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Preface 

Although Maxwell’s equations were formulated over one hundred years 

ago, the subject of electromagnetism has not remained static. Advanced 

undergraduate students in science, to whom we are directing our attention, 
today approach the subject with a qualitative understanding of atomic 

phenomena. At the same time, they have acquired a good background in 

mathematics and for the first time are in a position to solve some of the 
important problems of classical physics. In addition, many of these students 

are computer literate. The present volume evolved from the teaching of 

courses in electricity and magnetism to physics majors at Case Institute of 

Technology and at Dartmouth College. A course in electromagnetism is 

ideally suited to a development of the concepts of vector analysis, partial 

differential equations, boundary-value problems, and numerical computa- 

tions via the desktop computer. The sections involving these techniques are 
written in such a way that little previous knowledge of the subject is 

required. 

We believe that building up electricity and magnetism from the basic 

experimental laws is the correct approach at the intermediate level, and we 

have followed this approach through a rigorous exposition of the fundamen- 

tals. We have also been careful to include a number of appropriate 
examples to bridge the gap between the formal development of the subject 

and the problems. A full understanding of the electric and magnetic fields 
inside matter can be obtained only after the atomic nature of materials is 

appreciated. Hence we have used elementary atomic concepts freely in the 
development of macroscopic theory. The macroscopic electromagnetic 

behavior of isotropic dielectrics, conductors, magnetic materials, plasmas, 
and superconductors is treated in separate chapters (Chapters 4, 7, 9, 14, 

and 15, respectively), and a simple discussion of the microscopic theory of 

these classes of matter (except superconductors) is also provided (in 

Chapters 5, 7, 10, and 14). This coverage is extended to time-dependent 
fields in Chapter 19. 

Much of modern physics (and engineering) involves time-dependent 

electromagnetic fields in which Maxwell’s displacement current plays a 
crucial role. Chapters 16 through 20 develop the application to electro- 

magnetic waves and wave propagation—including the connection with 
optical phenomena, which is the frequency range that has displaced 
microwaves in technological interest. The relativistic formulation of electro- 
magnetic theory has been put into the last chapter (Chapter 22), although it 
can be taken up at any point after Chapter 16. 

iii 



iv Preface 

This fourth edition of the book has been changed in a number of ways. 

The most prominent change is the inclusion of a self-contained discussion of 
the solution of numerical problems in electromagnetism by means of the 
personal computer (Appendix I) and the addition of sections devoted to the 
numerical solution of Laplace’s equation, other differential equations, and 

electric circuit problems (Sections 3-12, 13-11, and 15-4). Several computer 

routines written in BASIC language are provided; for example, for the 
solution of a system of linear equations and the finite-difference method for 

the solution of a differential equation. (If the reader chooses not to include 

this computer-related material, it is easily bypassed, since this material is 

localized in Appendix I and in the sections indicated; it is not essential to 
other parts of the book.) The sections on propagation of electromagnetic 
waves have been partially rewritten and include new sections (in Chapter 

19) on linearity and causality and on propagation in dispersive media. 

Other changes from earlier editions include more worked examples, 

about thirty additional figures, and an update of the materials chapters— 
particularly Chapters 14 and 15. All tables of data and references to other 
books have been updated; a new table on the properties of superconductors 
has been added. About fifty new problems have been added to the problem 
sets at the ends of chapters. 

As an aid to the reader, the more difficult problems are labeled with an 
asterisk. Sections and chapters in the text that are starred are not essential 

to its further development and may be omitted in an abbreviated study. A 
summary section at the end of each chapter identifies key ideas and 
formulas. 
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CHAPTER 1 

1-1 

Vector Analysis 

In the study of electricity and magnetism, a great saving in complexity of 

notation may be accomplished by using the notation of vector analysis. In 

providing this valuable shorthand, vector analysis also brings to the 

forefront the physical ideas involved in equations. It is the purpose of this 

chapter to give a brief but self-contained exposition of basic vector analysis 

and to provide a rather utilitarian knowledge of the field that is required for 
a treatment of electricity and magnetism. Readers already familiar with 
vector analysis will find this chapter a useful review and an introduction to 

the notation of the text. 

DEFINITIONS 

In the study of elementary physics, several kinds of quantities are 

encountered; in particular, we distinguish between vectors and scalars. For 
our purposes, it is sufficient to define a scalar as follows. 

A scalar is a quantity that is completely characterized by its 

magnitude. 

Examples of scalars are numerous: mass, time, volume, etc. A simple 
extension of the idea of a scalar is a scalar field—a function of position that 
is completely specified by its magnitude at all points in space. 

A vector may be defined as follows. 

A vector is a quantity that is completely characterized by its 

magnitude and direction. 

—— 



2 1 Vector Analysis 

As examples of vectors, we cite position from a fixed origin, velocity, 

acceleration, force, etc. The generalization to a vector field gives a function 
of position that is completely specified by its magnitude and direction at all 

points in space. 

These definitons may be refined and extended; in fact, in Appendix II 

they are replaced by more subtle definitions in terms of transformation 

properties. In addition, more complicated kinds of quantities, such as 

tensors, may be defined. Scalars and vectors will, however, largely suffice 

for our purposes until Chapter 22. 

VECTOR ALGEBRA 

Since the algebra of scalars is familiar to the reader, this algebra will be 

used to develop vector algebra. In order to proceed with this development it 
is convenient to have a representation of vectors, for which purpose we 

introduce a three-dimensional Cartesian coordinate system. This three- 

dimensional system will be denoted by the three variables x, y, z or, when it 

is more convenient, x,, X2, x3. With respect to this coordinate system, a 

vector is specified by its x-, y-, and z-components. Thus a vector* V is 

specified by its components V,, V,, V., where V, = |V|cosa, V, = 

|V| cosa, V, =|V|cosa@3, the a@’s being the angles between V and 

appropriate coordinate axes. The scalar |W] = VV2 + V+ V2 is the 
magnitude of the vector V, or its /ength. In the case of vector fields, each of 

the components is to be regarded as a function of x, y, and z. It should be 

emphasized at this point that we introduce a representation of the vectors 

with respect to a Cartesian coordinate system only for simplicity and ease of 

understanding; all of the definitions and operations are, in fact, independent 
of any special choice of coordinates. 

The sum of two vectors is defined as the vector whose components are 

the sums of the corresponding components of the original vectors. Thus if C 
is the sum of A and B, we write 

C=A+B (1-1) 
and 

Ge a ag a Bes C, = As i Bs Gs = A, it B, (1-2) 

This definition of the vector sum is completely equivalent to the familiar 
parallelogram rule for vector addition. 

Vector subtraction is defined in terms of the negative of a vector, which 
is the vector whose components are the negatives of the corresponding 

* Vector quantities are denoted by boldface symbols. 



1-2 Vector Algebra 3 

components of the original vector. Thus if A is a vector, —A is defined by 

(—A), = P= Aas Ady = — fies (Ale = ly (1-3) 

The operation of subtraction is then defined as the addition of the negative 
and is written 

A-B=A +(-B) (1-4) 

Since the addition of real numbers is associative and commutative, it 

follows that vector addition (and subtraction) is also associative and 

commutative. In vector notation this appears as 

A+ (B+ C)=(A+B)+C 

=(A+C)+B=A+B+C (1-5) 

In other words, the parentheses are not needed, as indicated by the last 
form. 

Proceeding now to the process of multiplication, we note that the 

simplest product is a scalar times a vector. This operation results in a vector, 

each component of which is the scalar times the corresponding component 

of the original vector. If c is a scalar and A is a vector, the product cA is a 

vector, B = cA, defined by 

B,. = cA,, B, = cA,, B, = cA, (1-6) 

It is clear that if A is a vector field and c a scalar field, then B is a new vector 

field that is not necessarily a constant multiple of the original field. 

If two vectors are to be multiplied, there are two possibilities, known as 

the vector and scalar products. Considering first the scalar product, we note 

that this name derives from the scalar nature of the product, although the 
alternative names, inner product and dot product, are sometimes used. The 

definition of the scalar product, written A- B, is 

A-B=A,B, + A,B, + A.B; (1-7) 

This definition is equivalent to another, and perhaps more familiar, 

definition—that is, as the product of the magnitudes of the original vectors 

times the cosine of the angle between these vectors. If A and B are 

perpendicular to each other, 

A-B=0 

The scalar product is commutative. The length of A is 

|A] = VA-A 

The vector product of two vectors is a vector, which accounts for the 

name. Alternative names are outer product and cross product. The vector 

product is written A x B. If C is the vector product of A and B, then 
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(OES AN 1, he 

Cua A Bye AB, Wg Ca eae ne aro 

C, = A,B, — A,B, 

It is important to note that the cross product depends on the order of the 

factors; interchanging the order introduces a minus sign: 

Bx A=-AxXB 

(1-8) 

Consequently, 

Ax A=0 

This definition is equivalent to the following: The vector product is the 

product of the magnitudes times the sine of the angle between the original 
vectors, with the direction given by a right-hand screw rule.* 

The vector product may be easily remembered in terms of a deter- 

minant. If i,j, and k are unit vectors—that is, vectors of unit magnitude, in 

the x-, y-, and z-directions, respectively—then 

k 

A, 
B. 

yi (1-9) 

Ar eid 
AXB=|A, A 

B, B ok: y 

If this determinant is evaluated by the usual rules, the result is precisely our 

definition of the cross product. 

The preceding algebraic operations may be combined in many ways. 

Most of the results so obtained are obvious; however, there are two triple 
products of sufficient importance to merit explicit mention. The triple scalar 
product D = A-B x C is easily found to be given by the determinant 

Amiga} 
D=A:‘BXC=78B, B, B,/ =—-B-AxC (1-10) 

Cee eS. 
This product is unchanged by an exchange of dot and cross or by a cyclic 

permutation of the three vectors. Note that parentheses are not needed, 

since the cross product of a scalar and a vector is undefined. 

The other interesting triple product is the triple vector product 
D = A X (B x C). By a repeated application of the definition of the cross 
product, Eq. (1-8), we find 

D = A x (BX C) = B(A-C) — C(A-B) (1-11) 

“Let A be rotated into B through the smallest possible angle. A right-hand screw rotated in 

this manner will advance in a direction perpendicular to both A and B; this direction is the 

direction of AX B. 
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which is frequently known as the back cab rule. It should be noted that in 

the cross product the parentheses are vital; without them the product is not 
well defined. 

At this point one might well inquire as to the possibility of vector 

division. Division of a vector by a scalar can, of course, be defined as 

multiplication by the reciprocal of the scalar. Division of a vector by 

another vector, however, is possible only if the two vectors are parallel. On 

the other hand, it is possible to write general solutions to vector equations 

and so accomplish something closely akin to division. Consider the equation 

oS ATX (1-12) 

where c is a known scalar, A is a known vector, and X is an unknown 

vector. A general solution to this equation is 

X= cA 

A:A 
+B (1-13) 

where B is an arbitrary vector that is perpendicular to A—that is, 

A-B = 0. What we have done is very nearly to divide c by A; more 

correctly, we have found the general form of the vector X that satisfies Eq. 

(1-12). There is no unique solution, and this fact accounts for the vector B. 

In the same fashion, we may consider the vector equation 

C=AxxX (1-14) 

where A and C are known vectors and X is an unknown vector. The general 

solution of this equation is 

CxA 
X = + kA 1-15 

where k is an arbitrary scalar. Thus, X as defined by Eq. (1-15) is very 

nearly the quotient of C by A; the scalar k takes account of the 
nonuniqueness of the process. If X is required to satisfy both Eqs. (1-12) 
and (1-14), then the result is unique (if it exists) and is given by 

_CXxA cA 
xX xP 

A-A A:A 
(1-16) 

GRADIENT 

The extensions of the ideas introduced in the previous section to 

differentiation and integration, i.e., vector calculus, will now be considered. 

The simplest of these is the relation of a particular vector field to the 
derivatives of a scalar field. It is convenient first to introduce the idea of the 

directional derivative of a function of several variables, which is just the rate 

of change of the function in a specified direction. The directional derivative 
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FIGURE 1-1 

The function (x, y) = 
x’ + y* plotted against x 
and y in a three- 

dimensional graph 

of a scalar function @ is usually denoted by dq/ds; it must be understood 
that ds represents an infinitesimal displacement in the direction being 
considered, and that ds is the scalar magnitude of ds. If ds has the 

components dx, dy, dz, then 

dy hie p(x + Axy y+ Ay, 2. Az) — @C; y, z) 
ee in ee 
ds As—0 As 

_ dedx , dedy | apdz 
ox ds wedyrds SWozids 

In order to clarify the idea of a directional derivative, consider a scalar 
function of two variables. Thus, g(x, y) represents a two-dimensional scalar 

field. We may plot ¢ as a function of x and y as is done in Fig. 1-1 for the 

function g(x, y) = x* + y*. The directional derivative at the point x0, yo 

depends on the direction. If we choose the direction corresponding to 
dy/dx = —X /yo, then we find 

dp 
ds 

opdx  opdy | | dx 
aa Ree th SS go Oks ae 2 = —_— = a 

iste =» Ot SS NM Yo Yod ds 0 (1-17a) 

Alternatively, if we choose dy/dx = yo/x 9, we find 

4 (2x0 + 7 a aac vee + y3 (1-17b) 
dS N45, y ° 0) tno a EXO REEYG ie? 
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since ds = V(dx)? + (dy)*. As a third possibility, choose dy/dx = a; then 

ge 
ds XO» Yo 

If this result is differentiated with respect to a and the derivative is set equal 
to zero, then the value of a, for which the derivative is a maximum or 

minimum, is found. When we perform these operations, we obtain 
& = yo/xX9, which simply means that the direction of maximum rate of 

change of the function g = x* + y? is the radial direction. If the direction is 
radially outward, then the maximum is the maximum rate of increase; if it is 

radially inward, it is a maximum rate of decrease or minimum rate of 

increase. In the direction specified by dy/dx = —x,/yo, the rate of change of 

x’ + y* is zero. This direction is tangent to the circle x7 + y* = x3 + yé. 
Clearly, on this curve, p = x? + y* does not change. The direction in which 

dqg/ds vanishes gives the direction of the curve gm = constant through the 

point being considered. These lines, which are circles for the function 

x? + y’, are completely analogous to the familiar contour lines or lines of 

constant altitude that appear on topographic maps. Figure 1-2 shows the 

function g@ = x* + y* replotted as a contour map. 
The idea of contour lines may be generalized to a function of three 

variables, in which case the surfaces, p(x, y, z) = constant, are called /evel 

surfaces or equipotential surfaces. The three-dimensional analog to Fig. 1-2 

is the only practical way of graphing a scalar field for a three-dimensional 

space. The gradient of a scalar function may now be defined as follows. 

= (2x9 + 2ayo)(1 + a*)~"? (1-17c) 

The gradient of a scalar function @ is a vector whose magnitude is 

the maximum directional derivative at the point being considered 

and whose direction is the direction of the maximum directional 
derivative at the point. 

FIGURE 1-2 

The function p(x, y) of 

Fig. 1-1 expressed as a 

contour map in two 

dimensions 
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FIGURE 1-3 

Parts of two level sur- 

faces of the function 

p(x, y, Zz). \grad p| at P 
equals the limit as PO—> 
0 of Ag/PQ, and dg/ds 
is the corresponding limit 

of Aq/PS. 

It is evident that the gradient has the direction normal to the level surface of 

g through the point being considered. The most common symbols for the 
gradient are V and grad.* In terms of the gradient, the directional derivative 

is given by 

dp — = |grad q| cos 6 1-18 dy. 7 Brad Pl.cos (1-18) 

where @ is the angle between the direction of ds and the direction of the 
gradient. This result is immediately evident from the geometry of Fig. 1-3. 

If we write ds for the vector displacement of magnitude ds, then (1-18) can 

be written 

dy ds 
ie grad ¢ - a (1-19) 

This equation enables us to find the explicit form of the gradient in any 

coordinate system in which we know the form of ds. In rectangular 

coordinates, we know that ds = idx + jdy + kK dz. We also know that 

_ oP OP 
dg = —ax + —ay + — 
f oyu Sven De Be 

From this equation and (1-19), it follows that 

Op fe) fe) 
ae e+ ead) 

oy 
a dz = (grad ~), dx + (grad @), dy 

Ox 

+ (grad ~). dz 

Equating coefficients of differentials of independent variables on both sides - 

* We will use the latter notation at first. 
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LLL SSS 

FIGURE 1-4 

Definition of the polar 
coordinates r, 0, and @ 

Lam | 

of the equation gives 

OP 9p | | 9p 
ad @ = i—- +\j— + k— 1-20 IR Lee Ia a (1-20) 

in rectangular coordinates. In a more complicated case, the procedure is the 

same. In spherical polar coordinates, with r, 0, @ as defined in Fig. 1-4, we 
have 

Og oT) Op 
d = —dr+— + — ¢ @ or r 30 dé 36 do (1-21) 

and 

ds = a,dr + agrd@ + a,rsin Odo (1-22) 

where a,, a, and ay are unit vectors in the r, 9, and @ directions, 

respectively. Applying (1-19) and equating coefficients of independent 
variables yields 

foe) 1 dg 1 oO 
“> as a -23 

ra6. * rsinOad eee 

in spherical coordinates. 

VECTOR INTEGRATION 

While there are other aspects to differentiation involving vectors, it is 
convenient to discuss vector integration first. For our purposes, we may 
consider three kinds of integrals: line, surface, and volume, according to the 

nature of the differential appearing in the integral. The integrand may be 
either a vector field or a scalar field; however, certain combinations of 
integrands and differentials give rise to uninteresting integrals. Those of 
most interest here are the scalar line integral of a vector, the scalar surface 

integral of a vector, and the volume integrals of both vectors and scalars. 
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If F is a vector field, a line integral of F is written 

b 

| F(r) - dl (1-24) 
a(C) 

where C is the curve along which the integration is performed, a and b the 
initial and final points on the curve, and dl an infinitesimal vector 
displacement along the curve C. Since F- dl is a scalar it is clear that the 
line integral is a scalar. The definition of the line integral follows closely the 

Riemann definition of the definite integral. The segment of C between a and 
b is divided into a large number of small increments Al,; for each increment 

an interior point is chosen and the value of F at that point found. The scalar 
product of each increment with the corresponding value of F is found and 

the sum of these computed. The line integral is then defined as the limit of 

this sum as the number of increments becomes infinite in such a way that 

each increment goes to zero. This definition may be compactly written as 

b N 

F-dl= lim > F;- Al, 
a(C) Nea pd 

It is important to note that the line integral usually depends not only on the 

endpoints a and b but also on the curve C along which the integration is to 
be done, since the magnitude and direction of F(r) and the direction of dl 

depend on C and its tangent, respectively. The line integral around a closed 
curve is of sufficient importance that a special notation is used for it, 

namely, 

$ F- dl (1-25) 
Cc 

The integral around a closed curve is usually not zero; the class of vectors 

for which the line integral around any closed curve is zero is of considerable 
importance. For this reason, one often encounters line integrals around 
undesignated closed paths. For example, 

$F dl (1-26) 

This notation is useful only in those cases where the integral is independent 
of the contour C within rather wide limits. If any ambiguity is possible, it is 

wise to specify the contour. The basic approach to the evaluation of line 
integrals is to obtain a one-parameter description of the curve and then use 

this description to express the line integral as the sum of three ordinary 

one-dimensional integrals. In all but the simplest cases, this procedure is 
long and tedious. Fortunately, however, it is seldom necessary to evaluate 
the integrals in this fashion. As will be seen later, it is often possible to show 
that the line integral does not depend on the path between the endpoints. In 
the latter case, a simple path may be chosen to simplify the integration. 
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FIGURE 1-5 

Relation of normal n to a 

surface and the direction 

of traversal of the 

boundary 

Boundary 

If F is again a vector, a surface integral of F is written 

[ F-nda (1-27) 
s 

where S is the surface over which the integration is to be performed, da is 

an infinitesimal area on S, and n is a unit normal to da. There is a twofold 

ambiguity in the choice of n, which is resolved by taking n to be the outward 

drawn normal if S is a closed surface. If S is not closed and is finite, then it 

has a boundary, and the sense of the normal is important only with respect 

to the arbitrary positive sense of traversing the boundary. The positive sense 

of the normal is the direction in which a right-hand screw would advance if 
rotated in the direction of the positive sense on the bounding curve, as 
illustrated in Fig. 1-5. The surface integral of F over a closed surface S is 

sometimes denoted by 

$ Fn da 
S 

Comments exactly parallel to those made for the line integral can be made 

for the surface integral. This surface integral is clearly a scalar; it usually 

depends on the surface S, and cases where it does not are particularly 
important. The definition of the surface integral is made in a way exactly 

comparable to that of the line integral. The detailed formulation is left for 
the problem section. 

If F is a vector and @ a scalar, then the two volume integrals in which 
we are interested are 

r= {| odv K= | Fav (1-28) 
¥ Vv 

Clearly J is a scalar and K a vector. The definitions of these integrals reduce 
quickly to just the Riemann integral in three dimensions except that in K 

one must note that there is one integral for each component of F. These 
integrals are sufficiently familiar to require no further comment. 
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DIVERGENCE 

Another important operator, which is essentially a derivative, is the 
divergence operator. The divergence of vector F, written div F, is defined as 
follows. 

The divergence of a vector is the limit of its surface integral per unit 

volume as the volume enclosed by the surface goes to zero. That is, 

1 
div F = hm F-nda 

v—0 Ss 

The divergence is clearly a scalar point function (scalar field), and it is 

defined at the limit point of the surface of integration. This definition has 
several virtues: It is independent of any special choice of coordinate system, 

and it may be used to find the explicit form of the divergence operator in 
any particular coordinate system. 

In rectangular coordinates, the volume element Ax Ay Az provides a 
convenient basis for finding the explicit form of the divergence. If one 

corner of the rectangular parallelepiped is at the point x9, yo, Zo, then 

OF, 
FAxo, Ace ez eee F. (Xone 2 er Ax 

5 ee 

OF, 
EAL, Yo. tO, 2) eae. Vo aca (1-29) 

X, Yo, Z 

OF, 
F,(%; Ys Zo F AZ) = ERY, 2) + Az— 

OF ll ah eee 

where higher-order terms in Ax, Ay, and Az have been omitted. Since the 
area element Ay Az is perpendicular to the x-axis, Az Ax is perpendicular 
to the y-axis, and Ax Ay is perpendicular to the z-axis, the definition of the 
divergence becomes 

i) 
div F = li sawllF Ty iv Sergeant! F,(Xo, y, Z) dy dz 

OF, 
at + [ Bey z) dx dz + Ax Ay Az 

oF, + ACAY ae oe + [ Bey, 29) ax dy 

OF, 
+ Ax Ay Az - [ Reo, z) dy dz 

= | BO, yo, z)drdz - [ Re, y, x) dr ay] (1-30) 
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The minus signs associated with the last three terms account for the fact that 

the outward drawn normal is in the direction of the negative axes in these 
cases. The limit is easily taken, and the divergence in rectangular coordin- 
ates is found to be 

Ole Ory mors 
+—+— 

Ox oy Oz 

In spherical coordinates, the procedure is similar. The volume enclosed 
by the coordinate intervals Ar, A@, Ag is chosen as the volume of 

integration. This volume is r? sin 9 Ar A@ A®@. Because the area enclosed by 
the coordinate intervals depends on the values of the coordinates (which is 

not the case with rectangular coordinates), it is best to write F-n Aa in its 
explicit form: 

div F = (1-31) 

F-nAa = Fr’sin@ A@ Ad 

+ Forsin @ Ad Ar + Fyr Ar AO ; (1-32) 

It is clear from this expression that r*F, sin 9, rather than just F, must be 

expanded in Taylor series. Similarly, it is the coefficient of the products of 
coordinate intervals that must be expanded in the other terms. Making 
these expansions and using them to evaluate the surface integral in the 

definition of the divergence gives 

1 5 div F = [i | Er si 8) Ar ABA 
NS GA APAD ADT On) Oe 

3 3 
=. 30 (For sin @) A@ Ar Ad + 36 (Fyr) Ap Ar a0 (1-33) 

Taking the limit, the explicit form of the divergence in spherical coordinates 
is found to be 

3 1 OF 
— (sin 0F,) + — 

tire poe ae aaa ie aD 
div F = Sepia 7 (1-34) 

Y Os, 

This method of finding the explicit form of the divergence is applicable to 
any coordinate system, provided that the forms of the volume and surface 

elements or, alternatively, the elements of length are known. 

The physical significance of the divergence is readily seen in terms of an 

example taken from fluid mechanics. If V is the velocity of a fluid, given as 

a function of position, and p is its density, then $; 0 V- nda is clearly the 

net amount of fluid per unit time that leaves the volume enclosed by S. If 
the fluid is incompressible, the surface integral measures the total source of 

fluid enclosed by the surface. The preceding definition of the divergence 

then indicates tha: it may be interpreted as the limit of the source strength 

per unit volume, or the source density of an incompressible fluid. 

An extremely important theorem involving the divergence may now be 

stated and proved. 
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oe a eee 

Divergence theorem. The integral of the divergence of a vector over 

a volume V is equal to the surface integral of the normal component 

of the vector over the surface bounding V. That is, 

[ div Fav = $ Fn da 
Vv KS 

Consider the volume to be subdivided into a large number of small cells. 

Let the ith cell have volume AV, and be bounded by the surface S;. It is 

clear that 

Sp Fenda =p F-nda (1-35) 

where in each integral on the left, the normal is directed outward from the 

volume being considered. Since outward to one cell is inward to the 

appropriate adjacent cell, all contributions to the left side of Eq. (1-35) 

cancel except those arising from the surface of S, and Eq. (1-35) is 
essentially proved. The divergence theorem is now obtained by letting the 

number of cells go to infinity in such a way that the volume of each cell goes 

to zero. 

1 
$F nda = lim Sloop F mda} ay, (1-36) 
s avo | LAV, Js 

In the limit, the sum on 7 becomes an integral over V, and the ratio of the 

integral over S; to AV, becomes the divergence of F. Thus, 

$ Fn da = | div F du (1-37) 
Ss vi 

which is the divergence theorem. We shall have frequent occasion to exploit 

this theorem, both in the development of the theoretical aspects of 

electricity and magnetism and for the very practical purpose of evaluating 
integrals. 

CURL 

The third interesting vector differential operator is the curl. The curl of a 
vector, written curl F, is defined as follows. 

a 

The curl of a vector is the limit of the ratio of the integral of its 
cross product with the outward drawn normal, over a closed 
surface, to the volume enclosed by the surface as the volume goes 
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to zero. That is, 

1 
curl F = lim —@n X Fda (1-38) 

v—o0 Ky 

The parallelism between this definition and the definition of the divergence 

is quite apparent; instead of the scalar product of the vector with the 
outward drawn normal, one has the vector product. Otherwise the 

definitions are the same. A different but equivalent definition is more 
useful. This alternative definition is as follows. 

The component of curl F in the direction of the unit vector a is the 
limit of a line integral per unit area, as the enclosed area goes to 
zero, this area being perpendicular to a. That is, 

1 
a-curlF = lim—9 F- dl (1-39) 

s—o05 G 

where the curve C, which bounds the surface S, is in a plane normal 
to a. 

It is easy to see the equivalence of the two definitions by considering a 

plane curve C and the volume swept out by this curve when it is displaced a 

distance & in the direction of the normal to its plane, as shown in Fig. 1-6. If 
a is a normal to this plane, then taking the dot product of a with the first 

definition of the curl, Eq. (1-38), gives 

1 
a-curlF = lim —9a-n X Fda (1-40) 

v—O0 Ss 

Since a is parallel to the normal for all of the bounding surface except the 

narrow strip bounded by C and C’, only the integral over this surface need 

be considered. For this surface we note that a X nda is just § dl, where dl is 

FIGURE 1-6 

Volume swept out by 
displacing the plane n 

curve C in the direction 

of its normal, a 
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an infinitesimal displacement along C. Since, in addition, V = &S, the limit 

of the volume integral is just 

1 
a: curl F = lim =p EF dl 

v—o0 & 

which reduces to the second form of our definition upon canceling the &’s. 
This equivalence can be shown without the use of the special volume used 

here; however, so doing sacrifices much of the simplicity of the proof given 

above. 
The form of the curl in various coordinate systems can be calculated in 

much the same way as was done with the divergence. In rectangular 
coordinates, the volume Ax Ay Az is convenient. For the x-component of 

the curl only the faces perpendicular to the y- and z-axes contribute. 

Recalling that j x k = —k X j = i, the nonvanishing contributions from the 
faces of the parallelepiped to the x-component of the curl give 

1 
(curl F), = lim yl-BG, SPURS ea ie et eek eg h paseo: 

v0 ‘: 

PEG Oe Vert AVs 2) IA Ve) A ASS (1-41) 

Making a Taylor series expansion and taking the limit gives 

ORAmok 
(curl F), = ay; = na (1-42) 

for the x-component of the curl. The y- and z-components may be found in 

exactly the same way. They are 

oF, OF, OF, oF. 
| F = ' | F a — = (curl F), a 7 (curl F). op By (1-43) 

The form of the curl in rectangular coordinates can be easily remembered if 

it is noted that it is just the expansion of a three-by-three determinant, 
namely, 

i. ja kk 

Cw Oo - 
r= So - cur Bx By Bz , (1-44) 

eee 
Finding the form of the curl in other coordinate systems is only slightly 
more complicated and is left to the problem section. 

As with the divergence, we encounter an important and useful theorem 
involving the curl, known as Stokes’s theorem. 
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Stokes’s theorem. The line integral of a vector around a closed 

curve is equal to the integral of the normal component of its curl 
over any surface bounded by the curve. That is, 

$ F-dt = | cunt F-nda (1-45) 
c s 

where C is a closed curve that bounds the surface S. 

The proof of this theorem is quite analogous to the proof of the divergence 
theorem. The surface S is divided into a large number of cells. The surface 

of the ith cell is called AS; and the curve bounding it is C,;. Since each of 

these cells must be traversed in the same sense, it is clear that the sum of 

the line integrals around the C;,’s is just the line integral around the 

bounding curve; all of the other contributions cancel. Thus 

pF dl = Dp Fed 

It remains only to take the limit as the number of cells becomes infinite in 
such a way that the area of each goes to zero. The result of this limiting 
process is 

i 
$ F-dl = lim > —® F-dlAS, 
c S; Je, AS->0 ; i 7C, 

= { cut F-nda 
Ss 

which is Stokes’s theorem. This theorem, like the divergence theorem, is 

useful both in the development of electromagnetic theory and in the 
evaluation of integrals. It is perhaps worth noting that both the divergence 
theorem and Stokes’s theorem are essentially partial integrations. 

THE VECTOR DIFFERENTIAL OPERATOR V 

We now introduce an alternative notation for the three types of vector 
differentiation that have been discussed—namely, gradient, divergence, and 
curl. This notation uses the vector differential operator de/, defined in 

Cartesian coordinates as 

— 1-46 
fe) oz ( ) 

Del is a differential operator in that it is used only in front of a function of 

(x, y, z), which it differentiates; it is a vector in that it obeys the laws of 

] fe] o 
V=i—+jij—+k 

Pax V3) 
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vector algebra.* In terms of del, Eqs. (1-20), (1-31), and (1-44) are 

expressed as follows: 

grad = V, 

OP , 9p | | OH =i—+j—+k— 1-20 
MMe Ox + 3y oz ( ) 

div=V.-, 

OF he oF 
V-F=—+—+— 1-31 

Ox Oy Oz ( ) 

curl = V x, 

Vee ek 

Cum GO 5 12 
Vixthiaa) 10 Ske 1-44 

OxSROY SOz ( ) 

Fh WO 

The operations expressed with del are themselves independent of any 
special choice of coordinate system. Any identities that can be proved using 

the Cartesian representation hold independently of the coordinate system. 
Del can be expressed in a non-Cartesian (curvilinear) orthonormal coordi- 

nate system in a form analogous to Eq. (1-46) with the appropriate distance 

elements, but it must be remembered in applying it that the unit vectors in 
such coordinate systems are themselves functions of position and have to be 
differentiated.+ The important integral theorems, according to Eqs. (1-19), 

(1-45), and (1-37), are 

b b b 

Vy -dl =, dp = P| = Mo - Qa (1-47) 
a(C) a a 

[ vx Fenda = Fed (1-45) 
5: (e 

[ verde = pF nda (1-37) 
V S 

These give the integral of a derivative of a function over a region of n 

dimensions, in terms of the values of the function itself on the (nm — 1)- 

dimensional boundary of the region, for n = 1, 2,3. Because the del 

* Tt is also a vector in terms of its transformation properties, as shown in Appendix II. 

+ Results for cylindrical and spherical coordinates are found in Appendix IV. An elementary 

discussion is given by H. T. Yang, American Journal of Physics, vol. 40, p. 109 (1972). 
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operator obeys the rules of vector algebra, it is convenient to use it in 

calculations involving vector analysis, and henceforth we shall express the 
gradient, divergence, and curl in terms of V. It should be noted that V is a 

linear operator: 

V(ag + by) = aVqg + bVy 

V-(aF + bG) =aV-F+5V:-G 

V x (aF + bG) =aV xX F+6VxG 

if a and 5 are constant scalars. 

FURTHER DEVELOPMENTS 

The gradient, divergence, and curl operations may be repeated on ap- 
propriate kinds of fields. For example, it makes sense to take the divergence 

of the gradient of a scalar field. Indeed, this combined operation is 

sufficiently important that it has a special name, the Laplacian. It does not, 

however, make sense to take the curl of the divergence of a vector field 

because doing so involves taking the curl of a scalar, which is undefined. 

There are altogether five second-order operators that make sense, and two 

of these yield zero. All five, however, are very important in the study of 
electromagnetic fields. 

The first of these is the Laplacian operator, which is defined as the 

divergence of the gradient of a scalar field, and which is usually written V’, 

V-vV=V 

In rectangular coordinates, 

2 v 2 

<$ 4584 o8 (1-48) 
Ox Oy oz 

This operator is of great importance in electrostatics and will be considered 

at length in Chapter 3. 
The curl of the gradient of any scalar field is zero. This statement is 

most easily verified by writing it out in rectangular coordinates. If the scalar 

field is g, then 

i j k 

De woo f . 

V x (Vy) = ox oy a: =i(—% - a es 

Oy dz dz dy 

op 9p OY 

(1-49) 
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which verifies the original statement. In operator notation, 

Vxv=0 

The divergence of any curl is also zero. This result is verified directly in 

rectangular coordinates by writing 

F) (es 25) 
Vin(Vex B) im s5 (os 

oy Oz 

0 (OF, oO 2 (S-=)+ 0 (1-50) 
oy \ oz Ox 

The two other possible second-order operations are taking the curl of the 

curl or the gradient of the divergence of a vector field. It is left as an 

exercise to show that in rectangular coordinates 

Vx (Vx F) = W(V-F) - VF (1-51) 

where the Laplacian of a vector is the vector whose rectangular components 
are the Laplacians of the rectangular components of the original vector. In 
any coordinate system other than rectangular the Laplacian of a vector is 
defined by Eq. (1-51). 

Another way in which the application of the vector differential 

operators may be extended is to apply them to various products of two 
vectors and scalars. The six possible combinations of differential operators 
and products are tabulated in Table 1-1. These identities may be readily 
verified in rectangular coordinates, which is sufficient to assure their validity 

in any coordinate system. A derivative of a product of more than two 

functions, or a higher than second-order derivative of a function, can be 
calculated by repeated applications of the identities in Table 1-1, which is 

therefore exhaustive. The formulas can be easily remembered from the 

SSS 

TABLE 1-1 

Differential Vector 

Identities 

V-Vp=V'@ (1-1-1) 
V-VxXF=0 (1-1-2) 
Vx Vo =0 (1-1-3) 
Vx (VX F)=V(V-F)- VE (1-1-4) 
Voy) =(Vo)y + pvp (1e1:5) 
V(F-G) =(F-V)G+Fx (Vx G)+(G- V)F+ Gx (VF) (1-1-6) 
V-(gF)=(Vq~):F+@V'F (1-1-7) 
V-(Fx G)=(VxF)-G-(VxG)-F (1-1-8) 
V x (~F) = (Vo) x F+ gv xF (1-1-9) 
Vv x (FX G) =(V- G)F-(V- F)G + (G- V)F-(F-V)G (1-1-10) 
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tules of vector algebra and ordinary differentiation. The only ambiguity 
could be in (1-1-6) where F- V occurs (not V - F). 

Some particular types of functions come up often enough in electro- 

magnetic theory that it is worth noting their various derivatives now. For 
the function F = r, 

V-r=3 

Vxr=0 
(1-52) 

(G:Vjr=G 

Vr=0 

For a function that depends only on the distance r = |r| = Vx? + y- + 2”, 

d 
g(r) or F(r): V=—— (1-53) 

rdr 

For a function that depends on the scalar argument A-r, where A is a 
constant vector, 

d 
A: F(A-r): V = A—— 1-54 p(A-r) or F(A-r) HCAS) (1-54) 

For a function that depends on the argument R = r — r’, where r’ is treated 

as a constant, 

V=Vp (1-55) 

3 3 ) 
=i—+j—t+k— Wises SX MOY eaten Z 

where R = Xi + Yj + Zk. If ris treated as constant instead, 

V=-V’ (1-56) 

where 

ek 
dy’ az’ 

There are several possibilities for the extension of the divergence 

theorem and of Stokes’s theorem. The most interesting of these is Green’s 

theorem, which is 

[ cove - oVv) du = > (W¥@ ~ Vy) nda (1-57) 
This theorem follows from the application of the divergence theorem to the 

vector 

F = yVo — Vy 
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ne 

TABLE 1-2 

Vector Integral 

Theorems 

[axvoaa=$ g dl (1-2-1) 
RY ¢ 

I Vo du =4 qn da (1-2-2) 
Vv Ss 

[ vxFav=$ x Pda (1-2-3) 
Vv RY 

[ (V-G+G-V)Fdv=$ FG: n) da (1-2-4) 

Lee 

Using this F in the divergence theorem, we obtain 

[ ¥- Wwe - evvlav = $ (Ve — @¥y)-mda (1-58) 

Using the identity (Table 1-1) for the divergence of a scalar times a vector 

gives 

V-(yVo) — V-(@Vy) = Vo — oVy (1-59) 

Combining Eqs. (1-58) and (1-59) yields Green’s theorem. Some other 
integral theorems are listed in Table 1-2. 

This concludes our brief discussion of vector analysis. In the interests of 

brevity, the proofs of many results have been relegated to the problems. No 
attempt has been made to achieve a high degree of rigor. The approach has 

been utilitarian: What we will need, we have developed; everything else has 
been omitted. 

SUMMARY 

Three different types of vector differentiation can be expressed by the 
vector differential operator del, V, namely, gradient, divergence, and curl: 

. OP OP op 
Vo =i— + j— + kk— 
ue " Ox V3y Oz 

OF, OF, OF, 
= + + V-F — 

Ox oy Oz 

a 7) eek 

VxF= ee 
Ox “oY az 

a IS 
Del is a linear operator. Repeated applications of it, or its application to 
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products of functions, produce formulas that can be derived in rectangular 
coordinates, but are independent of the coordinate system. They can be 
remembered by the rules of vector algebra and ordinary differentiation. The 
derivatives of a few special functions are worth committing to memory. The 
most important integral theorems about the derivatives are 

b b 

Vo -dl=o 
a(C) a 

i V x F-nda = ; F- dl (Stokes’s theorem) 
IS c 

| V-Fdvu = $ F-nda (Divergence theorem) 
Vv S 

These are generalizations of the fundamental theorem of calculus. 

1-1 The vectors from the origin to the points A, B, C, D are 

A=it+j+k 

B = 21+ 3j 

C = 3i + 5j — 2k 

D=k-j 

Show that the lines AB and CD are parallel and find the ratio of their lengths. 

1-2 Show that the following vectors are perpendicular: 

A =i+ 4j + 3k B = 4i + 2j — 4k 

1-3 Show that the following vectors form the sides of a right triangle: 

A=2i-j+k B =i — 3j — 5k C = 3i — 4j — 4k 

1-4 By squaring both sides of the equation A = B — C and interpreting the result 

geometrically, prove the “law of cosines.” 

1-5 (a) Show that the following are unit vectors in the xy-plane making angles a, B 

with the x-axis: 

A =icosa + jsina B = icosB + jsinB 

(b) By means of a scalar product, obtain the formula for cos (a@ — B). 

1-6 If A is a constant vector and r is the vector from the origin to the point (x, y, z), 

show that the following is the equation of a plane: 

(r- A)-A=0 

1-7 With A and r defined as in Problem 1-6, show that the following is the equation 
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of a sphere: 

(r— A)-r=0 

1-8 Using the dot product, find the cosine of the angle between the body diagonal of 

a cube and one of the cube edges. 

1-9 Prove the law of sines for a triangle by using the vector cross product with 

A+C=B. 

1-10 If A, B, C, are vectors from the origin to the points A, B, C, show that the 

following is perpendicular to the plane ABC: 

(A < B) + (B x C) + (C X A) 

1-11 Verify that Eq. (1-15) is a solution to Eq. (1-14) by direct substitution. [Note 

that Eq. (1-14) implies that C is perpendicular to A.] 

1-12 (a) Show that A, B, and C are not linearly independent if 

A-Bx C=0 

(b) Are the following vectors linearly independent? 

A =j + 3k, B =i — 2k, C=i+j+k 

1-13 (a) Show that the unit vector normal to the surface g(r) = constant is 

n = Vo/|Vo! 

(b) Find n for the ellipsoid 

@ = ax’ + by? + cz? 

1-14 Find the gradient of @ in cylindrical coordinates, given that ds = dra, + 

rd@a, + dzk. It should be noted that r and @ have different meanings here than in 

Eqs. (1-21) and (1-22). In spherical coordinates, r is the magnitude of the radius 

vector from the origin, and @ is the polar angle. In cylindrical coordinates, r is the 

perpendicular distance from the cylinder axis, and @ is the azimuthal angle about this 
axis. 

1-15 From the definition of the divergence, obtain an expression for V-F in 
cylindrical coordinates. 

1-16 (a) Find the divergence of the vector 

i(x? + yz) + j(y? + zx) + k(z? + xy) 

(b) Also find the curl. 

1-17 Is V x F necessarily perpendicular to F for every vector function F? Justify 
your answer. 

1-18 For any two scalar functions @ and w, prove that 

Voy) = oV’p + pVp + 2Vp- Vy 

1-19 If ris the vector from the origin to the point (x, y, z), prove the formulas 

Ver=3 Vxr=0 (u-V)r=u 

[Note: wu is any vector.] 
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1-20 If A is a constant vector, show that 

V(A-r)=A 

1-21 Prove identities (1-1-7) and (1-1-9) in Table 1-1. 

1-22 If r is the magnitude of the vector from the origin to the point (x, y, z), and 

f(r) is an arbitrary function of r, prove that 

r df 
Vv =-— — f(r) = 25, Vx [f(r)x] = 0 

1-23 Prove that 

V-F(r) = iy dF 
rar 

1-24 If § = A-r, prove that 

1-25 Verify Eq. (1-51) in rectangular coordinates, where V’F in these coordinates is 

as defined in the text. 

1-26 Prove identities (1-2-2) and (1-2-4) in Table 1-2. [Hint: Use the divergence 

theorem and one or more identities from Table 1-1.] 



CHAPTER 2 

Electrostatics 

The subject of electricity is introduced in this chapter with the empirical 

concepts of charge and the force law between charges (Coulomb’s law). But 

we shall use the mathematical tools of Chapter 1 to express Coulomb’s law 

in other, more powerful formulations: the electric potential formulation and 

Gauss’s law, both of which will be very important to the subsequent 

development of the subject. 

ELECTRIC CHARGE 

While the first observation of the electrification of objects by rubbing is lost 

in antiquity, it is commonly known that rubbing a hard rubber comb on a 
piece of wool endows the rubber with the ability to pick up small pieces of 

paper. As a result of rubbing the two objects together (strictly speaking, as 

a result of bringing them into close contact), both the rubber and the wool 

acquire a new property: They are charged. This experiment serves to 

introduce the concept of charge. But charge, itself, is not created during this 

process; the total charge, or the sum of the charges on the two bodies, is 

still the same as before electrification. In the light of modern physics, we 

know that microscopic charged particles—specifically, electrons—are trans- 

ferred from the wool to the rubber, leaving the wool positively charged and 
the rubber comb negatively charged. 

Charge is a fundamental and characteristic property of the microscopic 
particles that make up matter. In fact, all atoms are composed of protons, 

neutrons, and electrons, and two of these particles bear charges. But even 
though on a microscopic scale matter is composed of a large number of 

charged particles, the powerful electrical forces associated with these 

particles are fairly well hidden in a macroscopic observation. The reason is 
that there are two kinds of charge, positive and negative, and an ordinary 
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piece of matter contains approximately equal amounts of each kind. From 

the macroscopic viewpoint, then, charge refers to net charge, or excess 

charge. When we say that an object is charged, we mean that it has an 

excess charge, either an excess of electrons (negative) or an excess of 

protons (positive). In this and the following chapters, charge will usually be 
denoted by the symbol q. 

It is an experimental observation that charge can be neither created nor 
destroyed. The total charge of a closed system cannot change. From the 

macroscopic point of view, charges may be regrouped and combined in 

different ways; nevertheless, we may state that net charge is conserved in a 
closed system. 

COULOMB’S LAW 

Toward the end of the eighteenth century, techniques in experimental 
science achieved sufficient sophistication to make possible refined observa- 
tions of the forces between electric charges. The results of these observa- 

tions, which were extremely controversial at the time, can be summarized in 
three statements. 

1. There are two and only two kinds of electric charge, now known as 

positive and negative. 

2. Two point charges exert on each other forces that act along the line 

joining them and are inversely proportional to the square of the 

distance between them. 

3. These forces are also proportional to the product of the charges, are 

repulsive for like charges, and attractive for unlike charges. 

The last two statements, with the first as preamble, are known as Coulomb’s 

law in honor of Charles Augustin de Coulomb (1736-1806), who was one of 

the leading eighteenth century students of electricity. 
Coulomb’s law for point charges may be concisely formulated in the 

vector notation of Chapter 1 as 

Sars (2-1) 

LP ae AD ae te) 

where F, is the force on charge q,, M2 is the vector to qg, from q2, M2 is the 

magnitude of r,., and C, is a constant of proportionality about which more 

will be said later. In Eq. (2-1) a unit vector in the direction of r,;2 has been 

formed by dividing r,. by its magnitude, a device that will be used 
frequently. If the force on q> is to be found, it is only necessary to change 

every subscript 1 to 2 and every 2 to 1. Understanding this notation is 
important, since in future work it will provide a technique for keeping track 
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FIGURE 2-1 

Vector r,2, extending 

from the point at the tip 

of vector r, to the point 
at the tip of the vector rj). 

Clearly, r2= —fn- 

of field and source variables. Figure 2-1 shows the vector r,. with respect to 

an arbitrary origin O. 
Coulomb’s law applies to point charges. In the macroscopic sense, a 

“point charge” is one whose spatial dimensions are very small compared 

with any other length pertinent to the problem under consideration, and we 

shall use the term “point charge’ in this sense. To the best of our 

knowledge, Coulomb’s law also applies to the interactions of atomic 
particles such as protons and electrons. Equation (2-1) is found to hold for 
the electrostatic repulsion between nuclei at distances greater than about 

10-4 meter; at smaller distances, the powerful, but short-ranged, nuclear 

forces dominate the picture. 
Equation (2-1) is an experimental law. Nevertheless, there is both 

theoretical and experimental evidence to indicate that the inverse square 
law is exact—that is, the exponent of r,> is exactly 2. By an indirect 

experiment,* it has been shown that the exponent of r,, can differ from 2 by 

no more than one part in 10”°. 
The constant C, in Eq. (2-1) requires some comment, since it 

determines the system of units. The units of force and distance are 
presumably those belonging to one of the systems used in mechanics: The 

most direct procedure here would be to set C, = 1, and choose the unit of 

charge such that Eq. (2-1) agrees with experiment. This procedure is 

adopted in the gaussian system of units. Other procedures are also possible 

and may have certain advantages; for example, the unit of charge may be 

specified in advance. It was shown by Giorgi in 1901 that all of the common 

electrical units, such as the ampere, volt, ohm, henry, and so forth can be 
combined with one of the mechanical systems—namely, the mks (meter- 

kilogram-second system)—to form a system of units for all electric and 

*E. R. Williams, J. E. Faller, and H. A. Hill, Physical Review Letters, vol. 26, p. 721 (1971). 

Similar experiments were performed earlier; Maxwell established the exponent of 2 to within 

one part in 20,000. 



2-2 Coulomb’s Law 29 

magnetic problems. An advantage of this system is that the results of 

electric circuit calculations come out in the electrical units that are used in 
the laboratory. We shall use the rationalized mks or Giorgi system of units 

in the form known as SI (Systéme International). Since in this system q is 

measured in coulombs (C), r in meters, and F in newtons (N), C,, must have 

the dimensions of newton meters” per coulomb’. 
The size of the SI unit of charge, the coulomb, is established from 

magnetic experiments. This choice of units makes C, = 8.9874 x 

10° N-m7/C’.* We make the apparently complicated substitution, C, = 
1/4m€ 9, in the interest of simplifying other equations. The constant €o, 
which will occur repeatedly, is known as the permittivity of free space and is 

numerically equal to 8.854 x 10°'*C*/N- m’. 

In the mks system, Coulomb’s law for the force between two point 

charges can thus be written ‘ 

1 4142 Fi2 (2-1a) 
2 

4m€y Ti2 Nz 

In Appendix III the definitions of the coulomb, the ampere, the 

permeability, and permittivity of free space are related to one another and 
to the velocity of light in a logical way; since a logical formulation of these 

definitions requires a knowledge of magnetic phenomena and of electro- 
magnetic wave propagation, it is not appropriate to pursue them now. In 

Appendix III, the gaussian system of units is also discussed. Until Chapter 
4, every formula can be changed to gaussian units simply by replacing €> 

with 1/42. 
If more than two point charges are present, the mutual forces are 

determined by the repeated application of Eq. (2-1). In particular, if a 

system of N charges is considered, the force on the ith charge is given by 

peenge atte (2-2) 
pHi 4€o Vi 

Qj = I; — i 

where the summation on the right is extended over all of the charges except 
the ith. Equation (2-2) is the superposition principle for forces, which says 

that the total force acting on a body is the vector sum of the individual 

forces that act on it. 

* The approximate value of C, ~9 x 10? N- m’/C’ is perhaps more easily remembered. 
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A simple extension of the idea of N interacting point charges is the 

interaction of a point charge with a continuous charge distribution. We 
deliberately choose this configuration to avoid certain subtleties that may be 

encountered when the interaction of two continuous charge distributions is 

considered. 
Before proceeding further, the meaning of a continuous distribution of 

charge should be examined. It is well known that electric charge is found in 
multiples of a basic charge—that of the electron. In other words, if any 

charge were examined in great detail, its magnitude would be found to be 

an integral multiple of the magnitude of the electronic charge. For the 

purposes of macroscopic physics, this discreteness of charge causes no 

difficulties simply because the electronic charge has a magnitude of 

1.6019 x 107'°C, which is extremely small. The smallness of the basic unit 

means that macroscopic charges are invariably composed of a very large 

number of electronic charges; thus, in a macroscopic charge distribution, 

any small element of volume contains a large number of electrons. 
We may describe a charge distribution in terms of a charge density 

function, defined as the limit of the charge per unit volume as the volume 

becomes infinitesimal. Care must be used, however, in applying this kind of 
description to atomic problems, since in such cases only a small number of 

electrons are involved, and the process of taking the limit is meaningless. 

Leaving aside atomic cases, we may proceed as though a segment of charge 

might be subdivided indefinitely. We thus describe the charge distribution 
by means of point functions. 

A volume charge density is defined by 

woe ie 
iM av—o0 AV (23) 

and a surface charge density is defined by 

o= rie! D4 
as>0 AS en) 

From what has been said about q, it is evident that p and a are net charge, 
or excess charge, densities. It is worthwhile mentioning that in typical solid 
materials even a very large charge density p will involve a change in the 
local electron density of only about one part in 10°. 

If charge is distributed through a volume V with a density p, and on the 
surface S that bounds V with a density o, then the force exerted by this 
charge distribution on a point charge q located at r is obtained from Eq. 
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(2-2) by replacing q; with p; du; (or with o; daj) and proceeding to the limit: 

q eres F = 

eee Ate, ibiaeare \r — Bs sae bck 

iar Nas Pore aoe ) da’ (2-5) 

The variable r’ is used to locate a point within the charge distribution—that 
is, it plays the role of the source point r; in Eq. (2-2). It may appear at first 
sight that if point r falls inside the charge distribution, the first integral of 

Eq. (2-5) should diverge, but that is not the case. The region of integration 
in the vicinity of r contributes a negligible amount, and the integral is well 
behaved (see Problem 2-5). 

It is clear that the force on q as given by Eq. (2-5) is proportional to q, 
and the same is true in Eq. (2-2). This observation leads us to introduce a 

vector field that is independent of g, namely, the force per unit charge. This 

vector field, known as the electric field, is considered in detail in the 

following section. 

THE ELECTRIC FIELD 

The electric field at a point is defined operationally as the limit of the force 
on a test charge placed at the point to the charge of the test charge—the 
limit being taken as the magnitude of the test charge goes to zero. The 

customary symbol for the electric field is E. 

In vector notation, the definition of E becomes 

eine! (2-6) 
q—0 q 

The limiting process is included in the definition of E to ensure that the 

test charge does not affect the charge distribution that produces E. If, for 
example, positive charge is distributed on the surface of a conductor (a 

conductor is a material in which charge is free to move), then bringing a test 
charge into the vicinity of the conductor will cause the charge on the 
conductor to redistribute itself. If the electric field were calculated using the 

ratio of force to charge for a finite test charge, the field obtained would be 

that due to the redistributed charge rather than that due to the original 

charge distribution. 
In the special case where one of the charges of the charge distribution 

can be used as a test charge, the limiting process is unnecessary. In this case 

the electric field at the location of the test charge will be that produced by 
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FIGURE 2-2 

Geometry of r, r’ and 

r—r’. The vectorr 

defines the observation 

point (field point), and r’ 
ranges over the entire 

charge distribution, in- 

cluding point charges. 

02 

all of the rest of the charge distribution. There will be no redistribution of 

charge, since the proper charge distribution obtains under the influence of 

the entire charge distribution, including the charge being used as test 
charge. In certain other cases, notably those in which the charge distribution 
is specified, the force will be proportional to the size of the test charge. In 

these cases, too, the limit is unnecessary; however, if any doubt exists, it is 

always safe to use the limiting process. 

Equations (2-2) and (2-5) provide a ready means for obtaining 

an expression for the electric field due to a given distribution of charge 
(refer to Fig. 2-2). Let the charge distribution consist of N point charges 
41592,+--,Qn located at the points rm,%m,...,ry, respectively, and a 

volume distribution of charge specified by the charge density p(r’) in the 
volume V and a surface distribution characterized by the surface charge 
density o(r’) on the surface S. If a test charge q is located at the point r, it 
experiences a force F given by 

a! 
’ 

q cas i; q r-r 

ia a3 Par oe ee + | cn tae ’ d ' 

4ne, a4 \r —_ r,|? 4m€, vir es r’|? p(r’) U 

q Paster 
Se Cee ee ee " Arete ir Swit o(r’) da (2-7) 

due to the given charge distribution. The electric field at r is the limit of the 
ratio of this force to the test charge q. Since the ratio is independent of gq, 
the electric field at r is just 

1 tN | eo a 1 iD r’ 

E(r) = i———— te x= | ——e es ') dy' 

oa des ‘“ Ir—rl>  4€9 Jy |r — rl? Bln) ay 

‘a 1 | r-—r’ ise . 

4m Ey Ee \r gs r’|> o(r ) a ; (2-8) 
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Equation (2-8) is very general; in most cases one or more of the terms will 
not be needed. 

The quantity we have just defined, the electric field, may be calculated 

at each point in space in the vicinity of a system of charges or of a charge 

distribution. Thus E = E(r) is a vector point function, or a vector field. This 

field has a number of interesting mathematical properties, which we shall 
proceed to develop in the following sections and in the next chapter. As an 
aid to visualizing the electric field structure associated with a particular 

distribution of charge, Michael Faraday (1791-1867) introduced the concept 

of lines of force. A line of force is an imaginary line (or curve) drawn in 

such a way that its direction (or tangent) at any point is the direction of the 
electric field at that point. 

Consider, for example, the electric field structure associated with a 

single positive point charge q,. The lines of force are radial lines radiating 

outward from q,. Similarly, the lines of force associated with an isolated 

negative point charge are also radial lines, but this time the direction is 

inward (i.e., toward the negative charge). These two examples are 
extremely simple, but they nevertheless illustrate an important property of 

the field lines: The lines of force terminate on the sources of the electric 
field—that is, on the charges producing the electric field. 

Figure 2-3 shows two simple electric fields that have been mapped with 
the aid of lines of force. 

THE ELECTROSTATIC POTENTIAL 

As noted in Chapter 1, if the curl of a vector vanishes, then the vector may 

be expressed as the gradient of a scalar. The electric field given by Eq. (2-8) 
satisfies this criterion. We note that taking the curl of Eq. (2-8) involves 

differentiating with respect to r. This variable appears in the equation only 
in functions of the form (r — r’)/|r — r’|°, and hence it will suffice to show 

that functions of this form have zero curl. Using the formula from Table 1-1 

for the curl of the product (vector times scalar) gives 

eae 1 1 = 5x r+ [Va | x ir-r lr—r'}? lr—r'|° (r r’) lr—r'? [ ] 

(2-9) 

A direct calculation (see Problem 1-19) shows that 

Vx(r-r)=0 (2-10) 

and (see Problem 1-22) that 

1 athe 
ee —_—_——_—_—_—_— 2-11 

\jr—r'| lr —r’}° rate, 

These results, together with the observation that the vector product of a 



34 2 Electrostatics 
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FIGURE 2-3 

The mapping of an elec- 

tric field with the aid of 

lines of force 

vector with a parallel vector is zero, suffice to prove that 

Vx 2 (2-12) 
jr—r'| 

Since each contribution of Eq. (2-8) to the electric field is of this form, we 

have demonstrated that the curl of the electric field is zero. Equation (2-12) 

indicates that a scalar function exists whose gradient is the electric field. It 

remains to find this function. That is, we now know that a function exists 

that satisfies 

E(r) = —Vo(r) (2-13) 

but we have yet to find the form of the function q@. It should be noted that it 
is conventional to include the minus sign in Eq. (2-13) and to call @ the 
electrostatic potential. 
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The electrostatic potential due to a point charge q, is 

q\ 

4nm€, |r — r,| 
P(r) = (2-14) 

which is readily verified by direct differentiation. Thus, the potential 
that corresponds to the electric field of Eq. (2-8) is 

1S 1 p(r’) 
(r) = — >) —— + — |] ——d’ 

ptt) We lr—r| 47éoJy |r —r'| F 

1 o(r’) 
— da’ 2-15 
ae tt 4 | ¥ \ ) 

which is also easily verified by direct differentiation. 

It may seem that Eqs. (2-14) and (2-15) were obtained in a rather arbitrary 

fashion. However, since all that is required of ¢ is that it satisfy Eq. (2-13), 

which has been verified directly, the means by which @ was obtained is 
immaterial. 

The electrostatic potential ~ can be obtained directly as soon as its 

existence is established. Since is known to exist, we may write 

| E(r’)- dr’ = -| Vo-dr’ (2-16) 
ref ref 

where ref stands for a reference point at which @ is zero. From the 

definition of the gradient, 

Vo-dr =dop (2-17) 

Using Eq. (2-17) in Eq. (2-16) converts it into the integral of a perfect 
differential, which is easily done. The result is 

-| Vo-dr’ = —-Y(r) = | E(r’)- dr’ (2-18) 
ref ref 

which is really the inverse of Eq. (2-13). If the electric field due to a point 

charge is used in Eq. (2-18), and the reference point or lower limit in the 
integral is taken at infinity, with the potential there zero, the result is 

a (2-19) 
P(r) 4m€gr 

This result is just a special case of Eq. (2-14), namely, the case where r, is 

zero. While this derivation can be extended to obtain Eq. (2-15), the 

procedure is too cumbersome to include here. 

Another interesting and useful aspect of the electrostatic potential is its 

close relation to the potential energy associated with the conservative 
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electrostatic force. The potential energy associated with an arbitrary 

conservative force is 

U(r) = - | f F(r’) - dr’ (2-20) 

where U(r) is the potential energy at r relative to the reference point at 

which the potential energy is arbitrarily taken to be zero. Since in the 
electrostatic case F = gE, it follows that if the same reference point is 

chosen for the electrostatic potential and for the potential energy, then the 

electrostatic potential is just the potential energy per unit charge. This idea 
is sometimes used to introduce the electrostatic potential, but we feel that 

the introduction by means of Eq. (2-13) emphasizes the importance of the 
electrostatic potential in determining the electrostatic field. There is, of 
course, no question about the equivalence of the two approaches. 

The utility of the electrostatic potential in calculating electric fields can 

be seen by contrasting Eqs. (2-8) and (2-15). Equation (2-8) is a vector 
equation; to obtain the electric field from it, it is necessary to evaluate three 
sums or three integrals for each term. At best, this procedure is tedious, and 

in some cases the integrals are almost impossible to do. Equation (2-15), on 

the other hand, is a scalar equation and involves only one sum or integral 

per term. Furthermore, the denominators appearing in this equation are all 

of the form |r — r’|, which simplifies the integrals compared with those of 
Eq. (2-8). This simplification is sometimes sufficient to make the difference 

between doing the integrals and not doing them. The objection that after 

doing the integrals of Eq. (2-15) it is still necessary to differentiate the result 
is readily answered by observing that differentiation can always be accom- 
plished if the derivatives exist, and is in fact usually much easier than 
integration. In Chapter 3, it will be seen that the electrostatic potential is 
even more important in those problems where the charge distribution is not 

specified, but must rather be determined in the process of solving the 
problem. 

In the mks system the unit of energy is the newton-meter or joule. The 
unit of potential is joule/coulomb, but this unit occurs so frequently that it 
is given a special name, the volt (V). The unit of the electric field is the 
newton/coulomb or the volt/meter. 

CONDUCTORS AND INSULATORS 

So far as their electrostatic behavior is concerned, materials may be divided 

into two categories: conductors of electricity and insulators (dielectrics). 
Conductors are substances, like the metals, which contain large numbers of 

essentially free charge carriers. These charge carriers (electrons in most 

cases) are free to wander throughout the conducting material; they respond 

to almost infinitesimal electric fields; and they continue to move as long as 
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they experience a field. These free carriers carry the electric current when a 

steady electric field is maintained in the conductor by an external source of 
energy. 

Dielectrics are substances in which all charged particles are bound rather 
strongly to constituent molecules. The charged particles may shift their 

positions slightly in response to an electric field, but they do not leave the 
vicinity of their molecules. Strictly speaking, this definition applies to an 

ideal dielectric—that is, one showing no conductivity in the presence of an 
externally maintained electric field. Real physical dielectrics show a feeble 

conductivity, but in a typical dielectric, the conductivity is 10°° times smaller 
than that of a good conductor. Since 10°° is a tremendous factor, it is usually 
sufficient to say that dielectrics are nonconductors. 

Certain materials (semiconductors, electrolytes) have electrical pro- 
perties intermediate between conductors and dielectrics. So far as their 

behavior in a static electric field is concerned, these materials behave like 

conductors. However, their transient response is somewhat slower (i.e., it 

takes longer for these materials to reach equilibrium in a static field). 
In this and the following four chapters, we shall be concerned with 

materials in electrostatic fields. Dielectric polarization, although a basically 

simple phenomenon, produces some rather complicated effects; hence, we 

shall delay its study until Chapter 4. Conductors, on the other hand, may be 

treated quite easily in terms of concepts that have already been developed. 

Since charge is free to move in a conductor, even under the influence of 

very small electric fields, the charge carriers (electrons or ions) move until 

they find positions in which they experience no net force. When they come 
to rest, the interior of the conductor must be a region devoid of an electric 

field, because the charge carrier population in the interior is by no means 
depleted, and if a field persisted, the carriers would continue to move. 
Thus, under static conditions, the electric field in a conductor vanishes. 

Furthermore, since E = 0 in a conductor, the potential is the same at all 

points in the conducting material. In other words, under static conditions, 

each conductor forms an equipotential region of space. 

GAUSS’S LAW 

An important relationship exists between the integral of the normal 
component of the electric field over a closed surface and the total charge 
enclosed by the surface. This relationship, known as Gauss’s law, will now 
be investigated in more detail. The electric field at point r due to a point 

charge q located at the origin is 

(2-21) 

Consider the surface integral of the normal component of this electric field 
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FIGURE 2-4 

An imaginary closed sur- 

face S that encloses a 
point charge at the origin 

over a closed surface (such as that shown in Fig. 2-4) that encloses the origin 

and, consequently, the charge q: 

$ E-nda = q p> da (2-22) 
s 4m€oJs5 1 

The quantity (r/r) - nda is the projection of da on a plane perpendicular to 

r. This projected area divided by r? is the solid angle subtended by da, 
which is written dQ. It is clear from Fig. 2-5 that the solid angle subtended 
by da is the same as the solid angle subtended by da’, an element of the 
surface area of the sphere S’ whose center is at the origin and whose radius 
is r’. It is then possible to write 

r-n r-n 
$ <P da = ¢ 73 tl Seay 

Seals SUT 

which shows that 

q 
E-nda = 4x = — = 
f a 4€, 3 Eo (2-23) 

in the special case described above. If q lies outside of S, it is clear from Fig. 
2-6 that S can be divided into two areas, S; and S,, each of which subtends 

FIGURE 2-5 

Construction of the 
spherical surface S’ as an 

aid to evaluation of the 

solid angle subtended 

by da 
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FIGURE 2-6 

Closed surface S divided 

into two surfaces, S, and 

S,, each of which sub- 

tended the same solid 

angle at q 

the same solid angle at the charge q. For S,, however, the direction of the 
normal is toward q, while for S, it is away from q. Therefore, the 

contributions of S, and S, to the surface integral are equal and oposite, and 
the total integral vanishes. Thus, if the surface surrounds a point charge q, 

the surface integral of the normal component of the electric field is q/€o, 
while if q lies outside the surface, the surface integral is zero. The preceding 
statement applies to any closed surface, even to so-called re-entrant ones. A 

study of Fig. 2-7 is sufficient to verify that this is indeed the case. 

If several point charges qi, q2,..-.,4qn» are enclosed by the surface S, 
then the total electric field is given by the first term of Eq. (2-8). Each 
charge subtends a full solid angle (477); hence Eq. (2-23) becomes 

N 

E-nda = SS (2-24) 
Ky €0 i=1 

This result can be readily generalized to the case of a continuous 
distribution of charge characterized by a charge density. If each element of 

charge p dv is considered as a point charge, it contributes p du/€, to the 

surface integral of the normal component of the electric field provided it is 
inside the surface over which we integrate. The total surface integral is then 

the sum of all contributions of this form due to the charge inside the 

surface. 

FIGURE 2-7 

An element of solid angle 

cutting the surface S 

more than once 
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If S is a closed surface that bounds the volume V, 

1 
E-nda=—| pdv (2-25) 
S Eo Jv 

which is known as Gauss’s law. 

The term on the left, the integral of the normal component of the electric 
field over the surface S, is sometimes called the flux of the electric field 

through S. 

Gauss’s law may be expressed in yet another form by using the 

divergence theorem. The divergence theorem (1-37) states that 

pF nda =| Vv Fdu 
5 V 

If this theorem is applied to the surface integral of the normal component of 

E, it yields 

$ E-nda = | V-Edu (2-26) 
Ss \ Ys 

which, when substituted into Eq. (2-25), gives 

oe 1 
[ved -—| pau (2-27) 
V €o Jy 

Equation (2-27) must be valid for all volumes—that is, for any choice of the 
volume V. This requirement can be satisfied only if the integrands appearing 

on the left and on the right in the equation are equal. Thus, the validity of 

Eq. (2-27) for any choice of V implies that 

Vine (2-28) 
€o 

This result may be thought of as a differential form of Gauss’s law. 

APPLICATION OF GAUSS’S LAW 

Equation (2-28) or, more properly, a modified form of this equation, which 
will be derived in Chapter 4, is one of the basic differential equations of. 
electricity and magnetism. While Eq. (2-28) is important in this role, 
Gauss’s law also has practical utility. This practicality of the law lies largely 
in providing a very easy way to calculate electric fields in sufficiently 
symmetric situations. In other words, in certain highly symmetric situations 
of considerable physical interest, the electric field may be calculated by 
using Gauss’s law instead of by the integrals given above or by the 



2-7 Application of Gauss’s Law 41 

FIGURE 2-8 

A cylindrical surface to 
be used with Gauss’s law 

to find the electric field 

produced by a long line 

charge 

Part of long 
line charge 

procedures of Chapter 3. This use of Gauss’s law accomplishes a major 
saving in effort. 

In order that Gauss’s law be useful in calculating the electric field, it 

must be possible to choose a closed surface such that the electric field has a 

normal component that is either zero or a single fixed value at every point 

on the surface. As an example, consider a very long line charge of charge 

density A per unit length, as shown in Fig. 2-8. The symmetry of the 

situation clearly indicates that the electric field is radial and independent of 

both position along the wire and angular position around the wire. These 

observations lead us to choose the surface shown in Fig. 2-8. For this 
surface, it is easy to evaluate the integral of the normal component of the 

electric field. The circular ends contribute nothing, since the electric field is 

parallel to them. The cylindrical surface contributes 27r/E, since E is radial 
and independent of the position of the cylindrical surface. Gauss’s law then 
takes the form 

Al 
2arlE, = — (2-29) 

£0 

Equation (2-29) can be solved for E, to give 

f (2-30) 
2n€or 

From this result, the potential can be obtained by integration: 

A 
= Inr + C 

sa aes 

The saving of effort accomplished by the use of Gauss’s law will be more 
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FIGURE 2-9 

A gaussian surface S$ 
constructed inside a 

charged conductor 

fully appreciated by solving Problem 2-4, which involves direct application 

of Eq. (2-8). 
Another important result of Gauss’s law is that the charge (net charge) 

of a charged conductor resides on its outer surface. We saw in Section 2-5 

that the electric field inside a conductor vanishes. We may construct a 
gaussian surface anywhere inside the conductor. By Gauss’s law, the net 

charge enclosed by each of these surfaces is zero. Finally, we construct the 

gaussian surface S of Fig. 2-9, and again see that the net charge enclosed is 
zero. The only place left for the charge that is not in contradiction with 

Gauss’s law is on the surface of the conductor. Since there is no charge in 

the interior, part of the material could be removed without changing 
anything. Thus, the charge of a conducting shell must reside entirely on the 

outer surface. 

The electric field just outside a charged conductor must be normal to 
the surface of the conductor. This fact follows because the surface is an 

equipotential, and E = —Vq. Let us assume that the charge on a conductor 

is given by the surface density function o. If Gauss’s law is applied to the 
small pillbox-shaped surface S of Fig. 2-10, then 

EAC (=) AS 
Eo 

where AS is the area of one of the pillbox bases. Hence, for the electric field 

SS 

FIGURE 2-10 E 

Application of Gauss’s i aces 
law to the closed, pillbox- ® 
shaped surface S that = 

intersects the surface of a 

charged conductor 
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FIGURE 2-11 

Geometry involved in 
-alculating the electric 
ield E(r) due to two 

,oint charges 

2-8 

just outside a conductor, 

Foe (2-31) 

THE ELECTRIC DIPOLE 

Two equal and opposite charges separated by a small distance form an 

electric dipole. The electric field and potential distribution produced by such 
a charge configuration can be investigated with the aid of the formulas of 

Sections 2-3 and 2-4. Suppose that a charge —q is located at the point r’ and 

a charge q is located at r’ + J, as shown in Fig. 2-11, then the electric field 

at an arbitrary point r may be found by direct application of Eq. (2-8). The 
electric field at r is found to be 

q re—ir — Vom # | RU La EAE et thnagety Souk 2-32 
(r) 4neg Ur -—r' - IP ir—r'P Face 

The correct electric field for any value of g and any value of the separation / 

is given by Eq. (2-32); however, it is not easy to interpret. What we want is 
the dipole field, and in the dipole the separation / is small compared with 
r — r’; hence, we may expand Eq. (2-32), keeping only the first nonvanish- 

ing term. Since this procedure is of general utility, we will consider it in 
detail. The primary difficulty in making this expansion is caused by the 
denominator of the first term of Eq. (2-32). The reciprocal of this 

denominator can be rewritten as 

r—-r —NCH=(e@-e'y -2r-r)-1+ PP” 
FC 2 —3/2 _Ae=r)t 

jr —r'l? jr —r’|? 
=ir-r[1 

In the last form it is easy to expand by the binomial theorem, keeping only 
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terms linear in J. The result of this expansion is 

Tae fal 
r-r —U?P=|r- ae ~ (2-33) 

where terms involving /* have been dropped. Using Eq. (2-33) in Eq. (2-32) 

and again keeping only terms linear in / gives 

Sr ir jel 

re a's 
E@) = | rr) 

l LS Ae -34 
4r€ 9 lr—r'|? as Ce 

Equation (2-34) gives that part of the electric field, due to a finite electric 

dipole, which is proportional to the separation of the charges. There are 
other contributions proportional to the square, the cube, and higher powers 
of the separation. If, however, the separation is small, these higher powers 
contribute very little. In the limit as 7 goes to zero, all of the terms vanish 

unless the charge becomes infinite. In this limit, with the product ql 

remaining constant, all terms except the term linear in / vanish. In this limit 
a point dipole is formed. A point dipole has no net charge, no extent in 
space, and is completely characterized by its dipole moment, which is the 
limit of gl as 1 goes to zero. We use the symbol p to represent the electric 

dipole moment and write 

p=ql (2-35) 

In terms of the dipole moment, Eq. (2-34) may be written 

1p {3(r =F pep nieverse eer eh \ 2- 
(r) ATE, ir <3 r'(? (r r’) ir = r’|? ( 36) 

The potential distribution produced by a point dipole is also important 
and could be found by looking for a function with gradient equal to the right 

side of Eq. (2-36). It is, however, easier to apply Eq. (2-15) to the charge 
distribution consisting of two point charges separated by a small distance. 

Using the notation of Eq. (2-32), the potential distribution is given by 

rei Poeeeert ha - =| 
Ar) 4negttr—r— i) jr’ eee" 

By expanding the first term in exactly the same way as was done for the first 
term of Eq. (2-32) and retaining only the linear term in /, Eq. (2-37) can be 
put in the form 

2g" (tear et 
r = ——— 

vt) 4n€) |r —r'|? (2-38) 

This equation is valid to the same approximation as Eq. (2-34); namely, 
terms proportional to I? and to higher powers of / are neglected. For a point 
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dipole, p, Eq. (2-38) is exact; however, it is better written as 

ey eat ee 
OE ie SSge (2-39) 

Equation (2-39) gives the potential g(r) produced by an electric dipole, and 

from this potential, the electric field (Eq. 2-36) can be determined. 
It is also interesting to inquire about the potential energy of an electric 

dipole placed in an external electric field. In the case of two charges, —q atr 

and q atr + /, in an electric field described by the potential function @.,,(r), 
the potential energy is 

U= — 4 Pext(¥) aN Pex 8 7% !) (2-40) 

If / is small compared with r, @,,,(r + /) may be expanded in a power series 

in / and only the first two terms kept. The expansion gives 

Pex(K + 1) = Pext(F) al = VGext (2-41) 

where the value of the gradient at point r is to be used. If this expansion is 

used in Eq. (2-40), the result is 

U = ql -V@ex (2-42) 

Going to the limit of a point dipole gives simply 

U(r) = p* V@ext (2-43) 

which is, of course, exact. Since the electric field is the negative gradient of 
the electrostatic potential, an alternative form of Eq. (2-43) is 

U(r) = —p- E.,,(r) (2-44) 

U(r) is the potential energy of a dipole p in an external electric field E,,,, 

where E,,,(r) is evaluated at the location of the dipole. 

