 11.2-izoh o‘rinli bo‘lib
goladi.
12.2-misol. Ushbu

(x) = 2x? + x,x, + x2
1 142 2

funksiyaning lokal minimumini toping.



O 1. Hisoblashlarni tugatish kriteriylaridan hech bo‘lmaganda bittasi bajariladigan, x*
nugtani aniglash.

1° x% &, &, M :x°=(05;1)", &, =0,1; £, = 0,15; M = 10 larni beramiz. Funksiyaning
ixtiyoriy nugtadagi Vf(x) = (4x; + x,;x, + 2x,)7T gradiyentini topamiz.
2°. k = 0 deb olamiz.

3°. V£ (x®) ni hisoblaymiz: Vf (x®) = (3;2,5)T.
4°.|IV£ (x°) |l ni hisoblaymiz: [|[Vf(x°)|| = 3,9 > 0,1. 5-qgadamga o‘tamiz.
5°. k = M shartni tekshiramiz: k =0 < 10 = M. 6- gadamga o‘tamiz.
6°. Navbatdagi nuqgta
x1=x%—t,Vf(x%) = (05,17 — t,(3;25)T = (05— 3ty; 1 —25 - t,)T
formuladan topiladi.

Koordinatalar uchun topilgan x} = 05— 3t, , x1 =1-25-¢, ifodalarni f(x) ga
keltirib go‘yamiz : ¢@(ty) = 2- (05— 3t,)2 + (05— 3ty) - (1 —25-t,)(1 — 25 ty)?.

@ (t,) funksiyaning t, bo‘yicha minimumini shartsiz ekstremumning zaruriy shartlari yordami-
da topamiz:

do(t
Zi ) — 4. (05 - 3ty) - (=3) + (=3) - (L — 25¢5) + (=2.5) - (05 — 3t) + 2
0
(1-25-t;) - (-25) =-1525+6325-t, = 0.
Buyerdan, t; = 0,24 . d;’;(zt“) = 63,25 > 0 bo‘lgani uchun, gadamning topilgan giymati ¢(t,)

funksiyaning t, bo‘yicha minimumini ta’minlaydi.

Ixtiyoriy iteratsiyada gadamning eng yaxshi t; kattaligini hisoblash uchun formulani
o(t) = F(* = 4If () ~ min
k
shartdan olish mumkin bo‘ladi. Natijada,
VF(xk) = (4xk + xk; xk +x2) LK — 6 VF(K) = [ — e (dxk + x); x% — i (xf +x2)]

o(ty) = 2(x1 - tk(4x1 +X; ))2 + (x1 - tk(4x1 + X3 ))(xz tk(xl + X3 )) +
(x5 = tk(x{‘ + +x3))°.

— = 0 shartdan,
d tk

(4x1 +x2) + (xf + 2x5)?
4(4xk + xz) + 2(4xk + 2xK) (s + 2xK) + 2(xk + 2xk)2

bo‘ladi. tg nianiglaymiz: t; =0,2.

[ p—

7°. x1 = x% — t5Vf(x®) ni topamiz:
=(0,5;1)T —0,24(3;2,5)" = (-0,22;04)T .

8°. |lx* — x°|| ni hisoblaymiz: ||x* — x°|| = 0,937 > 0,15 . |f(x1) — f(x®)| ni hisoblay-
miz: [f(x!) — f(x°) =|1,83 > 0,15. Xulosa: k = 1 deb olamiz va 3-qadamga o‘tamiz.

31. V£ (x!) ni hisoblaymiz: V(x') = (—0,48;0,58)".
4 ||V£ (x|l ni hisoblaymiz: ||[VF(xY)|| = 0,752 > 0,1.
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51, k > M shartni tekshiramiz: k =1 <10 = M.
6 1. t; nianiglaymiz: t; = 0546 (6° —b.gaq.).
71 x%2=x'—¢t;Vf(x!) nitopamiz:
x?=(-0,22;0,4)" — 0,546(—0,48;0,58)" = (0,04;0,08)"
8L |Ix% — x|, If (x?) — f(x")| larni hisoblaymiz:
[x? — x| =041 >015; |f(x?)— f(x')] =0,156 > 0,15.
k = 2 deb olamiz va 3-gadamga o‘tamiz.
32, Vf(x?) ni hisoblaymiz: Vf(x?) = (0,24;0,2)T.
42 ||Vf(x?)|| ni hisoblaymiz: |[Vf(x%)|| = 0,312 > 0,1..
52. k > M shartni tekshiramiz : k =2 <10 = M.
62. t; nianiglaymiz: t; =0,24(6°—b.gaq.).
7%, x3 = x? — t;V(x?) ni topamiz:
x3 = (0,04;0,08)T — 0,24(0,24;0,2)" = (—0,0176;0,032)7.
82, |lx3 — x?||,1f (x3) — f(x?)] larni hisoblaymiz:
llx® — x*|| = 0,0749 < 0,15; |f(x*) — f(x*)| = 0,0116 < 0,15.
k = 3 deb olamiz va 3-gadamga o‘tamiz.
33. V£ (x3) ni hisoblaymiz: Vf(x3) = (-0,012; -0,0816)".
43, ||[Vf ()|l ni hisoblaymiz: [|[Vf(x3)|| = 0,082 < 0,1. Hisoblashlar tugadi.

x3 = (—0,0176;0,032)7 nuqta va bu nugtada funksiyaning f(x3) = 0,00127 giymati
topildi.

w

12.2-chizmada topilgan nugtalar ajratilgan va tutash chizig bilan ifodalangan.
I1. x3 nugtaning tahlili.

11.1-misolda f(x) funksiyaning gat’iy gavariq ekanligi ko‘rsatilgan edi, demak, x3
nugta x* global mimnimum nuqtasining topilgan yaginlashishidan iborat bo‘ladi.

O¢z-0¢zini tekshirish savollari

1. O‘zgarmas gadamli gradiyentli tushish usuli ganday strategiyalarga mansub?

2. O‘zgarmas gadamli gradiyentli tushish usulida minimumni izlash strategiysi ganday
amalga oshiriladi?

3. O‘zgarmas gadamli gradiyentli tushish usulining algoritmini keltiring.

4. O‘zgarmas gadamli gradiyentli tushish usulining yaginlashishi ganday ifodalanadi?

5. O‘zgarmas gadamli gradiyentli tushish usulining yaginlashishi tezligi ganday bo‘ladi?

6. Gradiyentli eng tez tushish usuli ganday strategiyalarga mansub?

7. Gradiyentli eng tez tushish usulida minimumni izlash strategiysi ganday amalga
oshiriladi?

8. Gradiyentli eng tez tushish usulining algoritmini keltiring.

9. Gradiyentli eng tez tushish usulining yaqinlashishi qanday ifodalanadi?

10. Gradiyentli eng tez tushish usulining yaqginlashish tezligi hagida nima deyish mumkin?
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13 - ma’ruza

Shartsiz minimallashtirish masalalarini yechishning sonli usullari
(koordinatalar bo‘ylab tushish va Gauss-Zeydel usullari)
Reja:
13.1. KOORDINATLAR BO‘YLAB TUSHISH USULLI.
13.1.1. Masalaning go‘yilishi.
13.1.2. Izlash strategiyasi.
13.1.3. Algoritm.
13.1.4. Misol.
13.2. GAUSS-ZEYDEL USULL.
13.2.1. Masalaning go‘yilishi.
13.2.2. Izlash strategiyasi.
13.2.3. Algoritm.
13.2.4. Misol.
Tayanch iboralar: shartsiz minimallashtirish masalasi, tsikl,tsiklning ragami,iteratsiya
gadami,

13.1. KOORDINATLAR BO“YLAB TUSHISH USULL.
13.1.1. Masalaning qo¢ilishi

Faraz gilaylik, R™ to‘plamda quyidan chegaralangan va uning barcha nugtalarida uzluksiz
xususiy hosilslarga ega bo‘lgan f(x) funksiya berilgan bo‘lsin.

X = R™ joiz yechimlar to‘plamida f(x) funksiyaning lokal minimumini topish, ya’ni
shunday x*e R™ nuqgtani toppish kerakki, unda

f(x*) = min f(x)
munosabat bajarilsin.
13.1.2. Izlash strategiyasi

Masalani yechish strategiyasi shunday {x*}, k = 0,1,..., nugtalar ketma-ketligini qurishdan
iboratki, ularda f(x**') < f(x*), k =0,1,.., munosabatlar bajarilsin. {x*} ketma-ketlikning
nugtalari, tcikllar bo‘yicha, quyidagi

K+l — o o (x)
2 = 08 = 1 G e - €t (1)

goidalarga mos ravishda hisoblanadi, bunda j — hisoblashlar tsiklining ragami, j = 0,1,2, ... ; k-
tsikl ichidagi iteratsiya ragami, k =0,1,...,. n — 1; e,,1, k =0/1,...,n — 1 — (k + 1)-proyek-
siyasi 1 ga teng bo‘lgan yagona vektor; x°° nugta foydalanuvchi tomonidan beriladi, ¢,
gadam Kattaligi,

f(xjk+1 = xJk — tk(L(x)Nx:xjk : ek+1> - f(xjk) <0

0Xje41
yoKi
F4t) = f(x%) < =gl|vf ()
shartdan tanlanadi.

Agar joriy t, da tanlangan shart bajarilmasa, gadam ikki marta kichraytiriladi va x/* —

—tk(:;}:—lffi)x=xjk - er+1 Qaytadan hisoblanadi. Shuni oson ko‘rish mumkinki, tanlab olingan j
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uchun, k ragamli bitta iteratsiyada x’/* nugtaning fagat bitta, k + 1 ragamli iteratsiyasi o‘zgaradi,
j ragamli to‘la tsikl jarayonida esa, ya’ni k = 0 dan boshlab k = n — 1 gacha, x/° nugtaning
barcha n ta proyeksiyalari o‘zgaradi. Bundan keyin  x/™ nugtaga x/**° ragam beriladi va u
j + 1 — tsiklda hisoblashlar uchun boshlang*ich nuqta sifatida olinadi. Hisoblashlar x’* nuqtada,
quyidagi, hisoblashlarni tugatish uchta kriteriylaridan hech bo‘lmaganda bittasi bajarilganda
to“xtatiladi:

|VF (/%) < &, yokij =M,
yoki
lesirt = || < &y, |f(x7441) = f(274)] < &y
tengsizliklarning bir vaqtda bajarilishi.

Hisoblashlar natijasida olingan nugtalar {x'} ketma-ketlikning nugtalari kabi yozilishi
mumkin, bunda [ =n-j+ k- nugtaning tartib ragami, ya'ni = {x'} = {x® ==x% x! =
x01 4 = 40N = 410 4N+l — 411 4 n+2 — 412 }

13.1.3. Algoritm

1-gadam. x°°,&>0,¢&; > 0,5, > 0 larni, hisoblash tsikllari n ga karrali iteratsiyalari
limitik soni M ni berish, bunda n — x vektorning o‘lchovi. Vf(x) gradiyentni topish.

2-qadam. j = O tsikl ragamini berish.
3-gadam. j = M shartni tekshirish:
a) agar j > M bo‘lsa, u holda x* = x/¥, hisoblashlar tugaydi;
b) aks holda, 4-qadamga o‘tish.
4-gadam. k = 0 ni berish.
5-qadam. k < n — 1 shart bajarilishini tekshirish:
a) agar k <n — 1 bo‘lsa, 6-gadamga o‘tish;
b) agar k =n bo‘lsa, j=j+ 1 vax/*tk = xJ/™ deb olish va 3-gadamga o°tish.
6-gadam. V£ (x/*) ni hisoblash.
7-gadam. ||Vf (x/*)|| < &, - yakunlash kriteriysini tekshirish:
a) agar Kriteriy bajarilsa, u holda x* = x’¥, hisoblashlar tygadi;
b) agar kriteriy bajarilmasa, u holda, 8-qgadamga o‘tish.

8-gadam. t; ni berish.

9-gadam. x/¥* nugtani hisoblash: x/k+1 = xJjk — ¢, (2D

0Xf+1

M mit * €1
10-gadam. Quyidagi,
FOR) = () <0 (yoki f(x/**1) = f(x¥) < =& |Vf(x)|[")
shartlarning bajarilishini tekshirish:
a) agar shart bajarilsa, 11-gadamga o‘tish;
b) agar shart bajarilmasa, t;, = %" deb olish va 9-gadamga o‘tish.

11-gadam. _ _ . .
lf 7)) = )| < & [F(4*7) = F ()| < &

shartlarning bajarilishini tekshirish:
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a) agar ketma-ket, j va j — 1 ragamli tsikllarda ikkita shart ham bajarilsa, x/+1
nugtada hisoblash tygaydi va x* = x/k*1;

b) agar shartlardan hech bo‘Imaganda bittsi bajrilmasa, k = k + 1 deb olish va 5-
gadamga o‘tish.

n=2 uchun usulning geometrik sharhi 13.1-chizmada keltirilgan.

r 3

X2

Puc. 6.4
13.1-chizma.

13.1- izohlar.
1. Agar f(x) funksiya 12.1-tasdigning shartlarini ganoatlantirsa, koordinatalar bo‘ylab

tushish usuli bo‘yicha qurilgan {x*} ketma-ketlik k — oo da ||Vf(x*)|| — O shart bajarilishini
ta’minlaydi.

2. Usulni go‘llash natijasida topilgan x* nuqtada, uning sinfini aniglash magsadida,

go‘shimcha tekshirishlar o‘tkazish talab gilinadi.

3. Usulning yaginlashish tezligi chizigli yaginlashish kabi baholanadi.
4. Masalani yechish jarayoni va global minimumni izlashda 12.1 — izoh o‘rinli.

13.1.4. Misol.

Ushbu
f(x)=2x%+x; x, +x3
funksiyaning lokal minimumi topilsin.

o |. Unda hisoblashlarni yakunlash kriteriylaridan hech bo‘lmaganda bittasi bajariladigan x'*
nugtani aniglash.

1. x%e¢e¢& ., M: x°=(051)T,6=0¢ =01;e, =015;M =10 larni  berish.
Funksi-

yaning ixtiyoriy nugtadagi Vf(x) = (4x, +x, ;x; + 2x, )T gradiyentini topamiz.

2. J=0ni beramiz.



Jj = M shart bajarilishini tekshiramiz:j = 0 <10 = M.

k=0 ni beramiz.

k < n — 1 shart bajarilishini tekshiramiz:k =0<1=n-1.
V£ (x°°) ni hisoblaymiz: Vf(x%°) = (3;2,5)".

IVF(x°)|| < &, shartni tekshiramiz: ||[Vf(x°°)| = 3.8 > 0.1.

No ok ow

8°. t; = 0.5 deb olamiz.

0 01 — ,.00 af (x) i hi i af(x00 —
9%, x" =x —to(gx’l‘)|x=xoo - e, Ni hisoblaymiz, bunda a(+1)=(4xl—2x2)|x00=2+1=3, e, =

(1,0)7. Buyerdan x°! = (—1;1)7.
109, f(x°1) — f(x°%) < O shartni tekshiramiz: f(x°) — f(x°%) = 2 — 2 = 0. Xulosa:
to = 0.25 deb olamiz va 9-gadamga o‘tamiz.
9. t, = 0.25 gadam bilan x°° ni hisoblaymiz: x°° = (—0,25,1)7.
10%. f(x%1) — f(x°%) < O shartni tekshiramiz: f(x°!) — f(x°°) =085—-2=-1,125<0.
119 |x% — x| < &, [f(x°1) — F(x°9)] < &, shartlarni tekshiramiz:
[x°t — x| = 0.75 > 0.15, | f (x°1) — f(x°%)| = 1.125 > 0.15:

k=1 deb olamiz va 5-gadamga o‘tamiz.
5!, k <n — 1shartning bajarilishini tekshiramiz:k =0<1=n— 1.
6. Vf(x°1) ni hisoblaymiz: V£ (x°!) = (0;1,75)™.
7L IVF(x°Y)|| < &, shartni tekshiramiz: ||[Vf(x°D)|| = 1.75 > 0.1.
8. t, = 0.5 deb olamiz.

9l x02 = x01 ¢, (af_“) |,—o01 - e, Ni hisoblaymiz, bunda e, = (0,1)7;

6x1

—afa(im) = (xq — 2x3)|,00 = —0.25 + 2 = 1.75. Buyerdan, x°% = (-0.25;0.125)".

2
10t f(x%2) — f(x°Y) < 0O shartni tekshiramiz:
f(x%2) — f(x°1) = 0.109 — 0.875 = —0,766 < 0.
119 |x%% — x| < &, [f(x°2) — f(x°V)| < &, shartlarni tekshiramiz:
%02 — x01|| = 0.875 > 0.15, |f (x°2) — f(x°!)| = 0.766 < 0.15.
k=2 deb olamiz va 5-gadamga o‘tamiz.
52. k < n — 1 ning bajarilishini tekshiramizzk =0< 1 =n—1. j=1, x1° = x°2, larni berib, 3
— gadamga o‘tamiz.
3. j = M ning bajarilishini tekshiramiz:j = 1 < 10 = M.
41, k=0 ni beramiz.
52, k < n — 1 ning bajarilishini tekshiramiz:k =0<1=n— 1.
62. V£ (x'°) ni hisoblaymiz: Vf(x%) = Vf(x°%) = (—0.875;0,00)".
72, |IVF(x19)|| < &, shartni tekshiramiz: ||[Vf(x1°)|| = 0.875 > 0.1.
82. t, = 0.25 ni beramiz.

92, x11 = x10 —¢, (L(x’)x:xlo - 4 ni hisoblaymiz, x'* = (-0.03,0.125)7;

dx1
102, f(x'1) — f(x'°) < O shartni tekshiramiz:
f(x1) — f(x1°) = 0.01 - 0.109 = —0,0099 < 0.
112, ||x1t — x19]| < &, |f (x11) — f(x1%)| < &, shartlarni tekshiramiz:
[x1t — x1%)| =0.22 > 0.15, |f (x1) — f(x1°)] = 0.099 < 0.15.
k=1 deb olib, 5-gadamga o‘tamiz.
53. k < n — 1 ning bajarilishini tekshiramizzk =0<1=n—1.
63. Vf(x1) nihisoblaymiz: Vf(x'') = (0.005;0,22)".
73, IV (x| < & shartni tekshiramiz: ||Vf(x'1)|| = 0.22 > 0.1.
83. t; = 0.25 ni beramiz.

93, x12 =11 —¢, ("f("))xzxn - e, ni hisoblaymiz, x!? = (-0.03,0.07)";

ax1




103, f(x1?) — f(x1) < 0 shartni tekshiramiz:
F(x12) — f(x'1) = 0.0046 — 0.1 = —0,0054 < 0.
112, ||x12 — x| < &, |f (x12) — f(x1)| < &, shartlarni tekshiramiz:
[x1? — x11|| = 0.055 > 0.15, | f(x1?) — f(x11)| = 0.0054 < 0.15.
k=2 deb olamiz va 5-gadamga o‘tamiz.
5% k < n — 1 ning bajarilishini tekshiramiz:k =0 <1 =n — 1. j=2, x2° = x2 larni berib, 3-
gadamga o‘tamiz.
32, j = M ning bajarilishini tekshiramiz: j =2 < 10 = M.
42, k=0 deb olamiz.
5% k < n — 1 ning bajarilishini tekshiramiz;k =0<1=n— 1.
6. V£(x2°) ni hisoblaymiz: Vf(x2°) = vf(x'?) = (-0.05;0,11)".
74 |IVF(x29)|| < &, shartni tekshiramiz: [|[Vf(x2°)|| = 0.12 > 0.1.
8*. t, = 0.25 ni beramiz.

9%, x21 = x20 ¢, (af(x>) , €1 N hisoblaymiz, x2! = (~0.02,007)";

6x1 x=
10*. f(x?1) — f(x?%) < O shartni tekshiramiz: 0.0043 — 0.046 = —0,0003 < 0. 11-gadamga
o‘tamiz.
114 |22t — x20| < &, [f (x?1) — f(x%9)] < &, shartlarni tekshiramiz:
lx2 — x29|| = 0.01 > 0.15, |f (x?1) — £ (x2°)| = 0.0003 < 0.15.

10,5
f(x)=2
xll
A-axn
‘ < 0 *
x2 > !
£20 _ 12

f(x)=1

10 =02
f(x)=05
Puc. 6.5

13.2 -chizma



13.2. GAUSS - ZEYDEL USULI

13.2.1. Masalaning go*yilishi
Faraz gilaylik, R™ to‘plamda quyidan chegaralangan va uning barcha nuqtalarida uzluksiz
xususiy hosilalarga ega f'(x) funksiya berilgan bo‘Isin.
X = R™ joiz yechimlar to‘plamida f(x) funksiyaning local minimumini, ya’ni shunday
x*€ R™ nugtani, topish kerakki, unda
f(x®) = min f(x) min £ (x)

munosabat o‘rinli bo*lsin.
13.2.2. Izlash strategiyasi

Gauss-Zeydel usulining strategiyasi shunday {x*}, k = 0,1, ..., nugtalar ketma-ketligini
qurishdan iboratki, ular uchun f(x**1) < f(x*), k = 0,1, ... munosabatlar bajarilsin.
{x*} ketma-ketlikning nugtalari quyidagi,

i i af (x)
xJk+1 = y ik _ ty (aka) |x=xjk. Ck+1s (2)

goida bo‘yicha hisoblanadi, bunda j — hisoblashlar tsiklining ragami,j = 0,1,2, ...; k- tsikl
ichidagi k = 0,1,...,n — 1 iteratsiya ragami ; e,,, - (k + 1)-proyeksiyasi 1 ga teng birlik
vektor; x°° nugta foydalanuvchi tomonidan beriladi, t, gadam kattaligi

. 0 [
QD(tk) = f <x]k - tk < f(x)> |x=xjk- ek+1> - n;in

0Xk41

shartdan tanlanadi. Bu masala,

o(ty) = f (xjk — (af(x)) =ik ek+1)

0Xk+1
funksiya mimnimumini topish talab gilingan bir o‘lchovli masaladan iborat. Uni yechish, yoki
dp _ ~ d2%¢ . . min ..
Freke 0 a0z > 0, shartlardan foydalanilgan holda, yoki ¢(t;) — t, e[a. b] masala kabi, bir

o‘Ichovli minimallashtirishning sonli usullari vositasida, bajarilishi mumkin.

Agar ST“’ = 0 tenglama yugori darajali bo‘lib, uning ildizlarini aniglash giyin bo‘lganda
k

¢(t,) funksiyani ikkinchi yoki uchinchi darajali P(t,) ko‘phad bilan approksimatsiya gilish va

d?p

,sz

Qadam kattaligini sonli usullar yordamida yechishda topilgan t, giymatning 37"’ =0,
k

ty Ni ;TP =0 > 0 shartdan aniglash mumkin bo*ladi.
k

jtz“; > 0 shartni ganoatlantiradigan t; optimal giymatga yaqinlik darajasi, [a, b] intervalning
k

berilishi va bir o‘Ichovli minimallshtirish usullarining anigligiga bog‘lig bo‘ladi.

Tanlangan j da bitta k ragamli iteratsiyada x/* nuqgtaning k + 1 ragamli fagat bitta
proyeksiyasi o‘zgarishini, j ragamli to°liq tsiklda esa, ya’ni k = 0 dan boshlanib, k =n — 1 da
tamom bo*ladigan tsiklda, x/° nugtaning barcha n ta proyeksiyalari o‘zgarishini oson ko‘rish
mumkin. Bundan keyin x/" nuqtaga x/*% ragam beriladi va u (j + 1)-tsiklda hisoblashlar
uchun boshlang‘ich nugta sifatida olinadi.

. Hisoblashlar x/* nuqtada, quyidagi, hisoblashlarni tugatish uchta kriteriylaridan hech
bo‘lmaganda bittasi bajarilganda to‘xtatiladi:

|Vf ()| < &y, yokij = M,

yoki



e/t = 2] < &g, [ (747) = fF(27)| < &

tengsizliklarning bir vaqtda bajarilishi. Bunda €4, €,- Kichik musbat sonlar, M — iteratsiyalar
tsikllarining limitik soni.

Hisoblashlar natijasida olingan nugtalar {x'} ketma-ketlikning elementlari kabi yozilishi
mumkin, bunda Il = nj + k- nugtaning tartib ragami, ya’ni
{x'} = {x0 = x00 x1 = 501  x7 = xO0n = x10 yn+l = y11 yn+2 — 412 1

13.2.3. Algoritm
1-gadam. x°° & > 0,&, > 0 larni, hisoblash tsikllari n ga karrali iteratsiyalari limitik
soni M ni berish, bunda n — x vektorning o‘Ichovi. Vf(x) gradiyentni topish.