It is important to note that two potentials have been discussed in this 

section. In Eqs. (2-37), (2-38), and (2-39), the electrostatic potential 

produced by an electric dipole is considered. In Eqs. (2-40) through (2-43), 
the dipole is considered to be in an existing electric field described by a 

potential function @,,,(r). This electric field is due to charges other than 

those comprising the dipole; in fact, the dipole field must be excluded to 

avoid an infinite result. This statement could lead us to rather complicated 

questions concerning self-forces and self-energies that we cannot discuss 

here; however, it may be noted that the potential energy resulting from the 

interaction of an electric dipole with its own field arises from forces exerted 

on the dipole by itself. Such forces, known in dynamics as internal forces, 

do not affect the motion of the dipole as a whole. For our purposes, further 

consideration of this question will be unnecessary. 
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2-9 ___________ MULTIPOLE EXPANSION OF ELECTRIC FIELDS 

It is apparent from the definition of dipole moments given previously that 
certain aspects of the potential distribution produced by a specified 
distribution of charge might well be expressed in terms of its electric dipole 

moment. In order to do so, it is necessary to define the electric dipole 

moment of an arbitrary charge distribution. Rather than make an unmotiv- 

ated definition, we shall consider a certain expansion of the electrostatic 
potential due to an arbitrary charge distribution. To reduce the number of 

position coordinates, a charge distribution in the neighborhood of the origin 
of coordinates will be considered. The further restriction will be made that 

the charge distribution can be entirely enclosed by a sphere of radius a, 
which is small compared with the distance to the point of observation. An 

arbitrary point within the charge distribution will be designated by r’, the 

charge density at that point by p(r’), and the observation point by r (see 

Fig. 2-12). The potential at r is given by 

1 pial sete, 
v(t) ae ir ri] a Ca) 

where du’ is used to designate an element of volume in the charge 

distribution and V denotes the entire volume occupied by the charge 

distribution. In view of the restriction made above to points of observation 
that are remote from the origin, the quantity |r — r’|~’ can be expanded in a 
series of ascending powers of r’/r. The result of such an expansion is 

\r = ric: i te Orr ryt 

1 iy ge2re rt Hi rit ees} 
STS cece | Farag ppt ewer Se fe ad Biles pe ec (2-46) 

r 2 r r 222 

where only the first three terms are explicitly indicated. It should be noted 

that while (r’/r)? is negligible compared with 2r’-r/r*, it may not be 
dropped in the first set of brackets because it is of the same order as the 
dominant term in the second set of brackets. Using Eq. (2-46) in Eq. (2-45) 

a a ae A a ee al wre Le, 

FIGURE 2-12 

Localized charge in the p 

volume V with charge r Observation 
density p(r’). The point 

electric field is to be 

calculated at point r. 
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and omitting terms involving the cube and higher powers of r’ yields 

1 tare titel 3 (esis)? “I 
= —-+ + - _-— see M ‘ 

P(r) Amey \, (; re | a my eee De 

(2-47) 

Since r does not involve the variable of integration r’, all of the r 

dependence may be taken from under the integral sign to obtain 

pe) = —— |" [ ec) av’ + 5. | ve) dv’ 
4m €_ 

3 3 1x 

ee agast | Gxix) 7,7 yr) (e") du’ | (2-48) 

where x;, x; are Cartesian components of r; 

components of r’; and 6, is defined as follows: 

0, iFj w= (eit) Lisi = J 

It is easy to interpret Eq. (2-48). The first integral in the equation is clearly 

the total charge, and the first term is the potential that would result if this 
total charge were concentrated at the origin. 

The second integral is a straightforward generalization of the dipole 

moment concept to a continuous charge distribution and is called the dipole 
moment of the charge distribution. The second term in Eq. (2-48) is the 

potential that would result if a point dipole equal to the dipole moment of 

the charge distribution were located at the origin of coordinates. It is 
interesting to note that the dipole moment of a charge distribution is 

independent of the origin of coordinates if the total charge is zero. To verify 

this statement, consider a new coordinate system with origin at R in the old 

system. Denoting a point with respect to the old system by r’ and the same 
point with respect to the new system by r’, we have 

x;, x; are the Cartesian 

r=r+R (2-49) 

The dipole moment with respect to the old system is 

p= [ r’p(r') dv' = [ (r’ + R)p(r') dv’ = | r’p dv' + RQ (2-50) 
Vv Vv Vv 

Thus, p is independent of the origin if Q is zero. 
The third term of Eq. (2-48) can be written 

1p) 
t=1 j=1 

asi 6p (2-51) = 
wikes 
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where 

Q, = | Brix} — dyr)o(0") av’ (2-52) 
V 

There are nine components of Qj, corresponding to i, j equal to 1, 2, 3. Of 

these nine components, six are equal in pairs, leaving six distinct com- 

ponents. This set of quantities forms the quadrupole moment tensor* and 

represents an extension of the dipole moment concept. There are higher- 

order moments generated by keeping higher-order terms in the expansion of 

Eq. (2-48). These higher-order multipoles are important in nuc’2ar physics, 

but will not be considered further in this book. 

The electric multipoles are used, as Eq. (2-48) indicates, to approximate 
the potential (and electric field) of a charge distribution. There are, 

however, many other uses—all in the framework of approximating a real 

extended charge distribution by point charges, point dipoles, and so forth. 

These approximations often make it possible to solve extremely difficult 

problems. 

THE DIRAC DELTA FUNCTION; 

In the general expressions for electric field and potential in Eqs. (2-8) and 
(2-15), we have distinguished between point charges and continuous charge 
distributions. For economy of notation, if for no other reason, it would be 

useful to be able to express point charges as a special case of a general 
charge-density function >(r). The Dirac delta function 6(r) can serve this 

purpose, and in addition it is a valuable mathematical tool in many 
calculations. We write 

p(r) = gdo(r) (point charge) (2-53) 

where 

d(r) = 0 for r # 0 

and 

| 6(r') du’ = 1 (2-54) 

The delta function, thus, gives a mathematical expression to the physical 

idea of a point charge at r = 0: The integrated charge density is q, but all of 
the charge is located exactly at the origin. The delta function is obviously a 
very highly singular mathematical function if it can be zero everywhere 

“Tensors are a generalization of vectors and an elementary discussion is given in Appendix II. 

+ Other properties of the delta function are discussed in Appendix V. 
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except at a single point and yet have a nonzero integral. Nevertheless it is a 

legitimate mathematical object, which leads to no difficulties if one is 
cautious, for example, by not trying to differentiate it like a continuous 

function. A variation of it can be made to represent a surface charge density 
o(r)—that is, a charge distribution that vanishes everywhere except on a 
certain surface. With these extensions, the single integral over p(r) is 

enough in Eqs. (2-8) and (2-15). For this application, we note that 

[ Foye’ du’ = F(0) (2-55) 

where F is any scalar or vector function, since the integrand vanishes except 

at r’ = 0. Furthermore, 

[ Fevoc’ — fo) du' = F(r) (2-56) 

Thus, if p(r’) = 4,d(r’ — 4), 

1 gor —t),, 1 qi 
pe). = —— {| Le ee 4n€o ire rl 4m€o|r — rl 

and 

1 (q(t — 1) yates I qi 
BO ye= || See Ge = eee 

for a point charge q; at r;. With this characterization of point charges, it is 

not necessary to include a specific summation over q; in Eqs. (2-8) and 

(2-15). 
Some other properties of the delta function can be obtained as 

consequences of Gauss’s law in differential form: 

Ven p (2-28) 

4m€or 0 

or 

V+ = 46(r) (2-57) 
r 

Also, since 
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v7(=) by J75(6) (2-58) 

Equations (2-57) and (2-58) are important enough that a more direct 

derivation is worthwhile. A straightforward differentiation shows that the 

divergence is zero everywhere but at the origin: 

r 1 1 aE 3 
omg 20(— ert SV ere Saris = 0; r#0 

y es (5) onal pee fa 

At r = 0 the divergence is —~ + ~, which is indeterminate. The divergence 
theorem, however, applied to a small sphere of radius R around the origin, 

gives 

r r-n 1 
[v-5av = pda = ap da = 475 

Since the volume integral is 42% no matter how small the radius R, the 

integrand can be represented as 476(r), in agreement with Eq. (2-57). In 

other words, the delta function permits the divergence theorem to be 
applied to r/r°, even in a region that contains the singularity at the origin. 

The delta function is extremely useful whenever an integral over the 

divergence of r/r*, or over the Laplacian of 1/r, is encountered. 

SUMMARY 

Electrostatics is based on Coulomb’s law, which for a point charge q, at the 

origin and a point charge q at r gives the electrostatic force on q as 

cee CN 
ane, FP 

ie 

where €) = 8.854 x 107'* C’/N- m? in mks units and €) = 1/42 in gaussian 
units. It is convenient to treat q as a test charge and abstract from it by 
defining the electric field E corresponding to the electric force F,: 

F. = qE 

The electrostatic field at r due to the source charge q, located at r, = 0 is 
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where the Dirac delta function is defined by 

d(r) = 0, r#0 

[ ow dv = 1 

The delta function has the property that for any function F 

[ F@oe — ff) du = F(x) 

* Coulomb’s law can be generalized to systems of many source charges, 

or to a continuous distribution of charge density p(r) defined so that the 

element of charge in a volume element du is 

dq = p(r) du 

For a point charge q; at r,, 

p(r) = gi d(r — 4) 

Since the forces and fields are additive, 

1 r-r 

4me€)J |r — Yr’ 
E(x) = P(t") do’ 

Since V is a linear operator, 

Vx E=0 

These are the fundamental differential equations that must be satisfied 

locally at every point by all electrostatic fields. (In fact, the divergence 

equation is satisfied even by time-dependent fields, and it is one of the four 

fundamental Maxwell equations.) 

¢ Gauss’s law follows from the divergence equation by integrating both 

sides over an arbitrary volume V and applying the divergence theorem: 

$ E-nda = nts Q 
S €o 

where 

a= | pia 
V 

is the total charge inside V bounded by S. Gauss’s law has practical 
usefulness for calculating E in a few special situations where it can be 

argued on general grounds that E must be constant in magnitude and 



52 2 Electrostatics 

PROBLEMS ——— 

direction relative to some chosen surface S. It also shows that the charge on 

a conductor must lie on its outer surface and that just outside the surface, 

E ='0/é€, 

¢ The existence of an electrostatic potential function g(r) follows from 

the curl equation, such that 

E = -Vq@ 

For a given E-field, 

g(r) = -| E-dl 
ref 

For a specified charge distribution, 

1 p(r’) 
ee ee 

Ptr) 4me,J |r —r'| 

This equation is easier to evaluate than the integral for E. The scalar 
potential @ is related to the potential energy U of the conservative 

electrostatic force by 

U = q@ 

¢ At some distance away from the region where the source charges p are 

located, the multipole expansion of ¢ is useful: 

2b a aie 
4né€ylr r 

where 

p= | rote’) av’ 
Vv 

is the dipole moment of the charge distribution. Usually the first nonvanish- 

ing term in the expansion is most important; we consider only the first two 
terms. 

2-1 Two particles, each of mass m and having charges q and 2q, respectively, are 

suspended by strings of length / from a common point. Find the angle @ that each 
string makes with the vertical. 

2-2 Two small identical conducting spheres have charges of 2.0 x 10°-°C and 

—0.4 x 10°°C, respectively. (a) When they are placed 4cm apart, what is the force 

between them? (b) If they are brought into contact and then separated by 4cm, 
what is the force between them? 

2-3 Point charges of 4 x 10°C are situated at each of three corners of a square 
whose side is 15cm. Find the magnitude and direction of the electric field at the 
vacant corner point of the square. 
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2-4 An infinitely long line charge has uniform charge density A per unit length. 

Using direct integration, find the electric field at a distance r from the line. 

2-5 (a) A circular disk of radius R has a uniform surface charge density o. Find the 

electric field at a point on the axis of the disk at a distance z from the plane of the 

disk. (b) A right circular cylinder of radius R and height L is oriented along the 

z-axis. It has a nonuniform volume density of charge given by p(z) = po + Bz with 

reference to an origin at the center of the cylinder. Find the force on a point charge 

q placed at the center of the cylinder. 

2-6 A thin, conducting, spherical shell of radius R is charged uniformly with total 

charge Q. By direct integration, find the potential at an arbitrary point (a) inside the 
shell, (b) outside the shell. 

2-7 (a) Two point charges, —q and +4q, are situated at the origin and at the point 
(a, 0, 0) respectively. At what point along the x-axis does the electric field vanish? 

(b) In the x, y-plane make a plot of the equipotential surface which goes through 

the point just referred to. Is this point a true minimum in the potential? 

2-8 Show that the m = 0 equipotential surface of the preceding problem is spherical 

in shape. What are the coordinates of the center of this sphere? 

2-9 Given a right circular cylinder of radius R and length L containing a uniform 

charge density p, calculate the electrostatic potential at a point on the cylinder axis 

but external to the distribution. 

2-10 Given a region of space in which the electric field is everywhere directed 

parallel to the x-axis, prove that the electric field is independent of the y- and 

z-coordinates in this region. If there is no charge in this region, prove that the field 
is also independent of x. 

2-11 The dielectric strength of air (i.e., the electric field above which the air 

becomes conducting) is 3 x 10° V/m. (a) What is the highest possible potential of 

an isolated spherical conductor of radius 8 cm? (b) What is the radius of a spherical 

conductor which could hold 1 coulomb of charge? 

2-12 A conducting object has an arbitrarily shaped hollow cavity in its interior. If a 

point charge q is introduced into the cavity, prove that the charge —q is induced on 

the surface of the cavity. [Hint: Use Gauss’s law.] 

2-13 The electric field in the atmosphere at the earth’s surface is approximately 

200 V/m, directed downward. At 1400 m above the earth’s surface, the electric field 

in the atmosphere is only 20 V/m, again directed downward. (a) What is the 

average charge density in the atmosphere below 1400 m? (b) Does this consist 

predominantly of positive or negative ions? 

2-14 Two infinite parallel conducting plates are separated by the distance d. The 
plates have uniform charge densities 0 and —a, respectively, on their inside 

surfaces. (a) Obtain an expression for the electric field between the plates. (b) 

Prove that the electric field in the regions external to the plates is zero. [Note: Two 

charged parallel conducting plates of finite area produce essentially the same electric 

field in the region between them as was found above provided the dimensions of the 

plates are large compared with the separation d; such an arrangement is called a 

capacitor (see Chapter 6).] 

2-15 A spherical charge distribution has a volume charge density that is a function 

only of r, the distance from the center of the distribution. In other words, p = p(r). 
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If p(r) is as given below, determine the electric field as a function of r. Integrate the 

result to obtain an expression for the electrostatic potential g(r), subject to the 

restriction that @(~) = 0. (a) p = A/r with A a constant for0 =r = R; p = 0 for 

r>R. (b) p = fo (i-e., constant) forO =r = R; p = Oforr > R. 

2-16 An infinitely long circular rod of radius R contains a uniform charge density p. 

Use Gauss’s law to find the electric field for r > R andr < R. 

2-17 (a) Calculate the curl and divergence of r/r*. (b) What charge density p(r) 

would produce the following field: 

ie 
4m€or 

(c) What is the potential of this field? 

2-18 Suppose the exponent in the Coulomb field were not exactly 3, but a = 3 — 6, 

where 5 << 1. Calculate the integral of ¥-E over a spherical volume of radius R 

centered on the charge q. 

2-19 The screened Coulomb potential 

—rlk 

suds © 
4nm€) 1 

We? 

is appropriate for a charge q in a semiconducting medium. Calculate the cor- 

responding electric field and charge density. 

2-20 A spherical conductor of radius R and charge Q is surrounded by a concentric 

spherical shell at radius 2R. The shell is uniformly charged with charge —2Q. 
(a) Use Gauss’s law to calculate the electric field at all points in space. (b) Obtain 

the potential at all points. 

2-21 A long straight line charge of charge A per unit length extends along the z-axis 

from a to ~. Another line charge with —A per unit length extends along the —z-axis 

from —a to —~. (a) By direct integration, determine the electric potential in 

cylindrical coordinates. (b) Find the r component of the electric field. 

2-22 Using Eq. (2-39) for the potential produced by a dipole p, make a plot of the 

traces of equipotential surfaces in a plane containing the dipole. For convenience, 

the dipole may be located at the origin. Use the results obtained to sketch in some of 

the lines of force. Compare the result with Fig. 2-3. 

2-23 (a) Show that the force acting on a dipole p placed in an external electric field 

E.,, is p+ VE.,,. (b) Show that the torque acting on the dipole in this field is 

Tee f x [(p V)E.x:] an Pp x Bex 

where r is the vector distance to the dipole from the point about which the torque is 

to be measured. The quantity p x E.,,, which is independent of the point about 

which the torque is computed, is called the turning couple acting on the dipole. 

2-24 Three charges are arranged in a linear array. The charge —2q is placed at the 

origin, and two charges, each of +q, are placed at (0,0,/) and (0,0, —/), 
respectively. (a) Find a relatively simple expression for the potential g(r) which is 
valid for distances |r| >> /. (b) Make a plot of the equipotential surfaces in the 

x, z-plane. 
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2-25 What is the quadrupole moment tensor of the charge distribution discussed in 

Problem 2-24? 

2-26 By using delta functions for the charge distribution of point charges, show that 

the dipole moment of a pair of point charges p = ql follows from the general 

definition 

p= | r’p(r’) dv’ 

2-27 Suppose a molecule is represented by a charge —2gq at the origin and charges 

+q at I, and L,, with |/,| = |L| =. (a) Find the dipole moment of the molecule. 

(b) For H,O, / = 0.958 x 10°'°m and the angle between /, and J, is 6 = 105°. If 

p = 6.14 x 10°”C-m, find the effective charge q. 

2-28 Obtain the electric field of a point dipole by calculating the gradient of 

1 per y= 
An€y r° 



CHAPTER 3 

Solution of 
Electrostatic 

Problems 

The solution to an electrostatic problem is straightforward for the case in 
which the charge distribution is everywhere specified, for then, as we have 

seen, the potential and electric field are given directly as integrals over this 

charge distribution: 

dq' _ 3-1 Ores en ary (3-1) 
1 r — r’)dq' B() = eee (3-2) 
IEG lr —r'| 

However, many of the problems encountered in practice are not of this 

type. If the charge distribution is not specified in advance, it may be 
necessary to determine the electric field first, before the charge distribution 

can be calculated. For example, an electrostatic problem may involve 

several conductors, with either the potential or total charge of each 

conductor given, but the distribution of surface charge will not be known in 

general, and must be obtained as part of the solution to the problem. 

Our aim in this chapter is to develop an alternative approach to 
electrostatic problems, and to accomplish this goal, we first derive the 

fundamental differential equation that must be satisfied by the potential @. 

For the present we shall disregard problems involving dielectric bodies; 
problems of this type will be solved in Chapter 4. 

POISSON’S EQUATION 

All of the basic relationships that we need here were developed in the 
preceding chapter. First, we have the differential form of Gauss’s law: 

1 V-E=— oils (3-3) 
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Furthermore, in a purely electrostatic field, E may be expressed as minus 
the gradient of the potential @: 

Ee= = VQ (3-4) 

Combining Eqs. (3-3) and (3-4), we obtain 

V-Vo=-£ (3-Sa) 
€o 

As noted in Chapter 1, it is convenient to think of the divergence of the 
gradient as a single differential operator, ¥-V or V*, which is called the 
Laplacian. 

The Laplacian is a scalar differential operator and Eq. (3-Sa) is a 
differential equation, known as Poisson’s equation: 

p 
Vo = —-— (3-5b) 

Eo 

The operator V* involves differentiation with respect to more than one 
variable. Hence, Poisson’s equation is a partial differential equation that may 
be solved once we know the functional dependence of p(x, y, z) and the 

appropriate boundary conditions. 

The operator v2. just like the V,V-, and V x, makes no reference to 

any particular coordinate system. In order to solve a specific problem, we 

must write V* in terms of x, y, z or r, 6, gd, or some other set of 

coordinates. The choice of the particular set of coordinates is arbitrary, but 
substantial simplification of the problem is usually achieved by choosing a 

set compatible with the symmetry of the electrostatic problem. The form 
taken by V’q in various coordinate systems is easily found by first taking the 

gradient of g and then operating with V-. Using specific expressions from 
Chapter 1 (or from Appendix IV), we have the following forms.* 

Rectangular coordinates: 

2 3 2 

Sao yee Cope @ (3-6) Wit 
far ayeumroze 

Spherical coordinates: 

19 =f) ae, (si =) 1 &@ 
29 = s-—(r°—) + — 6é—) + = =—:~SCOOF3-7 

Nik eee ep (r Be a ero ah) eine 0g? nn 

* For the form of the Laplacian in other, more complicated coordinate systems, the reader is 

referred to the references at the end of this chapter. 
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Cylindrical coordinates: 

2 2 cee fg pg 
ror\ or r° 00 oz 

It should be noted that r and @ have different meanings in Eqs. (3-7) and 

(3-8). In spherical coordinates, r is the magnitude of the radius vector from 

the origin and @ is the polar angle. In cylindrical coordinates, r is the 

perpendicular distance from the cylinder axis and @ is the azimuthal angle 

about this axis. 

(3-8) 

LAPLACE’S EQUATION 

In a certain class of electrostatic problems involving conductors, all of the 

charge is found either on the surface of the conductors or in the form of 

fixed point charges. In these cases, p is zero at most points in space. 

Where the charge density vanishes, the Poisson equation reduces to 

the simpler form 

Vp =0 (3-9) 

which is Laplace’s equation. 

Suppose we have a set of N conductors maintained at the potentials @,, 

@u,---,@n- Our problem is to find the potential at all points in space 

outside of the conductors. We can do so by finding a solution to Laplace’s 

equation that reduces to @), @u,--., Pn On the surfaces of the appropriate 
conductors. Such a solution to Laplace’s equation may be shown to be 

unique—that is, there is no other solution to Laplace’s equation that 
satisfies the same boundary conditions. A proof of this statement will be 

given below. The solution to Laplace’s equation that we find in this way is 
not applicable to the interior of the conductors, because the conductors 
have surface charge, which implies a discontinuity in the gradient of 

across the surface (see Section 2-7). But we have already seen that the 

interior of each conductor is a region of constant potential, so the solution 
to our problem is complete. 

We shall describe in some detail two methods for solution of Laplace’s 
equation: The first is a method for compounding a general solution to Eq. 

(3-9) from particular solutions (basis functions) in a coordinate system 

dictated by the symmetry of the problem; the second is the method of 

images. In addition, a completely general solution to the problem in two 
dimensions will be found. Before taking up these specific procedures, 

however, we prove some important properties of the solution to Laplace’s 
equation. 
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Theorem I. If @,, P2,.--, Pn are all solutions of Laplace’s equa- 

tion, then 

py = Cig, + Cig. + -°+ + CP, (3-10) 

where the C’s are arbitrary constants, is also a solution. 

The proof of this theorem follows immediately from the fact that 

Vp = VCig, + VC2g2 + +++ + VC.G, 

= Cr VQ ae C,V*o>2 Sp OS ae C,V’9q,, 

= 0 

Through the use of Theorem I, we may superimpose two or more solutions 

of Laplace’s equation in such a way that the resulting solution satisfies a 
given set of boundary conditions. Examples will be given in the following 

sections. 

Theorem II: Uniqueness theorem. Two solutions of Laplace’s equa- 

tion that satisfy the same boundary conditions differ at most by an 

additive constant. 

To prove this theorem, we consider the closed region V, exterior to the 
surfaces $,,Sy,...,Sj of the various conductors in the problem and 

bounded on the outside by a surface S, the latter being either a surface at 
infinity or a real physical surface that encloses Vj. Let us assume that g, and 

2 are two solutions of Laplace’s equation in V, that also have the same 

boundary conditions on S, S;, Sy,..., Sx. These boundary conditions may 

be specified by assigning values of either m or oq/dn on the bounding 

surfaces. 

We define a new function ® = g, — 2. Obviously, V7 = V*g, — 

V°~> = 0 in Vy. Furthermore, either ® or n- V@ vanishes on the bound- 

aries. Let us apply the divergence theorem to the vector ®DV@: 

V-(@Vo) dv = | ®V®@-nda = 0 
VY S+S,+°°°+Sy 

since the second integral vanishes. The divergence may be expanded 

according to Eq. (1-1-7) of Table 1-1 to give 

V-(®V®) = $V’ + (VO) 

But V’@ vanishes at all points in Vj, so that the divergence theorem reduces 
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in this case to 

(Vb) dv = 0 
Vo 

Now (V®)* must be either positive or zero at each point in Vg, and since its 
integral is zero, it is evident that (V®)* = 0 is the only possibility. 

The theorem is essentially proved. A function whose gradient is zero at 

all points cannot change: Hence, at all points in Vj, ® has the same value 

that it has on the bounding surfaces. If the boundary conditions have been 
given by specifying g, and @, on the surfaces S, S,...,Sy, then since 

@ = 0 on these surfaces, it vanishes throughout Vo. If the boundary 

conditions are given in terms of 9@,/0n and dq@,/dn, then V® equals zero 

at all points in V, and V®-n = 0 on the boundaries. The only solution 

compatible with the last statement is ® equal to a constant. 

LAPLACE’S EQUATION IN ONE 
INDEPENDENT VARIABLE 

If m is a function of one variable only, Laplace’s equation reduces to an 

ordinary differential equation. Consider the case where @ is (x), a 

function of the single rectangular coordinate x. Then, 

2 

ae = (0. and> p(y) ="ax "6 (3-11) 
dx 

is the general solution, where a and b are constants chosen to fit the 

boundary conditions. This result was found in the preceding chapter for the 

potential between two charged conducting plates oriented normal to the 
X-axis. 

The situation is no more complicated in other coordinate systems where 
y is a function of a single variable. In spherical coordinates where @ equals 
g(r), Laplace’s equation and its general solution become 

ld 4) a 
pits, —j)=0, = eel : 
r°? dr (r dr (7) r 8 Gee 

The general solution to Laplace’s equation in cylindrical coordinates for a 
function that is independent of @ and z—that is, for @(r)}—is left as an 
exercise in the problem section. 

SOLUTIONS TO LAPLACE’S EQUATION IN SPHERICAL 
COORDINATES: ZONAL HARMONICS 

We next turn our attention to solutions of Laplace’s equation where @ is a 

function of more than one variable. Many of the problems of interest to us 
deal with conductors in the shape of spheres or cylinders, and thus solutions 
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FIGURE 3-1 

Location of the point P 
in terms of the spherical 

coordinates r, 0, @ 

Polar 
> 5 a 

direction 

of Laplace’s equation in either spherical or cylindrical coordinates are 

needed. We first take up the spherical problem, but we shall find it 

expedient to limit the discussion to cases in which @ is independent of the 

azimuthal angle @. This limitation restricts the class of problems that we 
shall be able to solve. Nevertheless, many interesting physical problems fall 

into this restricted category, and more complicated problems are really 
beyond the scope of this book. 

For the spherical case, @ is g(r, @), where r is the radius vector from a 

fixed origin O and @ is the polar angle (Fig. 3-1). Using Eq. (3-7), Laplace’s 
equation becomes in this case 

ie: ( : 2) 1 re) ( <2) 
=e pny Se 6—)=0 3-13 Par\’ ar) Psindd0\” 30 Sal 

This partial differential equation will be solved by a technique known as 

separation of variables. A solution of the form g(r, 6) = Z(r)P(@) is 

substituted into Eq. (3-13), yielding 

afZN Z(r) i ser 
di ere sido. dé 

1 d 
sett Ate) aes (- (3-14) 
ve dr 

Note that the partial derivatives have been replaced by total derivatives, 
since Z and P are each functions of one variable only. Dividing through by 

g(r, 6) and multiplying through by r*, we transform Eq. (3-14) into 

bed 2) leyid (si < 
ae (peat Sa ie Ges 3-15 
Zi (r We Basin Odlee de ei) 

The left side of this equation is a function of r only and the right side is a 

function of 6. The only way in which a function of r can equal a function of 

6 for all values of r and @ is for both functions to be constant. Hence, let 

each side of Eq. (3-15) equal k, where k is the “separation constant.”’ 
Not all values of k necessarily yield solutions that are acceptable on 

physical grounds. Consider the 6 equation, known as Legendre’s equation, 
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—— 

TABLE 3-1 n P,(8) 
Legendre Polynomials 

forn =0, 1, 2, and3 0 1 

1 cos 0 

2 (3 cos’ @ — 1) 
3 3(5 cos’ 6 — 3 cos 8) 
Ss 

first: 

Lied, dP 
STE (sin 6—) tukP= 0 (3-16) 

The only physically acceptable solutions that are defined over the full range 

of @ (from 0 to 2) correspond to k = n(n + 1), where n is a positive 

integer. The solution for a particular n will be denoted by P,,(@). Solutions 

of Eq. (3-16) for other values of k are ill-behaved in the vicinity of 6 = 0 or 
9 = a radians, becoming infinite or even undefined at these values of 6.* 

These solutions cannot be made to fit physical boundary conditions and 

hence must be discarded.+ 
The acceptable solutions, the P,(@), are polynomials in cos 6 and are 

usually referred to as Legendre polynomials. The first four Legendre 

functions are given in Table 3-1. It is evident from Eq. (3-16) that the P, 

may be multiplied by any arbitrary constant. 

We now return to the radial equation 

d 2) 
OEE aaa = tak) Z. 4 
dr (r dr aknated, Ze 

where we have used the explicit form of k, which gave acceptable 6 
solutions. Inspection of Eq. (3-17) shows that two independent solutions are 

ZF Saha aap and Lora 

Solutions of Laplace’s equation are obtained as the product @,(r, 0) = 
Z,(r)P,(@), where particular care must be exercised to have Z and P 

“The discussion here has been all too brief. The interested reader is referred to more 

mathematical texts for a detailed treatment of Legendre’s equation. See, for example, the 

books listed at the end of this chapter. Legendre’s equation is usually written in a different 

form by substituting x = cos 6, and its solutions are then denoted by P,(x) or P, (cos @). 

+ This statement requires some qualification. In some electrostatic problems, the regions 

around @=(0 and 6= 2 may be naturally excluded, for example, by conducting conical 

surfaces. Under these conditions, solutions of Eq. (3-16) with other values of k could be used. 

Problems of this type will not be considered here. 
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correspond to the same value of n, which is a mandatory requirement since 
both sides of Eq. (3-15) are equal to the same constant, namely, n(n + 1). 

We have now solved Laplace’s equation in spherical coordinates and 

have obtained the solutions that are known as zonal harmonics: 

Tt PO) or gy, =r "FDP (8) (3-18) 

where P,,(@) is one of the polynomials listed in Table 3-1, and n is a positive 

integer or zero. The zonal harmonics form a set of functions appropriate for 

solution of Laplace’s equation with spherical boundaries and azimuthal 

symmetry. These solutions may be combined according to Theorem I. 

Several of the zonal harmonics are already well known to us: One of the 

n = 0 solutions, namely, ~ = constant, is a trivial solution of Laplace’s 

equation and is valid in any coordinate system; the zonal harmonic r~' is the 

potential of a point charge; and r’ cos @ is the potential of a dipole. 

CONDUCTING SPHERE IN A UNIFORM 
ELECTRIC FIELD 

We shall illustrate the usefulness of zonal harmonics for electrostatic 

problems having spherical symmetry by solving the problem of an un- 
charged conducting sphere placed in an initially uniform electric field Epo. 

The lines of a uniform electric field are parallel, but the presence of the 

conductor alters the field in such a way that the field lines strike the surface 

of the conductor, which is an equipotential surface, normally. If we take the 
direction of the initially uniform electric field as the polar direction 

(z-direction), and if we make the origin of our coordinate system coincide 

with the center of the sphere, then from the symmetry of the problem it is 

clear that the potential will be independent of azimuthal angle @ and may 

be expressed as a sum of zonal harmonics. 
The spherical conductor of radius a is an equipotential surface. Let us 

denote its potential by q@). Our problem is to find a solution to Laplace’s 

equation in the region outside the sphere, which reduces to @p on the 

sphere itself and which has the correct limiting form at large distances away. 

The solution may be formally written as 

g(r, 0) = A, + Cyr7' + Aarcos 8 + Cyr’ cos 6 

+ 443r°(3 cos? @ — 1) + 3C3r77(3. cos? 6 — 1) +--- 

(3-19) 

where the A’s and C’s are arbitrary constants. At large r, the electric field 

will be only slightly distorted from its initial form, and the potential will be 
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that appropriate to a uniform electric field: 

[E(r, 6)],.. = Ey = Eok 

[@(r, 8)],+. = —Eoz + constant 

= —Eorcos 6 + constant (3-20) 

Hence, in order to make Eqs. (3-19) and (3-20) agree at large r, Ay = —Ep. 
Furthermore, all the A’s from A; up must be set equal to zero. 

The term C,r~' produces a radial field that, as we might expect, is 

compatible only with a spherical conductor bearing net total charge. Since 

our problem deals with an uncharged conductor, the constant C, must be 

set equal to zero. At the surface of the sphere, @ = qo, and the potential 
must become independent of angle 6. The two terms involving cos 6 may be 

made to cancel each other, but the terms with higher inverse powers of r 

cannot be canceled one against the other because they contain different 

Legendre functions. The only possibility is to set all the C,’s with i = 3 
equal to zero. Equation (3-19) now becomes 

g(r, 9) = A, — Er cos @ + Czr~* cos 8, for r2a 

Pla, 8) = Po (3-21) 

Since the two expressions must be equal at r = a, A; = Mo and Cy = Epa’. 

From the final expression for the potential, we may calculate not only 

the electric field at all points in space (Fig. 3-2) but also the surface density 
of charge on the conducting sphere: 

aS) > 

Dees E(1 + 2) cos 6 
or r 
i. : for r=a (3-22) 

a : Ey = Seen ~ -E(1 2 =) sin 0 

O(8) = €9L sng = 0 €pL0 COS 0 (3-23) 

FIGURE 3-2 P 
Lines of electric flux for 
the case of a conducting r 

sphere placed in a uni- 
form electric field 

pe aa 
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The total charge on the sphere, 

Om | o(0)2x sin 6 d@ 
0 

is obviously zero, which agrees with our initial assumption. 

SOLUTIONS TO LAPLACE’S EQUATION 
IN CYLINDRICAL COORDINATES: 
CYLINDRICAL HARMONICS 

Laplace’s equation in cylindrical coordinates may also be solved by the 

method of separation of variables. Here again it will be expedient to work 

out solutions for only a restricted class of problems; namely, those in which 

the potential is independent of the coordinate z. These solutions are 

appropriate for cerain problems involving a long straight cylindrical 
conductor or wire, but are not appropriate for those dealing with a short 

cylindrical segment. 

If the potential is independent of z, Laplace’s equation in cylindrical 

coordinates becomes 

19/ dm 1 &@ 

ror cay r 3e? 
Substitution of g = Y(r)S(@) reduces the equation to 

Yr adsyaay rs 

Ydr (F) ~  Sde 
where k again plays the role of a separation constant. The 6-equation is 
particularly simple; it has the solutions cos k’*@ and sink’*@. But if these 
solutions are to make sense physically, each must be a single-valued 
function of 8. Thus, 

cos k- (0.4 23) =\cos k"76 

sink'?(@ + 2m) = sink'?0 

Or, to put it differently, after 6 has gone through its full range from 0 to 27, 
the function must join smoothly to its value at 6 = 0. Such is the case only 
if k = n’, n being an integer. We may further require n to be positive (or 

zero) without losing any of these solutions. 
Returning now to the r-equation, we are able to verify easily that Y(r) 

is r” or r_"; unless n = 0 when Y(r) = Inr or Y(r) = constant. Hence, 
the required solutions to Laplace’s equation, the so-called cylindrical 

harmonics, are 

= 0 (3-24) 

=k (3-25) 

1 Inr 

r” cosn@ r "cosn@ 

r” sinn@ r "sinn@ 
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These functions form a complete set for the variables r, @ in cylindrical 
coordinates, and the potential g(r, 8) may be developed as a superposition 

of cylindrical harmonics in accordance with Theorem I. 

*3-7 ______—Ss LAPLACE’S EQUATION IN RECTANGULAR 

COORDINATES 

In rectangular coordinates, the variables may be separated by making the 

substitution 

P(x, YZ) = AMAA) 

whereby Laplace’s equation reduces to 

hardly opgel dis Waa ahh Mab 
fia) dx?” f(y) dy? f@) az” 

The left side of this equation is a function of x and y, and the right side is a 

function of z only; hence both sides must be equal to the same constant, k. 

This constant is the first separation constant. The two equations obtained 

from Eq. (3-26a) are 

(3-26a) 

d- 

‘a + kf, = 0 (3-26b) 

GRAD agrees 
f dy* f dx* 

The latter equation has been written such that the variables x and y are 
separated. Each side of this equation is now set equal to —m (the second 
separation constant). Thus, 

ah + mf, = 0 BN mf, = (3-26c) 

d*f, ye 
a7 (k + mf = 0 (3-26d) 

Equations (3-26b), (3-26c), and (3-26d) are easily solved. One of the typical 
solutions for p(x, y, z) is 

p(x, y,z) = Ae ~k+m)'x cos m!?y cos k!/2z (3-27) 

The other seven independent solutions for a pair of separation constants 
(k, m) are obtained by making one or more of the following substitutions: 
+(k + m)'?x for —(k + m)'?x, sinm'?y for cosm"y, and sin k!2z for 
COS Ken 2: 

* Starred sections may be omitted without loss of continuity. 
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Thus far there are no restrictions on k or m, but boundary conditions on 
the problem usually restrict k (or m) to a discrete set of positive or negative 
values. It is worthwhile making the point that it is the boundary conditions 
that really pick out the pertinent solutions to a partial differential equation. 
For fixed x and y the following function is just the Fourier series expansion 
for an arbitrary even function of z: 

p(x, y, z) a= y pe Ase a cos py cos qz 

ip 1 

The individual solutions in Eq. (3-27) do not represent potentials that 
correspond to simple physical situations. The case where both separation 

constants are zero does, however, correspond to an interesting physical 

situation; hence, we turn our attention to this case. From Eq. (3-26d), it is 

evident that f\(x) = a,x, or f,(x) = constant, is a solution; from Eq. 

(3-26c), we obtain f(y), and so on. Thus, 

P(x; y, Zz) = Ayxyz + Anxy + Azyz + Agxz 

+ Asx + Agy + Azz + Ag (3-28a) 

where the A’s are arbitrary constants. This solution may be applied to the 

case where three conducting planes intersect at right angles. If these planes 

are the coordinate planes xy, yz, and zx, and all are at the same potential, 

then 

p(x, y, Zz) = Aixyz + Ag (3-28b) 

It is left as an exercise for the reader to determine the surface charge 

density on the coordinate planes that is compatible with Eq. (3-28b). 

LAPLACE’S EQUATION IN TWO DIMENSIONS: 
GENERAL SOLUTION 

If the potential is a function of only two rectangular coordinates, Laplace’s 

equation is written 

ep & 
— +; ats = 0 (3-29a) 
ox Oy 

It is possible to obtain the general solution to this equation by means of a 

transformation to a new set of independent variables. Nevertheless, it 

should be emphasized that such a transformation leads to a simplification of 

the original equation only in the two-dimensional case. Let 

E=x + iy, y=x = iy 
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where i = V—1 is the unit imaginary number. In terms of these relationships, 

om om om om 

ax? OE “BE Sq” On 
CP SRLS AEE RO MESS 
dy? BE? BE An On? 

and 

Vo =4 at = 0 (3-29b) 

It is evident that a very general solution to (3-29b) is 

p = F(6) + A(n) = AG + iy) + BR — 9) (3-30) 

where F, and £, are arbitrary functions that are suitably* continuous and 

differentiable. The functions F, and F, are complex quantities in general, but 
two real functions may be constructed in the following way. First let 

F(x — iy) = K(x — iy)—that is, let the two functions F, and F, have the 

same dependence on their arguments. Then, 

Qi = F(x + iy) + RQ — iy) = 2Re [AG + iy)) 

where Re stands for real part of. Furthermore, the second real potential 

function is 

P2 = —i[A( + iy) — A(x — iy)] = 2Im [A(x + iy)] 

where Im stands for imaginary part of. Thus, the real and imaginary parts of 

any complex function F(x + iy) are both solutions of Laplace’s equation. 

The solutions found in this way are not restricted to any particular 

coordinate system. For example, the cylindrical harmonics of Section 3-7 
are obtained from the complex functionst (x + iy)” = r"e'"®, and In(x + 

iy) = Inr + 16. On the other hand, when it comes to solving a particular 

two-dimensional problem, there is no standard procedure for finding the 

appropriate complex function. This method generates so many solutions 
that it is not possible to enumerate them all and cast out those that do not 

agree with boundary conditions on the problem. In simple cases, the 

required functions may be found by trial and error; in other cases, the 

method of conformal mapping (which is beyond the scope of this book) may 
be useful. 

“The function F must be “analytic” in the (x, y) domain of interest. See Appendix VII, Eq. 

(VITI-3). 

+The cylindrical and rectangular coordinates are related in the usual way: x =rcos 86, 

y=rsin @. 
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ELECTROSTATIC IMAGES 

For a given set of boundary conditions the solution to Laplace’s equation is 

unique, so that if one obtains a solution p(x, y, z) by any means whatever, 

and if this @ satisfies all boundary conditions, then a complete solution to 
the problem has been effected. The method of images is a procedure for 
accomplishing this result without specifically solving a differential equation. 

It is not universally applicable to all types of electrostatic problems, but 
enough interesting problems fall into this category to make it worthwhile 

discussing the method here. 

Suppose the potential may be written in the following way: 

1 o(r’) da’ 

4m€o Js |r — r’| 
P(r) = pir) + (3-31) 

where q, is either a specified function or easily calculable, and the integral 

represents the contribution to the potential from surface charge on all 

conductors appearing in the problem. The function o is not known. It may 

happen, and this is the essence of the image-charge method, that the last 
term in Eq. (3-31) can be replaced by a potential @, that is due to a specified 
charge distribution, usually point or line charges. This replacement is 

possible so long as the surfaces of all conductors coincide with equipotential 
surfaces of the combined g, + @2. The specified charges producing @, are 

called image charges. They do not really exist, of course. Their apparent 

location is inside the various conductors, and the potential gy = ~, + @2isa 
valid solution to the problem only in the exterior region. 

EXAMPLE 3-1 We shall now take up some specific examples that demonstrate the 

Point Charge Near a advantages of the image-charge method. It should be pointed out that 
Conducting Plane the solution of these example problems would be very difficult if we had 

to use other analytic methods. Consider first the problem of a point 

charge q placed near a conducting plane of infinite extent. To formulate 
the problem mathematically, let the conducting plane coincide with the 

yz-plane, and let the point charge lie on the x-axis at x = d (see Fig. 
3-3a). The potential fits the prescription Eq. (3-31), with 

1 q 
x, Y,2).= a SS SSS 

vil% Y, 2) A4te€or, 4meoV(x — dj? + y* + 27 

Solution: Consider a different problem, that of two point charges (q 

and —q) a distance 2d apart, as shown in Fig. 3-3(b). The potential of 

these two charges, 

(3-32) 

dy yamat 390 | 
4m€or, 47€or> 

P(x, y, Zz) = (3-33) 
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FIGURE 3-3 

Problem of a point 

charge and conducting 

plane solved by means of 

the image-charge 

method: (a) original 
problem; (b) location of 
image charge; (c) lines of 
force (dashed) and equi- 
potential surfaces (solid) 

Wn (2, Y, 2) yr 2) 

not only satisfies Laplace’s equation at all points exterior to the charges, 
but also reduces to a constant (namely, zero) on the plane that 

perpendicularly bisects the segment joining the two charges. Thus, Eq. 

(3-33) satisfies the boundary conditions of the original problem. 
Because solutions to Laplace’s equation are unique, Eq. (3-33) is the 
correct potential in the entire half-space to the right of the conducting 
plane. The charge —q gives rise to the potential: 

q q cay) = — ee Pale, YZ) ATE or. A4meyV(x + d)> + y* + z° 

This charge is called the image of the point charge q. Naturally, the 
image does not really exist, and Eq. (3-32) does not give correctly the 
potential to the left of the conducting plane in Fig. 3-3(a). 

(3-34) 
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The electric field E in the region to the right of the conducting plane 

may be obtained as the negative gradient of Eq. (3-33). Since the surface of 
the conducting plane represents an interface joining two solutions of 

Laplace’s equation, namely, m = 0 and Eq. (3-33), the discontinuity in the 

electric field is accommodated by a surface charge density o on the plane: 

qd 
aly, Zz) — €oEx\p=0 Sa oe 2n(d2 + y? aR zy (3-35) 

The lines of force and equipotential surfaces appropriate to the original 
problem are shown in Fig. 3-3(c). These are the same lines of force and 

equipotential surfaces appropriate to the two point-charge problem in Fig. 
3-3(b) except that in the latter case the flux lines would continue into the 

left half-plane. It is evident from the figure that all of the electric flux lines 
that would normally converge on the image charge are intercepted by the 

plane in Fig. 3-3(c). Hence, the total charge on the plane is equal to that of 

the image charge —q. This same result may be obtained mathematically by 

integrating Eq. (3-35) over the entire surface (see Problem 3-14). 
It is evident that the point charge q exerts an attractive force on the 

plane, because the induced surface charge is of the opposite sign. By 

Newton’s law of action and reaction, this force is equal in magnitude to the 

force exerted on q by the plane. Since the point charge experiences no force 

due to its own field, 

Risa p> (3-36) 

which is just the force exerted on it by the image charge. 

EXAMPLE 3-2. Another problem that may be solved simply in terms of images is that of 

Point Charge Near a determining the electric field of a point charge q in the vicinity of a 
Right-Angle Corner _right-angle intersection of two conducting planes (Fig. 3-4a). 

Solution: The positions of the necessary image charges are shown in 
Fig. 3-4(b). It is readily seen that the two planes shown dotted in the 

FIGURE 3-4 

Point charge in a right- 

angle corner 

qe ' ot 
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FIGURE 3-5 

Point charge q in the 

vicinity of a conducting 

sphere. q’ is the image 

charge. 

figure are surfaces of zero potential due to the combined potentials of g 
and the three image charges. 

The principal difficulty in solving a problem by the image technique is 

that of finding a group of image charges that, together with the originally 

specified charges, produce equipotential surfaces at the conductors. The 
problem is straightforward only in cases where the geometry is simple. Such 

is the case, however, in the next example. 

EXAMPLE 3-3 

Point Charge and 

Conducting Sphere 

Consider the problem posed by a point charge q in the vicinity of a 

conducting sphere; it requires a single image charge to make the sphere 

a surface of zero potential. An additional image charge is needed to 

change the potential of the sphere to some other constant value. 

Solution: We first determine the magnitude and location of the image 

q' which together with the point charge g produces zero potential at all 

points on the sphere. The geometry of the situation is shown in Fig. 3-5. 
The point charge q is a distance d from the center of the sphere, and the 

radius of the sphere is a. It is apparent from the symmetry of the 

problem that the image charge q’ will lie on the line passing through g 
and the center of the sphere. 

The desired results are most easily obtained by using spherical 
coordinates, with the origin of coordinates at the center of the sphere. 

Let the polar axis be taken as the line joining q to the origin. The 

distance b and the magnitude of q' are to be determined in terms of the 

specified quantities: q, d, a. The potential at an arbitrary point P due to 
q and q' is given by 

U 

q a q 

4m€or, 42 €or 

ae coo, % —— 
4r€yl Vr? +d?—2rdcos@ Wr? +b2—2rbcos 0 

(3-37) 

P(r, 0, ~) = 



3-9 Electrostatic Images 73 

On the surface of the sphere, r = a and g(a, 0, d) = 0 for all @ and @. 

But from expression (3-37), g(a, 8, p) can equal zero for all @ only if 

the two square roots are proportional to each other, which requires that 
b = a’/d, for then 

Va" + 6” — 2ab cos 6 = = Vd" + a® — 2ad cos 8 

Hence, 

2 
a 

b=— . d (3-38) 

and furthermore, 

pais 3-39 PES (3-39) 

These equations serve to specify the location and magnitude of the first 
image charge. 

A second image charge q" may be placed at the center of the sphere 
without destroying the equipotential nature of the spherical surface. 

The magnitude of q” is arbitrary; it may be adjusted to fit the boundary 

conditions on the problem. Thus, a complete solution to the point 

charge-conducting sphere problem has been effected; the potential at all 
points exterior to the sphere is 

1 Uy ”" 

wr, 6, o)=—— [44042] (3-40) 4mép lyn on or 

The potential of the spherical conductor itself is 

" 

q 6; = 3-41 
ae 9) 4m€oa ( ) 

and the surface density of charge on the sphere is 

fe) 
a(8, o) = sr ipate (3-42) 

Orhan 

All the lines of force that would normally converge on the image 
charges are intercepted by the sphere. Hence, the total charge on the 

sphere, Q, is equal to the sum of the image charges: 

Q=q'+q" nese 
This result may be verified by direct integration of Eq. (3-42). 

Special cases of interest are the grounded sphere: g(a) = 0, q" = 0, 

and the uncharged spherical conductor: q" = —q’. 
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FIGURE 3-6 P(z, y) 

Two infinitely long, paral- 

lel line charges (of charge 

A and —A per unit 
length), shown cutting 
the plane of the paper 

"2 
£ Equipotential 
ne surface II 

___ Equipotential 
surface I 

3-10 ______——_ LINE CHARGES AND LINE IMAGES 

Thus far, our image technique has been limited to problems involving point 
charges and hence point images. In this section we shall take up several 
problems that may be solved by means of line image charges. Consider two 

infinitely long, parallel, line charges, with charges A and —A per unit length, 
respectively, as shown in Fig. 3-6. The potential at any point is given by 

A ry 
] cpl =- lIn= 

2TEg (ines nr] 22E€g Im 
Pa 50 (3-44) 

where r, and r, are the perpendicular distances from the point to the two 

line charges. The equipotentials are obtained by setting Eq. (3-44) equal to 
a constant, a procedure which is equivalent to requiring that 

— (3-45) 

where M is constant. Hence, the equipotentials may be specified by Eq. 
(3-45). 

The equipotential corresponding to M = 1 is the plane located halfway 

between the two line charges, shown as equipotential surface I in Fig. 3-6. 

The potential of the plane is zero. Hence, the problem of a long line charge 

oriented parallel to a conducting plane has been effectively solved. The 

potential in the half-space is given correctly by Eq. (3-44). Let us assume 

that the line charge shown on the right side of the figure is the specified 
charge, which is at a distance d from the conducting plane. Then the line 

charge on the left side of the figure plays the role of an image. Again, the 

total charge on the plane is equal to that of the image charge. 

Let us next consider equipotential surfaces corresponding to other 
values of M. The general form of the surface may be found by expressing r, 
and r, in rectangular coordinates. For convenience, we choose the origin of 

the coordinate system on the positive line charge and make this charge 

coincide with the z-axis. We let the second line charge be located at 
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x = —2d, y = 0. Now 

Ye ade 

and 

r5 = (x + 2d)? + y? 

so that Eq. (3-45) becomes, after a little algebraic manipulation, 

4M*xd _ 4M*d* 
Liem M? bed MM? 

x? + y? — (3-46) 

which is the equation of a circular cylinder extending parallel to the z-axis. 
If M is less than one, the cylinder surrounds the positive line charge, as does 

equipotential surface II of the figure. The axis of the cylinder goes through 
the point 

ab 2M°d Mid 3.47 
WITTE peer era onde 

and the radius of the cylinder is 

2Md 
1. CONE emcee zs 

EXAMPLE 3-4 We are now in a position to solve a number of interesting problems 

Charged Conducting Cylinder involving cylindrical conductors, but only one of this type will be 

3-11 

Oriented Parallel toa discussed. Consider the problem of a long cylindrical conductor that is 

Conducting Plane jin the vicinity of a conducting plane and oriented parallel to it. The 
cylinder bears the charge A per unit length. Figure 3-6 may serve to 

illustrate the problem, the two conductors coinciding with the dotted 

surfaces. 

Solution: Both line charges are images in this case, and the potential 

in the region surrounding the cylinder and to the right of the plane is 

given by Eq. (3-44). It is evident that the charge induced on the plane is 
equal to —A per unit distance in the z-direction. 

SYSTEM OF CONDUCTORS AND COEFFICIENTS 
OF POTENTIAL 

In the preceding sections, several important methods for obtaining solutions 

to Laplace’s equation have been discussed. Although general in scope, these 
methods are limited by practical considerations to problems in which the 

conductors have rather simple shapes. When their shapes are complicated, a 

complete mathematical solution to the problem in analytic form is out of the 
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question. Nevertheless, certain conclusions can be drawn about the system 
just because the potential satisfies Laplace’s equation. In fact, we shall 

prove here that a linear relationship exists between the potential of one of 

the conductors and the charges on the various conductors in the system. The 
coefficients in this relationship, the so-called coefficients of potential, are 
functions only of the geometry (specifically, they do not depend on either 
charges or potentials) and, although not always calculable analytically, they 

may be determined numerically or directly from experiment. 

Suppose there are N conductors in fixed geometry. Let all of the 

conductors be uncharged except conductor j, which bears the charge Qjo. 

The appropriate solution to Laplace’s equation in the space exterior to the 
conductors will be given the symbol p(x, y, z), and the potential of each 

of the conductors will be indicated by gf”, p¥?,..., pi, ..., pk’. Now 
let us change the charge of the jth conductor to AQjo. The function 

Ag(x, y, Z) satisfies Laplace’s equation, since A is a constant; that the new 

boundary conditions are satisfied by this function may be seen from the 
following argument. The potential at all points in space is multiplied by A. 
Thus, all derivatives (and in particular the gradient) of the potential are 
multiplied by A. Because o = €9E,,, it follows that all charge densities are 
multiplied by A. Thus, the charge of the jth conductor is AQjo, and all other 
conductors remain uncharged. 

A solution of Laplace’s equation that fits a particular set of boundary 

conditions is unique; therefore we have found the correct solution, 
Ap”(x, y, z), to our modified problem. The interesting conclusion we draw 

from this discussion is that the potential of each conductor is proportional to 

the charge Q; of conductor j. That is, 

Pp Ope = leo NS (3-49) 
where pj; is a constant that depends only on the geometry. 

The same argument may be applied to the case where conductor k is 
charged: Q, = vQxo, with all other conductors being uncharged. Here the 
appropriate solution to Laplace’s equation is vp“)(x, y, z), where g) is 
the solution for v = 1. It is apparent, then, that 

Ap(x, y, z) + vp(x, y, z) (3-50) 

is a solution appropriate to the case where both conductors are charged. 
Again we appeal to the uniqueness of a solution for a given set of boundary 
conditions. Thus, Eq. (3-50) is the solution for this case, and the potential 
of each conductor may be written as 

Pi = PQ) + PieQe, ere tae A) (3-51) 

This result may be generalized immediately to the case where all N 
conductors are charged: 

N 

T= yi PQ) (3-52) ‘a 
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This equation is the linear relationship between potential and charge that 

we have been seeking. The coefficients p, are called the coefficients of 
potential. In Chapter 6, it will be shown that the array of these coefficients is 

symmetrical—that is, pj = pj. 

NUMERICAL SOLUTION OF ELECTROSTATIC 
PROBLEMS 

Our previous discussions of solutions to Laplace’s equation have always 
used coordinate systems that were well adapted to the boundary 

conditions—that is, rectangular coordinates for rectangular boundary condi- 

tions, cylindrical coordinates for cylindrical boundaries, and so on. Not all 
boundaries match convenient coordinate systems. Furthermore, even if they 

do, it may be very difficult to satisfy the boundary conditions analytically. 

These are some of the reasons why numerical approximations to solutions of 

Laplace’s equation are important. While the subject has a long history, it 

has been the recent, ready availability of large-scale digital computers that 

has brought renewed interest in numerical techniques. 
Of the many approaches that have been used, two general types 

dominate: finite difference methods and finite element methods. Finite 

difference methods are characterized by a regular mesh superimposed on the 

region in which a solution is to be found. At each point on the mesh 
Laplace’s equation is approximated by approximating the second deriva- 

tives. The resulting algebraic equations are then solved, usually by an 

iterative technique, for the values of the potential at the mesh points. The 

finite element method, on the other hand, divides the region (or in some 

methods the boundary of the region) in which the solution is to be found 

into subelements adapted to the boundaries and covering the region without 

overlap. In each of these finite elements, a simple analytical approximation 
to the solution is made. The solutions are required to satisfy the boundary 
conditions and to be continuous across boundaries between elements. Some 
adjustable parameters are left in the approximation, and these parameters 

are determined by minimizing the energy of the system. It is a little difficult 

to follow this abstract description, so we shall discuss each method in terms 

of the solution of Laplace’s equation in one dimension. The equation and 

boundary conditions are 

do/dx?=0, g0)=0, o(1)=1 (3-53) 

This equation has been considered in Section 3-3. Its exact solution is easily 

found to be w(x) = x. We shall first use the finite difference method to find 

an approximate solution. 
The first step is to divide the interval from x = 0 to x = 1 into N equal 

segments of length 1/N. At the ith dividing point, Laplace’s equation is 
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approximated by 

(eet Fi) — (Pi = gi-:)/GA/N)Y° = 0 (3-54) 

At the end points y(0) = 0 and g(1) = 1. The N — 1 equations of Eq. 

(3-54) can be solved exactly (the solution is gy; = i/N), but it is more usual 

to use an iterative technique to find a series of approximate solutions that 

converge to the exact solution. One basis for the iteration is the rearrange- 

ment of Eq. (3-54) into the form 

bs Pi+1 + Pi-1 
Gi Sy = 

The solution is started by assuming a set of values for the qg;’s. Frequently 

the choice gy; = 0 is made for all interior points and of course the specified 

boundary values, @») = 0 and q, = 1, on the boundary. A new set of q's Is 

calculated by using Eq. (3-55), starting either at i = 1 or i = N — 1 and 

always using the latest available value of the ,’s on the righthand side. We 

define the ‘‘difference’”’ between two iterations as the maximum of the 
absolute value of the difference between the values of the potential 

calculated by the two iterations for all points on the mesh. The iteration is 
continued until the difference between the last two iterations is reduced to a 

specified value. This process has two shortcomings: It converges quite 
slowly, and the difference between the last two iterations is a questionable 

measure of the error—that is, the difference between the last iteration and 
the exact solution. 

The rate of convergence can be improved by “overrelaxation.”’ To 

overrelax, Eq. (3-55) is rewritten as 

(3-55) 

Di tc Dry 
————————— 

GesS 5) + (1 -— w)q, (3-56) 

where w is an arbitrary nonzero constant. Considered as difference 

equations, Eq. (3-55) and Eq. (3-56) are equivalent. Consequently their 
exact solutions are identical. However, when Eg. (3-56) is used as a basis 

for an iterative method of approximating the solution—that is, when the 
latest available values for the quantities on the righthand side are used to 

calculate a new value for the lefthand side—one finds substantial variations 
in the rate of convergence and the accuracy of the approximation. 

Using superscripts to keep track of the iterations, we write Eq. (3-56) 
for the (n + 1)th iteration for the value of the potential at point 7 as 

f Pie + Pier . 
gi =w = ) + + (1 — w)qi (3-57) 

assuming that we are starting with i = 1. The value of w determines the rate 

of convergence, and there is usually a distinct optimum. This optimum 

depends on the equation being solved, the boundary, the size of the mesh, 
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Se Ean 

TABLE 3-2 Ds =04 0.01 0.001 0.0001 0.00001 
Number of Iterations to 

Satisfy Iteration Criterion w=1.0 
D,, in Finite Difference Iterations 3 18 41 64 87 
Approximation to One- Max. error 0.42 0.087 0.0086 0.00086 0.000085 
Dimensional Laplace 

i w=1.5 
BaVeT ea Iterations 2 9 14 19 oa 

.Q; Max. error 0.20 0.012 0.0015 0.00017 3 Sal ine 
segments N = 10.) 
LS SS SS 

and the value of the iteration parameter, D,,,. We require that the difference 

(as defined above) between the last two iterations be less than D,,. The 

optimum value of w can be found a priori in only a few cases, but in general 
a value of about 1.5 greatly speeds the convergence. Although there is no 

guarantee, the value of w that produces the fastest convergence often 

produces the most accurate solution for a given value of the iteration 
parameter. 

This iteration procedure is very easy to program, and doing so is left to 

the problem section. Without, however, considering the details of the 
program, it is instructive to look at some results. For 10 segments, Table 3-2 

shows the number of iterations required to satisfy various iteration criteria, 

max {|p7*' — 7|} < D,,. If w = 1 it takes a large number of iterations to 

satisfy the criterion even with D,, = 0.01 (a relatively large value). Also 

with w = 1 the accuracy (the upper bound of the magnitude of the 
difference between the exact value and the calculated value) is roughly an 

order of magnitude worse than D,,. For w = 1.5, which is not the optimum 

value, it takes only about one third as many iterations to satisfy a given 

iteration criterion, and what is more interesting, the accuracy is an order of 

magnitude better than the w = 1 case for the same value of D,,. If N is 

larger, the improvement in convergence obtained by choosing the optimum 

value of w is striking. For example, if MN = 50 and D,, = 0.001, 233 

iterations are required with w = 1, while only 52 are required for w = 1.9. 

In practical problems, the exact solution is, of course, not known. One must 

rely on some test such as our iteration criterion to determine when the 
iteration has been carried far enough to give the required accuracy. It is 

usually worth spending some time looking at convergence numerically 
before trying to find a final solution to a new problem. Experience helps and 

some of the problems at the end of the chapter provide for experimentation 

for that purpose. 
We next consider a finite element approach to the same problem. Again 

we want to solve the boundary value problem of Eq. (3-53), but this time, 

by using a simple finite element method. To implement the process, the 

interval x = 0 to x = 1 is divided into a number of elements by a finite set 

of points 0 < x,---< 1. The number of points is arbitrary, as are the 
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locations of the points. For our problem, we divide the interval into three 

elements by the points x, and x,. In each element, the potential @ is 

approximated by some convenient function. The approximating functions 

do not need to satisfy Laplace’s equation, but those we choose for this 

problem will. In fact, we choose linear approximations (which we denote by 

u) to the potential g: 

u = b,x, Qe Nee Xe 

u =a, + box, Leek me ks (3-58) 

u = a; + 53x, i, =X. = | 

The first of these equations includes the boundary condition u(0) = 0. 

Requiring that u(1) = 1 and matching the values of the potentials at x, and 
X> gives 

u; 
b, ==) 

x} 

Uz — Uy, Uy — Uy 
Sato aes b= (3-59) 

Xz — Xy X2 eS 

Uz — U2 uz — U2 
(PE ay a! ae as X25 b; — 

X3 — X2 X3 — X2 

Here x3; = 1, u3; = 1, and u, and u, are as yet unknown values. This trial 

potential is shown in Fig. 3-7. 

Now let g(x) be the true solution of Laplace’s equation and define 

e(x) = u(x) — p(x); that is, e(x) is the error of the approximate solution. 

Since u(x) has been chosen to satisfy the same boundary conditions as g(x), 
e(0) = e(1) = 0. We now integrate (du/dx)* (which equals [d(@ + e)/dx]’) 

_—_—————— SSS 

FIGURE 3-7 

Trial function for use in 

finite element method for 

determining the electro- 

static potential 
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over the interval 0 to 1: 

1 du 2 1 dq 2 

sl ala ieee 0 dx 0 dx ce 

dgd d. 
+2[ 2 a & de + +[(¢ a, He (3-60) 

The second integral will be shown to be zero by writing (dy/dx)(de/dx) = 

d/dx(e(dp/dx)] — ed’q/dx*. Since satisfies Laplace’s equation, 
d’p/dx* = 0. The other term is an exact differential. Consequently. 

ceding dg |' 
— eee dx = ep— = @) as 

ise lias dx | Fah 
since e = 0 on the boundaries. re Eq. (3-60) becomes 

1 d 2 1 a 

r={ (2) a= | (2) dx + +[ (4 a _ oy dx (3-62) 
0 dx 0 

Now du/dx is a function of the b’s, or equivalently of u,; and uz, by Eqs. 

(3-58) and (3-59). If the integral on the left in Eq. (3-62) is minimized by 

varying the parameters in the trial function, then the mean square difference 

between the electric field (—du/dx) corresponding to the trial function and 
the true electric field will also be minimized. In this sense we obtain the best 
approximation to the true solution g(x). * 

In the simple case being considered the integral F can be computed 
easily. In terms of the b’s it is 

F= [otdx + | bide + | bias 

= + b3(x2 — X1) + b3(1 — x2) \ 

2 2 2 
uy uo — u 1l-—u Wi my, =u) 

(3-63) 
x, 2 i a, 9 Mose oS 

Differentiating with respect to u, and uz and setting the two derivatives 

equal to zero gives two equations from which u, and uw, can be determined. 
The result is u, = x, and u, = x3. In other words, this particular finite 

element approximation gives the exact solution. This good fortune is 

* This analysis can be carried through in exactly the same way in three dimensions (using the 

divergence theorem); in this case the quantity to be minimized is the integral of Vu - Yu over 

the volume of the system. The analysis can also be done if the value of the potential is 

specified on part of the boundary and the value of the electric field (normal derivative) is 

specified on the rest of the boundary. 
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primarily due to the simplicity of the problem. If we had used approxima- 
tions of the form u = a + bx’, for example, we would still have found an 

approximate solution, but it would not have been the exact solution. If the 

interval had been divided into a larger number of elements (or if the 

approximation functions had more parameters), there would have been 

more equations to solve for the u;,’s (and other parameters), and conse- 

quently we would almost certainly have had to resort to a numerical 

program for solving them. The complexities in the finite element problem 

are setting up the finite element decomposition, finding the linear equations, 

and then solving them. 
Several things are apparent from the preceding considerations of a very 

simple problem. The finite difference problem is easier to understand and 

easier to set up, but it requires a uniform mesh. Because there are no 

restrictions on the sizes of the elements, the finite element method is easier 
to adapt to irregular geometries, and the mesh can easily be made finer 

where the potential is varying rapidly and coarser where it is varying more 

slowly. The result is better accuracy for a given amount of computation. 

The finite element method also gives an analytic approximation to the 

potential in each element. The finite difference method gives the potential 
only at discrete points and thus requires interpolation or other approxima- 

tions to compute the field. Remember, however, that the finite element 

method is significantly more difficult to set up. There is much more to be 

said about each of these methods, and there is an extensive literature about 

each. 

We next consider some more realistic, although still relatively simple, 

examples of numerical techniques. The computer programs implemented in 

the following examples use the programming language known as BASIC. A 

brief introduction to BASIC is given in Appendix I. 

EXAMPLE 3-5 The problem is to find an approximation to the potential in a 

Potential in a Rectangular two-dimensional rectangular region with the boundaries held at speci- 

Region fied potentials as shown in Fig. 3-8 with VTOP = 1.0V, VLEFT = 
0.3 V, VRIGHT = 0.7 V, and VBOTTOM = 0.0 V. 

Solution: The finite difference method will be used. The iteration 

equation for this problem is 

Guns =—[ Be ee i eo epee 
Ln) 4 Pij+i Pit, Pij-1 Pi-1,; 

+ (we (3-64) 
where the superscripts indicate the iteration number, and w is again the 
relaxation parameter. The iteration process is easy to program and a 
listing (in BASIC) for a straightforward program is given in Fig. 3-9. 
Lines 100 to 250 comprise the header and the data input lines. Lines 270 
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FIGURE 3-9 

BASIC program for two- 
dimensional finite 
difference approximation 

to Laplace’s equation 

MERE SSLE SELES ESSE LE ESSE ESTE CESS PES EC ECCS SSCS ECC SS OCCS CSCC SECC eee ee eee eesti et te 

‘x * 

‘* LAPLAC4A: NUMERICAL SOLUTION OF LAPLACE’S EQUATION IN 2D RECTANGLE * 

‘* NO ESSENTIAL LINE NUMBERS * 
tk * 

(PPR LELESLSLESE SES SEE PES SEES EPPS ESSE SELES OLCSSSSSLSOSSCCCSCLSOCCLCCSCLCLCLS£CCLCLCL LE SY 

‘The rectangle is 7x12 including the boundaries. The mesh is 1xl squares. 
DIM V(10, 20) 
CLS : SCREEN 0 
‘ 

‘ENTER DATA 
PRINT "Enter values between 0 and 1 for the potentials on the four sides." 
INPUT "VTOP = ", VT: INPUT "VBOT = ", VB 
INPUT "VLEFT = ", VL: INPUT "VRIGHT = ", VR 
PRINT "Enter value of iteration parameter, DM.": INPUT "DM = ", DM 
PRINT "Enter the value of the relaxation parameter, w.": INPUT "w=", W 
‘ 

LOCATE 23, 1: PRINT “Press any key to continue" 
C$"= INPUT$(1)* CLS : IT =-0 
‘ 

‘Enter starting values for the potential at the grid points and on the bdy. 
FOR J = 2 TO 11 

V(1, J) = VT: LOCATE 1, JP: PRINT VT 
vV(7, J) = VB: LOCATE 19, JP: PRINT VB 

NEXT J 
FOR I = 2 TO 6 

V(I, 1) = VL: V(I, 12) = VR: 
FOR J = 2 TO 11: V(I, J) = 

LOCATE IP, 1: PRINT V(I, 1) 
FOR J = 2 TO 12: JP = 6 * J - 6: LOCATE IP, JP: PRINT V(I, J): NEXT 

NEXT I 
’ 

‘Iteration procedure 
IT =0 
DW=1 

WHILE DW > DM 

Day bef hi eS 9 
DW = 0 

LOCATE 22, 5: PRINT "Iteration no. = "; IT 

FOR I = 2 TO 6 

FOR J .=.2 TO) 11 

LPi= 32h re 2: SP = 6 200 —s6c Am EP 

VIS a Wee (VL =Saro) + Vice es) + Vi Te Uae) eta (2 ees 2) ) 
Je 4) Fi (i_ aw) 2 V(Ig_ J) 
DC = ABS(VIJ - V(I, J)): ‘Residual at point I,J. 
IF DC > DW THEN DW = DC: ‘Largest residual in a given iteration. 
Vide oe WL, 
LOCATE IP, JP: PRINT USING ".####"; V(I, J) 
LOCATE IA, JP: PRINT USING ".####"; DC 

NEXT J 
NEXT I 

WEND 
, 

LOCATE 22, 25: PRINT "- Value of DW achieved <="; DW 
LOCATE 21, 1: PRINT “DM = "; DM, “w = "; W 

END 
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FIGURE 3-10 

Potential in a rectangular 

region calculated by the 

finite difference method 

(Example 3-5) 

to 410 set the initial values and print them in an array on the screen (the 
seven by twelve array was chosen because it is the largest array that will 

show four significant figures for the potential and the differences 
between the last two iterations on a standard screen). Lines 430 to 610 

are the iteration routine. Within the outermost loop, line 460 checks to 

see if the iteration criterion is satisfied. If not, another iteration is made. 
Lines 570 and 580 print the value of the potential and the residual for 
each iteration as it is completed. If the value of the largest residual— 

that is, the difference between the last two iterations—is less than the 

specified iteration parameter, line 630 prints that value. The results 

obtained for an iteration parameter 10° with w = 1.5 are shown in Fig. 

3-10. It required only 24 iterations to achieve these results and they 

almost certainly satisfy the difference equations to a high order of 

accuracy. Unfortunately, there is no guarantee that the result is an 

equally good approximation to the solution to Laplace’s equation. We 

defer further consideration of this important issue until later in this 
section. 

The next example uses the method of moments, which is in many ways 
similar to a finite element approach, to calculate the charge distribution on a 

long, thin cylindrical conductor. 

EXAMPLE 3-6 

Charge Distribution on a 

Long, Thin Cylindrical 

Conductor 

The problem is to find the distribution of charge on a long, thin 
conducting cylinder. If charge is placed on the conductor it will 
distribute in such a way as to make the conductor an equipotential. If 

this charge distribution can be determined, the potential at any point in 

space can be found by using Eq. (2-15). Finding the charge distribution 
by analytical methods is difficult. Consequently we use a numerical 
method generally known as the method of moments, but also called the | 
boundary element method and sometimes referred to as a finite element 
method. The cylinder has a circular cross section of radius a and lies 
along the z-axis. We will divide the cylinder into N elements each of 
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FIGURE 3-11 
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length 2d as shown in Fig. 3-11, and assume a < d. The total charge on 
the cylinder is Q but its distribution is not known. 

Solution: We denote by q; the charge on the ith element and assume 
that it is distributed uniformly over the surface of the element. These 

charged cylindrical sections are the finite elements—in this case 

boundary elements—and the trial function is the set of charge values on 
the various segments. Consider now one element located on the z-axis 

with its center at z’ (Fig. 3-12). The potential at a point z on the axis is 

p(z) = ised fb a iio 82€od J,,-a Viz" — zy +a’ 

The transformation € = z — z” converts the integral into a standard 

form whose value is 

q' in[ Zoe et ee 
SSS Ss 

8te€p9d Llz—z'-—d+V(z-2z'-—d) +a’ 

The value of this integral at z = z’—that is, the contribution of the 

charge on an element to its own potential—is approximately 

(3-65) 

(z) = (3-66) 

q' =) ee I (= 3-67 
gle 4m€)d u a ( 
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FIGURE 3-12 

The geometry for the 

potential produced by 
one charge element of a 

long straight wire. See 
Eq. (3-65). 

J (z - 2”)? + a? 

where only the lowest order term in a/d has been kept. The contribu- 
tion of the charge on an element at z’ to the potential at z is (for 

Zit eei) 

q' I p74 
n eee 

8€, d z—z'-d 
y(z) = (3-68) 

where a has been neglected compared to d. The potential of element 
one can now be written as 

or 20 : n (2 —1 alte inlA ) 
” 4m€)d a a 82€_ d qe — 3 

N 

a Aja, (3-69) 
i 

The first term is the contribution of the charge on the element itself and 
the remaining terms give the contribution of the other N — 1 elements. 

For the second element the form is the same, with A, = A,, and 

Az = Aj,2; A2,; = A1j;-, for j = 3. In other words, the equation for q, 

contains all of the values for the A; ,’s appearing in all of the equations. 
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Generalizing to subsequent elements provides a useful recursion rela- 

tion for calculating the matrix coefficient in the remaining equations. In 

addition, we note that by symmetry the charge on element j is the same 
as the charge on element (N — j + 1). Thus, the number of equations 

can be reduced by a factor of two if N is even or by a slightly smaller 
factor if N is odd. We now have a set of simultaneous linear equations 
in the form of Eq. (I-1) in Appendix I, with the righthand sides (the 
D,’s) all equal to the same value. Note again that this equality is because 
we are dealing with an equipotential surface (i.e., a conductor). 

The BASIC program CYLCON, listed in Fig. 3-13, uses these 

results to set up the equations for the charges on the elements, assuming 
that the number of elements is even. The equations are solved by the 
program G-J2KA (called by line 430), which is listed in Appendix I. For 

"IGURE 3-13 

3 ASIC program to eval- 
late matrix coefficients 

or charged cylindrical 

vire (Example 3-6) 

MESSER SSSSASESE SAE SEER ESE SRE SESE RE RRS SESE SEES S SSSR ESET E ESRC ESSEC EES OSS SLES 

tk * 

‘® CYLCON: CONTROL PROGRAM TO CALCULATE CHARGE DISTRIBUTION * 
'* ON A CYLINDRICAL CONDUCTOR - USE WITH G-J2KA * 
as, LINE NUMBER 510 IS ESSENTIAL * 
tk * 
FRI III III III IOI III IIIT Tt tt ttn 
‘ 

‘Identifiers: 
d L length of wire 
i A radius of wire 
U N number of segments (even) 
My 2D = L/N length of segments 

INPUT 2° SA"). -LsINPUDe* ? Nwthady Mery a8 

INPUT; “Even number of segments, N = ", N&% 
INPUT " Array dimension M1>N/2, Ml = ", M1% 
DIM A(M1%, M1%), D(M1%), W(M1%) 
N1% = N%& / 2: N2% = N%& / 2 
‘Equation A(I,J)*Q(J) = V(I), V(I) = 1 for all I 
4 

‘Compute coefficients, A(I,J)’S 
FOR I = 1 TO N%& / 2 

FOR/ J. 2 °I) * 2 TO NS /)-2 

A(I,J) = (1/2)*(LOG( (J-I+1/2) / (J-I-1/2) ) + 

LOG( (N%=I-J+3/2) / (N% = I = J + 1/2) )) 

NEXT J 
FOR G@ = 2.70 T= 1 
ACT, TEACH AL) 

NEXT J 
A(I,1I) = LOG(L/ (N%*A) )+(1/2) *LOG( (2*(N%-2*1I)+3) / (2*(N%-2*I)+1) ) 

D(I) =1 
NEXT I 

‘Solve equations 
GOSUB 2000 
‘ 

‘Print results 
IF N% / 2 > 20 THEN 510 

FOR I = 1 TO N% / 2 

PRINT "Q("I") = " TAB(11):PRINT USING "#.#####"; W(I) 
NEXT I 
END 
FOR I = 1 TO 20 

PRINT "Q("I") = " TAB(11):PRINT USING "#.#####"; W(I), 
PRINT TAB(25) "Q("I + 20") = " TAB(36):PRINT USING "#.#####"; W(I + 20) 

NEXT I 
END 
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eT 

TABLE 3-3 

Solution to the Charged 

Wire Problem (Example 
3-6). (i= 1 is an end 

segment; i = 20 is one of 

center segments. ) 

~. q i q 

0.20401 11 0.14614 
0.17210 12 0.14545 
0.16340 13 0.14487 
0.15838 14 0.14440 

0.15502 js) 0.14400 

0.15256 16 0.14369 
0.15068 17 0.14344 

0.14919 18 0.14326 
0.14797 19 0.14314 
0.14697 20 0.14309 OOWNYNINUNHRWN KH — 

Note: Wire is 1.0m long and 0.001 m in 

diameter, with N = 40 segments. D; = 9; = 

1.0 volt for all 7. The values given are 

actually q,/(4m€,d); to obtain the charge 

on each segment in coulombs, multiply the 

value given by d (in m) divided by 9 x 10°, 

with d = length/(2N). 

a wire 1.0 meter long, 1.0 millimeter in diameter, at a potential of 1.0 

volt, the numerical results using 40 elements are tabulated in Table 3-3. 