2-qadam. j = 0 tsikl ragamini berish.
3-gadam. j = M shartni tekshirish:
a) agar j > M bo‘lIsa, hisoblashlar tugaydi va x* = x/¥;
0) agar j < M bo‘lsa, 4-gadamga o‘tish.
4-gadam. k = 0 ni berish.
5-qadam. k < n — 1 shartni tekshirish:
a) agar k < n — 1 bo‘lsa, 6-gadamga o‘tish;
0) agar k =n bo‘lsa, j =j+ 1 deb olish va 3-qadamga o‘tish.
6-gadam. V£ (x) ni hisoblash.
7-gadam. ||Vf(x/%)|| < e, shart bajarilishini tekshirish:
a) agar shart bajarilsa, hisoblashlar tugaydi va x* = x/*;
0) agar shart bajarilmasa, u holda 8-gadamga o“tish.
8-gadam. t; ni
. af (x j
QO(tk) = f <x]k - tk <%}E+3> |x=xjk- ek+1> - nzllcn
shartdan hisoblash.

9-gadam. xJk+1 = xJk —¢: (

10-gadam. Quyidagi,
||xjk+1 _ xjk” <ég,, |f(xjk+1) _ f(xjk)| <&,

shartlarning bajarilishini tekshirish:

a) agar ikkita shart ham ikkita, ketma-ket jvaj — 1 eragamli tsikllarda bajarilsa, u
holda, hisoblashlar tugaydi, natijada, x* = x/¥*1 nugta topildi;

0) agar shartlardan hech bo‘lmaganda bittasi bajarilmasa, u holda, k = k + 1 deb olish va
5-gadamga o‘tish.

Usulning n = 2 ushun geometric talgini 13.3-chizmada keltirilgan.

af(x)

0Xj41

) ek €cr1 i hisoblash.



0f 00

Puc. 6.6
13.3-chizma

13.2- izohlar.
1. Gauss-Zeydel usuli bo‘yicha olingan {x*}, k = 0,1, ..., ketma-ketlikning xossalariga
nisbatan, 13.1-izohlarning 1-b. o‘rinli .
2. Masalani yechish jarayoni gradiyentli tushish usuli (12-ma’ruza)dagi jarayon bilan
ustma-ust tushadi.

13.2.4. Misol.
Ushbu

(x) = 2x? + x;x, + x2
1+ X%, + %35

funksiyaning lokal minimumi topilsin.
01 x% ¢g,6, M:x%° =(05;1)",g =0,1;&, = 0,15; M = 10 larni beramiz.
Funksiyaning ixtiyoriy nugtadagi Vf(x) = (4x, + x,; x; + 2x,)Tgradiyentini topamiz.
2. j = 0 ni beramiz.
3. j > M shartning bajarilishini tekshiramiz:j = 0 < 10 = M.
4% k = 0 ni beramiz.
5% k < n — 1 shartning bajarilishini tekshiramiz:k =0<1=n —1.
6% V£ (x°°) ni hisoblaymiz : Vf(x°°) = (3;2,25).
70 IV£ (x°)|| < €, shartni tekshiramiz: ||V f (x°°)|| = 39 > 0,1.
8% t; gadamning migdorini
. af (x j

o(to) = f (x]O — o <%1)> | = xio- 31> - n;;n

shartdan topamiz.
9f(x)

(2) formuladan k = 0 bo‘lganda foydalanamiz k = 0: x%1 = x%° — ¢, (7) =00 - €1.
1
(6f(x)

6x1

) |00 = 42, + x, |x=xoo =2+ 1=3,e; = (1;0)7, bo‘lgani uchun,x°* =

T
(05;1) —ty-3-(1;,0)T = (05— 3ty; 1)T yoki x?* = 0,5 — 3¢y, x3* = 1. Olingan



ifodalarni  f(x) ga eltirib qo‘yib,
o(ty) =2(05—3t,)2+(05—-3ty) - 1+1
ifodani olamiz.
Ekstremumning zaruriy shartidan iborat, d‘p(t") =4.(05-3ty) - (=3) —3 =0 yoki

to

36t, — 9 = 0 munosabatdan t; = - ekanllglga |shonch hosil gilamiz. Modomiki,

d? d e(to) _
dty?
ta’minlaydi.

Berilgan f(x) funksiyaning tuzilishiga asosan, — (

= 36 > 0 ekan, topilgan qumat ¢(t,) funksiyaning t, bo‘yicha minimumini

1)

6x1

e yo‘nalish bo‘yicha

x=xJ
gadam x* ga bog‘lig emas va i ga teng o‘zgarmasdan iborat.
90, x01 = x00 — ¢; ("’f(")) |00 - €, Ni aniglaymiz: x°1 = (=0,25; 1)".

6x1

10°. |21 — x90| < &, , |F(x°Y) — f(x°9)| < €, shartlarni tekshiramiz:
[|x° — x99 = 0 25> 0,15, |f(x°1) — f(x°9)] = 0,875 — 2| = 1,125 > 0,15.
k = 1 deb olib, 5-gadamga o‘tamiz.
5!, k < n — 1 shartning bajarilishini tekshiramiz:k =1 =n — 1.
6L. V£ (x°Y) ni hisoblaymiz: V£ (x°t) = (0;1,75)7.
78 IV (x| < g shartni tekshiramiz: ||[Vf(x°1)|| = 1,75 > 0,1.
8L, t; ning giymatini

o) =f (le —h (aga(c:)) =it - 92) ” "zn

shartdan topamiz.
k =1,j =0 bo‘lganda (2) formuladan foydalanamiz:

02 — af(x)
x -t ( o, ) | x=x01 - €5.

(_af (")) L =x 42 |x=x01 =—-0,25+2=175,e, = (0;1)7, bo‘lganligidan,

0x2 / y=x

x%2 = (=0,25;1)T — ¢, - 1,75 - (0;1)T = (0,25;1 — 1,75 - t,)”

yoki
x92=-025x32=1-175"¢t,.
(p(tl) =2(-025)2+(-025)- (1 —1,75-t,) + (1 —1,75 - ;)2
Ekstremumning zaruriy shartidan,
28 = 025.1,75+2 - (1-175;) - (-1,75) = 0
1
yoki

2-1,75%, — 1,75 =0,
2
buyerdan t; = % ekanligi kelib chigadi. Modomiki, %(21) =2 —1,75%2 > 0 ekan, gadamning
1
topilgan giymati ¢(t,) funksiyaning t, bo‘yicha minimumini ta’minlaydi.

Berilgan f(x) funksiyaning tuzilishiga asosan, _(ag(x)) L€ yo‘nalish bo‘yicha
x=xJ

X2

gadam x* ga bog‘liq emas va 2 > gateng 0°‘zgarmasdan iborat.
ol x02 =401 —¢; (af(x)) |,.—01 - €, ni hisoblaymiz: x°2 = (—0,25;0,125)".

10 ||x°? — x| = 0,875 > 0,15, |f(x°%) — f(x°')] = 10,12 — 0,875| = 0,755 > 0,15
shartlarni tekshiramiz. k = 2 deb olib, 5-gadamga o‘tamiz.

52. k < n — 1 shartni tekshiramiz :k =2 =n. j =1,x'° = x°2 deb olib, 3-gadamga o‘tamiz.
3. j = M shartni tekshiramiz :j = 1 < 10 = M.

4. k =0 niberamiz.

5% k < n — 1 shartni tekshiramizzk =0<1=n- 1.




6°. V£ (x°) ni hisoblaymiz : Vf(x1%) = Vf(x°?) = (-0,875;0,00)".
72 |IVF(x1°)|| < g;shartni tekshiramiz: ||Vf(x1°)|| = 0,875 >0,1.
8. t; = 0,25 deb olamiz (8° — b.gaq.).

93, x11 = x10 — ¢} ("”;f‘)) |,—,10 - €; Ni hisoblaymiz: x'! = (—0,03;0,125)".
1

103 |lx' — x0| < gy, |f(x*) — f(x1°)| < g, shartlarning bajarilishini tekshiramiz:
X1t — x10|| = 0,22 > 0,15, |f(x'1) — f(x1°)] = |0,013 — 0,1375| = 0,124 < 0,15 .
k =1, deb olib, 5-qadamga o‘tamiz.
5% k < n — 1 shartni tekshiramiz:k =1 =n— 1.
6% V£ (x'*) ni hisoblaymiz: V£ (x'*) = (0,005;0,22).
74 IVF(e™)|| < g, shartni tekshiramiz : ||[VF(x'1)]| = 0,22 > 0,1 .
8% t; =05 debolamiz (8' —b.gaq.).

9% x12 = x11 — ¢} ("’gf‘)) | — 11 - €, Ni hisoblaymiz : x2 = (—0,03; 0,015)".

104 ||x12—x1| < &y, |If (x12) — f(x1)] < &, shartlarning bajarilishini tekshiramiz:
If (x1?) — f(x11)| = |0,0015 — 0,013| = 0,0115 < 0,15.
k = 2 deb olamiz va 5-gadamga o‘tamiz.
5°. k < n — 1 shartni tekshiramiz: k = 2 = n.j = 2,x2° = x'2 deb olamiz va 3-gadamga
o‘tamiz.
32, j = M shartni tekshiramiz :j =2 < 10 = M.
4%, k = 0 ni beramiz.
5% Mposepum ycnopne k <n—1:k=0<1=n-—1.
6°. Beruncanm V£ (x2%): VF(x2°) = (-0,105;0)7.
7°. TIposepum yenosue ||[VF(x20)|| < g,: ||[VF(x2°)]| = 0,105 > &;,.
8°. 3agamum ty = 0,25(cm. 1. 89).

9°. ey 221 = x%° — ¢ (L) | 20 e,:x%1 = (~0,004;0015)"

0xq

10°. IMposepum ycmosus ||x21—x2|| < &, , [f(x?D)—fF(x2%)]| < &, |[x?*—x2°|| = 0,026 <
0,015, |f(x?Y)—f(x?°)] = |0,000197 — 0,0015| = 0,0013 < 0,15.
Venosus ||x /¥ —xJk|| < g, , |f(x/**1)—f(x*)| < &, BomONHEHHI B ABYX TIOCITETOBATETBHEIX
HUKIax ¢ HoMepamu j = 2 u j — 1 = 1. PacueT okoHueH, HalijeHa Touka x 2! =
(—0,004;0,015)T; f(x2') = 0,000197. Ha puc. 6.5 nomy4eHHbIE TOUKH MOCIIEA0BATENLHOCTH
x00 = x01 5 x02 = x10 5 » 11 5 512 = 520 _, 21 coenUHEHBI CILIOMIHOM JrHUEH. OYEeBHIIHO,
meto I'aycca-3eiinens cxoauTes GbICTpee, 4eM METO] HOKOOPAMHATHOIO CITyCKa.

Il. Amamu3 Touxu x21.

Touka x2! sBisercs HaiineHHBIM TPUOIMKEHIEM TOUKH rIobaibHoro Munumyma f(x),
tak kaKk pynkuus f(x) crporo Beimykias (cMm. npumep 12.1). m




14 — ma’ruza

Shartsiz minimallashtirish masalalarini yechishning sonli usullari
(Ikkinchi tartibli usullar:Nyuton va Nyuton-Rafson usullari).

14.1. Nyuton usuli
14.1.1.Masalaning qo*yilishi
Faraz gilaylik, R™ to‘plamda quyidan chegaralangan va uning barcha nugtalarida ikkinchi tartbgacha uzluksiz
xususiy hosilalarga ega bo‘lgan f(x) funksiya beril-gan bo‘lsin.

X = R™ joiz yechimlar to‘plamida f(x) funksiyaning lokal minimumini, ya’ni shunday x*e R™ nuqgtani topish
kerakki, unda

fG7) = min f(x)
munosabat bajarilsin, bunda f(x)e C2.

14.1.2. Izlash strategiyasi

Nyuton usulining strategiyasi shundan iboratki, unda qurilgan {x*},

k = 0,1, ..., nugtalar ketma-ketligi uchun
flF) < f(x*), k=01,..

tengsizliklar bajarilsin.

Ketma-ketlikning nugtalari,

xktl=xk+dk k=01,.., (14.1)
goida bo‘yicha hisoblanadi, bunda x° —foydalanuvchi tomonidan beriladi, tushish yo‘nalishi d* esa, k ning har
bir giymati uchun,
d* = —H 1 (x*)Vf(x*) (14.2)
formuladan tanlanadi.
d* ning (14.2) formula bo‘yicha tanlanishi, H(x*) > 0 shart bajarilgan-da, f(x**') < f(x*) talab
bajarilishini ta’minlaydi . (14.2) formula quyidagi mulohazalardan olingan:
1. f(x) funksiya {x*} ketma-ketlikning har bir nugtasida
Fi = f(eK) + (7f(x*), d*) +2 (d*, H(x*)d")
kvadratik funksiya bilan approksimatsiyalanadi.
dFy _

2. d* yo‘nalish ekstremumning birinchi tartibli shartidan topiladi: k= 0. Shunday gilib, H(x*) > 0
shart bajarilganda, ketma-ketlik F, ,k = 0,1, ... ( 14.1-chizma) kvadratik funksiyalarning minimum nugtalari ketma-
ketligidan iborat bo‘ladi. f(x**') < f(x¥), k = 0,1, ..., talabning, hatto gandaydir giymatlarda H (x*) Hesse
matritsasi mushat aniglangan bo‘Imagan holda ham, k ning mos giymatlarida x*** nugtani, gadam miqdori ¢, ni
F(x* — 6, VF(x*)) < f(x*) shartdan tanlab,

Xkt = xk — ¢, Uf(x%)
gradiyentli tushish usuli bo‘yicha aniglash mumkin.

{x*} ketma-ketlikni qurish, unda ||V£ (x®|| < &, shart o‘rinli boladigan, x* nugtada, bunda &, -

berilgan yetarli kichik musbat son, yoki k = M (M - npenensroe uucio urepanuii) bo‘lganda, yoki ikkita,

[lx**t — x*|| < &, |f (X)) = fF(x¥) < &y,
tengsizliklar bir vaqgtda bajarilganda, bunda &, — yetarli kichik musbat son, tugallanadi. Topilgan x* nugtani
izlanayotgan minimum nugtasining yaginlashishi sifatida olinishi yoki olinmasligi masalasi, qo‘shimcha tekshirish
o‘tkazish yo‘li bilan hal etiladi.



14.1-chizma

14.1.3.Algoritm 20 X X
1-gadam.
M - iteratsiyalarning
V£ (x) gradiyentni va H(x) Hesse matritsasini hisoblash.
2-gadam. k = 0 deb olish.
3-gadam. Vf(x*) ni hisoblash.
4- gqadam. |[VF(x*)|| < &, - hisoblashlar tugashi kriteriysini tekshirish:

x% & >0,¢, >0, larni hamda

Puic. 7.1 maksimal sonini, berish.

a) agar tengsizlik bajarilsa, u holda, hisoblash tugaydi va x* = x*;
0) aks holda, 5-gadamga o‘tish.

5- gadam. k = M tengsizlikning bajarilishini tekshirish:
a) agar tengsizlik bajarilsa, u holda, hisoblash tugaydi va x* = x*;
0) aks holda, 6-gadamga o‘tish.

6- gadam. H(x*) matritsani hisoblash.
7- gadam. H~!(x*) matritsani hisoblash.
8- gadam. H~1(x*) > 0 shartning bajarilishini tekshirish:
a) agar H=*(x*) > 0 bo‘lsa, u holda, 9- qadamga o‘tish;
6) aks holda, d¥ = —Vf(x*) deb olib, 10-gadamga o‘tish.
9- gadam. df = —H~1(x*) Vf(x*) ni aniglash.
10- gadam. Agar d* = —H *(x¥) Vf(x*) bo‘lsa, t, =1 deb, yoki d* = —Vf(x¥) bo‘lganda t, ni
f(x¥*1) < f(x*) shartdan tanlab, x¥** = x* + ¢, d* nugtani topish.

11- gadam. ||x**t — x¥|| < &,, | F(x**1) — f(x*)| < &, shartlarning bir vaqtda bajarilishini tekshirish:
a) agar ikkita shart ham joriy k va k = k — 1 da bajarilsa, hisoblashlar tugaydi, x* = x**1;
6) aks holda, k = k + 1 deb olish va 3-gadamga o‘tish.

14.1.4. Yaginlashishi
14.1-tasdiq. Faraz gilaylik, f(x) -R™ da ikki marta uzluksiz differensiallanuvchi I > 0 o ‘zgarmasli kuchli
gavariq funksiya bo ‘Isin va
IHG) —HWI < Lllx =yl Vx,y €RR™

shartni ganoatlantirsin, bunda L > 0 ,boshlang ‘ich nugta esa, shundayki,uning uchun, |[Vf(x%)|| < 8% ya’ni,
VGOl <22, (143)
bo ‘Isin, bunda g € (0,1). U holda,{x*} ketma-ketlik minimum nugtasiga

4—lq2k

llx* — x*|l <
kvadratik tezlik bilan yaginlashadi.

14.1-izohlar.
1. Nyuton usulining yaginlashishi, fagat kuchli gavarig funksiyalar va
(14.3) shartdan aniglanadigan yaxshi boshlang‘ich yaginlashish uchun isbotlangan bo‘lib, undan amaliyotda
foydalanish ancha giyinchiliklar tug‘diradi, chunki, | va L o‘zgarmaslar,odatda, noma’lum yoki ularni aniglashda
ko‘p mehnat talab gilinadigan tadgiqotlar olib borishga to‘gri keladi. Shu sababli, Nyuton usulidan amaliyotda
foydalanish quyidagicha amallarni bajarishni tagozo giladi:
a) H(x*¥) matritsani
H(x*)>0Vvk=012,..
shartning bajarilishiga tekshirish va u bajarilmaganda
xk+1 - xk _ H—l(xk)vf(xk)
formulani



xktl = 5k thf(xk)
formulaga almashtirish;
6) x* nugtaning, u izlanayotgan x*nugqta uchun topilgan yaginlashish bo‘lishini aniglash magsadida, tahlilini
amamlga oshirish.
2. Shartsiz maksimumni izlash masalasini yechishda, (14.2) formula o‘zgarmaydi, chunki, bu holda
H(x*) <.

14.1.5. Masalani yechish jarayoni

1. Nyuton usulidan foydalanib, unda hisoblashlarni tugatish kriteriylari-dan hech
bo‘lmaganda bittasi bajariladigan, x* nugtani topish.
2. f(x) € C? bo‘lgani sababli, minimumning yetarli sharti H(x*) > 0 bajarilishini

tekshirish. Agar shart bajarilsa, u holda, x* nuqta x* minimum nugtasi uchun topilgan yaginlashish
sifatida qaralishi mumkin. Yetarli shartlarning bajarilishini tekshirishni f(x) funksiyani
gavariglikka tekshirish bilan almashtirish mumkin.
14.1-misol. Ushbu
flx) = 23512 + 2,2, + X7

funksiyaning lokal minimumini Nyuton usulidan foydalanib, toping.

. Hisoblashlar tugashi kriteriylaridan, hech bo‘lmaganda, bittasi bajariladigan x*
nugtani aniglash.

1. x% g, &, M: x°=(05;1)T; & =0.1; &, =0.15; M =10 larni beramiz. Funksiyaning Vf(x) =
4 1

1 2) Hesse maritsasini hisoblaymiz.

(4x, + x,,x, + 2x,)T gradiyentini va u H(x):(
2. k=0 deb olamiz.
3% V£ (x°) ni hisoblaymiz: V£ (x°) = (3;2.5)T.
4, ||VF(x®)l < &, shartning bajarilishini tekshiramiz: ||Vf(x°)||=3,9>0,1. 5-gadamga o‘tamiz.
59, k = M shartning bajarilishini tekshiramiz: k=0<10. 6-gadamga o‘tamiz.

6% H(x°) ni hisoblaymiz: H(x®) = (i ;)

70 H73(x°) ni hisoblaymiz:  H-*(x*) =( 7, 7|
77
8%, H™1(x°) > 0 shartning bajarilishinii tekshiramiz. A1=§> 0, A2=%> 0, bo‘lgani uchun, Silvestr

kriteriysiga binoan, H=*(x%) > 0.

2 1 1
P, dy=-H1(x)Vf(x°) =— <_71 !) (2:.)’5) = (:%) ni aniglay-miz.
7 7
100 x1 = (%,1)T + (—%, —1)T = (0,0)T ni hisobllaymiz.
11% Jlxt — xO| < &, If (x?) — F(x°)] < &, shartlarning bajarilishini tekshiramiz:
[[x! —x°|| =1.12 > 0.15; |f(x) —f(x°)|=2=>0.15.

k = 1 deb, 3-gadamga o‘tamiz.

3L Vf(x?) ni hisoblaymiz: V£ (x') = (0,0)".

4L, ||VF (x|l < e, shartning bajarilishini tekshiramiz: ||[Vf(x')|| = 0 < 0.1. Hisoblashlar tugadi. Shuni

e’tirof etish kerakki, x* nugtada birinchi tartibli zaruriy shart bajariladi, shu sababli, u statsionar nugtadan iborat.
. x1 nugtaning tahlili.
flx) = 2x12 + x,x, + x,% — qat’iy qavaariq funksiyadir, chunki uning ikkinchi tartibli xususiy hosilalari

matritsasi, A;=4 >0, A,=7 > 0 bo‘lganligidan, musbat aniglangandir, ya’'ni, H = (‘11 ;) > 0. Demak, topilgan,

x* = (0,0)T nugta f (x) funksiyaning lokal va bir vagtning o‘zida global minimum nugtasi ham bo*ladi.



Xy

fx)=1

f(x)=02

Puc. 7.2

14.2- chizma
14.2 —chizmada tushish trayektoriyasi tutash chiziglar orgali tasvirlangan.m

14.2. Nyuton-Rafson usuli
14.2.1. Masalning qo‘yilishi.
Faraz gilaylik, R™ to‘plamda quyidan chegaralangan va uning barcha nugtalarida ikkinchi tartbgacha uzluksiz
xususiy hosilalarga ega bo‘lgan f(x) funksiya beril-gan bo‘Isin.

X = R™ joiz yechimlar to‘plamida f(x) funksiyaning lokal minimumini, ya’ni shunday x*e R™ nugtani topish
kerakki, unda

fGe7) = min f(x)
munosabat bajarilsin, bunda f (x)e C2.

14.2.2. I1zlash strategiyasi
Nyuton usulining strategiyasi shundan iboratki, unda qurilgan {x*},
k =0,1, ..., nugtalar ketma-ketligi uchun
fOF) < f(x¥), k=01,..
tengsizliklar bajarilsin. Ketma-ketlikning nugtalari,

xkt = xk — t, H-Y(xX®)VF(xX), k=012, .., (14.4)
goida bo‘yicha izlanadi, bunda x° foydalanuvchi tomonidan beriladi, ¢, gadam kattaligi
@(t) = f(x* =t H T ()VF(xF)) > ming, (14.5)

shartdan topiladi.
d?e
dtkz

(7.5) masala, yoki minimumning zaririy sharti ZT‘D = 0 dan foydalanish hamda minimumning yetarli sharti >
k

0 ni tekshirish vositasida, analitik ravishda, yoki
o(ty) > min (14.6)

tyx€la,b]
masala sifatida sonli yechilishi mumkin, bunda [a, b] interval foydalanuvchi tomonidan beriladi .
Agar ¢(t;) funksiya murakkab bo‘lsa, uni P(t,) ikkinchi yoki uchinchi darajali ko‘phad bilan almashtirish

imkoni tug‘ilishi mumkin va bu holda t; gadam, % > 0 shart bajariganda, ;TP = 0 shartdan topilishi mumkin .
k k



Qadam Kkattaligini aniglash asalasini sonli yechishda topilgan t, giymatning ar = 0, LS 0 shartlarni

dt dtg?

ganoatlantiradigan t*, optimal qiymatga yaqinlik darajasi, [a,b] intervalning bel;ilishi \;{a bir o‘lchovli
minimallashtirish usullarining anigligiga bog‘lig bo‘ladi.

{x*} ketma-ketlikni qurish, unda ||V£ (x®|| < &, shart o‘rinli bo‘ladigan, x* nugtada, bunda &, - berilgan
yetarli kichik musbat son, yoki k > M (M - npenenbHoe yncio urepanuii) bo‘lganda, yoki ikkita,

”xk+1 _ xk” < 52' |f(xk+1) _f(xk)l < 521

tengsizliklar bir vagtda bajarilganda, bunda &, — yetarli kichik musbat son, tugallanadi. Topilgan x* nugtani
izlanayotgan minimum nugtasining yaginlashishi sifatida olinishi yoki olinmasligi masalasi, go‘shimcha tekshirish
o‘tkazish yo‘li bilan hal etiladi.

14.2.3. Algoritm
l1-gadam. x°, & >0, g >0, M —iteratsiyalarning maksimal soni, larni berish. V£ (x) gradiyentni va
H (x) Gesse matrisasini hisoblash.
2-qadam. k = O deb olish.
3-gadam. Vf(x*) ni hisoblash.
4- gqadam. || VF(x*)|| < & shart bajarilishini tekshirish:
a) agar tengsizlik bajarilsa, u holda hisoblashlar yakunlanadi, x* =x*;
6) agar tengsizlik bajarilmasa, 5-qadamga o‘tish.
5- gadam. k = M shartni tekshiramiz:
a) agar tengsizlik bajarilsa, u holda hisoblashlar yakunlanadi, x*=x*;
6) agar tengsizlik bajarilmasa, 6-qadamga o‘tish.
6- gadam. H(x*) matrisani hisoblash.
7- gadam. H~1(x*) matrisani hisoblash.
8- gadam. H~1(x*) > 0 shart bajarilishini tekshirish:
a) agar shart bajarilsa, d* =—H~*(x*) Vf(x*) ni topish;
6) agar bajarilmasa, d* =—Vf(x*) deb olish.
9-gadam. x**1 =x* +t,d* nianiglash.
10- gadam. ¢t; qadamni @(t,)=f(x* +t, d*)— rrtlin shartdan topish.
k

11- gadam. x**1 = x* + t;:d* ni hisoblash.

12- gadam. ||x**t — x¥||<e,, |f(x**t1) — f(x* )l<e, tengsizliklar bajarilishini tekshirish:
a) agar joriy k va k = k -1 larda ikkita shart ham bajarilsa, hisoblash yakunlanadi, x* =x*** ;
0) aks holda, k = k+1 deb olish va 3-qadamga o‘tish.

14.2.4. Yaginlashishi
14.2-tasdiq. Faraz gilaylik, f(x) funksiya R™ da ikki marta uzluksiz differensiallanuvchi kuchli gavariq
funksiya, uning H (x) Gesse matrisasi,
lH@) = H)I < Lllx — yll vx, yeR™
Lipshits shartini ganoatlantirsin.
U holdaToz0a nocredosamensnocms {x*} ketma-ketlik, x° boshlang ‘ich nugtaning tanlanishiga bog liq
bo ‘Imagan holda, x* minimum nuqtasiga
[l #3 — k|| < = Ik — 2712
Kvadratik tezlik bilan yaginlashadi, bunda m — matrisa eng kichik xos giymatining bahosi.
14.2-izoh. Nyuton-Rafson usulining yaginlashishi, boshlang‘ich yaginla-shishning tanlanishiga bog‘liq
bo‘lmasdan, fagat kuchli gavariq funksiyalar uchun kafolatlanadi. Shu sababli, Nyuton-Rafson usulini amaliyotda
go‘llashda quyidagicha ish ko‘rishga to‘g‘ri keladi:
a) H(x*) Gesse matrisasini H(x*) >0, k = 0,1,..., shartning bajarilishiga tekshirish va u bajarilmaganda,
Xk+1 — Xk _ tkH_l(Xk)Vf(Xk)
formulani,
Xkt = xk —t, VF(xk)
gradiyentli tushish formulasiga almashtirish;
0) x* nugtani, u izlanayotgan x* nugta uchun topilgan yaginlashish ekanligini aniglash uchun, tahlil gilish.

14.2.5. Masalani yechish jarayoni

1. Nyuton-Rafson algoritmidan foydalanib, unda hisoblashlarni yakunlash kriteriylaridan hech
bo‘Imaganda bittasi bajariladigan, x* nugtani qurish.

2. f(x) € C? bo‘lgani uchun, minimumning yetarli sharti H(x*) > 0 ning bajarilishini tekshirish. Agar
shart bajarilsa, x* nugta x* minimum nugqtasi uchun topilgan yaginlashish sifatida garalishi mumkin.
Minimumning yetarli shartlari bajarilishini tekshirish o‘rniga f(x) funksiyani gavariglikka tekshirishni amalga
oshirish mumkin.



14.2-misol. Nyuton-Rafson usulidan foydalanib, ushbu
f(x) = 2x} + xyx, + %3

funksiyaning lokal minimumini toping.

I. Hisoblashlarni yakunlash kriteriylaridan hech bo‘lmaganda bittasi bajari-ladigan x* nugtani aniglash.

1. x°¢,,¢,,M larni beramiz: x°= (0.5;1)7, ¢,=0,1; ¢,=0,15; M = 10. Funksiyaning Vf(x)=
(4x; + x,; x; + 2x,)T gradiyentini va H(x) =(1).

2. k = 0debolamiz.

3%, V£ (x°) ni hisoblaymiz: Vf(x%)=(3;25)" .

49 [[VF(xO)Il < g, shartning bajarilishini tekshiramiz:

IVf(x)Il =39>01.
59, k = M shartning bajarilishini tekshiramiz : k = 0 < 10. 6-gadamga o‘tamiz.
6°. H(x°) ni hisoblaymiz: H(x°)=(%1).

7°. H=1(x®) ni hisoblaymiz: H=1(x%)=( 7, 7|

8°. H~1(x®)>0 shartning bajarilishini tekshiramiz.
Alzé >0, AZ:% > 0, bo‘Igani uchun, Silvestr kriteriysiga binoan, H=1(x®)> 0. Shuning uchun, d°=-H™!

T
(x®)Vf(x°) ni topamiz: dO:(—%,—l) (14.1-misoldagi 9° gadamga q.).
T
90, x1=x% +¢,d® = (%, 1)T+t0(—§,—1)7 = G— %to, 1- to) nugtani aniglaymiz.
10°. ¢ ni @(ty)=f(x° +t,d®) — min shartdan topamiz. U holda,

P60+ tod)=f (5501 - t0) J2-(—500) +(-3u),
A—-t)+(@A—t)*=2-(1—1ty)* = (ty)

2
s_t“’:z.z. (1 —t,) - (1) = O shartdan, t;= 1 ekanligini olamiz. Bunda‘zT(p =4 > 0, ya'ni gadamning
° 0

topilgan kattaligi ¢ (t,) funksiyaning minimumini ta’minlaydi.
T

110, x1=x%+t3d° ni hisoblaymiz: x1=(§— % 1,1- 1) = (0,0)7..

12°. |[xr — x%l<e, , |f (x1) — f(x°)|<e, shartlarning bajarilishini tekshiramiz: ||x* —
x°[[=1,12>0,15; |f (x*) — f(x°)|=2>0,15.

k = 1 deb olamiz va 3-gadamga o‘tamiz.
3. V£ (x1) ni hisoblaymiz: Vf(x') = (0,0)T.
4, ||lVF(xY)|l < e shartning bajarilishini tekshiramiz: ||Vf(x)|| =0<0,1. Hisoblashlar yakunlandi: x*

11. x* nugtaning tahlili.
x*=(0;0)T - nugta f(x) funksiyaning ham lokal ham global minimum nugtasidan iborat (14.1-misolga g.).
14.2-chizmada tushish trayektoriyasi shtrix-punktir chiziq bilan tasvirlangan. m

O¢z-0‘zini tekshirish savollari

1. Nyuton usuli ganday strategiyalarga mansub?

. Nyuton usulida minimumni izlash strategiysi ganday amalga oshiriladi?

. Nyuton usulining algoritmini keltiring.

. Nyuton usulining yaginlashishi ganday ifodalanadi?

. Nyuton usulining yaginlashishi tezligi ganday bo‘ladi?

. Nyuton -Rafson usuli ganday strategiyalarga mansub?

. Nyuton -Rafson usulida minimumni izlash strategiysi qanday amalga oshiriladi?
. Nyuton -Rafson usulining algoritmini keltiring.

. Nyuton -Rafson usulining yaginlashishi ganday ifodalanadi?

. Nyuton -Rafson usulining yaginlashish tezligi hagida nima deyish mumkin?

QWO ~NO O WN

[N

Mustagqil ish topshiriglari
1.Ushbu
f(x) = xF +2x,x, + Ax}
funksiyaning minimum nuqtasini:
a) Nyuton usuli;
b) Nyuton-Rafson usuli dan foydalanib, toping,
bunda A — talabaning guruh jurnalidgai tartib ragami.



15 -ma’ruza

SHARTLI EKSTREMUMGA QO‘YILGAN MASALALAR
Reja:

15.1.Shartli ekstremumni izlashning sonli usullarini qurishning tamoyillari
1. Shartli ekstremumni izlash masalasining umumiy go‘yilishi.
2. Sonli usullarning asosiy turlari.

15.2. Jarima funksiyalar usuli.

Tayanch iboralar: joiz yechimlar to‘plami, lokal minimum, madsad
funksiyasi, tenglik ko ‘rinishidagi bog ‘lanish, tengsizlik ko ‘rinishidagi bog ‘lanish ,
jarima funksiyalar usuli, to ‘siq funksiyalar usuli,Lagranj funksiyasi,umumlashgan
Lagranj funksiyasi, gradiyentning proyeksiyasi usuli, joiz yo ‘nalish,joiz tushish
yo ‘nalishi,tushish yo ‘nalishi, Zoytendeykning joiz yo‘nalishlar usuli , shartli
ekstremumga  qo‘yilgan masalada  chizigli bog ‘lanishlar, chiziqli
programmalashtirish masalalari.

1. Shartli ekstremumni izlash masalasining umumiy go‘yilishi.

Aralash bog‘lanishlar gatnashgan shartli ekstremumni izlash masalasining

umumiy go‘yilishini garaymiz.

Faraz qgilaylik, bizga ikki marta uzluksiz differensiallanuvchi magsad
funksiyasi 7(x) = f(x;,x,......x,) va joiz yechimlar to‘plami X ni , ya’ni

X={xeR"g;j(x)=0,j=1,..,m;g;(x) <0,j =m+1,..,p}to‘plamni
aniglaydigan g, (x), g,(x), ...., gm(x) bog‘lanishlar funksiyalari berilgan
bo‘lsin.

Magsad funksiyasining X to‘plamdagi lokal minimum nugtasini, ya’ni
shunday x* € X nugtani topish talab gilinadiki, unda

flx*) = mel)rg f(x), (15.1)
X
shart bajarilsin, bunda

g;0=0,j=1,..mm<n
X ={x|"/ .
9;0=0,j=m+1,.p

Matematik analiz kursidan ma’lum bo‘lgan shartli ekstremumning zaruriy va
yetarli shartlarini qo‘llash, ularda bu shartlardan hosil gilingan munosabatlar
analitik yechimga ega bo‘ladigan, chegaralangan sondagi masalalarda samarali
bo*lishi mumkin.

2. Sonli usullarning asosiy turlari.



Aksariyat amaliy masalalarni yechishda, asosan, ikki guruhga mansub sonli
usullardan foydalaniladi.

1.Shartli optimallashtirish masalalarini, yordamchi funksiyalar kiritish yo‘li
bilan, shartsiz optimallashtirish  masalalari  ketma-ketligiga keltirishdan
foydalaniladigan usullar: ketma-ket shartsiz minimallshtirish usullari.

2.Shartli optimallashtirish masalalarini, bog‘lanishlarni ganoatlantiradigan
bitta nugtadan, magsad funksiyasining giymati yaxshirog bo‘ladigan boshqa joiz
nuqtaga tomon harakatga asoslangan, bevosita yechish usullari. Ular, ko‘pincha,
joiz yo“nalishlar usullari deyiladi.

Birinchi guruh usullarining asosiy g‘oyasi shundan iboratki, boshlang‘ich
shartli ekstremumga qo‘yilgan masala, yechilishi osonrog bo‘lgan yordamchi
masala bilan approksimatsiyalanadi. Tabiiyki, fagat bitta yordamchi masala bilan
chegaralanganda, umuman olganda, fagat taqribiy yechimni olish mumkin. Agar
boshlang‘ich shartli ekstremumga go‘yilgan masalaga ma’lum bir ma’noda
«yaginlashuvchi» masalalar ketma-ketligi garalsa, aksariyat hollarda, izlanayotgan
yechim, mos tagribiy yechimlar ketma-ketliginning limitidan iborat bo‘ladi.
Bog‘lanishlar gatnashgan masalalarni ma’lum bir qoida bo‘yicha qurilgan
bo‘lanishlarsiz masalalarga o‘zgartirish g‘oyasi, shartsiz minimallashtirishning biz
yugorida garab chiggan samarali va ishonchli usullari borligi bilan ham asoslanadi.

Yagona metodologiya doirasida masalani yechishga yondoshuvning bir
necha turlarini gayd etish mumkin.

Ularning birinchisi — jarimalar (tashqi jarimalar) usuli deb ataladi. Bu usulda
maqsad funksiyasiga, bog‘lanishlar buzilishining har bir holi uchun jarima sifatida
talgin gilinadigan, funksiya go‘shiladi. Usul boshlang‘ich masalaning yechimiga
yaginlashuvchi nugtalar ketma-ketligini quradi.

Ikkinchi yondoshuv - to ‘siglar (ichki jarimalar) usuli deyiladi. Bunda
boshlang‘ich masalaning magsad funksiyasiga, quriladigan nugtalarning joiz
nugtalar to‘plami chegarasidan chigib ketmasligini ta‘minlaydigan, qo‘shiluvchi
go‘shiladi.

Uchinchi yondoshuv — jarima funksiyani masalaning magsad funksiyasiga
emas, balki uning Lagranj funksiyasiga go‘shish bilan bog‘lig. Natijada, o zgar-
tirilgan Lagranj funksiyasi yuzaga keladi, bu funksiyadan foydalanadigan usullar -
ko ‘paytuvchilar usullari deyiladi.

To‘rtinchi yondoshuv — fagat bitta shartsiz minimallashtirish masalasini
yechish bilan chegaralanish imkonini beradigan, aniq jarima funksiyalarni
Kiritishga asoslanadi.

Ikkinchi guruhni tashkil etadigan, shartli optimallashtirish masalasini bevosita
yechish usullari,

fO*) < F(x%), k=01, ...
shartni ganoatlantiradigan, k — oo dagi limiti x* nugtadan iborat shunday {x*}
joiz nuqtalar ketma-ketligini topish bilan bog*ligdir. Bunda {x*} ketma-ketlik
xktl = xk + 5x% k=01, ...
goida bo‘yicha quriladi, bunda &x* vektor go‘llanilayotgan usulga bog‘lig
ravishda tanlanadi. Bayon gilingan usullar guruhiga, quyida garab chiqilishi ko‘zda



tutilgan, gradiyentning proyeksiyasi va Zoytendeykning joiz yo‘nalishlar usullari
Kiradi.

Zoytendeyk usulining har bir iteratsiyasida joiz tushish yo‘nalishi quriladi va,
so‘ngra shu yo‘nalish bo‘ylab optimallashtirish o‘tkaziladi.

1-ta’rif. Agar shunday & > 0 son mavjud bo‘lib, x € X nugtada barcha t €
(0, 6) lar uchun x + td € X munosabat bajarilsa, u holda, nol bo‘lmagan d vektor
x € X nugtada joiz yo nalish deyiladi.

2-ta’rif. Agar shunday § > 0 son mavjud bo‘lib, x € X nuqtada barcha t €
(0,6) lar uchun f(x + td) < f(x) vax + td € X munosabat bajarilsa, u holda,
nol bo‘lmagan d vektor x € X nuqgtada joiz tushish yo ‘nalishi deyiladi.

15.2. JARIMA FUNKSIYALAR USULI

15. 2.1. Masalaning go‘yilishi

Bizga ikki marta uzluksiz differensiallanuvchi, flx) =
f(xq,..,x,) magsad funksiyasi va ,x joiz yechimlar to‘plamini
aniglaydigan, gj(x) <0, j=1,..,m, tengsizlik-bog-lanishlarni
ganoatlantiruvchi funksiyalar, berilgan bo‘lsin.

Magsad funksiyasining x to‘plamdagi lokal minimum
nuqtasini, ya’ni shunday x ex nuqtani topish talab gilinadiki, unda

f(x*) = min f(x)

munosabat bajarilsin, bunda x = {x g,0<0,j= 1,...,m}

15.2.2. Izlash strategiyasi

Usulning go‘yasi shundan iboratki, shartli ekstremumga
go‘yilgan masala, yordamchi, F(x, r¥) = f(x) + P(x,r¥)
funksiyaning, u jarima funksiya deyiladi, minimumini topish
hagidagi masalalar ketma-ketligini yechishga keltiriladi, bunda
rX >0 - jarima parametri.

Odatda, quyidagi funksiyalardan foydalaniladi:

a) teskari jarima funksiya: P(x,r*) = —rkzz-"zlﬁ (puc. 9.7, a);
]

6) logarifmik jarima funksiya: P(xrX)=—r*¥2, In[—g;(x)]
(puc. 9.7,



Jarima funlksiyalarning ha ikkisi ham x, ya’ni X ={x|g;(x) <0,
i=1...,m}, to‘plamning ichida aniqlangan va chegaralangan,
hamda to‘plamning chegarasiga ichkaridan yaqginlashganda,
cheksizlikka intiladi. Shu sababli ular - to‘siq funksiyalar
deyiladi. r* >0 bo‘lganda, teskari funksiya orqgali berilgan jarima
funksiya — musbatdir. Logarifmik jarima funksiya esa, —1<
g(x) < 0 bo‘lganda musbat va g(x) < —1 bo‘lganda manfiydir,
ya’ni to‘plamning ichki nuqtalari, uning chegaraviy nuqtalaridan
imtiyozliroqdir.

Boshlang‘ich nuqta fagat x to‘plamining ichida beriladi. Har

bir k- iteratsiyada rixrk; yordamchi funksiyaning rX parameter
berilgandagi x*(rX) minimum nuqtasi, shartsiz minimallashtirish
usullarining biridan foydalanilgan holda, topiladi. Topilgan x*(r%)
nuqta, jarima parametrining kamayib boradigan qiymatida
bajariladigan, navbatdagi iteratsiyada, boshlang‘ich nuqgta sifatida
olinadi. rf—+0 da x*(r¥) nuqtalar ketma-ketligi, x* shartli
minimum nuqtasiga yaqinlashadi. To‘siq funksiyalar gandaydir
ma’noda x to‘plamdan chiqgib ketishga to‘sqinlik gqiladi, agar
masalaning yechimi chegarada yotsa, u holda, usul jarayoni
to‘plamning ichidan uning chegarasi tomon harakatga olib keladi.

Shuni e’tirof etish kerakki, bayon etilgan yechish jarayoniga
binoan, x*(r¥) nuqtalar, har bir rX uchun joiz vyechimlar

A P(x,r")

Aot

Y

o
—

=
S




to ‘plamining ichida yotadi. Ana shu sababli, to‘sig funksiyalar

usuli, ba’zan ichki jarimalar usuli deb ham ataladi.

15.2.3. Algoritm

1-qadam. X to‘plamning ichida boshlang‘ich x° nugtani; r > 0
jarima parametrining boshlang‘ich giymatini; jarima parametrini
kichraytirish uchun C > 1 sonni; algoritmni to‘xtatish uchun ¢ >
0 sonni berish. k= 0 deb olish.

2-gadam. Yordamchi funksiyani tuzish:

F(x,r¥) = f(x) — rk zj‘f;l$ yoki

F(x, r) = f(x) — rkz Ln[—g;(x)].
=1

3-gadam. Shartsiz minimumni izlash (nolinchi, birinchi yoki
ikkinchi  tartibli) usullaridan birortasi yordamida F(xrk)
funksiyaning x*(r¥) minimum nuqtasini, uning xto‘plamning ichki
gismiga tegishliligini tekshirgan holda, topish. Bunda usul
tomonidan tanlangan parametrlarning barchasini berish talab

gilinadi. Boshlang‘ich nuqta sifatida xX nugtani olish hamda

% _ 1
P(X (rk) , rk) = —rk Zglm

yoki
P(x*(rk) , rk) = —r* 32, Ln[—g;(x*(r*) )]
larni hisoblash.

4-qadam. Yakunlash shartini tekshirish:

a) agar |P(x*(r¥),r¥)| < & bo ‘Isa, jarayonni tugatish lozim:
X =), f(xT) = FOC(r));
b) agar [P(X*(r¥), r¥)| > ebo‘Isa, r**! = % xR+ = x*(rK),
k=k+1 deb olish va 2-gadamga o‘tish.
15.2.4. Yaqinlashishi



15.1-tasdiq. Faraz gilaylik, f(x), g;(x), j = 1,...,m, funksiyalae
gavariq va chekli, shartli minimumni izlash masalasining yechimlari to‘plami X*
bo‘sh emas va chegaralangan hamda shunday x°e X nugta mavjudki, unda
g; (x°) <0, j = 1,...,m munosabatlar o‘rinli bo‘lsin. U holda
to ‘siq funksiyalar usulida

X; = Arg min F(x,7%) #Q,

F(x,rk) funksiyalar gavariq, algoritm bo‘yicha hosil gilingan {x, (r*)} ketma-
ketlik chegaralangan va uning barcha limit nugtalari X* to‘plamga tegishli bo ‘ladi,
bunda £ (x*(r*)) > f(x*), x* e X* [34].

15.2-izohlar.
33. Odatda, r° = 1,10,100, C parameter esa, C= 10; 12; 16 deb

olinadi.

2. rkK - +0 da yaqginlashish ta’minlanadi, lekin rX ning

kamayishi bilan F(x,rX) funksiya ko ‘proq “jarliklashadi”. Shu

sababli, r¥ ni boshdan kichik deb olish magsadga muvofiq emas.

3. Teskari jarima funksiya Kerrol tomonidan, logarifmik
jarima funksiya esa, Frish tomonidan taklif gilingan.

4. Sharsiz ekstremumni izlashning aksariyat usullari diskret
gadamlardan foydalanganligidan, chegaraning yaqginidagi nuqgtada
amalga oshirilgan gadam, joiz sohadan tashqgarida yotgan nuqgtaga
olib kelishi mumkin. Agar algoritmda nuqtaning {xlg;(x) <0, =
1,...,m} to‘plamga tegishliligini tekshirish ko‘zda tutilmagan
bo‘lsa, natija, noto‘g‘ri muvaffaqiyatga olib kelishi mumkin. Shu
sababli, algoritmning 3-gadamida nuqta joiz to‘plamdan chiqib
ketmatanligini oshkor ravishda tekshirish talab gilinadi. Odatda,
izash jarayoni, noldan farqgli biror r¥ da yakunlanadi. Lekin
tagribiy yechim joiz yechimlar to ‘plamiga tegishli bo ‘ladi. Bu esa,
to ‘siqg funksiyalar usulining afzalliklridan biridir.

5. Jarima funksiyalar usulida hisoblashlarda kelib chigadigan



go‘shimcha

Ifoda, Lagranj ko‘paytuvchilari vektori hisoblanadi:

A(rk) = m j=1,..., m — teskari jarima funksiyasi uchun;
rk - . - - - .
A(rK) = — j=1,..., m - logarifmik jarima funksiya uchun;
gj(x* (%))
A= lim a(rk
rk E;r-l]—O (I’ )

15.1-misol. Ushbu
fx) = x2 — 4x — min,
g() =x—-1 <0,

masalada minimumni toping.
o Masalani har xil jarima funksiyalardan
foydalanib, yechamiz.
A. Teskari jarima funksiyani go‘llash.
1.Masalada m = 1. Uni analitik ravishda yechamiz.

2. Yordamchi jarima funksiyani tuzamiz:

1
K = w2 _ 4y —_ rk
F(x,r¥) =x2 —4x—r 1

P(x,rk)
3. F(x,rk) funksiyaning minimumini zaruriy va yetarli shartlar yordamida

topamiz:
F (x, ) rk
——=2x—-4+——5=0.