This calculation is time-consuming even with a fast computer, but 

remember that 210 matrix elements are being calculated and twenty 

linear equations with no zero coefficients are being solved. This method 

does not calculate the potential everywhere and then determine the 

charge by differentiating. Instead, it determines the charge directly. 
This approach is particularly useful in determining the capacitance of an 

array of conductors, as discussed in Chapter 6. Also, as already noted, 

knowing the charge distribution makes it possible to calculate the 
potential and the electric field at any point in space. This method works 
equally well in three dimensions as Problem 6-28 shows. As usual with 
finite element problems, the difficulties lie in setting up the equations 

and solving them. None of the coefficients is zero in the equations for 
this problem, and the solution process is thus even more computation 
intensive. 

These two examples only scratch the surface. The finite difference 
method is sufficiently simple that general programs are seldom seen. 
Programs are usually tailored to specific classes of problems and specific 
input and output requirements. An exception is the general rectangular 
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coordinate program listed by Koonin,* which deals with arbitrary bound- 

aries and arbitrary boundary values in a very interesting way. The finite 
element method, on the other hand, is difficult to set up, and it too requires 

the solution of large arrays of linear equations. As a result many programs 
are available. Sylvester and Ferrari+ list a number of programs (in Fortran 
77) for two-dimensional problems. Many commercial packages are also 

available and, in fact, the finite element method has become so important as 
an engineering design tool that some firms have developed proprietary 
software for their purposes. 

There are, needless to say, many other valuable applications of 

computers to electrostatic problems. We will illustrate two. In the previous 

example, the method of moments was used to calculate the charge 

distribution on a long cylinder. Having this charge distribution, the resulting 

potential and electric field can be calculated using Eqs. (2-15) and (2-8), 
respectively. For a single point, this calculation involves adding the separate 

contributions from each of what may be a very large number of the 

elements, a laborious task that can be easily delegated to the computer. 

Finding equipotential surfaces or flux lines is even more tedious, but with a 
little ingenuity the computer can also be programmed to do these 
calculations. Thus the direct calculation of potentials and fields is one of our 

other applications. The computer can also be used to evaluate an analytical 
solution to Laplace’s equation as shown in the following example. 

EXAMPLE 3-7 

Numerical Evaluation of the 

Fourier Series Expansion for 
the Potential in a 

Rectangular Region 

The problem is to evaluate the Fourier series expansion of the potential 

in a rectangular region as determined in Problem 3-18. In that problem, 
the solution to Laplace’s equation in a two-dimensional rectangular 
region, bounded by the lines x = 0, y = 0, x = 11, and y = 6 subject 

to the boundary conditions g(0,y) =0, p(x, 6) = 90, (il, y) = 0, 

g(x, 0) = 1, is found to be 

: [S + | sinh (S + 1)x(6 — | 

afl 11 11 

Od. ay oat 2 r Dé 
inhien 

11 

This solution is exact, but if numerical values of the potential are 
required at many points, the calculations are formidable. 

* Koonin, Steven, J., Computational Physics (Reading, MA: Addison-Wesley, 1986), p. 376 ff. 

+ Sylvester, P. P., and R. L. Ferrari, Finite Elernents for Electrical Engineers, 2nd ed. 

(Cambridge: Cambridge University Press, 1990). 
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FIGURE 3-14 

BASIC program to cal- 
culate the potential at 

points on a grid inside a 

rectangle 

100 eee TT CT TTT TELL td dd ddd ddd dd dh hdd deh deiclehehehehelhdehehehelsheielshelelshelal 

LOR * 

120 ¢ FOUCOEF2: POTENTIAL IN RECTANGULAR REGION USING FOURIER SERIES * 

130508 NO ESSENTIAL LINE NUMBERS * 

140 ‘* * 
150 FM KR TR RK RII EEEHEEREREE 

160 ’Region is 0<=X<=12, 0<=Y<=7; potential on X =0, X=12, and Y=7 boundaries is 
161 ‘zero; potential on y=0 boundary is one. 
170 PI = 4*ATN(1) 

180 DIM S(50) 
190 CLS 
200 INPUT "Number of terms less than 26, M =";M 
210 CLS 
220 DEF FNSINH(Z) = (EXP(Z)-EXP(-Z))/2 

230 FOR Y=6 TO O STEP -1 

240 FOR X = 1 TO 10 
250 S(1) = (4/PI) *SIN(PI*X/11) *FNSINH (PI*(6-Y) /11) /FNSINH(PI*6/11) 
260 FOR N=1TOM- 1 
270 S(N+1) = S(N) + (4/PI) *(1/(2*N+1) ) *SIN((2*N+1) *PI*X/11) *FNSINH (PI 

* (2*N+1) *(6-Y) /11) /FNSINH(PI*(2*N+1) *6/11) 
280 NEXT N 
290 PRINT USING "#.#### "; S(M), 
300 NEXT X 

310 PRINT 

320 NEXT Y 

330 PRINT 
340 PRINT "Number of terms =";M 

350 END 

— ae 

Solution: A very short program, shown in Fig. 3-14, will calculate the 
potential at each point on a grid with unit spacing inside the rectangle. 
The results for the sum of the first 25 terms in the series are shown in 

Fig. 3-15(a). 

It is instructive to compare the results obtained using Fourier series with 

those obtained by the finite difference method. The rectangular region used 

in Example 3-7 is the same as the one used earlier in the finite element 
calculation, Example 3-5. Thus we can use the program of Fig. 3-9 to obtain 

an approximate solution. The result is shown in Fig. 3-15(b). The values 
obtained by the two methods generally agree to two significant figures. This 

agreement is reassuring, but a little disappointing. The difficulty is that we 
have in fact solved two different problems to a very high degree of accuracy. 
The finite difference equations are an approximation to Laplace’s equation. 
In other words, we have defined a new problem that approximates the 
problem of solving Laplace’s equation. The approximation can only be 

improved by defining another problem using a finer mesh and accepting the 
larger computational burden. The Fourier series solution is exact if an 
infinite number of terms are included, but it is approximate if the series is 

truncated. In other words truncation produces an approximation to the 
(known) exact solution to the specified problem. In the finite difference case 
we approximate the problem and solve the approximate problem to any 
desired degree of accuracy. The Fourier series approach finds an exact 

solution and then approximates the solution to any desired accuracy. The 
difference between approximating the problem and approximating the exact 



3-13 Solutions of Poisson’s Equation 91 

FIGURE 3-15 
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solution is frequently important when computational methods are used to 
solve problems. 

Lest one think that expansion in a series of orthogonal basis functions is 

always a better approach, we note that for less convenient boundary 

conditions obtaining the series expansion is very laborious, whereas in the 

finite difference method, it is only necessary to enter the values on the 

boundary. The rest of the work is done by the computer. Also, in some 
regions, the Fourier series converges extremely slowly. The choice of 
method depends on the specific problem and the use to be made of the 

solution. 

SOLUTIONS OF POISSON’S EQUATION 

In the preceding sections, we have dealt exclusively with Laplace’s equation 
and its solution. Laplace’s equation is applicable to those electrostatic 

problems in which all the charge resides on surfaces of conductors or is 

concentrated in the form of point or line charges. (We shall see in the next 

3-13 
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chapter that if the region between the conductors is filled with one or more 
simple dielectric media, then Laplace’s equation still holds in these media.) 

Let us consider, now, an electrostatic problem in which part of the 

charge (the prescribed charge) is given by p(x, y, z), a known function, and 
the rest of the charge (the induced charge) resides on the surfaces of 
conductors. Such a problem requires the solution of Poisson’s equation. The 
general solution to this problem may be written as an integral of the type 

Eq. (3-1) over the prescribed charge plus a general solution to Laplace’s 
equation. The solution to Laplace’s equation must be chosen, however, so 

that the entire potential satisfies all boundary conditions. 
When all of the charge is prescribed—that is, when dq = p(x, y, z) du 

is known at all points in space—then Eq. (3-1) represents the entire solution 
to Poisson’s equation, and this integral may be performed (either analyti- 
cally or numerically). There is one case, however, where the solution to 
Poisson’s equation may be obtained more directly than by means of the 

formal solution Eq. (3-1); it occurs when both p and @ are functions of only 
one independent variable. As an example of this case, let p be a function of 

the spherical coordinate r only, and let the entire charge be distributed in a 

spherically symmetric way. Then Eq. (3-5b) becomes 

ld d 1 

Fae ache ce, at) 
We shall assume that the total charge is bounded—that is, either the charge 

does not extend to infinity or the charge density drops off sufficiently rapidly 

at large radii. Equation (3-70) may then be integrated directly, assuming the 

function p(r) given, and the two constants of integration may be determined 
(1) from Gauss’s law for the electric field at some radius and (2) from the 
fact that p > Oasr—> &, 

SUMMARY 

The fundamental first-order vector differential equations for the electro- 

static field, V xX E = 0 and V-:E = p/€ , can be combined into a single 

scalar second-order differential equation, Poisson’s equation: 

Vo=- E 
Eo 

where E = —Vq. If p(r) is a given function in a region V, Poisson’s 
equation has the particular solution 

Ajay —— | Ptr) iy! 
4mé€o Jy |r — r’| 

as can be seen by operating on the right side of this expression with V* 
inside the integral. To this particular solution can be added any solution of 
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the corresponding homogeneous equation, Laplace’s equation: 

Vn 0 

The appropriate solution of Laplace’s equation is one that will satisfy the 

boundary conditions on the boundary of V. If g or dq/dn is specified on a 

closed boundary, the solution is unique to within an additive constant. 

¢ If p = 0 everywhere inside V, the complete solution is the solution of 

Laplace’s equation that is continuous inside V and satisfies the imposed 

conditions at the boundary of V. The latter are m = constant,, constant, 

and so on, if the boundary is composed of conductors. 

¢ Analytical solutions for Laplace’s equation can be composed of linear 

combinations from a set of basis functions, which is chosen by considering 

any symmetry that appears in the particular problem. The set of zonal 

harmonics is useful for spherical boundaries and azimuthal symmetry, and 
the cylindrical harmonics for cylindrical boundaries. 

¢ The method of images is a technique where one devises a configuration 

of fictitious image charges outside of V such that the potential field of these 

image charges plus the real charges inside V satisfies the boundary 

conditions for @ on the given boundaries of V. The uniqueness theorem 

assures that the field inside V is the correct one. The technique can be 

applied in only a few situations where the symmetry is adequate. The 

simplest example is a point charge in front of a conducting plane. 

¢ When all the charges reside on conducting surfaces, Laplace’s equation 

requires that the potentials of the conductors are linear functions of their 

charges: 

Gi = » PiQ; 
ff 

¢ Two useful methods for solving Laplace’s equation numerically are the 

finite difference method and the finite element method. In the finite 

difference method, the potential is determined at mesh points in the region 
by an iterative process; in the finite element method, the region is divided 

into subregions in which analytic approximations are postulated and then 
parameterized and optimized. 
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PROBLEMS ——— 3-1 Two spherical conducting shells of radii r, and r, are arranged concentrically and 

are charged to the potentials g, and @,, respectively. If r, > r,, find the potential at 

points between the shells and at points r > r,. 

3-2 Two long cylindrical shells of radii r, and r, are arranged coaxially and are 

charged to the potentials g, and @,, respectively. Find the potential at points 

between the cylindrical shells. 

3-3 If q, is a solution to Laplace’s equation, prove that the partial derivative of 9, 

with respect to one or more of the rectangular coordinates (e.g., 99,/9x, 2° p,/dx’, 
3 p,/Ax dy, etc.) is also a solution. 

3-4 Suppose @ satisfies Laplace’s equation throughout a region Vy. (a) Prove that 

the value of @ at any point O is the average of its values over the surface of any 

sphere centered at O that lies entirely in Vo: 

] 

GA aaa Ra pop da 
where R is the radius of the sphere. [Hint: Let y = 1/r in Eq. (1-57).] (b) Show 

that consequently m has no maxima or minima inside VY. 

3-5 Expand the function 

F(u) = (1 — 2xu + u*)""? 

in Taylor series up to the term in u°. Note that the coefficients are the first four 

Legendre polynomials P,(x). In fact, F(u) is a generating function for all the 

Legendre polynomials: 

F(u) = & P,(x)u" 
n=0 

3-6 Show that half the zonal harmonics are generated by differentiating r7' 

successively with respect to the rectangular coordinate z (z = rcos @). 

3-7 Obtain V’@ in cylindrical coordinates, Eq. (3-8), from the rectangular form, Eq. 

(3-6), by direct substitution: x = rcos 6, y = rsin @. 

3-8 (a) Find the potential of an axial quadrupole: point charges q, —2q, q placed on 

the z-axis at distances /, 0, —/ from the origin. (b) Find the potential only at 

distances r >> /. (c) Show that this potential is proportional to one of the zonal 
harmonics. 

3-9 Suppose a point dipole is located at the center of a grounded spherical 

conducting shell. Find the potential inside the shell. [Hint: Use zonal harmonics that 
are regular at the origin to satisfy the boundary conditions on the shell. ] 

3-10 Consider an uncharged conducting sphere placed in an initially uniform electric 
field. (a) Show that the potential due to the sphere is that of a point dipole. 
(b) Find the induced dipole moment. 

3-11 A conducting sphere of radius a bearing total charge Q is placed in an initially 
uniform electric field Ey. Find the potential at all points exterior to the sphere. 

3-12 A long cylindrical conductor of radius a bearing no net charge is placed in an 
initially uniform electric field Eo. The direction of Eo is perpendicular to the cylinder 
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axis. (4) Find the potential at points exterior to the cylinder. (b) Find the charge 
density on the cylindrical surface. 

3-13 An infinitely long cylindrical shell (of radius R) is approximated by a large 
number of parallel wires that can be maintained at arbitrary potentials. (a) If the 
potential of the shell has the value V, sin 6, find the potential and electric field inside 
and outside the shell. (b) Sketch the lines of force. 
3-14 A point charge q is situated a distance d from 2 grounded conducting plane of 
infinite extent. Obtain the total charge induced on the plane by direct integration of 
the surface charge density. 

3-15 Two point charges, q, and q2, are located near a grounded conducting plane of 
infinite extent. (a) Find the image charges that are needed to make the plane a 
surface of constant potential. (b) From the result obtained in part (a), can you 
predict the image charge distribution required for the case of a body of arbitrary 
shape with charge density p situated near 2 conducting plane of infinite extent? 
3-16 Two grounded conducting planes intersect at 60 and a point charge q lies 
between them. Determine the positions of the image charges that will give the 
electric field between the planes. 

3-17 A point charge q is located between two parallel, grounded, conducting planes 
that are separated by a distance d. (a) Find the locations of the infinite number of 
image charges. (b) Express the force on the charge q by an infinite series. 

"3-18 (2) Use the method described in Section 3-7 to find a solution to Laplace’s 
equation in the 2-D rectangular region bounded by the lines x = 0, y = 0, x = 11, 
y = 6, with the boundary conditions ¢(0, y) = g(x, 6) = (11, y) = 0, g(x, 0) = 
1. (Hint: Use the y¢ = 0 condition to show that the solution can be written as a sum 
of terms consisting of products of sine functions of x and hyperbolic sine functions of 
y, in which cach term satisfies all three of the g = 0 boundary conditions.] 
(b) Determine the coefficients by requiring that g(x, 0) = 1 for all x in this standard 
Fourier series problem. 

319 Show that the problem of an uncharged conducting sphere in an initially 
uniform electric field E, may be solved by means of images. [Hint: A uniform 
electric field in the vicinity of the origin may be approximated by the field of two 
point charges QO and —Q placed on the z-axis at z = —L and z = +L, respectively. 
The field becomes more nearly uniform as L — <. It is evident that O/2ze,17 = 
E,} 

+2) A point charge q is located inside and at distance r from the center of a 
spherical conducting shell. The inner radius of the shell is a. (a2) Show that this 
problem can be solved by the image technique. (b) Find the charge density a 

induced on the inside surface of the shell. (Note: The potential of the spherical shell 
cannot be completely specified in terms of q and its image, because exterior fixed 

charges can also contribute. Nevertheless. these exterior charges will add only a 

constant term to the potential.) (c) Find the total charge induced on the inside 
surface of the shell (i) by physical arguments. and (ii) by integration of o over the 
surface. 

* Starred problenss are more dificult. 
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3-21 A long conducting cylinder bearing a charge A per unit length is oriented 

parallel to a grounded conducting plane of infinite extent. The axis of the cylinder is 

at distance x, from the plane, and the radius of the cylinder is a. (a) Find the 

location of the line image. (b) Find the constant M (which determines the potential 

of the cylinder) in terms of a and xo. 

3-22 A spherical distribution of charge is characterized by a constant charge density 

p for r = R. For radii greater than R, the charge density is zero. (a) Find the 
potential g(r) by integrating Poisson’s equation. (b) Check this result by evaluating 

the integral (3-1). [Hint: To perform (3-1), divide the charge region into spherical 

concentric shells of thickness dr. ] 

3-23 A dipole p is oriented normal to and at distance d from an infinite conducting 
plane. The plane is grounded (i.e., at zero potential). Calculate the force exerted on 

the plane by the dipole. 

3-24 Consider the one-dimensional example discussed in Section 3-12. (a) With 

(0) = 0 and ¢(1) = 1, write a program for solving Laplace’s equation by the finite 

difference method. (b) Explore the convergence in the first few iterations. (Take 

N = 10 and 20, w = 1 and 1.5.) 

3-25 A two-dimensional region in the shape of a right triangle has two sides of 5cm 
oriented parallel to the x- and y-axes and a hypotenuse of length 5V2cm. The 

hypotenuse is maintained at 50 V and the other two sides are maintained at zero. (a) 

Use the finite difference method with mesh points every 1 cm in each direction, and 

iterate to determine the potentials at each mesh point to the nearest volt. (b) Sketch 
in the equipotentials. 

*3-26 A two-dimensional L-shaped region is bounded by conductors on two sides 

with potentials g = 0 and 9V as shown in Fig. 3-16a. (a) Use the finite difference 

method to determine the potential at interior mesh points and determine the electric 

field at 45° in the vicinity of the 270° interior angle. (Note: by symmetry the solution 

in one leg of the L-shape can be obtained from the other by reflection through the 

dotted line. Thus, we can carry out the solution in the configuration of Fig. 3-16b, 

except that after each iteration the mesh points to the right of the dotted line are to 

be given the values of their mirror images above the line.) (b) Solve first with a 
mesh of lcm x lem. (c) Repeat with a mesh of 1/2cm x 1/2¢m. 

FIGURE 3-16 



CHAPTER 4 

The Electrostatic Field 
in Dielectric Media 

Thus far, we have ignored problems involving dielectric media and have 
dealt with cases in which the electric field is produced exclusively either by 
charges in a specified distribution or by free charge on the surface of 
conductors. In this chapter, we remedy this situation by considering a more 
general case. 

An ideal dielectric material is one that has no free charges. Nevertheless, 
all material media are composed of molecules, which are composed of 

charged entities (atomic nuclei and electrons), and the molecules of the 

dielectric are certainly affected by the presence of an electric field. The 

electric field causes a force to be exerted on each charged particle, with 

positive particles being pushed in the direction of the field and negative 
particles oppositely, so that the positive and negative parts of each molecule 

are displaced from their equilibrium positions in opposite directions. These 
displacements, however, are limited (in most cases to very small fractions of 

a molecular diameter) by strong restoring forces that are set up by the 

changing charge configuration in the molecule. The term “bound charge,” 

in contrast to the “free charge’’ of a conductor, is sometimes used to 

emphasize that such molecular charges are not free to move very far or to 
be extracted from the dielectric material. The overall effect from the 
macroscopic point of view is most easily visualized as a displacement of the 

entire positive charge in the dielectric relative to the negative charge. The 

dielectric is said to be polarized. 
A polarized dielectric, even though it is electrically neutral on the 

average, produces an electric field at exterior points and inside the dielectric 
as well. As a result, we are confronted with what appears to be an awkward 
situation: The polarization of the dielectric depends on the total electric 

field in the medium, but a part of the electric field is produced by the 

dielectric itself. Furthermore, the distant electric field of the dielectric may 

9 N 
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modify the free charge distribution on conducting bodies, which, in turn, 

will change the electric field in the dielectric. The main purpose of this 

chapter is to develop general methods for handling this curious situation. 

POLARIZATION 

In this section, we consider a small volume element Av of a dielectric 

medium that is, as a whole, electrically neutral. If the medium is polarized, 

then a separation of positive and negative charge has been effected, and the 

volume element is characterized by an electric dipole moment 

Ap = | rdq (4-1) 
Av 

According to Section 2-9, this quantity determines the electric field 

produced by Av at distant points (i.e., at distances that are large compared 
with the dimensions of the volume element). 

Since Ap depends on the size of the volume element, it is more 

convenient to work with P, the electric dipole moment per unit 

volume. P is usually called the electric polarization, or simply the 
polarization, of the medium. 

A p= oP 
~ Av Ge) 

Strictly speaking P must be defined as the limit of this quantity as 

Av becomes very small from the macroscopic viewpoint. In this way 
P becomes a point function, P(x, y, z). 

The dimensions of P are charge per unit area; in mks units, C/m’?. 

It is apparent that P(x, y, z) is a vector quantity that, in each volume 
element, has the direction of Ap. This quantity, in turn, has the direction of 
displacement of positive charge relative to negative charge (Fig. 4-1). 

Although Av is assumed very small from the macroscopic point of view, 

it still contains many molecules. Since a molecule is one of the small, 

electrically neutral entities that make up the dielectric material, it is 

sometimes desirable to speak about the electric dipole moment p,, of a 
single molecule; that is, 

Pm — i rdq (4-3) 

molecule 

It is evident from Eq. (4-1) that the dipole moment associated with Av is 
given by Ap = ip,,, where the summation extends over all molecules 
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IGURE 4-1 

\ piece of polarized 

ielectric material. Each 

olume element is repre- 

ented as a dipole Ap. 

inside the element Av. Hence, 
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This approach will be developed further in Chapter 5. 

Although Fig. 4-1 represents each volume element of the polarized 

dielectric as a small dipole, it may be more instructive to visualize the 

dielectric in terms of its molecules and to imagine that each dipole of Fig. 

4-1 represents a single molecule. 

FIELD OUTSIDE OF A DIELECTRIC MEDIUM 

We consider a finite piece of dielectric material that is polarized—that is, it 

is characterized at each point r’ by a polarization, P(r’). The polarization 

gives rise to an electric field, and our problem is to calculate this field at 

point r, which is outside of the dielectric body (Fig. 4-2). As in Chapter 2, 
we shall find it more convenient to calculate first the potential g(r) and 

obtain the electric field as minus the gradient of ~. 
Each volume element Av’ of the dielectric medium is characterized by a 

dipole moment Ap = P Av’, and since the distance between (x, y, z) and 
Av’ is large compared with the dimensions of Av’, this dipole moment 

IGURE 4-2 
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completely determines the contribution of charges in Av’ to the potential: 

ey See 4 (cr —r’) Av’ 4-5) 

oA bee 4ne,\r—r'l) 44g (r — |? ( 

Here r — r’ is the vector, directed out from Av’, whose magnitude is given 

by 
oe!) = VG aay ea ree care 2.) (4-6) 

The entire potential at point r is obtained by summing the contributions 

from all parts of the dielectric: 

y(r) = le ik P(r’) -(r — 4’) du’ = 4-7 
4n€o lr —r'|? oa 

This result is correct, and @ may be evaluated directly from Eq. (4-7) if the 

functional form of P is known. It will be to our advantage, however, to 

express Eq. (4-7) in a rather different way by means of a simple 
mathematical transformation. 

If |r — r’| is given by Eq. (4-6), then 

v'( 1 )=+ to (4-8) 

ea ae) ea et 

as may be seen by direct application of the gradient operator in Cartesian 
coordinates. The V’ operator involves derivatives with respect to the primed 
coordinates. In certain circumstances, it may be desirable to use a gradient 

operator with respect to the unprimed coordinates; this operator will be 

indicated in the usual way by V. Evidently, V’ operating on a function of 

|r — r'| is equal to —V operating on the same function. We shall require the 
V operator later in order to get the electric field at point r. However, in 

performing the integral Eq. (4-7) over the dielectric volume Vo, the point r 
is held fixed. Hence, the integrand of Eq. (4-7) may be transformed by 
means of Eq. (4-8): 

ot) = pv 1 ) 

Sami rr | (4-9) 

Equation (4-9) may be further transformed by means of the vector identity 
(1-1-7) of Table 1-1: 

V'- (fF) =fV'-F+F-Vf (4-10) 

where f is any scalar point function and F is an arbitrary vector point 
function. Here again, the prime indicates differentiation with respect to the 
primed coordinates. Letting f = (1/|r — r’|) and F = P, the integrand, Eq. 
(4-9), becomes 

ae P ) 1 

jr—r'[? jp—r'|) irr’ 
v'-P (4-11) 
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Finally, the potential, Eq. (4-7), may be written as 

1 f oes 1 (-V'- P) du’ 

AME Js, P(r) = (4-12) ir—r'| | 4meoly, |r —F' 
where the volume integral of V’ - (P/|r — r’|) has been replaced by a surface 

integral through application of the divergence theorem, and n is the 

outward normal to the surface element da’ (outward means out of the 

dielectric). 

The quantities P-n and —V- P that appear in the integrals of Eq. 

(4-12) are two scalar functions obtained from the polarization P. It 

is expedient to give these quantities special symbols. Since they 
have the dimensions charge per unit area and charge per unit 
volume, respectively, we write 

Op = P-n=P, ' (4-13) 

and 

pp=-V-P (4-14) 

We call op and pp polarization charge densities. 

The surface density of polarization charge is given by the component of 

polarization normal to the surface, and the volume density of polarization 

charge is a measure of the nonuniformity of the polarization inside the 

material. 

The potential due to the dielectric material 

1 ; dvu' 
g(r) = eee npr Gee 

r-rel Jyir—e'| 
1 dqp 

4meoJ |r — r’| 
(4-15) 

is now written in such a way that it is evident that it arises from a charge 

distribution. In other words, the dielectric material has been replaced by an 
appropriate distribution of polarization charge. 

Although Eq. (4-15) has been obtained by means of a mathematical 
transformation, it should be possible to understand op and pp on purely 
physical grounds. That a surface charge density dp exists is evident from 
Fig. 4-1, where it is seen that this charge is made up from the ends of 

similarly oriented dipoles. In this way, a charge density is developed on 
every surface that is not parallel to the polarization vector. Turning now to 

Pp, we expect that pp Av’ represents the excess or net charge in the volume 
element Av’. That this is truly the case may be seen in the following way: 

Let us define two charge densities p* and p as representing the total 
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positive charge and the total negative charge per unit volume, respectively. 

That is, p* represents all the atomic nuclei in unit volume of the dielectric 

and, similarly, @ counts all the electrons. In the unpolarized state, each 

volume element of the dielectric is electrically neutral. Hence, 

Dolk Vk) tion) 74) ee (4-16) 

where the subscript zero denotes densities in the unpolarized configuration. 

Let us assume that as a consequence of polarization the positive charge is 

displaced by 5*(x, y, z) and the negative charge by 8 (x, y, z). The positive 

charge crossing an element of area da’ is 95° -nda'. Thus, the gain of 

positive charge by the volume element Av’ during the polarization process is 

—p~ pod -nda' (4-17) 
AS 

where AS is the surface bounding Av’. Similarly, the displacement of 
negative charge increases the charge (decreases the negative charge) in Av’ 

by 

¢ (—po)d -nda (4-18) 

The total gain in charge by the volume element Av’ is the sum of Eqs. 

(4-17) and (4-18), and as a consequence of Eq. (4-16) may be written as 

—) po(6* — 8°)-nda' = -V-[pg(d* — d-)] Av’ (4-19) 
AS 

But 6° — 6 is just the relative displacement of positive and negative 
charge densities, and p3(5* — 8) is equivalent, therefore, to what we have 

called the polarization P. Thus, pp Av’ is the net charge in a volume 

element of the polarized dielectric. 

At first sight, it may seem rather strange that having started with 

electrically neutral volume elements of dielectric material, we end up with 
volume elements that bear a net charge. According to our original point of 
view, the dielectric is composed of elemental dipoles Ap, and it was 

essential that each Ap be electrically neutral in order that Eq. (4-5) give the 

potential correctly. Now we find that so long as V- P does not vanish, the 
individual volume elements appear to be charged. The origin of this 
seeming paradox is found in the mathematical transformation Eq. (4-11). 
The contribution from each volume element is transformed to a different 
volume term and a surface term. The total charge in the volume and surface 
of the element is still zero, but when we stack various volume elements 
together to form a macroscopic piece of dielectric material, we find that the 

contributions to the potential from the various ‘internal surfaces’’ cancel 
out. We are left with effectively charged volume elements and a surface 
contribution from the actual boundary of the dielectric body. 
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The total polarization charge of a dielectric body 

Qp =| (—V':P)dvu' + $ P-nda' (4-20) 
Yo S 

must equal zero, since it was our premise that the dielectric, as a whole, is 

electrically neutral. This result is immediately obvious from the form of Eq. 
(4-20), which clearly vanishes as a consequence of the divergence theorem. 

We now have two distinct expressions for the electrostatic potential 
g(r) due to a polarized dielectric specimen, namely, Eqs. (4-7) and (4-15). 
Both are correct, but we shall find the latter expression more convenient in 
most cases. The electric field E may be obtained as minus the gradient of 
Eq. (4-15). Since @ is a function of the coordinates (x, y, z), the appropriate 
gradient is —V. The unprimed coordinates appear only in the function 
1/\r — r'|. Hence, noting that V(1/|r — r’|) = —V‘(1/|r — r’|) and using Eq. 
(4-8), we obtain 

1 (r—r’') ie 6) E®) = —-|{ da’ + | | (r) Ane _ OP a r’|? a s Pp ir il r’|? du (4 21) 
0 

THE ELECTRIC FIELD INSIDE A DIELECTRIC 

Before we can write an expression for the electric field inside a polarized 
medium, it is necessary to define this electric field precisely. What we are 

interested in is the macroscopic electric field—that is, the average electric 

field in a small region of the dielectric that nevertheless contains a large 
number of molecules. An alternative and perhaps preferable approach is to 

define the electric field directly in terms of a macroscopic experiment as 

follows. 

The (macroscopic) electric field is the force per unit charge on a test 
charge embedded in the dielectric, in the limit where the test charge 

is so small that it does not itself affect the charge distribution. 

This test charge must be dimensionally small from the macroscopic point of 
view (what we shall call a “‘point’” charge), but it will be large compared 

with the size of a molecule. 
Although the above statement is the fundamental definition of the 

macroscopic electric field E, it is difficult to use this definition directly to 

obtain an expression for the field, since we would have to calculate the force 

on a charged body of extended size and then go to the limit as the size of 

the object decreased. Hence, we find it expedient to use another property of 

the electric field to help us obtain the analytic expression we are seeking. In 

this way, we shall get E in terms of the polarization charges of the medium. 
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FIGURE 4-3 

The path ABCD lies 
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in the dielectric. In an 

isotropic dielectric (see 
Section 4-5), the polari- 
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of E, so that, for the 

orientation of the needle 

shown, dp = 0 on the 

cylindrical walls. In an 

anisotropic dielectric, Op 

is not necessarily zero, 

but its value does not 

affect the longitudinal 
component of electric 

field in the cavity. 

Later, in Section 4-9 it will be shown that the quantity we have called E is 
indeed in agreement with the fundamental “force definition.” 

The electrostatic field in a dielectric must have the same basic properties 

that we found applied to E in vacuum; in particular, E is a conservative field 
and, hence, derivable from a scalar potential. Thus, 

VxE=0 

or, equivalently, 

f E-dl=0 

Let us apply the last equation to the path ABCD shown in Fig. 4-3, where 

the segment AB lies in a needle-shaped cavity cut out of the dielectric and 
the segment CD lies in the dielectric proper. Since the segments AD and 
BC may be made arbitrarily small, the line integral reduces to 

E,-1- E,-1=0 

or, equivalently, 

Eu = Ea (4-22) 

where the subscripts v and d refer to vacuum and dielectric, respectively, 

and the subscript ¢ stands for tangential component. 

Equation (4-22) is valid regardless of the orientation of the needle- 
shaped cavity. If the ‘‘needle” is oriented along the direction of E, then 
Eq, = Eq. Furthermore, by symmetry, the field in the Cavity is along the 
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direction of the needle—that is, E,, = E,. We are thus led to the following 
important conclusion. * 

The electric field in a dielectric is equal to the electric field inside a 
needle-shaped cavity in the dielectric, with the cavity axis oriented 
parallel to the direction of the electric field. 

Evidently, the problem of calculating the electric field inside a dielectric 
reduces to calculating the electric field inside a needle-shaped cavity in the 

dielectric. But the electric field in the cavity is an external field and hence 

may be determined by means of the results of Section 4-2. Just as in Section 

4-2, we assume here that the polarization of the dielectric is a given function 

P(x’, y’, z'), and we calculate the potential and electric field arising from 

this polarization. Taking the field point r at the center of the cavity and 

using Eq. (4-15), we obtain for the potential 

1 [ pp(x', y',z') du' 

Yo-Vi A ey eam ir—r'| 

(4-23) 
1 | Onix evs ue. 

4m€o Jsj+5' rer 

where Vj — V, is the volume of the dielectric excluding the ‘‘needle,” Sp is 

the exterior surface of the dielectric, and S’ = S, + S, + S. are the needle 

surfaces. But from Fig. 4-3 it is seen that op = 0 on the cylindrical surface 

S, of the needle. Furthermore, the needle may be made arbitrarily thin so 

that the surfaces S, and S, have negligible area. Thus, only the exterior 

surfaces of the dielectric contribute, and the surface integral of Eq. (4-23) 
becomes identical in form to the surface integral of Eq. (4-15). The volume 
integral of Eq. (4-23) excludes the cavity. However, the contribution of the 
cavity to this integral is negligible, as may readily be seen. The charge 

density pp is bounded; the quantity du'/|r — r’| does not diverge at the field 

point (i.e., when r’ = r) because the volume of a point is a higher-order 
zero than the lim |r — r’|; and finally volume V, of the needle may be made 
arbitrarily small by making the cavity thin. Thus, we need not exclude the 

volume V,, and Eq. (4-23) becomes similar in form to Eq. (4-15). In other 
words, Eq. (4-15) gives the potential g(r) regardless of whether the point r 

is located inside or outside the dielectric. 

* This statement is strictly true only for isotropic dielectrics (see Section 4-5). For anisotropic 

dielectrics, the symmetry argument fails, and our conclusion must be generalized: The electric 

field in a dielectric is equal to the longitudinal component of the electric field inside a 

needle-shaped cavity in the dielectric provided the cavity axis is oriented parallel to the 

direction of the electric field in the dielectric. 



106 4 The Electrostatic Field in Dielectric Media 

The electric field E(r) may be calculated as minus the gradient of Eq. 
(4-23). But this field differs only by a negligible amount from Eq. (4-21). 

Thus, Eq. (4-21) gives the medium’s contribution to the electric field at r, 
independently of whether r is inside or outside the medium. 

The calculations indicated in Eqs. (4-15) and (4-21) are straightforward 

for cases in which P(x, y,z) is a known function of position. (Some 

examples of this type are to be found among the problems at the end of this 
chapter.) In most cases, however, the polarization arises in response to an 

electric field that has been imposed on the dielectric medium—that is, 
P(x', y’,z') is a function of the total macroscopic electric field 

E(x', y', z'}—and under these conditions, the situation is much more 

complicated. First, while it is necessary to know the functional form of 

P(E), this form is known experimentally in most cases and, hence, not a 

source of difficulty. The real complication arises because P depends on the 
total electric field, including the contribution from the dielectric itself, and it 

is this contribution that we are in the process of evaluating. Thus, we cannot 

determine P because we don’t know E, and conversely. 
It is evident that a different approach to the problem is needed, and one 

will be provided in the following sections. 

4-4 __ Ss GAUSS’S _LAW IN A DIELECTRIC: 
THE ELECTRIC DISPLACEMENT 

In Chapter 2, we derived an important relationship between electric flux 

and charge, namely, Gauss’s law. This law states that the electric flux across 

an arbitrary closed surface is proportional to the total charge enclosed by 

the surface. In applying Gauss’s law to a region containing charges 

embedded in a dielectric, we must be careful to include all of the charge 
inside the gaussian surface—that is, the polarization charge as well as the 
charge that we embedded. 

In Fig. 4-4, the dashed surface S is an imaginary closed surface located 
inside a dielectric medium. We embed a certain amount of charge Q in the 

FIGURE 4-4 2 
Construction of a gaus- — > 
sian surface S in a di- es rN 
electric medium / . 

ee 

{Dielectric : 

{medium ; 
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volume bounded by S, and we assume that this charge exists on the surfaces 
of three conductors in amounts q,, q2, and q3. By Gauss’s law, 

p E-nda = —(Q + Qp) (4-24) 
where Q is the net embedded charge, 

Ey aboA ppm &. 

and Q> is the net polarization charge, 

p='| P-nda + | (-—V-P) du (4-25a) 
S++; V 

Here V is volume of the dielectric enclosed by S. There is no boundary of 

the dielectric material at S, so that the surface integral in Eq. (4-25a) does 
not contain a contribution from S. 

If we transform the volume integral in Eq. (4-25a) to a surface integral 

by means of the divergence theorem, we must be careful to include 
contributions from all surfaces bounding V, namely, S, S,, S;, and S,. It is 

evident that that last three contributions will cancel the first term of Eq. 
(4-25a), so that 

Op = -$ P-nda (4-25b) 
Ss 

Combining this result with (4-24), we obtain 

p (esRel P) enidzi=i@ (4-26) 
S 

Equation (4-26) states that the flux of the vector €)E + P through a closed 

surface is equal to the net charge that we embedded in the volume enclosed 
by the surface. This vector quantity is important enough to warrant a name 

and a separate symbol. 

We define, therefore, a new macroscopic field vector D, the electric 

displacement: 

D=e«E+P (4-27) 

which evidently has the same units as P, charge per unit area.* 

In terms of D, Eq. (4-26) becomes 

$D -nda=Q (4-28) 

*In gaussian units, D is defined as D = E + 42P; D, E, and P all have the same units of 

charge per unit area and in vacuum D = E. 
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This result is usually referred to as Gauss’s law for the electrical 

displacement, or simply Gauss’s law. 
CC 

Equation (4-28) is applicable to a region of space bounded by any closed 

surface S; if we apply it to a small region in which the charge enclosed is 

distributed as a charge density p, then Gauss’s law becomes 

$ D-nda = p AV 
AY 

Dividing this equation by AV and proceeding to the limit, we obtain 

V:-D=o0 (4-29) 

This result is sometimes called the differential form of Gauss’s law. 
The advantage of expressing the integral and differential forms of 

Gauss’s law, Eqs. (4-28) and (4-29), in terms of the vector D is that only the 

charge Q or the charge density p that we embedded in the dielectric 

medium appears explicitly. Henceforth we shall usually call the charge Q 

(or p) simply the charge (or the charge density). When it is necessary to 
distinguish it from the polarization charge Qp of the medium or the ‘otal 
charge Q + Qp, the charge Q will be called the external charge. By 

‘external’? we do not mean that it necessarily lies outside the physical 
boundary of the piece of material. We mean that it is in addition to the 
charges that make up the atomic constitution of the neutral material.* Since 

in many problems the external charges are given, it is an advantage that the 

total electrostatic field at each point in the dielectric medium is expressed as 
the sum of two parts 

1 1 
E(x, y, z) = ~ DU ¥, 2) — — P(x, y, z) (4-30) 

0 0 

where the first term, (1/€))D, is related to the external charge density 

“The external charge is very often called the “free” charge, and polarization charge is 

sometimes used synonymously with bound charge. In electrostatics, this confusion does not 

cause too much trouble because the external charge on a conductor is free (i.e., free to move 

around) and the polarization charge in a dielectric is bound. The external charge in a 

dielectric is not free, however—if it were it would quickly move to the surface and leak off. 

Also, most conducting media contain, in addition to the free charges that determine the 

electrostatic behavior of a conducting object, some bound charges, which in other 

circumstances contribute to polarization (Chapter 7). With time-dependent fields (Chapter 

19), it is very important not to confound the distinction between external and polarization 

charges with that between free and bound charges. Thus, we shall exclusively use the term 

external charge in this context. 
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through its divergence, and the second term, (—1/€,)P, is proportional to 

the polarization of the medium. In a vacuum, the electric field is given 

entirely by the first term in Eq. (4-30). 

ELECTRIC SUSCEPTIBILITY AND DIELECTRIC 
CONSTANT 

In the introduction to this chapter, it was stated that the polarization of a 
dielectric medium occurs in response to the electric field in the medium. 
The degree of polarization depends not only on the electric field, but also 
on the properties of the molecules that make up the dielectric material. 

From the macroscopic point of view, the behavior of the material is 

completely specified by an experimentally determined relationship, called a 

constitutive equation, P = P(E), where E is the macroscopic electric field. 

This expression is a point relationship, and if E varies from point to point in 
the material, then P will vary accordingly. 

For most materials, P vanishes when E vanishes, which is the usual 

behavior. Consequently, we shall limit our discussion here to materials of 

this type. (Dielectrics with a permanent polarization will be discussed briefly 
in Section 5-4.) Furthermore, if the material is isotropic, then the 
polarization should have the same direction as the electric field that is 

causing it. 

These results are summarized by the constitutive equation 

P= x(E)E (4-31) 

where the scalar quantity y(E) is called the electric susceptibility of 

the material. 

A great many materials are electrically isotropic; this category includes 

fluids, polycrystalline and amorphous solids, and some crystals. A treatment 

of the electrical properties of anisotropic materials is beyond the scope of 

this text. 

Combining Eq. (4-31) with Eq. (4-27), we obtain an expression for 

D in isotropic media: 

D = €(E)E (4-32) 

erent ye) (4-33) 
where €(E) is the permittivity of the material. It is evident that e, 

€ , and x all have the same units. 
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Although we have been careful to write y and e€ in the form x(£) and 

€(E), nevertheless it is found experimentally that x and € are frequently 

independent of the electric field, except perhaps for very intense fields. 

In other words, x and ¢ are frequently constants characteristic of 
the material. Materials of this type will be called linear dielectrics, 

and they obey the relations 

P = xE (4-31a) 

D = cE (4-32a) 

The electrical behavior of a material is now completely specified by either 

the permittivity € or the susceptibility x. It is more convenient, however, to 
work with a dimensionless quantity K defined by 

e = K€ (4-34) 

K is called the dielectric coefficient, or simply the dielectric constant. From 

Eq. (4-33) it is evident that 

(eee res (4-35) 
Eo Eo 

The dielectric constants for some commonly encountered materials are 

given in Table 4-1. Except for a few examples in which the polarization P of 

the material is specified, the problems in this book deal with linear 

dielectrics. 

If the electric field in a dielectric is made very intense, it will begin to 

pull electrons completely out of the molecules, and the material will become 

conducting. The maximum electric field which a dielectric can withstand 
without breakdown is called its dielectric strength. The dielectric strengths, 
Emax, Of a few substances are also given in Table 4-1. 

POINT CHARGE IN A DIELECTRIC FLUID 

One of the simplest problems involving a dielectric that we might consider is 
that of a point charge q in a homogeneous isotropic medium of infinite 
extent. The dielectric medium will be assumed to be linear and charac- 
terized by a dielectric constant K. Although this problem is quite simple, it 
will nevertheless prove instructive. 

EXAMPLE 4-1 Let the point charge q be located at the origin in a dielectric fluid of 
Electric Field of a Point dielectric constant K. Find the electric field E in the fluid. 

Charge in a Dielectric Fluid 
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Neen sss 

ABLE 4-1 Dielectric Dielectric 
roperties of Dielectric constant strength 

Aaterials Material K Emax (W/m) 

Aluminum oxide 4.5 6 x 10° 
Glass* 5-10 9 x 10° 
Nylon ce 19 x 10° 
Polyethylene 2.3 18 x 10° 
Quartz (SiO,) 4.3 
Sodium chloride 6.1 

Sulfur 4.0 

Wood* 2.5-8.0 

Alcohol, ethyl (0°C) 28.4 
Benzene (0°C) eRe 

Water (distilled, 0°C) 87.8 

Water (distilled, 20°C) 80.1 

Air (1 atm) 1.00059 5 ae Ug 
Air (100 atm) 1.0548 

CO, (1 atm) 1.000985 

*For materials such as glass and wood, the chemical 

composition varies; hence, the range of dielectric constants. 

It is not to be inferred that the material is nonlinear. 

Source: Data from the Handbook of Chemistry and Physics, 

58th ed. (Cleveland, OH: CRC Press, Inc., 1978). 

Solution: If the point charge q were situated in a vacuum, the electric 
field would be a pure radial field. But since E, D, and P are all parallel 
to one another at each point, the radial nature of the field is not 

changed by the presence of the medium. Furthermore, from the 

symmetry of the problem, E, D, and P can depend only on the distance 

from the point charge, not on any angular coordinate. Let us apply 

Gauss’s law, Eq. (4-28), to a spherical surface of radius r that is located 

concentrically about q. Then 

4nr°D = q 

and 

ae 

Amr? 

or 

pa (4-36) 
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The electric field and polarization may now be evaluated quite easily: 

q Pe 4-37 
4nKeor° : 4230 

_ (K = 14 4-38 
Py epee ope 

Thus, the electric field is smaller by the factor K than would be the case 

if the medium were absent. 

At this point, it will be instructive to look at the problem in more detail 

and try to see why the dielectric has weakened the electric field. The electric 

field has its origin in all of the charge—both external and polarization 

charge. The external charge is just the point charge qg. The polarization 

charge, however, is made up from two contributions: a volume density 

pp = —V~-P and a surface density op = P- non the surface of the dielectric 

in contact with the point charge. Using Eq. (4-38), we find that V-P 
vanishes for r # 0, so there is no volume density of polarization charge in 

this case. 
Our point charge q is a point in the macroscopic sense. Suppose it is 

large on a molecular scale and we can assign to it a radius b, which 
eventually will be made to approach zero. The total surface polarization 

charge is then given by 

Kr] Qp = lim 41b*(P-n),., = — A= (4-39) 
b—0 K 

The total charge 

1 
Opitig'tst=g (4-40) 

K 

appears as a point charge from the macroscopic point of view, and it is now 

clear why the electric field is a factor K smaller than it would be if the 

medium were absent. A schematic diagram of the point charge q in a 
dielectric medium is shown in Fig. 4-5. 

BOUNDARY CONDITIONS ON THE FIELD VECTORS 

Before we can solve more complicated problems, we must know how the 

field vectors E and D change in passing an interface between two media. 
The two media may be two dielectrics with different properties, or a 
dielectric and a conductor. Vacuum may be treated as a dielectric with 
permittivity €,. 

Consider two media, 1 and 2, in contact as shown in Fig. 4-6. We shall 
assume that there is a surface density of external charge, 0, which may vary 
from point to point on the interface. Let us construct the small pillbox- 
shaped surface S that intersects the interface and encloses an area AS of the 
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interface, the height of the pillbox being negligibly small in comparison with 
the diameter of the bases. The charge enclosed by S is 

ao AS + 4(p; + px) X volume 

but the volume of the pillbox is negligibly small, so that the last term may 

be neglected. Applying Gauss’s law to S, we find 

D,:-n, AS + D,-n, AS = o AS 

or 

(D, — D,):m=o0 (4-41a) 

Since nm, may serve as the normal to the interface 

Dz, — Di, = 0 (4-41b) 

Thus, the discontinuity in the normal component of D is given by the 

surface density of external charge on the interface. Or, to put it another 

IGURE 4-6 

soundary conditions on 
he field vectors at the 
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way, if there is no charge on the interface between two media, the normal 

component of D is continuous. 

Because the electrostatic field E may be obtained as minus the gradient 

of a potential, the line integral of E- dl around any closed path vanishes. 

Let us apply this result to the rectangular path ABCD of Fig. 4-6. On this 

path, the lengths AB and CD will be taken equal to Al and the segments 

AD and BC will be assumed to be negligibly small. Therefore, 

E,- Al + E,-(—Al) = 0 

or 

(E, — E,):Al=0 (4-42a) 

Hence, the desired result is 

Eo, = Ey, (4-42b) 

Thus, the tangential component of the electric field is continuous across an 

interface. 
The preceding results have been obtained for two arbitrary dielectric 

media, but it is interesting to see what the equations would predict if one of 
the media were a conductor. Since there is no molecular restoring force on 
the free charges of a conductor, it would seem that we would have x = © 

for a conductor in Eq. (4-31), and € =~ according to Eq. (4-33). If 

medium 1 is taken as the conductor, then we conclude that E, = 0 whatever 

the (finite) values of P, and D,, as we have already inferred by different 

reasoning in Chapter 2. Since E, vanishes, Eq. (4-42b) becomes 

E,, = 0 (4-43) 

The displacement D, is not determined by these considerations, however. If 
for our present purposes we arbitrarily take it to be zero, Eq. (4-41b) 
becomes 

D2, = 0 (4-44) 
where o then represents the total surface charge density on the conductor 
but does not include the polarization surface charge on the dielectric. An 
alternative approach is to solve the dielectric problem and then let K, go to 
infinity. (See Problems 4-12 and 4-14.) Then o represents polarization 
charge of the conductor (plus any external charge on the conductor). 
Physically the result is the same. Equation (4-44) also follows from Eqs 
(4-28) by the same argument that led to Eq. (2-31). (See Fig. 2-10.) Note 
that the field in the dielectric is always perpendicular to the surface of the 
conductor according to Eq. (4-43). 

It is evident on purely physical grounds that the potential @ must be 
continuous across an interface. Continuity of @ follows because the 
difference in potential, Ag, between two closely spaced points is —E- Al, 
where Al is the separation of the two points, and from what has been said 
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FIGURE 4-7 

A tube of displacement 
flux 

4-8 

above there is no reason to expect E to become infinite at an interface. 
Actually, the continuity of the potential is a boundary condition, but not 

independent of those already derived. It is equivalent in most cases to Eq. 
(4-42b). 

From the discussion given here and in preceding sections, it may be 

inferred that the electric displacement D is closely related to external 

charge. We should now like to prove an important property of D, namely, 
that the flux of D is continuous in regions containing no external charge. To 

do so, we again resort to Gauss’s law. Let us focus our attention on a region 

of space and construct lines of displacement, which are imaginary lines 
drawn in such a way that the direction of a line at any point is the direction 

of D at that point. Next we imagine a tube of displacement, a volume 
bounded on the sides by lines of D but not cut by them (Fig. 4-7). The tube 

is terminated at its ends by the surfaces S, and S,. Applying Gauss’s law, we 

obtain 

[ D-naa - D-n'da=Q (4-45) 
Sy S 

If there is no external charge in the region, then Q = 0, and the same 

amount of flux enters the tube through S, as leaves through S,. When 
external charge is present, it determines the discontinuity in displacement 
flux. Thus, lines of displacement terminate on external charges. The lines of 

force, on the other hand, terminate on either external or polarization 

charges. 

BOUNDARY-VALUE PROBLEMS INVOLVING 
DIELECTRICS 

The fundamental equation that has been developed in this chapter is 

V-D=p (4-46) 
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where p is the external charge density. If the dielectrics with which we are 

concerned are linear, isotropic, and homogeneous, then D = e€E, where € is 

a constant characteristic of the material, and we may write 

1 
V-E=-p (4-47) 

€ 

But the electrostatic field E is derivable from a scalar potential @: 

E = -Vo 

so that 

3 1 
V p= =e p (4-48) 

Thus, the potential in the dielectric satisfies Poisson’s equation. The only 

difference between Eq. (4-48) and the corresponding equation for the 

potential in vacuum is that € replaces €y (and p means the external instead 

of the total charge density). 
In most cases of interest, the dielectric contains no charge distributed 

throughout its volume—that is, p = O inside the dielectric material. The 

charge exists on the surfaces of conductors or is concentrated in the form of 

point charges, which may, to be sure, be embedded in the dielectric. In 

these circumstances, the potential satisfies Laplace’s equation throughout 
the body of the dielectric: 

Vy =0 (4-49) 
In some problems there may be a surface density of charge, o, on the 
surface of a dielectric body or on the interface between two dielectric 

materials, but this condition does not alter the situation, and Eq. (4-49) still 
applies so long as p = 0. 

An electrostatic problem involving linear, isotropic, and homogeneous 

dielectrics reduces, therefore, to finding solutions of Laplace’s equation in 

each medium and joining the solutions in the various media by means of the 

boundary conditions of the preceding section. There are many problems 
that may be solved by this method. One example will be discussed here, and 

additional examples will be found in the problems at the end of the chapter. 

EXAMPLE 4-2 We should like to determine how the lines of force are modified when a 

Dielectric Sphere in a Uni- dielectric sphere of radius a is placed in a region of space containing an 
form Electric Field initially uniform electric field Eo. Let us assume the dielectric to be 

linear, isotropic, and homogeneous and to be characterized by the 

dielectric constant K. Furthermore, it bears no charge. The origin of 
our coordinate system may be taken at the center of the sphere, and the 
direction of Ey as the polar direction (z-direction). 
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Solution: The potential may then be expressed as a sum of zonal 
harmonics. Just as in Section 3-5, all boundary conditions can be 
satisfied by means of the two lowest-order harmonics, and we write 

g(r, 0) = A,rcos @ + C,r~* cos 0 (4-50) 

for the vacuum region (1) outside the sphere, and 

g(r, 8) = Azrcos 6 + Cyr~* cos 8 (4-51) 

for the dielectric region (2). The constants A,, A>, C,, and C, are 

unknown and must be determined from the boundary conditions. The 
harmonic r_' is not required, since its presence implies a net charge on 

the sphere. A constant term may be added to Eqs. (4-50) and (4-51), 

but since it turns out that the same constant is required in both 

equations, we may, without loss of generality, take it to be zero. 

At distances far from the sphere, the electric field will retain 

its uniform character, and @,—*Eprcos@. Hence A, = —E,p. 

Furthermore, unless C, = 0, the potential and associated electric field 

would become infinite at the center of the sphere, which would imply 

the existence of a point dipole at the center—that is, a dipole whose 

moment is not proportional to AV. No macroscopic point dipole exists 
here, for as has already been discussed in Section 4-3, the potential and 

macroscopic field do not become infinite in a dielectric devoid of point 
charges. Hence, C, = 0, and the remaining constants, A, and C,, may 

be obtained from the boundary conditions of Section 4-7. 

Continuity of the potential across the interface between the 
dielectric and vacuum requires that @, = @2 at r = a, or 

—FEoa ta Chae = Aa (4-52) 

Since the normal component of D at the interface is D, = —e€(Oq@/dr), 

the continuity of D, (there is no charge on the surface of the dielectric) 

requires that D,, = D2,, at r = a, or 

Eo se 20s — —KA, (4-53) 

Continuity of E, at r = a is equivalent to Eq. (4-52). 
Combining Eqs. (4-52) and (4-53), we obtain 

3Eo 
= — —— 4-54 

A; Kes bass), 

and 
S| 

ras = (K far l)a Eo (4-55) 

K+2 

Thus, the problem has been solved. The potential is given by Eqs. 

(4-50) or (4-51), and the constants A,, C,, Az, and C; are all known. 

The components of E and D may be obtained at any point (r, 6, @) by 
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FIGURE 4-8 
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differentiation. It is evident from Eq. (4-54) and because C, = 0 that 
the electric field inside the sphere has the direction of Ep and is given by 

3 
= E 
Ko 

E, (4-56) 

The lines of displacement and the lines of force are shown in Fig. 4-8. 

FORCE ON A POINT CHARGE EMBEDDED 
IN A DIELECTRIC 

We are now in a position to determine the force on a small, spherical, 

charged conductor embedded in a linear, isotropic dielectric. In the limit in 
which the conductor is negligibly small from the macroscopic viewpoint, this 
calculation gives the force on a point charge. 

The electric field and surface charge density at a representative point of 

the conductor surface will be obtained by the boundary-value procedure of 
the preceding section, and the force F may then be obtained from the 
integral over the surface: 

ve p E’oda (4-57) 
iS 

Here E’ stands for the electric field at the surface element da minus that 

part of the field produced by the element itself. In other words, 

E'=E-E, (4-58) 

where E, is the electric field produced by the surface element of charge 
oda. It is important that E, not be included in the field E’, because the 

quantity E,o da represents the interaction of the charge element oda with 
its own field. This self-interaction clearly produces no net force on the 
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FIGURE 4-9 
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element, but gives rise to a surface stress 

§ = o€, (4-59) 

which is due to the mutual repulsion of the electrons (or of the excess 

positive ions) in the surface layer. This stress is balanced by strong cohesive 

forces in the material of which the element is composed. It should be 

pointed out that when calculating forces on charged objects in Chapters 2 

and 3, we implicitly subtracted the self-field E,. Thus, when calculating the 

force on a point charge, the field produced by the point charge was not 

included. A further discussion of the forces on charged objects will be taken 
up in Section 6-8. 

It may appear that the self-field of the charged surface element oda is 

negligible because the element is of infinitesimal size. This field, however, is 
finite. The element is small from the macroscopic point of view, to be sure, 
but one never quite goes to the limit. At a point directly on its surface, the 

element appears as a section of a plane (Fig. 4-9). The field E, is 

perpendicular to the element but oppositely directed on each side of the 
element. The total field inside the conductor is zero; hence, 

EK’ — E, = 0 (inside conductor) (4-60) 

This equation provides us with a relationship between E’ and E, on the 
surface and, hence, between E’ and the macroscopic electric field E at the 

surface: 

1 o) ee ae, ipo 4-61 Ege Eobac > Egan 8 (4-61) 

The force on the conductor becomes 

1 
F= 5 | Boda (4-S7a) 

Let us now fix our attention on a small spherical conductor embedded in 

a dielectric of infinite extent. The total charge on the conductor is Q, and its 

radius is a. Since we shall eventually go to the limit in which a becomes very 

small and since variations in the electric field (if they exist) are on a 

macroscopic scale, it is sufficient to consider the case in which the electric 
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field is initially uniform in the neighborhood of the conductor. Let us denote 

this uniform field by the symbol Eo. The picture is similar to that of the 

boundary-value problem we solved in Section 3-5, except that here the 

conducting sphere is embedded (or immersed) in a dielectric of permittivity 

€, and in addition bears a net charge Q. 

By analogy with Section 3-5 we easily determine the following. 

The potential, 

g(r, 9) = Po — Eor cos 6 + F0t cos 6+ a (4-62) 

The electric field, 

= E,(1 + 2a?/r*) cos 8 + Q/4zer? 

‘i = ate ~ en sin 0 a rea 

The surface charge density on the surface of the sphere, 

o(0) = cE, = 3eh, cos Orn UO 4na- (4-64) 

The force may now be determined from Eq. (4-57a). By symmetry, the only 

nonzero component of force is that in the direction @ = 0, i.e., in the 

z-direction: 

Pia 

rae 5 (E,),=4 COS 00(0)2na’ sin 0d@ = EyQ (4-65a) 
0) 

Or 

be OFno (4-65b) 

This result is unchanged as we go to the limit of small a. Thus, the electric 

field in the dielectric Ey is in agreement with the fundamental definition, 

namely, the force on a small test charge Q divided by the magnitude of Q. 

4-10 —____ SS METHOD OF IMAGES FOR PROBLEMS INVOLVING 
DIELECTRICS 

The method of images, discussed in the previous chapter, may be 
generalized to obtain solutions to Laplace’s equation for the case where 
there are two or more dielectric media in the problem. Recall that when 
employing the image-charge technique, the potential in a region of space is 
envisioned as being produced by ‘“‘point”’ charges and charged conductors in 

the region and by fictitious image charges outside the region. The image 
charges appear to be located inside of one or more conductors. 

The only difference when we have two or more dielectrics present is 
that the fictitious image charges may also be located inside one of the other 
dielectrics (not the one where the potential is being calculated), and the 
boundary conditions at each dielectric-dielectric interface must be satisfied. 
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FIGURE 4-10 xz 
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EXAMPLE 4-3 

Field of a Point Charge Near 
a Dielectric- Dielectric 

Interface 

Consider two dielectric media with constant permittivities, €, and €, 

that are separated by a plane interface. There is no external charge on 
the interface. A point charge q is embedded in the medium charac- 

terized by €, at a distance d from the interface (Fig. 4-10). The problem 
posed: What are the electric fields in media 1 and 2? 

Solution: For convenience, we may take the yz-plane through the 
origin to be the interface, and we locate g on the x-axis at x = —d. If 
we use the problem described in Section 3-9 as a guide, we might expect 

the potential in each medium to be expressible as the sum of the 
potential of the point charge q and that of an image charge. Further- 
more, we surmise the image charge to be located at the same distance d 

from the interface as the original point charge. Let 

r=V(ixtdyvrty* +z and err = \V\(xeady ya oe 

Then in medium 1, 

1 fq r = —|-+>— 4-66 
a 4m€, 2 # ( ) 

In other words, the image charge q’ is located in medium 2 at position 

(d, 0, 0). 
For the potential 2 in medium 2, the image charge must be located 

in medium 1, as is also the original charge q, both at position (—d, 0, 0). 

We denote the sum of the charges by q”. Then in medium 2, 

di 4-67) 
3 4m€2r ( 
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The quantities q’ and qg” can be obtained from the boundary 

conditions at the interface. We calculate D,,, = —€, 9q,/ Ax|,=0, and so 

forth, and evaluate D,,, = D,,, according to Eq. (4-41b): 

(q — q')d qd = __________ 4-68 
[d? ae y? ae alae [d* at y? se 5d es ( ) 

Next we evaluate E,, = —99,/dy|,~-0, and so on and then evaluate 

E,, = E, according to Eq. (4-42b): 

(q + q')y q'y = 4-69 
€,[d? at yA ae ran le €,[d? al y? =f bad ns ( ) 

Nothing new is obtained from the continuity of @ at the interface. 

Solving Eqs. (4-68) and (4-69) for q’ and q", we obtain 

2€> 
:, ieee 4-70 

ge q Apa) ep ge! ( ) 

(Sy = Sp , 
Ga= 

Laplace’s equation is satisfied in both media and the boundary 
conditions are satisfied. The solution is unique. 

SUMMARY 

The electrostatic behavior of a dielectric medium is completely charac- 

terized by its dipole moment per unit volume or polarization: 

. Ap 
P = lim — in Te 

This procedure produces the polarization charge density 

Ppp = —V-P, (op = n: P) 

giving rise to the potential 

ppt’) du’ + pO) 1 
g(r) = —— 

ir =r r—r] 4m€o 

The total E-field due to external charges plus the polarization charge 
satisfies 

V-E=—(p + pp) 
It is convenient to define the vector field, electric displacement, 

D = e«.E +P 

such that 

V-D=o0 
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with only the external charges as sources. The curl equation 

VxE=0 

is unchanged because it does not contain the charge density. In order to 

solve the equations for the fields, the constitutive equation 

P = P(E) 

must also be known for the particular material. Then the last four 

equations, subject to the boundary conditions 

D;,/ = Di, =10 and E,, -— E,, = 0 

are sufficient to determine E and D inside and outside dielectrics. 

¢ The integral form of Gauss’s law becomes 

} D-nda = 9 

where Q includes only the external charge located inside the surface S. 

(Consequently, just outside the surface of a conductor embedded in a 

dielectric medium, D,, = o.) The curl equation still allows the definition of 

the potential by 

E = -Vo 

¢ Most dielectric materials are linear, with constant susceptibility x: 

P = xE 

This constitutive equation combined with the definition of D gives 

D = c«E 

where 

Ca Cyt y. 

The dielectric constant 

€ 
Kk =— 

€o 

is between 1 and 100 for most common dielectrics; for all dielectrics, K = 1 

(y = 0). For vacuum, K = 1 (y = 0). The electrostatic behavior of a 

conductor can be obtained by letting K be infinite. 

¢ In a linear medium, 

1 
Va EHS) wands Vp 

€ 

The mathematical techniques for solving Poisson’s and Laplace’s equations 

are similar to those of Chapter 3, with the appropriate boundary conditions 
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PROBLEMS ——— 

at a dielectric interface, 

O@2 OP 
= K,— and = Kea an 1 an P2 Pi 

(with the last equation equivalent to E>, = E,,). 

4-1 A thin dielectric rod of cross section A extends along the x-axis from x = 0 to 

x = L. The polarization of the rod is along its length and is given by P, = ax? + b. 

(a) Find the volume density of polarization charge and the surface polarization 

charge on each end. (b) Show explicitly that the total polarization charge vanishes in 

this case. 

4-2 A dielectric cube of side L has a radial polarization given by P = Ar, where A is 

a constant and r = ix + jy + kz. The origin of coordinates is at the center of the 

cube. (a) Find all polarization charge densities. (b) Show explicitly that the total 

polarization charge vanishes. 

4-3 A dielectric rod in the shape of a right circular cylinder of length L and radius R 

is polarized in the direction of its length. If the polarization is uniform and of 

magnitude P, calculate the electric field resulting from this polarization at a point on 
the axis of the rod. 

4-4 Prove the following relationship between the polarization P and the polarization 

charge densities pp and op for a dielectric specimen of volume V and surface S: 

[ Pav = | pordv + | oprda 
Vv Vv Ss 

Here, r = ix + jy + kz is the position vector from any fixed origin. [Hint: Expand 
V - (xP) according to Eq. (4-10).] 

4-5 Two semi-infinite blocks of dielectric are placed almost in contact so that there 

exists a narrow gap of constant separation between them. The polarization P is 

constant throughout all of the dielectric material, and it makes the angle y with the 

normal to the planes bounding the gap. Determine the electric field in the gap. 

4-6 A long cylindrical conductor of radius a, bearing the charge A per unit length, is 
immersed in a dielectric medium of constant permittivity €. Find the electric field at 

distance r > a from the axis of the cylinder. 

4-7 Two dielectric media with dielectric constants K, and K, are separated by a 

plane interface. There is no external charge on the interface. Find a relationship 

between the angles 6, and 6,, where these are the angles that an arbitrary line of 

displacement makes with the normal to the interface: 6, in medium 1, 6, in 

medium 2. 

4-8 A coaxial cable of circular cross section has a compound dielectric. The inner 
conductor has an outside radius a, which is surrounded by a dielectric sheath of 
dielectric constant K, and of outer radius b. Next comes another dielectric sheath of 
dielectric constant K, and outer radius c. The outer conducting shell has an inner 
radius c. If a potential difference @ is imposed between the conductors, calculasg 
the polarization at each point in the two dielectric media. 

4-9 A spherical conductor of radius R, is surrounded by a solid dielectric spherical 
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shell of outer radius R,, inner radius R, and dielectric constant K,. This composite 

entity is immersed in a fluid of dielectric constant K, and is subjected to an initially 

uniform electric field E,. Determine the electric field in the two dielectric media. 

4-10 A long dielectric cylinder of radius a and dielectric constant K is placed in a 

uniform electric field Ey. The axis of the cylinder is oriented at right angles to the 

direction of Ej. The cylinder contains no external charge. Determine the electric 

field at points inside and outside the cylinder. 

4-11 A point dipole p is placed at the center of a solid dielectric sphere of radius a 

and dielectric constant K. Find the electric field at points inside and outside the 

sphere. [Hint: The field outside is a dipole field; inside another term is needed in 
addition to a dipole field. ] 

4-12 Show that if K goes to infinity in the solution for a dielectric sphere in an 

initially uniform field as derived in Section 4-8, the result is the same as that for a 

conducting sphere derived in Section 3-5. 

4-13 A plane slab of material with dielectric constant K, is bounded on both sides by 

material of dielectric constant K,. The electric field in medium 2, E;, is given to be 

uniform and perpendicular to the boundaries. Find (a) the field E,, (b) the 

polarization P,, and (c) the polarization charge in medium 1. 

4-14 Show that if K, goes to infinity in Problem 4-13, the result agrees physically 

with Eq. (4-44). 

4-15 Two parallel conducting plates are separated by the distance d and maintained 

at the potential difference Ag. A dielectric slab, consisting of dielectric constant K 

and of uniform thickness t < d, is inserted between the plates. Determine the field 

vectors E and D in the dielectric and also in the vacuum between dielectric and one 

plate. Neglect edge effects due to the finite size of the plates. 

4-16 Two parallel conducting plates are separated by the distance d and maintained 

at the potential difference Ag. A dielectric slab, of dielectric constant K and of 

uniform thickness d, is inserted snugly between the plates. However, the slab does 

not completely fill the volume between the plates. (a) Find the electric field (1) in the 

dielectric and (ii) in the vacuum region between the plates. (b) Find the charge 

density o on that part of the plate (i) in contact with the dielectric and (ii) in contact 

with vacuum. (c) Find op on the surface of the dielectric slab. 

4-17 A conducting sphere of radius R floats half submerged in a liquid dielectric 

medium of permittivity €,. The region above the liquid is a gas of permittivity €). 

The total charge on the sphere is Q. (a) Find a radial inverse-square electric field 

satisfying all boundary conditions, and determine the free, bound, and total charge 
densities at all points on the surface of the sphere. (b) Formulate an argument to 

show that this electric field is the actual one. 

4-18 A uniform electric field Ey is set up in a medium of dielectric constant K. Prove 

that the field inside a spherical cavity in the medium is 

PSK Es 

eK sent 

*4-19 A dielectric sphere of radius R has a permanent polarization P, which is 

uniform in direction and magnitude. The polarized sphere gives rise to an electric 

field, Determine this field (a) inside the sphere and (b) outside the sphere. Inside the 
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sphere the electric field, which is in the opposite direction to the polarization, is 

called a depolarizing field. [Hint: Since V - P vanishes at all points, the electrostatic 

potential satisfies Laplace’s equation both inside and outside the sphere. Do not 
assume that the dielectric is characterized by a dielectric constant. ] 

4-20 In the text, it was shown that the polarization P = p;(8° — 6 ). Use this 

relation for the uniformly polarized sphere of Problem 4-19 to determine the 

external dipole field directly. 



CHAPTER 5 

Microscopic 
Theory of 
Dielectrics 

In the preceding chapter, we were concerned with the macroscopic aspects 

of dielectric polarization. It was shown how the polarization could, in many 

cases, be taken into account through the introduction of a dielectric 

constant. In this way, the electric field could be computed directly from a 

consideration of the external charge distribution. Although reference was 

made to the molecules of the dielectric several times in Chapter 4, a 

microscopic treatment of the material was not carried through in detail, and 

the overall picture that was presented was certainly from the macroscopic 
point of view. In this chapter, we examine the molecular nature of the 
dielectric and see how the electric field responsible for polarizing the 

molecule is related to the macroscopic electric field. Further, on the basis of 

a simple molecular model, it is possible to understand the linear behavior 
that is characteristic of a large class of dielectric materials. 

MOLECULAR FIELD IN A DIELECTRIC 

The electric field that is responsible for polarizing a molecule of the 
dielectric is called the molecular field, E,,,. 

The molecular field is the electric field at a molecular position in the 
dielectric, and it is produced by all external sources and by all 

polarized molecules in the dielectric with the exception of the one 
molecule at the point under consideration. 

It is evident that E,, need not be the same as the macroscopic electric field 

because, as was discussed in Section 4-3, the latter quantity is related to the 

127 
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FIGURE 5-1 
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force on a test charge that is large in comparison with molecular 

dimensions. 
The molecular field may be calculated in the following way. First we cut 

out a small piece of the dielectric, leaving a spherical cavity surrounding the 
point at which the molecular field is to be computed. The dielectric that is 

left will be treated as a continuum—that is, from the macroscopic point of 

view. Now we put the dielectric back into the cavity, molecule by molecule, 

except for the molecule at the center of the cavity where we wish to 
compute the molecular field. The molecules that have just been replaced are 

to be treated, not as a continuum, but as individual dipoles. The procedure 
just outlined can be justified only if the result of the calculation is 

independent of the size of the cavity, which, as we shall see, is indeed the 

case under certain conditions. 
Let us suppose that a thin dielectric sample has been polarized by 

placing it in the uniform electric field between two parallel plates that are 
oppositely charged, as shown in Fig. 5-1(a). It will be assumed that the 
polarization is uniform on a macroscopic scale (i.e., V+ P = 0) and that P is 
parallel to the field producing it. The part of the dielectric outside the cavity 

may be replaced by a system of polarization charges as shown in Fig. 5-1(b), 

whence the electric field at the center of the cavity may be written as 

E,, = E, + E, + E, + E’ (S-1) 

Here E, is the primary electric field due to the charged parallel plates, E, is 

the depolarizing field due to polarization charge on the outside surfaces of 

the dielectric, E, is due to polarization charge on the cavity surface §, and 

E’ is due to all of the dipoles inside of §. Although we are not concerned 

with the explicit form of E,, it is evident that if the dimensions of the plates 

are large compared with their separation, E, = (1/€9)0, where o is the 
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surface charge density. The depolarizing field is also produced by two 
parallel planes of charge, this time with the density op. Since op = P, = 
ne ge 

1 
E, = ——P (5-2) 

Eo 

Let us write the macroscopic electric field in the dielectric without a 

subscript—that is, E. Since the normal component of the electric displace- 
ment D is continuous across the vacuum-dielectric interface, and since 

D = €,E, in the vacuum just outside the dielectric slab, 

E=E, + E, (5-3) 

Combining Eqs. (5-1), (5-2), and (5-3) yields 

E,, = E+ E, + E’ (5-4) 

This equation relates the molecular field to the macroscopic electric field in 
the dielectric material. The result is quite general and not restricted to the 
spherical-cavity and plane-electrode geometry of Fig. 5-1. Nevertheless, this 
simple derivation is instructive and will be useful in Section 5-4. 

The field E, arises from polarization charge density, op = P,, on the 

spherical surface S. Using spherical coordinates and taking the polar 
direction along the direction of P, as in Fig. 5-2, we obtain 

—P 3] 
= edt) ate ae dE 

id 4n€or° 
(5-5) 

where r is the vector from the surface to the center of the sphere. From 
symmetry, it is evident that only the component of dE, along the direction 

of P will contribute to the integral of Eq. (5-5) over the complete surface. 

Since da = r’sin 9d@ dq, 

1 

41€o 

2x 4 1 

P| ag] cos? 6 sin 8@d@ = ——-P (5-6) 
0 0 E, = 3€5 

FIGURE 5-2 

Calculation of the ‘‘cav- 

ity” surface contribution 

to E,, 
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Finally, we come to the last term in Eq. (5-4), that due to the electric 

dipoles inside S. There are several important cases for which this term 

vanishes. If there are a great many dipoles in the cavity, if they are oriented 

parallel but randomly distributed in position, and if there are no correla- 

tions between the positions of the dipoles, then E’ = 0.* This situation 
might, for example, prevail in a gas or a liquid. Similarly, if the dipoles in 
the cavity are located at the regular atomic positions of a cubic crystal, then 

again E’ = 0. In this connection, the reader is referred to Problem 5-2. 

In the general case, E’ is not zero, and if the material contains several 

species of molecule, E’ may differ at the various molecular positions. It is 

this term that gives rise to the anisotropic electrical behavior of calcite, for 

example. Since it is not our purpose to develop a theory of anisotropic 
material, we restrict further discussion to the rather large class of materials 
in which E’ = 0. Thus, Eq. (5-4) reduces to 

ib 
E, =E+—P 5-7 3¢, (5-7) 

It is interesting to note that this result would be obtained directly by the 

above method if the spherical cavity were created by removing just one 

molecule. But under these conditions, the cavity would be so small that the 

replacement of the rest of the dielectric by a system of polarization charges 
could not be justified. 

The dipole moment of a molecule is proportional to the electric field 
(the polarizing field) acting on it. 

The ratio of the dipole moment of a molecule to the polarizing field 
is called the molecular polarizability, w. In other words,+ 

Pn = aE,, (5-8) 

If there are N molecules per unit volume, then the polarization P = Np,,. 