0x (x —1)2
X to‘plamning ichki nugtalari garalayotganligidan, x—1 < 0 bo‘ladi,

statsionar nugtalarni topish uchun tenglama,
2x3 —8x2+10x+r—-4=0



ko‘rinishda bo‘ladi. Uning yechimini Kardan formulasi bo‘icha topamiz. Kanonik
ko‘rinishdagi

ax®+bx2+cx+d=0
tenglamani, @ ga bo‘lib va x ning o‘rnig yangi, y = x+;¥a 0‘zgaruvchini kiritb,

y* + 3py + 2q = 0,

A i : __ 3ac-b? _2b®  bc d 5o _
ko‘rinishga keltiramiz, bunda 3p = ———,2q = —— — — +—. a=2, b=-8, c=10,
= ‘loani = 4 3_Y,4Tr_ 2 _ =_lo,=1_2
d=r-4, bo‘lgani uchun, y =x—gvay’—ST+o——= 0,3p = 3,2q =55

2

va, demak, p = —%, q= g — 2—17 Diskriminant D = g + p3 = 1—6 — ;—4. AgarD >0
bo‘lsa, tenglama yagona haqiqiy yechimga ega bo‘ladi; agar D < 0 bo‘lsa, tenglama
uchta har xil yechimlarga ega bo‘ladi; agar D = 0 bo‘lsa, tenglama,p=q = 0
bo ‘lganda bitta yechimga ( uchta ustma-ust tushadigan nol ildizga) ega va p3 =

—q*% # 0 bo ‘lganda ikkita yechimga (uchta yechimdan ikkitasi ustma-ust tushadi)
ega bo‘ladi. IIpu r* > %bo ‘lganda D > 0 ekanligini, 0 <rk < 237 bo ‘lganda
esa, D < 0 ekan-ligini olamiz. Izlanayotgan ildizlar,

V1 =u-+v, V2 =slu+£2v, V3 :€2u+€117

formulalardan topiladi, bunda

u=3\/—q+W, v=3\/—q— AP e =iy p<Ova

D < 0 bo‘lganda, r = =,/|p| ni topish mumkin, r ning ishorasi, g ning ishorasi

i i i i i H . — 4 ¢
bilan ustma-ust tushadi. Keyin, yordamchi, ¢ migdor topiladi : cosg = —3» $0°Nngra,
y1 = —2rcos(%), y, = 2rcos(60° — 2), y3 = 2rcos (60" + %)

lar topiladi. r°=1> 2—87 deb olamiz. U holda, quyidagi tengliklar o ‘rinli:

1 r 1
p=-35.4=7"55=0213u=-0151,v = -0747;y, = —0.898;x"(1)
= +4—0435
_y 3_ , .

r1=01<= deb olamiz. U holda, p=—-=-0111; g=2—-L1=
27 9 4 27



—0,012.
Modomiki, p < 0 va D <0 ekan, u holda,

—0.012 o
= —{/1-0.111] = —-0.333; = —————==0324;,p=171;
r=—|-0.111| 0.333; cosg (—0.333)° 0.324; ¢ ,

y; = —0.666 coS (%) = 0.609

y, = ~0.666 cos (60" — 7 ) = ~0535;y; = ~0.666 cos (60" + )

= —0.07.
Demak, x; = 1.94;x, = 0.798; x3 = 1.404. x; va Xz ildizlar joiz to‘plamga

tegishli emas (unda yotmaydi). Shu sababli, x*(0,1) = x> = 0,798.

r2 =001 <= debolamiz. Uholda, p = —~ = —0.111; g = = -1 =
27 9 4 27

—0,0345.
p < 0vaD <0 ekanligidan,

—0.0345

5= 0934, = 217,
(C0333)F _ OPHe =2l

r=—,/|p] = —0.333; cosp =

Y = 0.666 COS (g) — 0.661

2 = ~0,666 cos (60° —%) = —0.401; y; = —0.666 cos (60 +§)

= —0.259.
X, Va Xz ildizlar joiz to‘plamga tegishli emas (unda yotmaydi). Shu sababli,
x*(0,01) = x, = 0,932.

r® = 0001 deb olamiz. U holda, p —0.111; ¢ = 2~ — - = —0,03678.
p < 0vaD <0 ekanligidan,
—0.03678 o
r=—, |p| = —0.333; COSp = m = 0.993; @ = 6 42\,

Y = 0.666 COS (%) — 0.666

v, = ~0.666 cos (600 - %) = —0.355; y; = —0.666 cos (60° + %)

= —0.3098.



4 4 4
X1= WM +§ = 1999, x, =y, +§ =0.978;x3 = y;3 +§ = 1.023

X, va Xz ildizlar joiz to‘plamga tegishli emas (unda yotmaydi). Shu sababli,
x*(0,001) = x, = 0,932,

rk - +0 da x*(r%) > 1 bo“lishi ko rinib turibdi. Bundan
tashqari, barcha x*(r¥) nugtalarda,

9%F(x, k) 2rk
0x? [x*(rk) — 1]3

0,

ya’ni, shartsiz minimumning yetarli sharti bajariladi. Yugorida Kkeltirilgan
izohning 5-b.dagi
2rk
[x*(r) — 1]
Lagranj ko‘paytuvchisini baholaymiz. r* =1;0,1;0,01;0,001 bo‘lganda,
A:(1) = 3,13; 1,(0,1) = 2.45; 1,(0,01) = 2.16; 1,(0,001) = 2.066.

M (rk) -

Oson ko‘rish mumkinki, v* - +0 da  1,(r*) —» A} = 2. Hisoblashlar

natijalari quyidagi jadvalda keltirilgan va chizmada tasvirlangan.



Ta6muua 9.5

A A ) A )i

0l 1 0,435 0,219 1.77 313
1| 0,1 0,798 ~2,06 0,495 2,45
2 | 0,01 0,932 —2,712 0,147 2,16
3] 0001 | 0978 —291 0,045 2,066
2| 0 1 3 - 2

B. Logarifmik jarima funksiyadan foydalanish.

23. Masalada m = 1. Uni analitik yo‘l bilan yechamiz.

24. Yordamchi funksiyani tuzamiz:

F(x,rk) = x2 — 4x — r¥In[1 — x]
P(x,rk)
25. Zaruriy va yetarli shartlar yordamida F(x,r¥) funksiyaning minimumini
topamiz:
aF(x, r¥) rk

= + 4 + = 0.
P 2x41_x0

X to‘plamning ichki nugtalari garalayotganligidan, x —1 < 0 bo‘ladi. Buyerdan,

2x> —6x + 4—rk=0



tenglamani hosil gilamiz, uning yechimlari,

6+,36—-8(4—1rk) 6xVa+8rk 3xV1+2rF
x: — —

ko‘rinishga ega.

4

3+ 1+2rk

x*(r

Barcha x*(r*) nugtalarda

9%F (x*(r®), r%) s

ildiz X to‘plamda yotmaydi, shu sababli,
k) = 31\/1+2rk.

2

dx?2

ya’ni, shartsiz minimumning yetarli sharti bajariladi.

4

rk

xR

2

0,

Ta6uiia 9.6

k rk x-(rk) F(x-(rk)’ rk) P(x-(rk)’rk) N (r"’) _ ok |

: rJc‘(r"‘) -1
0 1 0,634 -113 1,005 2,73
| 0,1 0,952 -2,59 0,303 2,08
2 | 0,01 0,995 -2,937 0,053 2
3 | 0,001 0,9995 -2,99 0,0076 2
4 0 1 -3 - 2

Pe3ynbTaTHl pacueToOB NPHBEACHH B TAGH. 9.6. W

15.2-misol. Ushbu

f(x) = x — min,
0,() =2—x <0,

masalada minimum topilsin.

o 1. Yechimni teskari jarima funksiyadan foydalanib, analitik yo“l

bilan topamiiz.

2. Yordamchi funksiyani tuzamiz:

F(x, r¥)

1
=x—rk—

2—x

P(x,rK)

3. Zaruriy va yetarli shartlar yordamida F(xr¥X) funksiyaning

minimumini topamiz:



o F(x,r<) _ rk

x T aor 0

Yoiz yechimlar to‘plamining ichida 2 — x < 0 bo‘lganligidan, x = 2 + Vr¥, demak,

x*(r*) = 2 = k. Minimumning yetarli sharti bajariladi:

9%F (x*(r*), r%) _ rk -0
dx? T2 =x*(rO)]3
Tabauua 9.7
k rk x'(r") F(x"(r"),r") P(x'(r"),r*)
0 1 3 4 1
1 0,1 231 2.63 0,32
2 0,01 2,1 2.2 0,1
3 0,001 2,03 2,063 0,033
3 0 2 2
Flx.rt)
F
4 1
3 4+
r? =001
2 i

x"|d '(0»1) x'(1)
0 2 X
! ~001) > 4
Puc. 9.9

PeayneTaTel YMCICHHBIX pacyeToB NpHBEAeHHI B Tabn. 9.7 M oTpaXeHH Ha
puc. 99. m

15.3-misol. Ushbu



f(x)—%(x1+1)3—>min,
9,00 =1—-x; <0,
gz(x) =—x; <0,
masalada minimum topilsin.
o 1. Yechimni teskari jarima funksiyadan foydalanib, analitik
yo‘l bilan topamiiz.
2. Yordamchi funksiyani tuzamiz:

1 1
1 - X1 X2]
P(x,rk)

1
F(x,rk) = 30a+ 1)3 +x, — rX[

3. Haitioem 6e3ycno8HbIU MUHUMYM F(x,rk)

k k
M=(x1+1)2—(1_r—x)2=0

9 F(xr¥ K
Lr):l_r—zzo
0x, x5

dxq

Pemienue 3TOM CHUCTEMBI, JIeXKAIIMA BHYTPH MHOXECTBA JOMYCTUMBIX pPEIICHUH,
nmeer Bux x:(r¥) = V1 +Vrk, x3(r%) = Vrk. Ipu r* - 0 umeem x;(r¥) - 1,
x;5(r*) - 0 Hosramy x* = (1.0)7, f(x*) = g m
IIpumep 9.8. Haiitn MunuMyM B 3aaue

f(x) = X7 — X, = mMin

gl(x) = x12 -x, <0

gz(x) =—x; <0
o 1. B 3amaue m=2. PemuM ee aHAJIUTHUYECKA C MOMOIIbIO
norapupmudecko mrpapuHot QyHKIUU.
2. CocTaBUM BCIIOMOTATEJbHYI (PYyHKIIHIO
F(x, 1) = x;y + X5 — X[ In(x; — x2) + In(xy)]
3. Hatioem 6e3ycio8HblU MUHUMYM F(X, rk)
d F(x, k) L+ 2%,k ok

——=0
2
x4 Xp —xi  Xq




a F(x, rk) rk
SR ~=0
axz X2 - x1

Tak Kak BHYTpM MHOECTBA JOIYCTHMBIX pelieHuit x7 — x, <0, —x; <0, To

k
r
x,=r¥+x2  1+4+2x;——. Orciona 2x2+x;,—1r =0 nu

X4 —
X1 1
—1+y/1+48rk __ —1-+/1+8rk
— Y Kopens x4 =——,  HE YIOBIETBOpsET TpeboBanus —x; < 0.
sf ke — —1+V1+8rk sl kN — k. 2+8rk—2y148rk
[Tosramy X (r®) = —— a x;(r¢) =r+ =

4 ! 16
12rk+1-v1+8rk
8

pu r* - 0 umeem x; (%) - 0, x3(r*) - 0.

16 —ma’ruza

Shartli minimallashtirish masalalarini yechishning sonli usullari
(gradiyentning proyeksiyasi usuli).

16.1. Gradiyentning proyeksiyasi usuli

Gradiyentning proyeksiyasi usuli (Rozen usuli) tengliklar va tengsizliklar

tipidagi bog‘lanishlar gatnashgan shartli ekstremumni topish masalalarida
go‘llaniladi.

1. Usulning tengliklar tipidagi bog‘lanishlar gatnashgan masalalarda

go‘llanilishi

16.1.1. Masalaning qo‘yilishi
Differensiallanuvchi  f(x) = f (x4, ..., x;,) funksiyaning minimumini
gi(x)=0,j=1,...,m,
bog‘lanishlar bajarilganda topish, ya’ni shunday x* € X nuqtani topish talab
gilinadiki, unda
f () = min f(x), (16.1)
x €X
X = {x|gj(x) =0, j=1,..,m m< n},
munosabat oinli bo‘lsin, bunda g;(x) =0, j =1, ..., m, funksiyalar x ning
differensiallanuvchi funksiyalaridir.
16.1.2. Izlash strategiyasi
(16.1) masalaning yechimini gradiyentning proyeksiyasi usuli bilan
izlashning strategiyasi,quyidagi,
xktl =xk +6x% k=01, .., (16.2)



goida bo‘yicha hisoblanadigan, {x*} nugtalar ketma-ketligini qurishdan iborat,
bunda §x*- har bitta giymati uchun hisoblanadigan vektor.
&x* orttirma, —t, Vf(x*), k =0,1,.., vektorning, g;(x) =0, j=1,..,m
tenglamalar bilan berilgan sirtni x* ,k = 0,1, ..., nuqtada approksimatsiyalaydigan,
Apbx =1y, (16.3)
tenglama bilan berilgan approksimatsiyalovchi tekislikka proyeksiyasi shartidan
aniglanadi. Bunda A,- m x n o‘lchovli,

091 (x) 094 (x)

Ag=| oL (16.4)

N\ agm) 0 g (%) ! '
0x, 0xp, k

X=X
ko‘rinishdagi matrisa, T, esa,-ustun vektor, 7, = —(g,(x*), ..., gm (x*)T.
16.1 — chizmada
f(x) = (x; — 4)* + (x, — 5)? > min, g1(x) =x%+4x3-16=0
masala uchun x* = (1;0,5)7 nuqgtada approksimatsiyalovchi to‘gri chizig
qurilgan bo‘lib, uning tenglamasi x; + 2x, = 9 kabi bo‘ladi, chunki
Ay = (2xy; 8x2)|xk=(1;0,5)T = (2,4),

Sx = (x; —xK;x, —xB)T = (x; — 1;x, — 0,5)7T; Ax6x = 1, = —(g,(x*) va,
demak, 2(x; — 1) +4(x, — 0,5) = 14.
dx vektor

Sxk = §.x% + 8,x%,

formuladan aniglanadi, bunda &8, x* — orttirmaning gradiyentli qo ‘shiluvchisi
deyiladi va

51x* = —t [E — AR (AR AR T A1V f (xF) = —t, Ax" (16.6)
ko‘rinishga ega bo‘lib, u quyidagi xossaga ega: orttirmaning gradiyentli qo‘shi-
luvchisi 8;x* chizigli yaginlashishda bog*lanishlar shartlari chetlanish vektorini
0‘zgartirmaydi. Buning ma’nosi shundan iboratki, orttirmaning gradiyentli go‘shi-
luvchisi ta’siri ostida x* nuqta yoki 4, 8x = 1, tekislik bo‘yicha yoki unga
parallel ravishda harakat giladi (16.1-chizma). &,x* qo‘shiluvchi — orttirmaning
kompensatsiyalovchi (o‘rnini to‘ldiruvchi) qo‘shiluvchisi deyiladi va
8,x% = A¥ (A, AY) 11, gateng. Bu go‘shiluvchi, chizigli yaginlashishda, bog-la-
nishlar shartlari chetlanish vektorini 7, migdorga o‘rnini to‘ldirish xossasiga ega.
5,x* go*shiluvchi ta’siri ostida x* nugtaning A,8x = t, tekislikka proyeksiyasi
amalga oshiriladi( 16.1-chizma).



-
e

N+l =9

(x1 - 4)" + (xz - 9)" = 1[x")

E
¥

Bi(x)=xf +4xd -16=0

(1)
k.
/

16.1-chizma
T, gadam Kattaligi, x* nugtadan x* — t, [E — AY (4, AY) 1A, IVF(x¥)
nuqtaga o‘tishda f(x) funksiyaning kamayishi shartidan, yoki

0(6) = f (x* = 6l ~ AL(AAD T 41VF () » min (16.7)

shartdan aniglanishi mumkin.
(16.7) masala, sonli usullardan birortasidan foydalanilgan holda, yechilishi
ham mumkin.

Hisoblashlar, ||Ax¥|| < &, || 8,x¥|| < & munosabatlar bajarilgan x* nugtada
yakunlanadi, bunda & —berilgan son. Topilgan x* nugtada (16.1) masala magsad
funksiyasi minimumining yetarli shartlari bajarilishini tekshirish shart.

§1xk = —t,[E — AL (4, AD) A, IVF(x*) =0
aniq tenglik, minimumning zaruriy sharti aniq bajarilishidan dalolat beradi, bunda
Lagranj ko“paytuvchilari vektori ushbu
A = —AL(A AR T AVS (5. (16.8)
formula bo‘yicha topiladi. (16.8) formula orgali aniglanadigan A* larning A* ga
yaginlashishini bilish, x* nugtada yetarli shartlarning bajarilishini tekshirish
imkonini beradi.

16.1-izoh. Agar (16.1) masalaning bog‘lanishlari chizigli, ya’ni

j=1aijxj = b;, i =1,..,m, ko‘rinishda bo‘lsa, u holda, A matrisa o‘zgarmas
bo‘ladi. Buning ma’nosi shundan iboratki, 6,x* o‘rnini to*ldiruvchi go*shiluv-
chining xossasiga binoan, u x° nuqtada fagat bir marta hisoblanadi. Bunda
boshlang‘ich nuqta bitta iterasiyadan so‘ng joiz yechimlar to‘plamiga tushadi. {x*}
ketma-ketlikni qurishning keyingi jarayoni &;x* qo*shiluvchini hisoblash bilan
bog‘lig bo‘ladi.

16.1.3.Algoritm

1-gadam. x9, € > 0, larni, hamda M-iteratsiyalar sonini berish.
2-gadam. k = 0 deb olish.
3-gadam. k = M shartning bajarilishini tekshirish:



a) agar tengsizlik bajarilsa, hisoblashlar tugaydi. Unda A* ni hisoblash,
minimumning zaruriy shartini tekshirish va natijani baholash;

b) agar tengsizlik bajarilmasa, u holda, 4-qadamga o‘tish.
4-gadam. [E — AL(4,AT)71A,]Vf (x*) matrisani hisoblash,

09, (x) 0941 (x)
0x, 0xp,
Ak = s
Im(x) 9gm(x)
0x, Oxp k

xX=x
5-qadam. 7, = —(g1(x%), ..., gm (x®)T ni hisoblash.

6-gadam. &,x* = AL(A,A%) ™11, ni hisoblash.

7-gadam. ||8,x*|| ni hisoblash.

8-gadam. V£ (x*) ni hisoblash.

9-gadam. Ax* = —[E — AT (4, AF)71A, ]V (x¥) ni hisoblash.

10-gadam. [|Ax*|| < e va ||8,x*|| < & shartlarni tekshirish:

a) agar ||Ax*|| < e va ||6,x*|| < e bo‘lsa, hisoblashlar tugaydi. (16.8) formula
bo‘yicha A* ni hisoblashga o‘tish va minimumning yetarli shartlarini tekshirishga
o‘tish;

b) agar ||Ax*|| > e, ||8,x*|| <  bo‘lsa, u holda, &,x* = 0 deb olish va 11-
gadamga o‘tish;

c) agar ||Ax¥|| < &, ||6,x¥|| > & bo‘lsa, u holda, Ax* = O deb olish va 13-
gadamga o‘tish;

d) agar ||Ax*|| > e, ||6,x%|| > € bo‘lsa, u holda, 11-gadamga o‘tish.
11-gadam. x* + t;Ax* nugtani olish.
12-gadam. t; ni f(x* + t;Ax*) - ngin shartdan topish.

k

13-gadam. x**1 = x* + t;Ax* + §,x* ni hisoblash.k = k +1 deb olib, 3-qadam-

ga o°tish.

16.2-izoh. Agar masalaning bog‘lanishlari chizigli bo‘lsalar, u holda,3-
gadamda k > 1 bo‘lganda 8-gadamga o‘tamiz. 10-gadamda ||8,x*|| = O deb
olish lozim.

16.1.4. Yaqinlashishi
Modomiki, —t,Vf(x*) vektorning proyeksiyasi har bir k uchun
Q = {x|Ax(x —x*) =1, x € R"}
to‘plamga amalga oshirilar ekan, gradiyentning proyeksiyasi usulining algoritmi,
R™ da qgavariq, differensiallanuvchi va gradiyenti Lipshits shartini ganoatlanti-
radigan f(x) funksiyalar uchun yaginlashuvchi bo‘ladi.
16.1-tasdig. Faraz gilaylik, f(x) funksiya R™ da gavariq, differensialla-

nuvchi bo ‘lib,uning gradiyenti Q to‘plamda L o ‘zgarmasli Lipshits shartini

ganoatlantirsin. Shuningdek, Q- gavariqg va yopiq to ‘plam, masalaning yechimlari

to‘plami X* = Arg mei(r; f(x) bo‘sh bo ‘Imasin hamda 0 < ¢, < % bo ‘Isin. U holda
X

x* — x* € X* va, agar f(x) kuchli qavariq bo ‘Isa, x* — x* geometrik

progressiya tezligida bo ‘ladi.



16.1-misol. Ushbu masalada minimumni toping:
f@x) = (xy — 4)* + (x; — 5)* > min,
g1(x)=x;,+x,—1=0.

l.[.‘t}-xl + Xy -1 =

Xux's [ﬂ.l}r

Xy

(=, - #]1 +(xy - 5]: = f[x"i
16.2-chizma
[ Masalaning o°ziga xos xususiyati shundan iboratki, uning bog‘lanishlari
chiziglidir (16.2-chizma).
1. x°=(0;0)T; £ = 0; M = 5 larni beramiz.
2. 'k =0 deb olamiz

3% k > M shartni tekshiramiz: k =0<5=M

4° A, matrisani hisoblaymiz: 4, = (1 1).

59. 1o = —g,(x°) ni hisoblaymiz: t, = 1.

6°. 8,x° ni topamiz: 5,x° = (1;1)7-0,5-1 = (0,5;0,5)7.
7°. 116,x°|| ni hisoblaymiz: ||6,x°|| = 0,707.

89. V£ (x°) ni hisoblaymiz: Vf(x°%) = (-8; —-10)T.

9% Ax? ni hisoblaymiz:

wr =[5 9)-(2)-05-a0](-5)= ()

100, ||Ax°|| < €, [|8,x°|| < e shartlarning bajarilishini tekshiramiz:
|Ax°|| = 1,41 > ¢ =0, ||6,x°]| = 0,707 > £ = 0. 11-gadamga o‘tamiz.
11°. x° + t;Ax° nuqgtani olamiz: x® + t;Ax°(—t5 , t5)T.
120ty ni f(x° + t5Ax0) = ngin f(x° + t,Ax?) shartdan topamiz:

0

t: = 0,5.
13%. x1 = x% + ¢;Ax° + 5,x° ni hisoblaymiz:

x! =(0;0)T +(-0,5;0,5)T + (0,5;05)T = (0; )T

k = 1 deb olamiz va 3-qadamga o‘tamiz.
3. k > M shartni tekshiramiz: k=1<5= M.
8. V£ (x1) nihisoblaymiz: Vf(x1) = (-8;-8)7
9. Ax?! ni hisoblaymiz: Ax* = (0;0)7.
101, ||AxY|| < &, ||8,xY]| < € shartlarning bajarilishini tekshiramiz:



IAxL|| = 0 =g, ||6,xt|| = O = e. Hisoblashlar yakuniga yetdi. A*
Lagranj ko‘paytuvchisini topamiz : 2* = —(4,A5) " 14,Vf(x1) =
—(0,5;0,5)(—8; —8)T = 8. Minimumning yetarli shartini tekshiramiz.
Lagranj funksiyasining ikkinchi differensiali d2L = 2dx?| + 2dx? dan
iborat. Qo‘shimcha shart: dx; + dx, = 0, buyerdan dx; = —dx,. Bu
ifodani d2L ga keltirib qo‘ysak, d?L = 4dx? > 0 munosabatni hosil
gilamiz. Xulosa: x* = (0; 1)T = x*- nugta minimum nugtasidan iborat.=

16.2- misol. Ushbu masalada minimumni toping:

f(x) = (x; —4)? + (x, — 5)? > min,
g1(x) =x;,+x2—-4=0.

01. 3agagum x° = (0;0)T; e =0,05;M = 5.
2.3agagum k = 0.

3% Mposepsiem ycnoBue k > M: 0 <5.

49, Beruucnum matpuny Ay Ay = (1 2x,),0 = (1 0).

50, BeraucaseM 7y:Tg = —(0 + 0 — 4) = 4.
6°. Moanydyaem §,x%:8,x° = (1;0)7-1-4 = (4;0)7.
7°. BeraucaseM ||8,x°||: ||8,x°|| = 4.

8%, Beruncngem Vf (x°): VF(x%) = (-8; —10)T.

9%, Boruucasiem Ax?: Ax° = — [(é 2) - (é) 105-(1 0)] (__180) - (100)

10°.IIpoBepsieM BuinosiHeHHe yeaoBull [|AxC|| < &, ||8,x°|| < e
|Ax®|| = 10 > £ = 0,05; ||6,x°]| =4 > & = 0,05.
11° Monyyaem Touky x° + t3Ax%: x® + t5Ax°(0; 10¢5)T.
12°.Onpegensem t; us ycnosus f(x° + tjAx%) = rrgin fx°+

0

toAx°):ty = 0,5.

13° Beraucasem xt = x9 + t5Ax% + 5,x%: x1 = (0;0)T + (0;5)T +
(0;4)T = (4;5)" (puc.10.3.). llonaraem k = 1 ¥ nepexoAuM K wary 3.
3lIposepsemycioBue k >M: k=1<5=M

4, Berancanm matpuny 4. A; = (1;10)7.

51, BoruucasgeM 7,:1; = —(4 + 25 — 4) = —25.

6. [Mosnydaem §,x1:6,x1 = (—0,248;2,48)T.

71, BoruucaseM ||8,x||: ||6,x ]| = 2,49.

8! Beraucasem VF(x1): VF(x1) = (0;0)T

o



(x1 = 4)" +(xz - 9)* = f{x")

gilx)=x; +xf-4=0

Puc.10.3
91, Beruucasgem Ax%: Ax® = (0,0).
10.IIposepsem BoinoHenue ycaosui ||AxY]| < g, ||6,xY| < e
|Ax]| = 0> & =0,05; ||5,x]] =249 > ¢ = 0,05, nepexouM K 1mary
13.
13! Boruucasem x2 = x! + §,x1: x? = (4,5)T + (—0,248; —2,48)T =
(3,752;2,52)T (puc.10.3.). llosnaraem k = 2 1 nepexoAuM K wmary 3.
32 Ilposepsem ycnoBue k> M: k=2<5=M
42 Beraucnum matpuiy A,: A, = (1; 5,04).
52, BeluucaseM T,: T, = —(3,752 + 6,32 — 4) = —6,07.
62. llonydaem §,x2:8,x% = (—0,23; —1,16)7.
72. BoruucaseM ||8,x2: [|16,x2|| = 1,18.
82 Beruucasaem Vf (x?2): Vf(x?) = (—0,496; —4,96)T.
92, BeruucaseM Ax?:
1 0 0,038 0,19 [-0,475] _
st =—{g 4] -] 005 |

019 069l 0103
_ 10962 -0,19 [—0,475 _ —0,475+o,95] _ —0,475] _
-019 004 1| 0103 0,095 —0,198] ~ | 0,103
_ [—0,475 + 0,95] _ —0,475]
0,095 -0198] ~ | 0,103 |

102 IlpoBepsieM BbIoJIHEHHe YCa0BUH ||Ax?|| < &, ||8,x2] < e
|Ax?|| = 0,486 > £ = 0,05; ||5,x2|| = 1,18 > & = 0,05. [lepexoauM K
mary 11,
112 Monyyaem x?2 + t;Ax?:x? + t;Ax? = (3,752 — t; - 0,475,252 + t; -
0,103)7.

0,138

2 I —
124.Onpenensiem t;: t, = 0236 0,585.

132 BeraucaseM x> = x2 + t;Ax? + §,x%:

x3 =(3,752;2,52)" + 0,585 - (—0,475;0,103)" + (-0,23; -1,16)T =
(3,244;1,42)" (puc.10.3.). llonaraem k = 3 ¥ nepexoAuM K mary 3.
33 IlpoBepsiem ycoBue k > M: k=3 <5=M

43, Beruucium matpuny As: A; = (1; 2,84).

53. BoiuucasgeM 15: 73 = —(3,244 + 2,02 — 4) = —1,26.



63. Moayyaem 8,x3:8,x3 = (—0,139; —0,394)T.
73. BeraucaseM ||8,x3||: ||8,x3|| = 0,41.
83 Beruucagem Vf(x3): Vf(x3) = (-1,512; —7,160)7.
93, BeruucasieMm Ax3:

Axd = — 0,89 —0,314] [—1,512] _ —-135+ 2,24] _ [—0,89

—-0,19 0,11 7,16 0,476 — 0,79 0,3141
103 .IlpoBepsieM BoinoiHeHUe yeaoBul ||[Ax3|| < &, ||8,x3] < e
|Ax3|| = 0,94 > £ = 0,05; ||6,x3]| = 0,41 > & = 0,05. [lepexoauM K
mary 11.
113 Monyyaem Touky x> + t3Ax3:x3 + tiAx3 = (3,244 — 0,89t5;1,42 +
0,314¢3)7.
0445 _

123 .OnpepenseM t5: t5 = <55 = 05

133 Boiuucasem x* = x3 + tiAx3 + §,x3:
x* = (3,244;1,42)" + 0,5(—0,89: 0,314)7 + (—0,139; —0,394)7 =
(2,66;1,18)7 (puc.10.3.). Mosraraem k = 4 u nepexo UM K wary 3.
3*Ilposepsem ycnoBue k > M: k=4<5=M
4*, Boruncnum matpuny A,: A, = (1; 2,36).
5% Beruucasem 7,:7, = —(2,66 + 1,39 — 4) = —0,05.
6*. Moaygaem §,x*:8,x* = (—0,0076; —0,018)7.
7% BoraucaseM ||8,x*||: ||8,x*|| = 0,019.
8* Beruucnsaem Vf(x*): Vf(x*) = (-2,72;,-7,64)T.
9% Beruucasem Ax*:

pet = - [0848 0842272 _-28+275)_[-045]

—-0,36 0,15211 7,64 0,98 -1,16 0,18 |
10* IIpoBepsieM BoinoiHeHHUe yeaoBul ||Ax?|| < &, ||8,x%] < e
|Ax*|| = 0,48 > ¢ = 0,05; ||6,x*|| = 0,019 > £ = 0,05. [los0%kHUM
5,x* = 0 u nepexogum k mary 11.
11* Monyyaem Touky x* + t;Ax*: x* + t;Ax* = (2,66 — 0,45¢t;;1,18 +
0,18t;)T.
0,09

4 I —
12*.OnpenensieM t,: t, = 0237 0,39.

13* Beruucasiem x° = x* + tjAx* + §,x* rge 5,x* = 0;
x5 = (2,66:1,18)" + 0,39(—0,45:0,18)T = (2,48; 1,25)" (puc.10.3.).
[lonaraem k =5 nepexoaum K mary 3.
35 Ilposepsiem ycioBue k > M: k=5= M.

PacyeT oKOHYeH, Iepexo UM K BbIYMCIeHUI0 1° 1 poBepke
He06X0MMBIX U J0CTaTOYHBIX yCJA0BUI MUHMMyMa. Haxoqum

5= (7—25) (1:2,5) [‘3"’4] =296,

-7,5
BeinuinemM Heo6x0IMMbIe YCA0BUSA 3KCTpeMyMa (cM. pasj. 3.2) ¢
yaeToM Buja GyHkuuu Jlarpamxka L(x, 1) = (x; — 4)? + (x, —
5)2A(x; + x2 — 4):

2(x; —4) + 1 =0,
2(x2 - 5) + ZAXZ - 0,



x, +x5—4=0.

Bysem cuuTaTh, 4TO HEOOXOJUMbIe YCI0BUA IKCTpeMyMa
BBINIOJIHEHDI, €CJIX aOCOJIOTHAs BeJIMYMHA HEBA3KU JII000r0 U3 3TUX
paBeHCTB He npesbimaeT 0,1. B pe3y/ibTaTe NOACTaHOBKM TOYKH x° U
A° nosy4aem

2(2,48 — 4) +2,96 = —0,08;
2(1,25-5)+2-296 =-01;
2,48 +1,25% — 4 = 0,04.

OTcroza cienyeT, YTO HEOOX0OAUMble YCJIOBUSA BBINOJHAOTCS.
[IpoBEepUM JOCTaTOYHbIE YCA0BHA 3KCcTpeMyMa. [losnydaem d?L: dL =
2dx? + 2(1 + A)dx? = 2dx? + 7,92dx5. JlonOJHUTENLHOE YCI0BUE
dx,; + 2x,dx, = 0. Orcroga d*L = 20,42dx% > 0.

BuiBog Touka x> = (2,48;1,25)" ecTb HaliieHHOE MPUGIMKEHHUE
TOYKHM MUHHUMYyMa x* (cTpoka 1 Ta6s. 3.1).m

3. [[ppuMeHeHUe MeTOZa B 3aZjlaye C OrpaHUYEHHUSAMHU THIIA HEPaBEHCTB.

IlocTaHoBKa 3aga4u

Haittu MunumyMm auddepennupyemort pyukuuu f(x) = f(xq, ..., x,)

TIPU OTPAHUYEHHSAX g (x) <0,j =1,..,m, 1.e. Takyio Touky x* € X, uro
f(x*) = min f(x),
x eX
X = {x|gj(x) <0, j=1,...m m< n},
rae pyukmmn g;(x), j =1, .., m, asasorcs mubdepeHuupyeMbiMi QyHKIHAMUI
X.
Crparterusi moucka

Crparerus noucka pemenus 3agaun (10.9) yuureiBaeT TOT ¢axr, 4To

pemeHue x* MOXeT JieXKaTh KaK BHYTPH, TaK U Ha TPaHULIE MHOXKeCTBa

JlonycTUMbIX pemenuit (puc.10.4,a, 6).
3 :z

%}/}1

Bilx)=x +x;-2%0

I_ 3

< = (0,0)" 2

— =]

2 3 - 1
f(x*)ymxi +x3 =0

fix*) = :.'2 ~+;t;JI .
a [}
Puc.104
Jlis onpezeneHUs NPUGIMKEHUS pellleHHs X CTPOUTCS
nocienoBareabHocThb Todek {x*}: x*+1 = x* + §x*, k =0,1, ..., roe
npupalieHre 5x*, onpesensercs B kaxkAo# Touke xX B 3aBMcHMOCTH OT
TOTO, I'/le BeJleTcs MOMCK-BHYTPH MM Ha TPaHHUIle MHOKECTBa JAONMYCTHUMOM



o6s1acTi. 06X0/; rpaHUI, MHOXECTBA JONYCTUMbIX pEeLIeHUH CBA3aH C
BbISIBJIEHHEM aKTHUBHBIX B TouKe x* orpanuuenuit g, = (91,...,92)7,
anmnpoKCUMaluen UX MJI0CKOCTbIO
A bx = 14, (10.10)
rae Ay [zi;j] - MaTpHIa pasMepap X n, p < n; 7, = —ga(x®),
xX=x
npoekuyeit Ha Hee BekTopa —t;, Vf (x*) . /l1g BbISIB/IeHUs HepaBeHCTB,
aKTUBHBIX B TOYKe XX, 3a/jaeTcs morpentHocTh onpe/jesleH|s aKTHBHBIX
orpaHudeHuil &; < 0. AKTUBHBIMH CYUTAIOTCA T€ OTPAHUYEHHUS, /IS
KOTOpBIX & < g; < 0.YuC/I0 p OrpaHUYeHUH, aKTUBHBIX B TOYKe X,
He JJOJIXKHO IPeBbIIaTh N-Pa3MePHOCTH BEKTOPA X .
ITouck orpaHUYeHUH, aKTUBHBIX B TOUKe x*, paccMaTprBaeTcs
KaK CaMOCTOATe/IbHad 3a/ja4a KOTopas MOXeT ObITh pelleHa NyTeM
rnocsiefloBaTeNbHBIX MPUOIMKEHUH. 3a/jaeTcsl Touka x* u BeIaMcgeTcs
gj(x), j=1,..,m Ecau g;(x) < &, To BeIGUpaIOTCA J106bIE
p OrpaHMYEHMH C HAUMEHbIIUMMU 10 a6COTIOTHOM BeJIMYMHE
HeBA3KaMU p]’-‘ = g;(x*) B Touke x*, cTpouTcs maTpuua Ay,
BLIYMCIAETCA T) U HAXOJUTCH TOYKA
xf+l = x* + AT (A AD) 1T, (10.11)
3aTeM CHOBa BLIYMC/IAETCH HEBA3KUX BbIOPAHHBIX P OrPaHUYEHMIA.
YTouHenue o popmy.ie (10.11) ocyiiecTBsieTcs [0 TEX MOP, IOKa He
6y/eT HaiifleHa TOUKa XX, B KOTOpO aKTUBHBI p OrpaHUYEHUH,
ornpezesieTcs TOYKOH
x = xk — t [E — AR (A AR) T AV (x), (10.12)
I'ne npupamenue 5x* = —t, [E — AL(AAY) 1A, ]1VS (x¥) ocymecTBaser
JIBHYKEHHE T10 MJIOCKOCTH A, 6X = T; B HampaBJsieHUU y6biBauus f(x).
BesinunHa t;, BbIGUpaETCa Tak:
tr = min[t; =0, tymax = 0], TOe t; ecThb mar, Ipx KOTOPOM

f (2% = GIE — AL(AAD AV (xK)) = min f (x* — t51E -

AL (A AR AV (),
a ty max "HAMMEHBIIWH 1IaT, IPA KOTOPOM

97 (%% = timax [E — AL(AAD 7 AIVF(x¥)) < 0
k

/11 Bcex orpaHUYeHUU, KOTOPbIE He OblJIK aKTUBHBIMU B TOYKE X |

PasymeeTcs, HeBsI3Ka OTpPaHUYEHU U B TOUKE x**1 yuamensiercs, u

M03TOMY BBIYMC/IEHHIO TOYKHU X 12 fomKHa nmpe/iiecTBOBaTh

npoleLypa Bbi6opa akTUBHBIX OTPAHUYEHUM, OITMCAH U BhILIE,
Iporeiypa BIYUCIeHUs ToYeK nocaefoBaTeabHocTh {x*}

06ecredYuBaeT Nocae0BaTebHOE ABUXKEHNE BJ0JIb TPAHHUIbI

JIONYCTUMOM 06J1acTH. [Ipu BbIMOJIHEHUU HEPABEHCTBA ||Ax""|| =
|-[E — AL(ALAD) A IV (xF)|| < &, rae ;- 3aanno0e focTaTouHO



MaJioe MOJI0KUTeIbHOE YHCII0, BEIYUC/IsAeTC npubamkenue X BekTopa
MHOXUTeJel Jlarpanka A*:
A= —AT (A4, AD) 1A, VS (xK). (10.13)
Eciu A% > 0, To B Touke x* BbImO/IHEHbI HEOGXOTUMBIE yCJIOBUS
MUHUMYMA U B Hel J0JDKHBI ObITh IPOBEPEHbBI I0CTaTOYHbIE yCa0BUs. Eciun

cpeau MHOXKUTeel A]k €CTb OTpHULIATEJIbHbIE, TO 3TO O3HAYAET, YTO xk He

SABJISIETCA MPUOJIMKEHHEM TOYKHU X, TAK KaK B Hell He BBINTOJTHEHbI
HeoGXo/lMMble YCJI0BHA MUHUMYMa f (x) Ipy orpanuyeHusx g;(x), j =
1,...,m (cm. yrBepxkaeHue 3.4). OgHaKo BbIOOD 1Iara tj, M03BOJISIET TOBOPHUTH
0 TOM, 4TO 3HaueHHe f(X) He MOXeT ObITb yMeHbIIIEHO MPH 3a/JTaHHOM
COoCTaBe aKTUBHbIX OTPAaHUYEHHUH U CJie[OBATEbHO, IPOIeCC MUHUMU3AIUU
f(x) Heo6Xo MO MPOJOJIPKUTh, YMEHBIIIMB UX YMCJIO: B YHUCJIO TIEPEBOUTCS
TO U3 OTPAaHHUYEHUNH, KOTOPOMY COOTBETCTBYET HAUOOJIbLIUHI MO
abCoOJIIOTHOMY 3HAaYEHUIO OTPULATETbHBIA MHOKUTEJb A}‘. Takasg npoueaypa
NOMCKa M03BOJISIET OTHICKATh pellleHuUe, JiexKalllee KaK Ha IpaHUlle, TaK U
BHYTPH MHOKECTBA JONYCTUMbBIX pellleHUH.
Anroputm
Llaz 1. 3amats x°, &, < 0, &, > 0 uncino uteparuu M.
Lllae 2. Tlonoxwuts k = 0.
lllae 3. TIpoBepuTh BHITIOIHEHUE YCIIOBUS k = M
a)ecllM HepaBEHCTBO BBINMOIHEHO, TO PAcueT OKOHYEH, MepeiiTH K BRYUCIeHmo AX,
U OLICHKE pe3yJIbTaTa,
0)B IPOTUBHOM cjly4ae TepeiTH K miary 4.
[lae 4. Beraucnuts gi(x), j=1,..,m.
a2 5. . TlpoepuTs BbInONHeHHe yenosus & < g;(x*) <0, j=1,..,m:
a) Ecii HepaBeHCTBO BBIIIOIHEHO XOTS ObI [uist 0HOTO j, Bhranciutb Vf (x%),
Ecu Vf(x*) # 0 nepeittu x mary 7. Eciu Vf(x*) = 0 mpu k > 0, nepeiitu
K mary 9. B npoTHBHOM cilydae 3a1aTh 3aHOBO TOUKY x° Ha MPHHAIIEKHOCTD
obnactu gomycTumbIx pemennii. Eciu x° € X nepeiity k mary 9.8 npoTUBHOM
cilydae 3a/aTh 3aHOBO Touky x° u nmepeiiTu k mary 4;
0)eci HA OJTHO M3 YCJIOBUI HE BBIIIOJIHEHO, IIEPEHTH K Iary 6.
Llaz 6. Berarcmurs TOUKy XV, B KOTOPOH OY/IET BBIOIHEHO YCIOBUE
& < g;(x¥) < 0, no kpaiiueii Mmepe st oxHOro 3HaeHus j: x¥ = xX +
Al (ARAR) 1
Honoxuts x¥ = xV n nepeiitn k mary 7;
Llaz 7. Boraucnuts Ax® = —[E — AT (4, AY) 24,1V (x¥).
lllaz 8. TIpoBeputhb YCJ'IOBI/IH”AXk“ <€,
a) €CJIM YCIIOBUE BBIMOJHICTCS MTEPEUTH K mary 9;
0) ecym Het -k mary 10.
Llaz 9. Beraucnuts Bextop A% = —(4,47) 1A, Vf(x*). Ecnu A* = 0, To pacuer
OKOHYEH, TPOBEPUTH JOCTATOUHBIC YCIOBUSI MUHUMYMa. Ecu HET, TO UCKITIOYUTH
U3 COCTaBa aKTUBHBIX OrpaHrYeHUE (OHO MPUBOJUTCS B TACCHBHBIE),



COOTBETCTBYET HAaMOOJIBIINN K MOAYJIIO OTPULIATEIbHBIA MHOKHUTENb, U IEPEUTH K
mrary 7 (Iipu 5TOM U3 MaTPUIBI A yAaIseTcs CTPOKa, COOTBETCTBYIOIIAS
UCKJTFOYaeMOMY OTPAaHHUYCHHIO).

Ilaz 10. TIpoeputs Touxy x* + t;Ax¥.

lllae 11. . Onpenenuts t;, . s 3TOTO ClAeayer:

a) BBIYMCIUTS tj u3 yenosus f(x* + tiAx*) - min,

tx=0
6) 171 BCeX TIACCHBHBIX B TOUKE XX orpaHmueHuii, Kpome mepeBeIeHHBIX B
nmaccuBHbIe Ha lare 9, onpefenuTs Beuuuny &, u3 yenosus g; (x* + t, Ax*) =

0, tx = 0 (ecmu ycnosue g;(x* + t, Ax*) = O Brmonusercs Tonbko mpH t), <
0, T t], HE BBIYHCISETCH);

B)HAWUTH BEITUYUHY t) max — mln{t }

[laz 12. . Beraucouts x**1 = x* + ¢, Ax*. Tlonosxurs k = k +1 u nepeiitu x
miary 3.
CxogumocTth
Yreep:xkaenune 10.2. ITycmo f(x) svinykaas ougppepenyupyemas na R™
@yHKYUA 2paouenm Komopou y0osiemseopsiem yciouro Jlunwuya ¢ KOHCmanmot
L. nycmo muoocecmeo Q- svinykinoe u 3amkHymoe, Muodicecmeo X =

. 2
Arg mlg f(x) He nycmo, a senuuuna t, yoosnemeopsem yciosuio 0 < t, < T
X€E

Torga x* — x* € X* u, ecau f(x) cuIbHO BBIYKJIA, TO XX — x* To co

CKOPOCTBbIO FeoMeTpUYecKo nporpeccuu [34].
[Ipumep 10.3. HaliTu MUHUMYM B 3a/ia4e
f(x) = (x; — 4)* + (x, — 5)? - min,
g1(x) =x; +x,—1<0.
g2(x) = x, <0,
g3(x) =x, <0.

0l1. 3agagum x° = (0;0)T; ¢, =0, &, =0, M =5,
2. 3agagum k = 0.
3% Mposepsiem ycnosue k> M. k=0<5= M.
4°. Borancnum Marpuy g;(x°%), j=123: g;(x°) = -1<0, g,(x°) =
0,93(x°) =0
59, B Touke x° akTHBHBI orpaHndeHusa g,(x%) <0, g3(x°) < 0 onu
dopmupyroT MaTpuny 4, . Tak kak Vf(x?) = (-8; -10)T = 0,
nepexo UM K mary 7.
0 0.p.0 — (0 0y —8)_(0 _
7°. Beruucngem Ax”: Ax® = — (0 0) (_10) = (0) TaK Kak Ay =
(o0 )
0 -1
8%. Iposepsiem ycnosue ||Ax°|| < &,: ||Ax°|| = 0, nepexoauM k mary 9.

9%, Beryncasem 1°%: 1° = — (_01 _01) (__180) = (__180), yJansgeM TpeTbe

orpaHudyeHue —x, < 0 (OHO MmepexoAUT B MACCUBHBIE ), KOTOPOMY



COOTBETCTBYET HAUOOJIBIIMH [0 MOAYJIK0 OTPULATEJbHBI MHOXKUATEJb
-10, u nepexoauM K mary 7 (Ipu 3TOM UCKJIIOYAETCS BTOpasi CTPOKA U3
MaTpHUIbI Ag)

1 0 -1 —8
1 0. 0 — __ _ o — . e
7 (.)Bbl‘-II/ICJIHeM Ax?: Ax° = [(O 1) ( 0 ) (-1 O)] (_10)
(10), Tak Kak A, = (—1; 0).
81. llposepsaem ycnosue ||Ax°|| < &,: ||Ax°|| =10 > &, = 0.
10° Monyyaem Touky x° + t,Ax%: x° + £,Ax°(0; 10t,)T.
11°. Onpenensem to = Min{ g, tomax}: BEIMIMHY L) HAXOJUM W3
ycanosus f(x® + t3Ax0) = rtnilgf(xO + t,Ax?): t; = 0,5; Tak Kak nepBoe
0
orpaHMYeHMe MacCUBHO B Touke x°, To u3 ycnosuit 10ty —1=0wu t, =
0 HaxoguM t} = 1—10; TpeThe OrpaHMYeHHe B aHAJIOTUYHOM Npoleype He

y4aCTBYET, IOCKOJIbKY nepeBeJeHO B IaCCUBHbLIE TOJIBKO Ha IIare 9,

t —min{tj}—i'min{l i}—i
Omax = TR0 T 4o 2'10) 10
12°. Boruncasem x = x° + t,Ax%: x1 = (0;0)T + 1—10(0; 10)T =

(0; 1) (puc.10.5.). Monaraem k = 1 u nepexoaum K wmary 3.

H‘E‘II 1 1
f1x°) = (x) = 4)" +(xy - 5)" =32

Puc.10.5
3. Mposepsiem ycnoBue k> M. k=0<5= M.
4t Borancnum Matpuny g;(x1), j=123: g;(x') = -1<0, g,(x") =
0,g3(x') =-1<0.
5. lpoBepsieM ycioBue & < g;(x') < 0: g,(x') =0,g,(x1) < &.
AKTHBHBI IIepBO€ ¥ BTOPOE OTPaHUYEHUsA, OHM GOPMUPYIOT MATPHUILY
Ay, VF(x1) #0.

72, Beiuncasiem Ax1: Ax! = (8 8) - (:S) = (8), TaK Kak A; = (i é)

82. llpoBepsieM ycaoBue ||Axt|| < &,:||Ax?|| = 0, nepexojum k wary 9.
9! Beryucnsem A A = — (1 1) - ( 1 1) : (_8) = _( 0 1) .