Combining this result with Eqs. (5-7) and (5-8), we obtain 

1 
P = No(E + — ) : w Ths (5-9) 

This equation may be rewritten in terms of the dielectric constant, K, since 
P = xE = (K — 1)€0E. 

*See W. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2nd ed. (Reading, 
Mass.: Addison-Wesley, 1962), Chap. 2. 

+ The concept of polarizability can also be used to describe polar molecules, as we shall see in 
Section 5-3. 
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In this way, Eq. (5-9) becomes 

_ 360(K =) 
N (K + 2) Sate 

which is known as the Clausius-Mossotti equation. 

It is evident that Eq. (5-10) defines a molecular property, namely, the 
molecular polarizability, in terms of quantities that can be determined on a 
macroscopic basis. 

INDUCED DIPOLES: A SIMPLE MODEL 

The molecules of a dielectric may be classified as polar or nonpolar. A polar 

molecule is one that has a permanent dipole moment, even in the absence of 

a polarizing field E,,,. In the next section, the response of a polar dielectric 
to an external electric field will be studied. Here we deal with the somewhat 
simpler problem involving nonpolar molecules, in which the “centers of 
gravity” of the positive and negative charge distributions normally coincide. 

Symmetrical molecules such as H;, Nz, and O, and monatomic molecules 

such as He, Ne, and Ar fall into this category. 

The application of an electric field causes a relative displacement of the 

positive and negative charges in nonpolar molecules, and the molecular 
dipoles so created are called induced dipoles. The simplest type of molecule 

that can be envisioned is composed of a single atom. It is possible to 

construct a simple classical model for the atom and from this model derive 

an expression for the induced dipole moment, and hence for its polarizabi- 
lity. Although specifically designed to treat monatomic molecules, the 
model may be used for symmetrical diatomic molecules by applying it 
separately to each of the atoms in the molecule to obtain the atomic 

polarizabilities. The molecular polarizability is then the sum of these, or 
twice the atomic polarizability. 

An atom consists of an extremely small positively charged nucleus 

surrounded by orbital electrons that are in a state of continual motion. Since 

the electrons traverse their orbits in an exceedingly short time, of the order 

of 107'° second, it is evident that in the equivalent “‘static’’ atom each 

electronic charge is ‘“‘smeared”’ over its orbit. Quantum mechanics tells us 

that although this picture is essentially correct, it is somewhat naive; the 
electrons are not really localized on orbits, but have a finite probability of 

being situated in any part of the atom. Thus, the response of the atom to an 
electrostatic field or to slowly varying electric fields may be treated by 

considering the electron to be distributed over its orbit in the atom and each 

orbit to be smeared over a substantial part of the atomic volume. In short, a 

simple classical model of the atom consistent with this picture is a point 
positive charge (the nucleus) surrounded by a spherically symmetric cloud 
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of negative charge in which the density is essentially uniform out to the 

atomic radius Ro and is zero at larger radii. 
We are now in a position to compute the polarizability of this “atom.” 

The nucleus will be assigned the charge Ze, where e is the absolute value of 

the electronic charge and Z is the atomic number. Since the atom is 
electrically neutral, the total charge in the electron cloud is —Ze. If the 

atom is placed in a polarizing field E,,, the nucleus will be displaced relative 

to the center of the charge cloud by a distance that we shall call x. This 

displacement will be in the direction of E,,. We shall assume that the charge 
cloud moves rigidly during this displacement—that is, there is no distortion 

of the cloud by the polarizing field. The displacement x may be determined 
from the equilibrium of forces on the nucleus: The force ZeE,, acts in the 
direction of the field, whereas an electrostatic force between the nucleus 

and charge cloud tends to restore the initial configuration. By Gauss’s law, 

the negative charge attracting the nucleus is that part of the cloud within the 
sphere of radius x, and if the electronic density in the cloud is uniform, then 

this charge is Zex?/R5. Hence, 

(Ze)(Zex*/Ro) _ je micas (5-11) 

or 

Zex = 4n€ RE, (5-12) 

Since the atomic dipole created in this process is p,, = Zex, the last 

equation may be compared with Eq. (5-8), whence 

a = 47€ Ri (5-13) 

The atomic model just described may be tested by comparing results 

obtained from it with results derived from other sources. For example, Eq. 

(5-13) may be combined with the Clausius-Mossotti equation (5-10) to 

eliminate a. The resulting equation predicts the atomic radius Ro in terms of 
experimentally determined quantities. Ro obtained in this way agrees 

reasonably well with results from other experiments in those cases for which 
the model is particularly suited. Ro is of the order of magnitude of 1 
angstrom unit—that is, 10~'°m. (See Problem 5-1.) 

The polarizability derived in Eq. (5-13) is a constant, independent of 
the polarizing field. Hence, Eq. (5-13) leads to a constant value of K, and 
the dielectric so described is linear. 

POLAR MOLECULES: THE 
LANGEVIN-DEBYE FORMULA 

As mentioned in the preceding section, a polar molecule has a permanent 
dipole moment. A polar molecule consists of at least two different species of 
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FIGURE 5-3 

A random distribution of 
permanent dipoles 

atoms. During molecule formation, some of the electrons may be com- 

pletely or partially transferred from one atomic species to the other, with 

the resulting electronic arrangement being such that positive and negative 
charge centers do not coincide in the molecule. In the absence of an electric 

field, a macroscopic piece of the polar dielectric is not polarized, since the 
individual dipoles are randomly oriented, as shown in Fig. 5-3. The 
polarization has been defined as 

1 
P= — 5-14 

where the summation extends over all molecules in the volume element Av. 

When the p,, are oriented at random, the summation vanishes. 

If the polar dielectric is subjected to an electric field, the individual 

dipoles experience torques that tend to align them with the field. If the field 
is strong enough, the dipoles may be completely aligned, and the polariza- 

tion achieves the saturation value 

| = NP (5-15) 

where WN is the number of molecules per unit volume. This orientation 

effect is in addition to the induced dipole effects, which are usually present 
also. For the moment, we shall ignore the induced dipole contribution, but 
its effect will be added in later. 

At field strengths normally encountered, the polarization of a polar 
dielectric is usually far from its saturation value, and if the temperature of 

the specimen is raised the polarization becomes even smaller. The lack of 

complete dipole alignment is due to the thermal energy of the molecules, 
which tends to produce random dipole orientations. The average effective 
dipole moment per molecule may be calculated by means of a principle 

from statistical mechanics, which states that at temperature T the probabil- 
ity of finding a particular molecular energy EF is proportional to the 

Boltzmann factor 

e fikE (5-16) 

where k is Boltzmann’s constant and T is the absolute temperature. A 
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complete discussion of the basis for this principle will not be given here; the 

reader familiar with the Maxwell velocity distribution in a perfect gas has 

already encountered the principle. According to the Maxwell distribution 

law, the probability of a molecular velocity v is proportional to e747. 
But in Maxwell’s perfect gas, the molecules have only kinetic energy, dmv’. 

In the general case, E in Eq. (5-16) must include both kinetic energy E, and 

potential energy U, and the factor becomes 

@ EnlkT g—UIkT (5-17) 

The potential energy of a permanent dipole pp in an electric field E,,, is 

U = —po: E,, = —PoEm cos 8 (5-18) 

where 6 is the angle between py and the electric field. Since the molecular 
kinetic energies do not depend on the electric field, we can ignore the 
velocity distribution completely in the following calculation. The effective 

dipole moment of a molecular dipole is its component along the field 
direction—that is, pocos 6. Using the Boltzmann relationship, we find the 

average value of this quantity to be 

Po cos Ge tPoEm cos 0/kT dQ 

(po cos 8) = ———_________—___— (5-19) 
| etrste cos 0/kT dQ 

where dQ is an element of solid angle that may be replaced by 27 sin 0 d@ 

and the limits on @ are 0 and a. Since po, E,,, and kT are constants in the 

integration, the integrals may be readily performed. It is convenient to 
define 

sae PoEm 
ET (5-20) 

Equation (5-19) then yields 

1 
(pocos.0).= po[coth y - 4 (5-21) 

This equation is known as the Langevin formula. A plot of this function is 
given in Fig. 5-4. 

It can be seen from the figure that Eq. (5-21) does indeed give a 

saturation effect at large field strengths. At small values of y, however, the 

curve is linear, and this linear region is important at ordinary temperatures. 
The molecular dipole moment pp of most polar materials is such that y << 1 

for a full range of field strengths, even for those approaching the dielectric 
strength of the material, so long as the temperature is above about 250 K. 
Thus, a dielectric material containing polar molecules is, in general, linear. 

Since it is the linear region of Eq. (5-21) that is important, it is 
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FIGURE 5-4 

Plot of the Langevin 

function. The asymptotic 
value as y > © is one. 
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appropriate to expand coth y in a power series and keep only leading terms 

(see Problem 5-4). The first term cancels the last term in Eq. (5-21), with 

the result that 

PoEm 
3kT 

The term (pycos @) is the average effective dipole moment; therefore the 

polarization P = N(pocos @) and has the direction of E,,. Hence, Eq. 
(S-22a) may be written in the form 

il 
(Po cos 8) ~ 3 Poy = (5-22a) 

—p=+° fF (5-22b) 

From a comparison of this equation with Eq. (5-8), it is evident that the 
polarizability @ (i.e., the molecular dipole moment per unit polarizing field) 

is 

2 
Po ry ee ~ Ber (5-23) 

This result has been derived by neglecting induced dipole moments, and 

represents what we might call an orientational polarizability. Induced dipole 
effects, such as have been considered in the previous section, give rise to 
what might be termed a deformation polarizability, a. In the general case, 
then, the total molecular polarizability is 

a= X ae Se (5-24) 
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This expression is known as the Langevin-Debye equation and has been of 

great importance in interpreting molecular structures. 

PERMANENT POLARIZATION: FERROELECTRICITY 

It was seen in Section 5-1 that it is the molecular field E,, that is responsible 
for polarizing the individual molecules. The relationship between E,, and 

the macroscopic electric field E was given in Eq. (5-7). In most cases, the 

polarization is proportional to E, so that E,, vanishes when E goes to zero. 

But under certain conditions, Eq. (5-7) is also compatible with a permanent 

(or spontaneous) polarization. When E is set equal to zero, 

1 
E,7= Po (5-25) 

3€, 

or, in words, if a polarization Pp exists, it will create an electric field at the 

molecule, which tends to polarize the molecule. To be sure, a polarizing 
field exists, but if this field gives rise to a polarization different from Po, then 
the solution is not self-consistent. Therefore, if N is the number of 

molecules per unit volume, 

Na 
P, = NaE,, = — : 0 = NaE,, = 5— Po (5-26) 

This result is satisfied when either 

Or 

Na 1 
nai (5-27) 

Thus, the condition for a permanent polarization is Eq. (5-27).* 

For most materials, Na/3€, is less than one, and ordinary dielectric 

behavior results. In a few crystalline solids, however, condition Eq. (5-27) is 

met. Such materials are called ferroelectric because their electrical pro- 
perties are analogous to the magnetic properties of ferromagnetic mate- 

rials. The best known example of a ferroelectric material is barium titanate, 

BaTiO;, which exhibits a spontaneous dipole moment at temperatures 

below 120°C. This temperature is called the Curie point of the material. 

* Strictly speaking, Eq. (5-27) has been derived for materials that are composed of only one 

species of molecule and for which the term E’ of Section 5-1 vanishes. In a quantitative 

theory applicable to the general case, Eq. (5-27) is replaced by a set of simultaneous 

equations. Such complications are not necessary for a fundamental understanding of the 

origin of ferroelectricity and, consequently, will not be discussed here. 
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The polarized state of a ferroelectric material is a relatively stable one 

and one that can persist for long periods of time. This statement may 
surprise us to some extent because a polarized specimen is subjected to its 

own depolarizing field and, depending on the geometry of the specimen, 

this depolarizing field may be rather large. The depolarizing field is largest 
for a specimen in the shape of a flat slab, polarized in a direction normal to 
its faces. As was seen in Section S-1, if the dimensions of the slab face are 

large compared with the slab thickness, then 

1 
E, = -——P (5-28) 

Eo 

Actually, the high stability of a polarized ferroelectric is due to the fact that 

there is no depolarizing field on the specimen, even for the case of slab 

geometry. The specimen is polarized by placing it between parallel 

conducting plates that subsequently have a large potential difference applied 

to them. In this process, the free charge from the plates will, to a large 
extent, be neutralized by surface polarization charge, as is also the case 

during polarization of a conventional dielectric. If the parallel plates are 
now brought to the same potential by short-circuiting them, the polarized 
state of the ferroelectric is still energetically favorable, so the free charge 

stays in place, still neutralizing the polarization charge. The situation is 

something like that shown in Fig. 5-5, where the free charge is held in place 
by the surface polarization charge. The macroscopic field inside the 

ferroelectric is zero. Furthermore, the external electric field is zero, and it is 
difficult to distinguish the polarized specimen from a conventional un- 

polarized dielectric material. 
If a large potential difference of the opposite sign is now applied to the 

plates surrounding the polarized ferroelectric, the specimen will change its 
polarization, and free charge of the opposite sign will flow to the plates from 

the external circuit, sufficient not only to neutralize the free charge already 

A polarized piece of 
ferroelectric material 

zz Surface free 
— charge 

+++4++4+44+4++4+4+4+44 
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FIGURE 5-6 

Hysteresis curve for a 

ferroelectric specimen 

there, but also to neutralize the new polarization charge. Thus, a fer- 

roelectric slab between two parallel plates may serve as the basic element of 
a memory device. It is capable of storing charges on the two plates 
surrounding the ferroelectric as + or ¥, and its polarization persists in the 

absence of an external electric field. The ‘number’ + or + may be read by 

applying a potential difference across the specimen. If the applied field is in 
the direction of the original polarization, no charge will pass through the 

external circuit: If the potential difference is opposite to the original 

polarization, a charge will flow through the external circuit as the 

polarization of the ferroelectric changes its direction. 

A polarized ferroelectric is stable against a reversed electric field provided 
this electric field is not too large. Figure 5-6 shows the complete curve of 
polarization versus electric field. It is evident that for low fields there are 

two values of P for each value of E. A curve such as that in Fig. 5-6 1s called 

a hysteresis loop. Hysteresis means “‘to lag behind,” and it is apparent that 
the polarization vector lags the electric field vector. Points b and a are the 

stable configurations at E = 0; they represent the polarizations + and F, 

respectively. Point c is the electric field that must be exceeded in order to 
reverse the polarization. 

SUMMARY 

The macroscopic polarization P of an isotropic dielectric material depends 
on the molecular dipole moment (or its effective component) p,,, which 
arises in response to the local electric field at the molecule—the molecular 
field E,,,: 

P = Np,, 

Usually p,, is proportional to E,, to a good approximation, 

Pn = @E,, 

where a is the molecular polarizability. The molecular field depends on the 



PROBLEMS ——— 

Problems 139 

applied field E and also on the polarization itself (i.e., the dipole fields of all 
the other molecules). In the simplest cases, 

1 
E,, = E+-——P 

3€o 

In the usual case, E,, can be eliminated from these equations to give 

P = xE 

with the constant susceptibility 

NS 

pees 
3€o 

But if the molecules are very polarizable (Na > 3€,), another solution is 

possible with E=0, P #0 (i.e., the material can be spontaneously 
polarized in zero applied field, as in a ferroelectric). 

¢ All molecules exhibit an induced dipole moment in an electric field due 

to the deformation of the electronic charge distribution. A simple linear 

model leads to a constant atomic polarizability proportional to the atomic 
volume, 

QW = 4me,Re 

¢ Polar molecules, which have a permanent dipole moment po, display an 

additional orientational polarizability that is described by the Langevin 

function derived by statistical mechanics. At high temperature T, this 
contribution is also linear, with 

= 1Pot 
eBhT. 

e The Langevin-Debye equation combines the orientational and defor- 
mation polarizabilities. 

¢ A few materials, for example barium titanate, exhibit ferroelectricity. 

5-1 (a) Use the Clausius-Mossotti equation to determine the polarizability of atoms 

in the air molecules: Nj, O,. (Note that only the weighted average of the 

polarizabilities for nitrogen and oxygen may be obtained from Eq. (5-10).) 

(b) Combine this result with the theory of Section 5-2 to determine the average 

radius of the atom in an air molecule. 

5-2 Figure 5-7 shows a simple cubic lattice of molecules all of which have the same 

(in direction and magnitude) dipole moment p,,. Let us fix our attention on one 

particular molecule, call it j. It is evident that j has six nearest neighbors at distance 

a, twelve next-nearest neighbors at distance V2 a, etc. Find the electric field at j due 

to the six p,, on nearest-neighbor molecules for an arbitrary onentation of p,,. (Let 
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FIGURE 5-7 

Part of a simple cubic 
array of molecules, each 

with dipole moment p,, 

the lines joining j to its nearest neighbors define the x-, y-, and z-axes. For 

simplicity, take p,, in the xz-plane, making an angle @ with the x-axis.) 

5-3 (a) Using the result of Problem 5-1 for the atomic polarizability of nitrogen, 

compute the relative displacement of the nitrogen nucleus and electron cloud at a 

field strength E,, = 3 x 10° V/m. (b) Compare this displacement with the radius of 
the atom found in Problem 5-1. 

5-4 (a) By using the well-known series expansions for e’, expand coth y, and obtain 

Eq. (5-22a) from Eq. (5-21). (b) Go one step further and obtain another term in the 
series Eq. (5-22a). 

5-5 Water is a polar molecule for which the Clausius-Mossotti equation is, strictly 
speaking, not applicable. Assume its validity, however, and determine py for the 

water molecule. 



CHAPTER 6) 

Electrostatic 
Energy 

Many problems in mechanics are greatly simplified by means of energy 
considerations. Hence, when the mechanical behavior of an electrical 

system is to be studied, it may prove advantageous to use energy methods. 

In general, the energy of a system of charges, just like that of any other 

mechanical system, may be divided into its potential and kinetic contribu- 

tions. Under static conditions, however, the entire energy of the charge 

system exists as potential energy, and in this chapter we are particularly 

concerned with that potential energy that arises from electrical interaction 
of the charges, the so-called electrostatic energy. 

In Section 2-4, it was shown that the electrostatic energy U of a point 

charge is closely related to the electrostatic potential @ at the position of the 

point charge. In fact, if g is the magnitude of a particular point charge, then 

the work done by the force on the charge when it moves from position A to 

position B is 

B B 

| F-dt=q/ E-dl 
A 

B 

-4| Vo-dl = ~a(¢n ~ os) (6-1) 

Work 

Here the force F has been assumed to be only the electric force gE at each 
point along the path. Under these conditions the charged particle would 
accelerate. If it does not accelerate, the electric force must be balanced at 

each point by an equal and opposite force applied by some other agency, so 

that the total work is zero and the kinetic energy does not change. The work 

done by this other force is 

W = q(@z — Pa) (6-2) 

141 



142 6 Electrostatic Energy 

This result is equal to the increase in electrostatic energy of the charge over 

the path interval A — B. 
Similar considerations may be applied to more complicated systems of 

charges. In fact, the electrostatic energy of an arbitrary charge distribution 

may be calculated as the work required to assemble this distribution of 
charge against the Coulomb interaction of the charges without imparting to 

it other forms of energy. This calculation and some of its consequences are 

the subject of this chapter. 

POTENTIAL ENERGY OF A GROUP 
OF POINT CHARGES 

By the electrostatic energy of a group of m point charges, we mean the 

potential energy of the system relative to the state in which all point charges 

are infinitely separated from one another. This energy may be obtained 
rather easily by calculating the work to assemble the charges, according to 

Eq. (6-2), bringing in one at a time. The first charge g, may be placed in 

position without any work, W, = 0. Placing the second charge q> requires 

54241 
7 = 

AME or 

where r., = |r. — r,|. For the third charge q3, 

q1 q2 W, = ate : a | 
2 93 4 TE ors, 4 or32 

The work required to bring in the fourth charge, fifth charge, and so on, 

may be written in a similar fashion. The total electrostatic energy of the 

assembled m-charge system is the sum of the W’s, namely, 

u=3 4-3 (3 2) (6-3) 
k=] AME ol ix 

Let us abbreviate this result for U as 

U = Wik 

Now if we arrange the W,, in the form of a matrix, noting that Wie = Wii 
and putting W,, = 0, it will be apparent that U can also be written as 

i = 
Ne bia hu YUU) 
j=l k=1 

That is, a factor of } appears in this form of the summation, which is more 
symmetric, in order that the interaction between each pair of charges not be 
counted twice. Thus, an alternative and more convenient form of Eq. (6-3) 
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is 

La D4 
U=- i 6-4 
2 2 AME or ix Sar 

where the prime on the second summation means that the term k = j is 
specifically excluded. 

Equation (6-4) may be written in a somewhat different way by noting 
that the final value of the potential @ at the jth point charge due to the 
other charges of the system is 

oye (6-5) 
k=1 AME rx 

Thus, the electrostatic energy of the system is 

U =} » GP; (6-6) < 

If the point charges had been assembled in a linear dielectric medium of 

infinite extent, instead of in vacuum, then the permittivity € would replace 

€o in Eqs. (6-4) and (6-5), but Eq. (6-6) would remain unchanged. In the 

following section, it will be shown that this last equation has rather general 

validity. It applies to a group of point charges that are located in more than 
one dielectric medium, and it even applies to conductors of finite size. The 
only limitation on the validity of Eq. (6-6) is that all dielectrics in the 

electrical system be linear. 

ELECTROSTATIC ENERGY OF A CHARGE 
DISTRIBUTION 

In this section, we shall calculate the electrostatic energy of an arbitrary 

charge distribution with volume density p and surface density o. Some of 

the charge may reside on the surfaces of conductors. In fact, it will be 

explicitly assumed that there are conductors in the system. In addition, it 
will be assumed that the dielectrics in the system are linear. This restriction 
is necessary in order that the work expended in bringing the system to its 

final charged state shall be independent of the way in which this final state is 

reached. 
Suppose we assemble the charge distribution by bringing in charge 

increments dq from a reference potential g@, = 0. If the charge distribution 

is partly assembled and the potential at a particular point in the system is 

y'(x, y, z), then, from Eq. (6-2), the work required to place 6q at this point 

is 

dW = o'(x, y, z) 6g (6-7) 

The charge increment 5q may be added to a volume element located at 
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(x, y, z), so that 6g = dp Av, or dg may be added to a surface element at 

the point in question, in which case dq = 60 Aa. The total electrostatic 

energy of the assembled charge distribution is obtained by summing 

contributions of the form Eq. (6-7). 
Since the work required to assemble the charges is independent of the 

order in which things are done, we may choose a particular assembly 

procedure for which the summation of the 6W’s is conveniently calculated. 

This procedure is one in which all parts of the system are brought to their final 
charge values in concert—that is, at any stage of the charging process, all 

charge vensities will be at the same fraction of their final values. Let us call 

this fraction @. If the final values of the charge densities are given by the 

function p(x, y, z) and o(x, y, z), then the charge densities at an arbitrary 

stage are ap(x, y, z) and ao(x, y, z). Furthermore, the increments in these 

densities are 6p = p(x, y, z) da and do = o(x, y, z) da. The total electro- 

static energy, which is obtained by summing Eq. (6-7), is 

1 

U= [ od | p(x, y, Z)p'(a@;x, y, z) du 
0 Vv 

1 

+ i 6d | a(x, y, Z)p'(a;x, y, z) da 
0 Ss 

But since all charges are at the same fraction, a, of their final values, the 

potential m'(a;x, y,z) = ag(x, y,z), where @ is the final value of the 

potential at (x, y, z). Making this substitution, we find that the integration 

over @ is readily done, and yields 

i 1 
U=5 | emo dv +5 i a(t) p(t) da (6-8) 

This equation gives the desired result for the energy of a charge distribu- 

tion. It is important to note that the volume of integration V must be large 

enough to include all of the charge density in the problem, and that the 

potential @ is just that due to the charge density p (and o) itself. Normally 
the charge density vanishes outside some bounded region, in which case V 
may be taken to include all space. If all space is filled with a single dielectric 
medium except for certain conductors, the potential is given by 

P(r) = 
Lge sprue # —| o(r’) da’ (6-9) 

4ne Jy |r — r'| 4me Js |r — r'| 

If several dielectrics are present, the proper boundary conditions must be 
satisfied, for example, by adding suitable solutions of Laplace’s equation to 
Eq. (6-9). Equations (6-8) and (6-9) are generalizations of Eqs. (6-6) and 
(6-5) for point charges. The latter can be recovered as a special case by 



6-2 Electrostatic Energy of a Charge Distribution 145 

letting 

p(r) = > 4 8¢e — ¥) 

where the prime on the second summation indicates that the term k = j 

must be excluded when the double sum is constructed. When p is a 

continuous distribution, the vanishing of the denominator in Eq. (6-9) does 
not cause the integral to diverge, and so it is unnecessary to exclude the 
point r’ = r. 

It was stipulated that conductors are present in the system. Although 

Eq. (6-8) covers this case very well, it is convenient to separate out the 
contribution from the conductors explicitly. The last integral involves, in 
part, integrations over the surface of these conductors. Since a conductor is 
an equipotential region, each of these integrations may be done: 

1 1 
= og da = 5 Qi; (6-10) 
2. conductor j 

where Q; is the charge on the jth conductor. 

Equation (6-8) for the electrostatic energy of a charge distribution, 
which includes conductors, becomes 

1 i 1 =5[ rpdv+5| opda +5d 09, (6-11) ane ls 25 
where the last summation is over all conductors, and the surface 

integral is restricted to nonconducting surfaces. 

As we have seen in Chapter 3, in many problems of practical interest all of 

the charge resides on the surfaces of conductors. In these circumstances Eq. 

(6-11) reduces to 

U=1> 09, co) 
We shall have occasion to develop this equation in a later section of this 

chapter. 
For the present, we should like to compare Eq. (6-12) with Eq. (6-6), 

which was derived for an assembly of point charges. It appears at first sight 

that the two equations are identical. However, there is an important 

difference. Equation (6-12) was derived by starting with uncharged macro- 

scopic conductors that were gradually charged by bringing in charge 
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increments. Thus, the energy described by Eg. (6-12) includes both 

interaction energy between different conductors and the self-energies of the 

charge on each individual conductor. If there is only a single conductor, its 

self-energy, U = 43Q,q,, is due to the interaction energy of the charges 

assembled on that conductor. In deriving Eq. (6-6), however, each point 

charge was brought in as a unit. Hence, the energy to assemble the point 

charge from smaller charge increments, the so-called self-energy of the point 

charge, is not included. An attempt to calculate it would give an infinite 

result if the charge is a mathematical point, but it is not included in the 

formulation of Coulomb’s law of the force between point charges, and it 

should not be considered now. In order to see that Eq. (6-12) gives the 

same result in the limit where the conductors become very small, approach- 

ing “point” charges, the potential of the jth conductor may be written as the 

sum of two terms, 

G; = PA T Pj (6-13) 

where q,, is the contribution to the potential due to the charge on conductor 
j itself, and q@;2 is the contribution from charge on other conductors. Thus, 

Eq. (6-12) becomes 

U= i> OM + 3> O}Pj2 (6-14) 
J J 

The first term of this equation represents the various self-energies of the 

conductors. Each self-energy, 50%, depends on the environment of the 

conductor (since the charge distribution on each conductor adjusts itself to 
its environment). Furthermore, the only physically meaningful potential 

associated with conductor j is the total potential g;. Thus, the decomposi- 

tion, Eq. (6-14), does not make a great deal of sense in general. However, if 
the conductors are so small that they may be treated as point charges from 

the macroscopic point of view, then redistribution of charge on the “point” 

cannot be important, and each self-energy may be taken to be independent 

of its environment. In addition, since by potential at the point charge j we 

mean @j2, the energy required to place a group of previously charged, very 
small conductors in position is the second summation in Eq. (6-14), which is 
equivalent to Eq. (6-6). 

ENERGY DENSITY OF AN ELECTROSTATIC FIELD 

In the preceding section, an expression was developed for the electrostatic 
energy of an arbitrary distribution of charge. This expression, Eq. (6-8), 
involves an explicit integration over the charge distribution. It is possible, — 
however, to express the electrostatic energy of the system in a different way, _ 
and this alternate form is frequently rather useful. By means of a 
mathematical transformation (integration by parts), therefore, we convert 
Eq. (6-8) to an integral involving the field vectors E and D of the system. 
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We again consider an arbitrary distribution of charge characterized by 

the densities p and o. For convenience, it will be assumed that the charge 
system is bounded—that is, it is possible to construct a closed surface, S’, of 

finite dimensions that encloses all of the charge. In addition, all surface 
densities of charge o will be assumed to reside on conductor surfaces. The 
last statement is really no restriction at all, since a surface charge density on 

a dielectric-dielectric interface may be spread out slightly and then treated 

as a volume density p. The densities p and o are related to the electric 
displacement: 

p=V-D 

throughout the dielectric regions, and 

o=D-n 

on the conductor surfaces. Hence, Eq. (6-8) becomes 

i 1 
U=5| ¢¥-Ddv +5{ ~D-nda (6-15) 

2 V 2 Ss 

The volume integral here refers to the region where V- D is different from 

zero, and this is the region external to the conductors. The surface integral 
is over the conductors. 

The integrand in the first integral of Eq. (6-15) may be transformed by 

means of a vector identity that we have had occasion to use several times 

before, namely, Eq. (1-1-7) of Table 1-1: 

~gV-D=V-qg7D-D-Vo 

Of the two volume integrals resulting from this transformation, the first may 

be converted to a surface integral through the use of the divergence 

theorem. Finally, using the fact that E = —Vq@, we may write Eq. (6-15) as 

if pD-n'da +>] D-Edv +>/ @D-nda (6-16) 
2 Js+s’ 2 Jy 2 Js 

This equation may be simplified substantially. The surface S$ + S’ over 

which the first integral of Eq. (6-16) is to be evaluated is the entire surface 

bounding the volume V. It consists of S (the surfaces of all conductors in the 
system) and S’ (a surface that bounds our system from the outside and that 
we may choose to locate at infinity). In both cases, the normal n’ is directed 

out of the volume V. In the last integral, the normal n is directed out of the 
conductor and, hence, into V. Thus, the two surface integrals over S cancel 

each other. It remains to show that the integral over S’ vanishes. 

If our charge distribution, which is arbitrary but bounded, bears a net 

charge, then at large distances from the charge system, the potential falls off 

inversely as the distance—that is, as r-'. D falls off as r~*. The area of a 
closed surface that passes through a point at distance r is proportional to r°. 
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Hence, the value of the integral over S’, which bounds our system at 

distance r, is proportional to r~!, and when S’ is moved out to infinity, its 

contribution vanishes. 
If the charge distribution bears zero net charge, then the potential at 

large distances acts like some multipole and falls off more rapidly than rite 

Again the contribution from S’ may be seen to vanish. Thus, for the 

electrostatic energy, we have 

= =| D-Edv (6-17) 
2 Jy 

where the integration is over the volume of the system external to the 

conductors—that is, over the various dielectrics in the system. The 
integration may, of course, be extended to include all space, since the 

electric field E equals zero inside a conductor. If this formulation is applied 
to fields that are produced in part by point charges, it is essential to subtract 

their infinite “self-energy” explicitly. (See Problem 6-7.) 

Where is the electrostatic energy of the electrical system located? The 
precise meaning of this question is difficult to pin down; nevertheless, it is 

convenient to imagine the energy to be stored in the electric field. Equation 
(6-17) shows that such a procedure is at least not unreasonable, and in 
addition it prescribes that the energy be distributed with a density 43D-E 
per unit volume. 

We are led to the concept of energy density in an electrostatic field: 

u=4D-E (6-18a) 

Since Eq. (6-17) was derived on the basis of linear dielectrics, each 

dielectric is characterized by a constant permittivity €. Furthermore, the 

discussion in preceding chapters has been limited to isotropic dielectrics. 
Thus, Eq. (6-18a) is equivalent to 

Wisnere RRsat -* (6-18b) 

ENERGY OF A SYSTEM OF CHARGED CONDUCTORS: 
COEFFICIENTS OF POTENTIAL 

In Section 3-12, it was shown that a linear relationship exists between the 
potentials and charges on a set of conductors. In fact, in a system composed 
of N conductors, the potential of one of them is given by 

T= > PQ; (3-52) 
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The derivation of Eq. (3-52) was carried out for N conductors in vacuum. 
However, it is clear that this derivation also holds when dielectrics are 
present in the system, so long as these dielectrics are both linear and devoid 
of external charge. The coefficient p,; is the potential of the ith conductor 

due to a unit charge on conductor j. These coefficients are usually referred 
to as coefficients of potential. 

In Section 6-2, an expression was developed for the electrostatic energy 

of a set of N charged conductors, namely, Eq. (6-12). Combining this result 

with Eq. (3-52), we obtain 
2 

, Pi QQ, (6-19) 
i=l j= 

Thus, the energy is a quadratic function of the charges on the various 
conductors. 

Three important general statements can be made about the coefficients 

Pi: A) Pi = Pjir (2) all of the p, are positive, and (3) p, = pj, for all j. The 
first of these statements follows from Eq. (6-19), which expresses U as 
U(Q,--:- Qn). Thus, 

aU aU du = (=—)d0, + --- + (=—)d u = (35) do. 59,) 42» 
If dQ, only is changed, then 

aU ee dU = (=~) dO. = 5d (py + pn)Q, 40, (6-20) 30, a 
This increment in the electrostatic energy may also be calculated directly 
from Eq. (6-2). Bringing in dQ, from a zero potential reservoir, we obtain 

N 

dU = dW = @, dQ, = YepTye) dQ, (6-21) 
j=l 

Equations (6-20) and (6-21) must be equivalent for all possible values of the 
Q;, which implies that 

3(pij + pj) = Pi 

Or 

Py = Pj (6-22) 

In order to prove the second and third statements, we note that all 

potentials are measured from a zero potential reservoir. We further assume 
that conductor i bears a positive charge Q; and that all other conductors are 
uncharged. Since the origin of the displacement flux is the charge on J, every 

line of displacement leaving the ith conductor can be followed, possibly by 

way of other conductors, to the reservoir. Thus g; > 0, and p, > 0. 

Similarly, unless the jth conductor is shielded by one of the other 

conductors, every line of displacement impinging on j can be traced back to 
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the ith conductor, and every line leaving the jth conductor can be traced to 

the zero potential reservoir. Thus, 

Pu > Py > 0 

It remains to consider the case of a conductor that is completely shielded by 

another conductor. Suppose the jth conductor, which is uncharged, lies 

entirely within the conducting shell that comprises the ith conductor. The 

electric field in the interior region is obviously zero; consequently, the 

potentials of the two conductors are the same, and p, = p;;. This analysis 

proves statements (2) and (3), which can be combined into 

Pi = Py > 9 (6-23) 

The usefulness of the coefficients p;; may be illustrated by means of a 

simple example. 

EXAMPLE 6-1 

Use of Coefficient of 

Potential to Calculate 

Electrostatic Potential 

The problem is to find the potential of an uncharged spherical conductor 

in the presence of a point charge q at distance r from the center of the 

sphere, where r > R, and R is the radius of the spherical conductor. 

6-5 

Solution: The point charge and sphere are taken to be a system of two 

conductors, and use is made of the equality p;. = p2. If the sphere is 
charged (Q) and the “point” uncharged, then the potential of the 

“point” is O/4ze€or. Thus, 

1 

4€or 
fey 2) Bb 

Evidently, when the “point” has charge q and the sphere is uncharged, 
the potential of the latter is q/47€or. 

COEFFICIENTS OF CAPACITANCE AND INDUCTION 

Equation (3-52), which was derived in Chapter 3 and discussed again in 
Section 6-4, is a set of N linear equations giving the potentials of the 
conductors in terms of their charges. This set of equations may be solved for 
the Q,’s, yielding 

N 

Q; = 2 CP; (6-24) 

where cj, is called a coefficient of capacitance and cy (i # J) is a coefficient of 
induction. The actual solution of Eq. (3-52), expressing each c in terms of 
the p,, can be done by matrix inversion. 



6-6 Capacitors 151 

FIGURE 6-1 

Conductors 1 and 2 form 
a capacitor. Here p,; = 
P23 Since, by Gauss’s law, 

when 1 and 2 are un- 
charged, they must be at 

the same potential, inde- 

pendently of the charge 

on 3. Similarly, p14 = p24. 

6-6 

Properties of the c’s follow from those of the p’s, which we have already 
discussed. Thus: (1) ¢, = cj, (2) c; > 0, (3) the coefficients of induction are 
negative or zero. (See Problem 6-10.) 

Equation (6-24) may be combined with Eq. (6-12) to give an alternative 
expression for the electrostatic energy of an N-conductor system: 

N 

U= +> La Si PiP} (6-25) 

CAPACITORS 

In this section we discuss an important device for storing electrostatic 

energy—namely, the capacitor. 

Two conductors that can store equal and opposite charges (+Q), 

with a potential difference between them that is independent of 

whether other conductors in the system are charged, form what is 

called a capacitor. 

This independence of other charges* implies that one of the pair of 

conductors is shielded by the other. In other words, the potential contrib- 

uted to each of the pair by other charges must be the same. Such a situation 

is depicted in Fig. 6-1 where conductors 1 and 2 form a device of this type. 

In general, if two conductors, 1 and 2, form a capacitor, we may write 

%1 = PuQ — PrQ + @ 

P2 = Pi2Q — PrQ + Gx (6-26) 

* What we have described is an ideal capacitor. Practical capacitors are affected to some extent 

by the charges on their surroundings. 
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where +Q is the charge on 1 and —Q is the charge on 2, and 9g, is the 

common potential contributed by other charges. 

If Eqs. (6-26) are subtracted, we find 

AQ = Gi — G2 = (Pur + Px — 2P12)Q (6-27) 

Thus, the difference in potential between the conductors of a capacitor is 
proportional to the charge stored, Q. (Obviously, the total charge stored is 
zero, but by convention, the absolute value of the charge on one of the two 
conductors is called the charge on the capacitor.) 

Equation (6-27) may be written 

Q=CA@g (6-28) 

where C = (pi; + px — 2pi2)' is called the capacitance of the 
capacitor. 

Evidently C is the charge stored per unit of potential difference. In the mks 

system, C is measured in coulombs per volt, or farads (1 F = 1 C/V). 

From Eq. (6-12), with Eq. (6-28), the energy of a charged capacitor 
may be written as 

U = 509 =5 Clay = 55 (6-29) 

If the two conductors making up the capacitor have simple geometrical 

shapes, the capacitance may be obtained analytically. Thus, for example, it 

is easy to calculate the capacitance of two parallel plates, two coaxial | 

cylinders, two concentric spheres, or that of a cylinder and a plane. The 

capacitance of a parallel-plate capacitor (Fig. 6-2) will be derived here. 

Other simple cases are taken up in the problems at the end of the chapter. 

FIGURE 6-2 

The electric field between 

oppositely charged paral- 

lel plates of finite area 
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FIGURE 6-3 

(a) Parallel and 
(b) series connection of 
two capacitors 

C; e - ma i ‘ : * : a" 

(a) (b) 

Except for the fringing field at the edge of the parallel plates, the 
electric field between them is uniform. An ideal parallel-plate capacitor is 
one in which the plate separation d is very small compared with dimensions 

of the plate. Thus, the fringing field may be neglected in the ideal case. If 

the region between the plates is filled with dielectric of permittivity €, then 
the electric field between the plates is 

1 Q 
E =— = 

€ 4 €A 

where A is the area of one plate. The potential difference Ag = Ed. 

Therefore, 

C= 2 = ea (6-30) 
Aq d 

is the capacitance of this capacitor. 
When a capacitor is depicted as part of an electric circuit, it is usually 

indicated by the symbol 4€. Two or more capacitors may be joined together 

by connecting one of the conductors of the first capacitor to a conductor of 

the second one. Possible ways of joining two capacitors are by parallel 

connection (Fig. 6-3a), or by series connection (Fig. 6-3b). After the 

capacitors are joined, it is usually desirable to talk about the equivalent 

capacitance of the combination. In the parallel case, the same voltage Ag 

appears across each capacitor and also across the combination. Hence, the 
equivalent capacitance is given by 

(Rae eae (6-31a) 
Aq Ag Ag 

If two uncharged capacitors are connected in series and subsequently 

charged, conservation of charge requires that each capacitor acquire the 

same charge. Thus, the equivalent capacitance C of the combination is 

related to C, and C; by the expression 

1 Ap _Agit Agr 1d ie 
Coro Q C, Cy 
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6-7 

6 Electrostatic Energy 

FORCES AND TORQUES 

Thus far in this chapter, we have developed a number of alternative 

procedures for calculating the electrostatic energy of a charge system. We 

shall now see how the force on one of the objects in the charge system may 

be calculated from a knowledge of this electrostatic energy. 
Let us suppose we are dealing with an isolated system composed of a 

number of parts (conductors, point charges, dielectrics), and we allow one 

of these parts to make a small displacement dr under the influence of the 
electrical forces F acting upon it. The work performed by the electrical force 

on the system in these circumstances is 

dW =F -dr = F,dx + E,.dy + E-dz (6-32) 

Because the system is isolated, this work is done at the expense of the 
electrostatic energy U. In other words, according to Eq. (6-1), 

dW = —dU (6-33) 

Combining Eqs. (6-32) and (6-33) yields 

AU ede dyer Pde 

and 

F= -— (6-34) 

with similar expressions for F, and F,. That is, in this case F is a conservative 
force, and F = —VU. 

If the object under consideration is constrained to move in such a way 
that it rotates about an axis, then Eq. (6-32) may be replaced by 

dW =1-d0 (6-35) 

where t is the electrical torque and d@ is the differential angular displace- 
ment. Writing t and d@ in terms of their components, (t,, T2, 73) and 
(d6,, d6,, d@3), and combining Eqs. (6-33) and (6-35), we obtain 

ace (6-36) 
and so on. 

Thus, our goal has been achieved: 

poe Cob (6-34a) 
dU 

1=- (=) ~ (6-36a) 
We 48} 

where the subscript Q has been added to denote that the system is isolated, 
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and hence, its total charge remains constant during the displacement dr or 
d@. To exploit this method, it is necessary to express U in analytic form, 
and the specific dependence of U on the coordinate x, or 6,, must be given. 

An example showing the usefulness of the method will be presented shortly. 

Equations (6-34a) and (6-36a) do not, however, cover all cases of 
interest because, as was mentioned in their derivation, they are limited to 

isolated systems in which the charge in the system remains constant. In 

another important class of problems, all of the charge exists on the surfaces 

of conductors, and these are maintained at fixed potentials by means of 

external sources of energy (e.g., by means of batteries). Here again we may 

allow one of the parts of the system to move under the influence of 
electrical forces acting upon it, and the work performed (this time by the 

system and the batteries) will still be related to the force by Eq. (6-32). In 
this instance, the work becomes 

dW = dW, — dU (6-37) 

where dW, is the work supplied by the batteries. Before we can proceed to 
an expression linking U and the force on some part of the system for this 

case, it will be necessary to eliminate dW, from Eq. (6-37). 

The electrostatic energy U of a system of charged conductors has been 

given earlier in Eq. (6-12). Now, if some part of the system is displaced 

while at the same time the potentials of all conductors remain fixed, 

dU = 3) dQ, (6-38) 
] 

Furthermore, the work supplied by the batteries, dW,, is the work required 

to move each of the charge increments dQ, from zero potential to the 
potential of the appropriate conductor. By Eq. (6-2), this work is 

dW, = > 9 dQ; (6-39) 
u 

Thus, 

dW, = 2daU (6-40) 

Using this equation to eliminate dW, from Eq. (6-37) and combining the 
result with Eq. (6-32), we obtain 

dU = F,dx + F, dy + F, dz 

or 

Here the subscript g is used to denote the fact that all potentials are 

maintained constant during the virtual displacement dr. In a similar fashion, 
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FIGURE 6-4 

Dielectric slab partially 

withdrawn from between 

two charged plates 

we may derive 

EXAMPLE 6-2 

Restoring Force on a 
Dielectric Block Partially 

Withdrawn from a Capacitor 

1) = (=) (6-42) 

To illustrate the energy method, let us consider the following example. 

A parallel-plate capacitor of plate separation d has the region between 

its plates filled by a block of solid dielectric of permittivity €. The 
dimensions of each plate are length /, width w. The plates are 

maintained at the constant potential difference Aq. If the dielectric 

block is withdrawn along the / dimension until only the length x remains 

between the plates (Fig. 6-4), calculate the force tending to pull the 
block back into place. 

Solution: The energy of the system may be calculated by any of several 

methods. Thus, for example, since E = Aq/d is the same everywhere 
between the plates, let us use 

1 5 
U= 5 | cea 

where the region of integration need include only those parts of space 

where EF # 0. Neglecting fringing effects at the edge of the capacitor, 
we find 

=o 8) as + Bel) U=5e(— dwx + 5 €o 7 dwi(l — x) 

The force may be calculated from Eq. (6-41): 

1 Ag) 1 
F. = AG = coyw SEY = 5 (kK — 1)€9E*wd 

in the direction of increasing x. 

The case in which the plates are isolated (constant charge Q) is treated 
in Problems 6-19 and 6-24. 
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SUMMARY 

The electrostatic potential energy of a system of point charges is calculated 
as the work that would have to be done by an outside agency against the 
Coulomb forces between the charges in order to assemble the given 
configuration. It is expressible as 

U=43>) 4%, 

where qj, the potential at the position of q, due to all the other charges, is 

, qk 

Pi ee 2 AME olin 

with the term k =j excluded. For a general charge distribution the 

electrostatic energy becomes, provided that all dielectrics present are linear, 

1 
U =; pa 

where the potential @ is that produced by the external charge density p in 

the presence of the dielectric media. (p may include charge concentrated in 
a surface distribution or point charges.) Integration by parts transforms the 

energy in linear dielectrics into an integral, 

u= [ude 

of the energy density of the electric field, 

When this formulation is applied to point charges, their infinite “‘self- 

energy” must be subtracted. 

¢ When all the charge is a surface distribution on conductors, whose 

surfaces are equipotentials, the electrostatic energy specializes to 

U =} y Qi; 

Then the coefficients in the linear functions 

Pi = yy pyQ} 

and in the inverse functions 

QO; ae Dy, CP; 
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PROBLEMS ——_— 

are found to satisfy the conditions 

Pi = Pw Cy = Gi 

(In addition, pj; = pi > 9 and c; > 0 = cy.) 

* In the special case where two conductors form a capacitor, 

U =i0 Ap 
with 

Q=CAp 

For a parallel-plate capacitor, 

miler! 
d 

¢ The electric force on a part of an isolated system, with constant charge 

on each conductor, is the negative gradient of the electrostatic energy, 

OU 2) Ox Q 

If the system is not isolated, but instead the potential of each conductor is 

maintained constant by an outside agency (battery), the force is given by 

r= +(S) 
ar be 

6-1 A fast electron (kinetic energy = 5.0 x 10°'’J) enters a region of space 

containing a uniform electric field E = 800V/m. The field is parallel to the 

electron’s motion and in a direction such as to decelerate it. How far does the 

electron travel before it is brought to rest? (Charge of electron = 1.60 x 10 'C.) 

6-2 Given a spherical dielectric shell (inner radius a, outer radius 6, dielectric 

constant K) and a point charge q, infinitely separated. Now let the point charge be 

placed at the center of the dielectric shell. Determine the change in energy of the 
system. 

6-3 A dipole q/ is positioned perpendicular to a conducting plane, so that the charge 

—q is at a distance d and the charge +q is at d + /. Calculate the electrostatic energy 
of the system of charges. [Hint: Consider the energy of the system consisting of the 

true charges plus the image charges in vacuum, where the image charges are chosen 

to give the correct E-field in front of the plane. ] 

6-4 Consider a spherical shell of charge, radius R, uniform surface charge density 

Oo. Determine the self-energy of the distribution in two ways: (a) by direct 

integration of Eq. (6-8); (b) by integration over the field, }f E- Dduv. 

6-5 Consider a spherical charge distribution of radius R, uniform charge density pp. 
Determine the self-energy of the distribution in two ways: (a) by direct integration 

of Eq. (6-8); (b) by an integration over the field, } f E- Ddv. 
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6-6 Let us assume that an electron is a uniformly charged, spherical particle of 

radius R. Assume further that the rest energy, mc’ (where m is the mass of the 

electron, and c is the velocity of light), is electrostatic in origin and given by the 

result of Problem 6-5. By putting in appropriate numerical values for the charge and 

mass of the electron, determine its ‘“‘classical radius” R. 

6-7 Two point charges q, and q, are separated by a distance d. If their respective 
fields at a point r are E, and E,, 

E’ = E? + E2 + 2E,-E, 

(a) Show that the integrals of Ej and E} over space are divergent. This is the infinite 

“self-energy” that must be subtracted from the energy U. (b) Set up an integral for 

the contribution of 2E, - E, to U and show that it is not divergent. 

6-8 (a) What is the capacity of a capacitor that can store 1000J at 1000 V? 

(b) Assuming the capacitor has parallel plates separated by 10 ° m and filled with a 

material of dielectric constant 2, what is the necessary area of the plates? 

6-9 An electrophorus consists of a flat circular plate of wax and a similar plate of 

metal with an insulating handle. The wax plate is given a bound charge Q by rubbing 

it with fur. The metal plate is laid on the wax plate and temporarily grounded, so 

that it acquires a charge —Q. The metal plate is finally removed from the wax plate, 

retaining its charge —Q. Suppose the radius of the plates is 10cm, 0 = 0.3 uC, and 

the initial separation of the two plates is 10°°m. Find the potential difference 

between the plates and the stored energy when the separation is (a) d = 10° m, (b) 

d = 0.02 m. 

6-10 A system of conductors consists of only two conductors. Find the coefficients of 
capacity and induction explicitly in terms of the coefficients of potential p,,. 

6-11 Two spherical conductors are located in vacuum. Conductor 1, of radius R, is 

grounded (i.e., at zero potential). Conductor 2 is so small that it may be treated as a 

point charge. It bears the charge q and is located at distance d from the grounded 

sphere. What is the charge induced on the grounded sphere? (Use the concept of 

coefficient of potential.) 

6-12 Consider a system of two conducting objects in a linear dielectric medium. 

Conductor 1 is uncharged, and conductor 2 is grounded. Prove that conductor 1 is 

also at ground potential. 

6-13 A parallel-plate capacitor is made with a composite dielectric. A sheet of 

dielectric of permittivity €,, thickness d,, is placed on top of a second dielectric 

sheet (permittivity €,, thickness d,). The combination is placed between parallel 

conducting plates that are separated by the distance d, + d,. What is the 

capacitance per unit plate area of the capacitor? 

6-14 A long conducting cylinder of radius a is oriented parallel to and at distance h 

from an infinite conducting plane. Show that the capacitance of the system, per unit 

length of the cylinder, is given by 

C = 2z€,/cosh | (h/a) 

(See Section 3-10.) 

6-15 Two identical air capacitors are connected in series, and the combination is 

maintained at the constant potential difference of 50V. If a dielectric sheet of 
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dielectric constant 10 and thickness equal to one-tenth of the air gap is inserted into 

one of the capacitors, calculate the voltage across this capacitor. 

6-16 The capacitance of a gold-leaf electroscope is not quite constant because the 

leaf moves closer to the case as Ag increases. The expected form for the capacitance 

is 

C=a + b(Agy 

How would you determine the constants a and b for a particular instrument? What is 

the energy of the electroscope when it is charged? Is the energy entirely electrical? 

6-17 Two concentric, spherical, conducting shells of radii r, and r, are maintained at 

potentials @, and 2, respectively. The region between the shells is filled with a 
dielectric medium. Show by direct calculation that the energy stored in the dielectric 

is equal to C(q, — @2)’/2, and thereby determine C, the capacitance of the system. 

6-18 Two coaxial, cylindrical conductors of approximately the same radius are 

separated in the radial dimension by the small distance d. The cylinders are inserted 
normally into a liquid dielectric of susceptibility y and mass density €. The cylinders 

are maintained at the potential difference Ag. To what height h does the dielectric 

rise between the conductors? (Neglect surface tension.) 

6-19 A parallel-plate capacitor has the region between its plates filled with a 

dielectric slab of dielectric constant K. The plate dimensions are width w and length 

l, and the plate separation is d. The capacitor is charged while it is connected to a 

potential difference (Aq) , after which it is disconnected. The dielectric slab is now 

partially withdrawn in the / dimension until only the length x remains between the 

plates. (a) What is the potential difference across the capacitor? (b) What is the 

force tending to pull the dielectric slab back to its original position? 

6-20 The capacitance of a variable air capacitor changes linearly from 50 to 364 pF 

during a rotation from 0° to 180°. When set at 75°, a potential difference of 400 V is 

maintained across the capacitor. What is the direction and magnitude of electrostatic 
torque experienced by the capacitor? 

*6-21 An uncharged, conducting, spherical shell of mass m floats with one fourth of 

its volume submerged in a liquid dielectric of dielectric constant K. To what 

potential must the sphere be charged to float half submerged? [Hint: Assume the 

electric field of the half-submerged, charged shell to be a purely radial field, and 

show later that the sum of o + op over the spherical surface is such as to justify this 
assumption. | 

6-22 A dielectric slab of thickness d and dielectric constant K fills the region 
between the plates of a parallel-plate capacitor. The plate area is A. Calculate the 

electrostatic force on one of the capacitor plates (a) on the assumption that the 
dielectric is in direct contact with the plate and (b) on the assumption that there is a 
narrow air space between dielectric and plate. The plates are maintained at the 
potential difference Aq in both cases. 

6-23 Solve the example of Fig. 6-4 with the electrostatic energy in the form 
= 3C(Aq)’, where C = C(x) is the capacitance of the capacitor with the 

dielectric block inserted a distance x. 

6-24 Suppose the electrostatic energy of a system is U = 3Q Ag, with Q = C Ag. 
Let C = C(x) depend on some geometrical parameter x which specifies the position 
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of a part of the system. Show that the force on that part, for a particular value of Q 

and Aq, is the same according to Eq. (6-34a) for constant Q as according to Eq. 
(6-41) for constant Ag. 

6-25 Solve the example of Fig. 6-4 if the thickness of the dielectric slab ¢ is much less 
than the separation of the plates d. [Hint: In this case, according to the result of 

Problem 4-15, it is D rather than E that is nearly the same everywhere between the 

plates. | 

6-26 A long cylindrical wire of radius R, is surrounded coaxially by a long cylindrical 

shell of radius R, (with R, > R,). These two conductors form the “‘plates’”’ of a 

capacitor, and the region between them is filled with a nonconducting material of 

permittivity €. (a) Determine the capacitance per unit length of the capacitor. (b) 

Show that this result depends only on the ratio R3/R,. 

6-27 The maximum charge Q that a capacitor can store is determined by both the 

capacitance of the capacitor and the dielectric strength of the dielectric F,,,, (see 

Table 4-1). (a) Determine Q,,,, in terms of € and E,,,, for a parallel plate capacitor. 

(b) Which dielectric, aluminum oxide or glass, will store more charge in a parallel 

plate capacitor of the same plate area? 

6-28 (a) Use the method of moments described in Section 3-13 to calculate the 

capacitance of a square plate capacitor. Do at least 1 x 1, 2 x 2,3 x 3 and 4 x 4 

arrays. (b) Compare results with the capacitance obtained from the infinite plate 

approximation. 
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Electric Current 

Up to this point, we have been dealing with charges at rest; now we wish to 

consider charges in uniform motion. This statement implies that we shall be 
dealing with conductors of electricity because, by definition, a conductor is a 

material in which the charge carriers are free to move under steady electric 
fields. (See Section 2-5.) The preceding definition includes not only the 
conventional conductors, such as metals and alloys, but also semiconduc- 

tors, electrolytes, ionized gases, imperfect dielectrics, and even vacuums in 

the vicinity of a thermionic emitting cathode. In many conductors, the 

charge carriers are electrons, and in other cases, the charge may be carried 

by positive or negative ions. 

Moving charge constitutes a current, and the process whereby charge is 
transported is called conduction. To be precise, the current / is defined as 

the rate at which charge is transported through a given surface in a 
conducting system (e.g., through a given cross section of a wire). Thus, 

= £2 1 Se (7-1) 

where Q = Q(t) is the net charge transported in time ¢. The unit of current 

in the mks system is the ampere (A), named for the French physicist André 
Marie Ampére. Evidently, 

coulomb 
1 ampere = 1 

second 

NATURE OF THE CURRENT 

In a metal, current is carried entirely by electrons, while the heavy positive 
ions are fixed at regular positions in the crystal structure (Fig. 7-1). Only the 
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FIGURE 7-1 +) 
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valence (outermost) atomic electrons are free to participate in the conduc- 

tion process. The other electrons are tightly bound to their ions. Under 

steady-state conditions, electrons may be fed into the metal at one point and 

removed at another, producing a current, but the metal as a whole is 

electrostatically neutral. Strong electrostatic forces keep excess electrons 

from accumulating at any point in the metal. Similarly, a deficiency of 

electrons is remedied by electrostatic forces of the opposite sign. We shall 

see later that excess charge is dissipated extremely rapidly in a conductor. 

Thus, we note that it is possible to study the subject of electric current 

without taking into account detailed electrostatic effects associated with the 

charge carriers. 
In an electrolyte, although the current is carried by both positive and 

negative ions, because some ions move faster than others, conduction by 

one type of ion usually predominates. It is important to note that positive 
and negative ions traveling in opposite directions (Fig. 7-2) contribute to the 
current in the same direction. The basis for this fact is evident from Eq. 

(7-1), since the net charge transported through a given surface depends on 

FIGURE 7-2 jaa 
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both the sign of the charge carrier and the direction in which it is moving. 

Thus, in Fig. 7-2, both the positive and negative carrier groups produce 

currents to the right. By convention, the direction in which the positive 

carrier moves (or, equivalently, the direction opposite to that in which the 

negative carrier moves) is taken as the direction, or sense, of the current. In 

general, an electric current arises in response to an electric field. If an 

electric field is imposed on a conductor, it will cause positive charge carriers 

to move in the general direction of the field and negative carriers in a 
direction opposite to the field. Hence, all currents produced in the process 

have the same direction as the field. 
In a gas discharge, the current is carried by both electrons and positive 

ions, but because the electrons are so much more mobile than the heavy 

ions, practically all of the current is carried by electrons. Gas conduction is 

somewhat complicated, because the electronic and ionic populations vary 
greatly with the experimental conditions (they are determined primarily by 

the gas pressure and the potential drop across the gas). Under certain 

conditions cascading occurs, in which process the few ions that are initially 

present accelerate and make inelastic collisions with neutral atoms, thereby 

producing additional ions and electrons. The additional ions can also give 
rise to ionizing collisions, with the result that the carrier density builds up 

enormously. 

In Figs. 7-1 and 7-2, we have pictured the charge carriers as falling into 

groups, each of which has a common motion, called the drift motion of the 

group. The picture has been greatly oversimplified, however. Each group of 
charge carriers actually represents an assembly of particles in thermal 

equilibrium with its environment, and so each particle has thermal motion 
as well as drift motion. But the thermal motion, although it may be large, is 
also random and, hence, gives rise to no organized transport of charge. The 
drift motion, on the other hand, is not random. In considering the 

conduction process, then, it is permissible to forget about the random 

motion, which yields no net current, and to use the simple picture presented 

in Figs. 7-1 and 7-2. For certain other transport processes, however, such as 

conduction in a thermal gradient (which gives rise to the thermoelectric 

effect), it is necessary to take the thermal motion into account in a detailed 
way in order to understand the phenomena fully. 

The currents we have described thus far in this section are known as 
conduction currents. These conduction currents represent the drift motion of 

charge carriers in a neutral medium, which as a whole, may be and usually is 

at rest. Liquids and gases may also undergo hydrodynamic motion, and if 
the medium has a charge density, this hydrodynamic motion will produce 
currents, Such currents, arising from mass transport of a charged medium, 
are called convection currents. Convection currents are important to the 
subject of atmospheric electricity. In fact, the upward convection currents in 
thunderstorms are sufficient to maintain the normal potential gradient of the 
atmosphere above the earth. The motion of charged particles in vacuum 
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FIGURE 7-3 

The drift motion of 
charge carriers across the 

plane da in time 6t 
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(such as electrons in a vacuum diode) also constitutes a convection current. 

A characteristic feature of the convection current is that it is not 

electrostatically neutral, and its electrostatic charge must usually be taken 
into account. 

In the rest of this chapter we shall deal exclusively with conduction 
currents. 

CURRENT DENSITY: EQUATION OF CONTINUITY 

In this section, we first consider a conducting medium that has only one type 
of charge carrier, of charge g. The number of these carriers per unit volume 

will be denoted by N. In accordance with the preceding section, we ignore 

their random thermal motion and assign the same drift velocity v to each 

carrier. We are now in a position to calculate the current through an 

element of area da such as is shown in Fig. 7-3. During the time 6¢, each 

carrier moves a distance v dt. From the figure it is evident that the charge 

d6Q that crosses da during time dt is q times the number of all charge 

carriers in the volume v-n oft da, where nis a unit vector normal to the area 

da. From Eq. (7-1), the current through da is 

_ 6Q_ qNv-notda 

a0 Ot 

If there is more than one kind of charge carrier present, there will be a 

contribution of the form (7-2) from each type of carrier. In general, the 

current through the area da is 

dl = Nqv-nda (7-2) 

dl = b Naw | -nda (7-3) 

Here the summation is over the different carrier types. 
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The quantity in brackets is a vector that has dimensions of current 
per unit area. This quantity is called the current density and is given 

the symbol J: 

J= y Niqivi (7-4) 

The current density may be defined at each point in a conducting medium 
and is, therefore, a vector point function. It is a useful quantity, one that 

enters directly into the fundamental differential equations of electromag- 
netic theory. The mks unit of J is ampere per meter* (A/m*). Equation 
(7-3) may be written as 

dl = J-nda 

and the current through the surface S, an arbitrarily shaped surface area of 

macroscopic size, is given by the integral 

r= | s-mda (7-5) 

The current density J and the charge density p are not independent 

quantities, but are related at each point through a differential equation, the 

so-called equation of continuity. This relationship has its origin in the fact 
that charge can neither be created nor destroyed. The equation is most 

easily derived by applying Eq. (7-5) to an arbitrary closed surface S. The 

electric current entering V, the volume enclosed by S, is given by 

I= -$3-nda = -| V-Sdu (7-6) 
S V 

In this equation, the last integral is obtained through the use of the 
divergence theorem. The minus sign comes about because n is the outward 

normal, and we wish to call J positive when the net flow of charge is from 
the outside of V to within. But from Eq. (7-1), J is equal to the rate at which 
charge is transported into V: 

p=2=| pdv (7-7a) 
Vv 

Since we are dealing with a fixed volume V, the time derivative operates 
only on the function p. However, p is a function of position as well as of 
time, so that the time derivative becomes the partial derivative with respect 
to time when it is moved inside the integral. Hence, 

nye? ie [ Pav (7-7b) 
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Equations (7-6) and (7-7b) may now be equated: 

[ (B+v-s) a =i (7-8) 

But V is completely arbitrary, and the only way that Eq. (7-8) can hold for 

an arbitrary volume segment of the medium is for the integrand to vanish at 
each point, giving the following result. 

The equation of continuity is 

op 
+ . ——J — at Vez 0 (7-9) 

OHM’S LAW: CONDUCTIVITY 

It is found experimentally that in a metal at constant temperature the 

current density J is linearly proportional to the electric field. 

Thus, the constitutive equation is 

J=gE (7-10) 

The constant of proportionality g is called the conductivity. 

Equation (7-10), which is called Ohm’s law, is a very good 
approximation for a large number of the common conducting 

materials. 

In the general isotropic case, however, Eq. (7-10) must be replaced by 

J = g(E)E 

where g(E£) is a function of the electric field. Materials for which Eq. (7-10) 
holds are called linear isotropic media or ohmic media. Here again, as with 
dielectrics, we shall be most concerned with the linear case. 

The reciprocal of the conductivity is called the resistivity n.* Thus, 

n == (7-11) 
&§ 

The unit of 7 in the mks system is volt-meter per ampere, or simply 

* The common symbols for resistivity and conductivity are p and a, respectively, but to avoid 

the possibility of confusion with volume charge density p and surface charge density 9, we 

shall use the symbols 7 and g. 
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ES 

TABLE 7-1 

Resistivity 7 and Tem- 

perature Coefficient of 
Resistance a of Some 

Common Materials at 

AOAC 

=-—, (°C)! 

Material n, 62m dT 
__ SS 2 ee ee eee 

Aluminum 2,65 108" 0.0043 

Copper Llp 0.0039 
Gold 235 Sloe 0.004 

Iron Gril eel 0.0065 
Nickel 6.84 x 10° 0.0069 

Silver 1359 Selon 0.0041 

Mercury 95.8'x< 10” 0.0009 
Tungsten athe oo Ui Baie 0.0045 
Constantin (Cu 60, Ni 40) 49.0 x 10° 0.0000 
Nichrome 100.0 x 10° 0.0004 

Germanium (pure) 0.46 —0.048 

Germanium (5 x 10° °% As) 0.011 
Graphite ba x0 
NaCl solution (saturated) 0.044 —0.005 

Aluminum oxide j Wee eh lige 
Glass 10% — 105° 
Iodine 1310, 
Quartz (SiO,) ees ils 
Sulfur 210. 
Wood 10° — 10" 

Source: Data from the Handbook of Chemistry and Physics, 58th ed. (Cleveland, 

OH: CRC Press, Inc., 1978). 

ohm-meter, where the ohm (2) is defined by 

1 volt 
Mel yeas ee 

1 ampere 

The unit of conductivity g is Q>'m™' or S/m. One siemens (S) is one 
reciprocal ohm. (A siemens was formerly called a mho.) 

Resistivities of a number of common materials are given in Table 7-1. It 

is apparent from this table that all materials conduct electricity to some 
extent, but that the materials we have called insulators (dielectrics) are 
much poorer conductors than the metals by a tremendous factor (as much as 
10”°). The distinction between a conductor and an insulator will be discussed 
in a more quantitative way in Section 7-7. 

Consider a conducting specimen obeying Ohm’s law, in the shape of a 
straight wire of uniform cross section with a constant potential difference, 
Ag, maintained between its ends. (See Fig. 7-4.) The wire is assumed to be 
homogeneous and characterized by the constant conductivity g. Under these 
conditions an electric field will exist in the wire, the field being related to 
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FIGURE 7-4 count, 
Geometry of the straight —— 
wire segment 

,—e coma 

a 

A@ by the relation 

Ag = ic - dl (7-12a) 

It is evident that there can be no steady-state component of electric field at 

right angles to the axis of the wire, since by Eq. (7-10) this would produce a 

continual charging of the wire’s surface. Thus, the electric field is purely 
longitudinal. 

Furthermore, because of the geometry, the electric field must be the 

same at all points along the wire. Therefore, Eq. (7-12a) reduces to 

Ag = El (7-12b) 

where / is the length of the wire. But an electric field implies a current of 
density J = gE. The current through any cross section of the wire is 

I= | Somda=JA (7-13) 
A 

where A is the cross-sectional area of the wire. Combining Eq. (7-13) with 

Eqs. (7-10) and (7-12b), we obtain 

ete 7 
l 
Ap (7-14) 

which provides a linear relationship between / and Aq. 

The quantity //gA is called the resistance of the wire and will be denoted 

by the symbol R. Using R, we may rewrite Eq. (7-14): 

Ag = RI (7-15) 

which is the familiar form of Ohm’s law (R is evidently measured in units of 
ohms). Equation (7-15) may be considered to be a definition of the 
resistance of an object or device that is passing a constant current. In the 

general case, R will depend upon the value of this current. However, as was 

mentioned earlier, we are primarily interested in linear materials, which are 

called ohmic materials, and here R is independent of the current. 

The work done by the field when a charge dQ moves through the 

potential difference Ay is dW = dQ Aq. The corresponding power is 

P=1Ap=TR = (Ag)’/R 
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where the last two forms are obtained by combining with Ohm’s law. This 

power is dissipated as Joule heating of the material. 

STEADY CURRENTS IN CONTINUOUS MEDIA 

There is a very close analogy between an electrostatic system of dielectrics 

bounded by equipotential surfaces, on the one hand, and a system that 

conducts a steady current, on the other. This analogy is the subject of the 

present section. 
Let us consider a homogeneous, ohmic (linear), conducting medium 

under conditions of steady-state conduction. Since we are dealing specifi- 
cally with the steady state, the local charge density p(x, y, z) is at its 
equilibrium value, and dp/or = 0 for each point in the medium. Hence, the 

equation of continuity (Eq. 7-9) reduces to 

V-J=0 (steady currents) (7-16) 

Using Ohm’s law in combination with (7-16), we obtain 

V-gE=0 

which for a homogeneous medium reduces to 

V-E=0 

But since V x E = 0 for a static field, E is derivable from a scalar potential: 

E = -—Vo 

Combination of the last two equations yields 

Vp = 0 
(7-17) 

which is Laplace’s equation. 
We see, therefore, that a steady-state conduction problem may be 

solved in the same way as electrostatic problems. Laplace’s equation is 
solved by one of the techniques discussed in Chapter 3, the appropriate 

solution being determined, as always, by the boundary conditions. Boun- 

dary conditions that are sufficient to solve the problem are those that specify 
either m or J at each point on the surface of the conducting medium. 

Specifying J at the surface is equivalent to specifying E, since the two 
vectors are connected by Ohm’s law. Once the appropriate solution to 
Laplace’s equation has been found, E (and hence J) may be determined at 
each point inside the medium from the gradient operation. 

Under steady-state conduction the current which crosses an interfacial 

area between two conducting media may be computed in two ways: in terms 

of the current density in medium 1 or in terms of the current density in 

medium 2. Since the two procedures must yield the same result, the normal 
component of J must be continuous across the interface: 

Jin = Jon (7-18a) 
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FIGURE 7-5 

Two-dimensional elec- 

trolytic tank. The three 

metallic conductors are 

maintained at potentials 

1, P2, and 3, where 

for convenience it is 

assumed that g, > 2 > 

@3. The symbol yA stands 

for a resistor whose resis- 

tance may be varied, and 

G is a galvanometer. The 

wires are taken to be of 

negligible resistance. If 

the resistors R, and R, 

are adjusted so that there 

is no current through G, 

then @probe = P-, and the 

same current /’ passes 

through both R, and R,. 

In these circumstances, 

Poprobe Sak as l'R, = 

3 a2 I'R,, or Pprobe = 

1 — (G1 — @3)Ri/ 
(R, + R2). 

Or 

BiE in = 82E2, (7-18b) 

This equation is the analog to the equation for the continuity of D, across 

dielectric interfaces in electrostatic problems. 
Since the field is static in each medium, 

PE dl = 0 

for a closed path that links both media, and 

Ey, = Ex 

by the derivation of Section 4-7. This equation is evidently the same for 
both types of problems (electrostatic and steady conduction). 

An illustration of the ideas presented above is found in the “electrolytic 
tank’? shown in Fig. 7-5. Here a number of metal electrodes, which are 

connected to external sources of potential, are placed in a liquid conducting 
medium (ideally of infinite extent) with moderate conductivity (such as a 

salt solution). Since the conductivity of the salt solution is much smaller 

(7-19) 
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LLL 

FIGURE 7-6 

The equivalent electro- 

static problem to the 
conduction problem of 

the preceding figure. 
Since Fig. 7-5 depicted 

two-dimensional conduc- 

tion, the electrostatic 

problem is also two- 
dimensional, and each 

conductor is an infinitely 

long cylinder. 

Dielectric x 

than that of a metal (see Table 7-1), the electric field in the metal (for the 

same current density) is much smaller than that in the solution. The ratio of 

fields is so small that E in the metal may be neglected, and each metal 

electrode may be assumed to be an equipotential surface. A small probe 

may be used, as shown in Fig. 7-5, to explore the potential in the solution, 
and in this way, a plot of the equipotential surfaces can be made. A possible 
use of this experimental approach is that it provides a numerical solution to 

Laplace’s equation that, in the case of complicated geometry, might be 
difficult to determine analytically. The solution found is not limited to the 
conduction problem but applies equally well to the equivalent electrostatic 
problem in which the same metal electrodes are surrounded by a dielectric 
medium (Fig. 7-6). The “electrolytic tank” method was extensively used in 
the past to solve two-dimensional electrostatic problems with complicated 

geometry. Today, however, such problems are usually solved on the 
computer. 

As a second illustration of the relation between conduction and 
electrostatics, we consider two metal electrodes in an infinite, homoge- 

neous, Ohmic medium of moderate conductivity g. If the electrodes are 
maintained at the potentials @, and @2, the current J between them is 

Pics Py joo 2 
R 

which defines the resistance R between the two electrodes.* This current 

may be written in terms of the current density J in the medium: 

*Since J is analogous to Q in the electrostatic problem, / is proportional to Ag, and 1/R is 

defined as the proportionality constant. See Eq. (7-22). 
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I= $3-nda 
Ss 

where S is any closed surface that completely surrounds one of the 

electrodes (except for an insulated metal wire to lead current onto the 

electrode so as to maintain its potential constant). But 

J=gE 

Combining the last three equations, we obtain 

OP - gh E-nda (7-20) 
Ss 

If the identical electric field were produced by electrostatic charges on the 

two metal electrodes in a dielectric medium, then by Gauss’s law 

$ E-nda = =0 (7-21) 
KS (Si 

where Q is the charge on the electrode surrounded by the surface S and € is 

the permittivity of the medium. In these circumstances, the two electrodes 
form a capacitor: 

Q = C(g: — 2) (7-22) 

Insertion of Eqs. (7-21) and (7-22) into Eq. (7-20) yields 

RC =- (7-23) 

This result relates the resistance between two conductors in a weakly 

conducting medium and the capacitance of the equivalent electrostatic 

problem. 
This relation is in fact more than an analogy between conducting and 

dielectric media. It also holds for any single medium with conductivity g and 

dielectric constant €. Since there is no ideal dielectric, every real dielectric 

has some nonvanishing g, no matter how small. From the other extreme, 

even a good conductor has its own value of e. Thus, a capacitor has a 

leakage resistance, ana a resistor has a small associated capacitance, and in 
each case R and C for the device are related by Eq. (7-23) (approximately, 
since the medium is not infinite). 

APPROACH TO ELECTROSTATIC EQUILIBRIUM 

In Chapter 2, it was shown that the excess charge on a conductor resides on 

its surface. This situation is the equilibrium state. The approach to 
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equilibrium was not studied in Chapter 2, but it was stated that for good 

(metallic) conductors equilibrium is attained extremely rapidly. The poorer 

the conductor, the slower is the approach to electrostatic equilibrium. In 

fact, if the conductivity of the material is extremely low, it may take years 

or even longer for electrostatic equilibrium to obtain. 

Consider a homogeneous, isotropic medium characterized by conduc- 

tivity g and permittivity €, which has a volume density of prescribed charge 
P(X, y, z). If this conducting system is suddenly isolated from applied 

electric fields, it will tend toward the equilibrium situation where there is no 

excess charge in the interior of the system. According to the equation of 

continuity, 

fe} 
Se VJ =) (7-9) 

3 
comet AEM SAY (7-24) 

But V- E is related to the sources of the field. In fact, V- E = p/e, so that 

Cue Swe) (7-25) 

The solution to this partial differential equation is, for constant g and e, 

DOV ZEIT = pox pez yen (7-26) 

and it is seen that the equilibrium state is approached exponentially. 
. From Eq. (7-26) it is evident that the quantity €/g has the dimensions of 

time, and it is called the time constant or relaxation time t. of the medium: 

(S 
joes een (7-27) 

The time constant is a measure of how fast the conducting medium 
approaches electrostatic equilibrium. More precisely, it is the time required 
for the charge in a specified region to decrease to 1/e of its original value. 

A material will display conductorlike behavior in a particular applied 
field if its time constant is much shorter than the time characterizing a 
change in the applied field. For some applications a time constant of less 
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than 0.1 second is sufficient, and since most nonmetallic permittivities* fall 
into the range €) to 10€ , a material with resistivity less than 10° or 
10'°Q-m is required. For high-frequency applications, a shorter time 
constant, and a correspondingly smaller resistivity, is required for true 
conductorlike behavior. In fact, the condition is 

t et 
ae 

where f is the highest frequency involved in the experiment. Just the 
opposite condition holds for dielectriclike behavior. 

RESISTANCE NETWORKS AND KIRCHHOFF’S LAWS 

Thus far, we have discussed conduction primarily from the point of view of 

charge transport in a conducting medium and have approached the problem 
in terms of the differential equations that must apply at each point. In these 

cases, the important quantity to be determined is the current density, J. But 

in many problems of practical interest, the electric charge carriers are 

constrained to follow a low resistance path called a circuit, and then the 

quantities of interest are the currents in each part of the circuit. In this 

section, we limit the discussion to circuits carrying steady currents—that is, 

to direct current circuits. A circuit may consist of several different branches, 

and in fact, a possible definition of a circuit is a network of conducting 

paths, each of which may contain applied voltages. The central problem of 

circuit analysis is, given the resistance and applied voltage in each circuit 

branch, to find the current in each of these branches. 

In Chapter 2, it was shown that the integral of the tangential component 

of an electrostatic field around any closed path vanishes. That is, for an 

electrostatic field, 

$ E-dl=0 (7-28) 

For an ohmic material, J = gE. In the general isotropic case, this 

expression is modified to J = g(E)E, but g(£) is always a positive quantity, 
so that Eq. (7-28) implies that $J- dl = 0. Thus, it follows that a purely 
electrostatic force cannot cause a current to circulate in the same sense 
around an entire circuit. Or, in other words, a steady current cannot be 

maintained solely by means of electrostatic forces. A charged particle q 

may, however, experience other forces (mechanical, “chemical,” etc.) in 

* We cannot apply Eq. (7-27) to a metal since we do not know the proper value of € to use; in 

fact, t. ~ t ~ 10'*s, where T is the collision time to be discussed in Section 7-7. As will be 

seen, for times shorter than t the assumption that J = gE is not valid. 
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addition to the macroscopic electrostatic force, so that in part of the circuit 

the charges move opposite to the direction of E. In previous sections, we 

sidestepped the question concerning the cause of electric current by 

assuming that two points on a conducting object were maintained at the 

constant potential difference Ag by means of external energy sources. It is 

still sufficient for our purpose here to assume the existence of such applied 

voltages,* but we shall make a brief digression to discuss how they may in 

fact be produced. 
In the laboratory, a steady voltage is usually produced either by a 

battery or by an electronic power supply (which rectifies and smooths the 
line voltage), but it could be produced by a variety of other means, for 
example, a Van de Graaff generator. The last is conceptually the simplest 

case to analyze. In the Van de Graaff generator, charges are literally put 
onto a conveyor belt at one terminal and forcibly carried to another location 

of higher potential energy at the other terminal where they are removed 

from the belt. In steady-state operation, $E-dl = 0 around any closed 

path. For example, the integral is negative along the belt and equally 

positive along an outside path between the terminals. A steady outside 

current can be allowed to flow through a resistance connected between the 

terminals. The power input is simply the mechanical power necessary to 

drive the belt that is transporting charges in opposition to an electric field. 

The operation of a battery is similar (except that the ‘‘forces’’ at work in a 

battery depend on the quantum mechanics of electrochemistry), and 
¢E-dl=0 around any closed path, even one passing through the 
electrolyte in the battery. What is important for the purpose of circuit 
analysis, however, is simply that ¢ E - dl = 0 around a closed path contain- 
ing the terminals of the voltage source—one leg of the path through the 

resistance network and the other directly across the terminals but external 

to the source. The purpose of electric circuit theory is to develop a 
procedure for analyzing the first leg, through the resistance network. We do 

not need to analyze the cause (mechanical, chemical, or whatever) of the 

voltage difference between the terminals of the power source, but simply 

refer to it as an applied voltage, VY. An ideal source would provide an 
applied voltage V, that is independent of the current drawn from the source, 
but the terminal voltage of a real source depends to some degree on the 
current, Y = Y(J). The simplest assumption, which is usually applicable, is 
that the dependence is linear: 

V=%- Ri 

“The applied voltage is usually called an electromotive force (or emf) in other books, although 
applied voltage is the term used in the laboratory for this potential difference. The historical 
term emf and the concept itself are rather confusing and unnecessary, so they will not be used 
here. We reserve the term emf for a somewhat different concept to be introduced later 
(Chapter 11). 
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FIGURE 7-7 R R I 
. 1 2 R, =, 

(a) Series and (b) parallel =§=£-———y/YWye- — nr 
connection of two I 2 
resistors pees Vi -——V, 

i V | | V 

The coefficient R, is called the internal resistance and Vp is called the 

open-circuit voltage (or the emf, in most other books). 

Before proceeding to the general network problem, we first review the 
elementary series and parallel connections of resistors. The resistance 

defined in Section 7-3 is a property of the material object under considera- 
tion, and it depends upon both the nature of the material from which the 
object is composed and its geometry. (The resistivity, on the other hand, 

depends only upon the nature of the conducting material.) A conducting 

object of convenient shape that is characterized primarily by its resistance is 
called a resistor, which is usually denoted by the symbol ~~. Resistors may 

be connected to form a resistance network, and the ways in which two 

resistors may be combined are illustrated in Fig. 7-7. Figure 7-7a shows a 

series connection, in which the same current J passes through both resistors. 

Applying Eq. (7-15) to each resistor and noting that the potential 
difference* V = V, + V3, we find that 

V => Rl + RI = (R, + R,)I 

Thus, the equivalent resistance of the combination is 

R=R, + Rz (series connection) (7-29) 

In the parallel connection (Fig. 7-7b), the potential difference across each 

resistor is the same, and the total current through the combination is 

I = 1, + 1. Applying Eq. (7-15), we find 

R,  R, \Ri R, 
and the equivalent resistance R of the combination is obtained from 

ey + ue (parallel combination) (7-30) 
Roa RwouRs Weer 

*In this section we use the symbol V instead of Aq for a potential difference, so as to agree 

with the most common electric circuit notation. 
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A 

FIGURE 7-8 

A resistor network 

¥) ii 

a 

The equivalent resistance of a more complicated network like that in Fig. 
7-8 can be determined by combining the resistors in pairs according to Eq. 
(7-29) or (7-30), and then repeating the process until only one equivalent 
resistance remains. While this procedure is not possible for every network, 
every two-terminal network can be reduced to one equivalent resistance by 

the procedure of the following paragraph. 
Any network problem can be solved in a systematic way by means of 

two rules known as Kirchhoff’s laws.* Before stating these laws, we define 
two terms. A branch point is a point of the circuit where three or more 
conductors are joined together, such as point a, b, c, or d in Fig. 7-9. A 
loop is any closed conducting path in the network. 

Kirchhoff’s laws may now be stated. 

I. The algebraic sum of the currents flowing toward a branch point 
is zero: 

ped (I) 

II. The algebraic sum of the voltage differences around any loop of 
the network is zero: 

DV =0 (II) 

The first law is just a formal statement of the fact that charge does not 
accumulate at a branch point in the circuit as a result of the steady current. 
It is a restatement of the equation of continuity in the form of Eqs. (7-6) 
and (7-7), and as such it is equivalent to 

V-J=0 (steady currents) (7-16) 

* Named for Gustav Robert Kirchhoff (1824-1887). 
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FIGURE 7-9 

A typical circuit requiring 
the application of 

Kirchhoff’s laws. The 
symbol —4 is used to 
designate an applied 

voltage. In a typical cir- 

cuit problem, the V’s and 

R’s are specified, and the 

currents are to be found. 

Two of the six equations 

for the currents in the 

above circuit are —/, + 

E+ J; = 0and y, = 

I,Re + IsRs + 1,R,. 

The second law is merely a restatement of 

? E-dl=0 (static fields) (7-28) 

To apply Kirchhoff’s laws, we need to recall Ohm’s law: 

The potential drop in a resistance R; is 

V, = GR; (resistor) (7-15) 

where the higher potential is taken to be at the end at which the assumed 

current enters the resistance. Equation (7-15) is an equivalent form of 

= gE (linear medium) (7-10) 

Finally, we label the applied voltages 

Ve= -V; (applied voltage) 

Combining this and Eq. (7-15), we can rewrite Kirchhoff’s law II as 

DY = DAR (Ila) 

If the internal resistances of the sources must be taken into account, they 
can be transferred to the right side of (IIa). 

Before applying Kirchhoff’s laws to a specific problem, it is necessary to 

assume directions for the currents in each of the branches. These directions 
should be indicated in the circuit diagram. The formulation of Eqs. (I) and 
(IIa) is then carried out on the basis of the assumed directions. If the 

numerical solution of these equations yields a negative value for a particular 

current, the correct direction of this current is opposite to that assumed. In 
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the problem illustrated in Fig. 7-9, there are six unknown currents. These 
are designated by the symbols J,, L, 4, 4, 1, and [,, each having been 

given an assumed direction. 
Kirchhoff’s law I may be applied at each branch point of the circuit, but 

the equations so obtained are not all independent. The general rule is that if 
there are n branch points, only n — 1 of these will produce independent 
equations. In the problem shown in Fig. 7-9, there are six unknown 

currents. The solution requires three branch-point equations and three loop 

equations. 
The summations in (I) and (IIa) are algebraic sums. In (I), the current 

is considered positive if its assumed direction points toward the branch point 
in question, or it is taken with the negative sign if its assumed direction 

points away from the junction. In applying the loop equations, some 
direction (either clockwise or counterclockwise) must be taken as the 
traversal direction. An applied voltage is taken with the positive sign if the 

voltage (by itself) would produce a positive current in the traversal 

direction. An JR term is taken with the positive sign if the current through 
the resistor in question is in the direction of traversal of the loop. 

EXAMPLE 7-1 Consider the resistive network shown in Fig. 7-10. The resistors R,, R3, 

Current in a Resistive Net- and R; and the applied voltages V, and V; are specified. The problem 
work with Two Applied posed is to find the currents in the resistors. 

Voltages ‘ : 
Solution: Figure 7-10 has been purposely drawn and labeled so that it 

conforms to the preceding figure, Fig. 7-9. We shall label the assumed 

currents, /,, /;, and J; through the resistors so that they also agree with 

S_.n EES 

FIGURE 7-10 

Resistive network for 

Example 7-1 
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those in Fig. 7-9. Applying Kirchhoff’s laws, we find 

,+1,-f=0 

V, = RR, + 1Rs 

V, = LR; — IR; 

We use the first of these equations to eliminate J, from the last one. We 
then solve each of the remaining equations for J; and equate them. 
Solving for /,, we obtain 

= V, + fYV, 

R; + fR, 

where f = 1 + R;/Rs. 

I; 

MICROSCOPIC THEORY OF CONDUCTION 

On the basis of a simple microscopic model of a conductor, it is possible to 
understand the linear behavior that is stated as Ohm’s law, as well as some 

other experimental features of conduction. We consider a free particle of 
the medium, with charge q and mass m. Under the influence of the local 

electric force gE, its drift velocity will increase according to m dv/dt = qE. 
If the charged particle were in a vacuum, it would continue to accelerate. In 
a material medium passing a steady current, however, the drift velocity is 

constant, and therefore, the total force on the particle must be zero. 

Another force, due to the medium, must be acting in addition to the electric 

force. The simplest possible assumption is that this retarding force is 
proportional to the velocity, so that the equation of motion is 

d Vv 
eek. G 7-31 m=, = qE - Gv (7-31) 

It can be seen immediately that when dv/dt = 0, 

v= OE (7-32) 

This equation is the steady-state solution for the drift velocity. However, it 

is interesting to examine the complete solution of Eq. (7-31): 

v(t) = ae — e~ Gm) (7-33) 

if one makes the initial condition v(0) = 0. This equation shows that the 

local drift velocity approaches its steady value exponentially, like e~"’, 

where the relaxation time T is 

m a (7-34) T 
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Eliminating G between Eqs. (7-32) and (7-34), we find the steady-state drift 

velocity to be 

ve (7-35) 
m 

Combining this with Eq. (7-4) for a single kind of charge carrier, we get the 

current density 

J = Nqva = E (7-36) 

proportional to the field according to Ohm’s law. Comparison with Eq. 

(7-10) gives the conductivity 

_ Nq?t 

avin 
(7-37) 

or in case there are several kinds of charge carriers, 

Nigit, 
865i ike 

For a reasonably good electronic conductor such as a semiconductor or 

a metal (but not an electrolyte), we can interpret t physically as the mean 

time between collisions of a conduction electron. In such a material, the 

electron accelerates for a short period, after which it makes a collision with 
one of the atoms of the material. As a result of this collision, the electron is 

thrown off in a random direction, so that the average effect of a collision is 

to reduce the drift velocity of the electron to zero again. If the mean 
collision time is t, and the mean drift velocity is v, then the electrons lose 

the momentum mu, after each time t. In the steady state, the rate of 

momentum loss mu,/t is equated to the rate of momentum gain gE, and 

the result is identical to Eq. (7-35). The mean time 1 is related to the mean 
free path of the electron by 

1 = ust (7-38) 

where vu; is the thermal velocity of the electrons. It is important to 
reemphasize that uy is much greater* than the drift velocity uz (though 
random in direction). For most metals, vy is of the order of 10° m/s (nearly 
independent of temperature), and for a semiconductor, it is about an order 

of magnitude smaller at room temperature. On the other hand, the mean 
drift velocity uy is not greater than about 10~* m/s in normal metals. In 

metals and semiconductors, the mean free path is typically of the order of 

* It is only because of this fact that t can be taken to be independent of the accelerating field E. 
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10-* m at room temperature, so that t ~ 10~'*s in metals. In semiconduc- 
tors, tT may be an order of magnitude larger. In either case, tT is also the 
time for the startup or decay of an Ohmic current. Thus, current changes 

practically instantaneously, on a local basis, after the field is applied or 

removed in resistors made of these materials. We note that in a metal the 

relaxation time for current decay Tt, the collision time, and the time constant 

for dissipation of excess charge density ¢, all happen to be the same, 
although they are conceptually different. * 

It is evident from Table 7-1 that the group of materials with the highest 

electrical conductivity is that of the metals. These materials have high 

conductivity both because they contain a large density of charge carriers, of 

the order of one for each atom of the metal, and because the drift velocity 

per unit electric field is high. In metals, we deal with only one type of 

charge carrier, the electron. Hence, the conduction equations are simple in 
this case: 

Ji=i—Nev; (7-39) 

g = Ne(v/E) = Ne*t/m (7-40) 

where e is the absolute value of the electronic charge. The drift velocity of 

the electron per unit electric field (vz/E) is called the mobility of the 

electron. A large mobility implies a long collision time t or, equivalently, a 

long mean free path. In order to get some feeling for the mean free path of 
electrons in a metal, we have to appeal to the dynamics of electron 

collisions. We know that the conductor is electrostatically neutral only on 

the average, that there are large variations in potential over distances of the 

order of one angstrom unit, and that a charged particle, such as an electron, 

ought to collide or be scattered by variations in potential. But we know also 
that the wave nature of the electron plays an important role in its motion on 

an atomic scale. A solution to the electron collision problem using 

wave-mechanical concepts is beyond the scope of this book. We merely 

state a result: Jn a perfect crystal with a three-dimensional periodic potential, 
an electron wave makes no collision; its collision time t is infinite. Thus, the 

finite conductivity of metals arises from imperfections in the perfectly 

periodic structure. These imperfections are of two types: (1) impurities and 
geometric imperfections (such as grain boundaries in polycrystalline mate- 

rial) and (2) thermally induced imperfections arising from the thermal 
motion of the atoms in the structure. Both types often contribute indepen- 
dently to the resistivity (Matthiessen’s rule), so that 

n =m + nT) (7-41) 

where 7 is the absolute temperature. 

*In a poor conductor, the collision time may have no meaning, or /. may be inversely 

proportional to t according to Eqs. (7-27) and (7-37). 
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In very pure metals, the dominant contribution to the resistivity at 

ordinary temperatures is the scattering of electron waves by thermally 

displaced atoms. Thus, 7 ~ 72(T). The scattering cross section of a 

displaced atom is proportional to the square of its vibration amplitude (a 

in other words, to its maximum potential energy. Assuming elastic restoring 

forces operating on the displaced atoms, 

(Potential energy),,ax = (Kinetic energy) max * KT 

so that 

N~ 2% (t2) ex? « T (7-42) 

or, in words, the resistivity of a pure metal is proportional to the absolute 
temperature. The temperature coefficient of resistance, (1/n) dn/dT, for a 

very pure metal is, therefore, 

= ue a= ndT T (7-43) 

in approximate agreement with the metal entries of Table 7-1. Strictly 

speaking, the preceding argument is valid only for temperatures above the 
Debye temperature of the metal (the temperature above which all the 
atomic vibration modes are excited). At temperatures somewhat below 

the Debye temperature, 7 drops below the linear relationship predicted by 

Eq. (7-42). At very low temperatures the contribution from 7, cannot be 
neglected. j 

The addition of small amounts of a soluble impurity always increases 

resistivity. An alloy, which may be regarded as an impure metal, always has 

a higher resistivity than that of the lower resistivity parent metal (Fig. 7-11). 

SS 

FIGURE 7-11 
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The temperature coefficient resistance, a, of an alloy is obviously lower 
than that of a pure metal just because its resistivity is higher, but certain 
alloys that have extremely small temperature coefficients have been 
developed. 

SUMMARY 

The most important technological uses of electricity depend on currents 
associated with moving charges; these are also of fundamental importance 
to magnetism, as described in the next chapter. Defined locally at a point in 
space, the current density is 

J= p> N.Qi¥i 

Since the charge density is 

p= > Niqi 

it may vanish even though the current does not. The total current through a 

surface S may be expressed as 

l= i J-nda 
Ss 

or 

dQ 
Lass 

dt 

The conservation of charge is expressed locally by the equation of continuity 

op 
yy = 0 

‘hd ot 

(For the present, we consider mainly steady currents, for which V- J = 0, as 

well as 9J/dt = 0.) The conduction current in a medium is given by a 
constitutive equation, which in the simplest linear case defines the 

conductivity ¢: 

J=gE 

which is Ohm’s law. 

¢ The resistance of a straight conductor of uniform cross section is 

R=I1/gA 

¢ In a continuous conducting medium with steady currents, the potential 

obeys the Laplace equation, 

V7o =0 

The boundary conditions on E are the same as in a dielectric medium, and 

those on J are similar to the ones on D. Consequently, between two 
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PROBLEMS ——— 

electrodes embedded in an infinite medium, 

€ : 
RC =- (mks units) 

& 

¢ If the volume charge density in a conducting medium is not zero 

initially, it disappears with a time constant 

t, = zs (mks units) 
§ 

For metals, this time is of the order of 10~'*s; for very poor conductors, it 
may be up to many months. 

* For electric circuits, the static equations V-J = 0 and Vx E=0 
become Kirchhoff’s laws, 

> I; = 0 at a branch point (1) 

> V; = 0 around a loop (II) 

In order to supply the power dissipated in resistors by steady currents, 

certain voltages must be applied by devices (e.g., batteries) whose 

operation cannot be described within the framework of electrostatics. Then, 
with Ohm’s law, a complete solution of the circuit problem is 

straightforward. 

* The microscopic theory of Ohmic conduction depends on the existence 

of a linear retarding force that acts on free charges in the medium, in 

addition to the accelerating electric force. Expressed in terms of a relaxation 

time T, this gives 

Nq?*t 
[epi 

m 

The time t is the time constant for the local establishment of an Ohmic 

current after the application of the field; in practical cases t is short (107 '*s 

for metals). For good electronic conductors (metals, semiconductors), T is 
interpreted as the mean time between collisions. In these cases, it depends 
on the electronic mean free path according to 

T= l/ur 

where u; is the random thermal velocity (not the net drift velocity). 

7-1 The maximum rated current for a copper wire of cross-sectional area 2 mm? is 
20 A. (a) What is the corresponding current density in A/m?? (b) On the assumption 
that each copper atom contributes one conduction electron, calculate the electronic 
drift velocity corresponding to this current density. (Avogadro’s number: No = 
6.02 x 10° atoms per mole; atomic weight of copper: 63.5; density of copper: 
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8.92 g/cm”.) (c) Use the observed conductivity to calculate the average collision time 
for an electron in copper. 

7-2 The conductivity of seawater is approximately 4.3 (Qm)~'. Find the current 

density in a cell 2cm long with 1 cm’ cross-sectional area when 4 V is applied. 

Calculate the average drift velocity, assuming that the concentration of ions is 2 
percent of the water molecule concentration. 

7-3 Two infinite, plane, parallel plates of metal are separated by the distance d. The 

space between the plates is filled with two conducting media, the interface between 
the media being a plane that is parallel to the metal plates. The first medium 

(conductivity g,, permittivity €,) is of thickness a, and the second (conductivity g., 

permittivity €,) is of thickness d — a. The metal plates are maintained at potentials 

@, and q@2, respectively. In the steady state, (a) what is the potential of the interface 

separating the two media, and (b) what is the surface density of charge on this 

interface? 

7-4 A system of charges and currents is completely contained inside the fixed 

volume V. The dipole moment of the charge-current distribution (see Section 2-9) is 

defined by 

p= | rodv 
Vv 

where r is the position vector from a fixed origin. Prove that 

d dy = — 
ja Pearl 

(Hint: First prove the identity J, J du = $,rJ-nda — fy r¥-Jdv, and note that J 
vanishes on the surface S.] 

7-5 A conducting medium is in a uniform field E,. A spherical cavity of radius a is 

formed in the medium. (a) Find the potential inside and outside the cavity. (b) Find 

the surface charge that appears on the cavity. (c) Make a sketch of the field lines. 

7-6 A parallel plate capacitor is filled with a material of dielectric constant K and 

conductivity g. It is charged with an initial charge Q. (a) Show that the charge leaks 

off the plates as an exponential function of time. (b) Show that the total joule heat 

production equals the electrostatic energy stored initially. (c) What is the time 

constant for the discharge if the material is silicon oxide? (See Tables 4-1 and 7-1.) 

7-7 Two long cylindrical shells of metal (radii 7; and r,, with r, > r,;) are arranged 

coaxially. The plates are maintained at the potential difference Ag. (a) The region 

between the shells is filled with a medium of conductivity g. Use Ohm’s law, 

J = gE, to calculate the electric current between unit lengths of the shells. (b) If the 

region between the shells is filled with a nonconducting medium of permittivity e, 

the capacitance of the system may be computed from the definition C = Q/Ag. 

Show explicitly for this geometry that the product of resistance per unit length and 

capacitance per unit length = €/g. 

7-8 The leakage resistance of a rubber cable insulation is measured in the following 
way: A length / of the insulated cable is immersed in a salt-water solution, a 
potential difference is applied between the cable conductor and the solution, and the 

resulting cable current is measured. In a particular case, 3 m of cable is immersed in 
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the solution; with 200 volts between cable conductor and solution, the current 

measured is 2 x 10-° A. The insulation thickness is equal to the radius of the central 

conductor. What is the electrical resistivity of the insulation? 

7-9 A long copper wire of radius a is stretched parallel to and at distance h from an 

infinite copper plate. The region above the plate and surrounding the wire is filled 

with a medium of conductivity g. Show that the electrical resistance between the two 

copper electrodes, per unit length of the wire, is given by 

1 h 
R = — cosh" '- 

27g a 

7-10 A homogeneous, isotropic sphere of conductivity g is subjected to a potential 

@ cos @ at all points on its surface. Here @ is the usual polar angle measured with 

respect to an axis through the center of the sphere. Determine the current density J 

at all points inside the sphere. 

7-11 Two cylindrical copper electrodes of radius a are oriented normal to a silicon 

wafer of thickness s and their axes are separated by the distance b. The electrodes 

are embedded in the wafer to the depth s; in other words, they go completely 

through the wafer. The lateral dimensions of the wafer are large compared with b 

and may be considered infinite. Taking the conductivity of silicon to be g, find the 

current between the electrodes when their potential difference is Ag. 

*7-12 A square copper plate of length 20a, thickness s, and conductivity g is 

subjected to a potential difference: Two opposite edges of the plate are maintained 

at the potentials @, and —@o, respectively. (a) What is the electrical resistance of the 

plate? (b) If a small hole of radius a is drilled through the plate at its center, 

determine the approximate fractional change in resistance. [Hint: Find the potential 

distribution in the plate with the aid of the cos @ cylindrical harmonics. Unfortun- 

ately, this distribution is not quite correct, because the two opposite edges of the 
square are not exact equipotentials. An approximate solution is obtained by taking 

the average potential of the two edges equal to +q@p. | 

7-13 Calculate the ratio of power dissipation to surface area for the conductors 
described in (a) Problem 7-1 and (b) Problem 7-2. 

7-14 Given three resistors of 1 Q, 2 Q, and 3 Q, find the sixteen different resistances 

that can be made with these resistors. 

7-15 A 0.4-watt lamp bulb is designed for operation with 2 volts across its terminals. 

A resistance R is placed in parallel with the bulb, and the combination is put in 

series with a 3-ohm resistor and a 3-volt battery (internal resistance, } ohm). What 

should the value of R be if the lamp is to operate at design voltage? 

7-16 In Problem 7-11, the radii of the copper electrodes are 0.5mm, the axial 

separation of the electrodes b = 1.5mm, s = 3mm and 7 (the resistivity of 
Si) = 0.1 Qm. If a 100 V battery is connected between the electrodes, determine the 

current passing through the disk. 

7-17 Determine the length of nichrome wire, 0.2mm in diameter, needed to 
dissipate 600 W when 120 V is applied to it. 

*7-18 A resistance line, total resistance nR, is connected between the potential @> 
and ground (ground is reference potential). The line is supported by n — 1 poles at 

~ equal resistance intervals such that the line resistance between poles is R. The - 
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leakage resistance to ground at each pole is AR. If q,, is the line potential at the mth 
pole, show that 

Pm+i Sar (2 oF Bo') Om aR Pm-1 a 0 

7-19 Two batteries with open circuit voltages V, and V, and with internal resistances 

R, and R,, respectively, are connected in parallel with each other and with the load 

resistance R. (a) Find the current through the load. (b) If the load resistance is 

varied and other quantities kept fixed, what should R be in order that it dissipate 
maximum power? 

7-20 A group of n identical cells of open circuit voltage V, and internal resistance R, 

is used to supply current to a load resistor R. Show that if the n cells are connected 

in series with each other and with R, then J = n¥V,/(R + nR,), whereas if the cells 

are connected in parallel and the combination put in series with R, then 

I = ¥/(R + R,/n). 

7-21 Six identical resistors (R) are joined to form a hexagon. Six more resistors (all 

again of the same resistance R) are connected between the six vertices and the 

center of the hexagon. (a) What is the equivalent resistance between opposite 
vertices; (b) between adjacent vertices? 

7-22 Six resistors form the edges of a tetrahedron. Five of the resistors are identical 

(R), and the sixth is R,. A potential difference is applied across one of the resistors 

adjoining R,. Show that the joule heat production in R, is maximum when 
R, = (5/3)R. 

7-23 A Wheatstone-bridge circuit is obtained from the circuit of Fig. 7-9 by making 

Y, = 0, and substituting a galvanometer R, for R,. We shall also take R, = 0. The 

balance condition of the bridge (no current through the galvanometer) is obtained 

when R;R, = R4R;. Thus, an unknown resistance, for example R,, may be 

determined in terms of known resistances: R, = R,R;/R, at balance. (a) Find the 

current through the galvanometer when the bridge is off balance. (b) Assume that 

the bridge is to be balanced by varying R,. The sensitivity of the bridge is defined by 

S = CR,(01,/9R4)o, where C is the galvanometer deflection per unit current, and 

the subscript zero means that the derivative is to be evaluated at balance. Show that 

CY, 

eRe CR kek ee RU RR) 

*7.24 The Wheatstone bridge of the preceding problem is nearly balanced. Let 

R,;/R; = a, and R,/R, = a(1 — €), where € <« 1. If the resistance R, is negligible, 

show that J,/], = we/(a@ + 1)’. 

*7-25 A resistance of approximately 10 ohms is to be measured in the Wheatstone- 

bridge circuit of Problem 7-23. A large selection of standard resistances is available. 
The maximum power allowed in the bridge is 5W. If R, = 100, and the 

galvanometer will just detect a signal of 4 x 10-° A, what is the highest precision 
one can obtain in measuring the unknown resistor? Assume that the standard 

resistors are exact, and do not limit the accuracy. 

*7-26 A linear, conducting medium is connected at n points to electrodes with the 

fixed potentials: @,, 2, -.-, @n- Show that the joule heat production in the medium 

is given by )7_, J, where J, is the current entering the medium through electrode 1. 
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The Magnetic Field 
of Steady Currents 

The second kind of field that enters into the study of electricity and 

magnetism is the magnetic field. Such fields or, more properly, the effects of 
such fields have been known since ancient times, when the effects on the 

naturally occurring, permanent magnet magnetite (Fe;0,) were first ob- 

served. The discovery of the north- and south-seeking properties of this 

material had a profound influence on early navigation and exploration. 

Except for this application, however, magnetism was a little used and even 

less understood phenomenon until the early nineteenth century, when 

Oersted discovered that an electric current produced a magnetic field. This 

work, together with the later work of Gauss, Henry, Faraday, and others, 

brought the magnetic field into prominence as a partner to the electric field. 

The theoretical work of Maxwell and others (see Chapters 11 and 16) has 

shown that this partnership is real and that the electric and magnetic fields 

are inextricably intertwined. The efforts of practical people have resulted in 
the development of electrical machinery, communications equipment, and 

computers, which involve magnetic phenomena and which play such important 

roles in everyday life. In this chapter, the basic definitions of magnetism will 

be given, the production of magnetic fields by steady currents will be studied, 

and some important groundwork for future developments will be laid. 

THE DEFINITION OF MAGNETIC INDUCTION 

In Chapter 2, the Coulomb force on a charge q located at r due to a charge 
q, at the origin was given by 

1 r 
Sreregs (8-1) = 

4m€) r° r 

in which the assumption that the two charges are at rest is implicit. 
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If the charges are moving with constant velocities v and vy, 
respectively, an additional magnetic force F,,, is exerted on q by q,, 

— Ho dq tet | ve *) (8-2) 
Le 

m 

The number po/42 plays the same role here as 1/42€ 9 played in 
electrostatics—that is, it is the constant required to make an experimental 
law compatible with a set of units. In mks units, by definition, 

Bo _ 107 N-s/C? 
4x 

exactly, and this stipulation leads to the primary definition of the coulomb. 

(See Section 8-3.) Also as in the case of the electrostatic force, it is 

convenient to abstract from the properties of the “test charge” by defining a 

magnetic field. In this case, not only the test charge q but also its velocity v 
must be factored out: 

F, = qv xB, (8-3) 

where the magnetic induction B is 

B=-—2“ty, x - (8-4) 

If a number of moving source charges are present, the magnetic forces and 
fields are additive. Some sort of limiting process should be included in the 

definition of B (as was done when the electric field was defined) to ensure 

that the test charge does not affect the sources of B. The unit for magnetic 

induction in the mks system according to Eq. (8-3) is the newton-second per 

coulomb-meter, called the tesla (T). 

If both an electric field and a magnetic field are present, the total 

force on a moving charge is F, + F,,, 

F = g(E + v x B) (8-5) 

This force is known as the Lorentz force. 

The magnetic force between two charges is more complicated than the 

electric force because of the velocity dependence and the cross products. 

First, the similarities are that the magnitude of both forces depends on the 

product of the charges and the inverse square of their separation (in 

addition to a dimensional constant). The direction of the magnetic force, 
however, is not along the line joining the particles (i.e., it is not a central 

force), unless v happens to be perpendicular to r. The force is always in the 
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plane defined by r and y,. More importantly, the force is always perpen- 

dicular to v; from Eq. (8-3), v- F,, = 0 for any field B, so that a magnetic 

force never does any work on a charged particle. A further comparison 

between F,,, and F, is facilitated if we multiply numerator and denominator 

of Eq. (8-2) by €9. Comparison of the result with Eq. (8-1) shows that €ouo 

must have the dimensions of an inverse velocity squared. Let us write 

1 
Eollo = 3 (8-6) 

where c has the dimensions of a velocity, so that 

1 Oe) 
4nm€) r° c Caneer 

Using the defined value of wu) and the experimental value of €9, we find 

c = 2.9979 x 10° m/s 

which is numerically just the experimental velocity of light.* In Chapter 16, 

we shall see that this numerical coincidence is not accidental, but is a 

necessary consequence if light is an electromagnetic wave. Here we need 

not delve into the meaning of the relationship, but simply use the 
experimental fact. It means that for a given pair of particles 

That is, if the particle velocities are small compared to the velocity of light, 

the magnetic interaction is very much smaller than the electric interaction. 
In fact, Eqs. (8-1), (8-2), and (8-4) are only first approximations to the 

correct relativistic expressions to be derived in Chapter 21, and they hold 

only for v,; < c. We may note that the fields produced by the uniformly 
moving charge q, are related by 

vv 
== > a 

PPTs 

* Equation (8-6) must hold in any consistent system of units. In gaussian units, where €, = 1/4 

by definition, po/4a = 1/c? is an experimental value. A more troublesome difference between 

the two systems of units is that in gaussian units the two c’s are split up with the two u’s, so 

that one defines 

x= and Fa=q~xB 
r (% 

This definition has the advantage that B is dimensionally the same as E (and that the 

relativistic form u/c appears explicitly). 
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(This relation happens to hold for arbitrarily large velocities, even though E 
and B both become modified when v, is comparable to c.) Finally, it is 

remarkable that the magnetic force does not depend only on the relative 

velocity of the two charges—but is different in a moving coordinate 

system*—and that it does not simply change sign when the particle labels 

are exchanged. These aspects need not concern us now, however, since they 

cancel out in the applications that are to be made in this and the following 
chapters. 

Since F,, «< F,, it might seem at first glance that the magnetic force 

could always be neglected in comparison to the electric one, but there are 

systems of particles where this is not so. Notably in a conduction current, 

where positive and negative charges are present in equal densities, the 
macroscopic electric field is zero, but the magnetic field of the moving 

charges is not. This is the case in electromagnets, motors, transformers, and 

other situations where magnetic forces have very great practical importance. 

We therefore begin with the study of magnetic interactions between 
conduction currents. In the next section, we discuss the force on a 
conduction current in an existing magnetic field, and in Section 8-3, we 

discuss the production of a magnetic field by a given conduction current. 

FORCES ON CURRENT-CARRYING CONDUCTORS 

From the Lorentz force (Eq. 8-5), an expression for the force on an element 

di of a current-carrying conductor can be found. If dl is an element of the 

conductor with its sense taken in the direction of the current / that it carries, 

then dl is parallel to the drift velocity v of the charge carriers in the 
conductor. If there are N charge carriers per unit volume in the conductor, 

the force on the element dl is 

dF = NA |dl| qv x B (8-7) 

where A is the cross-sectional area of the conductor and q is the charge per 
charge carrier. If several kinds of charge carriers are involved, then a 
summation must be included in Eq. (8-7). However, the final result, Eq. 

(8-8), is unchanged. Since v and dl are parallel, an alternative form of Eq. 

(8-7) is 

dF = Nq|v|Adl x B (8-7) 

However, Nq|v|A is just the current for a single species of carrier. 

*In particular, it vanishes in a coordinate system moving with v. This dependence on the 

coordinate system contradicts the assumption of classical mechanics that forces are the same 

in all inertial coordinate systems. It is our first hint that the theory of relativity is necessary to 

accommodate electromagnetism. 
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Therefore, the expression 

dF = 1dlxB (8-8) 

is written for the force on an infinitesimal element of a current-carrying 

conductor.* 
Equation (8-8) can be integrated to give the force on a complete (or 

closed) circuit. If the circuit in question is represented by the contour C, 

F=$ 1d\xB (8-9) 

So long as B depends on position, the only simplification that can be made 
in Eq. (8-9) is to factor J from under the integral sign. If, however, B is 
uniform—that is, independent of position—then it too can be removed from 

under the integral to give 

r= i$ ax. 
The remaining integral is easy to evaluate. Since it is the sum of 

infinitesimal vectors forming a complete circuit, it must be zero. Thus, 

F = ¢ Idix B=0 (B uniform) (8-10) 
Cc 

Another interesting quantity is the torque on a complete circuit. Since 
torque is moment of force, the infinitesimal torque dt is given by 

dt =r X dF = Ir X (dl X B) (8-11) 

The torque on a complete circuit is 

a Ip r x (dl x B) (8-12) 
(e 

Once again, unless B is uniform, no further simplification can be made. 
However, if it is uniform, a straightforward expansion is accomplished by 
writing 

di x B = i(dyB, — dzB,) + j(dzB, — dxB,) + k(dxB, — dyB,) 

(8-13) 

From these components, the components of r x (dl x B) are readily found 

* The original experiments that led to an understanding of magnetic forces were carried out on 

current-carrying circuits. These experiments produced Eqs. (8-8) and (8-9). 
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to be 

(r x (dl x B)], 

[r x (dl x B)], 

[r x (dl x B)], 

V dxB, —ydyBy-— 2 dzB, WteaxB} 

ZdyB2--cuzh,.— .axB, +x dyB, (8-14) 

ize OLB Vay Rt Vy dzB. 

Since B is assumed to be independent of r (uniform field) the components of 

B may be factored out of the integrals appearing in the expansion of Eq. 

(8-12). The spatial integrations that must be performed are of two general 
forms: 

ll 

$ a (8-15a) 

and 

p Edn (8-15b) 

where & represents any coordinate and 7 represents any coordinate different 
from §. The first of these is trivial because it represents the integral from 

some lower limit €, to some upper limit §, of € d&, plus the integral from &, 

to €, of §d§&. Since interchanging the limits introduces a minus sign, the 

result is zero, which eliminates six terms from Eq. (8-14). Integrals of the 

form (8-15b) involve only two variables, § and 7; hence, it makes no 

difference whether the integral is taken around the actual curve C or around 

its projection on the &, n-plane, as shown in Fig. 8-1. By using the 

projection on the &, 7-plane it is easy to see what Eq. (8-15b) represents. In 

Fig. 8-2, the §, n-plane is shown along with the infinitesimal area § dy. The 

integral can be written 

p Edn = [ suman = i; §2(n) dn (8-16) 

Projection of the curve C 

on the &, n-plane C 
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FIGURE 8-2 

Evaluation of the integral 

J &dn 

Hise =e 

This equation gives just the area enclosed by the projected curve, and in the 

figure, the result is positive. If § and » appear in cyclic order for a 
right-hand coordinate system, then the direction in which the contour is 

circled would give a normal in the positive ¢-direction. Thus, we may write 

$ Edn = A; (8-17) 

with &, 7, € a cyclic permutation of x, y, z. Using this result to evaluate the 

integrals gives 

t= 1 (r x (dl x B)], = 1(A,B, — A,By) (8-18) 

with similar expressions for the y- and z-components. The three expressions 

are neatly summarized in the expression 

t=IAXB (8-19) 

where A is the vector whose components are the areas enclosed by 

projections of the curve C on the yz-, zx-, and xy-planes.* The quantity JA 
appears very frequently in magnetic theory and is referred to as the 

magnetic dipole moment of the circuit. The symbol m will be used for 
magnetic dipole moment: 

m= JA (8-20) 

with A defined as in the text following Eq. (8-19). 

It is easy to show, by the technique used above, that the integral of 
r < dl around a closed path gives twice the area enclosed by the curve: 

1 
sh Xdl= A (8-21) 2a 

“Note that no restriction to plane curves has been imposed on C and that this definition of A 
makes any such restriction unnecessary. 
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a ee 

This expression can be used to obtain 

1 
m = 5! rx dl (8-22) 

2 Je 

as an alternative expression for the magnetic dipole moment. 

If, instead of being confined to wires, the current exists in a medium, then 

the identification 

Idi Jdv (8-23) 
is appropriate, as has been shown earlier. We then write 

dm = tr xX Jdvu (8-24) 

which is useful in discussing the magnetic properties of matter. 

8-3 —__ CTH LAAW OOF BOT AND SAVART 

In 1820, just a few weeks after Oersted announced his discovery that 

currents produce magnetic effects, Ampere presented the results of a series 

of experiments that may be generalized and expressed in modern mathe- 

matical language as 

dl, x [dl, x — F, = rea $ Abel iets Ata 1s) (8-25) 
4x 1 42 | ey r| 

This rather formidable expression can be understood with reference to Fig. 
8-3. The force F, is the force exerted on circuit 2 due to the influence of 

circuit 1, and the dl’s and r’s are explained by the figure. By definition, 

Ho 
— = 10°’N/A? 
4 

FIGURE 8-3 

Magnetic interaction of 

two current circuits 

dl, x (ry =r) 
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in mks units, and Eq. (8-25) serves as the primary definition of the ampere, 

in terms of which the coulomb is defined. Equation (8-25) appears, 

superficially, to violate Newton’s third law because of the lack of symmetry. 

However, by using some of the theorems of vector analysis, it can be shown 

that it is actually symmetric—that is, F, = —F,. (See Problem 8-4.) 
is Esai = sales leas, nlite DD a Sar mee tae we A 

From Eq. (8-9), it is apparent that Eq. (8-25) implies 

Uo dl, X (tm — m1) Pa a EY pg, 5 i san es a 8-26 
Btr.) 4n f (r. — r,|° a) 

This equation is a generalization of the Biot and Savart law,* which 

name will be used both for Eq. (8-26) and the differential form 

Hol dh X ( — m) 8-27 
4n \r> <a r.|° ( ) 

dB(r,) = 

Equation (8-27) is an immediate consequence of Eq. (8-4) as applied to a 

conductor, if one uses the same argument that led to Eq. (8-7). As a last 

point, Eqs. (8-26) and (8-27) take the forms 

Mo f I(r) X (Hm - rm) 
a dt B i 

(r.) 4m Jy [r2 — rl 
(8-28) 

and 

Ho I(t) xX (mr — 1) 
aB = 

Cres rete les ar 
dv, (8-29) 

for a continuous distribution of current described by the current density 
J(r). 

It is an experimental observation that all magnetic induction fields can 

be described in terms of a current distribution. That is, B always has the 

form of Eq. (8-28), with some J(r,). This observation implies that 

V-B=0 (8-30) 

which, in turn, implies that there are no isolated magnetic poles. Equation 
(8-30) is true for any B of the form (8-28) or (8-26), as can be verified 
mathematically: We take the divergence of Eq. (8-28). Using V:(F x 
G) = -F-Vx G+G-V x F gives 

Yr oe Yr, 

————=s 0p 
lr. — |? 

V2 Bir.) = ~ 42 | 3(n)-¥2 x 
Ve 

“In passing, we mention that there has been some controversy over the naming of various 

laws. We do not wish to enter into this controversy, but refer the interested reader to E. T. 
Whittaker’s excellent history, History of the Theories of Aether and Electricity, Vol. 1 (New 

York: Philosophical Library, 1951), 
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However, (r,. — r)/|r. — r,|° is the gradient of —1/|r, — r,| with respect to 

r,. Since the curl of any gradient is zero, it follows that 

V,-B(r,) = 0 

8-4 ___ ELEMENTARY APPLICATIONS OF THE BIOT 
AND SAVART LAW 

The range of problems to which Eq. (8-28) (or Eq. (8-26)) can be applied is 
limited primarily by the difficulty experienced in performing the integra- 

tions. Some of the tractable situations are considered in this section. In later 

sections, other techniques for obtaining B will be considered. 

EXAMPLE 8-1 

The Magnetic Field of a Long, 
Straight Current-carrying 

Wire 

The wire is imagined to lie along the x-axis from minus infinity to plus 

infinity and to carry a current /. The field is to be computed at a typical 
point r, on the y-axis. The geometry is best explained by Fig. 8-4. 

Solution: From the Biot-Savart law, the magnetic induction is 

= x ~ 
B(r,) = 21 fof Beh olreetors} (8-31) 

2 Loi r,|° 

Since r, — r, lies in the cual 

i X (r. — r,) = |m — 4,| sin 6k (8-32) 

Furthermore, 

= tan(a — 0) = —tan@ (8-33) 

and \ 

|r. — r,| = acsc(m — 6) =acsc@é (8-34) 

FIGURE 8-4 

. Magnetic field at point P 
‘ due to a long straight 

\ wire 

hy 
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Using these relationships to convert Eq. (8-31) to an integral on 6 from 

0 to 7 gives 

Mol fe : Uol * _ Mol 
B = — 6d@ = ——k(-cos 0)| = ——k 8-35 

(r,) 4ma Jo 2 4ma Ga Coat) 0 22a ( ) 

To use this result more generally, it is only necessary to note that the 

problem exhibits an obvious symmetry about the x-axis. Thus, we 

conclude that the lines of B are circles everywhere, with the conductor 

as center. This is in complete agreement with the elementary result that 
gives the direction of B by a right-hand rule. 

EXAMPLE 8-2 Consider a circular loop of wire carrying a current /. The magnetic field 
Axial Magnetic Field of a produced by such a circuit at an arbitrary point is very difficult to 

Circular Loop of Wire compute; however, if only points on the axis of symmetry are 

Carrying a Current considered, the expression for B is relatively simple. In this example, a 
complete vector treatment will be used to demonstrate the technique. 

Figure 8-5 illustrates the geometry and the coordinates to be used. The 

field is to be calculated at point r, on the z-axis; the circular turn lies in 

the xy-plane. 

Solution: The magnetic induction is given by Eq. (8-26) in which, from 
Fig. 8-5, the following expressions are to be used: 

dl = ad@(—isin @ + jcos 8) 

ry — r, = —iacos 6 — jasin@ + kz (8-36) 

r, — ¥,| = (a? + 27)!” 

FIGURE 8-5 

Axial field of a circular 

turn of wire 
dl x (ry- 1) 
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Substituting these into Eq. (8-26) yields 

4 bl [ (iza cos 6 + jza sin @ + ka’) ae 
B(z : 
@) 4x Jo (aye (oEl 

The first two terms integrate to zero, leaving 

I a° 
Bz) kk (8-38) 9 (z? ae ap? 

which is, of course, entirely along the z-axis. 

A frequently used current configuration is the Helmholtz coil, which 

consists of two circular coils of the same radius, with a common axis, 
separated by a distance chosen to make the second derivative of B vanish at 

a point on the axis halfway between the coils. 

EXAMPLE 8-3 Figure 8-6 shows the configuration of a Helmholtz coil. We should like 

Axial Field of a to determine the magnetic field at a point on the axis of the coil. 
Helmholtz Coil 

Solution: The magnetic induction at point P is 

Nuola?® ( 1 1 
B = See Sy Te ee OE ES az) ,) (z2 + a)?” [(2b — z)? + ap? (8-39) 

which is obtained by applying Eq. (8-38) to each of the two coils. The 

factor N is included to handle the situation where each coil contains N 

turns. The first derivative of B, with respect to z is 

dian Hone | 3 22 vo 2(z — 2b) 

dzeWen 2 2274! a?)82902((2b.— zy +a? 

At z = b, this derivative vanishes. The second derivative with respect 

(8-40) 

pee Hari at Aes fe} A viieres han nine sor aaron ee ee 

FIGURE 8-6 

Axial field of a Helm- — NV turns 

holtz coil 

2b 

| i { 
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to z is 

dB ae me 1 i 22° 
dz? id D (z? 2 any 2 (2? a Fag Ue 

a 1 5 2(z — 2b)? 

(2b — z)? + a7P? 2[(2b — z)? + a’]’” 

At z = Bb, this derivative reduces to 

a’B, _ _ 3poNIa* & + a? — 5b? + b? + a? — 5b? 

zen es 2 (bee 

which vanishes if a? — 4b* = 0. Thus, the appropriate choice for 6 is 

2b =a (8-42) 

That is, the coil separation should equal the radius. With this 

separation, the magnetic induction at the midpoint is 

UNI 8 
B, = - 7 (8-43) 

(8-41) 

Helmholtz coils play an important role in scientific research, where they 
are frequently used to produce a relatively uniform magnetic field over 

a small region of space. Let us consider the magnetic field at a point on 

the axis near the midpoint between the coils. The field B.(z) can be 
developed in a Taylor’s series about the point z = 3a: 

OB, 
B.(z) = B.($a) + (z — 4a) z=ha 

Since the first three derivatives vanish, 

O*B, 
BAZ) = BAG ea age oe) 

oz 
+ :-- 

z=ha 

If the fourth derivative is evaluated explicitly, B,(z) can be written as 

144 /z — a/2\* 
B,(z) B.(a/2)|1 ae ( ; ) (8-44) 

Thus, for the region where |z — a/2| is less than a/10, B,(z) deviates 
from B,(a/2) by less than one and a half parts in ten thousand. 

The tesla is a rather large unit for measuring most laboratory fields. 

Consequently, the unit gauss for B from the gaussian system* of units is 

commonly used: one gauss equals 10~* tesla. For reference purposes, 

* This system of units is discussed in Appendix II. 
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FIGURE 8-7 2 

(a) A solenoid; (b) axial 
magnetic field of a 

solenoid 

1a — 29 > 

- i, —~ 

(b) 

we give 

322N I d : : 
be 3, 10° I in ampere, a incm, B in gauss (8-43a) 

a 

for the induction at the midpoint of the Helmholtz coil. Of course N is 
still the number of turns in each of the two coils. 

EXAMPLE 8-4 Another device to which Eq. (8-38) can be applied is the solenoid. A 

Axial Field of a solenoid may be described as N turns uniformly wound on a cylindrical 

Solenoid form of radius a and length L. Such a configuration is shown in Fig. 

8-7(a). 

Solution: The magnetic induction at point Z) is found by dividing the 

length L into elements dz, such as the one shown in Fig. 8-7(b), and 

applying Eq. (8-38) to each element and summing the results. Noting 

that the element dz contains N dz/L turns, we find that 

Uo NI a’ = dz 

= Se eT 8-45 B,(Z) je i B [(Z ee ZA as aye ( ) 

The change of variable, z — Z) = acot a, leads to 

NI Ta, 

B,(Z) = cies % sin ada 

NI 
= po [—cos (x — a) + cos a] (8-46) 

2L 
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The angles a, and a, (both <z/2) are shown in Fig. 8-7(b). Equation 

(8-46) thus becomes 

NI [cos aw, + cos a 

If the solenoid is long compared with its radius and 2p is not too close to 

either zero or L, then a, and a, are both small angles and may be 

approximated by 

a=-, m= (8-48) 
749) L= Zo 

Maintaining quadratic terms in the expansion of cos a, and cos @, we 

obtain 

UNI a? a? 
B,(%) = - > - —— -4 

(20) = TT 472, 4(L a zy Cope! 

From this, we conclude that if z = L/2 and L/a = 10, a 2 percent 
error results from neglecting the quadratic terms and just using the 

elementary formula. 

The general formula for B, Eq. (8-26), is always a correct expression for 
the magnetic field of a current circuit, but it is difficult to use in the general 
case where the geometry is complex. 

AMPERE’S CIRCUITAL LAW 

For magnetic induction fields given by Eq. (8-26) or (8-28) that are due to 
steady currents—that is, to currents that satisfy 

V-J=0, (8-50) 

a very important equation for the curl of B can be derived by simply 
calculating the curl of Eq. (8-28). The curl involves differentiation with 

respect to r, and hence operates only on the factor (r. — r,)/|r. — r,°: 

V, x B(r,) = z is [306.)(¥o- =e) 
Ir. — |? 

— Jiri): V2 an dv, 
ry 

The derivative may now be changed to differentiation with respect to r, 
(with a minus sign) in the second term because of the symmetry between r5 
and rj: 

V, x B(r,) = 7 [sen ole ry eo 3(r) Yetteeer| du, 

The first term is expressed in terms of the Dirac delta function, as in Eq. 
(2-57); it integrates immediately to give uoJ(r2). The second term can be 
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shown to vanish by means of an integration by parts: 

Xx; — X2 X; — X2 Xx; — X2 

lhl rear saps Dg a re 
for the x-component and similarly for the other components. The term with 
V-J vanishes by the assumption (8-50), and the volume integral of the left 
side can be converted using the divergence theorem to a surface integral, 
which vanishes if the surface is chosen to lie outside a bounded region 
where J is nonvanishing. (The same result follows directly from the identity 
1-2-4 of Table 1-2.) Thus, the final result, which will be called the 

differential form of Ampere’s law, is 

V X B(r2) = Uo (tr) (8-51) 

In Chapter 9, this equation will be modified so as to be more useful when 
magnetic materials are present. However, Eq. (8-51) is still valid so long as 
J is the total current and V-J = 0. 

Stokes’s theorem can be used to transform Eq. (8-51) into an integral 
form, which is sometimes very useful. This application of Stokes’s theorem 

is written 

[vx Benda = $ Beal (1-45) 
Ss Cc 

Using Eq. (8-51) for V x B gives Ampere’s circuital law, 

$ B- dl = wo] 3-mda (8-52) 
Cc Si 

This equation simply says that the line integral of B around a closed 

path is equal to up times the total current through the closed path. 

It is instructive to verify Eq. (8-52) for a simple case. The long straight 

wire provides a particularly good example. In this case B at a distance r 
from the conductor is given by B(r) = uol/2ar, and it is tangential to a 

circle of radius r with center at the conductor. Figure 8-8 illustrates the 

geometry. The current is directed upward, and C is described in the 

counterclockwise direction. From the figure, 

B- dl = |B| |dl| cos x = |B|rdé@ (8-53) 

With |B] as given above, 

2x Uol 

¢ B-dl= —rd@ = Uol (8-54) 
G 0 2ar 

which represents a special case of Eq. (8-52). 
Ampere’s circuital law is in many ways parallel to Gauss’s law in 

electrostatics. That is, it can be used to obtain the magnetic field due to a 

certain current distribution of high symmetry without having to evaluate the 

complicated integrals that appear in the Biot law. An example follows. 
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FIGURE 8-8 

Verification of Ampere’s 

circuital law for long, 

straight-wire geometry 

EXAMPLE 8-5 Consider a coaxial cable consisting of a small center conductor of radius 

Magnetic Field of a a and a coaxial cylindrical outer cable conductor of radius b, as shown 

Coaxial Cable Conductor in Fig. 8-9. Assume that the two conductors carry equal total currents of 

magnitude / in opposite directions, the center being directed out of the 

paper. What is desired is to determine the magnetic field at points inside 

and outside of the cable. 

Solution: From the symmetry of the problem it is clear that B must be 

everywhere tangent to a circle centered on the center conductor and 

drawn through the point at which B is being considered. Furthermore, 

B cannot depend on the azimuthal angle. The appropriate curves to use 

in the application of Eq. (8-52) are circles centered on the center 
conductor. For such a circle of radius r, 

$B - dl = 2nrB (8-55) 

FIGURE 8-9 

Cross section through a 

coaxial cable 
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which must equal fly times the total current through the circle. Thus, 

2arB = wuol, a <r <0 
: (8-56) 

2nrB = 0, Deer 

This apparently trivial result can be obtained by integration of the Biot 

law only with considerable difficulty. 

THE MAGNETIC VECTOR POTENTIAL 

The calculation of electric fields was much simplified by the introduction of 
the electrostatic potential. The possibility of making this simplification 
resulted from the vanishing of the curl of the electric field. The curl of the 
magnetic induction does not vanish; however, its divergence does. 

Since the divergence of any curl is zero, it is reasonable to assume 
that the magnetic induction may be written 

B=VxA (8-57) 

The vector field A is called the magnetic vector potential. 

The only requirement placed on A is that 

Vx B= VXVXA= ibd (8-58) 

Using the identity 

VxVxA=VW)-A-VWA (8-59) 

and specifying that V- A = 0 yields 

VA = Uo) (8-60) 

Integrating each rectangular component and using the solution for Poisson's 

equation as a guide leads to 

Ho 
A(r,) = i | — d (8-61) 

4x Jy |r — 1 is 

The integrals involved in this expression are much easier to evaluate than 

those involved in the Biot law. However, they are also more complicated 

than those used to obtain the electrostatic potential. 

An alternative way of obtaining Eq. (8-61) is by the direct transforma- 

tion of Eq. (8-28) to the form of Eq. (8-57). This calculation begins by 

noting that 

Wage atln xighuinrihe on (8-62) 
|r. — rl” lr. — WI 

where Y; indicates that the differentiation is with respect to r,. The vector 
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identity 

V x (oF) = gVXxXF-Fx Vo (8-63) 

-vhich is valid for any vector F and any scalar @, gives 

1 

\r> — r,| 
(8-64) V> x X(r,)} = -J(r,) x V2 

lr. — Fy| 

since J(r,) does not depend on r,. Combining these results in Eq. (8-28) 

leads to 

Ho (r — n) ue | B = fs | J x ——— du, = —— | J x V d 
(m2) : 4n Jy nr) ines cane 4m Jy tr) Inoml 

J 

ic fail V> xX ped se dv, (8-65) 4n V Ir Ait: r,| 

The curl can be taken outside the integral, which puts Eq. (8-65) into 

exactly the form of Eq. (8-57). Thus, this approach also yields 

Ho J(r;) 
A(t) = SL sig ed areata (8-61) 

To avoid leaving a false impression, namely, that the vector potential is 

as useful as the electrostatic potential in computing simple fields, it must be 

noted that there are essentially no cases where A can be computed in simple 

closed form (although it could always be done numerically for bounded 

current distributions). The long straight wire gives an infinite result for A 

when Eq. (8-61) is used.* The circular turn involves elliptic integrals, and so 

on. It should also be noted that evaluating the vector potential at a single 

point is not useful, because the magnetic induction is obtained by 

differentiation. The principal use of the vector potential is in approxima- 

tions such as that discussed in the next section, and in problems involving 

electromagnetic radiation (see Chapters 16 and 20). 

THE MAGNETIC FIELD OF A DISTANT CIRCUIT 

The magnetic vector potential due to a small circuit at large distances (Fig. 
8-10) can be evaluated relatively easily. The expression for the vector 

potential Eq. (8-61) may be applied to current circuits by making the 
substitution: J dv — I dr. Thus 

INCA wf dr, 

y |ro — ¥y| 4x (8-66) 

For circuits whose dimensions are small compared with r,, the denominator 

* There is a finite vector potential for a long straight wire: A = —(u49//2z) Inrk in cylindrical 

coordinates for a wire on the z-axis carrying a current /k. This result can be verified by direct 

calculation of V x A. (See Appendix IV.) 
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FIGURE 8-10 

The magnetic field at r, 
due to a distant circuit. r, 

ranges over the circuit. 

(The origin of r, and r, is 
within or near the 

circuit. ) 

Yo 

dr, 

can be approximated. To do so, we write, as in Eq. (2-46), 

ry — ml) = (72 + rf — 2r, +)? (8-67) 

and expand in powers of 7,/r, to get 

1 mer 
lr. — r,|-1 = — E +73 +-. | (8-68) 

rr r2 

to first order in 7,/r,. Using this expansion in Eg. (8-66) gives 

Mol {1 1 
A(rm) = Te & $ dr, + 2 ? dr,(my:m)+°:: | (8-69) 

The first integral vanishes, and the second integrand is one term in the 

expansion 

(r, x dr) x rn = —r,(r, » dr,) eta dr,(r, » r>) (8-70) 

To eliminate the first term on the right in Eq. (8-70), the differential of 

r,(r.°r,) for a small change in r, is written as 

d[r,(r2 . r,)] = r) (i sf dr) ae dr,(r, 4 r;) (8-71) 

which is exact. Adding Eqs. (8-70) and (8-71) and dividing by two yields 

drj(t; +2) = 3(r; X dr.) X r, + 3 d[r,(r2-1,)] (8-72) 

Since the last term is an exact differential, it contributes nothing to the 

second integral in Eq. (8-69). Thus, it follows that 

I : 
A(r) = = son x dr, | x 3 (8-73) 

Equation (8-22) defines the quantity in brackets as the magnetic dipole 

moment, m, of the circuit. Hence, 

A(n) = (8-74) 

In this derivation, it has been assumed that all 7, «< 7. Thus, Eq. (8-74) is 
not valid for an arbitrary origin, but only for an origin close to the circuit. 
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The magnetic induction can be determined by taking the curl of Eq. 

(8-74), which is readily accomplished by using vector identities. First, 

r B(r,) = Vx A(r,) = 72 x (m x = 

- #2 [-@- 5+ mv-5 (8-75) 
4n r2 

The first term in the brackets can be transformed by noting that 

fe) =) m,i r, 
hee EIN A 5a 8-76) 

” Ox» e ce ‘CS ie ( 

Hence, 

r m  3(m-r,)r 
A fies ae 8-77 CH (8-77) 

The second term involves only the calculation of 

eee (8-78) 
eee 1: r> 

Finally, 
3(m - 

B(r,) = = |- = + SUN talks fe (magnetic dipole) (8-79) 
4a 3 r> 

Equation (8-79) shows that the magnetic field of a distant circuit does not 
depend on its detailed geometry, but only on its magnetic moment m. 

Comparison with Eq. (2-36) shows that Eq. (8-79) is of the same form as the 

electric field due to an electric dipole, which explains the name magnetic 
dipole field. 

THE MAGNETIC SCALAR POTENTIAL 

Equation (8-51) indicates that the curl of the magnetic induction is zero 
wherever the current density is zero. 

Therefore, the magnetic induction in such regions can be written as 
the gradient of a scalar potential: 

B = —U Vqo* (8-80) 

g* is called the magnetic scalar potential. 

However, the divergence of B is also zero, which means that 

V -B= — Uo Vo" = , (8-81) 

Thus ¢* satisfies Laplace’s equation. Much of the work of electrostatics can 
be taken over directly and used to evaluate g* for various situations. 
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However, care must be taken in applying the boundary conditions. 

Furthermore, * of a current-carrying circuit is not a single-valued function. 
A simple example is seen in Problem 8-25. 

The expression for the scalar potential of a magnetic dipole is 

particularly useful. If it is noted that Eq. (8-79) can be written 

m-r B(r,) = — mo ¥( 2) (8-82) 
2 

then it is clear that 

m-: fr 

4nr3 
P*(t2) = (8-83) 

for a magnetic dipole m. Note the similarity between Eq. (8-83) and the 
potential of an electric dipole, Eq. (2-39). 

A large circuit C can be divided into many small circuits by means of a 

mesh, as shown in Fig. 8-11. If each small loop formed by the mesh carries 

the same current as originally was carried by the circuit C, then, because of 
the cancellation of currents in the common branch of adjacent loops, the net 

effect is the same as if the charge flowed only in the circuit C. For any one 

of the small loops, the magnetic moment may be written as 

dm = Inda (8-84) 

since each of the loops is sufficiently small to be regarded as planar. Here n 

is the unit normal to the loop da. Using this expression in Eq. (8-83) and 
integrating over the surface bounded by C gives 

I r,°nda 
~ P)=— — kl 

In this equation, r, must be interpreted as the vector from da to the point 
P—that is, as —r in Fig. 8-11. Making the change r, = —r results in 

PE) ees ee (8-86) 
4m Js r 

FIGURE 8-11 

A macroscopic current 

circuit constructed from 
elemental magnetic 

dipoles 
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The quantity r-nda is just r times the projection of da on a plane 

perpendicular to r. Thus r-nda/r° is the solid angle subtended by da at P. 

Equation (8-86) may then be written as 

g*(P) = 7 (8-87) 
where Q is the solid angle subtended by the curve C at the point P. 

The magnetic scalar potential can be used for the calculation of the 
magnetic field due either to current-carrying circuits or to magnetic double 

layers (layers of dipoles). This procedure is occasionally useful in dealing 

with circuit problems; however, its principal use is in dealing with magnetic 

materials. 

MAGNETIC FLUX 

The quantity 

@ = | B-nda (8-88) 
Ss 

is known as the magnetic flux and is measured in webers (Wb).* It is 

analogous to the electric flux discussed earlier, but it is of much 
greater importance. 

The flux through a closed surface is zero, as can be seen by computing 

$B-nda = | V-Bdv =0 (8-89) 
5) Vv 

It follows that the flux through a circuit is independent of the particular 

surface used to compute the flux. Use will be made of these results in 
Chapter 11, when electromagnetic induction is discussed. 

SUMMARY 

Magnetostatics is based on the addition of a magnetic force to the coulomb 
force when the charges are moving. In mks units, the Lorentz force on a test 
charge q with velocity v is 

F = q(E + v X B) 

The magnetic field of a source charge q,; moving uniformly with velocity v, 

* Thus, a tesla is equal to a weber/m?, which was formerly used as the mks unit for B. 
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where E is the electric field produced by q, and 

¢ = 1/Veouy = 3. x 10° m/s 

is the velocity of light. (In gaussian units, B in these formulas is replaced by 

B/c.) The results are applied to conduction currents by writing 

Nqdvv =Jdv = Idi 

where Nq = p, pv = J for the moving species of charged particle. 

* The force on an element of wire dl in a magnetic field B is 

dF =I[dlxB 

The torque on a circuit is, for a uniform B-field, 

T=mxB 

¢ The magnetic dipole nfoment of the circuit is 

m = ug r X dl 
G 

The integral 56.r x dl is the vector whose components are the areas 
enclosed by the projections of the curve C on the coordinate planes. 

¢ The magnetic field produced by a current element / dl’ is 

Uo idl’ X (r =1r') 
OD) 

Hy) 4a [re — r'|? 

where [o/4 = 10-’N/A?* in mks units. The field of a complete circuit is 
calculated by integrating this around the circuit. For a general current 

distribution J(r’) as source, 

jryser—r 
B(r) = x ( Oe : oe ) ay’ 

By differentiating this equation, we find there are no magnetic monopoles: 

V-B=0 

In addition 

Vx B=uz/J 

for a steady current distribution with 

V-J=0 

These are the fundamental differential equations that must be satisfied 

locally at every point by all magnetostatic fields. (The divergence equation 

for B is satisfied even by time dependent fields, and it is the second of the 

four fundamental Maxwell’s equations. ) 
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PROBLEMS ——— 

¢ Ampere’s law follows from the curl equation by integrating both sides 

over an arbitrary surface S and applying Stokes’s theorem: 

$ Be dl = pol 
G 

where J = {;J-nda 

is the total current through S bounded by C. This equation has practical 

usefulness for calculating B in a few special situations of high symmetry 

where B is constant in magnitude and direction relative to a suitable curve 

CG 

* The existence of the vector potential function A(r), such that 

B=VxA 

follows from the divergence equation. For a specified current distribution, 

J(r’), 

aw) = He [ AO ay 
4n Jy |r —r'| 

¢ At a large distance from the region where the source currents J are 

located, the multipole expansion of A gives 

Wom xr 
A(r) = ——,— + -:: (There is no monopole term.) 

4n r 

¢ In regions where J = 0, a magnetic scalar potential @*(r) can be 

defined (since V X B = 0) such that 

B = —U Vo" 

Like the electrostatic potential, @* satisfies Laplace’s equation 

Vos = 0 

but the different boundary conditions may bring different sets of solutions 

into play. The dipole solution is the same as in the electrostatic case: 

m:r 
mt = 

ran 4nr° 

8-1 A charged particle of mass m and charge q moves in a uniform magnetic 
induction field By. Show that the most general motion of the particle traces out a 
helix, the cross section of which is a circle of radius R = mu ,/qB. (Here v, is the 
component of velocity of the particle which is perpendicular to Bo.) 
8-2 The Hamiltonian for a charged particle moving in a uniform magnetic induction 
field, Bo, which is parallel to the z-axis, is given by : 

1, qBo q°Bs — 4 = 2 2 Di ate Ds) ee ay 
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Show that the equations of motion that may be derived from # are consistent with 

the results of Problem 8-1. 

8-3 A proton of velocity 10’ m/s is projected at right angles to a uniform magnetic 

induction field of 0.15 T. (a) How much is the particle path deflected from a straight 

line after it has traversed a distance of 1 cm? (b) How long does it take the proton 
to traverse a 90° arc? 

8-4 Show that the force law Eq. (8-25) can be transformed to 

Uo Poa 
F, = -— KL ? dl,: dl 

; 4a *? 1 J2 are il? 

which is clearly symmetric in that F, = —F,. 

8-5 Suppose a very long solenoid carries a (superconducting) current of 10 A and 

has 1000 turns per cm. Find the radial force per unit length f on one turn of the 

winding. Show that the tension in the wire T is T = fa, where a is the radius of the 

solenoid. 

8-6 Show that the force between parallel wires carrying currents /, and 4, both in 

the same direction, is one of attraction. If the two parallel wires are very long and 

separated by distance a, find the magnetic force on segment dl, of wire 2. 

8-7 Consider a current circuit in the shape of a regular hexagon of side a. If the 

circuit carries the current /, find the magnetic induction at the center of the hexagon. 

8-8 Consider a thin strip of metal of width w and very long. The current in the strip 

is uniform and directed along its length; the total current is /. Find the magnetic 

induction in the plane of the strip at distance b from the nearer edge. 

8-9 A large number N of closely spaced turns of fine wire is wound in a single layer 

upon the surface of a wooden sphere of radius a, with the planes of the turns 
perpendicular to the axis of the sphere and completely covering its surface. If the 

current in the winding is J, determine the magnetic field at the center of the sphere. 

8-10 A solenoid 15cm long is wound in two layers. Each layer contains 100 turns; 

the first layer is 2cm in radius, the second 2.05cm. (a) If the winding carries a 

current of 3 A, find the magnetic induction at various points along the axis of the 

solenoid. (b) Make a plot of the axial magnetic induction as a function of distance, 

from the center to one end of the solenoid. 

8-11 A solenoid of square cross section (i.e., a solenoid in which the individual turns 

are in the shape of a square) has N turns per unit length and carries current /. The 

cross sectional dimension is a. If the solenoid is very long, find the axial magnetic 

induction at its center. 

8-12 The magnetic induction at a point on the axis (z-axis) of a circular turn of wire 

carrying current J is given in Eq. (8-38). Use the fact that V-B = 0 to get an 

approximate expression for B, (the radial component of the magnetic field) that is 

valid for points very near the axis. 

8-13 The vertical component of the magnetic induction between the pole faces of a 

particle accelerator is given by B. = B.(r, z), where r = (x° + y*)'” is the distance 
from the axis of the pole faces. (a) If |B,| is a decreasing function of r, show that the 

lines of magnetic intensity bow outward, as shown in Fig. 8-12, regardless of whether 

the upper pole is a north or south pole. [Hint: Use the fact that V x B = 0, and that 

B, = 0 on the median pjane.] (b) If the lines of B bow as shown in the figure, show 
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FIGURE 8-12 

that accelerated particles that drift away from the median plane experience a force 

tending to restore them to the median plane, regardless of whether they are 

positively or negatively charged. 

*8-14 It is evident from Eq. (8-30) that only vector fields of a certain class qualify as 

physically realizable magnetic induction fields. (a) Verify that B = (r/r) x 

Ve(x, y, z) with arbitrary g(x, y, z) is an appropriate magnetic field. (b) Find the 

current density J producing it, if g is a solution of Laplace’s equation. 

8-15 For a homogeneous, isotropic, nonmagnetic medium of conductivity g, in 

which there are steady currents, show that B satisfies the vector Laplace equation: 

VB = 0. 

8-16 By using Ampere’s circuital law, find the magnetic induction at distance r from 

the center of a long wire carrying current /. Do so for both r > R andr < R, where 

R is the radius of the wire. Show explicitly that the magnetic induction vanishes on 

the axis of the wire. 

8-17 A cylindrical conductor of radius b contains a cylindrical hole of radius a. The 

axis of the hole is parallel to the axis of the conductor and at a distance s away from 

it, a<s <b -—a. The conductor carries a uniform current density J. Find the 

B-field in the hole on the diameter that coincides with a diameter of the conductor. 
(Hint: Treat an equivalent current distribution with density J throughout the hole as 
well as the conductor, plus — J in the hole.] 

8-18 According to Problem 8-1, the orbit of a charged particle (q, m) in a plane 

perpendicular to the magnetic field Bo is a circle of radius R = mv ,/qBy. Determine 

the periods of revolution of both an electron and a proton in a magnetic field of 

0.5 T. (The masses of the electron and proton are 0.9110 x 10° *’ kg and 1.6726 x 
10 -*’ kg, respectively.) 

8-19 A toroid is wound uniformly, as shown in Fig. 11-2. It has N turns of wire, 

which carry current J. The inner radius of the toroid is a, the outer b. (a) Find the 

magnetic induction at various points inside the toroidal winding. (b) Find the ratio 
b/a that-will permit B in the ring to vary by no more than 25 percent. 

8-20 Show that the magnetic vector potential for two long, straight, parallel wires 
carrying the same current, /, in opposite directions is given by A = 

(491/22) In (r,/r,)m where r, and r, are the distances from the field point to the wires, 
and n is a unit vector parallel to the wires. 

8-21 Consider the following set of conductors: an infinitely long straight wire 
surrounded by a thin cylindrical shell of metal (at radius b ) arranged coaxially with 

the wire. The two conductors carry equal but opposite currents /. Find the magnetic 
vector potential for the system. 
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8-22 (a) Show that $.A+dl = ®, where @ is the magnetic flux through a surface 
bounded by the circuit C. (b) Use this result together with Ampere’s law to find A at 
distance r both inside and outside a very long solenoid. 

8-23 (a) Show by direct differentiation of Eq. (8-61) that V- A = 0. (b) Show that 

A + Vy, where y is an arbitrary function, is also a vector potential for the same 

B-field as A. (c) Show that, by a suitable choice of y, the vector potential of B can 
have any divergence desired. 

8-24 (a) Show that the following are all possible vector potentials of the uniform 

field B = Bk: A, = —Byi, A, = Bxj, and A; = —4r x B. (b) For which of these is 

V-A = 0? (c) Show that A, — A, is the gradient of a function Vy. 

8-25 Show that the B-field outside of a long straight wire carrying a current / is 

derivable from the scalar potential @* = —(//27)6 in cylindrical coordinates and 

that @* satisfies Laplace’s equation. Why is this @* not one of the cylindrical 

harmonics (as would be the case for the electrostatic potential of a line charge)? 

8-26 The magnetic dip angle is defined as the angle between the direction of the 

earth’s magnetic induction field and the tangent plane at the earth’s surface. Derive 

an expression for the dip angle as a function of geomagnetic latitude, on the 

assumption that the induction is a dipole field. 

8-27 A current-carrying circuit in the shape of a square (of side a) lies in the 

xy-plane (origin at center of square, its sides parallel to the axes). If the circuit 

carries the current /, calculate the magnetic field B at (a) the center of the square, 

(b) at point (a/2, 0, a/2), (c) at point (a, 0, 0), and (d) at point (a/2, 0, —a/2). 

8-28 (a) Make an accurate plot of the equipotential surfaces of the scalar potential 

for a magnetic dipole (in the @ = 0 plane). Sketch in some magnetic field lines. 

(b) Determine the direction of the magnetic field as a function of r and @. 

(c) Determine the r versus 6 dependence of one particular magnetic field line. 

*§8-29 (a) Show that the magnetic scalar potential for a point on the axis (z-axis) of 

a circular loop, of radius a, is given by 

at { 2 i 
cet ileheh ay athe? 

(b) Expand this formula according to the binomial theorem to obtain a series 
expression valid for z <a. (c) The magnetic scalar potential g* should satisfy 

Laplace’s equation; furthermore, by symmetry p* = @*(r, @), where r is the 

distance from the center of the loop to the field point and @ is the angle between r 
and the z-axis. Show that by using the zonal harmonics, Eq. (3-18), a solution for * 

that reduces to the potential obtained in (b) on the symmetry axis, can be 

constructed. (d) Use the g* obtained in (c) to find B, and B, at points off the 

symmetry axis of the loop. 

*8-30 A sphere of radius a carrying surface charge density o (rigidly attached) is 

rotated about an axis through its center with constant angular velocity w. Show that 
the magnetic field at an external point is a dipole field and find the equivalent dipole 

moment. 

8-31 Two dipoles m, and m, are in the same plane; m, is fixed but m, is free to 

rotate about its center. Show that, for equilibrium, tan 6, = —2 tan 6,, where 6,, 6, 

are the angles between r and m,, m, respectively (r is the vector displacement 

between m, and m,). 
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Magnetic Properties 
of Matter 

In Chapter 8, we discussed techniques for finding the magnetic induction 
field due to a specified distribution of currents. Thus, for example, if we are 
dealing with a current-carrying circuit consisting of a closed loop of wire, 

the magnetic field in the vacuum region surrounding the wire may be 

calculated with the aid of Biot’s Law. Now let the region surrounding the 

wire be filled with a material medium. Will the magnetic induction be 
altered by the presence of the matter? The answer is “‘yes.”’ In this chapter, 

we explore the influence of matter on the magnetic field. 

All matter consists ultimately of atoms, and each atom contains 

electrons in motion. These electron circuits, each of which is confined to a 
single atom, are what we shall call atomic currents. It thus appears that we 
have two kinds of current: (1) a conventional current, which consists of 

charge transport—that is, the motion of free electrons or charged ions—and 

(2) atomic currents, which are pure circulatory currents and give rise to no 

charge transport. However, both kinds of current may produce magnetic 

fields. 

MAGNETIZATION 

Each atomic current is a tiny closed circuit of atomic dimensions, so it seems 

reasonable that the “distant” magnetic field of the atom can be appropri- 
ately represented by a magnetic dipole field. In fact, a wide body of 

experimental studies as well as the formulation of quantum mechanics, 

which is Our most accurate method for calculating atomic phenomena, tell 
us that the dominant part of the distant magnetic field due to a single atom 
is determined by specifying its magnetic dipole moment, m. 

Let the magnetic moment of the ith atom be m,;. We now define a 

macroscopic vector quantity, the magnetization M, by the same method 
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used to define polarization in Chapter 4. 