(:g):(g) 1 2/ \-1 0/ \-8 -1 1

A} = 8,1} = 0. Heo6xX0oMMBIe yCI0BUS MUHUMYMa BbIIOJIHEHBI
[IpoBepseM foCTaTOYHbIE YCIOBUA MUHUMYMa: d2L = 2dx22dx2.
JlonmosHuTenbHbIE yeaoBUs dx; + dx, = 0, —dx; < 0. Orcroma dx; =



—dx, > 0. CregoBarennsHo, d2L = 4dx2 > 0. Touka x* = (0; 1)7- Touxa
muHumyMma f(x) (crpoka 1 ta6s. 3.3).=
[Ipumep 10.4. HaliTu MUHUMYM B 3a/ia4e
f(x) = (x; — 4)* + (x, — 5)* - min,
g1(x) =x; —x2+4<0.
g2(x) = —x; <0,
g3(x) = —x, < 0.

01. 3agagum x° = (0;0)7; ¢, =-0,1; & =01; M =5.

2.3agaaum k = 0.

3°. MlposepsieM ycnosue k = M: 0 <5,

4°. Borancmum Marpuity g;(x°%), j=123: g1(x°) =4, g,(x°) =

0; g3(x°) =0

59, TipoBepsiem yciosue & < g;(x°) < 0: g;(x°) > 0,6, < g,(x°) =
0,&; < g3(x°) = 0. AKTUBHBI TEpBOE U BTOPOE OTPaHUYEHHUS, OHU
dopMupyloT Mmatpuny 4, , Vf(x°) % 0.

0 0. a0 —_ (0 0y (—8)_(0 _
7°. Beruncasgem Ax": Ax” = (O O) (_10) = (O)' TaK Kak 4y =
(o )

0O -1
8%. Iposepsiem ycnosue ||Ax°|| < &,:]|Ax°]| = 0, nepexoaum k mary 9.

0 0.0 (1 0y (-1 0y (-8Y\_ /(-8
9%. Berunucasgem A1°: 17 = (0 1) (O _1) (_10) = (_10),
yJajisieM TpeThe orpaHudenue —x, < 0 (OHO MepexoAUT B MACCUBHBIE
), KOTOPOMY COOTBETCTBYET Hau6OJILIINMN 10 MOZYJIK MHOKUTEb -10,

Y MepexoiuM K mary 7 (Ipy 3TOM UCKJIFYaeTcsl BTOpasi CTpoKa U3
MaTpulbl A yaJisieTCss BTOpas CTPOKA).

0O O —8 0

1 0 A0 — _ _ _ _
7. Boruuciagem Ax": Ax” = (O 1) (_10) (10), TaK Kak 4,
(-1 0).
81. llposepsem ycnosue ||Ax?|| < &,: ||Ax°|| =10 > &, = 0,1.
10° Haxozum Touky x° + t,Ax°: x° + t,Ax°(0; 10¢t,)T.
11°. Onpenensem ty: ty = 0,5 Tak Kak nepBoe OrpaHUYeHKe TACCUBHO B
Touke x°, To u3 ycnosuit —100t3 +4 = 0wu t, > O HaxoauM t} = %;
TpeTbe OrpaHUYeHHe B aHaJOTHYHOM NPOolie/lype He y4acTBYeT,

IIOCKOJIbKY TepeBe/leHO B NaCCUBHbIE TOJIbKO Ha are 9; tymax =
1 1) _1

H ] —_ l . 1 — ==
mjln{tO} =5 min {2 ! 5} 5
12°. Boruucasiem xt = x° + t,Ax%: x1 = (0;2)T + 1—10(0; 10)T =

(0;1)"(puc.10.6.). MosnaraeM k = 1 1 nepexouM K wmary 3.



Purc.10.6
31 Mposepsiem ycnosue k> M: k=1<5=M.
41, Bpruucmum MaTpuIly gj(xl), j=123:9,(x)=0; g,(x1)=0
g3(x') =-2<0.
5'. llpoBepsieM ycioBue & < g;(x°) < O:
g1 <g1(x) >0, & <g(x)=0  g3(x°)=0

_ (-1 4.
AKTHMBHBI IIepBO€ ¥ BTOPO€ OTPaHUYEHUs, MO3TOMy A; = (_1 O)’
VF(xt) # 0.

7 Buswcnsen axtiat = (1 ) (C1 )L (L 1),
C1 N C)=-( o) (o= (8)

82. llpoBepsieM ycnosue ||Axt|| < &, ||AxY]| =

6
9! Beruucasiem A A = —%(_11 I;') : (:i _04) : (:g) = l__é‘

YnanseM nepBoe orpaHudeHue (OHO MEPEXOAUT B MACCUBHBIE),
KOTOPOMY COOTBETCTBYET HaUOOJIbIIMM 110 MOYJII0 OTPULIATENbHBIN
MHOXHTeJIb, U TIepexoAuM K mary 7 (Ipu 3TOM U3 MaTPHULLbI A
MCKJII0YAeTCs epBasi CTPOKaA).

3 1oa1 — 1 0 -1 -8\ _ /0
7°. Beluncasgem Ax': Axt = — [(O 1) — ( 0 ) (-1 O)] - (—6) = (6)’
Tak Kak A; = (—1; 0).
83. lIpoBepsieM ycnoBue ||AxY|| < &, ||AxY]|| = 6 > &,.
10 Haxogum touky x! + t;Axt: x1 + t;Ax1(0; 2 + 6t,)T.
111, Onpegensem t,:t; = 0,5 Tak KaK TpeTbe OrpaHUYeHHe NACCUBHO B
Touke x1, Ho ycnoBuii —(2 + 6t,)7 BeimosHAETCA TobKO NIpu t; < 0,
MI03TOMY t3 He BLIYMC/IAETCH epBoe OrpaHMYeHre B aHaJOTMYHOM
Npolieiype He y9acTBYET, IOCKOJIbKY IIePEeBE/J€HO B IIaCCUBHBIE TOJIBKO
Ha mare 9; csie/JoBaTeNbHO tq ;4 HE BBIUKCASIETCA U t; = t] = 0,5
121, Boraucasem x2 = x1 + t;Axt: x? = (0;5)7 (puc.10.6.). lloraraem
k = 2 u nepexo UM K mary 3.
32, MlposepsieMm ycnoBue k> M. k=2<5=M.



42, BRIYUCIAM MaTPHILY gj(xl), j=123:9,(x?*)=-21; g,(x?)=0,
g3(x2) = —b5.
52. TlpoBepsieM ycioBue & < g;(x*) < O:
& < g1(x*) >0, & < g,(x*) =0, g3(x?) < &
AKTHMBHO BTOpO€ OrpaHUYeHKe, OHO GOPMUPYET MaTPULY
A, VF(x2) = (=8, 0)T % 0.

7% Boruuciasiem Ax?: Ax? = (8 8) : (_08) = (8), Tak kak 4, = (=1 0).

8*. Mposepsem ycnosue ||Ax?|| < &: ||Ax?]| = 0.

-8
2 2 — _(_ .
94, BeruucaseMm 1 = —(—=1 0) (_10

orpanuyenue g, < 0 M mepexouM K wmary 7
7°. Beruucasiem Axt: Axt = —EVf(x?) = (8;0)7
85, llposepsieM ycosue ||Ax?|| < &, ||Ax?]| = 8 > &,.
102 HaxoguM TouKy x2 + t,Ax?: x? + t,Ax?*(8t,; 5)T.
112, BouucasieM t,.t, = t; = 0,5.
122, Berancasem x> = x2 + t,Ax?: x3 = (4,5)T (puc.10.6.). [loraraem
k = 3 v nepexoauM K wmary 3.
33. MlpoBepsiem ycnoBue k> M. k=1<5=M.
43 BorancnuM g;(x3), j=123: g1(x%) = =25; g,(x*) =4, g3(x°) =
—5.
53. TlpoBepsieM ycioBue & < g;(x*) < O:
91(x%) < &, 92(x%) < &, g (*)<g

Beraucasem Vf(x3):Vf(x3) =(0;0)T.
93 Berancasgem A3: A3 =0, 23 = 013 = 0. Heob6xoaMMEbIe yc0BHs
MHMHUMyMa BbIIOJIHEHBI

[lpoBepseM focTaTo4YHble ycnoBus: d?L = 2dx? + 2dx2>0.
JloTO/IHUTE IbHbIE YCI0BUA OTCYTCTBYIOT, TaK KaK BCe TPH
orpaHMYeHMs B TOUKe x> maccuBHbL Touka x3 = x*- Touka MUHUMyMa
(ctpoka 1 Ta6m 3.3).=

) = —8. Yansgem BTOpOE

17-ma’ruza
Chizigli programmalashtirish masalasini yechishning grafik usuli
Reja:
17.1. Ikki noma’lumli chizigli tengsizliklarni yechishning grafik usuli.
17.2. 1kki noma’lumli chizigli tengsizliklar sistemasini yechishning
grafik usuli.
17.3. Chizigli programmalashtirish masalasining go‘yilishi.
17.4. Chizigli programmalashtirish masalasini grafik usulda yechish.



17.1. 1kki noma’lumli chizigli tengsizliklarni yechishning grafik usuli.

Biz litsey matematikasida ikki noma’lumli chizigli tengsizliklar bilan
tanishganmiz va uning yechimi deganda noma’lumlar giymatlarining ular shu
tengsizlikni ganoatlantiradigan jufti tushunilgan edi.

Har bir ikki noma’lumli chizigli tengsizlik uchun, noma’lumlarning bu
tengsizlikni ganoatlantiruvchi juftlari cheksiz to‘plamini ko‘rsatish mumkin.

Masalan, 7X—3Y =21 tengsizlikni,

x=0, x =100, ) .
va h.k. juftlar ganoatlantiradi.
y=-8 |y=3

1-teorema. ax+by =C to‘g‘ri chiziq tekislikni shunday ikkita yarim tekislikka
bo‘ladiki, birinchi yarim tekislik nugtalarining koordinatalari ~ ax+hy>c
tengsizlikni, ikkinchi yarim tekislik nugtalarining koordinatalari esa, ax+by<c

tengsizlikni ganoatlantiradi.
A Tekislikda XOy to‘gri burchakli koordinatalar sistemasini olamiz va,

aniglik uchun, a<0, b>0, ¢>0 deb olib, ax+by=C to‘g‘ri chizigni quramiz. U
holda, ax+by =c to‘g‘ri chiziq tekislikni ikkita — chap-yuqori hamda o‘ng-quyi

y A Q
ax+hy>c / P b b
0 X '
ax+ by <c
ax+by=c
17.1-chizma.

yarim tekisliklarga bo‘ladi ( 17.1-chizma).
Ixtiyoriy x absissa uchun ax+by=c to‘g¢ri chiziqda yotuvchi M nugtaning

ordinatasi y:—%x+% bo‘ladi. Shunday qilib, ax+by=c to‘g‘ri chizigning
ixtiyoriy M nugtasi, (x, —%x+%).koordinatalarga ega bo‘ladi.

Endi M (x,—%X+%) nuqgta orgali, ordinatalar o‘qiga parallel raishda Q

to‘g‘ri chizigni o‘tkazamiz. Bu to‘g‘ri chizigda tekislikning x absissali barcha



nuqgtalari yotadi. Bu to‘g‘ri chizigning M nugtadan pastda joylashgan barcha P
nugtalari, M nugtaning ordinatasidan kichik y ordinatalarga ega bo‘ladi, ya’ni

y < —%x+%. Oxirgi tengsizlikda, —%x go‘shiluvchini tengsizlikning chap

tomoniga o°tkazib va tengsizlikning ikki tomonini b > 0ga bo‘lib, ax+hby =C to‘g-ri
chiziqga nisbatan o‘ng-quyi yarim tekislikning barcha nugtalari uchun, ax+by<c
tengsizlik o‘rinli bo‘lishini olamiz.

Q to‘g‘ri chizigning M nugtadan yugorida joylashgan barcha P nuqtalari, M

nugtaning ordinatasidan katta y ordinatalarga ega bo‘ladi, ya’ni y > — %x + %

Buyerdan, ax+hby=c to‘g‘ri chiziqga nisbatan chap-yuqori yarim tekislikning
barcha nugtalari uchun, ax+by > tengsizlik o‘rinliligi kelib chigadi. A

Isbotlangan teorema ikki noma’lumli chizigli tengsizlikni yechishning grafik
usulini ifoda qiladi.Demak, ikki noma’lumli chizigli tengsizlikni grafik usulda
yechish uchun: bu tengsizlikka mos keluvchi tenglamani yozish va tanlangan
koordinatalar sistemasida to‘g‘ri chizigni qurish, so‘ngra, to‘g°ri chizig tomonidan
hosil gilingan yarim tekisliklardan berilgan tengsizlikni ganoatlantiradiganini
tanlash, lozim.

17.2. Ikki noma’lumli chizigli tengsizliklar sistemasini yechishning grafik usuli.

Masalaning mohiyatini yaxshiroq tushunish uchun, quyidagi ishlab chigarish masalasini
garaymiz.

M asala. Korxonaning transformator tsexi ikki turdagi transformator ishlab
chigaradi.Birinchi turdagi har bitta transformator uchun 5 kg transformator temiri
va 3 kg sim sarf gilinadi, ikkinchi turdagi har bitta transformator uchun esa, 3 kg
transformator temiri va 2 kg sim sarf gilinadi. Agar tsexda 480 kg temir va 300 kg
sim bo‘lsa, tsexda har ikki turdagi transformatordan gancha miqgdorda ishlab
chigarish mumkin?

o Dastlab masalaning matematik modelini tuzamiz. Buning uchun, ishlab
chigariladigan birinchi turdagi transformatorlar sonini x orgali, ikkinchi turdagi
transformatorlar sonini esa, y orgali belgilaymiz. Masalaning shartiga ko‘ra, tsexda

480 temir borligidan, birinchi turdagi x sondagi transformator va ikkinchi turdagi y

sondagi transformatorni ishlab chigarish uchun sarflanadigan temir migdori, uning
umumiy miqdori - 480 kg dan oshmasligi lozim, ya’ni
5x+3y <480.

Sarflanadigan simning umumiy migdori uchun ham yugoridagi kabi mulohaza
yuritib,
3x+2y<300
tengsizlikni olamiz. Bundan tashqari, transformatorlar soni manfiy sonlar orgali
ifodalanmasligidan,
x>0, y>0



tengsizliklarni olamiz.
U holda, masalani yechish quyidagi:

5x + 3y < 480 (a)

3x+2y <380 (b)

X >0, (c)

y>0. (d)
ikki noma’lumli  chizigli tengsizliklar
RS | sistemasini yechishga keltiriladi. Bu sistemani
>\ grafik usulda yechish uchun, sistemaning har
bir tengsizligi uchun 17.1-bandda bayon gilin-

¢ gan usulni gqo‘llaymiz.

(a) tengsizlikning yechimi,
5x + 3y =480 (@)
to‘g‘ri chizigga nisbatan chap-quyi yarim

4 tekislikning nuqtalari koordinatalaridan iborat
(17.2-chizma).
17.2-chizma. (b) tengsizlikning yechimi,
3x+ 2y =300. (b’)

to‘g‘ri chizigga nisbatan chap-quyi yarim tekislikning nugtalari koordinatalaridan
iborat (17.2-chizma).
U holda, ABChburchakning ichida va uning tomonlarida yotgan nuqtalarning

koordinatalari, (a) va (b) tengsizliklarning ikkisini ham ganoatlantiradi.

(C) va (d) tengsizliklarning yechimlari, koordinatalar teislgining birinchi

choragida joylashgan nugtalarning koordiatalaridan iborat bo‘ladi, va demak,
berilgan sistemaning yechimi, ABCO ko‘pburchakning ichida va uning chegarasida
yotgan nuqtalarning koordinatalaridan iborat ekan. Yechim chizmada shtrix orgali
tasvirlangan.

Chiziqli tengsizliklar sistemasining yechimlari to‘plami — yechimlar sohasi

deyiladi. Demak, (a)-(d) sistemaning yechimlari sohasi ABCO ko‘pburchak

nuqtalarining koordinatalaridan iborat va bu ko‘pburchak — yechimlar ko ‘pburchagi
deyiladi.

Shunday qilib, korxonaning tsexi transformatorlar ishlab chigarish rejasini
tuzganda, masalaga mos kelgan tengsizliklar sistemasi yechimlar sohasiga e’tibor
berishi kerak bo‘ladi. Masalan, tsex 150 dona ikkinchi turdagi transformator ishlab
chigarib, bir dona ham birinchi tur transformator ishlab chigarmasligi mumkin
(chizmada C(0;150) nugtaning koordinatalari) yoki 50 dona birinchi turdagi va 60
dona ikkinchi turdagi transformatorlar ishlab chigarishi mumkin (chizmada P
(50;60) nugtaninng koordinatalari). m

Chizigli tengsizliklar sistemasining yechimlari sohasi —cheksiz sondagi
yechimlar to‘plamidan, chekli sondagi yechimlar to‘plamidan iborat bo‘lishi yoki



0‘zida yechimni saglamasligi ham mumkin. Oxirgi holda yechimlar sohasi bo‘sh
to‘plam deyiladi.
1-masala. Ushbu

-X+y-1>0
chizigli tengsizliklar sistemasini yeching.

o Sistemaning birinchi tengsizligini grafik usulda yechamiz. Uning
yechimlari x+y-1=0
to‘g‘ri chizigga nisbatan
chap-yugori yarim tekis-
likda yotgan nugtalar-
ning  koordinatalaridan
iborat (17.3-chizma).

Ikkinchi  tengsizlik-
ning yechimlari
-Xx+y-1=0
to‘g‘ri chizigga nisbatan
_ chap-yugori yarim tekis-
o] likda yotgan nugtalar-
' ning  koordinatalaridan
_ iborat (17.3-chizma).
17.3-chizma. Nihoyat, BAC burchak-
ning ichida va uning chegarasida yotgan nugtalarning koordinatalari
tengsizliklarning har ikkisini ham ganoatlantiradi va demak, berilgan sistemaning
yechimlari sohasi bo‘ladi.

Bu sistemaning yechimlari sohasi - BAC burchakning ichida va uning
chegarasida yotgan cheksiz sondagi nugtalarning koordinatalaridan iborat ekan.m

Bunday sohalar, ko‘pburchak ko‘rinishidagi yopiq sohalardan fargli ravishda,
ochiq sohalar deyiladi.
2-masala. Ushbu

{x+y—120,

X+y-1>0
-X+y-1>0,
y<1
chizigli tengsizliklar sistemasining yechimlari sohasini toping.



C

o 1-masalani garaganda biz, sistemaning dastlabki

ikkita tengsizligi

yechimlari, BAC burchakning ichida va uning chegarasida yotgan cheksiz sondagi
nugtalarning koordinatalaridan iborat ekanligiga ishonch hosil qildik. Uchinchi

tengsizlikning yechimi
VA B
l\\

y=1

T

, J
M TITITITIT
A

Xvy

0 A(0;1)

17.4-chizma.

esa, y =1 to‘g‘ri chizigda va undan pastda yotgan

nuqtalarning koordinatalaridan iborat.
U holda, berilgan sistemaning yechimi
fagat bitta A nugtaning
koorddinatalari, ya’ni (0;1) lardan
iborat bo‘ladi (17.4-chizma).m
3-masala. Ushbu
3X+4y >4,
{3x +4y<2
chizigli tengsizliklar sistemasining
yechimlari sohasini toping.
o Sistema birinchi tengsizligining
yechimi 3x+4y=4 to‘g‘ri chiziqga

nisbatan o°‘ng-yuqgori yarim tekislikda yotgan nugtalarning koordinatalaridan,
ikkinchi tengsizlikning yechimi esa, 3X+ 4y =2 to‘g‘ri chiziqga nisbatan chap-quyi
yarim tekislikda yotgan nugtalarning koordinatalaridan iborat (17.5-chizma).

Natijada, berilgan sistemaning har
ikki  tengsizligini  ham bir vaqtda
ganoatlantiradigan birorta ham nugta
mavjud emasligiga ishonch hosil gilamiz,
demak, berilgan sistemaning yechimlari
sohasi bo‘sh ekan.

1-ta’rif. Agar tekislikdagi yoki
fazodagi biror nugtalar to‘plami o°zining
ixtiyoriy ikkita A va B nuqtalari bilan birga
ularni tutashtiruvchi AB  kesmani ham

okesmani ham o‘zida saglasa, bu to‘plam

\\y“

3x+4y=2

3x+4y=4

17.5-chizma
B _ B
A B A A
a) b)

Puc.25.6.

gavariq deyiladi. 17.6-chizmada gavarig va gavariq bo‘lmagan to‘plamlarga

misollar tasvirlangan.

Chizigli tengsizliklar sistemasining yechimlari sohasi doimo gavariq to‘plam

bo‘ladi,

uning qavariqligi qurish usulidan kelib chigadi,

chunki, har bir

tengsizlikning yechimi yarim tekislik bo‘lib, u qavariq to‘plamdir. Sistema



yechimlari sohasi berilgan tengsizliklarga mos yarim tekisliklarning kesishmasidan
iborat. Quyidagi teorema tasdig‘imizning o‘rinliligini ko‘rsatadi.

2-teorema. Ixtiyoriy sondagi gavarig to‘plamlarning (bo‘sh bo‘lmagan)
kesishmasi gavariq to“plamdir.

17. 3. IlocTaHOBKA 3a1a4M JIMHEHHOI0 NMPOTrPaMMHMPOBAHMS.

3 angaua 1 TpanchopmaTopHblii 1€X HPOU3BOAMT JiBa THIIA
TpancpopmaropoB. Ha kaxplil TpaHcpopMaTop mepBOro Tuma pacxoayercs S Kr
TpaHc(OpMATOPHOTO jKeje3a W 3 KI MPOBOJA, a Ha KaXIbld TpaHchopmaTop
BTOPOTO THIA - 3 KI Xeje3a W 2 Kr mpoBofa. Llex oT mpojaxu OJHOM IITyKd
TpaHc(hOpMaTOPOB MepBoro Tuna noiaydaet npudsuib B 12000 cymoB, a oTripoaaxu
OJIHOM MITYyKH TpaHchopmaTtopoB BToporo tuna — npuosuib B 10 000 cymos. Ecnu B
nexe umeercs 480 kr xene3a u 300 kr mpoBoja, i MOJyYeHUs HAUOOJbIIEH
npuObUIM CKOJIBKO TPAaHC(POPMATOPOB KAXKAOTO THUIA JOJIKEH IPOU3BOJIUTD LIEX?

Kak B 8§ 2, moctpouM MaTteMaTudeckyro Mojaeib((hopMyTupoBKy) 3amaqH.
ITyctb X, X, - KOJMYECTBO TpaHCHOPMATOPOB, NPOU3BOAUMBIX LEXOM,

COOTBETCTBEHHO, TIEPBOTO U BTOPOTO THIOB. {151 MX MPOM3BOACTBA MOTpeOyeTcs
99X, +3X, Kr kene3a U 3X +2X, Kr mposoaa. Toraa, mo YyCJIOBHIO, JOJKHBI

BBITIOJIHATBHCSA HCPABCHCTBA

5X, +3X, <480,
3x, + 2%, <300.

HepaBeHCTBa MMOABJIAIOTCA 3a CUCT HCIIOJHOI'O pacXxoJa HMMCIOIMUXCA B ILCXC
JKCJIC3a U IPpOBOJA.
HGX, OT IIPOU3BOACTBA IICPBOT'O THUIIA TpaHC(l)OpMaTOPOB B KOJIMYECTBE X,

IITYK, U MPOU3BOJICTBA TPaHC(HOPMATOPOB BTOPOrO THMA B KOJUYECTBE X,
HITYK, MTOJy4aeT MpUOBLIb B pa3Mepe

F(x)=12000x, +10 000x,

CyMOB.
Ilon perieHueM 3aJa4u MBI IIOHHUMAaeM HaXO0XKICHHUE
HarOoJbIIero(MaKCUMAIBHOI0) 3HAYCHUS TUHCHHON (YHKIIMH IBYX ITEPEMEHHBIX
F(x)= F(x,,X,)=12000x, +10000x,
IIPU YCIIOBUH, YTO MIEPEMEHHBIE X; U X, YIAOBJIETBOPSIOT CUCTEME HEPABEHCTB
5, + 3%, <480,
3x, +2x, <300,
X =20, Xx,=0.
3amayga 2. B XKUBOTHOBOTYSCKOU hepMe Uit KOPMIICHHUS KUBOTHBIX B X
palMoH HY)XHO J100aBUTh NMHTATEIbHOE BEIIECTBO BUAa A B KOJIMYECTBE, HE
MEHbIIE YeM 33 eIMHUII, TNTATENHHOE BEMIECTBO BIAa B B KomnuecTBe, HE MEHBIIIE
yeM 23 €IWHMUII, a MUTaTelbHOE BemecTBo Bruga C B KOoJM4ecTBE, HE MEHBIIE YEM
12 epuuun. JIj1si KOpMIIEHUS KUBOTHBIX TOTOBUTCS TPH BH/IA TTHIIIH. B
HIDKCTIPUBEACHHON TaOJMWIIE NPUBEJACHB KOJIMYECTBO TUTATEIBHBIX BEIICCTB



KaXJ0ro BuMaa B K&)KI[OfI oume U CTOMMOCTh CAMHUIIBI KaXA0T'0 IMHUTATCIbHOTO
BCIIICCTBA.