We sum up vectorially all of the dipole moments in a small volume 

element Av and then divide the result by Av. The resulting 
quantity, 

1 
M = lim — ; - 

Reet hay F rh ha? 

is called the magnetic dipole moment per unit volume, or simply 
the magnetization. 

The limit process in Eq. (9-1) is our usual macroscopic limiting process, 

—that is, Av is made very small from the macroscopic point of view, but not 
so small that it does not contain a statistically large number of atoms. The 

quantity M then becomes a vector point function. In the unmagnetized 

state, the summation )) m, will sum to zero as a result of random orientation 

of the m,, but in the presence of an external exciting field M_ usually 

depends on this field. The specific dependence of M on B will be taken up in 

Section 9-6. 
For the moment, we shall assume that M(x, y, z) is a known function, 

and shall compute the magnetized material’s contribution to the magnetic 
field from the equations developed in Section 8-7. 

The vector function M provides us with a macroscopic description of the 

atomic currents inside matter. Specifically, M measures the number of 

atomic current circuits per unit volume times the average or effective 

magnetic moment of each circuit. From the purely macroscopic point of 
view, all magnetic effects due to matter can be described adequately in 
terms of M, or by its derivatives. One of these derivatives, V x M, turns 

out to be the equivalent transport current density which would produce the 
same magnetic field as M itself; it is called the magnetization current density 

Jy. Before we derive this important relationship linking J,, and M, let us 
look at a simplified model of magnetized matter as though it consisted of 

atomic loop currents circulating in the same direction, side by side (Fig. 

9-1). If the magnetization is uniform, the currents in the various loops tend 

FIGURE 9-1 

Simplified picture of 
magnetic material con- 

sisting of atomic loop 
currents circulating in the 

same direction 
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FIGURE 9-2 

Example of abrupt 

change in magnetization 

CO © 

@ 

ey 

O) 
@ 

O) 
FOre) fre 

to cancel each other out, and there is no net effective current in the interior 
of the material. If the magnetization is nonuniform, the cancellation will not 

be complete. As an example of nonuniform magnetization, consider the 

abrupt change in magnetization shown in Fig. 9-2. If we focus our attention 
on the region between the dotted lines, it is evident that there is more 

charge moving down than there is moving up. Thus, even though there is no 

charge transport, there is locally an effective motion of charge downward, 

and this “current” can produce a magnetic field. This current is called the 
magnetization current. 

It remains for us to derive the relationship between J,, and M. Let us 

consider two small volume elements in a piece of magnetic material, each 

element of volume Ax Ay Az, and located next to each other in the 

direction of the y-axis (Fig. 9-3). If the magnetization in the first volume 

FIGURE 9-3 

Replacement of volume 

elements of magnetized 

material by circulating 

currents J’ and [” 
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element is M(x, y, z), then the magnetization in the second element is 

OM 
M(x, y, z) + a Ay + higher-order terms 

The x-component of magnetic moment of the first element, M, Ax Ay Az, 
may be written in terms of a circulating current, [!: 

M, Ax Ay Az = I; Ay Az (9-2) 

Similarly, the x-component of magnetic moment of the second element, 

neglecting higher-order terms that vanish in the limit where each volume 
element becomes very small, is 

OM, 

oy 
(m, i Ay) Ax Ay Az = IZ Ay Az (9-3) 

The net upward current in the middle region of the two volume elements is 

gana 9-4 C c dy 7 (9-4) 

We next consider two adjacent volume elements along the x-axis and focus 

our attention on the y-component of the magnetization in each cell. In the 

middle region of the two cells, the net upward current due to the circulating 
currents that define the magnetic moments is 

oM. 
Uke = hay] Ax Ay (9-5) 

These are the only circulating currents of a particular cell that give rise to a 

net current in the z-direction. This net current, which comes about from 

nonuniform magnetization, is the magnetization current. This current is not 

a transport current but derives, as we have seen, from circulatory 

currents—that is, from atomic currents in the material. The effective area 

for each of the currents in (9-4) and (9-5) is Ax Ay. Thus, 

On): Si (9-6a) 

or 

Jy = 0X M (9-6b) 
The magnetization current density is the curl of the magnetization. 
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9-2 ____ COC THEE. MAGNETIC FIELD PRODUCED 
BY MAGNETIZED MATERIAL 

According to Eq. (9-1), each volume element Av’ of magnetized matter is 

characterized by a magnetic moment 

Am = M(x’, y’, z') Au’ (9-7) 

Using the results of Section 8-7, we may write the contribution to the 

magnetic field at point (x, y, z) from each Am (or, equivalently, from each 

Av'). The magnetic field is then obtained as an integral over the entire 
volume of material, Vj. This procedure is indicated schematically in Fig. 

9-4, 
Instead of calculating B directly, we find it expedient to work with the 

vector potential A, and to obtain B subsequently by means of the curl 
operation. According to Section 8-7, the vector potential at (x, y, z) is given 

by 

A(x, y, z) = lio 
[ M2 iV ol Se) a ame ela dy 

4n Vo [r—r'P? 

Ho — M % ts , ie Ip (cA Vex W. 

By means of the vector identities (1-1-9) and (1-2-3) in Tables 1-1 and 1-2, 
this integral may be transformed to 

Vv’ xM M x 
ee du' + He | = da’ (9-9) A(x, y, z) = — 

ee 4a Jy, |r — r’| 4x Js, |r — r’| 

er ae! (9-8) 

FIGURE 9-4 

Contribution to the mag- 
netic induction from a 

distribution of mag- 

netized material 
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where Sp is the surface of Vj. Using Eq. (9-6b) and defining a surface 

magnetization current density jy (i.e., a magnetization current per unit 
length flowing in the surface layer) by the relation 

ju=Mxn (9-10) 

we may write Eq. (9-9) as 

i Jy(r’) dv' n i f ju da’ 

vy orl | 4adsir— F' 
We might have ventured to predict the final expression, Eq. (9-11). 

Nevertheless, it is gratifying to see that it has come out of the mathematics 

in a natural way. Thus, the vector potential produced by a distribution of 

atomic currents inside matter has the same form as that produced by a 

distribution of true transport currents. We should point out that Eq. (9-10) 
is the proper expression for the surface current density that is consistent 

with Jy = V’' X M. The jy must be introduced whenever M changes 
abruptly, as it might at the interface between two media, but if the region of 

discontinuity in M is imagined to be spread out over the distance A6&, then it 
can be shown that jy is contained in the term J,, A&. (Or, if the region is 

very thin, jy could be represented by a surface delta-function.) 
Although Eq. (9-11) is both correct and of such form that it integrates 

nicely with the results of Chapter 8, it presents some practical difficulties 

when it comes to the task of computing B from a specified distribution of 

magnetization. First, there is the V x M operation to perform, and second, 

another curl operation is involved in obtaining B from the A field. It 

certainly is preferable to work with scalar quantities if possible, and the 

gradient of a scalar field (such as we encountered in electrostatics) is easier 

to compute than the curl of a vector field. For this reason, we go back to 

Eq. (9-8) and try another approach. We are interested, after all, in B, not 

A, so let us formally take the curl: 

A(r) = ee a (9-11) 
0 

B(r) = Vx A=+2 vx (mM x S23) ay (9-12) 
4 Jy, eae 

where the differential operators in the curl act on the unprimed coordinates. 
As the reader may have anticipated, our next job is to transform the 

integrand of Eq. (9-12). To do so, we appeal to the vector identities of 

Table 1-1. According to (1-1-10), 

Vv x (F x G) = (VV: G)F — (V-F)G + (G- V)F — (F-V)G 

Letting F=M(r') and G=(r-r’)/\r—r’'|’, and noting that the 
differentiations are with respect to the unprimed coordinates, we find that 

the identity reduces to 

vx [M pale S| wy mv.|< 7 a - cee (9-13) 
[ri inile r-r Ir 
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since V- M(x’, y’, z’) = 0, etc. Thus, 

B(r) = B,(r) + Bult) (9-14) 

where 

B,(r) = fe MY: = - =| dv’ (9-14a) 

By(r) = 2 ih (MW) a (9-14b) 

We consider the simpler B, integral first. Using Eq. (2-57), we obtain 

B,(r) = re [ M(r')4z 6(r — ’) du’ = uoM(r) (9-15) 
Yo 

We next consider the B,, integral. The integrand may be transformed by 

means of a second identity (1-1-6), which becomes 

v[m- & 3) - (M-¥) (r — r’) 

jr—r'P riin' ls 

+mxvx[2—)] 
reat 

(9-16) 

The last term in (9-16) contains 

vx (S| = -v x 
eee? \r—r'| 

which vanishes identically. Hence, 

1 (Remar) Bia) = 2, 0 ae u(r) Ho Vi , M(t’) jr—r'? dvu' 

which may be written as in Eq. (8-80), 

Bult) = —Ho Vo*(r) (9-17) 

The quantity @*(r) is a scalar field, the magnetic scalar potential due to 
magnetic material: 

CL 
mere du (9-18) * . ate eW=— | Me) 

Adding the two contributions, (9-15) and (9-17), we find for the 
magnetic induction field: 

B(r) = —Ho Vep*(r) + UoM(r) (9-19) 

Thus, the magnetic induction due to a magnetized distribution of matter 
may be expressed as the sum of two terms: the gradient of a scalar field plus 
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a term proportional to the local magnetization. At an external point—that 

is, in vacuum—M is zero, and the magnetic induction is then just the 

gradient of a scalar field which is the integral of the distant dipole fields 
given by Eq. (8-83). 

MAGNETIC SCALAR POTENTIAL AND 
MAGNETIC POLE DENSITY 

The expression for the magnetic scalar potential, Eq. (9-18), is similar in 
form to that for the electrostatic potential arising from polarized dielectric 
material. Here again mathematical transformation is suggested: 

Maur, 7¥r,) 1 1 M a = ee ee v’. : 
=n ae Patciee Gomer ial nea 

so that Eq. (9-18) becomes 

1 | M -nda' 1 V'-M 

So 

od (2) Rs dv' (9-21) 
4x lr —r'| 4x Jy, |r — 8’ | 

where Sy is the surface of the region Vo. 

By analogy with Section 4-2, it is expedient to define two scalar 
quantities: 

Pu(t') = —V'- Mr’) (9-22) 

called the magnetic pole density, and 

Ou(r’) = M(r’)-n (9-23) 

the surface density of magnetic pole strength. 

These quantities are quite useful even though rather artificial. They play the 
same role in the theory of magnetism that pp and op play in dielectric 
theory. The units of p,, and oy are A/m* and A/m, respectively. 

Consider, for example, a uniformly magnetized bar magnet. Since the 

magnetization is uniform, py = 0. The only surface densities that do not 

vanish are on those surfaces that have a normal component of the 

magnetization, and these are called the poles of the magnet. This example is 

somewhat idealized, yet not too different from the common laboratory bar 
magnet familiar to the reader. (In practice, the poles of a magnet exert a 
demagnetizing influence that destroys the uniformity of M and thus spreads 

each pole over a somewhat larger region than just the surface.) 
The total pole strength of every magnet is zero. This statement follows 

directly from the divergence theorem: 

(-—V-M) du +| M-nda = 0 
So Yo 
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We now complete the derivation that was started earlier. Equation 

(9-18) becomes 

9 fi tare eis (9-18a) 
ay |r—r'| 40Js,|\r —8'| 

and B(x, y, z) is obtained as —po times the gradient with respect to the 

unprimed coordinates, plus the term UoM: 

Ho (Erssek ) Ber) = 82 | py A —"5 dv’ 

puistd [ ebb AU ler rplicera sey (9-19a) 
AT Sue alk — LP 

This equation represents the contribution from the magnetized material in 

V) to the magnetic induction at (x, y, Z). 

9-4 SOURCES OF THE MAGNETIC FIELD: 

MAGNETIC INTENSITY 

In the preceding sections, we have seen how magnetized material produces 
a magnetic field. Furthermore, Chapter 8 dealt with the magnetic effects of 

conventional currents. In the general case, both types of magnetic sources 

are present: conventional or transport currents, which can be measured in 
the laboratory, and the atomic currents inside matter. It is important to 

realize that under certain conditions the same piece of matter may produce 

a magnetic field both because it is magnetized and because it is carrying a 

transport current of charge carriers. Thus, for example, one of our best 

magnetic materials, iron, may carry a transport current via its free electrons, 

but the fixed iron ions in the crystal contain atomic currents, which can be 
oriented to produce a strong magnetization. 

In general, the expression for the magnetic field may be written as 

JxX<(r-r Bir) = He [ av! = wo Vo%(e) + wo) (9-24) 
Vv 

where 

1 dv' 1 da' 
rid) steed be es arated wrote (9-25) 

4mjy\r—r'| 4a Js |r — | 

The volume V extends over all current-carrying regions and over all matter. 
The surface S includes all surfaces and interfaces between different media. 
The current density J includes only conventional currents of the charge 
transport variety, whereas the effect of atomic currents is found in the 
magnetization vector M (and potential @*). 

Equation (9-24) may be solved for B if M and J are specified at all 
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points. In most problems, however, J is specified but M(x’, y’, z’) depends 

on B(x’, y’, z’), so that even if the functional form of M(B) is known, Eq. 
(9-24) provides at best an integral equation for B. 

To help get around this difficulty we introduce an auxiliary magnetic 
vector, the magnetic intensity H, defined by 

1 
H =—B-M (9-26) 

Uo 

By combining (9-24) and (9-26) we obtain 

H(r ) = in aie eee = Vo*(r) (9-27) 

It appears that we have a nothing by this maneuver because H still 

depends on M through py and oy; but in the next section, we will see how 

H is related to the conventional current density J through a differential 
equation. The situation is similar to the electrostatic case, where the 
auxiliary vector D is related to the prescribed charge density through its 
divergence. 

The field vector H plays an important role in magnetic theory, 
particularly in problems involving permanent magnets. These will be 

discussed in later sections of the chapter. The units of H are the same as 
those of M, namely, A/m. 

THE FIELD EQUATIONS 

In Chapter 8, the basic equations describing the magnetic effects of currents 
were expressed in differential form: 

V-B=0, VxB=uynJ 

We should now like to see how these equations are modified when the 

magnetic field B includes a contribution from magnetized material. 
We saw in Section 8-3 that the divergence equation (V- B = 0) is valid 

for all magnetic fields that are produced by a current distribution. This 
result is not limited to fields produced by conventional currents. We saw in 

Section 9-2 that the magnetic field produced by magnetized matter can be 

expressed as the curl of a vector (A), and therefore V-B = 0 is satisfied 

automatically. It is an experimental observation that 

V-B=0 (9-28) 

for all magnetic induction fields. Thus, B can always trace its origin to a 
current distribution and there is no evidence for isolated magnetic poles. 
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The ‘“‘curl equation” is the differential form of Ampere’s circuital law. 

Here we must be careful to include all types of currents that can produce a 

magnetic field. Hence, in the general case, this equation is properly written 

as 

where J is the transport current density, and Jy, is the magnetization current 

density. Equation (9-6b) may be combined with Eq. (9-29) to yield 

1 vx (—B-M)=J 
Ho 

which, according to (9-26), is equivalent to the following expression: 

VxH=J (9-30) 

That is, the auxiliary magnetic vector H is related to the transport 
current density through its curl. This result also follows by taking the 

curl of Eq. (9-27). Equations (9-28) and (9-30) are the fundamental 
magnetic field equations in the presence of matter. These equations, 

together with appropriate boundary conditions and an experimental 
relationship between B and H, are sufficient to solve magnetic 
problems. 

In some instances, it is preferable to use an integral formulation of the 
theory. With the aid of Stokes’s theorem, Eq. (9-30) may be converted to 

[v x H-nda = $ Hedi = [ 3-nda 
Ss ( RY 

or 

f H-dl=I1 (9-31) 
G 

In other words, the line integral of the tangential component of the 

magnetic intensity around a closed path C is equal to the entire transport 
current through the area bounded by the curve C. 

Because of the divergence theorem, Eq. (9-28) is equivalent to 

p B-nda = 0 (9-32) 

The magnetic flux through any closed surface is zero. 
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MAGNETIC SUSCEPTIBILITY, PERMEABILITY, 
AND HYSTERESIS 

In order to solve problems in magnetic theory, it is essential to have a 
relationship between B and H or, equivalently, a relationship between M 
and one of the magnetic field vectors. These relationships depend on the 

nature of the magnetic material and are usually obtained from experiment. 

In a large class of materials, there exists an approximately linear 

relationship between M and H. If the material is isotropic as well as 
linear, * 

M = x,,H (9-33) 

where the dimensionless scalar quantity x,, is called the magnetic 
susceptibility. 

If x, 1S positive, the material is called paramagnetic, and the magnetic 

induction is strengthened by the presence of the material. If y,, is negative, 

the material is diamagnetic, and the magnetic induction is weakened by the 

presence of the material. Although y,, is a function of the temperature and 
sometimes varies quite drastically with temperature, it is generally safe to 

say that y,, for paramagnetic and diamagnetic materials is quite small. That 

is, 

Lae <ee | (for paramagnetic, diamagnetic materials) (9-34) 

The susceptibilities of some common materials are given in Table 9-1. 
In most handbooks and tabulations of physical data, y,, is not listed 

directly, but instead is given as the mass susceptibility, X,. mass, OF the molar 

susceptibility, Xm, molar. These are defined by 

Nin Lon ats (9-35) 

d 
Xm = Xm,molar 4 (9-36) 

where d is the mass density of the material and A is the molecular weight. 
Since M and H both have the dimensions of magnetic moment per unit 

* If the material is anisotropic but linear, Eq. (9-33) is replaced by the tensor relationships 

M, = Meaalek a7 Xm.a2ity WF Xm 13, 

and so on. In these circumstances, M does not necessarily have the same direction as H. We 

shall restrict ourselves in this book to isotropic media. 
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TABLE 9-1 

Magnetic Susceptibility 

of Some Paramagnetic 

and Diamagnetic Mate- 

rials at Room 

Temperature 

Material Ln X%m.mass (M°/kg) 

Aluminum ph tee (ie O77 107. 
Bismuth —16.4x 10° —1.68 x 107° 

Copper -—0.98x10°°  -0.11 107° 
Diamond —2.2x10°°  -0.62x10-* 
Gadolinium chloride (GdC1,) 603.0 x 107° 133.3 x 10-8 

Gold —3.5x10° —0.18 x 107° 

Magnesium OO ire 0.68 x 10°° 
Mercury -2.8x10°°  -0.21x10-* 
Silver -—2.4x 10° —0.23 x 10° 

Sodium 0.84 x 10° 0.87 x 10°° 

Titanium 180 xi0+ 4.01 x 107° 
Tungsten 7.6x 10° 0.40 x 107° 
Carbon dioxide (1 atm) -—1.19x10°* -0.60x10-* 
Hydrogen (1 atm) —0.22x10°*  -2.48x10°° 
Nitrogen (1 atm) -0.67x10°*  -0.54x 107° 
Oxygen (1 atm) 193.5 x 10°* 135.4 x 108 

Source: Data obtained from the Handbook of Chemistry and Physics, 70th 

ed. (Boca Raton, FL: CRC Press, Inc., 1990). Practically all sources of 

data list magnetic susceptibilities in gaussian (cgs) units; if the superscript 

(1) is used to indicate the constant in the gaussian system, then y,, = 42x‘) 

and Xprsinase = 470 X 10737 ase. 

volume, it is evident that ¥,, mass H and ¥,, molar H give magnetic moment per 

unit mass and magnetic moment per mole, respectively. For convenience, 
the mass susceptibility is also listed in Table 9-1. 

A linear relationship between M and H implies also a linear 
relationship between B and H: 

B = uH (9-37) 

where the permeability u is obtained from the combination of Eas. 
(9-26) and (9-33): 

B= poll + Xm) (9-38) 
The dimensionless quantity 

u 
K,, =>—_—-= ih + ee ~ fe x (9-39) 

is sometimes tabulated instead of y,,,. This quantity, K,,,, is called 
the relative permeability. 

—_ errr 
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For the paramagnetic and diamagnetic materials of Table 9-1, it is evident 
that K,, is very close to unity. 

The ferromagnetics form another class of magnetic material. Such a 
material is characterized by a possible permanent magnetization and by the 

fact that its presence usually has a profound effect on the magnetic 

induction. Ferromagnetic materials are not linear, so that Eqs. (9-33) and 
(9-37) with constant x and yu do not apply.* It has been expedient, however, 

to use Eq. (9-37) as the defining equation for u—that is, with uy = u(H)}— 
but the reader should be cautioned that this practice can lead to difficulty in 
certain situations. If the uw of a ferromagnetic material is defined by Eq. 

(9-37), then, depending on the value of H, u goes through an entire range 
of values from infinity to zero and may be either positive or negative. The 

best advice that can be given is to consider each problem involving 

ferromagnetism separately, try to determine which region of the B-H 

diagram is important for the particular problem, and make approximations 
appropriate to this region. The magnetic properties of some ferromagnetic 

materials are listed in Table 9-2. (The quantities denoted by M,, H., and so 
on will be defined in the following paragraphs. ) 

First, let us consider an unmagnetized sample of ferromagnetic mate- 

rial. If the magnetic intensity, initially zero, is increased monotonically, then 

the B-H relationship will trace out a curve something like that shown in Fig. 
9-5, which is the magnetization curve of the material. It is evident that p’s 

taken from the magnetization curve, using the expression u = B/H, are 

always of the same sign (positive), but they show a rather large spectrum of 

values. The maximum permeability occurs at the ““knee’’ of the curve. In 

some materials, this maximum permeability is as large as 10° wo, but in 

others it is much lower. The reason for the knee in the curve is that the 
magnetization M approaches a maximum value in the material, and 

B = u(H + M) 

continues to increase at very large H only because of the upH term. The 

maximum value of M is called the saturation magnetization of the material 

(See Table 9-2.) 
Next consider a ferromagnetic specimen magnetized by the above 

procedure. If the magnetic intensity H is decreased, the B-H relationship 

does not follow back down the curve of Fig. 9-5, but instead moves along 

the new curve of Fig. 9-6 to point r. The magnetization, once established, 
does not disappear with the removal of H; in fact, it takes a reversed 
magnetic intensity to reduce the magnetization to zero. If H continues to 

build up in the reversed direction, then M (and hence B) will establish itself 

in the reversed direction, and Fig. 9-6 begins to show a certain symmetry. 

*Certain kinds of iron, referred to as soft iron, can be treated as approximately linear 

nevertheless. 
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TABLE 9-2 Material Composition (%) UoM, (T) H, (A/m) K,,, (max.) 

Properties of Ferromag- OOS 

netic Materials at Room Elements 

Temperature Iron (annealed) Meh) 1.6 x 10° 5,500 

Cobalt 1.79 7.0 x 10° 

Nickel 0.61 5.5 x 10° 

Alloys and 
Compounds ese) 

Iron-Silicon 96 Fe, 4 Si 1.97 56 8,000 

Permalloy 55 Fe, 45 Ni 1.60 5.6 50,000 

Mumetal WO, PCE O75 ilgd 100,000 

77Ni, 16 Fe 

Permendur 50 Co, 50 Fe 2.45 159 5,000 

Mn ferrite Mn FeO, 0.49 2,500 

Ni ferrite Ni Fe,O, 0.32 2,500 

B, (T) 
Cobalt steel 52 Fe, 36 Co, 4W, 0.97 19 x 10° 

6Cr, 0.8C 

Alnico V 51 Fe, 8 Al, 14Ni, P25 52 x 10° 

2NEOns Cu 

Platinum-cobalt 77 Pt, 23. Co 0.6 3.4x 10° 
Samarium-cobalt Sm Co 0.84 6.7 x 10° 
Neodymium-iron 13 Nd, 81 Fe, 6B 0.80 a Seats 

Note: M,=saturation magnetization, H,=magnetic intensity required for saturation, 

H. = coercivity, B, = remanence. 

Source: Data from American Institute of Physics Handbook, 3rd ed. (New York: McGraw-Hill, 

1972), and Handbook of Chemistry and Physics, 70th ed. (Boca Raton, FL: CRC Press, Inc., 

1990). Data for Nd-Fe-B from J. J. Croat et al., Journal of Applied Physics 55, 2079 (1985). 
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B FIGURE 9-6 

Typical hysteresis loop of 

a ferromagnetic material 

Finally, when H once again increases, the operating point follows the lower 

curve of Fig. 9-6. Thus, the B-H curve for increasing H is entirely different 

from that for decreasing H. This phenomenon is called hysteresis, from the 

Greek word meaning “‘to lag’’; the magnetization literally lags the exciting 
field. 

The curve of Fig. 9-6 is called the hysteresis loop of the material. The 

value of B at point r is known as the retentivity or remanence, and the 
magnitude of H at point c is called the coercive force or coercivity of the 

material. From Fig. 9-6 it is evident that the value of u, defined by Eq. 
(9-37), is negative in the second and fourth quadrants of the diagram. The 
shape of the hysteresis loop depends not only upon the nature of the 

ferromagnetic material (Fig. 9-7) but also on the maximum value of H to 
which the material is subjected (Fig. 9-8). However, once H,,,,x iS sufficient 

to produce saturation in the material, the hysteresis loop does not change 
shape with increasing H,,,x. For soft iron, the hysteresis is relatively small. 

For certain applications it is desirable to know the effective permeability 

of a material to a small alternating H-field superposed on a large constant 

field. Thus, if AB is the change in magnetic field produced by a change AH 
in the magnetic intensity, the incremental permeability u;, is defined by 

in = (9-40) 

and is approximately equal to the slope of the hysteresis curve that goes 

through the point in question. 
Ferromagnetic materials are used either (1) to increase the magnetic 

flux of a current circuit or (2) as sources of the magnetic field (permanent 

magnets). For use as a permanent magnet, the material is first magnetized 

to saturation by placing it in a strong magnetic field (i.e., by placing it 

between the poles of an electromagnet or by placing it in a solenoid 

subjected to a momentary large current). However, when the permanent 

magnet is removed from the external field, it will in general be subject to a 
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FIGURE 9-7 “a ie ies) 

Comparison of the hys- ae 
teresis curves of several 

materials. (Note that Y Annealed 
UoH is plotted along the tungsten 

abscissa instead of just ( awh C -al 
H. oe An x C : ommercia 

10" T -m/A.) Data from Po ae 
R. M. Bozorth, 

Ferromagnetism (New 

York: Van Nostrand, 

1951). 

FIGURE 9-8 B 

Major hysteresis loop 

and several minor hyster- 
esis loops for a typical 

material 
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i ee 

FIGURE 9-9 

Hysteresis curves of per- 

manent magnet mate- 
rials. (Note that uoH is 

plotted along the abscissa 
instead of just H.) 
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demagnetizing field, as will be discussed in detail in Sections 9-8 and 9-11. 
Thus, the second quadrant of the hysteresis loop diagram is the important 

part of the B-H relationship for a permanent magnet material (Fig. 9-9). 

BOUNDARY CONDITIONS ON THE FIELD VECTORS 

Before we can solve magnetic problems, even simple ones, we must know 

how the field vectors B and H change in passing an interface between two 

media. The interface to be considered may be between two media with 

different magnetic properties or between a material medium and vacuum. 

Consider two media, 1 and 2, in contact, as shown in Fig. 9-10. Let us 

construct the small pillbox-shaped surface S, which intersects the interface, 
the height of the pillbox being negligibly small in comparison with the 
diameter of the bases. Applying the flux integral, Eq. (9-32), to the surface 

S, we find 

B,-n, AS + B,-n, AS = 0 

where n, and n, are the outward-directed normals to the upper and lower 
surfaces of the pillbox. Since mn, = —n, and since either of these normals 
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FIGURE 9-10 

Boundary conditions on 

the field vectors at the 

interface between two 

media, obtained by ap- 
plying Gauss’s law to S$ 

and integrating H- dl 
around the path ABCDA 

may serve as the normal to the interface, 

(B, — B,)-n, = 0 (9-41a) 

or 

B,, — B,, = 0 (9-41b) 

Thus, the normal component of B is continuous across an interface. 
A boundary condition on the H-field may be obtained by applying 

Ampere’s circuital law, Eq. (9-31), to the rectangular path ABCD in Fig. 
9-10. On this path, the lengths AB and CD will be taken equal to Al, and 

the segments AD and BC will be assumed negligibly small. The current 
through the rectangle is negligible unless there is a true surface current. 

Therefore, 

(H, — H,)-bk = j-(m xX bh) =j X meh 

or 

(H, — H,), = j x m (9-42a) 

where j is the surface current density (transport current per unit length in 

the surface layer) and ly is a unit vector in the direction of Al. Thus the 
tangential component of the magnetic intensity is continuous across an 

interface unless there is a true surface current. Finally, by taking the cross 

product of Eq. (9-42a) with n,, the equation may be written as 

n, X (H, — H,) =j (9-42b) 

This form is convenient for determining j if H, and H, are known. 
Before completing this section, we shall prove one other important 

property of the magnetic induction B, namely, that its flux is everywhere 
continuous. Let us focus our attention on a region of space and construct 
magnetic field lines, which are imaginary lines drawn in such a way that the 
direction of a line at any point is the direction of B at that point. Next we 
imagine a tube of flux, a volume bounded on the sides by lines of B but not 
cut by them (Fig. 9-11). The tube is terminated on the ends by the surfaces - 
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FIGURE 9-11 

A tube of magnetic 
induction 

S, and S,. Applying the divergence theorem, we obtain 

[ v-Bdv =0 
Vv 

[ B-nda— | B-n’' da 
Sz Sy 

P(S,) — O(S;) (9-43) 

Thus the same magnetic flux enters the tube through S, as leaves through S,. 

The flux lines can never terminate, but must eventually join back onto 
themselves, forming closed loops. 

The previous statements apply to the B-field, and it is perhaps worth- 
while noting that they do not apply to the H-field, since ¥-H = —V-M, 

which is not everywhere zero. Thus, from the divergence theorem applied 
to a tube of magnetic intensity, we find 

[ emda - Hen’ da = | py dv (9-44) 
s S, V 

The discontinuity in the magnetic intensity flux is determined by the total 

magnetic pole strength intercepted by the flux tube. 

BOUNDARY-VALUE PROBLEMS INVOLVING 
MAGNETIC MATERIALS 

Since B and H obey boundary conditions similar to those for D and E, the 
problems of linear media or specified magnetization are similar to the 

dielectric problems discussed in Chapter 4. In this section, we shall be 

concerned with a particular class of problems, namely, calculation of 
magnetic fields inside magnetic material in which no transport current 

exists. This situation is formally identical to the dielectric with no external 

charge density. 
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When J = 0, the fundamental magnetic equations, (9-28) and (9-30), 

reduce to 

V-B=0 (9-28) 

VxH=0 (9-45) 

Equation (9-45) implies that H can be derived as the gradient of a scalar 

field. This result should not surprise us because, according to the source 
equation, (9-27), the contribution to H from magnetic material is already 

expressed in this form, and in Section 8-8, we showed that the field (actually 
the proof presented there must be generalized to the H-field) produced by 

transport currents can be so derived when the local current density is zero. 

In accordance with Eq. (9-45), we write 

H = -Vo"* (9-46) 

where * is now the magnetic scalar potential due to all sources. 

There are two types of magnetic material for which the magnetic field 

calculation reduces to a simple boundary-value problem: (1) linear or 

approximately linear magnetic material for which B = wH and (2) a 

uniformly magnetized piece of material for which V- M = 0. In both cases, 

Eq. (9-28) reduces to 

VH=0 (9-47) 

Combining this result with (9-46), we obtain 

Vw. = 0 (9-48) 

which is Laplace’s equation. Thus, the magnetic problem reduces to finding 

a solution to Laplace’s equation that satisfies the boundary conditions. H 
may then be calculated as minus the gradient of the magnetic potential, and 
B obtained from 

B = wH 

or 

B = uo(H + M) 

whichever is appropriate. 

Two examples serve to illustrate the usefulness of the method just 
described, and additional exercises of this type will be found in the 
problems at the end of the chapter. 

EXAMPLE 9-1 Consider a sphere of linear magnetic material of radius a and 

Magnetically Permeable permeability placed in a region of space containing an_ initially 
Sphere in Uniform uniform magnetic field, By. We should like to determine how the 

Magnetic Field magnetic field is modified by the presence of the sphere and, in 

particular, to determine the magnetic field in the sphere itself. 
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Solution: The problem is closely analogous to the case of a dielectric 
sphere in a uniform electric field, which was solved in Section 4-9. Thus, 

choosing the origin of our coordinate system at the center of the sphere 

and the direction of By as the polar direction (z-direction), we may 

express the potential as a sum of zonal harmonics. Again, all boundary 
conditions can be satisfied by means of the cos @ harmonics: 

@i(r, 8) = Ayrcos 6 + Cyr-* cos 8 (9-49) 

for the vacuum region (1) outside the sphere, and 

y3(r, 8) = Asr cos 8 + Czr~* cos 8 (9-50) 

for the magnetic material region (2). The constants A,, A>, C,, and C, 
must be determined from the boundary conditions. 

At distances far away from the sphere, the magnetic field retains its 

uniform character: B = Bok, and gf — —(B,/uy)r cos 6. Hence, A; = 

—(Bo/Mo). Since wz and its associated magnetic field cannot become 

infinite at any point, the coefficient C, must be set equal to zero. Having 
applied the boundary conditions at r = © and at r = 0, we next turn 

our attention to the interface at r = a: 

Aig = Myo, B,, = Bz, 

or 

C 
~ (=) sin @ + — sin @ = A,sin @ (9-51) 

Ho a 

Ci 
Bycos 6 + 2u9—; cos 8 = —pA, cos 8 (9-52) 

a 

Solving these two equations simultaneously yields 

oe 3Bo 

7 (ay t229) 
and 

B,a?* 
(se OU TA 

whence the magnetic fields inside and outside the sphere are given by 

3Bok 
53. = (9-53) 
71 + 2(Ho/z) 

and 

(u/ Mo) — (2) ; = + -) B,(2a, 6+ né 9-54 B, = Bk aan fos (2a, COS a, sin A) ( ) 

The lines of magnetic induction are depicted in Fig. 9-12. 
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a nna EES 

FIGURE 9-12 

Lines of magnetic induc- 

tion B in the vicinity of a 

sphere of large per- 

meability u 

z-axis 

The second example deals with a permanent magnet. 

EXAMPLE 9-2 The problem is to determine the magnetic field produced by a uniformly 

Field of a Uniformly magnetized sphere of magnetization M and radius a when no other 
Magnetized Sphere magnetic fields are present. 

Solution: Taking the magnetization along the z-axis and the origin of 
our coordinate system at the center of the sphere, we may expand the 
potential in zonal harmonics: 

erly, 8) =") Cyr en, (2) (9-55) 
n=0 

for the vacuum region (1) outside the sphere, and 

Gi (7) 0) eae P. (0) (9-56) 
n=0 

for the permanent magnet region (2). Here we have purposely left out 

the harmonics with positive powers of r from expansion (9-55) since 
these would become large at large distances, and we have left out the 

negative powers of r in (9-56) since these would become infinite at the 
origin. From the boundary conditions at r = a, 

Aig = Ao 

B,, = B,, 
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we obtain 

= d 
D> (Cina "*) — A>,a")a-! — P,(8) = 0 (9-57) 
n=0 dé@ 

or 

D> (C;,,a7°*» — Az,,0")P,(@) = constant (9-57a) 
n=0 

and 

Ho Gypte che [op DRE, (0) G;., (nl aa? A> natant) 
n=1 

— UoM cos 6 = 0 (9-58) 

Since the P,(@) are orthogonal functions, each term of Eqs. (9-57a) and 

(9-58) must vanish individually. For n = 0, 

Cx,aa: 2 Aro = constant, gO, pao =f) 

Therefore, C,9 = 0, and Az, is an arbitrary constant that may be set 

equal to zero without affecting H or B. 
From the n = 1 terms, 

Cpa =A y= 0 

and 

2C,,a °>+Az,,-M=0 

which may be solved simultaneously to yield 

GC, eames 

and 

Axg=tgM 

For all n = 2, the only C,,, and A, ,, compatible with the two equations 

are C,,, = 0 and Az, = 0. 

Putting these results back into Eqs. (9-55) and (9-56), we obtain 

gi(r, 8) = 4M(a?/r’) cos 8 (9-59) 

and 

@pt(r, 0) = 4Mrcos @ (9-60) 

The magnetic intensity H may be calculated from the gradient opera- 
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FIGURE 9-13 

Lines of magnetic induc- 

tion for the uniformly 

magnetized sphere 

z-axis 

TE 

tion, with the following result: 

H, = 3M(a?/r*)[2a, cos @ + ag sin 6] (9-61) 

H, = —3Mk (9-62) 

Thus, the external field of the uniformly magnetized sphere is exactly a 

dipole field, arising from the dipole moment 32a°M. The magnetic 

intensity inside the sphere is a demagnetizing field, a result that is in 
accord with the E-field inside a uniformly polarized dielectric. We see, 
therefore, that the magnetized sphere is subjected to its own demag- 

netizing field. The factor 4} = (1/47)(47/3) in Eq. (9-62) depends 

explicitly on the spherical geometry. The quantity 47/3 is known as the 
demagnetization factor of a sphere. The demagnetization factors for 

other geometrical shapes have been calculated and tabulated.* 

The external magnetic field B, is just uo times Eq. (9-61). The 

magnetic induction in the sphere is 

B, = 3UoMk = 340M (9-63) 

The lines of magnetic induction are shown in Fig. 9-13. 

9-9 —__ SC CURRENT CIRCUITS CONTAINING MAGNETIC MEDIA 

In Chapter 8, we dealt with magnetic fields produced by current circuits in 

vacuum. One of the examples taken up in the problems (Problem 8-19) was 
that of a uniformly wound toroid of N turns carrying current J (Fig. 9-14). 
Let us solve the toroid problem again, but this time with the region inside 

the windings filled with a ferromagnetic material, which we shall assume to 

“See, for example, American Institute of Physics Handbook, 3rd ed. (New York: McGraw- 
Hill, 1972), p. 5-247. ota 



9-9 Current Circuits Containing Magnetic Media 243 

FIGURE 9-14 

A toroidal winding 

be homogeneous, isotropic, and originally unmagnetized. The field vector 

obtained most easily is the magnetic intensity, since it is related to the 

current in the windings by means of Ampere’s circuital law, Eq. (9-31). If 

we apply Eq. (9-31) to a circular path that is coaxial with the hole in the 
toroid, such as the dotted path shown in the figure, symmetry arguments tell 

us that H is the same at all points on the path: 

Hl = NI 
or 

NI 
i hides (9-64) 

Here the subscript stands for the component tangent to the path, and 

! = 2a is the total path length. From Eq. (9-26), 

eS aut + UoM, (9-65) 

Thus, the magnetic field differs from that in the vacuum case by the additive 

term UoM,. 

Only the tangential component of B (and of H) is obtained by the above 

procedure. Nevertheless, this component is the only one we expect to be 

present. According to Eq. (9-27) there are two kinds of sources for the 
magnetic intensity: transport currents and magnetized material. It is easy to 

show that the current in the toroidal winding produces only a tangential 

field. The winding is equivalent to N circular loops of current; if we combine 
the loops in pairs (Fig. 9-15), it is evident that each pair of loops produces a 
tangential field at the point in question. 

The second source of H, the magnetized material itself, may possibly 
provide a contribution through the pole densities: py = —V-M and 

Om = M-n. Since the ferromagnetic material in the toroid is isotropic, M 

will have the same direction as H. But M arose in response to currents in 
the toroidal windings, and this field is a tangential one. Thus, we expect an 

M, only and we can drop the subscript ¢. On this basis, there are no surfaces 
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FIGURE 9-15 

Axial nature of the field 
in a toroidal winding, 

shown by combining the 

magnetic field of the 

current loops in pairs 

in the toroidal specimen that are normal to M, and hence no oy. Finally, 

Pm Must equal zero. Although M may be a function of r (the distance from 
the axis of the toroid), the term 09M/dr does not contribute to V- M. The 

interesting result is that the magnetized material provides no contribution to 

H in this case, and Eq. (9-65) gives the entire magnetic field. 
Another problem, somewhat more complicated than the preceding one, 

is that of a toroidal winding of N turns surrounding a ferromagnetic 

specimen in which a narrow air gap of width d has been cut (Fig. 9-16). We 
will not distinguish between an air gap and a vacuum gap, since it is evident 

from Table 9-1 that the permeability of air differs only slightly from po. In 

this problem, Ampere’s circuital law does not suffice to determine H, 
because symmetry arguments cannot be invoked to state that H is the same 
at all points on a circular path. Thus, we first go to the source equation, Eq. 

(9-27). 

Again we note that there are two contributions to the magnetic 

intensity, one from transport currents and one from the magnetization. 

Since the toroidal winding is identical to that of the preceding problem, the 
contribution to H from the transport currents must be the same as before. 
Denoting this contribution by the subscript 1, we may write 

_M es as (9-66) 

FIGURE 9-16 

A toroidal winding sur- 
rounding a ring of mag- 

netic material with an air 

gap 
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Our problem, then, is to evaluate H,, or the Vo* term. To keep the 

problem simple, we make the plausible assumption of uniform tangential 

magnetization M throughout the ferromagnetic material. This choice 
provides us with all the essential physics without complicating the algebra. 

Then py equals zero, but 0,4, = +M on the pole faces bordering the air gap. 

The situation here is strongly reminiscent of the electrostatic problem 
involving a charged parallel-plate capacitor. In fact, the mathematical 

formulation of the potential is identical in the two cases. If the air gap is 
exceedingly narrow, then, approximately, 

H,=M (in the gap) 
: 4 (9-67) 

H, = 0 (elsewhere) 

However, this result is not consistent with Ampere’s circuital law, since 

$ Hdl = $ (Hi + H,) dl = NI + Md # NI 

unless d is negligibly small. For a narrow, but not negligibly small, air gap, a 
better approximation is 

d 
H, = M(1 = “) (in the gap) 

, (9-68) 

H, = —M> (in the material) 

This result not only satisfies Ampere’s circuital law, but also provides for 
the continuity of the normal component of B across the pole faces. 

Combining Eqs. (9-66) and (9-68), and substituting the result in Eq. 

(9-26), 

B = 4 (H + M) 

we find 

d + wom(1 - “) (9-69) 

both in the gap and in the magnetic material. In order to solve the problem 

completely, we have only to know the relation 

M = x,,(H)H 

For “‘soft iron’’ x,, can be taken as a constant. 

MAGNETIC CIRCUITS 

The magnetic flux lines, as we have seen, form closed loops. If all the 

magnetic flux (or substantially all of it) associated with a particular 
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FIGURE 9-17 

Magnetic circuit 

distribution of currents is confined to a rather well-defined path, then we 
may speak of a magnetic circuit. Thus, the examples discussed in Section 9-9 

are magnetic circuits, since the magnetic flux is confined to the region inside 
the toroidal winding. In the first example, the circuit consisted of just one 

material, a ferromagnetic ring; in the second case, however, we encoun- 

tered a series circuit of two materials: a ferromagnetic material and an air 

gap. 
Let us consider a more general series circuit of several materials 

surrounded by a toroidal winding of N turns carrying current J, such as that 
shown in Fig. 9-17. From the application of Ampere’s circuital law to a 
path following the circuit (the dotted path in the figure), 

$ Hdl = NI 

It is convenient to express H at each point along the path in terms of the 

magnetic flux ®; using B = uwH and ® = BA, where A is the cross- 

sectional area of the circuit at the point under consideration, we find 

Since we are dealing with a magnetic circuit, we expect @ to be essentially 
constant at all points in the circuit; hence we may take ® outside the 
integral: 

dl 
o> mts | (9-70) 

This result is the basic magnetic circuit equation, which enables us to solve 
for the flux ® in terms of the circuit parameters. 

Equation (9-70) reminds us of the similar equation for a series current 
circuit: JR = V. By analogy, we define the magnetomotive force (mmf): 

mmf = NI (9-71) 
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and the reluctance &, 

dl 
R= ban (9-72) 

Using these definitions, we may rewrite Eq. (9-70) as 

mmf @ = 
9-70a - (9-70a) 

If the circuit is made from several homogeneous pieces, each of uniform 
cross section, the reluctance may be approximated: 

if 
R= V+ =A (9-72a) F 2 

7 MA; 

Hence, the total reluctance of the series circuit is just the sum of the 

reluctances of the individual elements. The analogy between magnetic and 

current circuits is even closer than has been indicated, since the resistance of 
an electric circuit is given by 

R= $= 
gA 

which differs from Eq. (9-72) only through the substitution of g for uw. 

Because of this analogy, it is apparent that series and parallel reluctance 
combinations may be combined in the same manner as series and parallel 
resistance combinations. 

The magnetic circuit concept is of most use when applied to circuits 
containing ferromagnetic materials, but it is for just these materials that we 

experience a certain amount of difficulty. For a ferromagnetic material, 
u = u(A), and we do not know H in the material until the circuit problem 

is completely solved and @® determined. The situation is not hopeless, 

however. In fact, the problem can be solved rather easily by an iterative 

procedure: (1) As a first guess, we might take H = N//l,otai, Where rota IS 

the total length of the circuit. (2) The permeability of each material in the 

circuit is obtained for this value of H from the appropriate magnetization 
curve. (3) The total reluctance of the circuit is computed, and (4) the flux ® 

is calculated from Eq. (9-70a). (S) From ®, the magnetic intensities in the 

various elements may be found and the permeabilities redetermined. (6) 

The procedure is repeated, starting again with item (3). One or two 
iterations are usually sufficient to determine @ to within a few percent. 

The reluctance &; is inversely proportional to the permeability u;. Since 
the permeability of ferromagnetic material may be 100 times Uo, 10°45, or 

even 10°, in certain circumstances, it is apparent that ferromagnetic 

material forms a low-reluctance path for the magnetic flux. If the magnetic 
flux encounters two parallel paths, one high reluctance %, and the other low 

reluctance &,, then most of the flux will pass through the low reluctance 
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FIGURE 9-18 

Magnetic circuit that is 

equivalent to the mag- 
netic circuit of Fig. 9-17 if 
the permeabilities of A, 

B, and C are large 

*9-11 

path, and the equivalent reluctance of the combination is given by 
R= R,R,|(R, + R). Looking now at Fig. 9-18, we note that if materials 
A, B, and C are ferromagnetic, most of the flux will follow the ferromag- 

netic ring, because the air path between the ends of the solenoid is of 

relatively high reluctance. Thus, the magnetic circuits of Figs 9-17 and 9-18 
are essentially equivalent. 

If materials B and C are ferromagnetic, but A represents an air gap, the 

two circuits are no longer equivalent because there is some leakage of flux 

from the ends of the winding in Fig. 9-18. How much flux leaks out of the 

circuit depends on the reluctance ratio of magnetic circuit to leakage path. 

When the air gap A is small compared with the length of the winding, the 

leakage flux is small and in approximate calculations may be neglected. 

Reluctance of the leakage path has been worked out for many common 
geometries, and is given in a number of standard reference books.* The 

circuit concept is certainly a cruder approximation in the magnetic case than 

in the electrical one because (1) the ratio of circuit reluctance to leakage 

reluctance is not as small as the corresponding resistance ratio of the 

electrical case, and (2) the lateral dimensions of the magnetic circuit are 
usually not negligible in comparison with its length. Nevertheless, the 

magnetic circuit concept has proved to be extremely useful. 

MAGNETIC CIRCUITS CONTAINING 
PERMANENT MAGNETS 

The magnetic circuit concept is useful also when applied to permanent- 
magnet circuits—that is, to flux circuits in which @ has its origin in 
permanently magnetized material. We shall find it convenient to use the 
abbreviation P-M for permanent magnet. Because of the complicated B-H 

“See, for example, S. A. Nasar and L. E. Unnewehr, Electromechanics and Rotating Electric 

Machines (New York: Wiley, 1978); and F. N. Bradley, Materials for Magnetic Functions 

(New York: Hayden Book Co., 1971), p. 162. 



9-11 Magnetic Circuits Containing Permanent Magnets 249 

relationship in P-M material, the procedure outlined in the preceding 
section is not well suited to the problem at hand. Instead we start again with 
Ampere’s circuital law, applied now to the flux path of the P-M circuit: 

p Hdl = 0 

Or 

b 

[ Ha =- Hdl (9-73) 

In writing Eq. (9-73), we assume explicitly that the P-M material lies 

between the points b and a of the flux path, whereas from a to b the flux 
path encounters no P-M material. The use of B = wH and © = BA in the 

left side of Eq. (9-73) yields 

P | ad : Hadl (9-74a) oF a -74a 
a HA b(P-M) 

The magnetic flux @® is continuous throughout the entire circuit, so 

® = B,,Am, where B,, is the magnetic field in the permanent magnet and 
A,, 1s its cross-sectional area. The right side of Eq. (9-74) may be written 

—HA nlm, Where H,, is the average magnetic intensity in the magnet and /,, is 

the length of the magnet. Thus, 

BHA ation een lin (9-74b) 

is the equation that links the unknown quantities B,, and H,,,. This equation 
can be solved simultaneously with the hysteresis curve of the magnet to 

yield both B,, and H,,,. 
As an example of a P-M circuit, consider the circuit composed of a 

magnet, an air gap, and soft iron (Fig. 9-19). It is important to realize that 

FIGURE 9-19 

A permanent-magnet cir- 

cuit. For the circuit 
shown, the magnet has a 

rather large demagnetiz- 
ing field acting upon it; 
the demagnetizing field 
can be reduced by in- 

creasing the length of 
P-M material, for ex- 

ample, by placing addi- 

tional magnets in the side 

arms of the circuit. 

Soft iron 
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soft iron is not a P-M material. Its hysteresis is actually negligible compared 

with that of the magnet, and yu; = B,/H; is a positive. quantity. The 

reluctance &,, is given by 

iF l 
Ce ae i ea 

UA; UoA, 

where the subscripts i and g refer to the soft iron and air gap, respectively. 

If the air gap is not too narrow, Eq. (9-75) may usually be approximated by 

(9-75) 

l 
Ke, = —* 

; UA, 

which, when combined with (9-74b), yields 

LA 
B= ——— 5H 9-76 m LAm Uo m ( ) 

a linear relationship between B,, and H,,. This equation is plotted along 
with the hysteresis curve of the magnet in Fig. 9-20. The intersection of the 

two curves gives the operating point of the magnet. The problem is now 

essentially solved: From a knowledge of B,,,, the flux ® and the flux density 

B, are easily determined. 

Two points, however, deserve to be mentioned. The first is: What does 

one use for the effective area A, of the gap? As a first approximation, we 

might take A, equal to the pole-face area of the soft iron, and if the air gap 

is not too large, this approximation is adequate. We shall not enter into a 

detailed discussion of this point, but instead refer the interested reader to 

the references cited in the previous section. Second, the problem of leakage 

flux is just as important in P-M circuits as it is in other types of magnetic 

circuits. For the problems presented in this book, however, we shall usually 

make the assumption that leakage flux may be neglected. 
Finally, we note that H,, as determined from Fig. 9-20 is negative—that 

is, the magnetic intensity in the magnet is a demagnetizing effect, which is a 

FIGURE 9-20 

Demagnetizing line for a 

magnetic circuit. (The 

subscript m stands for 

magnet.) Since MoH, is 

plotted instead of H,,,, 

the slope of the demag- 

netizing line is just 

—(l,A,/1,A,,), im other 
words, a pure number. 
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general result. When the magnetic flux has its origin in a permanent 
magnet, then the magnet itself is subjected to a demagnetizing field. 

SUMMARY 

In Chapter 4, we saw that the response of a (dielectric) medium to an 
E-field was a polarization charge density pp = —V-P (op = n- P), where 

P = xE; in Chapter 7, a (conducting) medium was seen to respond to an 

E-field with a transport current density J = gE. We now find that a 

(magnetic) medium responds to a B-field with another sort of current 
density, the atomic magnetization current, 

Iu =VXM (jv = —n X M) 

where M = Am/Av is the magnetic moment per unit volume of the 
material. The vector potential due to the magnetization is 

ee Ho f Im(r') dv' 

4n ir — 3] 

The total B-field due to steady transport currents plus magnetization 
currents satisfies 

Vx B= uJ + Jy). 

Note that V- J,, = 0 identically. It is convenient to define the vector field 

1 
=—B-M 

Ho 

so that V xX H=J, with only the conventional transport currents as 

sources. For a particular medium, the magnetic susceptibility in the 
constitutive equation 

M = 1,,(H)H 

must be known. Combined with the definition of H, the preceding equation 

gives 

B = »(H)H 

where pt = fU[1 + x,,(H)]. Then this relation, together with the differential 

equations 

V-B=0, VxH=J 

determines B and H, subject to the boundary conditions 

B,, — B,, = 0, H,, — Hi, = j X m 

¢ Most materials are either diamagnetic (y,, <0) or paramagnetic 
(%m > 0). In either case, |x,,| << 1. The magnetic materials of practical 
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PROBLEMS ——— 

importance are ferromagnetic. For these, |¥,,| may be more than 1000, but 

B = B(J) is not linear and not even single-valued (hysteresis). 

¢ In problems with no transport currents, since V x H = 0; itis 

convenient to use the scalar potential, 

H = —Vq* 

Since ¥: B = 0, V-H = —V-M, and so qg™ satisfies Poisson’s equation 

V’o~* =V-M 

A solution is 

1 dyer] ') da’ y*(r) = ee Pa(r’) ae x | Om(r') oe 

4nJjy, |r —1'| 4a Js, |r — 8’ | 

where py = —V-M, oy =n-M. (This solution is useful if M is a given 

function.) 

¢ In such problems with linear media or with uniform M, V-H = 0 and 

g* satisfies Laplace’s equation. These problems are identical to the 

corresponding electrostatic problems with no external charge density. 

¢ Ampere’s law relates the H field to the transport current: 

¢ H-dl=I1 

¢ The solution for H divides into one part due to transport currents and 
another part due to the magnetic materials: 

1 ‘ xX (r—r’) 
H sow overs 

(r) Ir a rr se du' — Vo*(r) 

(Evaluation of the second term depends on knowing M(H).) 

¢ In the presence of ferromagnetic materials with large u, it may be a 
useful approximation to assume that all of the flux ® is confined to a known 
volume. Then 

NI = ®R 

where the reluctance 

l ce 
LA 

can be calculated for each element of the magnetic circuit. 

9-1 A permanent magnet has the shape of a right circular cylinder of length L. The 
magnetization M is uniform and has the direction of the cylinder axis. (a) Find the 
magnetization current densities, Jy and jy. (b) Compare the current distribution 
with that of a solenoid. 
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9-2 (a) Find the distribution of magnetization currents corresponding to a uniformly 
magnetized sphere with magnetization M. According to Eq. (9-63) the magnetic 
induction B is uniform inside such a sphere. (b) Can you use this information to 
design a current winding that will produce a uniform magnetic field in a spherical 
region of space? 

9-3 (a) The magnetic moment of a macroscopic body is defined as {y M dv. Prove 
the relationship 

[ Mav = | spy au + $ roy da 
Vv Vv AY 

where S is the surface bounding V. [Hint: Refer to the similar problem involving P 

in Chapter 4.] (b) A permanent magnet in the shape of a sphere of radius R has 

uniform magnetization Mp in the direction of the polar axis. Determine the magnetic 

moment of the magnet from both the right and left sides of the equation in part (a). 

9-4 (a) Consider a magnet with magnetization specified: M(x, y, z). Each volume 

element dv may be treated as a small magnetic dipole, M du. If the magnet is placed 

in a uniform magnetic field Bo, find the torque on the magnet in terms of its 

magnetic moment (defined in Problem 9-3). (b) A magnet in the shape of a right 

circular cylinder of length L and cross section A is uniformly magnetized parallel to 

the cylinder axis with magnetization My. The magnet is placed in a uniform magnetic 

field By. Find the torque on the magnet in terms of its pole densities. 

9-5 An ellipsoid with principal axis of lengths 2a, 2a, and 26 is magnetized 

uniformly in a direction parallel to the 2b-axis. The magnetization of the ellipsoid is 
M,. Find the magnetic pole densities for this geometry. 

9-6 A spherical shell, with inside radius R, and outside radius R;, is uniformly 

magnetized in the direction of the z-axis. The magnetization in the shell is 

M, = Mk. Find the scalar potential m* for points on the z-axis, both inside and 

outside the shell. 

9-7 A permanent magnet in the shape of a nght circular cylinder of length L and 

radius R is oriented so that its symmetry axis coincides with the z-axis. The origin of 

coordinates is at the center of the magnet. If the cylinder has uniform axial 

magnetization M, (a) determine y*(z) at points on the symmetry axis, both inside 
and outside the magnet, and (b) use the results of part (a) to find the magnetic 
induction B, at points on the symmetry axis, both inside and outside the magnet. 

9-8 A sphere of magnetic material of radius R is placed at the origin of coordinates. 

The magnetization is given by M = (ax* + b)i, where a and 6 are constants. 

Determine all pole densities and magnetization currents. 

9-9 A toroid of annealed soft iron has a mean length of 0.1m and is wound with a 

coil of 100 turns. Calculate the current required to magnetize the specimen to a field 

strength of (a) B = 1.0T, (b) B = 1.5T. 

9-10 A soft-iron ring with a 1.0cm air gap is wound with a toroidal winding such as 

is shown in Fig. 9-16. The mean length of the iron ring is 20 cm, its cross section is 

4cm’, and its permeability, assumed constant, is 3000 uo. The 200-turn winding 

carries a current of 10 A. Find B and H inside the iron ring and in the air gap. 

9-11 A long cylinder of radius a and permeability u is placed in a uniform magnetic 

field B, such that the cylinder axis is at right angles to By. (a) Calculate the magnetic 
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induction inside the cylinder. (b) Make a semiquantitative sketch showing typical 

lines of induction through the cylinder. (Assume from the beginning that m* can be 

completely specified in terms of the cos @ cylindrical harmonics. This assumption is 

justified, since all boundary conditions can be satisfied in terms of the cos 6 

harmonics. ) 

9-12 A long straight copper wire and a long straight iron wire each carry the same 

current / in a uniform B-field, By. Show that the force on the iron wire is nearly 

twice the force on the copper wire. [Hint: Use the result of Problem 9-11.] 

9-13 A wire carrying a current / is in a cylindrical iron conduit. The conduit has 

inner and outer radii a and b, has constant susceptibility 7, and is coaxial with the 

wire. Find the magnetization current density and the total magnetization current. 

9-14 Two magnetic media are separated by a plane interface. Show that the angles 

between the normal to the boundary and the B-fields on either side satisfy 

pi, tan 6, = yu, tan 6, 

9-15 A straight wire carrying a current / is parallel to an infinite plane, at a distance 

d from the plane. The wire is in air, and the medium on the far side of the plane 

boundary has constant permeability u. Find an image current that gives the correct 

B-field in the air if (a) u = ~, (b) w = 0. (Case (a) approximates a ferromagnetic 
material and (b) describes a superconductor.) 

*9-16 A long cylindrical shell (outside radius 5, inside radius a, relative permeability 

K,,) is oriented normal to a uniform magnetic induction field By. (a) Show that the 

magnetic induction B, in the vacuum region inside the shell is parallel to Bo. 

(b) Show that the magnetic shielding factor h,,, is given by 

Bo | + Rea V4) Ry = = 1 + ; 
bs B, 4K,,, 

9-17 (a) Use the result of Problem 9-16 to calculate the shielding factor h,, of a 

cylindrical shield of relative permeability K,, = 5000 and outer radius b = 2 times 

inner radius a. (b) Show also that the magnetic field at @ = 90° on the outer surface 

of the shield is increased to approximately 3.33 times the original field. (Assume the 
original field is directed along 6 = 0.) 

9-18 A magnetic circuit in the shape shown in Fig. 9-21 is wound with 100 turns of 

A pie Bander 
He 

B-H relationship 
for P-M 

— Kom O MoH m 

FIGURE 9-21 
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wire carrying a current of 1 A. The winding is located on the extreme left-hand leg 

of the circuit. The height of the circuit is 10 cm, its length is 20 cm, the cross section 
of each leg is 6cm’, and its permeability, assumed constant, is 5000 uo. Neglecting 

leakage, calculate the magnetic flux through the central leg and also through the 

extreme right-hand leg of the circuit. 

9-19 A magnetic circuit in the form shown in Fig. 9-19 has a permanent magnet of 

length 8cm, a soft-iron path length of 16cm, and an air gap of 0.8cm. The cross 

section of the iron and of the magnet is 4cm? on the average, whereas the effective 

cross-sectional area of the air gap is 3cm*. The relative permeability of the iron is 

5000. (a) Calculate the magnetic flux density in the gap for two different magnet 
materials: sintered oxide and 35 percent Co steel. Neglect leakage. (b) The 
dimensions of the magnetic circuit are altered in one respect: The air gap is 

decreased to 0.8 mm. Repeat the calculation called for in part (a). 

9-20 Find the magnetic induction in a uniformly magnetized sphere for each of the 

materials shown in Fig. 9-9. 

9-21 A magnetic circuit in the form shown in Fig. 9-19 has an Alnico V magnet of 

length 10 cm, a soft-iron path of 16cm, and an air gap of 1 cm. It is also wound with 

800 ampere-turns of wire (in a direction to aid the flux produced by the magnet). 

Find the magnetic flux density in the air gap. (Neglect leakage, take K,, = 5000 for 

the soft iron, and assume that the cross sections of the magnet, soft iron, and air gap 

are the same.) 
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*CHAPTER 1 0 

Microscopic Theory 

of Magnetism 

In the preceding chapter, we were concerned with the macroscopic aspects 

of magnetization. The magnetic properties of matter were introduced 

explicitly through the function M, which was related to the magnetic 

induction by means of experimentally determined parameters. In this 

chapter, we look at matter from the microscopic point of view (i.e., as an 

assembly of atoms or molecules) and see how the individual molecules 

respond to an imposed magnetic field. If this procedure were carried 
through completely, we would end up with theoretical expressions for 

susceptibility and with B-H relationships for all types of materials. While 

such a procedure is certainly beyond the scope of this book, we can show 

rather simply how the various kinds of magnetic behavior come about and, 

in addition, derive expressions that predict the correct order of magnitude 

for susceptibility in certain cases. A more thorough discussion of the topics 

presented here is to be found in books on solid state physics.t 

In the macroscopic formulations in Chapter 9, we dealt with two field 

vectors, B and H, which we related through the equation B = u.(H + M). 

From the microscopic viewpoint, the distinction between B and H largely 
disappears because we deal with an assembly of molecules (i.e., with an 

assembly of magnetic dipoles or dipole groups) in vacuum. We are 

concerned with the magnetic field near a molecule in vacuum or at the 

position of a molecule when that molecule is removed from the system. 
Thus, B,, = “oH,,. Here the subscript m denotes microscopic, but in the 

following sections of this chapter the symbol B,,, (and H,,,) will denote a 

* This chapter may be omitted without loss of continuity. 

+ See, for example, C. Kittel, Introduction to Solid State Physics, 6th ed. (New York: Wiley, 

1986), Chapters 14 and 15. 
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particular value of the microscopic field, namely, the field at the position of 
a molecule. 

It is customary when discussing the microscopic field inside matter to 
relate H,, to the macroscopic H field, instead of B,, to the B field, because 

both H and H,,, can be written simply in terms of integrals over the current 
and dipole distributions. It makes very little difference, however, whether 

we calculated H,, or B,,, since they differ from each other only by the scale 
factor Uo. 

10-1 ___ SS MOLECULAR FIELD INSIDE MATTER 

The magnetic field that is effective in its interaction with atomic currents in 

an atom or molecule is the molecular field B,, = u H,,. Called the local 

field in some textbooks, it is the magnetic field at a molecular (or atomic) 

position in the material. This field is produced by all external sources and by 
all molecular dipoles in the material with the exception of the one molecule 

(or atom) at the point under consideration. It is evident that B,, need not be 

the same as the macroscopic magnetic induction field, since the latter 

quantity is related to the force on a current element whose dimensions are 
large compared with molecular dimensions. 

The molecular field may be calculated by a procedure similar to that of 
Section 5-1 for the molecular electric field in a dielectric. We consider a 
material object of arbitrary shape, which, for convenience, we take to be 
uniformly magnetized with magnetization M. Let us cut out a small piece of 

the object, leaving a spherical cavity surrounding the point at which the 

molecular field is to be computed (see Fig. 10-1). The material that is left is 
to be treated as a continuum—that is, from the macroscopic point of view. 

Next we put the material back into the cavity, molecule by molecule, except 

FIGURE 10-1 

Calculation of ‘“‘cavity” 
surface contribution to 

H,,. + and — represent 
magnetic charge (i.e., N- 
and S-seeking poles). 
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for the molecule at the center of the cavity, where we wish to compute the 

molecular field. The molecules that have just been replaced are to be 

treated, not as a continuum, but as individual dipoles or dipole groups. 
The macroscopic field H, the magnetic intensity in the specimen, can be 

expressed, according to Eq. (9-27), as 

Det dag hens Col eee Tea he 
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where the integrals extend over all sources: J, py, and oy. The molecular 

field H,, may be expressed in a similar way, except that now there are 

additional contributions from the surface of the cavity and from the 
individual dipoles in the cavity. The integral of py(r — r’)/|r — r’|? over the 
cavity volume need not be excluded specifically, since py, = —V-M = Oin 

the uniformly magnetized specimen. Thus, 

H,, = H + H, + H’ (10-1) 

where H is the macroscopic magnetic intensity in the specimen, H, is the 
contribution from the surface pole density o,, = M,, on the cavity surface 

(refer to Fig. 10-1), and H’ is the contribution of the various dipoles inside 
the cavity. 

From the corresponding derivation in Section 5-1, H, is seen to be 

H, = 3M (10-2) 

Furthermore, the contribution from the dipoles in the cavity, 

1 3(m,  r;)F; =| H’ omy goes pa gece 
te 
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where r; is the distance from the ith dipole to the center of the cavity, is of 

the same form as the corresponding electric dipole term E’ in Section 5-1. 

Thus, if we restrict our interest to the rather large class of materials 

for which Eq. (10-3) vanishes, Eq. (10-1) for the molecular field 
reduces to 

H,, = H + iM (10-4) 

and 

B,, = MoH, (10-5) 

Equations (10-4) and (10-5) give the molecular field in terms of the 
macroscopic magnetic intensity and the magnetization in the sample. For 
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most diamagnetic and paramagnetic materials the term 4M = }y,,H is 
negligibly small, but for ferromagnetic materials the correction is quite 
important. 

ORIGIN OF DIAMAGNETISM 

In order to calculate the diamagnetic susceptibility of an assembly of atoms, 

we must know something about the electronic motion in the atom itself. We 

shall assume that each electron circulates around the atomic nucleus in some 

kind of orbit, and for simplicity, we choose a circular orbit of radius R in a 

plane at right angles to the applied magnetic field. Quantum mechanics tells 
us that although this picture is approximately correct, the electrons do not 

circulate in well-defined orbits. To solve the problem properly, we would 

have to solve the Schroedinger equation for an atomic electron in a 
magnetic field. Nevertheless, our rather naive ‘“‘classical’’ calculation will 

give the correct order of magnitude for the diamagnetic susceptibility. 

Before the magnetic induction field is applied, the electron is in 

equilibrium in its orbit: 

F, = m.wR, (10-6) 

where F, is the electric force holding the electron to its atom, Wo is the 
angular frequency of the electron in its orbit, and m, is the electron mass. 
Application of a magnetic field exerts an additional force —ev x B,,, on the 
electron. Assuming that the electron stays in the same orbit, we find 

F, + ewRB,, = m.w°R 

which, when combined with Eq. (10-6), yields 

tewB,, = m.(W — Wo)(@ + Wo) (10-7) 

The quantity Aw = w — wg is the change in angular frequency of the 

electron. Thus, the electron either speeds up or slows down in its orbit, 
depending on the detailed geometry (i.e., on the direction of v x B,, 
relative to F,), but in either case the change in orbital magnetic moment is 

in a direction opposite to the applied field. This statement may be easily 

verified by the reader. 
Even for the largest fields that can be obtained in the laboratory 

(~100 T), Aw is small compared with wo, so that Eq. (10-7) may always be 

approximated by 

e 
Ao =+ Ba (10-8) 

2m, 

The quantity (e/2m,)B,, is known as the Larmor frequency. 
Up to this point we have merely assumed that the electron stays in the 

same orbit. We have used this assumption together with the equilibrium of 

forces to derive Eq. (10-8). For the electron to stay in its orbit, the change 
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in its kinetic energy as determined from Faraday’s law of induction must be 

consistent with Eq. (10-8).* When the magnetic field is switched on, there is 

a change in flux through the orbit given by 7R* AB,,. This flux is linked by 

An electron loops, where An is the number of revolutions made by the 

electron during the time in which the field changes. The changing flux 

produces an emf according to Faraday’s law: 

dn dB 
= 2, = 2 Ch SS alee - An = aR a ABS (10-9) 

The energy given to the electron in this process is e, and it appears as a 

change in kinetic energy: 

dn 
AB 10-10 = AB (10-10) Sy etre — w%) = eR? 

2, 

But AB,, is just the final value of the field B,,, and the average value of 

dn/dt = (w + W )/42. Thus, 

in agreement with Eq. (10-8). Thus, the assumption of a constant orbit leads 
to no contradiction between Eq. (10-9) and the force equation. Diamagne- 
tism is the result of Lenz’s law operating on an atomic scale. Upon the 
application of a magnetic field, the electronic currents in each atom are 

modified in such a way that they tend to weaken the effect of this field. 

The change in angular velocity predicted by Eq. (10-8) produces a 

change in magnetic moment given by 

2 e e pa e 

2 2m, 4m, 
R?uoH,, (10-11) 

In order to find the magnetization, this result must be summed over all 

electrons in a unit volume. For a substance containing N molecules per unit 
volume, all of the same molecular species, 

= — 7, Hm > R? (10-12) 

where the summation is over the electrons in one molecule. For diamagnetic 
materials, H,, differs very little from H, so the diamagnetic susceptibility 

=e Ne? ito feetiemeppre sas. (10-13a) 

This result has been obtained on the assumption that all electrons circulate 

“ Faraday’s law of induction and Lenz’s law are discussed in Chapter 11, Section 11-1. 
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in planes perpendicular to the field H,,. When the orbit is inclined, so that a 

normal to the orbit makes an angle 6, with the field, only the component of 
H,,, along this normal (H,, cos 6;) is effective in altering the angular velocity 

of the electron. Furthermore, the component of Am parallel to the field is 

smaller by the factor cos 6;. Hence a better approximation to the diamag- 
netic susceptibility is 

os 

ene ES a) (10-13b) 
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Diamagnetism is presumably present in all types of matter, but its effect is 

frequently masked by stronger paramagnetic or ferromagnetic behavior that 

can occur in the material simultaneously. Diamagnetism is particularly 

prominent in materials that consist entirely of atoms or ions with ‘closed 

electron shells,’ since in these cases all paramagnetic contributions cancel 
out. 

ORIGIN OF PARAMAGNETISM 

The orbital motion of each electron in an atom or molecule can be 

described in terms of a magnetic dipole moment as follows directly from Eq. 

(8-22). In addition, it is known that the electron has an intrinsic property 
called spin, and an intrinsic magnetic dipole moment associated with this 
spinning charge. Each molecule, then, has a magnetic moment m, which is 

the vector sum of orbital and spin moments from the various electrons in 

the molecule. Briefly, paramagnetism results from the tendency of these 

molecular moments to align themselves with the applied field, just as the 

current circuit of Eq. (8-19) tends to align itself with the field. 

The situation is not quite so straightforward as that for a current circuit, 

however. There are, in fact, two complications: (1) In the presence of a 

magnetic field, the electronic motions are quantized such that each orbital 

and spin moment has only a discrete set of orientations relative to the field 
direction. Furthermore, no two electrons in the molecule can occupy the 

same quantum state, so that if there are just enough electrons per molecule 

to fill “‘electron shells,” then all possible orientations must be used and m, is 

zero. Of course, paramagnetism can occur only when m; # 0. (2) The 

electronic motion inside an atom that gives rise to m, also produces an 

angular momentum about the atomic nucleus. In fact, m; is linearly related 

to this angular momentum. Under these conditions the magnetic torque 
does not directly align the dipole moment m, with the field, but causes it to 

precess around the field at constant inclination.* The atoms (or molecules) 

* A discussion of the precession of m, in a uniform magnetic field is given in many textbooks. 

See, for example, H. Goldstein, Classical Mechanics (Reading, Mass.: Addison-Wesley, 

1950), pp. 176-177. 
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in our material system are in thermal contact with each other. In a gas or 

liquid, the atoms are continually making collisions with one another, and in 

a solid, the atoms are undergoing thermal oscillation. Under these 

conditions, the various m, can interchange magnetic energy with the thermal 

energy of their environment and make transitions from one precessional state 

to another of a different inclination. The thermal energy of the system tends 

to produce a completely random orientation of the m,, but orientations 

along or near the field direction have a lower magnetic energy and thus are 
favored. The situation is quite similar to that of polar molecules in an 

electric field, which was discussed in Section 5-3. 

For a material composed entirely of one molecular species, each ~ 

molecule having magnetic moment mo, the fractional orientation is given 
approximately by the Langevin function, Eq. (5-21), with 

ye Mobo m 
LE pr (10-14) 

The magnetization is given by 

1 
|M| = Nmo| coth y = 4 (10-15a) 

where N is the number of molecules per unit volume. Except for 

temperatures near absolute zero, the Langevin function can be approxi- 
mated by the first term in its power series: 

M = Th: (10-15b) 

which yields the paramagnetic susceptibility 

ed Nmiuo 
Amn = 3kT (10-16) 

According to atomic theory, mp is in the range of a few Bohr magnetons 

(1 Bohr magneton = eh/42m,, where h is Planck’s constant). Equations 
(10-16) and (10-13b) account for the order of magnitude of the y,,’s in Table 
9-1. 

We may summarize the results of this section briefly as follows: In order 

to exhibit paramagnetic behavior, the atoms (or molecules) of the system 

must have permanent magnetic moments, and these tend to orient in the 

applied field. The various molecular moments are decoupled—that is, they 
precess around the magnetic field as individuals (not in unison)—but they 
are able to exchange energy because of thermal contact with their 
environment. Except for temperatures near absolute zero and simultaneous 
large fields, the magnetization is far below the saturation value which would 
obtain when all the dipole moments are aligned. 
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THEORY OF FERROMAGNETISM 

In ferromagnetic materials, the permanent atomic (or molecular) magnetic 

moments are very nearly aligned even in the absence of an applied field. 

The cause of this alignment is the molecular field H,, which, according to 
Eq. (10-4), does not vanish when H = 0 unless M vanishes simultaneously. 
A magnetization M does give rise to a molecular field, but unless this 

molecular field produces the same magnetization M that is presumed to 

exist in the material, the solution is inconsistent. Our problem is to 
determine in what set of circumstances the magnetization can maintain itself 
via the molecular field. 

It will prove necessary to generalize Eq. (10-4) to a certain extent. For 
the molecular field, let us write H,, = H + 7M, which, for H = 0, reduces 

to 

H, = 7M (10-4a) 

According to the simple theory of Section 10-1, 7 = 4. If the terms in Eq. 
(10-3) do not sum to zero, 7 may be different from 3; nevertheless, we 
expect 7 to be of this order of magnitude. 

Let us restrict our attention to a material composed entirely of one 
atomic species. cach atom having magnetic moment m,. There are N atoms 

per unit volume. If the atomic moments are to be very nearly aligned, M 
must be a substantial fraction of Nm,. For the sake of definiteness, 

however, let us say 

M > 0.7Nm, (10-17) 

According to Eq. (10-15), this result implies that [coth y — (1/y)] > 9.7, or 
y (which is defined by Eq. (10-14)] > 3. Thus, 

— Motto . 
kT 

which, when combined with Eqs. (10-4a) and (10-17), yields 

(Noms 0.7 —— > 3 (10-18 p ‘eT ) 

This result (approximately) is the condition for the occurrence of 

ferromagnetism. 
In the previous section, it was stated that atomic theory predicts m, to 

be in the range of a few Bohr magnetons. On this basis, Eq. (10-18) requires 

a y of about 10° in the vicinity of room temperature, which is orders of 

magnitude larger than can be accounted for in the derivation presented in 

Section 10-1. It would thus appear that the origin of ferromagnetism is 

considerably more complex than the corresponding situation in fer- 

roelectrics (discussed in Section 5-4). 
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In 1907 Pierre Weiss* formulated his theory of ferromagnetism. Weiss 

appreciated the essential role played by the molecular field. He could not 

explain the large value of y, but he accepted it as a fact and proceeded to 

develop this theory from his point. The predictions of his theory were found 

to be in close accord with experiment. For this reason, the molecular field of 

Eq. (10-4a) is often called the Weiss molecular field. 
It was left to Heisenberg,+ some twenty years later, to explain the origin 

of the large value of y. Heisenberg showed, first, that it is only the spin 
magnetic moments that contribute to the molecular field and, second, that 

the field is produced basically by electrostatic forces. On the basis of 

quantum mechanics, he showed that when the spins on neighboring atoms 

change from parallel alignment to antiparallel alignment, there must be a 

simultaneous change in the electron charge distribution in the atoms.t The 

change in charge distribution alters the electrostatic energy of the system 
and, in certain cases, favors parallel alignment (i.e., ferromagnetism). A 
spin-dependent energy—that is, an energy that depends on the spin 

configuration of the system—can be viewed in terms of the force (or torque) 

that is produced on one of the atoms when the configuration is altered. The 
equivalent field turns out to be proportional to M, but with a coefficient that 

depends in detail upon the charge distribution in the atom under 

consideration. 
The Weiss-Heisenberg theory can be used to predict the way in which 

the magnetization of a ferromagnet changes with temperature. It is evident 

that the theory depicts ferromagnetism as the limiting case of paramagnet- 

ism in an extremely large magnetic field, but with this field coming from the 
magnetization itself. Combining Eq. (10-4a) with Eqs. (10-14) and (10-15) 
yields 

1 
M= Nmo| coth y = -l (10-19) 

and 

YHoMo et) 

The spontaneous magnetization—that is, the magnetization at zero external 

field—for a given temperature is obtained from the simultaneous solution of 

Eqs. (10-19) and (10-20). This solution is easily obtained by a graphical 

procedure: We plot M versus y for both (10-19) and (10-20), as shown in 

Fig. 10-2. The intersection of the two curves gives a magnetization M(T) 

*P. Weiss, Journal de Physique, 6, 667 (1907). 

+ W. Heisenberg, Zeitschrift fiir Physik, 49, 619 (1928), 

¢ This change in charge distribution is a consequence of the Pauli exclusion principle. 
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FIGURE 10-2 

Determination of the 

spontaneous magnetiza- 

tion M(T) with the aid of 

the Langevin function 
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that is consistent with both equations. As the temperature is increased, the 
linear curve, Eq. (10-20), becomes steeper, but Eq. (10-19) is unchanged. 

Thus, the intersection point moves to the left in the figure, and a lower 

value for the spontaneous magnetization obtains. Finally, a temperature is 
reached at which Eq. (10-20) is tangent to Eq. (10-19) at the origin, and at 

this and higher temperatures, the spontaneous magnetization is zero. This 
temperature is the Curie temperature, T., above which the spontaneous 

magnetization vanishes and ordinary paramagnetic behavior results. 

A plot of M(T) versus temperature, obtained according to the above 

procedure, is displayed in Fig. 10-3. It is in approximate agreement with 
experimentally determined values of the spontaneous magnetization for a 
ferromagnetic material. 

10-5 —__ SC FERROMAGNETIC DOMAINS 

According to the preceding section, a ferromagnetic specimen should be 
magnetized very nearly to saturation (regardless of its previous history) at 

FIGURE 10-3 

Magnetization of a fer- 

romagnetic material as a 
function of temperature. 

T. is called the Curie 

temperature. (The curve 
shown has been calcu- 
lated with the aid of the 
classical Langevin func- T/T. 

tion; quantum- 

mechanical corrections 
change the shape of the 
curve somewhat, bringing 

it into agreement with 
experimental data.) 
se ee 

M(T)/Nmo 
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FIGURE 10-4 

Ferromagnetic domain 

structures: (a) single 
crystal, (b) polycrys- 
talline specimen. Arrows 
represent the direction of 

magnetization. 

temperatures below the Curie temperature. This statement appears to be 

contrary to observation. We know, for example, that a piece of iron can 
exist in either a magnetized or unmagnetized condition. The answer to this 
apparent paradox is that a ferromagnetic material breaks up into domains. 

Each domain is fully magnetized in accord with the results of the preceding 

section, but the various domains can be randomly oriented (Fig. 10-4) and 

thus present an unmagnetized appearance from the macroscopic point of 
view. The presence of domains was first postulated by Weiss in 1907. 

In passing from one domain to an adjacent one, the atomic moment 

vector m, gradually rotates from its original to its new direction in the 

course of about 100 atoms (Fig. 10-5). This region between the two domains 

is called a domain wall. It would appear that an atomic spin moment in the 
wall region is subjected to a slightly lower molecular field than is an atomic 
spin moment inside the domain proper. This observation by itself would 

favor a single domain configuration. On the other hand, a specimen 

consisting of a single domain must maintain a large external magnetic field, 
whereas a multidomain specimen has a lower ‘“‘magnetic energy”’ associated 

with its field structure. Thus, the multidomain structure is usually energeti- 
cally favored. 

FIGURE 10-5 

Structure of transition iy 

region or “Bloch wall,” eS . 
T 

between domains in a 

ferromagnetic material 
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The macroscopic aspects of magnetization in ferromagnetic materials 
are concerned with changes in domain configuration. The increase in 
magnetization resulting from the action of an applied magnetic field takes 
place by two independent processes: by an increase in the volume of 

domains that are favorably oriented relative to the field at the expense of 

domains that are unfavorably oriented (domain wall motion), or by rotation 

of the domain magnetization toward the field direction. The two processes 
are illustrated schematically in Fig. 10-6. 

In weak applied fields the magnetization usually changes by means of 

domain wall motion. In pure materials consisting of a single phase, the wall 
motion is to a large extent reversible in the weak-field region. In stronger 

fields the magnetization proceeds by irreversible wall motion, and finally by 

domain rotation. In these circumstances the substance remains magnetized 

when the external magnetic field is removed. 
The experimental study of domains was made possible by a technique 

first developed by F. H. Bitter.* A finely divided magnetic powder is spread 

over the surface of the specimen, and the powder particles, which collect 

along the domain boundaries, may be viewed under a microscope. By 

means of this technique, it has even proved possible to observe domain wall 

motion under the action of an applied magnetic field. The size of domains 
varies widely, depending on the type of material, its previous history, and so 

on. Typical values are in the range from 10° to 10~* cm’. 

*F.H. Bitter, Physical Review, 41, 507 (1932). For a brief discussion of the technique, see D. 

Jiles, Magnetism and Magnetic Materials (London: Chapman and Hall, 1991), p. 114. 

FIGURE 10-6 

Magnetization of a fer- 
romagnetic material: 

(a) unmagnetized, 
(b) magnetization by 

domain wall motion, 

(c) magnetization by 

domain rotation 
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FIGURE 10-7 ( 
Schematic representation ; ; ; } } ‘ 
of atomic spins in or- 

dered spin structures: 

(a) ferromagnetic, (b) 

antiferromagnetic, ; ; : ; } ; ; ; : (b) 

(c) ferrimagnetic 

10-6 

10-7 

FERRITES 

According to the Heisenberg theory of ferromagnetism, there is a change in 
electrostatic energy associated with the change from parallel to antiparallel 

spin alignment of neighboring atoms. If this energy change favors parallel 

alignment and is at the same time of sufficient magnitude, the material 

composed of these atoms is ferromagnetic. If the energy change favors 

antiparallel alignment, it is still possible to obtain an ordered spin structure, 

but with spins alternating from atom to atom as the crystal is traversed. 
An ordered spin structure with zero net magnetic moment is called an 

antiferromagnet (Fig. 10-7b). The most general ordered spin structure 

contains both ‘“‘spin-up’’ and ‘“‘spin-down” components but has a net, 

nonzero magnetic moment in one of these directions. Such a material is 

called a ferrimagnet or simply a ferrite. The simplest ferrites of magnetic 

interest are oxides represented by the chemical formula MOFe,0;, where M 
is a divalent metal ion such as Co, Ni, Mn, Cu, Mg, Zn, Cd, or divalent 

iron. These ferrites crystallize in a rather complicated crystal structure 
known as the spinel structure. The classic example of a ferrite is the mineral 

magnetite (Fe,0,), which has been known since ancient times. 

Ferrites are of considerable technical importance because, in addition to 

their relatively large saturation magnetization, they are poor conductors of 
electricity. Thus they can be used for high-frequency applications where the 

eddy-current losses in conducting materials pose serious problems. Typical 
resistivities of ferrites fall in the range from 1 to 10*Q-:m; for comparison, 

the electrical resistivity of iron is approximately 1077 Q- m. 

SUMMARY 

The macroscopic magnetization M of a magnetic material results from the 
molecular magnetic dipole moment (or its component), which arises in 
response to the local field at the molecule—the molecular field H,,. The 
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molecular field depends on the applied field H and also on the magnetiza- 
tion itself. The latter contribution, which stems from the dipole magnetic 
fields of all the other molecules, to give 

H,,.= H +3M 

in analogy to the dielectric case, is negligibly small for most linear materials 
because of the smallness of the magnetic susceptibility in 

M = x,,H 

Nevertheless spontaneous magnetization occurs in ferromagnetic materials 

because the contribution of the magnetization to the effective molecular 
field has a coefficient much greater than 3. 

¢ All molecules exhibit an induced magnetic dipole moment in a magnetic 

field due to the deformation of the electronic current distribution. The 

response is always such as to weaken the applied field—that is, the 

(diamagnetic) contribution to the susceptibility is always negative. A linear 
approximation leads to the constant diamagnetic susceptibility, 

ENCES Kj Xm = Ane 4 

¢ Molecules that have a permanent magnetic dipole moment my show an 

additional orientational response. This response is described approximately 

by the Langevin function, as for polar molecules in an electric field. Except 
near absolute zero, the resulting paramagnetic susceptibility is 

a Nmoto 

he Tor 

¢ In order to understand ferromagnetism, one assumes that 

H,, = H + yM 

with y >> 4. (This contribution derives from a quantum mechanical energy 

that depends on the relative orientation of spin magnetic moments; it adds 

to the magnetic energy m)- H and can therefore be expressed in terms of an 
effective magnetic field, even though it is electrostatic in origin.) Then this 

equation and the Langevin equation admit a solution with H = 0, M #0, 

so long as T is below the Curie temperature. 

¢ Even below the Curie temperature, a macroscopic piece of ferromag- 

netic material may show no net magnetic moment because of its domain 

structure. 

10-1 A Bohr magneton is defined as the magnetic moment of an electron circulating 

in the classic “Bohr orbit” of the hydrogen atom. This orbit is a circular orbit of 
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exactly one de Broglie wavelength, for which the coulomb attraction provides the 

centripetal acceleration. Show that 1 Bohr magneton = eh /4mm,., where m, is the 

mass of the electron and A is Planck’s constant. 

10-2 The Bohr magneton is a natural unit for measuring the magnetic moment of an 

atom. Calculate the magnetic moment per atom, in Bohr magneton units, for iron, 

nickel, and cobalt, under conditions of saturation magnetization. Use the data in 

Table 9-2. 

10-3 Calculate the relative strength of the interaction between two typical magnetic 

dipoles, compared with the interaction between two typical electric dipoles. To be 

explicit, calculate the torque exerted on one dipole by the other when they are 

oriented perpendicularly to each other at a distance of one angstrom unit; take each 

magnetic dipole = 1 Bohr magneton, each electric dipole = e x 0.1 angstrom. This 

calculation shows that the basic magnetic interaction is several orders of magnitude 

smaller than the electrical interaction in matter. 

10-4 Calculate the diamagnetic susceptibility of neon at standard temperature and 

pressure (0°C, 1 atm) on the assumption that only the eight outer electrons in each 

atom contribute, and that their mean radius is R = 4.0 x 10°? cm. 

10-5 The magnetization of a ferromagnetic material drops essentially to zero at the 

Curie temperature. In Fig. 10-2, the Curie temperature is represented by the straight 

line that is tangent to the Langevin function at the origin. Use the experimental 

value of the Curie temperature of iron to determine y for iron. 

10-6 The gyromagnetic ratio of a current distribution is defined as the ratio of 

magnetic moment to angular momentum. Calculate the gyromagnetic ratio of a 

sphere of mass M and charge Q which is rotating with angular velocity w about an 

axis through its center, on the assumption that the mass is distributed uniformly 

throughout and the charge is distributed uniformly on the surface of the sphere. 



CHAPTER 1 1 

Electromagnetic 
Induction 

The induction of electromotive force by changing magnetic flux was first 

observed by Faraday and by Henry in the early nineteenth century. From 

their pioneering experiments have developed modern generators, transfor- 

mers, and so forth. This chapter is primarily concerned with the mathemati- 
cal formulation of the law of electromagnetic induction and its exploitation 
in simple cases. 

The equation that characterized electrostatics was 

VxE=0 

or, in integral form, 

¢ E-dl=0 

These equations follow immediately from Coulomb’s law, and they are not 

spoiled by the magnetic force due to a steady current. They do not hold for 

more general time-dependent fields, however, and these cases are what we 
will now consider. 

ELECTROMAGNETIC INDUCTION 

Let us first introduce the concept of electromotive force. 

We define the electromotive force, or emf, around a circuit by 

$ E-di=¢ (11-1) 
c 
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With static E- and B-fields, this emf was always zero. We now take up cases 

where it is not zero. Since this E-field cannot be defined from Coulomb’s 

law, it is legitimate to ask what does define it. It is defined so that the 

Lorentz force 

F = qg(E + v x B) 

is always the electromagnetic force on a test charge q. 

The results of a large number of experiments can be summarized by 

associating an induced emf 

Pi el (11-2) 

with a change in magnetic flux through a circuit. This result, which 

is known as Faraday’s law of electromagnetic induction, is found to 

be independent of the way in which the flux is changed—the value 

of B at various points inside the circuit may be changed in any way. 

It is extremely important to realize that Eq. (11-2) represents an indepen- 
dent experimental law. It cannot be derived from other experimental laws, 
and it certainly is not, as is sometimes stated, a consequence of conservation 

of energy applied to the energy balance of currents in magnetic fields. 
Since by definition 

é= } E-dl (11-1) 
Ce 

and 

P= [ B-nda - E (11-3) 

Eq. (11-2) can be written 

f E-dl = -<[ B-nd robe nda (11-4) 

If the circuit is a rigid stationary circuit, the time derivative can be taken 
inside the integral, where it becomes a partial time derivative. Furthermore, 
Stokes’s theorem can be used to transform the line integral of E into the 
surface integral of V x E. The result of these transformations is 

OB 
VxE-nd =--|>. j nda as: nda (11-5) 
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If Faraday’s law in the form of Eq. (11-5) holds for all fixed surfaces 
S, it follows that 

3B 
Vx E= -— 11-6 e; (11-6) 

This result is the differential form of Faraday’s law. 

It is the required generalization of V x E = 0, which held for static fields. 
(Moving media and other subtleties require a more careful treatment, 
beyond the scope of this text.) 

The negative sign in Faraday’s law indicates, as can be easily dem- 

onstrated, that the direction of the induced emf is such as to oppose the 

change that produces it. Thus, if we attempt to increase the flux through a 
circuit, the induced emf tends to cause currents in such a direction as to 

decrease the flux. If we attempt to thrust one pole of a magnet into a coil, 

the currents caused by the induced emf set up a magnetic field which tends 

to repel the pole. All these phenomena are covered by the following law. 

Lenz’s law. In case of a change in a magnetic system, that thing 

happens which tends to oppose the change. 

The utility of Lenz’s law should not be underestimated. In many cases, it 
represents the quickest way of obtaining this information about electro- 

magnetic reactions. Even if other methods are available, it affords a 
valuable check. 

In order to get some insight into Faraday’s law, it may be useful to 

consider an example that is usually regarded as an instance of the law but 
that can be analyzed completely in terms of the forces acting on charges, as 
developed in the preceding chapters. Suppose a straight metal wire of length 

/ moves in a direction perpendicular to its length, with velocity v. Let there 

be a magnetic field B perpendicular to the plane in which the wire moves, as 
shown in Fig. 11-1. The free charges in the wire will experience the Lorentz 
force: 

F = q(E + v x B) (8-5) (11-7) 

This force drives positive and negative charges to opposite ends of the wire 
because of the gv X B term. In the steady state, when the free charges are 

not moving with respect to the wire, the total force on a charge must equal 

zero—that is, the magnetic force must be balanced at each point in the wire 

by an equal and opposite electric force due to the charge separation, 

E=vB (11-8) 
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FIGURE 11-1 

Voltage produced by a 

wire moving in a mag- 

netic field 

If the B-field is uniform, then E is constant along the wire, and the potential 

difference between the ends is 

b 

Ag = -| E-dl = El (11-9) 

If we call this potential difference V, then combining Eqs. (11-8) and (11-9) 

gives 

Y = Blu (11-10) 

In this example, the B-field is independent of time, and so V x E = 0 and 

¢ E- dl = 0, as in electrostatics. The integral { E- dl is independent of path; 
in particular, if we imagine a circuit abcda extending outside of the magnetic 
field, V is also the potential difference along the path bcda. In fact, if b and 
c, and similarly d and a, are connected by perfectly conducting wires, V will 

be the voltage between the terminals c and d outside the magnetic field. 

The righthand side of Eq. (11-10) can be expressed in another way by 
noting that the flux ® through the circuit abcda is changing according to 

d®/dt = BdA/dt = Bldx/dt = —Blv. Thus, 

Y= i a (11-11) 

This equation has just the form of Faraday’s law, Eq. (11-2), except that V 

is not an emf in the sense defined by (11-1) because ¢ E- dl = 0 around 

every closed path in this problem. Equation (11-10) can be generalized by 
writing it in vector notation. If v is arbitrarily oriented with respect to I, 
then only the component of v that is perpendicular to I contributes to V. 

Thus, VY is proportional to | x y. For arbitrary B, only the component 

perpendicular to the plane of | and y contributes to VY. Since I x v is 
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perpendicular to the I,v-plane, V may be written as 

V=B-Ixyv (11-12) 

The voltage in Eq. (11-12) is sometimes called motional emf. 

Let us now look at the same problem from the standpoint of the 
wire—that is, let us imagine that we are in a coordinate system moving with 

the wire, so that in this system the wire is at rest and the magnet is moving 

toward the left in Fig. 11-1 with velocity v. One can readily believe that, 
moving with the wire, one would still observe the same charge separation 

and the same potential difference between the ends as before. The 

explanation is completely different, however. In this coordinate system, there 

can be no magnetic force since the wire is at rest. On the other hand, the 

magnetic field is no longer constant in time—at any point it changes from B 

to approximately zero as the edge of the moving magnet passes by that 

point. We shall see that the modified curl E, Eq. (11-6), is just sufficient to 
give the same result V for the potential difference in this coordinate system 
also. In the steady state, the force on a free charge inside the wire must still 

be zero. 

F = gE =0 

but there is no magnetic force since v = 0. Thus, the electric force must 

vanish inside the wire, 

There is still a field E, due to the charge separation, which is the same as in 

the previous case. This field is canceled inside the wire by a field E, 
associated with the changing magnetic field, 

oB 
Vines Havre ee 

If we again consider the closed curve abcda, 

b a 

= pE-a= | E-di+ | E-dl=0+V 
a b 

The first term on the right is zero because E vanishes inside the wire, and 

the second integral along the path bcda is what we called V in the previous 
case. Thus from this and Eq. (11-2), we again find that 

Y =-— (11-11) 

In conjunction with the Lorentz force, Eq. (11-7), the generalized curl E, 
Eq. (11-6), gives the same result, Eq. (11-11), in either inertial coordinate 
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system. Equation (11-6) is therefore generally valid.* Since the integral 

result Eq. (11-11) holds in both coordinate systems, it is not illogical to 

refer to it as Faraday’s law in both cases, even though strictly speaking there 

is an emf, as defined by Eq. (11-1), only in the second case. In some 

situations, it may not be immediately obvious what circuit should be used to 

calculate ® in Eq. (11-11), as for example in Problem 11-4. The equations 

that always apply to the E- and B-fields in any inertial coordinate system 

are Eqs. (11-6) and (11-7). No ambiguity arises in determining the emf or 

“motional emf” using them. 
This example holds some further interest as a prototype of practical 

electrical generators. Refer again to Fig. 11-1. If the wire segment ab slides 

along two highly conducting wires, bc and ad (making excellent electrical 

contact to these wires), and if a resistance is connected between terminals c 

and d, a current / will flow through the circuit.¢ In this case, a mechanical 

force applied to the wire (or to the magnet in the second case) would be 
required in order to maintain a constant velocity uv, so that the sum of the 
applied force and the magnetic force Bil on the wire would be zero. The 
power input of the applied mechanical force compensates for the /7R power 

dissipation in the resistor. As far as the terminal voltage between c and d is 
concerned, it makes no difference whether the wire moves or the magnet 

moves in the generator (commonly the wire moves). In either case, 

¢ E- dl = 0 around any path that does not encircle the magnetic field of the 
generator. 

In our two examples, the generalized equation 

VxE=-— (11-6) 

applies to both. It happened that in the magnet’s coordinate system 

OB/ dt = 0, and so an electrostatic analysis was possible. It would be wrong 
to conclude, however, that one can always find a coordinate system where 

OB/ dt vanishes. A third example based on Fig. 11-1 will illustrate this point. 

Suppose that neither the wire nor the magnet is moving, but suppose the 

magnet is an electromagnet, whose field can be increased or decreased in 
magnitude by increasing or decreasing the current in its windings. Now 

there is no coordinate system in which 9B/dt vanishes. Still Eq. (11-6) 
applies, however, and Faraday’s law, Eq. (11-2), gives the emf around any 

“From another point of view, we shall find in Chapter 22 that the field E, = vB, which satisfies 

Eqs. (11-8) and (11-13), arises in the “moving” coordinate system from the relativistic 

Lorentz transformation of the E- and B-fields. The field E, replaces the magnetic force that 
vanishes in the “‘moving”’ system. 

+ This device could not be a practical direct-current generator because of the finite extent of the 

magnet; but if the wire moves back and forth, an alternating current is generated. (See 
Problem 11-5.) 
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circuit (e.g., abcda). This situation occurs in transformers and other 
practical devices with no mechanically moving parts and is the subject of the 
rest of this chapter. 

SELF-INDUCTANCE 

In this section, the relationship between the flux and current associated with 
an isolated circuit is considered and exploited for the purpose of introducing 

the practical circuit parameter: self-inductance. The magnetic flux linking an 

isolated circuit (flux produced by the current in the circuit itself) depends on 

the geometry of the circuit and, according to Eq. (8-26), is linearly 

dependent on the current in the circuit. Thus, for a rigid stationary circuit, 

the only changes in flux result from changes in the current. That is, 

db _ddal 
dt dl dt Oa 

This result is valid even when Eq. (8-26) is not. The only requirement is that 

@® depend only on the current. If, however, Eq. (8-26) is valid or, more 

generally, if ® is directly proportional to the current, then d@®/d/ is a 

constant, equal to ®/J. 

In any case, the self-inductance, L, is defined as 

_ de jhe 
dl 

(11-15) 

When it is essential to distinguish between ®/J and d@/dI, the latter is 

called the incremental inductance. Unless otherwise specified, it is safest to 

associate the word inductance with Eq. (11-15). From Eqs. (11-14), (11-15), 

and (11-2), it follows that the induced emf is given by 

dl 
6 =i—L— 11-16 

dt ( ) 

This equation is of considerable practical importance. 
As an illustration of the use of Eq. (11-15) for the calculation of 

inductance, the self-inductance of a toroidal coil will be calculated. 

EXAMPLE 11-1 Refer to the coil (with N turns) shown in Fig. 11-2. We want to 

Self-Inductance of a calculate its self-inductance. Equation (11-15) applies to an entire 

Toroidal Coil circuit—that is, not only to the toroidal coil of Fig. 11-2, but also to the 

external circuit connected to terminals 1 and 2. By using twisted leads 

or a coaxial cable, which produce essentially no external magnetic field, 
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FIGURE 11-2 

A toroidal winding 

the field-producing portion of the external circuit can be removed to a 
sufficiently great distance that it does not contribute to the flux in the 

toroid. 

Solution: If the toroid is thus isolated and if by emf we understand the 
voltage between terminals 1 and 2, then Eq. (11-15) can be used to 

obtain the inductance of the toroidal coil. From Ampere’s circuital law, 
the magnetic induction inside the toroidal coil is 

Mo NI B= 
l 

(11-17) 

where N is the number of turns, / the mean length, and / the current in 

the winding. (Equations (11-17) and (11-18) involve the approximation 

of neglecting the variation of the magnetic induction over the cross- 

sectional area. In Problem 11-10 the details of this approximation are 
considered.) The flux linking each turn is then 

®D, = mete (11-18) 

and the total flux linking the N turns is 

C= BeNA (11-19) 

The inductance is then simply 

ise a (11-20) dl l 

The mks unit of inductance is the henry (H), which, from Eq. (11-16), is 
equal to one volt second/ampere since the unit of emf is the volt. Equation 
(11-20) indicates that the dimensions of uo, which have been previously ~ 
given as webers/ampere-meter or tesla-meters/ampere, can alteriatively be 
given as henries/meter. 
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MUTUAL INDUCTANCE 

In the preceding section, only isolated circuits were considered, so that all 
of the flux linking the circuit was due to the current in the circuit itself. This 
restriction can be lifted by assuming that there are n circuits, labeled 

1,2,.... The flux linking one of these circuits, say the one labeled i, can be 
written as 

® =O, + Oo +--+ G,+---+O,=> G, (11-21) 
j=1 

That is, it may be written as a sum of fluxes due to each of the n circuits, ®,, 

being the flux through the th circuit due to the circuit 1, and so on. The emf 
induced in the ith circuit, @,, can then be written as 

d®, ie d®@,, a “ d®, 
pS Se fees + ——Heee + — J =~ RAE: | 

dt dt dt dt beta ee 

(11-22) 

If each of the circuits is a rigid stationary circuit, the only changes in the 
@,,’s are those that result from changes in the currents. Thus, 

EL opop etl 
aemerar ai (11-23) 

The coefficients d®,/dI; are constants, independent of the current, if the 
magnetic media in the problem are linear. 

In either case, linear or nonlinear, 

d@, 
Mae oe 11-24 dl, a | ( ) 

is defined as the mutual inductance between circuit i and circuit /. 

It will be seen later that M; = M,,, and hence, there is no possibility of 

ambiguity in the subscripts. Of course d@;;/dI; is just the self-inductance of 
the ith circuit, for which L; or M,; is written. The units of mutual inductance 

are the same as those of self-inductance, namely, henries. 

EXAMPLE 11-2 Consider the configuration of Fig. 11-2 with a winding of N, turns and a 

Mutual Inductance of Two second toroidal winding of N, turns added. For this situation, a current 

Toroidal Windings /, in the first winding produces a magnetic induction 

ma MN 

fa l 
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What is the mutual inductance between the two circuits? 

Solution: The fluxes linking the two circuits are 

oat see snd Arche zee 

From these fluxes, it follows that 

L,= sie (11-25) 

as we found in the preceding section, and using Eq. (11-24), 

M2, = mms (11-26) 

Reversing the procedure and considering a current J, gives 

f= ae (11-27) 

and 

M,. = ee (11-28) 

thus demonstrating that for this case M,, = M),. This result is a general 

one which we discuss further in Section 12-1. Furthermore, Eqs. 

(11-25), (11-26), and (11-27) may be combined to yield 

Mi = VL,L, (11-29) 

Equation (11-29) represents a limit that is imposed on the mutual 

inductance between two circuits; namely, it is always less than or equal to 

the square root of the product of the self-inductances of the two circuits. In 
view of this limit, a coupling coefficient k is often introduced and defined by 

M=kVL,L3, ONS Kerk (11-30) 

A value of k = 1 implies that all of the magnetic flux produced by circuit 1 
links circuit 2 and vice-versa. 

THE NEUMANN FORMULA 

For two rigid stationary circuits in a linear medium (vacuum for the 
present), the mutual inductance is just 

Mp; = Jie (11-31) 

This equaton is valid simply because ®,, is proportional to J, making ®,,//, 
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and d@,,/dI, equal. In this case, Eq. (8-26) can be used to calculate M,,. 

The flux is given by 

Uo dl, X (tr, — m4) 
®, = 2/ {p Oe sd d 2 = 21 res. rod be 1 ais n da, (11-32) 

However, 

dl, X (pm xXr dl ; alee) = V, x Ba, Sat oe (11-33) 

Ci lr. — ¥y| G; lr. — ry| 

Hence, 

P,, m | | dh, | Ny bp et -nd 34 
I 4a Ss : G lr. — Fj| sip iddet) 

Using Stokes’s theorem to transform the surface integral gives 

dl, - dl = fog p (11-35) 
47 Jc, Je, \f2 — 11 

which is known as Neumann’s formula for the mutual inductance. The 
symmetry alluded to earlier is apparent in Eq. (11-35). 

Neumann’s formula is equally applicable to self-inductance, in which 

case it is written as 

= ig di, : dl, (11-36) 

Cc 4 eine 1 

Some care must be used in the application of Eq. (11-36) because of the 
singularity at r; = rj; however, if care is taken, Eq. (11-36) is sometimes 
useful. 

Equations (11-35) and (11-36) are usually difficult to apply to the 
calculation of inductance except for circuits in which the geometry is simple. 
But Eq. (11-35) in particular is very important in the study of forces and 
torques exerted by one circuit on another. This application will be exploited 

in Chapter 12. 

INDUCTANCES IN SERIES AND IN PARALLEL 

Inductances are often connected in series and in parallel, and as with 

resistors and capacitors, it is important to know the result of such 
connections. We could proceed with a derivation based simply on @ = 
—L(dI/dt) and obtain formulas for the effective inductance of two induc- 
tances in series or in parallel. However, to do so would be to ignore the 
practical fact that an inductor always has a certain internal resistance. A 
perfect inductance is much more difficult to approximate practically than a 

perfect capacitance or a perfect resistance. For this reason, the series and 
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FIGURE 11-3 7 al ? 
Series connection of two sae pos Dake 
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parallel combinations of this section will always involve resistances as well 

as inductances. 
For two inductors in series, the circuit of Fig. 11-3 is appropriate. In 

adding the voltage drops along the circuit, it is important to note that M can 

be either positive or negative (changing the direction in which either circuit 

C, or C; is traversed reverses the sign of M in Eq. (11-35)). Bearing this in 
mind, the sum of the voltage drops for the circuit of Fig. 11-3 is found to be 

V+ @,+ €&=R,I + Rol 

or 

dl dl dl dl 
V=RI RL, +M—+ RI + lot M— : act eMieee Racist ane (11-37) 

This result is equivalent to 

dl 
V =(R,+ RI + (L, + £2 + 2M) 7 (11-38) 

The circuit thus resembles a resistor of resistance R, + R» in series 

with an inductance L, + L, + 2M. The magnitude of the inductance is 

L, + L, + 2|M| for positive coupling (i.e., for fluxes due to J, and L 

in the same direction in each coil) and is L, + L, — 2|M| for negative 

coupling. An alternative description of the mutual inductance is 

M=kVL,L, wal ss ki S21 (11-39) 

The effective inductance of the series circuit is then 

| = L, + 2k VL,L, + Lp (11-40) 

If k can be varied, then a variable inductance can be constructed. (In the 

early days of radio, this was a popular way of tuning resonant circuits; see 
Chapter 13.) 

The parallel connection shown in Fig. 11-4 is not as simple as the series 
circuit. In fact, the circuit shown does not behave like a simple series L-R 
circuit. Thus, it is not possible to say that the effective inductance and 

effective resistance are certain functions of L,, L,, R,, and R> If, however, 



11-5 Inductances in Series and in Parallel 283 
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FIGURE 11-4 

Parallel connection of 

two inductors 

R, and R, are negligible, then 

dl, aL, 
V=L,—+M— 

‘ dt dt 
- is (11-41) 

V=L,—+™M— 
* dt dt 

If first d/,/dt and then dJ,/dt are eliminated from between Eqs. (11-41), 
there results 

dl 
V(L2 — M) = (LiL, ~ M*) 

(11-42) 
>, ab, 

V(L, — M) = (LiL, -— M a 

Adding these gives 

L,L, ~ M? dl 
V8 aa tele lege : 

Thus the effective inductance of two inductors in parallel is 

(Ge be cnn M? 

i = : <s Ly+Ll,—2M Same 

where again the sign of M depends on the way in which the inductors are 

connected. 
The most important use of inductances is in alternating current circuits. 

For a circuit operating at a single frequency, an equivalent series circuit for 

Fig. 11-4 can be obtained; however, both the equivalent resistance and 
equivalent inductance are frequency dependent. 
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SUMMARY 

In this chapter, we go a step beyond static fields to the so-called slowly 
varying case. The new generalization of the field equations is 

OB 
x E = -— VXxE Ar 

This equation is the third of Maxwell’s four equations, which always holds, 
along with the two divergence equations and the Lorentz force, 

F = g(E + v x B) 

(At this point in our development of the fundamental equations of 
electricity and magnetism, we have three of the four Maxwell equations in 
final form. Only the curl H equation still needs to be generalized.) The 
differential form of Faraday’s law (given above) can be cast in integral form, 

where the emf @ around a fixed circuit C is defined by 

é= ¢ E-dl 
Cc 

(It may happen in certain problems that a moving coordinate system can be 
found in which 0B/ot = 0, and the problem can be analyzed electrostati- 
cally, but such is not necessarily the case.) 

* The easiest way to determine the correct polarity of an induced voltage 
is by means of Lenz’s law. 

¢ The “motional emf” of a straight wire moving in a magnetic field is 

Y=B-Ixv 

* The self-inductance of a fixed circuit (or circuit element) is defined as 

_ a 
dl 

so that 

dl 
€é=-L ah 

For a toroid (or long solenoid) L is easily found to be 

26 UNA 

zine 
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¢ The mutual inductance of two circuits is defined as 

d@, 
M; = “TP 

It follows that 

Mi = L; 

and 

M,> = My, = kVLiL>, af iy kt 

* Pure inductances connected in series or parallel add according to the 

same formulas as resistances, assuming their mutual inductance and 
inherent resistance can be neglected. 

11-1 A metallic conductor in the shape of a wire segment of length / is moved in a 

magnetic field B with velocity v. From a detailed consideration of the Lorentz force 

on the electrons in the wire, show that the ends of the wire are at the potential 

difference: B-I X v. 

11-2 A metal rod one meter long rotates about an axis through one end and 

perpendicular to the rod, with an angular velocity of 12 rad/s. The plane of rotation 

of the rod is perpendicular to a uniform magnetic field of 0.3 T. What is the motional 
emf induced between the ends of the rod? 

11-3 In a betatron accelerator, an ion of charge q and mass m traverses a circular 

orbit at a distance R from the symmetry axis of the machine. The magnetic field has 

cylindrical symmetry—that is, the z-component is B, = B(r) in the plane of the 

orbit, where r is the distance from the symmetry axis. (a) Show that the ion’s 

velocity is v = qB(R)R/m. (b) If the magnetic field is slowly increased in 

magnitude, show that the emf induced around the ion’s orbit is such as to accelerate 
the ion. (c) Show that in order for the ion to stay in its same orbit, the radial 

variation of the B-field inside the orbit must satisfy the following condition: The 

spatial average of the increase in B(r) (averaged over the area enclosed by the orbit) 

must equal twice the increase in B(R) during the same time interval. 

11-4 Faraday’s homopolar generator consists of a metal disk that rotates in a 

uniform magnetic field perpendicular to the plane of the disk. Show that the 

potential difference produced between the center of the disk and its periphery is 

V = f®, where @is the flux through the disk and f is its frequency of rotation. What 
is the voltage if f = 3000 r/min and @ = 0.1 Wb? 

11-5 An alternator consists of an N-turn coil of area A, which rotates in a field B 
about a diameter perpendicular to the field, with a frequency of rotation f. (a) Find 

the emf in the coil. (b) What is the amplitude of the alternating voltage if N = 100 
turns, A = 10°*m’, B = 0.1T, and f = 2000r/min? 

11-6 A dielectric cylinder of permittivity € rotates about its axis with angular 

velocity w. If a uniform magnetic field B exists parallel to the cylinder axis, find the 

induced polarization charge in the dielectric. 
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FIGURE 11-5 

11-7 Two coupled circuits, A and B, are situated as shown in Fig. 11-5. Use Lenz’s 

law to determine the direction of the induced current in resistor ab when (a) coil B is 

brought closer to coil A, (b) the resistance of R is decreased, (c) switch S is opened. 

11-8 A 100-turn coil of circular cross section is wound compactly so that all loops lie 

in approximately the same plane. The average radius of the coil is 3cm. The coil 

rotates about one of its diameters at 900 r/min. When the rotation axis is vertical, 

the root-mean-square induced motional emf in the coil is found to be 0.50 mV. What 
can be concluded about the earth’s magnetic field at the location of the coil? 

11-9 A circular disk rotates about its axis with angular velocity w. The disk is made 

of metal with conductivity g, and its thickness is t. The rotating disk is placed 

between the pole faces of a magnet which produces a uniform magnetic field B over 

a small square area of size a’ at the average distance r from the axis; B is 

perpendicular to the disk. Calculate the approximate torque on the disk. (Make a 

reasonable assumption about the resistance of the ‘teddy current circuit.’’) 

11-10 A toroidal coil of N turns, such as is shown in Fig. 11-2, is wound on a 

nonmagnetic form. If the mean radius of the coil is b and the cross-sectional radius 

of the form is a, show that the self-inductance of the coil is given by L = 
UoN?(b — Vb* — a’). 

11-11 A circuit consists of two coaxial cylindrical shells of radii R, and R, (R, > R,) 

and common length L, connected by flat end plates. The charge flows down one 

shell and back up the other. What is the self-inductance of this circuit? 

11-12 The toroidal coil of Problem 11-10 has 150 turns, b = 4cm, and a = 1.5cm. 

What is the self-inductance of the coil, in henries? 

11-13 Two small circular loops of wire (of radii a and b) lie in the same plane at 

distance r apart. What is the mutual inductance between the loops if the distance r is 
sufficiently large that the dipole approximation may be used? 

11-14 Two circular current loops with parallel axes are located at a-distance r from 
each other that is sufficiently large so that the dipole approximation may be used. 
Show how one of the loops should be placed relative to the other so that their 
mutual inductance is zero. 

11-15 Consider two circuits: a very long straight wire, and a rectangle of dimensions 
h and d. The rectangle lies in a plane through the wire, the sides of length A being 
parallel to the wire and at distances r and r + d from it. Calculate the mutual 
inductance between the two circuits. 
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11-16 Consider two circuits: a very long straight wire, and a circle of radius a. The 
circle lies in a plane through the wire, with its center at a distance r. Calculate the 
mutual inductance between the two circuits. 

11-17 A transmission line consists of two very long wires of radius a separated by a 
distance d. Calculate the self-inductance per unit length, assuming d >> a, so that 
the flux inside the wires themselves can be ignored. 

11-18 Consider two coaxial, circular loops of wire of radii a and b, separated by the 

axial distance x. Through the use of Neumann’s formula, show that the mutual 

inductance of the loops is 

Mie po(ab)'*| (= 4 k) K(k) . = £(K)| 

where 

at ose as 2 
(a + bj? + x? 

and K(k) and E(k) are complete elliptic integrals defined by 

m/2 d 

KO =| Fa? 
and 

n/2 

E(k) - | (1 — k?sin? $)'!2 do 
0 

11-19 Consider again the preceding problem. By expanding 1/|r, —r,| in 

Neumann’s formula according to the binomial theorem, integrate term by term to 

obtain 

M= 
The bo ane 

fot ( Foonpe oak 7) 

2h h 8h 

where h* = x” + (a + 5)’. 

11-20 Two circuits with inductances L, and L, and resistances R, and R, are located 

near each other. If the mutual inductance between the circuits is M, show that a 

quantity of charge Q = VM/R,R, will circulate through one of them if an applied 

voltage V is suddenly connected in series with the other. 

11-21 (a) Use your result from Problem 11-9 to calculate the torque on an 

aluminum disk rotating at 60 rad/s if it is subjected to a magnetic field of 0.3 T over 
an area of 4cm? at a radius of 0.3m. The thickness of the disk is 2cm. (b) If the 

moment of inertia of the disk is 2.0kgm’, find the time required to decrease the 

angular speed to 30 rad/s. 

11-22 Two flat, circular coils are coaxial and lie in the same plane. The large coil of 

radius 10cm has 20 turns. The small coil of radius 1 cm has 10 turns. (a) Calculate 

the mutual inductance of these coils. (b) How does M change when the smaller coil 

is rotated about one of its axes? 

11-23 Consider a nonmagnetic conducting medium of conductivity g, which is 
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subjected to a time-dependent magnetic field B(r,t). (a) Starting with the 
differential form of Faraday’s law, Eq. (11-6), show that on the assumption of no 

accumulation of charge (i.e., ¥V-J = 0) the induced eddy-current density in the 

medium satisfies the differential equation V’J = guo(oJ/dt). (b) Show that E and B 

satisfy the same equation. 

11-24 Show that the emf in a fixed circuit C is given by 

where A is the vector potential. 

11-25 A “force-free field’? is one such that J x B = 0. (a) Show that such a field 

satisfies the equation 

VB = -aB 

where a@ is a constant. [Hint: In the force-free field V x B is parallel to B.] (b) Show 
that J satisfies the same equation. (c) Use the result of Problem 11-23 to find the 
time dependence of the current density and the fields. 

11-26 The E-field induced by B = 9B/6t can be written explicitly as 

~r’) x B(r’) 
E(r) = —| fs dv' 

jr—-r'|? 

(a) Verify that V x E = —oB/dr and V-E=0, by differentiating inside the 

integral. (b) Show that the gradient of any solution of Laplace’s equation can be 
added to E. 



CHAPTER 1 2 

Magnetic Energy 

Establishing a magnetic field requires the expenditure of energy. This 

conclusion follows directly from Faraday’s law of induction: If a source of 

voltage V is applied to a circuit, then, in general, the current through the 

circuit can be expressed by the equation 

V+€=IR (12-1) 

where @ is the induced emf and R is the resistance of the current circuit. 

The work done by V in moving the charge increment dq = | dt through the 

circuit is 

V dq = Vidt = —@ldt+ P?Rdt=Id®@+PRdt (12-2) 

the last form of which is obtained with the aid of Faraday’s law, Eq. (11-2). 

The term /°R dt represents the irreversible conversion of electrical energy 

into heat by the circuit, but this term absorbs the entire work input only in 

cases where the flux change is zero. The additional term, /d@, is the work 

done against the induced emf in the circuit. It is that part of the work done 

by V which is effective in altering the magnetic field structure. Disregarding 
the I*R dt term, we write 

dW, = 1d® (12-3) 

where the subscript b indicates that this is work performed by external 

electrical energy sources (e.g., by batteries). The work increment Eq. (12-3) 
may be either positive or negative. It is positive when the flux change d® 

through the circuit is in the same direction as the flux produced by the 

current J. 
For a rigid stationary circuit showing no energy losses other than Joule 

heat loss (e.g., no hysteresis), the term dW, is equal to the change in 

magnetic energy of the circuit. In this chapter, we develop a number of 
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12-1 

equivalent expressions for the magnetic energy of a system of coupled 

circuits and, in addition, derive equations for the force or torque on a rigid 

circuit. Hysteresis loss will be discussed in Section 12-4, but for the present 

we shall restrict our attention to reversible magnetic systems. The develop- 

ment here closely parallels that of Chapter 6.* 

MAGNETIC ENERGY OF COUPLED CIRCUITS 

In this section, we shall derive an expression for the magnetic energy of a 

system of interacting current circuits. If there are n circuits, then, according 
to Eq. (12-3), the electrical work done against the induced emf’s is given by 

dW, = >, 1, d®, (12-4) 
i=1 

This expression is perfectly general; it is valid independently of how the flux 

increments d®, are produced. We are particularly interested, however, in 
the case where the d@, are produced by current changes in the n circuits 

themselves. In these circumstances, the flux changes are directly correlated 

with changes in these currents: 

4 AD, 
d®, = 2a, dl 

If the circuits are rigid} and stationary, then no mechanical work is 

associated with the flux changes d@,, and dW, is just equal to the change in 

magnetic energy, dU, of the system. Note that here we restrict our attention 

to stationary circuits, so that the magnetic energy can be calculated as a 

work term. Later we shall let the various circuits move relative to one 
another, but then we will not be able to identify dU with dW,,. 

The magnetic energy U of a system of n rigid stationary circuits is 

obtained by integrating Eq. (12-4) from the zero flux situation (correspond- 
ing to all J; = 0) to the final set of flux values. For a group of rigid circuits 

containing, or located in, linear magnetic media, the @, are linearly related 

to the currents in the circuits, and the magnetic energy is independent of the 
way in which these currents are brought to their final set of values. Since 

Gite > M,,; dl, (12-5) 

* A word of caution: Implicit in the derivations of this chapter is the assumption that the 

electrical circuits do not radiate electromagnetic energy. In other words, the currents in the 

circuits must be ‘‘slowly varying”’ (for a discussion of what is meant by this terminology, see 

Section 13-1). If one wants to treat the general case, with no restrictions on the currents or 

the circuit size, one must use energy relations derived from Maxwell’s equations (see Section 

16-3). 

+ By rigid circuit, we mean a circuit whose shape is fixed, but which can be moved around in its 

entirety. 
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this situation is of considerable importance, let us restrict our attention to 
the rigid-circuit, linear case. 

Because the final energy is independent of the order in which the 
currents are varied, we may choose a particular scheme for which W is 

easily calculated. This scheme is one in which all currents (and hence all 

fluxes) are brought to their final values in concert—that is, at any instant of 
time all currents (and all fluxes) will be at the same fraction of their final 

values. Let us call this fraction q@. If the final values of the current are given 
the symbols 

L,, bh, Cie ph 

then at any stage J; = aJ;. Furthermore, d®, = ®, da. Integration of Eq. 

(12-4) yields 

1 n n 1 1 

[ aw, = { da > 1H ®,; = 3 1@,| ada is > [®; 

0 i=1 i=1 0 Ziet 

Thus, the magnetic energy of n coupled circuits is 

1 n 

U= po [,®, (rigid circuits, linear media) (12-6) 
i=1 

With the aid of Eq. (12-5), which for a rigid-circuit, linear system may be 
integrated directly, the magnetic energy may be expressed in the following 

form: 

U=43> Dd Mill, 

II 
Nie th = mn + Ni om N — NN + + Nie & 2 — aN 

aF Myplhb = M314 ap OO Seg M,, 41, 

+My bB ss + Mia dl-il, 

(rigid circuits, linear media) (12-7) 

Here we have used the results and notation of Sections 11-3 and 11-4: 

M,; = My; Mi = Lj. 
For two coupled circuits, the last equation reduces to 

U = 31,8 + MLE + 31213 (12-8) 

where, for simplicity, we have written M for M,.. The term M/,J, may be 

either positive or negative, but the total magnetic energy U must be positive 

(or zero) for any pair of current values: /, and /,. Denoting the current 
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ratio I,/l, by x, we obtain 

U = 4(L,x? + 2Mx + L,) =0 

The value of x that makes U a minimum (or maximum) is found by 

differentiating U with respect to x and setting the result equal to zero: 

M 
ae 12-9 Yaa: (12-9) 

The second derivative of U with respect to x is positive, which shows that 

Eq. (12-9) is the condition for a minimum. The magnetic energy U = 0 for 
any x; in particular, the minimum value of U (defined by x = —M/L)) is 

greater than or equal to zero. Thus, 

M? 2M? 
ao + Ene 0 
a ene 

or 

(DRE aVe (12-10) 

a result that was stated, but not proved, in Section 11-3. 

For a single circuit, 

®=LI 

1 1 1 @ 
ytel FN ei eh mwa 12-13 U pe 5 Ll aor ( ) 

ENERGY DENSITY IN THE MAGNETIC FIELD 

Equation (12-7) gives the magnetic energy of a current system in terms of 

circuit parameters: currents and inductances. Such a formulation is particu- 

larly useful because these parameters are capable of direct experimental 

measurement. On the other hand, an alternative formulation of the 
magnetic energy in terms of the field vectors B and H is of considerable 

interest because it provides a picture in which energy is stored in the 
magnetic field itself. This picture can be extended, as is done in Chapter 16, 
to show how energy moves through the electromagnetic field in nonstation- 
ary processes. 

Consider a group of rigid current-carrying circuits, none of which 

extends to infinity, immersed in a medium with linear magnetic properties. 
The energy of this system is given by Eq. (12-6). For the present discussion 
it is convenient to assume that each circuit consists of only a single loop; 
then the flux ®; may be expressed as 

= | Benda = A-dl (12-12) 
Si Cj 
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where A is the local vector potential. Substitution of this result into Eq. 
(12-6) yields 

1 
U= 5=4 LA+ dl, (12-13a) 

27 Je, 

We should like to make Eq. (12-13a) somewhat more general. Suppose that 
we do not have current circuits defined by wires, but instead each ‘“‘circuit”’ 

is a closed path in the medium (assumed to be conducting) that follows a 

line of current density. Equation (12-13a) may be made to approximate this 
situation very closely by choosing a large number of contiguous circuits (C;), 
replacing J; dl; — J dv, and, finally, by the substitution of 

for =¢ 

Hence, A 

1 
U=5|5-Ad (12-13b) 

2 Jy 

The last equation may be further transformed by using the field equation 
Vv x H = J, and the vector identity (1-1-8): 

V-(AX H)=H-VxA-A-VXH 

whence 

1 1 
=5[Hevx Adv ->[ ax Henda (12-14) 

7 Vv 2 Ss 

where S is the surface which bounds the volume V. Since, by assumption, 
none of the current ‘“‘circuits” extend to infinity, it is convenient to move 
the surface S out to a very large distance so that all parts of this surface are 

far from the currents. The volume of the system must, of course, be 
increased accordingly. Now H falls off at least as fast as 1/r*, where r is the 

distance from an origin near the middle of the current distribution to a 

characteristic point on the surface S$; A falls off at least as fast as 1/r; and 

the surface area is proportional to r*. Thus, the contribution from the 
surface integral in Eq. (12-14) falls off as 1/r or faster, and if S is moved out 
to infinity, this contribution vanishes. 

By dropping the surface integral in Eq. (12-14) and extending the 
volume term to include all space, we obtain 

= >{ H- Badu (12-15) 
2 Jy 

since B = V x A. This result is completely analogous to the expression for 

electrostatic energy, Eq. (6-17). Equation (12-15) is restricted to systems 

containing linear magnetic media, since it was derived from Eq. (12-6). 
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ET 

By reasoning similar to that of Section 6-3, we are led to the 

concept of energy density in a magnetic field: 

u=1H-B (12-16a) 

For the case of isotropic, linear, magnetic materials, this equation reduces 

to 

uH? = ~— (12-16b) 

FORCES AND TORQUES ON RIGID CIRCUITS 

Up to this point, we have developed a number of alternative expressions for 
the magnetic energy of a system of current circuits. These are given by Eqs. 

(12-6) and (12-7), and (12-15). We will now see how the force, or torque, on 
one component of such a system may be calculated from a knowledge of the 

magnetic energy. 

Suppose we allow one of the parts of the system to make a displacement 

dr under the influence of the magnetic forces acting upon it, all currents 
remaining constant. The mechanical work performed by the force F acting 
on the system is 

dW =F-dr (12-17) 

as in Eq. (6-32). The work contains two contributions in these cir- 
cumstances, as in Eq. (6-37): 

dW = dW, — dU (12-18) 

where dU is the change in magnetic energy of the system and dW, is the 

work performed by external energy sources against the induced emf’s to 
keep the currents constant. 

Before we can proceed to an expression linking U and the force on a 

part of the system, it will be necessary to eliminate dW, from Eq. (12-18), 
which is easily done for a system of rigid circuits in linear magnetic media. If 
the geometry of the system is changed by moving one or more parts as rigid 
units but all currents remain unaltered, then, according to Eq. (12-6), 

1 
d= a) 1, d®, 

But, from Eq. (12-4), 

dW, = > 1,d®, 

Thus, 

dW, = 2dU (12-19) 
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Using this equation to eliminate dW, from Eq. (12-18) and combining the 
result with Eq. (12-17), we obtain 

dU =F -dr 

Or 

F = VU 

aU (12-20) 
- feet 

The force on the circuit is the gradient of the magnetic energy when / is 
maintained constant. 

If the circuit under consideration is constrained to move in such a way 
that it rotates about an axis, then Eq. (12-17) may be replaced by 

dW =1:-d0= tT, d0, + T, dO, + T; dO, 

where t is the magnetic torque on the circuit and d@ is an angular 
displacement. Under these conditions, 

n=(=) 12-21 nies (12-21) 
and so on. The results Eqs. (12-20) and (12-21) for constant current are 

analogous to the electrostatic case of constant potential, where work by the 

battery is needed to keep the potentials constant. 

In some other interesting cases, the fluxes through the circuits can be 

treated as constant instead. Then, according to Eq. (12-4), dW, = 0, and so 

the system can be taken as isolated.* Consequently, 

F- dr = dW = -—dU 

Re -(=) (12-22) 

aie Aaa (12-23) 

Just as in the electrostatic case, in order to make use of the energy method 

it is mecessary to express U in analytic form—that is, the specific 
dependence of U on the variable coordinates (x, y, z, 8, 82, or 63) must be 

given. When U can be expressed in this way, the energy method becomes a 

powerful technique for calculating forces and torques. 
We shall illustrate the method by considering two examples. Additional 

* We are disregarding the fact that in a normal circuit, a battery would still be needed to supply 

the /?R power dissipation. If the wires were superconducting (R = 0), the system could in fact 

be isolated. 
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exercises of this type will be found in the problems at the end of the 

chapter. 

EXAMPLE 12-1 Let us calculate the force between two rigid circuits carrying constant 

Force Between Two currents, using the magnetic energy as given by Eq. (12-8). 
Current-Carrying Circuits 

Solution: The force on circuit 2 is 

F, == VU — LLYV2M, 

where the mutual inductance M must be written so that it displays its 
dependence on r,. Neumann’s formula, Eq. (11-35), shows this depen- 

dence explicitly, so we may write 

F, = a f (dl, - ig ag | 

Gi Gs = = 

=- Band $ (dty-dhy (12-24) 
Cc, 2 i 

an expression that evidently shows the proper symmetry—that is, 

F, =a —F;,. 

However, note that we already have an expression for the force 

between two circuits, Eq. (8-25), and it appears to be at variance with the 
formula just derived. Actually, the two expressions are equivalent, as may 

be easily verified. Let us expand the triple product in the integrand of Eq. 
(8-25): 

dl, x [dl], < (r — r,)] = dl,[dl- (r — r,)] — (m — 4,)(dl, - dh) 

The integral containing the last term on the right is identical with Eq. 
(12-24); that containing the first term may be written 

Ce eared (12-25) 
en \r2 — r,|° 

Now dl,:(r. — 1) is |r. — r,{ times the projection of dl on the vector 

r, — r,. Let us denote |r, — r,| by 7; then the projection of dl, is just dry,. 

The integral over C, may be carried out at fixed dl,: 

dra, _ 1 a 

D 
G33 Ini la 

the upper and lower limit being identical because of the complete circuit. 
Thus, the expression (12-25) vanishes, and Eq. (12-24) is equivalent to Eq. 
(8-25). 
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EXAMPLE 12-2 Consider a long solenoid of N turns, and length / carrying constant 
Force on Iron Rod current /. An iron rod of constant permeability 4 and cross-sectional 

in a Solenoid area A is inserted along the solenoid axis. If the rod is withdrawn (Fig. 
12-1a) until only one-half of its length remains in the solenoid, calculate 

approximately the force tending to pull it back into place. 

Solution: The magnetic field structure associated with this problem is 
complicated if end-effects are included. Fortunately, however, we do 

not have to calculate the entire magnetic energy of the system but 

merely the difference in energy between the two configurations shown 

in Fig. 12-1(a) and (b). The field structure is relatively uniform far from 

the ends of the rod and the solenoid. The essential difference between 

configurations (a) and (b) is that a length Ax from the extreme 

right-hand end of the rod (outside the field region) is effectively 
transferred to the uniform field region inside the solenoid, at a place 
beyond the demagnetizing influence of the magnet pole. Thus, since H 

is nearly longitudinal in the region Ax, and since the tangential 

component of H is continuous at the cylindrical boundary of the rod, let 

us use 

1 
U => {ue av 

where H is constant inside and outside the rod because / is constant. 

FIGURE 12-1 000 90COSO 00-00-5000 000000000999 0000 Soft iron rod 

Force on soft-iron rod 

inserted into a solenoid 

(by the energy method) 
9O0@ SSTSS © O93 CO SO BO 09 29 9 ON DOD HO Ar—+ -— 

te 

SSOS OSS OD EOE D BD $9 0 9 C9 CH DH 0F0 00090 

+—-r + Ar 

(b) 
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Consequently, 

U(xo AX) N 
1] 

HEAP | (16 — oH? dv pias 
272 1 I 

U xo) + 5 (u ~ Mo) a-A Ax 

and from Eq. (12-20) 

272 

N : é = Fm oH?A (12-26) {ie 5 (H — Uo) 

in the direction of increasing Xo. 

An example where @ is constant is found in Problem 12-7. 

12-4 __ SCO HYSTERESIS LOSS 

In the preceding sections, we have limited our discussion to reversible 
magnetic systems and in most instances to linear systems. We shall now say 

something about energy changes in systems containing permanent magnet 

material—that is, systems in which hysteresis plays a prominent role. Let us 

consider an electrical circuit, in the form of a closely wound coil of N turns, 

which surrounds a piece of ferromagnetic material (Fig. 12-2). If the coil is 
connected to an external source of electrical energy, the work done against 

the induced emf in the coil is given by Eq. (12-3). In Eq. (12-3), however, 

the flux change 6@ is the total flux change through the circuit; for the 

present purpose it is convenient to let the symbol 6@ stand for the flux 
change through a single turn of the coil. Thus, on the assumption that the 
same flux links every turn, 

dW, = NIS® (12-3a) 

Let us treat the ferromagnetic specimen as forming part of a magnetic 

nN 

FIGURE 12-2 ; 

A ferromagnetic speci- 
men forming part of a 

magnetic circuit 
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circuit. Then N/ may be replaced by $ H- dl around a typical flux path, and 
Eq. (12-3a) becomes* 

dW, = f 6H: dl = $A SBH- dl 

where A is the cross section of the magnetic circuit appropriate to the length 

interval dl. Since dl is always tangent to the flux path, the preceding 
equation may be written as 

OW, = $4 OB-Hdl = | oB-Hdv (12-27) 
Vv 

where V is the volume of the magnetic circuit—that is, the region of space 

in which the magnetic field is different from zero. 

If the ferromagnetic material in the system shows reversible magnetic 

behavior, Eq. (12-27) may be integrated from B = 0 to its final value, to 

yield the magnetic energy of the system. For linear material, the energy so 

obtained is identical with that expressed by Eq. (12-15). But Eq. (12-27) is 

much more general; it correctly predicts the work done on the magnetic 

system even for cases in which there is hysteresis. 

According to Eq. (12-27), a change in the magnetic field structure 
implies a work input 

dw, = H-dB (12-28) 

associated with each unit volume of magnetic material (or vacuum) in the 

system. Of particular interest is the case where the material is cycled, as it 
would be when the coil surrounding the specimen is subjected to alternating 

current operation. In one cycle, the magnetic intensity H (for a typical point 

in the specimen) starts at zero, increases to a maximum, H,,,,, decreases to 

—Hyax, and then returns to zero. The magnetic induction B shows a similar 

variation, but for a typical ferromagnetic will lag behind H, thus tracing out 

a hysteresis curve (Fig. 12-3). The work input (per unit volume) required to 
change the magnetic induction from point a to 6 on the hysteresis curve, 

b 

(Wo)ao = | HdB 

* The analysis presented here may be put on a somewhat more rigorous basis by replacing the 

magnetic circuit with a large number of magnetic flux paths of various lengths (magnetic 

circuits in parallel). Equation (12-3a) then becomes 

éW, =NI>, 60,=> p o0M- dl, 
] Ife ted | 

where 5@; is the flux change associated with one of these paths. The final result, Eq. (12-27), 

is unchanged. 
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FIGURE 12-3 

Work done per unit 
volume in cycling a 

ferromagnetic material 

is just the area between the hysteresis segment ad and the B-axis, It is 

positive because both H and dB are positive. The contribution (#,),. is also 

the area between the appropriate hysteresis segment (dc) and the B-anis, 
but it must be taken negative, since H and @B are of opposite sign. Similar 
arguments can be made about (#,).4 and (,)y.. Thus, in cycling the 

material once around the hysteresis loop, the work required per unit volume 

is 

wim > H dB (12-29) 

which is the area enclosed by the hysteresis loop. 

At the end of one complete cycle, the magnetic state of the material is 

the same as it was at the start of the cycle. Hence, the “magnetic energy” of 

the material is the same. It is evident, then, that Eq. (12-29) represents an 
energy loss. This loss appears as heat that is produced by irreversible 
changes in domain structure of the material. Hysteresis loss is an important 
factor in circuits subjected to alternating current operation. Equation 

(12-29) represents the energy loss per unit volume per cycle. Thus, the 

energy loss per unit time is directly proportional to the frequency of the 
alternating current. 

According to Eq. (12-28), the work required to change the magnetic 
induction in a unit volume of material is 

dw, = H- dB = uw HdH + wH-dM (12-28a) 

It is sometimes convenient to regard the 4H dH term (the work done on 

the vacuum) as taking place whether the material is present or not. From 
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this point of view, then, the term upH~- dM is the specific work done on the 

material. This approach is usually taken in thermodynamics textbooks, and 

forms the basis for discussion of such processes as “‘magnetic cooling.” 

Since the integral of H dH vanishes for a complete cycle, Eq. (12-29) is 

equivalent to 

Wy = Uo } HdM (12-29a) 

From d(MH) = HdM + M dH, this can also be written 

Wy, — —Ue } M dH (12-29b) 

SUMMARY 

The work that is done by an outside agency (e.g., a battery) in altering the 

magnetic field of a system of current circuits is 

dW, = > 1, d®, 
1=1 

(exclusive of the work that supplies the Joule heat loss of resistive circuits). 

The magnetostatic potential energy of a system of current circuits and linear 
magnetic media is 

> 1, 
i=l 

U= 
Nl eR 

where 

Dy = > Mil; 
j=l 

For a continuous current distribution in linear media, the magnetic energy 

becomes 

= 5[I-Adv 

where the vector potential A is that produced by the current density J. 

Integration by parts transforms the energy in linear magnetic materials into 

an integral, 

U = [udev 

over the energy density of the magnetic field, 

1 1 1 B? 
= -H-B = -uH’ = -— u 5 B 5H 2 
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PROBLEMS —— 

¢ For a single circuit, 

with 

Gos ILil 

* The magnetic force on part of an isolated system, with constant flux 

through each circuit, is the negative gradient of the magnetostatic energy, 

(8 = Ox ® 

If the system is not isolated, but instead the current in each circuit is 

maintained constant by an outside agency (battery), the force is given by 

r= +(=) 
ki, Ox 1 

¢ In the presence of nonlinear material, including hysteresis, 

dw, = H- dB 

In a complete cycle of a cyclic process, 

12-1 Consider a current circuit (not necessarily rigid) in a prescribed magnetic field. 

The magnetic force on each circuit element dl is given by J dl x B. If the circuit is 

allowed to move under the influences of the magnetic forces, such that an element is 

displaced dr and at the same time the current / is held constant, show by direct 
calculation that the mechanical work done by the force is bW = 1 6@, where 6@ is 

the additional flux through the circuit. 

12-2 Consider a set of interacting current circuits in a linear magnetic medium. All 

circuits with the exception of circuit 1 are held stationary, but circuit 1 is allowed to 

move rigidly. The curents are all held constant by means of batteries. Show from the 
combination of Eqs. (12-4), (12-6), and (12-18) that the mechanical work done by 

the moving circuit is dW = I, d®,, where d@, is the change in flux through circuit 1. 

12-3 Consider two interacting current circuits characterized by the inductances — 

L, = BI, My. = M2, = BIV715”, and L, = BI5, where B and s are constants. This 
system is a reversible magnetic system but not a linear one. Calculate the magnetic 
energy of the system in terms of the final currents J, and J,. Do this in two ways: (a) 

by bringing the currents to their final values in concert and (b) by keeping 1; = 0 

while /; is brought to its final value, then changing J}. 

12-4 A circuit in the form of a circular turn of wire of radius b is placed at the center 

of a larger turn of radius a, b < a. The small circuit is fixed so that it is free to rotate 
about one of its diameters, this diameter being located in the plane of the larger 
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circuit. The circuits carry the steady currents /, and /,, respectively. (a) If the angle 
between the normals to the two circuits is 0, calculate the torque on the movable 
circuit. (b) In what direction is this torque when J, and J, circulate in the same 
sense? 

*12-5 A U-shaped electromagnet of length /, pole separation d, and permeability 

has a square cross section of area A. It is wound with N turns of wire carrying a 

current J. Calculate the force with which the magnet holds a bar of the same 

material (of the same cross section) against its poles. 

12-6 A permanent magnet with constant magnetization, and a circuit that is 

connected to a battery, form an isolated system. The circuit is allowed to move 

relative to the magnet, the current / in the circuit being maintained constant. The 

mechanical work done by the circuit is given in Problem 12-1. What conclusion can 

you draw about the change in magnetic energy of this system? 

12-7 The magnetic induction field between the poles of an electromagnet is 

relatively uniform and is held at the constant value By. A thin paramagnetic slab, 

which is constrained to move vertically, is placed in the field as shown in Fig. 12-4. 

The susceptibility of the slab is x,, and its cross-sectional area is A. (a) Calculate the 

force on the slab. (b) Obtain a numerical value for the force if the slab material is 

titanium, A = 1 cm?’ and By = 0.25T. 

FIGURE 12-4 

A paramagnetic slab in- 

serted between the pole 

faces of a magnet 

*12-8 From the result of Problem 12-1, the force on a current circuit in a prescribed 

magnetic field is given by F = / V®. If the circuit is very small, the magnetic field B 

may be treated as constant over the surface bounded by the circuit. Furthermore, 

the circuit itself may be characterized by its magnetic dipole moment m. Show that 

when the prescribed magnetic field has no sources (i.e., J, Jy, = 0) at the position of 

the dipole, the force on the dipole is 

F = (m- V)B 

12-9 A rigid circuit consisting of a single loop of wire is located in a radial, 

inverse-square, magnetic induction field, B = Kr/r’. Show that the force on the 
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circuit is F = KI VQ, where Q is the solid angle the circuit subtends at the field 

center, and / is the current in the circuit. 

12-10 The center of a plane circular circuit of radius R and consisting of one turn lies 

on the x-axis at distance x from the origin. The circuit carries the current /, and its 

positive normal points in the —x direction. Find the force exerted on the circuit by a 

radial induction field diverging from the origin, B = Kr/r’. 

12-11 Consider a very long solenoid of N// turns per unit length and radius R, such 

that the field inside is approximately uniform and the field outside is zero. Find the 

radial force on one turn of the winding, per unit length of circumference, from the 

magnetic energy. (a) Assume that the current / is maintained constant by a battery. 

(b) Repeat assuming that the flux remains constant and the system is isolated (with 

superconducting windings). 

12-12 Solve the example of Fig. 12-1 with the magnetic energy in the form 

U = 3LI’, where L = L(xo) is the inductance of the solenoid with the iron rod 

inserted a distance x). Assume that the rod’s diameter is nearly as large as the 

solenoid’s, and that both are so long that end effects are negligible. 

12-13 For the toroid of Problem 11-10, (a) find the radial force on the coil if it 

carries a current /. (b) Does the force tend to expand the coil or collapse it? 

12-14 Find the force between the straight wire and the rectangular circuit of 

Problem 11-15 if the currents are /, and L. 

12-15 Two isolated superconducting circuits carry certain currents when they are 

positioned so that their mutual inductance is zero. Now they are moved so that their 

mutual inductance is M. If the circuits are identical and had the same initial currents 
I,, find the final currents J. 

12-16 (a) Prove that 5{,H-Bdv = 0, where V is all space, if the fields are 

produced solely by magnets (i.e., no transport currents). (b) Is the magnetic energy 
zero? 

12-17 (a) Estimate the areas enclosed by the two hysteresis curves shown in Fig. 

9-8, and (b) calculate the power loss per unit volume due to hysteresis in these 
materials at 60 Hz operation. 

12-18 The core of a generator armature is made of iron whose average hysteresis 

loop under operating conditions has an area of 2000 joules/m*. The core is 

cylindrical in shape, with a length of 0.4m and a diameter of 0.15 m. If it rotates at 

1800 r/min, calculate the rate at which heat is produced in the core. 

12-19 A U-shaped permanent magnet (cross section 4 cm? and length 0.3 m) holds a 

piece of soft iron (of the same cross section) tightly against its poles. Use Eq. (12-28) 

to calculate the work required to pull the magnetic circuit apart. Specifically, 
calculate this work for each of the materials shown in Fig. 9-9. (Assume that initially 
B = B,, and that after separation the magnet is subjected to a demagnetizing line of 
slope —4.0.) 



CHAPTER 1 3 

Slowly Varying 
Currents 

In Chapter 7, the idea of an electrical circuit was introduced, and an 

analysis was made of the currents in such circuits when they are excited by 

constant applied voltages. In this chapter, these ideas will be expanded to 

include slowly varying voltages and the resulting slowly varying currents. To 

understand properly what is meant by “slowly varying,” Maxwell’s equa- 

tions must be used. However, the general ideas can be understood without 

recourse to the details of these equations. 

For sinusoidal voltage variations in circuits containing linear elements, 

the basis for elementary circuit theory, the behavior of a circuit is 

characterized by a frequency w.* An electromagnetic wave of this fre- 

quency in free space has a wavelength A = 22c/w, where c is the velocity of 

light. The principal restriction to be imposed in order that the current in the 
circuit may be called slowly varying is that the circuit should not radiate an 

appreciable amount of power. This restriction can be met by requiring that 
the maximum linear dimension of the system, @,,x, be much smaller than 

the free space wavelength associated with the driving frequency. That is, 

27C 22c 
Ere Gk et or o< 

w 
(13-1) 

Cn ax 

If this condition is satisfied, then for every element dl of the circuit carrying 
a current J there is, much less than one wavelength away, a corresponding 

element —dl carrying the same current. This pairing clearly ensures 

* The quantity w is 27 times the frequency and is sometimes called the angular frequency. The 

use of w instead of 2zf is of considerable advantage in many branches of physics. In 

particular, for the present discussion it eliminates a multitude of 27’s from the circuit 

equations. 
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a 

TABLE 13-1 f (Hz) w (rad/s) A (m) €max (M) 

60 376 5x10° 5x 10° (300 miles) 
10° 6.28 x 10° 300 30 
10° 6.28 x 10° 3 0.3 
10'° 6.28 x 10"° 0.03 0.003 

cancellation of the fields produced by these elements at distances of the 
order of a few wavelengths in all directions and thus shows that the fields 

associated with the circuit are confined to the vicinity of the circuit. To see 

what practical restrictions are imposed by Eq. (13-1), &nax ~ 4/10 has been 

used as the maximum circuit dimension in constructing Table 13-1. The 

frequencies chosen are a power line frequency, a low radiofrequency (AM 

broadcast band), a high radiofrequency (FM and TV), and a microwave 

frequency. It is clear that for the first three frequencies ordinary circuits 

satisfy the criterion. However, for the last one, the circuit must be built in a 

cube about 0.1 inch on a side, which limits the applicability to integrated 

circuits. It should also be noted that at 100 MHz the wavelength and circuit 

dimensions are of laboratory size and, hence, that care must be used in 

applying ordinary circuit theory at this and higher frequencies. In the 

balance of this chapter, it will be assumed that the slowly varying criterion is 
satisfied, without further explicit comment. 

13-1 ________ TRANSIENT AND STEADY-STATE BEHAVIOR 

If a network of passive elements is suddenly connected to a source or 

sources of voltage, currents arise. Regardless of the nature of the applied 
voltages, the initial variation of the currents with time is nonperiodic. If, 

however, the voltages vary periodically with the time,* then a long time 

after the application of the voltages the currents will also be found to vary 

periodically with the time. (Actually they become strictly periodic only after 

infinite time; however, any desired approximation to periodicity can be 
attained by waiting a sufficiently long time.) 

It is convenient to discuss the behavior of circuits in two stages, 
according to whether the periodic or nonperiodic behavior is 
important. The periodic behavior is referred to as the steady-state 

behavior, while the nonperiodic behavior is known as the transient 
behavior. Both aspects are governed by the same basic integro- 

differential equations; however, the elementary techniques used in 
solving them are radically different in the two cases. 

* A constant voltage should be understood as a special case of a periodic voltage, in which the 

period is infinite or the frequency is zero. 
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The analysis presented here is restricted to elementary transient analysis 

(primarily excitation by constant voltages) and steady-state analysis for 

sinusoidal excitations. For further details, readers are referred to classic 

books by Guillemin and by Bode* and to other more recent engineering texts. 

KIRCHHOFF’S LAWS 

In Chapter 7, Kirchhoff’s laws were introduced for direct current (dc) 

circuits. They must now be generalized to include slowly varying currents. 

The first generalization is to note that not only resistors but also capacitors 
and inductors must be included as circuit elements. Each such element has a 
potential difference between its terminals, which must be included in 

Kirchhoff’s loop law. Since the name ‘“‘JR-drop”’ is no longer appropriate for 
all of these, the name counter voltage will be adopted to specify the 

difference in potential between the terminals of a passive element. The 
other generalization is to observe that both of Kirchhoff’s laws must apply at 

each instant of time. That is, they must apply to the instantaneous values of 

the currents, applied voltages, and counter voltages. The laws may now be 

stated. 

Kirchhoff’'s law I. The algebraic sum of the instantaneous currents 

flowing toward a junction is zero. 

Kirchhoff’s law II. The algebraic sum of the instantaneous applied 
voltages in a closed loop equals the algebraic sum of the instan- 
taneous counter voltages in the loop. 

The meaning of the first of these laws is clear: If currents directed toward a 

junction are called positive, then those oppositely directed should be called 

negative, and the law says that as much current enters the junction as leaves 
it. Basically, the second law represents the integral of the electric field 

around the loop; however, it is necessary to establish a sign convention. The 

sign convention to which we will adhere is best explained in terms of a 

single simple mesh, as shown in Fig. 13-1. In this figure, an applied voltage 

Y(t) is shown connected in series with a resistance R, an inductance L, and 

a capacitance C. An arrow labeled /(t) has been drawn to indicate the 

assumed (arbitrary) positive direction for the current. All signs are 

*E. A. Guillemin, Communication Networks, 2 vols. (New York: Wiley, 1931 and 1935); and 

H. W. Bode, Network Analysis and Feedback Amplifier Design (Princeton, N.J.: D. Van 

Nostrand, 1945), (Huntington, N.Y.: Krieger, 1975, reprint of 1945 edition). 

+ For example, F. P. Yatsko and D. M. Hata, Circuits: Principles, Analysis and Simulation 

(New York: Saunders College Publishing, 1992). 
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FIGURE 13-1 

Series circuit of circuit 

elements 

0000 
w 

13-3 

ultimately referred to this direction. The voltage V(t) is positive if it tends 
to cause the current to move in the assumed direction—that is, if the top 
terminal in Fig. 13-1 is positive with respect to the bottom terminal. The 

resistive counter voltage is just JR, as in de circuits. If dJ/dt is positive, an 

emf will be induced in the inductance that tends to cause a current in the 
opposite direction to that assumed for /—that is, the upper terminal of L 
must be positive with respect to the lower terminal. Since the sense is the 
same as that of JR with respect to the direction of J, the counter voltage is 
just L(dI/dt).* The capacitative counter voltage depends on the charge on 
the capacitor, which may be either positive or negative, depending on 

whether we consider the upper or the lower conductor. The difficulty is 

resolved by writing 

Q= [ I(t) dt (13-2) 

where fo is chosen so that Q(t) is zero. With this choice of Q, a positive Q 

makes the upper terminal of the capacitor positive and thus produces the 

capacitative counter voltage +Q/C. Kirchhoff’s voltage law for the circuit of 
Fig. 13-1 is 

dre yoy 
VW) =RI+L +2 / : (t) at csi (13-3) 

which is typical of the integro-differential equations of circuit theory. 