A B C CtonMoCTh OJTHOM
€IMHULIBI
[Tuma Buga 1, B ex. Beca den. | 3exn. | len. 20 cym
[Tuma Buga 2, B ea. Beca 3en. | 2en. | len. 20 cym
[Tuma Buga 3, B €. Beca 2en. | len. | 2en. 10 cym

TpeOyeTcst CoCTaBUThH CaMblid JACTIIEBBIA PAIIIOH KOPMJICHHS YKUBOTHBIX TAKUM
o0pa3oM, 4TOOBI KaXKIbIH W3 JKUBOTHBIX MOJYYHI HEOOXOIUMOE KOJIHYECTBO W3
Ka)XKJI0ro BHa MUTATeIbHbIX BemecTs A, B, C.

[TocTponm MaTeMaTHYeCKyr0 Mojeb 3afaun. O003HaUMM depe3 X;, X, Xg
KOJIM4eCcTBO mumu 1-, 2- u 3-ro BUAOB.

Torga kaxxmoe »XKMBOTHOE M3 MUTATEIBHOTO BemlecTBa Buaa A morpediser
4X, + 3X, + 2X; €JUHUL] U 3TO YUCIIO JOJKHO OBITh HE MEHbIIIE 33 €AMHUI], T.€.

4X; + 3X, + 2X;3 = 33.
W3 nuratenbHOro Bemectsa B kaxkmoe KMBOTHOe MOTpeOisieT 3X; + 2X, + X3
eIMHUI], a U3 MUTATEIBHOTO BemecTBa C MOTPeOsieT X, + X, +2X; €AUHHUIL, TIpH

ATOM KOJIMYECTBO MEPBOT0O U3 HUX JOJKHO OBITh HE MEHbIIIEe 23 €IMHHUL, BTOPOTO —
He MeHblue 12 enuHul, T.e.
3X; +2X, + X5 223,
X + X, +2X3 212.
IIpu TakoM pacxoze MUY CTOUMOCTb JHEBHOI'O PALlMOHA COCTABUT
F(x)= F(X;, Xy, X3 ) = 20X, + 20X, +10x,
cymoB. Eciu yuecTs HepaBeHCTBa
X =0, X,20, X3=0,
KOTOpBIE CIEAYIOT U3 CMBICIA 3aJauyd, PEIICHUE 3aJauyd COCTOUT B HAXOXKICHUU
HauMeHbIIero(MUHUMAIbHOT0) 3HAUCHHS JIMHEHHOM () YHKIIUY TPEeX MEePEMEHHBIX
F(x)= F(X;, Xy, X3 ) = 20X, + 20X, +10x,
IIPU YCJIIOBHM, YTO IEPEMEHHBIE X;, X,, X3 YAOBJIECTBOPSAIOT CUCTEME JIMHEHHBIX
HEPaBEHCTB
4%, +3X, +2X, >33
3X, +2X, + X3 = 23,
X, + X, +2X; 212,
X, 20, X, =20, X, >0.
B kaxnol W3 pacCMOTPEHHBIX 3aJla4, C MAaTEMAaTHYECKOW TOYKHU 3PCHUA,
TpeOyercs  HAWTH  Takue  HEOTpHULATEIbHbIE  3HAUYCHHUS  HEU3BECTHBIX,
YAOBJIETBOPSIOIINE 3aJaHHOM CHUCTEME JIMHEMHBIX HEPABEHCTB, YTO IPHU ITHUX

3HAYCHHSIX JaHHAs JIMHEWHas (PYHKIMS MHOTHX TEPEMEHHBIX JOCTUTAET CBOETO
HanOoubmero(B 3anave 1) nin HanMeHbIIero(B 3a1aue 2) 3HAYCHUH.



TakuMu 3agadaMu U X OOOOIIECHUSIMHU 3aHMMAETCs pa3fesl MaTeMaTHKH,
KOTOPBIM HA3bIBAETCS JUHEUHBIM Npocpammuposaruem. TodHee TOBOPS, INHEUHOE
MIPOTPaMMHUPOBAHUE — pa3lesl MATEMATHKH, HU3yYarOllUMid 3a0a4d HAXOXKICHUS
HanOoupIiero  (HAaMMEHBIIET0) 3HAYCHWH JIMHEHHON  (QYHKIMH  MHOTHUX
IIEPEMEHHBIX, IPU YCIOBHH, YTO O3TH IEPEMEHHBIE YIOBJIETBOPSIOT CHUCTEME
KOHEYHOT'O YMCJIA JIMHENHBIX HEPABEHCTB WJIA JIMHEHHBIX YPABHEHUM.

Onpenenenue 1. Oynkuus, MakcumyMm (MUHEMYM) KOTOPO# HUIIETCS B
3a/1au€ JMHEWHOTO MPOTPaMMUPOBAHUS, HA3BIBACTCS yenesol (yHKyuel 3aladu
JIMHEWHOI0 MPOrPAMMUPOBAHHUS.

Onpenenenue 2 CucreMa JUHEHHBIX HEPABEHCTB WJIM JIMHEHHBIX
YpaBHEHHM, KOTOPBIM JOJDKHBI YAOBJIETBOPATH MEPEMEHHBIE 1I€JI€BON (PYHKIUH,
Ha3bIBAETCS CUCMEMOU 02paAHUYeHUll 3a]1a4l TMHEWHOTO0 MPOrpaMMHUPOBAHHS.

Onpenenednue 3. Jlroboe pelieHHe CUCTEMbl OTpaHUYCHUN 3a7a4n
JMHEHHOTO MPOTPAMMHPOBAHUSI HA3BIBACTCS 0onycmumuvim peuteHuem(nianom)
3a/1a4M JINHEWHOTO IPOrpaMMHUPOBAHUS.

Hanpumep, B 3amaue 1, X, =50, X, =60 sBusiercsd peLIEHHMEM CHCTEMBI

OrpaHUYCHHH, CIIC0BATEIBHO, SIBIISETCS JOMYCTUMbBIM peleHrneM (T1aHoM ) 3a1aYu.

B obmem ciyuae, Korjia 4nciio HEM3BECTHBIX PaBHO N, 3aja4ya JUHEWHOTO
IPOrPAaMMHPOBAHMS  CTAaBUTCA CICAYIOIIUM OO0pa3oM: Cpeaud HEW3BECTHBIX
X{y X5y +ey X,y YAOBIETBOPSIIOLUIMX CUCTEME JINHEHHBIX HEPABEHCTB

(@)% +ap,Xy + .ot Ay, X, >

A Xy + Ao Xy +. A X, 20,

mn®n —
X =0, x,2>0,...x,20

HAWTH Te, MPU KOTOPHIX JTUHEHHAS QYHKIMS n TIEPEMEHHBIX
F(X)=F(Xy,Xy,....X; )= ;X + CyXy +...4+C, X,

JOCTUTAET CBOETO HanOOJIbIIero(HANMEHBIIIETO) 3HAUYCHUS.

Pa3paGoTtanbpl  HECKOJIBKO CIOCOOOB  pelIeHHs 3aJaydl  JIMHEWHOTO
IpOrpaMMHUpPOBaHUs. Mbl IPEANOWIN HU3JI0KUTh CAMBIM MMPOCTON U3 HHUX.

8 4. Pemienne 3a1a4u JUHEHHOr0 MPOrpaMMHUPOBAHHUS
¢ IBYMsl HEU3BECTHBIMH rpaguuecKuM MeTOI0M.

Paccmotpum 3a1auy TMHEMHOTO MPOrPaMMHUPOBAHUS C IBYMSI HEU3BECTHBIMU

B CIEAYIOIIEM BHUIE. CPEAM HEU3BECTHBIX X;, X,, YAOBIEHBOPSIOIIUX CUCTEME

HEPaBEHCTB
a; X, +a,X, b,
a, X, +a,,X, > h,,

A X, +a,,X, 2Db,,
X 20, x,2>0,

HaWTH T€, IPU KOTOPBIX JUHEHHAs] () yHKIIMS




Z=f(%,X%)=CX +CpX,
JOCTUTAET CBOCT0 HAMMEHBIIEro (HanOOIBINEro) 3HAUCHUS.

Tak kak cucTeMa OrpaHMYeHUN 3aJauyd MPEACTaBIsAeT COOOW CHUCTEMY
JUHENHBIX HEPABEHCTB, 00JIAaCThIO €€ peleHUi OyIeT BBITYKIIbIi MHOTOYTOJIbHHUK
M, nexamuii B mepBOi 4eTBEPTH KOOPAWHATHOW TUIOCKOCTH. C y4eTOM 3TOTO,
3a/layy MOXHO C(OPMYJIMPOBATH CIAEAYIOUIUM 00pa3oM: Cpeu TOUYEK BBIMYKIIOTO
MHOT'OYT'OJIBHUKA M HaiiTh Te, B KOTOPBIX JOCTHTAeTCS MHUHHUMAIbHOE
(MakcUManbHOE) 3HAUCHHE JTMHEHHOW (QYHKIHH

Z = f (X, X, )=CyX +CyXs.

Ecmu BbIOpaTh Kakoe-HHOynb 3HaueHHe QYHKIMU Z=d, TO HOIyYHM

JHHEHHOE YpaBHEHHE C IByMsl HEU3BECTHBIMU C X, + C,X, =d , rpadukom KoToporo

SIBIISICTCSL TIpsiMasi B TUIOCKOCTH. [Ipu m3meHeHnuw 3Hauenus O ot —oo g0 +oo,
npsiMast C X, +C,X, =d, mepeaBurasch mapauiellbHO caMoi cebe, HAauepTUT BCIO
miockocTh (puc.25.8).

[Iyctb M - MHOTOYrONBHHMK pemieHud OrpaHndeHuil 3amaun. [lpu
M3MCHEHHMHU 3HaueHuss d OoT —oo ;o +0o, mpsiMasi C;X; +C,X, =d Mpu KaKoM-TO
3Hauennn 0 =d; kacaercst MHOrOyronbHuKa M u mMmeer ¢ HUM 00mIyIO0 TOUKy A
(puc.25.9), 3Ty TouKy Ha30BeM TOUKOM «BX0a»(BO MHOKecTBO M ). IToTOM mpsimast
C % +C,X, =d, mpoxons Bech MHOTOYroJbHUK M, mpM KakoM-TO 3HaYCHHH

[

A

y

y 4 _
cx, +e,x, =d,

W

S5

o//:////

Puc.25.8. Puc.25.9.

d =d, Oyzer umerh ¢ MHOrOoyrompHukoM M mocienHior0 00mIy0 Touky B, oty
TOYKY Ha30BEM TOYKOW «BBIXOJa»(13 MHOKecTBa M ).
SIcHo, uTO 1eneBast hyHKIHUS
Z = f(X,X,)=C;% + CyX,
JOCTHTaeT CBOETO HAMMEHBIIIETO 3HAYCHHSI B TOUKE A «BXO0/a» M IOCTUTAET CBOCTO
HarOOJIBIIIEr0 3HAYECHUS B TOUKe B «BBIXOHA.



MoXXeT CIlyduTbCs W Takoe, YTO «BXOI» B MHOTOYTOJBHHK pEIICHHN
(«BBIXO» W3 MHOTOYrojbHHMKA) M  mpsMoii C % +C,X, =d  Moxer
OCYIIECTBISTHCS 110 CTOPOHAaM MHOroyroiasHuKa (puc.25.10, puc. 25.11).

DTO MOXET CIy4uThCsS TOTNA, KOTJa B MHOroyroipHuke M umerorcs
CTOPOHBI, MAapaJUleNbHBIe  MPAMOH C X +C,X, =d. Ilpum 3TOoM, uWMciIO TOUYEK
«BXoa» («BbIXO/a») OECKOHEYHO M, 3HAYUT, IeeBasi (PyHKIHUS TOCTHTaeT CBOETO
MHHAMAaJIbHOTO(MaKCUMaJIbHOTO) 3HAYEHHs BO BCEX TOYKAaX OTOH CTOPOHEI

MHOIroyroiabHuka M .

A

B
I 11101171,
X 6%, = /) M A
7 /
2 >
(0] \ D C X

Puc.25.10. Puc.25.11.

Tounee roBOpda, KOOpAMHATBI BCCX TOYCK OTPC3Ka

MaKCUMM3UPYIOT 3HAYCHUS 1[EIEBON (PYHKIIUU.
B cnyuae, korna o6sacTe pelieHuid orpaHuYeHU 3aa4l OTKPBITa, IpsiMast

C, X +C,X, =d, mpy m3MeHeHnn 3HaueHHss d OT — oo 10 +00 He OyeT UMETh TOUKY
«BBIXOJIa» U3 o0sacTu peuieHuil. Torna neneBas QyHKIMS HE JOCTUTAET CBOETO

MaKCHUMAaJbHOI'O 3HAUYCHHUS.
Tak kak 1eneBass (PyHKIIMS AOCTHTaeT CBOETO ONTHUMAJIBLHOI'O 3HAYCHHS B

TOUKaX «BXOJa» W «BBIXOJa», T.e. B BEPIIMHAX OOJIACTH pEIICHUH, MOXKHO
IPEUIOKHUTD CICAYIOIIYIO CXEMY peuleHusi 3a0auu TUHEeUH020 NPOSPAMMUPOBAHUS]
C 08YMsL HeU3BECMHBIMU 2PAPUUECKUM MEeMOOOM:.

" [IOCTPOUTH 00JACTh PEIICHUN CHCTEMBbI OTpaHUYCHUN 3aa9H,

" TIOCTPOWTH MPSMYIO, COOTBETCTBYIOIIYIO I[€I€BOM (PYHKITUH 33]1a4H;

" TIEPEHOCs TMapalieTbHO 3Ty MPsAMYI0, MO TpeOOBAHMIO 3a/layH,

OTIPEJICTUTh KOOPAMHATHI TOUEK «BXOJ/a» WM «BBIXOJA»;
" BBIYUCIUTH 3HaUCHUE (DYHKIIMH MPU HAWJCHHBIX KOOPIUHATAX.

\\\\\\\\\ W

\

AB (puc.25.11)



B mensx peMoHcCTpanuy MPUBEACHHON cxeMbl, pemmM 3aady 1 u3z 8§ 3. B
3a/1adye TpeOOoBaJIOCh HAWTH HaMOOJIbIIEe
3HayeHue (PyHKUUU
z = f(x,,X,)=12000x, +10 000x,

, IPY YCIIOBHH, YTO IIEPEMEHHBIE X; U X,
YAOBJIETBOPSAIOT CUCTEME

5x, +3x, <480, (a)

3x, + 2%, <300 (b)

X 20, x,2>0.

P e m1 e Hu e. Ha miockocTu noctpoum

MHOTOYTOJBHHK ABCO,
NPEICTaBIAIOIMINN  cOO0M  MHOMXKECTBO
pelLIeHuin CHUCTEMBI OTpaHUYECHUN

3agaun(puc.25.12). BwiOupaem Kakoe-
HUOY/Ib 3HAYCHUE LIEJICBOU (YHKIIUH
z =12000x, +10 000x, ,
Harpumep, 3HAYCHHE z=-30000 U IOCTPOUM PSIMYEO
12000x, +10 000x, =—-30000, wumm 6%, +5X, =—15. IlepeHocst 3Ty npSIMYyIO
MapajuleIbHO B HANpPaBICHHWU, YKa3aHHOM CTpPEJIKOH(yBenuuuBas 3Ha4YeHUE Z),
yOeIumMcst B TOM, Y4TO TOYKOU «8bIX00@» N3 MHOTOYTOJIbHUKA SIBIISIETCS €r0 BEpIINHA

Puc.25.12.

C . Touka C momyuaercs mepecedeHneM mnpsMoii b’, coorBercTByrOmIEit
HepaBeHCTBY (D) u ocu opaunar OX,, 3HAUUT, €ro KOOPIMHATHI ONPEICIISIOTCS 3

CHCTEMbl HEpPaBEHCTB

3X, + 2%, <300,

{xl =0.
Pemast sty cucremy, ans touku C mnomyduM koopauHatsl X, =0, X,=150.
Bbruncnaum 3Hauenue ueneBod ¢ynkumum 2 =12000%, +10000X, npu 3THX

KOOpJIMHATAX:
z=12000-0+10 000-150 =1500000.

3HauMT, meneBas (QyHKIUS AOCTHraeT MakcumaiabHoro 3HadueHus 1500000
npu X, =0, X,=150.
3anmaua 2. Haiitu Haubompiiee M HaMMeHbIIIee 3HaYCHUS (yHKIIUN
z=f (X, X, )=2X, +2X,
IIPU YCIIOBUH, YTO IEPEMEHHBIE X; U X, YJIOBJIETBOPSIIOT CUCTEME HEPABEHCTB
X, + X, 21, (a)
-X +X%, <1, (b)
X =0, x,=0.



P e m e uu e. [Toctpoum dpurypy CBAD, sBisitoiytocst 00JaCTbiO PEIICHUI
cucteMbl orpaHwueHuit 3amaun(puc.25.13). BeiOupas 3HaueHwe Z=-2 1eNeBOH
(YHKIMM, [OCTPOMM MpsAMYy 2% +2X, =—2.
OTy TnOpsMylo, B HampaBlICHWH, YKa3aHHON
CTpEJIKOU
(yBenmnunBass 3Hadenue L), EePEHOCUM
napajuiesibHo. B pe3ynbrare, TOUukamMHu «BXOAa»
oyayt nBe BepmmHbl A u B ¢uryper CBAD
,IOTOMY,  4TO npaMas 2% +2X, =—2

napayuienbHa mpsmoir  AB. 3maunt, Qynruumsa
Z=2X +2X, BO Bcex Toukax mpsmoii AB

NPUHAMAET CBOE HAWMEHBIIEE 3HAYCHUE U OHO
ectb Z=2 . OyHKIUA HE JOCTUTAET CBOETO
HanOOJBIIETO 3HAYCHHS, MOTOMY, YTO O0JIACTh
pelIeHni — OTKPBITOE MHOKECTBO.
Pne.25.13. Hcropuyeckas
CIpaBKa.

BriepBbie mocTaHOBKA 3a/1auyl JIMHEHHOTO TPOTPAaMMHUPOBAHUS MPO3ByYaia B
TpUIIATBIE TOABI MPOILIOTO CTOJNETHS B paboTax coBeTCKoro marematruka A.H.
Tozncroro B Buje MpeAsIOKEHUsS MO COCTABICHHUIO TAKOTO IJIaHA MEPEBO3KH Tpy3a
MEXKIYy MyHKTaMH, YTOObI 001K MpoOer TpaHcnopTa OblLI HAUMEHBIIIUM.

Jlunetinoe npoepammuposanue — HOBBIA pa3fes MaTEeMAaTUKU, BO3HUKIIUMA B
COpPOKOBBIE€ TOJIbI IMPOILJIOTO0 CTOJIETUS B CBSI3U C MOTPEOHOCTSIMH OpraHU3aIlu
npousBoactBa. B 1939 romy JI.B.KanTtopoBnu omyGiukoBanm  paboTy
«MareMaThueckre METOJbl OpraHu3allid M TUIAHUPOBAHUS IPOU3BOJICTBA», B
KOTOpO#l chopMynupoBall HOBBIM KiIacc 3aJady Ha SKCTpeMyM (YHKIMH mpu
HAJIMYUU  JONOJHUTEIbHBIX OrpaHMUYCHHUI(TUIIA pPAaBEHCTB M HEPABEHCTB) W
paszpabotan 3(hPEeKTUBHBII METOJ MX PEIICHHS, TAKUM O00pa3oM ObLIN 3aJI0KCHBI
OCHOBBI ~MaTeMaTHUYECKOTO ammapara Juis pemieHus 3agad  JUHEHHOTro
IPOrpaMMHUPOBAHUS.

AmepukaHckui yuéubiil J[x. JlaHIIUT B cepeIiHE COPOKOBBIX T'OJ0B pa3padoTa
CUMIUIEKC-METOJI pEIICHUs 3a/aud JIMHEHHOTO MPOTrPaAaMMHUPOBAHMS U CUUTACTCS
«OTIIOM JIMHEWHOTO MPOTPaMMHUPOBAHUS» HA 3amaje.

Bonpocs! 4 3a1aHus 11 IOBTOPEHUS.
1. Yto wu3oOpaxkaeT Ha IUIOCKOCTH YpaBHEHHE ax+by+c=0, rae a, b, c-
BEII[ECTBEHHBIE YnCIia?
2. Kaky1o 4acTh IJIOCKOCTH U300pakatoT MHOXKECTBO TOYEK, YJIOBJIETBOPSIOIIEE
HEPABEHCTBY ax + by +¢>07?

3.Kakas w©3 JaHHBIX TOYEK A(-31), B(-2-1), C(0) yumoBieTBOpPAET
HEPaBEHCTBY X—2y+5>07?

4. CKOJIbKO HEPaBEHCTB-YCIOBUI HYXHO 3a/1aTh, YTOObI ONPEIAEIUTH MHOKECTBO
BHYTPEHHHX TOYEK TPEYTOJbHUKA?

5. laiiTe omnpezeieHue BRIMYKIOTO0 MHOYKECTBA U IPUBEIUTE PUMEDHI .



6. ChpopMmynupyiiTe TeOpeMy O EPECEUEHUH BBITYKIBIX MHOXKECTB.

7. IlocTaHoBKa 3a/1a4u TMHEWMHOTO MPOrpaMMHUPOBAHUSL.

8. Uro Takoe nenesas GyHKUUA 334a44 JUHEHHOTO TPOrPAMMHUPOBAHUS ?

9. Yto Takoe MHOKECTBO IUIAHOB 33Ja4M JJMHEHHOTO IPOrPaMMHUPOBAHUS ?

10. Yro  Ha3piBaeTcs  ONTUMAIbHBIM  IUIAHOM  3aJayd  JIMHEWMHOIO
MPOrpaMMHUPOBAHUS ?

11. HanumwmTe cxemMy pelieHus 3aJadyd JIMHEWHOTrO MpOrpaMMUPOBaHUs
rpaguyeCcKUM METOJO0M.

12. B kakux TOYKax BBIMYKJIOTO MHOXECTBa IleJeBass (YHKIUSA 3a1adu
JMHEHHOTO IPOrPAMMHUPOBAHUS IOCTUTAET CBOCTO MaKCUMyMa (MUHUMYMa)?

3aga4yu 1151 CaMOCTOSITEILHOIO PelieHusI
A.
1. KoopauHaThl Kakoi u3 gaHHbIX Touek A(2;2), B(3;2), C(0;4) yaoBieTBOPSIOT
HEPaBEHCTBY 2X—4y+3>07?
OTrBerT: B.
2. Tlpy KaKux 3HAYEHHWSX X HUHI KOOPAMHATHI TOYKU K(X;3) yIOBJIETBOPAIOT
HEPaBEHCTBY 2X—3y+1>07
OTBeT Ipu x>4.
3. Ha mnnockoctu omnpeaenutb MHOXECTBO, KOOPJIWHATHI TOYEK KOTOPOTO
YIOBJICTBOPSIIOT HEPABEHCTBY X—-2y—-6<0.
4. Jlanbl nBe mapasuienbHble mpaMmble x=-1 um x=3. Hamucate cucremy
HEPAaBEHCTB, COOTBETCBYIOIIMX TOUKAM, JIEKAIIUM MEXKAY TUMHU MPSIMBIMHU.
OTBeT -1<x<3.
5. OmnpenenuThb, CKOJIBKO TOUEK C IENIBIMU KOOPJMHATAMU YIOBIETBOPSIOT

x>0,
CUCTEME HEPABEHCTB 1Y >0,
3X+2y-6<0.
O T B e T. oz1HA.
3X, — X, =4,
6. HaliTu HeoTpuiiaTeapHbIe pEIIeHUs] CUTEMBI HEPABEHCTB | — X, < —1,
X, 2 -1

7. Ha m1ocKoCTH HAUTH MHOKECTBO TOYEK, KOOPAUHATHI KOTOPBIX
YIOBJIETBOPSIIOT CUCTEME HEPABEHCTB

X, — X, 21,
X +X, 21,
X, — X, 2.

B.



8. Ob6nacte D B IJIOCKOCTH OrpaHUY€HA MPSAMBIMU X —2X, +4=0, X,=1 U
X, +X, —7=0. COCTaBUTh CHUCTEMY HEPABEHCTB, KOTOPBHIM YIOBJIETBOPSAIOT TOYKHU
ob0nactu D W HauepTuTh 06sacTh D.

OTBeT X —2X,+4>0,
X +X, —7<0,
X, 1.

9. lansl Bepmmubl  A(34), B(-12), C(11), D(6,3) uerhpexyronbHuka ABCD.
CocTaBUTh CHCTEMY HEPABEHCTB, KOTOPbIM OYyIyT YyIOBJIETBOPATh BHYTPEHHHE
TOYKHU YETHIPEXYTOJIbHUKA.

X—2y+5>0,
2X -5y +3<0,
OTrBeT:
X+2y—-32>0,
X+3y—-15<0
10. HaiiTu u HauepTuTh 00JacTh D, 3aJaHHYIO CUCTEMOM HEPABEHCTB

X, +X, <4,

3X, + X, >4,

X, +5X, >4,

X, <3, X, <3,
X 20, x, 20.

11. B kakoii Touke MHOTOyTrOJIbHMKa OABC, yKa3aHHOTO Ha puc.25.14 pyHkIus
F(x): 5%, +2X, IPUHUMAET CBOE HauboJIbIlIee 3HAUCHHE ?

OTrBerT: B.
12. B xkakoil Touke MHoroyroibHuka ABCD, yka3zaHHOro Ha puc.25.15

byHKIMISA F(x)= 2%, +3X, IPUHUMAET CBOE HAauOOJIbIlIee 3HAUCHUE?
OrBerT: C.

Puc.25.14. Puc.25.15.

13. Haiitu HauMeHbIiee 3HaYeHUE (DYHKIMH F(x):10x1+14x2 , IIpHU YCJIOBHH,
4TO IEPEMEHHBIE X; U X, YIOBICTBOPSIOT YCIOBHUAM



5X, +7X, =35,
2%, 2 4,
X, 1.
OTBeT: Fy,=70.

14. Haiitu Hanbosnbinee 3Ha4eHre GyHKIUH F(X)=5x, +3X,, IPU YCIOBHH, YTO

MIEPEMEHHBIE X; B X, YAOBIETBOPSIOT CHUCTEME HEPABCHCTB
3X; +5x, <15,
5X, +2x, <10,
X =0, X, >20.
OTBeT: Fp,,=1237.
C.

15. PemuTh rpaduueckuM METOJOM 3a7ady HaxXOXJACHHS MaKCHUMalbHOTO
3HayeHuss QYHKIUH F(X)=2% +3X,, NPHU YCIOBHMH, YTO IIEPEMEHHBIE X, H X,
yIOBJIETBOPSIFOT CHCTEME HEPABEHCTB

2%, + X, <10,
—2X, +3X, <6,
2%, +4x, 28,
X <0, Xx,=0.
OTBer:(3;4), F,.,=18.

16. Pemmuth rpaguueckuM METOIOM 3aJady HAXOXAECHHUS MaKCHUMaJbHOTO
3HaueHUss (QYHKIMH F(X)=X +X,, NP YCIOBHH, YTO ITIEPEMEHHBIE X, H X,
YIOBJIETBOPSIIOT CUCTEME HEPABEHCTB

max

X, +2X, < 4,
— 95X, +3x, <15,
4x, +6X, = 24,
X =20, x,2=0.
OrBer: (14,0),F,  =14.
17. Pemmuth rpaduyeckuM METOJOM 3aJady HaXOXXJEHHUS MHUHHUMAJIbLHOTO
3Hadenuss QyHKUUH F(X)=-2% +X, , IPH YCIOBHH, YTO NEPEMEHHBIE X, H X,

YIAOBJIETBOPSIOT CUCTEME HEPABECHCTB

3x, —2X, <12,

— X, +2X, <8,

2%, +3X, =6,

X =20, Xx,=0.

OrBer: (10,9), F,,, =-11.
18. PemuTs crnemyromniyro 3afady JUHEHHOTO MPOrpaMMHUPOBAHUS rpauuecKuM

METOIOM.



F(x)=x, +2x, — max,
4x, —2X, <12,
— X, +3X, <6,
2%, +4x, 216,
X =20, Xx,=0.
OrBerT (48; 3,6), F,. =12.
19. PemuTs cienyrouryto 3aady JUHEHHOTO MPOrpaMMHUPOBaHUS IpaQUUECKUM
METOIOM.

F(x)=x, +2x, — max,
X, — X, <6,

3%, +10x, <26,

X, +11x, <20,

X 20, x,=0.

. (34 8 50
OTrBeT: (77j Frax ==
20. PemmTh cieayronlyro 3aj1aqy JUHEHHOTO MPOrpaMMHUPOBaHUS rpadMueCKUM

METOJIOM:
F(x)= X, + X, — min,

2%, +4x, <16,
—4x, +2X, <8,
X, +3X, 29

X =0, Xx,=>0

OrBerT: (0,3), F,, =3.
21. PemuTh CIEAYIOIIYIO 331a9y JTMHEHHOTO MTPOrPaAMMHUPOBAHUS rPpadUUECKUM

METOJIOM:
F(x)=x, + X, — max,

X, +2X, <8,
—2X, + X, <4,
X, +3X, =9,

X =0, Xx,=0.

OrBerT: (61), F,,=7.

18- manpy3a
JMHAMUK TTPOI'PAMMAJIAILITUPUILL YCVYIJIN

JluHaMHK MporpaMManaliTUPHILI — KYTT OOCKUYJIM Ba TMHAMUK JKapaEHIapHU
MaTeMaTUK MporpaMMalalliTUPUIL XaMJa ONTHUMall OOLIKAPUIIHUHT Maxcyc



MacajanapuHu euuil ycynuaup. Kylinga Oy yCyaTHUHT MaTeMaTHK IpOrpaMMaliai
MacajanapujaH OMp TUIMWTa KYJTAaHWIMILIUHA KYypaMu3.

1. MacanaHMHI KYHWINIIN. MareMatuk nporpaMmaaliTUPULLTHUHT
KyuuJaru
u=> fi(x)—>max > ax <(=)ba >0,x 20,i=1n, 6))
i=1 i=1

MacajacuHu Kapaiimu3. by MacainaHuHr ¥y3ura Xoc XyCyCHSTH LIyHAaH UOOPaTKH,
YHUHI Makcaj (QyHKUMSACH cemnapabenaup, sbHU OMp Yysrapysummu f,(x,),i=1n,
byHKUMsIap HHFUHAMCUAAH HOOpAT.

bup karop ukrtucomuii macanaimapuu (1) Macana KYypUHHIIHIA MaTeMaTHK
mMonestamtTupuil MyMkuH. [lynaail macananapnan Gupu-pecypeiap TaKCUMOTHU
XaKHuaara Mmacainaaup. Y

b Muknopmaru xomami€ (pecypc) Ba n -Ta TEXHOJOTHK kapa&Hiap Oepuiran

OyicuH; arap  XOMAamIEHHMHT X MUKIOPHHHM | -4M TEXHOJOTHK jkapaéHja
dorinanancak , fi(X) Mukmzopaaru

doiina oaMHUIIN MabIyM Oyiica, MaKCUMall yMyMui (oia oiuil yuyH XOMal€Hu
xapa€Hiap ypracuaa KaHjaail TakCUMIIal Kepak?
Arap Xi 1ed i -uM >kapaéH Y4yH axpaTWiraH pecypc MUKIOPUHU

bemrmmacak, u=>» f(x) -kxamu doima, > x, =b,  x 20i=1Ln,  Oymamm
i=1 i=1

HaTI/DKaI[a pecypclilap TaKCHUMOTH XaKuJddrv Macaja KYﬁHHaFan MaTCMaTHK

MO/JICJUTAIITAPIIAIN :

Zn:fi(xi)—>max, Zn:xizb, x, 20,i=1,n. (2)
i-1 i1

2. MacajJaHUHT eYnJumu. AMepukanuk onuMm P. bemnmMan tomoHumaH
acociaHran cxemara kypa, (1) MacajmaHu TUHAMUK TPOrpaMMATAMITHPHIN YCYIIH
OwsiaH eyuIn Kyluaara O0CKU9Iapaa aMalira O puiiau.

bupunun Gockmuna (1) Macamanum yHra yXmam macajajiap OWacura
WHBapHAHT KUPUTAMHU3, SIbHA

n k L
U=;fi(Xi)%nHX;aiXi£(=)y,xi20,i:1,k, 1<k<n0<y<b (3



Macananap owjgacuHu Kapaimus. (3) macama Makcaa (QYyHKIMSCUHHHT ONTHMAI

kuiiMatuHu Bi(y) 1ne0 OenrumaimMus:

Bk(Y)zmaXZn:fi(Xi)’Zk:aiXi <@y % 20i=1k. (4)

Bk(y) - bennman GyHKIMsCH nerniamm.

Nxxunun 00cKUYa peKyppeHT
B (y) = max[f, (1) + B (y-a.2)l, K

0<z<s—
a

2n,  0<y<b (3

bennman TeHrnamacujaaH Ba b, (y) :Oma>/( f,(2) (acocuii 6ormaHMII
<z<y/a

TEHIVIMK IIaKjijaa OyiaraH XoJijaa b (y)=f,(y/a) OOlLITaHFUY  TApT/IaH

doitnanannd KeTMa-KeT B,(Y),B;(y),....,B,(y) (yHKUMsAIApHUHU TOTIAMHU3.

Oxupru, yuudun 0ockuuga (1) macamammar 2, x2,..., x° EYMMUHHA
1 2

KypaMH3: X HH f,(z2)+B,,(b-a,z),0<z<b/a, byHKIMATa MAKCUMYM

OepyBuM HyKTa cuaTUIa aHHMKIANMM3, SHHHU
f (x)+B,,(b—a,x’)= max [f,(z)+B,,(b-a,2), X°, HM XaM IIyHra yXIIarl

fn—l (Xr?—l) + anz (bl - an—lxr?—l) = max [fn—l(z) + anz (bl - an—lz)]

0<z<b/a,_,
~ 0
mapTaaH aHuKIaiMu3, Oy epaa b, =b-—a, x;
[lynnai JlaBOM 9THO, x°,,i=23..,n-2 HYKTaJJapHU

fo (Xr?) +B, .0 —a,; Xr?—i) = max [f _;(2)+B, (b —a,2)

0<z<b;/a,4
mapTJIaH ToraMus, 0y epaa

i-1
b=b->la, X ,i=23..,n-2

k=0

x.  HH Oca, f,(x))= max f,(z) HrapTaaH TornamMus (acocuii OOFIAHUTII

0<z<b, 1 /3

TEHIJIMK KYpUHHUIIIA Oyiranaa 3ca ,
i-1

x, =(b->a, X, )/b, OYymann). (1) macama Makcan yHKUMSICHHUHT MaKCHMA
k=0

kuiimat By(b) ra Tenr .



Dcaarma. Arap (1) macamana f.(x),i=1n GyHKIHATAD
XaM KaBapHK Oyicanap, B.(y),B,(Y)....,B,(Y) byHKUMATIAp Xam
KaBapuK Oyiaauiaap Ba JeMak KaBapuk (QYHKIMSJIAPHUHT Xoccanapura kypa (4)
TCHIVIAMAHUHT YHr TOMOHuAa makcumymra & Z = 0, €ku z = y/by Hykrana
SPHIIHIAIH.

1-Muco.. Pecypcmap TakcMMOTH —Xakujaru (2) Macasnajia
n=3b=4,f(x)=x f,(X)=x*+X, f,(X) = x> —x* +24x6yacun. Illy macananu eqamus.

Jlemak, Kyiugaru macaia Oepuiras:

3
DUR() =X XS+ Xy + XS+ 24X, > maX, X +X, +X, =4, X 20,i=12,..
i=1

VYHra yxmam Macaajnap owiacu Kyhduaaruda oymaau:

k kK N
Y fix)omax, > x =y, x=0i=1k, k=123 ~ 0<y<4
i=1 i=1

bennman dynkuuscu

k k I
B (y) =max > fi(x), D.x =y, x=0i=1k, k=123 0<y<4.
i=1 i=1

YHYH benimMan TeHriiaMacuHU €3aMU3;
B, (y)=max[f, () +B.,(y-2)] k=23 0<y<4.
<z<y

by Tenrnama yuyn Oomnwtanruu mapT B, (y)= f,(y)=y Oynanm. bennman

TEHIJIaMacHJIaH KeTMa-KeT B,(y) Ba B,(y) ¢yHKUMSAIaApHH TOIAMM3!
B, (y) = max(f,(2) + B,(y-2)]=max|z” +z+y—z|]=y* +y
<7<y <z<y
B,(y) = Enax[fs(z) +B,(y-2)]= gnax[z2 — 284287+ (y-2)* +y—1]
<z<y <z<y

DHIU ONTUMaJI TAKCUMOTHHU aHUKJIAaUMU3.
B,(4) = 91a>§[22 — 284247+ (4-12)2 +4-12]= Enax[ZZZ — 7% +152+ 20| =56
<7< <7<y

oy epaa MaKCUMyMmra z = 3 Ja  DPUIIUTIAJIH. Hemak,

b =b-x? =1 Bz(l):ma>§[22 +1]=2,

Oy epma mMakcumymra Z =1 pga ospummaanud. Jlemak, X%= 1 . VY Bakrna

0 0 0
X, =4-X; =X, =0.



Hlynmail Kuamb, onmTMMan TaKCHMMOT Kyhumarwda Oymamm: X°1=0, x%= 1, x%=3

: MmakcuMaln ¢oiina B,(4) =56 ra TeHr.
3. Aaroputm. ®apas kunaiinukku, (1) macamazga a,,i=1n, b— GyTyn
connap GyncuH Xamzaa X,,i=1n, y3rapyBumnap ¢akat manduii 6yamaran OyTyH

KuiiMatiap Kadyn KuiuHcuH. by xonna bennmMan teHriiamacu

B.(Y)= max [f,(2)+B(y-a2)]k=2ny=0L..b )

201, y/a]
BA YHUHT yYyH OOLUIAHFUY LIAPT

B, (y) = o ex | f,(2) (6)
(acocuit GOFIaHWIIT TEHTIIMK KYpuHHUIIHAa OYiranna B, (y) = f,([y/a,]) ) 6Ynamu, Oy
epna [y/a,|-y/a, COHHHHr OyTyH KMCMHMHM M]oaanaiu.

Kapamaérran xonma (1) MacamaHd AMHAMHK pOTrpamMMaIaliTHPHUII
ycyiu OWJIaH €YHINHU KyHuaard anzopumm Oyiinda amaira OMIUPUIIT MyYMKHH:
1) y=0 1eb onamus;

2) f,(z) byHKuMSHUHT z=01,...,[y/a,] HyKTanapaara KuiMaTIapuHU

xucobnaimus (D a;x; =b 6ynranzpa. f,([y/a,]) xucobmaHamm).

i=1

3) Bu(y)= max f,(2)=f04(y)  (B(Y)="f(y/a])mu xucobmaiimus

2=0.1..[y/a,]
xamaa Bi(y) Ba xi(y) Hu 3cmabd komamus,

4) arap y<b Oyaca, y=y+l 1e0 2) myHKTra KaiTamMu3; akc X0Jjjaa
HaBOaTIard MyHKTra YyTaMu3;

5 k=2 , y =0 1e0 omammus;

6) z=01..,[y/a,] yayn f,(z)+B, ,(y—-a,z) KTHMaTIapHU XUCOOTANMMU3;

7) B,(y)= max [f (2)+B_(y-az2)]= f, (X (¥)+B(y-ax/(y)uu

2=01,...[y/a,]
xucobmaiimMusz xamaa B, (y) Ba X, (y) HM 3ciiad KoJaMus;

8) arap y<b 0O¥yica, y=y+1 1ne6 6) myHKTra KaiTamms, akc XoJjja
HaBOATJATH IyHKTIa YyTaMmu3,

9) arap k<n oOymnca. k=k+1,y=0 ne6 6) OGanara Kkaiiramu3s; aKc

X0J171a HaBOaTaru OaHara yramus;



10) (1) macananu eduMu X., XJ,..,X] HH aHHUKIAHNMU3;

Xp =%,(0), X0 =%, (b), b =b- Zan, X i=12..0=1 (1)

B, (b) -(1) macana maxcaa QyHKIUSCHHUHT ONTHMAall KAHMATH OYIasu.
Ocnatma. Arap (7) dopmymnana o6upop i, 1<i <n-1 yuyHn b, =0 0O¥ca,
x'=0, 1<i<i Oymamu.
4. AnropurMjaaH kaaBaJj épaamuaa goiigananum.
B.(y), 1<k <n, 0<y<bxkuiimarnap Ounan Oupra (6) ra makcumMym OepyBuUH
x(y;,y=012..b)yBa (5) ra makcumym OepyBun x,(y),k=12,..,ny=012,..,b,
coHjapHu XaMm &€3u0 kysmu3 (arap (5) Ba (6) ra MakcumyMm OepyBuYH HyKTajiap
Oup HeuTa Oyjca , yJapHHHT XamMmacu &3uianu). JKaaBalaHu TYIAUpraHaaH CYHT
(7) oyiinua dopmymna O6yiimua (1) macama eummu  X°1, X%,....... X HU OCOHTHHA
aHUKJIAIl MyMKHH.
AnropuTMiaH xaaBan €paamuaa GouganaHuIn Kynaa Oakapuiaaura
XucoOaniap y4yH TaBcHsl KUJIMHAIH.
OcnaTrma. Acocuii OOFIaHUIN TEHIJIMK KYpuHHMIAAa Oynranna (sbHU

Za x, =b )x,(y), y=012,..,b ) comnapHu >xafBaira é3uiu mapr smMac. By xomuna

n-2

a,_ X, J} }(bopMyna

(1) macama eunMuHUHT X° KOOpPAMHATACHHH X, :Kb
j=0

OWJIaH TOIIaMM3.

1-xagBan

B, (Y)

Bl (y) B1(O) B1 (1) Bl (2) . B() ... B, (b)

X, () x,(0) @ %) X (k) 0)




BZ (y) Bz (O) B, B,(2| ..| By(k) | ... B, (b)
Xz (y) X2 (O) X (1) Xy (2) X, (k) X, (b)

B, (Y) B, (0) B | B@ |..| Bw]... B, (b)
X () 0 |0 | %@ | |xw X (b)

2
X
2-MHCOIL. > X2 — X, + 2%, —> MaX, X, +2X, +3X, <6,

oyepma x>0, i=12,3 -OyryH kuiimMariap KaOys KuIaju.
Euum. bepwiran macana yuyH n=3,a, =1a, =2,a, =3,b=6,

2

£,(x) =X7, 00 =x2—x% f,(x)=2x

2-KaJBaJIHU TYnaupamMu3. bupuHum Karopra KyWuaaru COHJIapHU €3aMu3!
2 2

B.(y)= max f,(z)= max Z—=y7, y=01..6

z=0,1,...[y/a,] 2=01,..y 2



HNxxknHum CaTpHU TYJIIAPAMHA3S

B,(y)= max [f,(2)+B,(y-a,z)]= max [22—z+@],, y=01,..,6

z=0,1,...[y/a] z=01,..[y/&]

47°
BZ(O):[ZZ—Z+T]Z:O =0, X,(0)=0

B _ 2 _ 2
B, (1) = max 22—2+M}:{22—2+&} :1, X, (1) =0,
Z=0,[§]_ 2 2 720 2

(2-22)?

_ 2 _
BZ(Z)_rZrl%?fz Z+ 5

} = max{2;,0}=2, x,(2)=0,

— 2_
B, (3) = max 27748 222) =max{g;1}=g, x,(3) =0,

Z:O,[E]_

(4-22)° | _ max{8;2;2} =8, x,(4) =0,

_ 2 _
82(4)_210% yAy

f— 2_
B,(5) = max zz—z+& :max{E;gﬁ}:é, X, (5) =0,
z:o,l,[g]_ 2 2 22 2

., (6-22)"] o
B,(6) = max | z —Ie = max{18;8;4;6} =18, x,(6) =0,

Xyaau HIyHra yXIaii, )KaJBaJlHUHT yauHun catpuru Bs(y) ¢yHKIMsHIHT

nudoaanaH aHUKJIAaHYBYH KUMaTiap B3(0), Bs(1),.....B3(6) 1ap Ba Oy udoaara

MaKCUMyM OepyBYH X3(0), X3 (2),-..,X;(6) conmap OusaH TYIAUpPAMUS3.
2-KaIBal
y |0 1 2 3 |4 |5 |6
B (Y)
B, (Y) 0 1 2 9| 82 18
() 0 22 24 | 216
' 1 3 5
B, (Y) 0 1 2 9| 8|2 18
% () 0 210 210 210
’ 0 0 0




B, (Y) 0

X3 (y) 0 0 0

Ty3uiran aJBaJTHUHT OXMPI'H YCTYHHM OCpHITaH mMacaja SYMMUHHM aHWKJIANIH,
uyyHKH (7) hopMmynara kypa.
X:(s) =X;(6) =0, Xg = x2(6—a3x§) =X,(6) =0, Xf = X1(6_a3Xg _azxg) =X(6) =6

Makcaa GyHKIMSICHHUHT Makcumalt kuiiMatu Bz(6) = 18 .

MycTakui uiam y4yyH caBosuiap

1. Kapamaérran (1) wmacanaHu AMHAMUK TPOTrpaMMaallITHPHUIN YCYJIU OwiiaH
SUMILHUHT aCOCUN OOCKUYIIApH.

2. bemnman QyHkuusicu, beuiMan TeHriamaci.

3. JluHaMuK ~ TporpaMMallaliTUPHUIL  yCyJdu OuiiaH Yy3rapyBumiapu OYyTyH
Kuiimatiau 6ynaran (1) macanaHu €4MI aarOPUTMH.

4. AnropuTmaaH >kajBai Epramuia porgananuin KaHaai Oaxapuiaam?

MycTaku 6a>1<a131/1111 YYVH TOIIIIHUPHUKIIAP

1. lunamMuk mporpamMmaiaii Meroauaan Qoinananubd KyHugara MacaialapHu
CUMHT.

1) xf+x§+%x2+4x3—>max, 2X, + X, + X, =11, X >0,i=123,
2) %xf+3x2+x§—x32—>ma>g X +2X +X, =9 X >0,i=123;
3) X2 +2x5 +2x5 — X, — max, X, +2X, +3X; =10, X >0,i=123

4) 2%} +%x§ +10x, »>max, 3 +X, +X, =12,  x >0,i=123;

5) le+lx22+ix§—>ma>g 3%, +2X, +4%, =16, %, >0,i=123;

4 6 12
6) e® +x; +5x2 —>max, X, +3X, +2X, =14, % >0,i=123;
7) 2% +x5—x, >max,  3x +X,+3%, =16, X >0,i=123;
8) %xf +e" — X, +8x, — max, X, +4X, + X; =15, X, >0,i=123;

2. JluHaMuK TporpaMMalIallITUPHIN YCylu OwiaH Yy3rapyBuuiap OyTyH
KHAMaTIIH OYNTaH KyWuaard MacaiajapHd eduHr (KaaBainmgad (oiimanaHuHT):



1) 2X1+%x§+4x§+%xj’—>max, X, +2X, + X5 +3%, <10,  x, =0,i=14;

2) e +2x2 +3x2 — X, + X2 —> max, 2X, + X, + X, +2%, <10, X, 20,i=14;
3) 5xf+3x§—3x§+x§+%xj—>max, X +3%, +2% +%X, <9, X >0,i=14;
1 3 X 2 s aa
4) gxl—x1+32+2x3+9x4—>max, X, + X, +3X; + X, <10, X 20,i=14;

5) 3% +2x7 +€% —6X, + X, > max, X +2X, +3X, +4x, <8, X >0,i=14
6) 4xf+5x§+x§+%xj—>ma>g 2% +3X%, + X5 +X, <10, X >0,i=14;
7) 6x2+12X, +€% +X. > max, X +X, +2%, +X, <9, X >0,i=14

1 .
8) Exf+x22+x§’+x3+7x4—>max, X, +2X, +3X, +4X, <8, X >0,i=1
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