ELEMENTARY TRANSIENT BEHAVIOR 

The only transient behavior we will consider is that associated with the 
sudden application of a constant voltage Y to a network of resistors, 

“It is worth noting that the induced emf is written —L(dI/dt),; however, being an emf, it would 

normally be written on the other side of the equation from the counter voltages. Thus no 

inconsistency is introduced by writing +L(dJ/dt) for the counter voltage. 
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FIGURE 13-2 

An R-L circuit. Transient 

response follows switch 

slosure. 

capacitors, and inductors. The first example is the simple R-L circuit shown 
in Fig. 13-2. For this circuit, Eq. (13-3) becomes 

dl 
Vesa) pale ; = (13-4) 

after the switch S is closed. Before the switch is closed, the solution is 

trivial, being just J = 0. Equation (13-4) is a first-order linear differential 
equation with constant coefficients and, hence, can always be solved with 

one arbitrary constant in the solution. The solution is 

V 

Ligeia pK (13-5) 

with K the arbitrary constant. Since the circuit contains an inductance that 

prevents an abrupt change in the current, the current just after the switch is 

closed must be the same as the current just before the switch is closed—that 

is, zero. Thus, if the switch is closed at t = fo, 

V 

beac ae (13-6) 

or 

V 

Ris = eel 13-7 rad (13-7) 

The complete solution is then 

V 

I(t) = pl — 25 gror| (13-8) 

which is plotted in Fig. 13-3. There are several useful, easily obtained facts 

that can be found from Eq. (13-8) and Fig. 13-3. First, L/R has the 
dimensions of time and is called the time constant. Since 1/e = 0.368, the 

time constant is the time required for the currernt to reach 0.632 times 

its final value, V/R. In five time constants, the current reaches 0.993 
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FIGURE 13-3 i 

Transient response of an R r 

R-L circuit S 

0 

times its final value, which is conveniently remembered as 99 percent. The 

initial slope dJ/dt is just the final current V/R divided by one time constant 
L/R—that is, a slope such that if the current continued to increase at this 

rate, it would reach its final value in one time constant. The usefulness of 

these facts is that by simply sketching a standard exponential curve, they 

enable evaluation of the exponential function involved in a simple transient 
problem to an accuracy of a few percent. Many other aspects of a 
resistance-inductance circuit can be explored, and a similar treatment can be 
applied to resistance-capacitance circuits. Several of the problems at the end 
of this chapter are devoted to accomplishing this end. 

The second example to be considered is a series R-L-C circuit that is 

suddenly connected to a constant voltage V. Such a circuit is shown in Fig. 
13-4. The appropriate equation after the switch is closed is 

Gis lie 
VeRI+LE +2] Woa (13-9) 

where again f) is a time at which the charge on the capacitor is zero. In the 
interest of simplicity, it will be assumed that the capacitor is initially 
uncharged and that the switch S is closed at to = 0. Equation (13-9) may be 
unfamiliar; however, by simply differentiating it once with respect to the 

FIGURE 13-4 

An R-L-C circuit. Trans- 

ient response follows : R 
switch closure. S 

+ 

ee L 
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time, it becomes 

ayy. pu, if! I 

dew etdh ide 7G id210) 

This equation is an ordinary second-order linear differential equation with 
constant coefficients (the harmonic oscillator equation). The technique for 

solving such equations is well known, and in fact for the case at hand, 
dV /dt = 0, the solution is* 

l= {Aeon St Besos) en 4k (13-11) 

where 

1 R* 
OF == = Fe 

a Ls Crore4 let 

so long as neither L nor C is zero. If either vanishes, an indeterminacy 

appears in Eq. (13-11); however, Eq. (13-10) can still be solved for L = 0; 
in fact, the solution is simpler than Eq. (13-11). Furthermore, the case 

C = O corresponds to the uninteresting case of an open circuit. To complete 

the discussion of this point, if C = ~, which corresponds to short-circuiting 

the capacitor, Eq. (13-11) reduces to Eq. (13-5), with now two arbitrary 
constants to be obtained by fitting boundary conditions. This difference, of 

course, reflects the fact that all knowledge of V was lost in going from Eq. 
(13-9) to Eq. (13-10). 

We return now to the solution Eq. (13-11), where it remains to evaluate 

the constants A and B. For the current to be real, B must be the complex 

conjugate of A. Since the switch is closed at ¢ = 0, at ¢ = 0 the current must 
be zero, which means that the two imaginary exponentials must combine to 

give a sine function. These observations lead to 

1G) = Desks sin 0,t (13-12) 

where D is a single real constant still to be evaluated. This evaluation is 

accomplished by noting that at t = 0, Q and / are both zero and, hence, 

that 

(13-13) 

Using this initial condition gives 

D= = 
V 

nL as ee? 
CHa 

* Here i is the unit imaginary number—that is, /= V—1. 
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FIGURE 13-5 

Transient response of an 

R-L-C circuit 

I(t) 

13-4 

The solution is now complete. The current oscillates at the natural 

frequency 

LCam Al? 

with, however, an amplitude that decreases with time and is given by 

De~®'?". This behavior is shown in Fig. 13-5. If the time f of closing the 
switch is not 0, it is only necessary to replace ft with tf — ft. 

The elementary transient analysis presented here is now complete. 

The balance of this chapter will be devoted to circuits excited by sinusoidal 
voltages in the steady state—that is, sufficiently long after the excitation has 

been applied to ensure that the transients are negligible. 

STEADY-STATE BEHAVIOR OF A SIMPLE 
SERIES CIRCUIT 

We now study the behavior of the circuit of Fig. 13-1 with the following 
excitation: 

V(t) = Vocos wt (13-15) 

where w is a given frequency, not necessarily equal to w,,. We could simply 

use this V(t) in Eq. (13-3) or Eq. (13-10) and solve the resulting equation. 
It is less cumbersome, however, to note that VY) cos wt is the real part of 

Voe'", and develop a method for finding the physical current from the 
solution to Eq. (13-10) with the complex excitation. 

If a fictitious complex voltage VY, + iV, were applied to the circuit, the 
resulting current would most certainly also be complex, J, + il, (it is implied 
here that VY, V2, 1,, and J, are all real). Putting these fictitious quantities 



13-4 Steady-State Behavior of a Simple Series Circuit 313 

into Eq. (13-10) gives us 

dV, % AV, 

de ge 

Gan di, I, Fen b di 1, 

=D a a F +o) +i(L op eae? ae 

The only way this equation can be satisfied is if the real parts on the left and 

tight are equal and the imaginary parts on the left and right are equal. 

Hence, if the physical excitation, V,(r), is the real part of some complex 
function, V(t) is sufficient to solve Eq. (13-10) with the complex excitation 
Y(t) and then take the real part of the resulting /(t) to be the physical 
current. In some instances, it may be preferable to use e“’’*®? in order to 
obtain the response to cos (wt + ), where ¢ is some given phase angle. In 

the rest of this chapter we will work primarily with complex voltages and 

currents. We will use the subscript P, as in ¥V,(t) above, where it is 
important to distinguish physical quantities from the corresponding complex 
quantities. 

If Ye’ is used in Eq. (13-10), then the current will be fe’, with 1 

some complex constant. Direct substitution into the equation gives 

(13-16) 

1 
lwV,e. = | - aL + iwR + = |b (13-17) 

Dividing by iw changes this to 

1 
Ye" = E + iol + —= |e’ (13-18) 

iwC 

which is in the form 

Woes Zier (13-19) 

with 

Z=R+iol+ his (13-20a) 
iwC 

or 

i! 
Z=R+ i(wL - —) (13-20b) 

wC 

The impedance Z of the circuit consists of two parts: the real part or 
resistance (R), and the imaginary part or reactance (X). The 

reactance is further divided into the inductive reactance X, = wL 

and the capacitive reactance X- = —1/wC. The fact that the 
impedance is complex means that the current is not in phase with 

the applied voltage. 
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It is sometimes convenient to write the impedance in polar form: 

YA VA (13-21) 

with 

[Z| = [R? + (@L —- 1/@C)’}'” (13-22) 

and 

@ = tan71(22 UOC) (13-23) 
R 

Using this form for the impedance, we may write the complex current as 

I(t) = mae (13-24a) 

and the physical current as 

[p(t) = Foes (wt — @) (13-24b) 

If 6 is greater than zero, the current reaches a specified phase later than the 

voltage and is said to lag the voltage. In the opposite case, the current leads 

the voltage. Currents that vary as e‘ or cos (wt — @) are called alternating 

currents (ac). This calculation formally completes the study of the simple 

series circuit, although in Section 13-7 we shall examine Eq. (13-24) in more 
detail to enhance our physical understanding of the situation. 

SERIES AND PARALLEL CONNECTION 
OF IMPEDANCES 

If two impedances are connected in series, then the same current flows 
through each of them. The voltages* across the two impedances are 
V, = Z,l and V, = ZI. The voltage across the combination is V, + V) = 

(Z, + Z,)J. It is clear, then, that the connection of impedances in series 

adds the impedances, that is, 

Z=2Z,+2,+Z4t::: (series connection) (13-25) 

Thus, Eq. (13-20a) is the sum of the impedance of a resistance R, 

Z,=R 

an inductance L, 

ve — iwL 

“In this and the remaining sections of the chapter, we shall use the symbol V in place of Ag 

for the potential difference across an element or group of elements. 
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and a capacitance C, 

1 

iwC 3 

all in series. It is important to note that the impedances add as complex 
numbers. If Z, = R, + iX, and Z, = R, + iX>, then 

Z=Z, + Z, = (R, + R22) + U(X, + X2) (13-26) 

In polar form, 

Z = |Z| e”, [Z| = ((Ri + R2)* + (X, + X2)°]"” 

wrt * xX, 
0 = tan ; (13-27) 

Note that the magnitude of Z is not the sum of the magnitudes of Z, and 

Lang 
If impedances are connected in parallel, then the same voltage appears 

across each, and the currents are given by J, = V/Z,, L = V/Z>, and so 

on. The total current is 

ate Eee Weve y( LUA A) 

from which it is clear that 

—-=—+—+-:-- (parallel connection) (13-28) 

Here, too, the addition is the addition of complex numbers. Equations 
(13-25) and (13-28) provide the basis for solving problems involving more 
complex configurations with a single applied voltage. 

EXAMPLE 13-1 Consider the circuit of Fig. 13-6. The impedance consists of a resistor in 

An Impedance Network _ series with the parallel combination of a capacitor and an inductor. Find 
the current through this network. 

Solution: An expression for the impedance is conveniently written as 

1 
Z = R; + tiabiaaucaeni). (13-29) 

Eee + 

R,+iwL 1/iwC 

Alternatively, 

R, + iwL 9 teputetee st 2 tthe (13-30) 
1 + iwC(R, + iwL) 
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FIGURE 13-6 

Typical ac circuit 

(Ry + iwL)[(1 — w*LC) — iwR,C] 
= R, + 

LS (1 — w*LC)? + w*R3C? 
(13-31) 

The only other worthwhile manipulation at this time is the separation 
into real and imaginary parts: 

R2 
(1 — w*LC)? + w*R3C? 

-wL(1 — w*LC) — wR3C 

" — wLCy + w*R2C2 

Z=R,+ 

+ (13-32) 

Having found Z, we now determine the current by dividing Z into 

Yoe'. The study of this circuit will be continued in Section 13-7 in 
connection with resonance phenomena. 

13-6 —___ SS POWER AND POWER FACTORS 

The power delivered to a resistor may be determined by multiplying the 
voltage across the resistor by the current through the resistor. However, for 
the more general case, such as the impedance shown in Fig. 13-7(a), a more 

FIGURE 13-7 . 

Measurement of power (10) jz: \Z| 

Im Z 

(a) (b) 
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subtle approach is required. 

If V(t) and /(t) are the complex voltage and current as shown, then 
the instantaneous power is 

P(t) = Re I(t) Re V(t) (13-33) 

The average power is a more important quantity, with the average 

being taken over either one full period or a very long time (many 

periods). If the phases are chosen so that Vy is real and, as usual, 

Z = |Z|e’°, then it is straightforward to show (Problem 13-11) that 

P = Re I(t) Re V(t) = 4 |Jg| |Vol cos 0 (13-34) 

The factor one-half in Eq. (13-34) represents the fact that the average of 
sin? wt or‘cos” wt is one-half. The other interesting factor is cosine 8, which 

takes into account the fact that the current and voltage are not in phase. 
Cosine @ is frequently called the power factor of an ac circuit. In Section 
17-3 it is shown that 

Re (Ipe’") Re (Voe"”) = 3 Re (IF Vo) (13-35) 

where Jj is the complex conjugate of J). This form is conveniently 

remembered and leads at once to Eq. (13-34). 

Since cos @ = Re Z/|Z| (refer to Fig. 13-7b), Eq. (13-34) can be 

expressed as 

Re Z (13-36) 

As a final comment, we mention that the effective values of the voltage 

and current are often defined by 

V2 V2 
= Val, lea = oo, 

The virtue of these definitions is that a given V.g applied to a resistance 
dissipates the same power as a constant voltage of the same magnitude. The 

specification of effective values is very common, for example, 115-volt ac 
lines are 115 effective volt lines. 

Vets [o| (13-37) 

RESONANCE 

Equation (13-22) shows that a simple series L-R-C circuit has a frequency- 
dependent impedance that is a minimum at w? = w5 = 1/LC. At this 
frequency the impedance is just R, the phase angle is zero, and the current 
is a maximum of magnitude V¥/R. This is a resonant phenomenon much like 
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FIGURE 13-8 

Resonance curves for a 

series R-L-C circuit 

| 

that observed in forced damped mechanical oscillators. If the magnitude of 
the steady-state current for the circuit in Fig. 13-1 (with V(t) = Vo cos wf) is 

plotted as a function of frequency, a curve of the form shown in Fig. 13-8 is 
obtained. Several curves are shown, all of which are based on the same 

values of L and C, but the series resistance varies from curve to curve. The 

curves are seen to be sharper for small than for large values of the series 
resistance. 

A quantitative measure of the sharpness of the curve can be derived as 
follows. Let us define the ‘‘width” of the resonance curve as the frequency 
interval between the “half-power frequencies,” which are the two fre- 

quencies where the power dissipated is one-half of the power dissipated at 

the peak frequency wy. Thus, we seek the values of @ that satisfy 

P(w) = 3P(@) 

or by using Eqs. (13-22) and (13-36), 

1 [VIER awl DIVP 
2\Z(m)\a, 22 Re 

Thus, 

|Z(@)|? = 2R? 
Or 

ole (13-38) 

For relatively sharply peaked responses, Eq. (13-38) will be satisfied at 
values of w not far removed from @ 9. We then write w = w, + Aw and 
obtain 

1 i 
ML Awe vthecrepcteh sett 

‘ WoC 1+ Aw/@o 
= 
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Phase angle of the 
impedance in a typical 

R-L-C series circuit 
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Using w6 = 1/LC and (1 + Aw/a@ )7' = 1 — Aw/wo gives 

2\|Awo|L=R 

or 

2|Ao| = R (13-39) 

Wo WoL 

The width of the resonance curve as defined above is thus approximated by 
2 |Aq@|. The quantity 

Wo 

2|Aa| 
Q = WoL/R or Q= (13-40) 

characterizes the sharpness of the resonance and is known as the quality 

factor Q of the circuit.* For practical purposes, Q may be considered to be 
a property of the inductor only, since most of the unavoidable series 

resistance is associated with the wire with which the inductor is wound. 
However, a more refined treatment shows that the capacitor losses must 
also be included in computing Q’s. The curves of Fig. 13-8 are labeled with 

the appropriate Q values. 

As the driving frequency is varied, not only the magnitude but also the 

phase of the current varies. This variation is shown in Fig. 13-9 for the same 
Q values used in Fig. 13-8. Below resonance, the phase angle of the 

impedance function is negative. Therefore, the phase of the current is 
positive, and it leads the voltage. Above resonance, the opposite is true, 

and the current lags the voltage. 
It is interesting to note that radiofrequency resonant circuits found in 

communications equipment are often series resonant circuits, in spite of 

their parallel-circuit appearance. In the most simple case, the reason is that 

the driving power is inductively coupled into L and thus appears as an emf 

in series with L. 

* This Q has nothing to do with charge. 
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Resonance is not restricted to series circuits like those just discussed. 

Parallel circuits may also exhibit resonant characteristics. The circuit of Fig. 

13-6 exhibits such a resonance. Defining the resonant frequency for a 

parallel resonant circuit is not as simple as it is for a series circuit. Some of 

the possibilities are: (1) Wo = 1/VLC, (2) the frequency at which the 

magnitude of the impedance [calculated from Eq. (13-31)] is a maximum, 
or (3) the frequency at which the power factor is unity. Each of these three 

choices gives a different frequency. However, for high Q circuits they are 
very nearly the same. The first choice is by far the most useful in practice 

because it makes many series resonance results directly applicable to the 

parallel resonant case. One very interesting result is obtained by using Eq. 

(13-31) to evaluate Z, with R,; = 0 and wy = 1/VLC. The result is 

7 = wot] = ‘|, (wo = 0) (13-41) 

For a high Q circuit, the i can be neglected with the result that the 

impedance at resonance is Q times the inductive reactance at resonance. 
The subject of resonant circuits can be pursued at great length. 

However, to do so here is unwarranted. Some of the problems at the end of 

the chapter extend this section. 

MUTUAL INDUCTANCES IN ac CIRCUITS 

Solving ac circuit problems involving mutual inductances presents a minor 

difficulty in assigning the correct sign to the mutual inductance. This 

difficulty can be readily resolved by noting that the sign to be associated 

with the mutual inductance depends on the assumed direction of the current 

in the two circuits involved and on the way in which the windings are 
connected. The notation M; will be used for the pure mutual inductance 
between two circuits. 

It was shown in Chapter 1] that the emf in winding 2, due to a changing 
current in winding 1, is given in magnitude by 

€2 = Mo, “ (13-42) 

For sinusoidal currents, using complex notation, we have 

6 = iwMyIoe'™ (13-43) 

or 

@ = iwM,]; (13-44) 

In what follows, the symbol M,, will be taken to be a positive quantity, and 
the sign of @, will be displayed explicitly. In other words, M3, in Eq. (13-44) 
will be replaced by +M,,, with M,, being a positive quantity. 
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FIGURE 13-10 

Circuit with mutual 

nductance 

To demonstrate the technique for assigning signs, we now consider the 

circuit shown in Fig. 13-10, in which two impedances, Z, and Z>, are 

combined with a mutual inductance and connected to an applied voltage, 

Y(t) = Voe'*". The mutual inductance is labeled M,, and is taken to be a 

positive number. The black dots in the figure indicate the ends of the two 

windings that are simultaneously positive—that is, if the lower winding is 

excited by a sinusoidal current that makes the left-hand terminal positive at 

some time ¢,, then the voltage induced in the upper winding makes the 
left-hand terminal of the upper winding positive at t,. The equation for the 
upper branch, in accordance with Kirchhoff’s law, is 

Zi, + ioLl,l, ate iaM,.L =f (13-45) 

The plus sign is used with the mutual inductance because a positive J, gives 

a voltage in the upper branch that has the same sense as an /,R drop. The 
second equation is 

iaM,,1, a ZL si iol, = (13-46) 

where M,, = M;, has been written in the interests of symmetry. 

The assignment of the sign is on the same basis as before and may be 

checked by noting that M,, should appear in the branch 1 equation with the 
same sign as M,, in the branch 2 equation. Equations (13-45) and (13-46) 
may be solved simultaneously by standard techniques to yield 

Z> ae iwL, — iwM,> pl Pace Ea 
f (Z, + iwL,)(Z2 + iwL2) + w?M}, eet 

I sae x Li ta iwL, * ioM,> 

y (Z, + iwL,)(Z2 + iwL,) + w*M?, 

Combining the two to obtain the total current J, + 1 gives 

+ iwL, + Z, + iwL, — 2iwM l=l+h= peal Leh Sagk COS 210M (13-48) 
(Z, + iwL,)(Z. + iwL,) + w*M%, 
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FIGURE 13-11 

Circuit of Fig. 13-10 with 

the sign of the mutual 
inductance reversed 

T(t) 

The coefficient of V on the right side is the reciprocal of the impedance 

presented to the generator or the net impedance between points a and b. It 

is obvious that if M,. is zero, the impedance is the parallel combination of 
the two branch impedances. For the connection shown, as M,, increases, so 

does the impedance. 
The circuit obtained by interchanging the leads on one winding of the 

mutual inductance is shown in Fig. 13-11. Note that the only difference is 
that the black dot has been moved from the left end of the upper winding to 
the right end. The result is to change the sign of the M,, term in Eqs. 

(13-45) and (13-46), with the result that 

(Z, + iwl,)l, — iwMy,b = V 

and (13-49) 

—iwM2l, + (Z2 + ial2)bh = V 

The currents are easily found and combined to obtain the impedance: 

_ (Z, + iwL,)(Z, + iwL2) + w*Mi, 
Zee ‘ 

> Z, + iwL, + Z, + iwL, + 2ioMy» C330 

which is the same as in the previous case when the mutual inductance is 

zero. The relationship between Z,, for finite M,, and Z,, for M,. = 0 

depends on the parameter in a rather complicated way. We will state here 

only that |Z,,| may be larger or smaller than the |Z,,| for M,. = 0. 

The basic circuit for the most common mutual inductance device, the 

transformer, is shown in Fig. 13-12. R,; and R, are the resistances of the 
primary (driving) and secondary (driven) windings, L, and Ly, are their 

self-inductances, and M is the (positive) mutual inductance between them. 

Z, is the impedance of the load connected to the secondary winding, and 
V(t) = Voe" is the voltage across the primary winding. If currents /,e'” 
and Je’ are assumed to be in the directions indicated, then Kirchhoff’s 
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IGURE 13-12 

Transformer circuit 

voltage law requires that the equations 

Vo = LR, ain ioL,l, ar toML 

and (13-51) 

0 — LR2 ato iwL>1, ia iwMI, 4 LZ, 

be satisfied. The solutions to these equations are 

Le at R, te iwL, 
ee WV, 

h (R, + iwL,)(Z, + R> + iwL,) + w?M* ° 

and (13-52) 

—iwM 
L — Ye 

(R, + iwL,)(Z, + Rz + iwL,) + w*M? ° 

These relatively complicated equations represent an exact solution for the 
circuit of Fig. 13-12. 

For many purposes, it is much more convenient to think in terms of an 
ideal transformer—that is, one that satisfies the relations 

ath 
a 

V, =aV, L= (13-53) 

where the constant a is independent of frequency, V, is the voltage across 

Z,, and all other quantities are as shown in Fig. 13-12. Multiplying Eqs. 
(13-53) together and assuming that the power factors in the two windings 

are equal, we find that the source power VJ, cos 8, is all delivered to the 

load, V,J,cos 82. In other words, there are no losses in the transformer.* 

The condition that must be satisfied to ensure the second of these relations 

is 

*In the ideal transformer approximation, it can be shown that the power factors in the two 

windings are approximately equal (i.e., cos 8, ~ cos 82). If Z, is purely resistive, then each 

power factor ~1. 
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Zp + Re + toly_ 

iwM 

which is satisfied if wL, >> |Z, + R2|. From Eq. (13-54), a = L,/M = 

iZ,/wM if |Z,| >> R2. To satisfy the first Eq. (13-53), it is sufficient to 

require: M ~ VL,L>, wL,; >> Ri, |Zz| >> R2 and |Z;| > aR. Then it is 

easy to show that the second of Eqs. (13-52) together with (13-54) imply 

V,/Vo = a, where V, = —LZ,: 

(13-54) 

Ve IS. iwMZ, 
VY Vo  iwL,(iwMa) + w?M? 

De iZ,M 
(Mie) 2) waetn (Mica) aia eal 

— M/L, a L3L,/(ML)) = 

The approximations made seem rather extreme, but practical transformers 
exist that approximate ideal transformers over relatively wide frequency 

ranges. For such devices, 

and 

dig) {Sab ayen Ae (13-55) 
i al, a 

The last of these relationships shows that the transformer acts also as an 

impedance transformer, with transformation ratio a~*. It is left as an 
exercise to show that for very close coupling of the two windings 
a = N,/N,—that is, the turns ratio. 

MESH AND NODAL EQUATIONS 

More complex ac circuits may be approached in two ways: one based on 

Kirchhoff’s voltage law and known as mesh analysis and one based on 
Kirchhoff’s current law and known as nodal analysis. Each method has its 

advantages and disadvantages. Since choosing the expedient method can 
greatly simplify some problems, both methods will be illustrated in this 
section. 

The first step in applying mesh analysis is the assignment of meshes, 

which is accomplished by assuming closed loop currents such that at least 
one current goes through each element. With such a choice of currents, 

Kirchhoff’s law I is satisfied automatically. For example, in Fig. 13-13 three 
meshes labeled /,, /,, and J, are shown. This set of meshes is, of course, not 

the only possible choice; several others are possible and useful. If 
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"IGURE 13-13 

Illustration of the use of 

nesh analysis in ac 

iIrcuits 

Kirchhoff’s voltage law II is applied to each of these meshes, we obtain 

HPA AM =I hich Be =V 

BZ RPS Z MANZE) Bez. =0 

a1 aa pias Le ae eee oe) eee 
(13-56) 

Note that the minus signs appear because in mesh one, for example, J, flows 

through Z, counter to the direction of /,. Equations (13-56) can be solved 
most easily by matrix techniques, resulting in expressions for the set of mesh 

currents in the circuit. It is useful to note that the mesh equations can be 

written as 

Sent ey ee eo en (13-57) 
j=l 

(with n = 3 in the circuit above). In this notation, Z,; = Z),, which is a 

useful check on the mesh equations. 
As a second example of mesh analysis, consider the circuit of Fig. 13-14. 

The appropriate equations for this circuit are written as 

1,(Z, + Z2) +LZ, = V, 

I,Z, +bh(Z, + Z3) = V2 bao, 

IGURE 13-14 

‘urther use of mesh 

quations 
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FIGURE 13-15 

Practical generator con- 

nected to a load Z, 

FIGURE 13-16 

A “current generator”’ 

that is equivalent to the 

voltage generator of Fig. 

13-15 

There is no reason why VY, and V; must be in phase. Usually they will not be 
in phase, but will be expressible as V; = |Viol e'”, Vo = |Vool| e\"*®. It is, 
however, very important to assign the phases correctly, and this task is most 
conveniently accomplished by examining the relative phases at tf = 0 and 

assigning directions (senses) with respect to the assigned mesh currents. It is 

also important to note that unless all of the generators have the same 

frequency, the entire technique fails (more properly, the problem reduces to 

the superposition of two independent problems, each involving one gener- 

ator and one frequency). 
Before proceeding to discuss the alternative nodal equations, it is 

appropriate to discuss voltage and current generators. In the preceding 

sections, circuit problems have been phrased in terms of pure sources of 
applied voltage. Such idealized devices cannot be constructed, of course, 

since practical devices always have a certain internal impedance. Thus, a 

practical generator consists of a source of voltage, V(t), in series with an 

impedance Z,, which is the internal impedance. Such a generator is shown in 
Fig. 13-15 connected to a load Z,. Several observations may be made. First, 
for maximum power transfer to the external load, Z, = Z/; that is, Z, and 

Z, should have equal resistive parts and reactive parts that are equal in 
magnitude but opposite in sign. The proof of this statement is left as an 

exercise. Secondly, a voltage generator is equivalent to a current generator 

delivering a current £(t) = V(t)/Z, shunted by the internal impedance. 

This equivalence for the circuit of Fig. 13-15 is shown in Fig. 13-16. It is 
easy to show this equivalence if it is noted that an ideal current generator 

vit §(t) = 7 (0) Z Zr 
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FIGURE 13-17 

Illustration of the method 

of nodal analysis in ac 

circuits 

delivers the current S(t) to any load connected to its terminals. The 

equivalence further means that in any circuit problem the generators may be 
taken either as voltage generators or as current generators, to suit the 

convenience of the situation. 

The nodal equations for a circuit result from the application of 
Kirchhoff’s current law I to each of the nodes, where a node is a point at 

which three or more elements join. In this procedure, Kirchhoff’s voltage 

law II is satisfied automatically. As a simple example of the application of 

the nodal equations, we refer to the circuit of Fig. 13-17. The nodal 
equations are obtained by requiring that the algebraic sum of the currents to 

each node be zero. The nodes are numbered, starting with zero for the node 

whose potential is the reference for the circuit. If the potental at node 0 is 
taken to be zero, then at node 1 

A tet aol 
S(t) = Z, ta Segre: (13-59) 

where V, and V, are the potentials of nodes 1 and 2, respectively. At node 2, 

PNAS NAR? — 13-60 
Z> Ze 2g ( ) 

Before proceeding, we make the observation that a quantity that is the 

reciprocal of an impedance would be a great convenience. Such a quantity is 

the admittance, symbolized by Y: Y = 1/Z. Admittances in parallel add, 
while admittances in series combine by adding reciprocals. In terms of 
admittances, Eqs. (13-59) and (13-60) become 

F(t) = (Y, + Y2)V, — KV 

0 = —Y,V, =f (Y2 ar Y; =F Y,)V> 

which are somewhat more convenient. The simultaneous solution of these 

equations yields the nodal voltages, V,; and V). 

We shall consider one more example of the use of nodal equations, 
namely, for the circuit shown in Fig. 13-18. The nodal equations are simply 

(13-61) 
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FIGURE 13-18 

Another circuit illustrat- 

ing nodal analysis 

*13-10 

FIGURE 13-19 

Four-terminal network 

written down in the form 

¥, = Y,V, + Y(V;, — Vo) F YAV, —_V3) 

0 = ¥,(V2 — Vi) + Y3V2 + Ys(V2 — Vs) (13-62) 

J, = Y¥,V,3 + Y;(V3 — V2) + Y,(V3 — Vi) 

These equations may be solved by standard techniques to obtain the 
voltages at the nodes. The fact that voltages rather than currents are 

obtained when the equations are solved is a major advantage, particularly in 

communications circuits. 

DRIVING POINT IMPEDANCE AND 
TRANSFER FUNCTIONS 

We shall now present simple definitions for the driving point impedance and 

transfer functions of a four-terminal network. These definitions are pre- 
sented because these terms appear in the technical literature and because 

they are sometimes a serious stumbling block to the uninitiated. Consider a 

four-terminal network, and call terminals 1 and 2 the input and 3 and 4 the 

output. If a generator of voltage V and internal impedance Z, is connected 
between terminals 1 and 2, and an impedance Z, between terminals 3 and 

4, as shown in Fig. 13-19, there will be a current J, in Z,, a current J, in Z,, 

Network 
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and a voltage V, across Z,. The driving point impedance Zp is 

V 

Ln D ib (13-63) 

The four transfer functions that relate the input variables to the output 
variables are defined as follows. 

Transfer impedance, 

V 

27, = (13-64) 
I, 

Transfer admittance, 

[; \ : aA (13-65) 

Current gain, 

I 
Gr== (13-66) 

f; 

Voltage gain, 

Vi 
Ar== - ia 97 (13-67) 

It should be noted that the driving point impedance and the transfer 

functions depend on the source and load impedances as well as on the 

internal structure of the network. In many cases, however, adequate 
approximations can be made by using a zero impedance voltage source or 
an infinite impedance current source and an infinite impedance or zero 
impedance load. 

A brief treatment such as the above cannot do justice to the subject of 
network theory; classics such as that of Guillemin,* as well as the multitude 

of more recent books, should be consulted for the details of this complex 
subject. 

13-11 —____—_- SOLVING NETWORK EQUATIONS 
WITH THE COMPUTER 

Finding the nodal voltages or loop currents in a complex network for a 
number of different frequencies is clearly a laborious task and one that is 
well suited to the use of a computer. To illustrate we consider a simple 

circuit known as the bridged-T network, as shown in Fig. 13-20. This circuit, 

*E. A. Guillemin, Communication Networks, 2 vols. (New York: Wiley, 1931 and 1935). 
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FIGURE 13-20 

Bridged-T network 

which is a special case of the one shown in Fig. 13-13 or 13-18, attenuates 

frequencies in a band centered at w ) = 1/RC while passing frequencies 

some distance from Wy with relatively little attenuation. Thus, it can be used 

as a filter for removing unwanted frequencies. While much better filter 

circuits are available, the bridged-T is simple and demonstrates many 

aspects of circuit analysis. The nodal equations for this circuit can be written 

1 1 

1 1 

L 

Introducing a dimensionless frequency, F = wRC and rearranging the 

equations to put the known input on the right-hand side gives 

(2 + iF)V,— V3 = Vo (13-68b) 

R 
-V, + (1 — iF + =—)V¥; = iFV (13-69b) 

Ve 

Taking Z, to be infinite, the solution for V3/ Vo is 

VSR Tel FSS CRRPNE Cae) 
= ] _— 10 - 7 7] ae A, + iA, = Ae (13-70) 

This closed form solution can be evaluated for any value of F = wRC. 

What is usually wanted, however, is a graph of V3;/V5 as a function of the 
frequency. For this purpose Eq. (13-70) must be evaluated repeatedly. This 

task is an ideal computer application. The simple program, BRIDGET2, in 
Fig. 13-21 computes the real and imaginary parts of the voltage gain and its 
magnitude and phase. 

Since frequency responses are most conveniently plotted with a log- 

arithmic frequency scale, the program first asks for the minimum value of F, 



13-11 Solving Network Equations with the Computer 331 

RRR Rn SSS 

FIGURE 13-21 

BASIC program for cal- 

culating voltage gain of 

ridged-T network 

100 'Reeeeekedkeeketanetedeeahhenethehheaheekeakekkeekeeheekeeteethkekeheneeeae 

110 ‘* * 
120 ‘# TRANSFER FUNCTION FOR A SIMPLE BRIDGED T (BRIDGET2) * 
125 /* NO ESSENTIAL LINE NUMBERS * 
130 ‘* bs 
140 ('Reeaketheteeaeekakekekanenkarkataeeeekekkeeckheekareeeeteeraeetearerekeeaeer 

Mya) 
160 CLS 

170 ‘Variable F = OMEGA*R*C is a dimensionless frequency. 
‘ 

190 INPUT “Low end of frequency range, FMIN = ", FMIN 
200 INPUT “Number of points per decade, N = ", N 
210 INPUT “Number of decades, M =", M 

220 ‘PRINT “Enter drive ‘D’ & file name ‘BRIDT##’ in format shown for data file" 

230 ‘INPUT "D:\BRIDT## =", FS 
240 PRINT 
250 PRINT “For lineprinter output LP = 1": INPUT "LP = ", LP 

‘ 

270 PRINT " Vy AR AI A THETA": PRINT 
280 IF LP = 1 THEN LPRINT " F AR AI A THETA" 
290 IF LP = 1 THEN LPRINT 
300 ‘OPEN F$ FOR OUTPUT AS #1 

2 

320 FOR K = 0 TO N * M 

330 P = FMIN * (10 * (K / N)) 

340 AR? a ((1) SRF 6 2) oh eRe 2). SRR 2) 2 2 $9 * FEA 2) 

350 Al. = CaP RR (2 =2 FP 2 OU SCI er 2) 2 eo eB Bh 

360 "TAl= ‘SOR(AR *F2 +)AT 2) 
370 THETA = ATN(AI / AR): ‘radians 
380 PRINT USING "##.#### "; F; AR; AI; A; THETA 
390 ‘PRINT#1, USING "####.### "; F, A 
400 IF LP = 1 THEN LPRINT USING "####.### "; F; AR; AI; A; THETA 
410 NEXT K 
420 ’ 
430 ‘CLOSE #1 
440 END 

the number of points per decade of frequency, and the number of decades. 

The calculations and printing are done in lines 320 to 410. Line 330 

generates a set of N frequencies per decade that are evenly spaced on a 

logarithmic scale. The balance of the program is standard simple calculation 
and printing.* The results for FMIN = 0.1, N = 10 points per decade, 
M = 3 decades are plotted in Fig. 13.22. This graph was produced by 

generating a data file and using a commercial technical graphing package. 

The program in Fig. 13-21 calculates 100 sets of values in about 20 seconds 

(on a computer with an 8088 processor chip, without coprocessor), an 
obvious enormous saving in time as compared to manual calculation. The 

avoidance of computational errors is another major advantage. In the 

future, we will refer to this approach as the algebraic approach. 

* Lines 210 and 220 provide for a disk data file that is opened in line 300, printed in 390, and 

closed in line 450. Since these lines are used to make a data file for plotting the frequency 

response, they are disabled by leading apostrophes in Fig. 13-21. Lines 240 and 250 provide 

for lineprinter output. Only the response LP = 1 will cause the program to produce a printed 

copy of the results. 

+The specific package used was TECH*GRAPH*PAD, Copyright Binary Engineering, 

Waltham, MA. 
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FIGURE 13-22 

Magnitude of voltage 

gain for bridged-T 
network 

TRANSFER FUNCTION 

0.10 1 0 100 

wRC 

If more than two equations are involved, obtaining the closed-form, 

algebraic solution is laborious and its evaluation requires a more complex 
program. Furthermore, a new program must be written for each new circuit. 

A useful alternative is to use a linear equation-solving program to obtain the 

required results. This approach will be called the matrix approach. The 
equations can be solved using the program G-J2KA, which we have already 

used in Chapter 3 (the listing is given in Fig. I-3 in Appendix I). There are 

two preliminary issues: The inputs to G-J2KA must be numbers and the 

numbers must be real. In Eqs. (13-68b) and (13-69b) the coefficients and the 

right-hand side, which comprise the inputs, depend on F and they are 
complex. A general scheme for solving such sets of equations would be first 
to pick a value for F and evaluate the coefficients and constants. The 
equations then involve complex numerical coefficients. Second, separate the 
equations into real and imaginary parts. A computer program to accomplish 

the separation is easy to devise. The number of equations is thus doubled 
but all of the coefficients and the right-hand sides are real. A standard 

program for solving linear equations, such as G-J2KA, can then be used to 

obtain a numerical solution. The next value of F is then selected and the 
process repeated. 

For the simple case of the bridged-T network we can deal with the 

frequency dependent, complex coefficients easily by writing Eqs. (13-68b) 

and (13-69b) as four equations with real, pases -dependent coefficients 
and constants as follows: wes 
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IGURE 13-23 L000 % RRRRRR RRA ARERR RERARRRAEREREAEAAAERHERRAERAREREAREARERAARAREAHERARARARARKK 

1010 ’* * 

Control program (in 1020 ‘* CONT1K: CONTROL PROGRAM FOR THE SOLUTION OF SIMULTANEOUS LINEAR * 
ASIC) f. vi 1030 ‘* EQUATIONS WITH MATRIX ELEMENTS THAT DEPEND ON A PARAMETER * 

) for solving net- 1040 ‘* (E.G. FREQUENCY) USING GAUSS-JORDAN ELIMINATION * 
vorks by the matrix 1050 ’* NO ESSENTIAL LINE NUMBERS * 

1060 ‘’* * 
pproach 1070 (RARER ARR AARHAARKERARRARRERRAARAAAKARAKKAAARAKAKRAARARARARAARARAAKKRAE 

1080 ’ 

1090 ‘The equations are A(I%,J%)W(J%) = D(I%) 
1100 .” 

1110 ‘Identifiers: 
11208" Ww W solution vector 
213004 M1% MAX% maximum dimension of matrices 
1140 ’ N1% NROW% number of rows 
Mao) N2% NCOL% number of columns 
1160 ‘End of identifiers. 
1170 ‘Formats: 

1180, AS = " ##.###****" 3s BS =o w##L747°%: CS m=" BF. SEEN 
1190 INPUT "Maximum number of equations M1% = ", M1% 
1200 DIM A(M1%,M1%), D(M1%), W(M1%) 

lf 

1220 GOSUB 4000:’Use SUB 4000 to read Al, A2, Dl and D2 
1230 ‘Specify the frequency range in terms of lowest frequency, 
1240 ‘number of points per decade and number of decades. 
1250 INPUT "Low end of frequency range, FMIN =", FMIN 
1260 INPUT "Number of points per decade, N=", N 
1270 INPUT "Number of decades, M =", M 
1280 PRINT " F W1 W2 W3 W4 WS we" 

1290 FOR K = O TO N*M 

1300 ¥F = FMIN*(10*(K/N)) 
T3210 GOSUB 5000:’Use SUB 5000 to compute matrix elements 

1320 ‘Matrix elements and constants have been evaluated for F. Now solve. 
1330 GOSUB 2000:’SUB 2000 is the Gauss-Jordan elimination program. 
1340 PRINT USING C$; F, 

1350 FOR I% = 1 TO N2% 

1360 PRINT USING C$; W(I%), 
1370 NEXT I% 

1380 PRINT 

1390 NEXT K 

1400 END 

FW, + 2W, —- W,=0 (13-72) 

—W, + W,; — FW,=0 (13-73) 

— W,+FW,+ W,=F (13-74) 

where F = wRC as before, and V2/V = W, + (Wo; V3/Vo = W, + iW,. 

These equations are in the form ) A,W, = D; and some of the quantities A ; 
and D, depend on F. Numerical values of these quantities must be obtained 
for each value of F before the equations can be solved for that value of F. 
The required instructions and inputs are provided by four short subroutines. 

The first is the control program, CONTIK, listed in Fig. 13-23. It sets the 

maximum dimensions of the arrays, calls subroutine INP4K, Fig. 13-24, 

which establishes the number of equations to be solved, and reads DAT6K, 
Fig. 13-25, to get the constants* Al(I, J), A2(I,J), D1(I), and D2(I) from 

* We use A,, for the symbolic quantity and A(I, J), as it appears in computer programs, for the 

numerical value. 
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ER SS SS 

FIGURE 13-24 4000 
j 4010 

Subroutine (in BASIC) 4020 

for use with CONT1K phe 
and G-J2KA 4050 

4060 

4070 
4080 
4090 
4100 
4110 
4120 
4130 
4140 
4150 
4160 
4170 
4180 
4190 
4200 
4210 
4220 
4230 
4240 
4250 
4260 
4270 
4280 
4290 

PU TTTETETETITTE LE LEELA eee eee PPE PTET ELE hk 

tk ra 

‘* INP4K: SUBROUTINE TO INPUT A1(I%,J%); A2(I%,J%); C1(I%); C2(I%) * 
‘* USE WITH: CONT1K, INP5K, DAT6K * 
‘* LINE NUMBER 4000 IS ESSENTIAL * 
‘tt * 

FHM TI IRR RTT ITT TR ERITREA EEE HERE REEEREAEEKEREERER 

DIM Al(M1%,M1%), A2(M1%,M1%), C1(M1%), C2(M1%) 

INPUT "How many equations? N1% = ", N1% 
’N1 is the number of equations with real coefficients, i.e., twice 
‘the number of equations with complex coefficients. 
IF (N1% > M1%) THEN PRINT "Subscript out of range": STOP 
IF (N1% < 2) THEN PRINT "Only one equation": STOP 
N2% = N1% 
"A(I%,J%) = A1(I%,J%) + F*A2(I%,J%); D(I%) = D1(I%) + F*D2(I%) 

PRINT 
PRINT "Coefficients Al, A2, D1 and D2 should be stored in lines 6000-" 
PRINT "If not, exit, type LIST 6000- and enter data." 
PRINT "Press CTRL BRK to exit. Press any key to continue." 
KS = INPUTS(1) 

PRINT 

FOR I% = 1 TO N1% 

FOR J% = 1 TO N1% 

READ Al(I%,J%) 
READ A2(1%,J%) 

NEXT J% 
READ D1(I%) 
READ D2(I%) 

NEXT I% 
RETURN 

which A(I,J) = Al(I, J) + A2(I, J) * F and D(1) will be calculated. Note 
that this subroutine and INPSK, also shown in Fig. 13-25, are both specific 
to this problem and must be modified if the circuit is changed. When control 
returns to the main program, the frequency range and number of points per 

FIGURE 13-25 5000 
5010 

Subroutines (in BASIC) 5020 
5030 for data entry and ma- 5040 

nipulation for use with 5050 
5060 

CONTIK 5070 
5080 
5090 
5100 
5110 
5120 
5130 
6000 
6010 
6020 
6030 
6040 
6050 
6060 
6070 

- 6080 
6090 
6100 
6110 
6120 
6130 
6140 
6150 

PIII FTI T TT TITRE TOKIO TKK KT TTT KT KK TOTO TTT TOR TOK TOT KKK RR KKK ERE KREERERREE 

‘kt 
* 

'* INP5K: SUBROUTINE TO COMPUTE A(I%,J%) and D(I$%) * 
vs! LINE NUMBER 5000 IS ESSENTIAL * 
‘* 

* 
FIFI TF IF RIT TO TOR TT TORTI TR TR TOT TOKIO TTT KT TOTO KT KR RE RK KARR KKK RRR EE 
‘ 

FOR I% = 1 TO N1%& 
FOR J% = 1 TO N1% 

A(I%,J%) = A1(I%,J%) + F*A2(I%,T%) 
NEXT J% 

D(I%) = D1(I%) + F*D2(1I%) 
NEXT I% 
RETURN 
FHT THI HFK HK HK KH HK KH KK HH HK KKK KERR KEKE KKK KKK KEKE KKKEK 

‘* * 

‘* DAT6K: DATA ENTRY FOR G-J INPUT SUBROUTINES INP4K and INP5K * 
th NO ESSENTIAL LINE NUMBERS * 
tk * 

DiAtt ite etter ee eee eee eee eee ese eee eee cece SSS SSS SSS SSS See eee ee ee eee ee reer. Ts 

‘Enter data A1(1I%,J%) ,A2(I%,J%) ,D1(I%) ,D2(I%). 
‘Use a separate line for each I. 
‘There will be N1 lines with 2*N1 +2 data items per line. 
A 

‘The following data are for the four equations for the Bridge T filter. 
‘ 

DATAV es 2)5 01,00. 10)-10), 0.0), = 15:0), =TS 0) O07 0.0, 0.0, 1.0, 0.0 

DATA 0.0, 1.0; AO “OBL 0.0; O07 =1 0), 0.0), 0207 OO 
DATA -1.0, 0.0, 0.0, 0.0, LO) 050) O10), ee= 110), 0:0; 58 O10 

DATA 0.0, 0.0, Soy 0.0, OOF 1.0, 1.0, 0.0, 0.0, 1.0 
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decade are entered and the headings for the output table are printed. 

Subroutine INPSK (Fig. 13-25) is then used to calculate numerical values for 
A(I,J) and D(l). This procedure completes the determination of the 

parameters in the equations to be solved, and on return to the main 

program, control is immediately shifted to G-J2KA, which solves the 

equations, and then returns once again to the main program. The main 
program (CONTI1K) prints the results, steps to the next F, and repeats the 

process. The output from this program is the set of real and imaginary 
components of the voltages at nodes two (W1 and W2) and three (W3 and 

W4). The pair for node three, W3 and W4 are just A, and A; as calculated 

above [Eq. (13-70)] using the algebraic approach. It takes about ten times as 
long to calculate the values for a single value of F. The programming is also 
more involved (even without using a subprogram to convert from equations 

with complex coefficients to equations with real coefficients). BRIDGET2 
has fewer than 20 essential lines, while the matrix approach using G-J2KA 

has well over 100 essential lines. Why bother with the matrix approach at 
all? The answer to this question is that in the matrix approach, it is not 

necessary to find the algebraic solutions to the nodal equations. Instead the 

equations are solved numerically for each frequency by the computer. For 

two equations, avoiding the solution of the algebraic equations is not a 

particular advantage. The advantage of the matrix approach, however, 

rapidly becomes apparent as the number of equations increases. The other 

advantage is that a whole new program must be written to evaluate each 
algebraic solution (or else a lot of error-prone algebra must be done as a 
preliminary), whereas in the matrix approach it is only necessary to revise 

the relatively simple input and data programs. Some of the problems at the 

end of the chapter explore these points in more detail. 

The third and final approach to solving network equations is to use 

commercial software. Most commonly used software is some version of 

SPICE (Simulation Program with /ntegrated Circuit Emphasis). As the 

name of the program indicates, SPICE is not limited to passive networks, 

but it deals with them very effectively. In SPICE, all of the nodes in a circuit 

are numbered and all the circuit elements named, for example, R1, C4, and 

so on. Each circuit element is entered into a “Netlist” that contains its 

name, the nodes between which it is connected, and the numerical 

parameters that characterize it. Driving voltages or currents are specified, as 

is the kind of analysis to be done: ac, dc, or transient. The output format is 
specified and the software does the rest. In an ac analysis, the equivalent of 
the matrix approach above, SPICE calculates all of the impedances, 

constructs the proper equations, and solves them for each value of 

frequency in the desired range. The output is presented in tabular or 
graphical form and data lists suitable for postprocessing can be written. 

Learning to use SPICE requires some effort, but if complex circuits must be 
analyzed—and especially if active circuits (circuits involving vacuum tubes 

or semiconducting. devices) or nonlinear circuit elements must be 
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considered—the effort is well worthwhile. More information about SPICE 

can be found in Meares and Hymowitz.* 

SUMMARY 

As for de circuits, the analysis of circuits carrying slowly varying currents 

depends on Kirchhoff’s current and voltage laws, here applied at each 

instant of time. The current and voltage of a linear resistance are 

instantaneously related by Ohm’s law: 

Vr = Jey 

The analogous laws for a linear inductance and a linear capacitance are 

dl } 
Veal Vo=zas L dt G G Q 

where I = dQ/dt. For a single loop circuit containing an applied voltage 

Y(t), Kirchhoff’s laws result in the differential equation 

dQ HC tell 
Loa iRise. A 

(For a more complicated network, the result is a system of such linear 

second-order differential equations.) The general solution is a superposition 

of a particular solution (steady-state solution), plus the general solution of 
the corresponding homogeneous equation obtained by putting V(t) = 0 
(transient solution). The arbitrary constants in the latter are chosen so as to 

satisfy the initial conditions imposed. 

* The transient solution is exponential in ¢; if the exponent is complex, 
the imaginary part physically represents an oscillation of Q and J. The real 

part represents a decaying behavior (transient), with a decay time which is 

small for large R. For most practical circuits, the decay time is typically a 
fraction of a second. 

* The steady-state behavior is discussed only for a sinusoidal applied 
voltage (ac). (Constant voltage is the special zero-frequency case; an 

arbitrary time dependence could be represented as a Fourier synthesis.) If 
the applied voltage V,(t) = Vo cos wt is represented in the complex form 

V = Vem 

the steady-state current has the same frequency w, 

I = Le 

*L. G. Meares and C. E. Hymowitz, Simulating with SPICE (San Pedro, CA: Intusoft, 1988). 
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The complex impedance Z is defined by 

Y = ZI 

When Z is expressed in polar form, 

Z = "|Zfe" 

the modulus |Z| gives the amplitude of the current 

Lol = Vo/|Z| 

and 6 gives the phase relative to the applied voltage. Ohm’s law and its 
extensions yield 

Zr = ne py = iwoL, Ze or a. 

since J = iwQ. 

* The analysis of the steady-state behavior of linear ac circuits is exactly 

parallel to that of dc circuits, with the complex impedance serving as a 
generalization of the dc resistance. 

¢ The instantaneous power dissipation is P(t) = Re /(t) Re V(t). For ac 

excitation at a single frequency, the time-average power dissipation is 

P = 3 Jol |Vol cos 8 

The power factor, cos 6, is 1 for a pure resistance and 0 for a pure 
inductance of capacitance. The “effective” voltage and current are \Vol/V2 

and |J|/V2. An equivalent expression for the time-average ac power is 

P =4Re(I*V) 

¢ As a function of frequency, a series circuit exhibits a resonance near 

Wo = 1/VLC, where |Z| is a minimum and |J,| is a maximum. The sharpness 

of the resonance is given by 

_ _®o_ _ ®ob 
DAD eR 

A parallel circuit also has a resonance near W) = 1/VLC, where |Z| is a 

maximum and |J)| is a minimum. 

¢ A transformer is the most common mutual inductance circuit element. 
An ideal transformer is one for which the ratio of secondary to primary 
current is the inverse of the ratio of secondary to primary voltage, and this 

ratio is frequency independent. 

¢ Complex ac network problems are most easily solved by means of a 

computer. Two rather straightforward approaches that can be implemented 

on a personal computer are the algebraic approach and the matrix 

approach. More complex circuits such as those involving nonlinear or active 

circuit elements are best handled through the use of commercial software. 

Q 
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PROBLEMS ——— 13-1 An inductance of 2H and a resistance of 3 Q are connected in series with a5 V 

battery and a switch. Determine the current, and the rate of change of current 

(dI/dt) in the circuit at the following times after the switch is closed: (a) 0.3s, 

(b) 1s, (c) 4s. 

13-2 A circuit consisting of an inductance Lo, a resistance Ro, and a battery V has a 

steady current J = V,/Ro through it. A switch in the circuit is opened at time ¢ = 0, 
creating an arc across the switch. (a) If the arc resistance is given by k/J, where the 
constant k < VY, determine the current through the arc as a function of time. 

(b) What is the final steady value of current through the arc? 

13-3 A capacitor C, a resistor R, and a battery VY are connected in series with a 

switch. The switch is closed at time ¢ = 0. (a) Set up the differential equation 
governing the charge Q on the capacitor. (b) Determine Q as a function of time. 

13-4 A capacitor C with charge Q, is suddenly connected in series with a resistance 

R and inductance L. (a) Determine the current as a function of time. (b) Show that 

there are three different types of solution, depending upon whether R* — 4L/C is 

less than, equal to, or greater than zero. The first of these conditions is called 

underdamped, the second critically damped, and the third overdamped. 

13-5 A real capacitor C has a parallel leakage resistance R, and it is connected in 

series with an ideal inductance L. (a) Calculate |Z|. (b) Find the approximate values 

at high and low frequencies and at resonance, assuming that R is large. (c) Sketch a 
graph of |Z| versus w. 

13-6 Repeat Problem 13-5 if the leaky capacitor is in parallel with the perfect 
inductor. 

13-7 The circuit of Fig. 13-1 has an additional capacitor C’ shunting the entire 

R-L-C combination. R = 1002, L = 1H, C = 100 uF, and C’ = 10 uF. Make a 

plot of the impedance |Z| versus frequency from zero to f = 10* Hz. 

13-8 The series combination of a resistance R and an inductance L is put in parallel 

with the series combination of resistance R and capacitance C. Show that if 

R’ = L/C the impedance is independent of frequency. 

13-9 A wire-wound resistor has a dc resistance of 90.00 Q and an inductance of 
8 wH. (a) What is the phase angle of the impedance at 1000 Hz? (b) A capacitor is 

placed in parallel with the resistor to reduce the phase angle to zero at 1000 Hz 

without changing the resistance appreciably. Over what range of frequency is the 

phase angle less than it was before the capacitor was added? 

13-10 (a) A capacitance C in parallel with a resistance R has an impedance Z. If a 

capacitance C’ in series with a resistance R’ has the same impedance Z, find the 

required values of C’ and R’ in terms of R and C for a given w. (b) If the dissipation 

factor is defined as D = wR'C', show that D = 1/wRC and that the phase of the 
current is 6 = tan '(—1/D). 

13-11 Prove Eq. (13-34) for the time-average power dissipation in a circuit that 
carries an ac current /(t) = he", with V(t) = ZI(t). 

13-12 An ac generator with internal impedance Z, is connected in series with a 
variable load impedance Z,. Prove that maximum power is transferred to the load 
when Z, = Z;. 

13-13 Consider the circuit of Fig. 13-6, with L = 4mH, C = MFM, TR ES DVD) 



Problems 339 

R, = 40Q. Find the following set of frequencies: (a) where w = 1/VLC, 

(b) where the impedance is maximum, (c) where the current through R, is in phase 
with the generator voltage. 

13-14 Show that the quality factor Q defined in the text can be expressed as 27 

times the maximum energy stored in the circuit, divided by the energy dissipated in 

one cycle. This statement is sometimes used as the definition of Q and is 

independent of specific circuit parameters. 

13-15 A crossover network for a hi-fi set is to be designed so that two loudspeakers 

(each of resistance R) are connected to the output stage of an amplifier. One 

speaker is to receive predominantly high frequencies, the other predominantly low 

frequencies. The network is as shown in Fig. 13-26. The two capacitors are each of 

capacitance C and the two inductors each of inductance L. (a) Find a relationship 

between L and C for a given R such that the network presents a purely resistive load 

(= R) to the amplifier at all frequencies. (b) The crossover frequency w, is defined 

as the frequency at which each speaker receives half of the power delivered by the 

amplifier. For a given R and w, determine L and C. 

T'rom amplifier 
oo 

FIGURE 13-26 

13-16 A 1 uF capacitor is first charged to 100 V by connecting it to a battery; it is 

then disconnected and immediately discharged through the 300-turn winding on a 

ring toroid. The toroid has a mean radius of 20cm, 4 cm’ cross-sectional area, and 
an air gap of 2 mm (see Fig. 9-16). Neglecting copper losses, hysteresis, and fringing, 
calculate the maximum magnetic field subsequently produced in the air gap. Take 

the relative permeability of the toroid equal to 5000. 

13-17 A potential difference of 1 V at a frequency f = 10°/z Hz is impressed across 

the circuit of Fig. 13-27. The mutual inductance of the coils is such that they are in 

opposition. Find the current in the upper branch. 

14,000 Q 

M =2 mH 

FIGURE 13-27 
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13-18 A 60Hz power transformer (turns ratio 2:1) has a primary inductance of 
100H and a dc resistance of 20Q. The coupling coefficient between primary and 

secondary is close to unity. If 1000 V is placed across the primary, calculate the 

current in the primary winding (a) when the secondary is open-circuited, (b) when a 

load resistance of 20 Q is in the secondary circuit. 

*13-19 Three identical capacitors and three identical inductors are connected as 
shown in Fig. 13-28. Find the natural frequencies of the system. [Hint: Use mesh 

analysis, with current of an assumed frequency w, and show that the three equations 

obtained are compatible for certain w only.] 

FIGURE 13-28 

13-20 In the circuit shown in Fig. 13-14, Z, = 2 + Si, Z, = 8 — i, Z, = 4 + 3i. The 

voltage generators are in phase with each other: VY, = 10 V, V, = 2V. Determine /, 
and J,. 

13-21 Consider the circuit shown in Fig. 13-17. Z,=R; Z, is the parallel 

combination of resistance R and capacitance C; and Z; = R and Z, = 1/(iwC). Z; 
and Z, together comprise the load impedance Z,. Determine the transfer function 
G7 as a function of F = wRC and plot its magnitude from F = 0.1 to 10. 

13-22 For the circuit of Fig. 13-20, Z, = 10R. Derive an equation for V3/V, in 
terms of F = wRC. 

13-23 Consider the circuit of Fig. 13-20 with Z, made up of the parallel combination 
of 2R and 3C. Find equations of the form (13-71) to (13-74) for the voltage ratios 
V,/Vo and V3/Vo. 



‘CHAPTER 1 4 

Physics of 
Plasmas 

A plasma is a highly ionized gas, with properties so special that it is 

sometimes called a fourth state of matter. Gases that are highly ionized are 

good conductors of electricity. The charged particles in such a gas interact 

with the local electromagnetic field; furthermore, the organized motion of 

these charge carriers (currents, fluctuations in charge density) can produce 

magnetic and electric fields. When subjected to a static electric field, the 
charge carriers in the gas rapidly redistribute themselves in such a way that 

most of the gas is shielded from the field. To the relatively field-free regions 
of the gas where positive and negative space charges are nearly balanced, 

Langmuirt gave the name plasma, while to the space-charge or strong-field 

regions on the boundary of the plasma he gave the name sheaths. 

Equivalently, we may say: An ionized gas that has a sufficiently large 

number of charged particles to shield itself, electrostatically, in a distance 
small compared with other lengths of physical interest, is a plasma. A 
somewhat more precise definition in terms of the shielding distance will be 

given in Section 14-2. The earliest interest in plasmas was in connection with 

gaseous electronics (electrical discharges through gases, arcs, and flames); 

recent interest has been directed toward problems in theoretical astrophys- 

ics and the problem of ion containment in thermonuclear (fusion) reactors. 
In this chapter, we shall look at some of the basic properties of a plasma 

and develop a few simple ideas for studying plasma applications. A more 

thorough discussion can be found in books on plasma physics. + 

* This chapter may be omitted without loss of continuity. 

+I. Langmuir, Physical Review, vol. 33, p. 954 (1929). 

¢tSee, for example, J. A. Bittencourt, Fundamentals of Plasma Physics (Oxford: Pergamon 

Press, 1986); and F. F. Chen, /ntroduction to Plasma Physics, 2nd ed. (New York: Plenum 

Press, 1984). 
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14-1 THEORETICAL APPROACHES TO PLASMA DYNAMICS 

The general area of study embracing the interaction of ionized gases with 

time-dependent electromagnetic fields is called plasma dynamics. For many 

of the problems in this area, and these are the more important and 

interesting ones, it is impossible to treat a plasma adequately in terms of a 

purely macroscopic formulation. Instead, it is necessary to use what is 
known conventionally as kinetic theory. The motions of individual ions and 
electrons must be studied; their collisions with other particles must be taken 

into account through solution of the Boltzmann transport equation. Thus a 

rigorous formulation for plasma problems exists, but their solution is 
extremely difficult in general, except for situations where it is permissible to 

neglect some of the terms in the Boltzmann equation. There are, however, 

three approximate formulations that provide considerable insight into what 

is happening inside the plasma. 
The first of these methods is equilibrium theory, which rests on the 

premise that collisions between charged particles are sufficient to maintain 

the well-known Maxwell-Boltzmann velocity distribution for particles in the 

body of the plasma: 

m 3/2 ( 
P. ) ene /2kT dv, dv, dv, 

2nkT 
N,v) du, dv, du, = Noy( 

where No, is the number of particles of type j per unit volume in the plasma, 

Uy, Uy, and uv, are the components of velocity, m, is the mass of type j 

particles, and 7 is the absolute temperature. Kinetic and transport 

properties may then be calculated in terms of this velocity distribution. 

The second approximate method is orbit theory, which treats the motion 

of charged particles (ions and electrons) in prescribed electric and magnetic 

fields. These fields may be functions both of position and of time. Orbit 

theory is a good approximation to particle motion in a plasma when 

collisions between particles do not play the dominant role—that is, when the 

mean free path for collisions is large compared with characteristic dimen- 

sions of the orbit. Under these conditions the effect of collisions can be 
treated as a perturbation, and the primary problem centers around making 

the “‘prescribed”’ electromagnetic field self-consistent. In other words, the 

prescribed field must be the sum of the external field and the field produced 
by the orbiting particles. 

The third approximate treatment is the hydromagnetic formulation. 
Here one uses the classical electromagnetic equations (Maxwell’s equations) 

in conjunction with the classical equations of fluid motion. Evidently, the 
hydromagnetic treatment is just a macroscopic description of the plasma. It 

becomes a good approximation when the mean free path for collisions is 
very small compared with distances of physical interest in the plasma 
system. The hydromagnetic picture forms a good starting point for 
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discussing the collective motion of particles in the plasma, for example, 
plasma oscillations. 

The rigorous kinetic theory approach to plasma problems is beyond the 
scope of this book. On the other hand, many important properties of 

plasmas can be discussed in terms of the approximations outlined above. 
For simplicity, we assume that the plasma consists of electrons (charge, —e) 

and singly charged positive ions (charge, +e); neutral atoms may be 

present, but we shall ignore such complications as ionizing collisions and 

recombination of electrons and ions. 

In Section 14-2, we encounter a plasma under stationary or steady-state 

conditions, for which equilibrium theory is well suited. In Sections 14-3 and 
14-4, on the other hand, we shall be much concerned with individual 

particle motion, and here orbit theory is applicable. Finally, in Sections 14-5 

through 14-8 we shall treat some dynamic aspects of the plasma, and we 

shall do this within the hydromagnetic framework. 

ELECTRICAL NEUTRALITY IN A PLASMA 

One of the most important properties of a plasma is its tendency to remain 

electrically neutral—that is, its tendency to balance positive and negative 

space charge in each macroscopic volume element. A slight imbalance in the 

space-charge densities gives rise to strong electrostatic forces that act, 

wherever possible, in the direction of restoring neutrality. On the other 

hand, if a plasma is deliberately subjected to an external electric field, the 

space-charge densities will adjust themselves so that the major part of the 

plasma is shielded from the field. 

Let us consider a rather simple example. Suppose a point charge +Q is 

introduced into a plasma, thereby subjecting the plasma to an electric field. 

Electrons find it energetically favorable to move closer to the charge, 

whereas positive ions tend to move away. Under equilibrium conditions (see 

Section 5-3), the probability of finding a charged particle in a particular 
region of potential energy U is proportional to the Boltzmann factor, 

exp (—U/kT). Thus the electron density N, is given by 

N, = Noexp (e z —) (14-1) 

where @ is the local potential, @ is the reference potential (plasma 

potential), 7 is the absolute temperature of the plasma, and k is 

Boltzmann’s constant. No is the electronic density in regions where m = Go. 

If No is also the positive ion density in regions of potential @p, then the 

positive ion density N; is given by 

a al ll 2 14-2 
N, Ny exp ( Saar ( ) 
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The potential @ is obtained from the solution of Poisson’s equation: 

eal =) 1 2No€ . (e£—*) 
—— (r*—+] = ——(Ne — N,e) = sinh L? te (14-3a) 
Padr\" dr Ee yin kT 

This differential equation is nonlinear, and hence must be integrated 

numerically. On the other hand, an approximate solution to Eq. (14-3a), 

which is rigorous at high temperature, is adequate for our purposes here. If 

kT > eq, then sinh (ey/kT) = ep/kT, and 

iwc ( af _ 2Noe* 
aie ble (~ — Po) (14-3b) 

The solution to this equation is 

Pp (- 4 (14-4) 

where r is the distance from the point charge +Q, and h, the Debye 

a + — 

? a 4m€or 

shielding distance (or Debye length), is given by 

€ kT 1/2 

= (set) (145) 0 

Thus the redistribution of electrons and ions in the gas is such as to screen 
out Q completely in a distance of a few A. 

An ionized gas is called a plasma if the Debye length, A, is small 
compared with other physical dimensions of interest. This restriction is not 
severe so long as ionization of the gas is appreciable. One finds, for 

example, that for an ionized gas at T = 7000 K and Ny = 10'* electrons or 
ions/m*, the Debye length is 2.2 x 10°-°m. 

PARTICLE ORBITS AND DRIFT MOTION 
IN A PLASMA 

The orbit of a charged particle q moving in a prescribed electric and 

magnetic field may be calculated directly from the force equation: 

Fee iy) (14-6) 

We shall find it convenient to start with relatively simple field configura- 
tions, and then to generalize to fields which are slowly varying in space. 

A constant electric field applied to a plasma is not particularly 
interesting because the plasma adjusts itself by developing a thin sheath of 
space charge, which shields the main body of plasma from the field. On the 
other hand, a constant magnetic field causes the particles to gyrate about 
the field lines without altering the space-charge distribution. 
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Case 1: Uniform Magnetic Field (E = 0) 

This motion is the same as that described in Problem 8-1, but because it 
forms the basis for more complicated orbital motion in plasmas, we discuss 

it here in some detail. It should be emphasized, however, that Case 1 is 
applicable to many other situations besides plasmas; for example, it is 

fundamental to the operation of particle accelerators, such as the cyclotron 
and betatron. 

The Lorentz force is always at right angles to the velocity v of the 

charged particle; hence its kinetic energy remains constant: 

K = 4m,v* = constant (14-7) 

where m, is the mass of the particle. It is convenient to resolve the velocity 
Vv into two compoennts: v,, parallel to B, and v,, in the plane perpendicular 

to B. Since v,, is unaffected by the field, K, = 4m,v{ remains constant also. 
It follows that 

K, = im,v2, = K - K, (14-8) 

is also a constant of the motion. 

The Lorentz force provides a centripetal acceleration. Thus 

and R (the radius of the orbit) is given by 

ai Us 
qB 

The radius R is frequently called the Larmor radius of the particle. The 

complete motion of the charged particle is described as a gyration of the 

particle in an orbit (the Larmor orbit) superimposed on the uniform motion 

of the orbit center, or guiding center, along a magnetic field line. The 

resulting helical motion is shown in Fig. 14-1. 
The magnetic field acts to confine the plasma by bending the particles in 

circular orbits. Of course, no confinement is observed in the field direction. 

For ions and electrons of the same kinetic energy K,, the electrons gyrate 
in much smaller orbits, the ratio of the two Larmor radii being equal to the 
square root of the mass ratio. 

(14-9) 

article motion in a uni- 

orm magnetic field Rene 
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An interesting quantity, which we shall have occasion to use later, is the 

magnetic moment of the gyrating particle. By definition, the magnetic 

moment m is given by current X area: 

qu. 2 K, mes Eevee De 14-10 
Ulett 2 Rits B Oca 

Inspection of Fig. 14-1 shows that m is directed opposite to the magnetic 

field and is thus a diamagnetic moment. 

Case 2: Uniform Electric and Magnetic Fields (E 1 B) 

If an electric and a magnetic field are simultaneously applied to a plasma, 

and E is perpendicular to B, then there is no tendency to produce a sheath. 
In fact, we shall see that positive and negative space charge drift together in 

the same direction. For convenience, let the particle velocity v be written as 

v= uy: (14-11) 

Then Eq. (14-6) may be written as 

F=q(E+uxB+vyv’' XB) (14-12) 

A particular choice for u causes the first two terms on the right of this 
equation to cancel each other: 

E xB 
u= ay ale = Uy (14-13) 

The remaining force, qv’ x B, is just what was studied under Case 1. 

The total motion of the particle is thus made up of three terms: (a) 

constant velocity vj, parallel to B, (b) gyration about the magnetic field lines 

with angular frequency uv /R = qB/m,, and (c) a constant drift velocity 
ug = E/B at right angles to both E and B. Some examples of this motion 
are shown in Fig. 14-2. 

The velocity uz defined by Eq. (14-13) is called the plasma drift velocity 

or the electric drift velocity. It is important to note that u, does not depend on 

FIGURE 14-2 
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the charge, mass, or velocity of the particle. Thus all components of the 

plasma drift along together even though their individual gyrations may be 
vastly different. 

Our derivation of Eq. (14-13) was obtained in a nonrelativistic fashion: 

If either uz or v should approach c (the speed of light), then Eq. (14-11) 
must be replaced by an expression consistent with a Lorentz transformation. 

On the other hand, it turns out that Eq. (14-13) for the drift velocity is 
always correct* so long as |E| < c |BJ. If |E| > c|B\, the magnetic field 

cannot prevent the particle from moving in the direction of E. 

Case 3: Magnetic Field Constant in Time, 
but Space-Dependent (E = 0) 

Let us suppose that a charged particle is moving in a nearly uniform 
magnetic field, one in which the field lines are slowly converging in space. 
The particle motion may be treated as a perturbation of the helical orbit in 

Fig. 14-1. 
The motion will be something like that shown in Fig. 14-3. We may 

easily verify that there is a force tending to push the particle into the weaker 

magnetic field region. To specify the problem precisely it will be assumed 

that the flux line through the guiding center coincides with the z-axis and 

that the magnetic field has azimuthal symmetry about the z-axis. Taking the 
z-component of Eq. (14-6), we obtain 

dv, 
F, = m,— = qvoB,|,<r (14-14) 

dt 

FIGURE 14-3 ioe 
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* The simplest way to treat the case where |E| is less than but not small compared with c |B| is 

to make a Lorentz transformation, transforming both the particle velocity and the fields. The 

velocity of the moving system is given by uy (Eq. 14-13), and the force in the moving system 

is given by 

oe ui) 1/2 

2 
(® 

F’ =q(v' x B)( 
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But V-B = 0 or, for the case in point, 

B; 
: = 0 

= 

Since the field lines are converging slowly, 9B,/dz may be taken constant 

over the orbit cross section, yielding 

Lob, 

DS Bie 

Furthermore, vg is analogous to the v, of Case 1. Making these substitu- 

tions in Eq. (14-14) gives 

dv, 1 OB, OB, 
= —-qR ee 14-16 pig ee Gate Paks Fem alae aS 

the last form being obtained through the use of Eq. (14-10). 
The total kinetic energy K of the particle is unaltered in the magnetic 

field, since the Lorentz force, which is always at right angles to the velocity, 

can do no work. K ,, defined in (14-8), is not constant here; neither is K,, 

but we may write 

(14-15) 

d/l d Ghee ey 
dt (5 vi) a ee es 

the last form coming from Eq. (14-10). On the other hand, we may multiply 

Eg. (14-16) by vu, = 92z/dt to obtain 

d “(5 2) a OB, Oz _ _ 9 ab: 

Fy shcipln ated eg pote ae (14-18) 

where d/dt represents the time derivative taken along the dynamical path. - 

By comparing Eqs. (14-17) and (14-18), we see that the magnetic moment m 

is a constant of the motion. It should be emphasized, however, that this is 

an approximate result that holds only so long as B, varies slowly. If B were 
to change substantially in distances of the order of R, the approximations 
used in the derivation of Eq. (14-18) would break down. 

Of further interest is the fact that the particle is constrained to move on 

the surface of a flux tube. This follows because the magnetic flux through 
the orbit is 

meu, 2am 

3 Bi by iF wo B ate oT 
© = BwtR* = 2B Pm (14-19) 

and m is constant. The motion of the particle is depicted schematically in 
Fig. 14-4. 

The z-component (parallel component) of the force, Eq. (14-16), is 

always in such a direction as to accelerate particles toward the weaker part 
of the field. Gyrating particles that are approaching regions of stronger 
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IGURE 14-4 
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magnetic field are thus slowed down—that is, v, is decreased. On the other 
hand, conservation of energy requires that simultaneously the orbital 

motion u, be speeded up. If the convergence of the magnetic field is 

sufficient, the particle will gyrate in an ever-tighter helical spiral until it is 
finally reflected back into the weaker field. 

14-4 __ SC MAGNETIC MIRRORS 

The results of the preceding section show that a slowly converging magnetic 
field can, in principle, confine a plasma. At right angles to the principal field 

direction the particles are bent into circular orbits; along the principal 

direction of the field the particles are slowed down and finally reflected by 

the converging field lines. Such a field configuration is called a magnetic 

mirror. At least two mirrors must be used in any confinement system; a 

system of this type is shown in Fig. 14-5. 

-IGURE 14-5 
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Not all particles can be confined by the mirror system, however. The 

field lines cannot be made to converge to a point; thus there is a large but 
not infinite magnetic field B,, at the mirror. If the particle has too much 

‘axial kinetic energy,” it will not be turned back by the mirror field, and it 

will be able to escape. 
Because the magnetic moment is a constant of the motion, we find, 

according to Eq. (14-10), that 

Ko. _ Kis 
Bo B, 

Here the subscript 0 refers to the central region of Fig. 14-5, and the 

subscript 1 to the reflection point. At the reflection point, however, 
K, = K. Furthermore, K, the total kinetic energy, is a constant of the 

motion. In order that the particle be reflected, the mirror field B,, must be 

greater than B,, that is, 

K 
Bin > Brum a Bo 

OL 

Or 

Ko. . Bo ane (14-20a) 

If the initial velocity uo makes an angle @, with the field direction, then 
Uo, = Uo COS Oo and Vo, = Vo Sin Oo. Equation (14-20a) then reduces to 

Sint Cae en (14-20b) 
bop 

as the criterion for reflection. For example, if the mirror field is one 

hundred times as intense as Bo, then particles with velocities making an 

angle of less than 6° with the field direction escape from the system. 

The collisions between particles in the central region of the-mirror 
system tend to produce an isotropic velocity distribution. Thus the net result 

of collisions is that particles are continually scattered into a region of 
velocity space such that they can escape from the system. As a result of 

collisions particles can also ‘‘diffuse’’ at right angles to the field direction, 
and so eventually escape. 

THE HYDROMAGNETIC EQUATIONS 

Collective motions of the particles in a plasma, such as the ‘‘pinch effect”’ 
and plasma oscillations, are handled best in the hydromagnetic formulation. 
According to this description, the plasma is regarded as a classical fluid that 
obeys the conventional equations of hydrodynamics. The fluid, however, is 
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an electrical conductor, and thus electromagnetic forces must be taken into 

account explicitly. 

The force on a unit volume of the plasma may be written as 

F,=JxB-Vp (14-21) 

where J is the current density and p is the fluid pressure. Other forces, such 

as gravitational and viscous forces, may also be included, but are neglected 

here in the interest of simplicity. Because of the approximate electrical 
neutrality of the plasma, the term pE need not be included along with other 

force terms in Eq. (14-21). Deviations from neutrality must be considered, 
of course, in Poisson’s equation, but they are usually ignored in the 

dynamical equations. 
Momentum balance requires that 

dy OV cS = |S 4 Wv- vy] =F, = 3x B- Wp (14-22) 

which is the equation of motion, or the Euler equation, of the fluid. Here € 

is the mass density of the plasma and v its fluid velocity. For problems in 

which the hydrodynamic motion is not particularly large, the term contain- 
ing (v- V)v can usually be neglected.* 

It is sometimes convenient to interpret the J x B term of Eq. (14-21) as 
arising in part from a “magnetic pressure.’’ This interpretation can be done 

with the aid of Ampere’s circuital law, Eq. (9-29), which, specialized to the 

plasma case, is 

Vx B=uJ (14-23) 

and the vector identity 

B x V x B = V(3B’) — (B- V)B (14-24) 

Thus 

Ba 1 
Jx B=-—BxVxB=-V¥(—-)+—(B-VB (14-25) 

Uo 2Uo Ho 

and 

B? 1 
F, = —Vp -— v(—) + —(B-V)B (14-21a) 

2Uo Ho 

The quantity B*/2u, which is, of course, the magnetic energy density, also 

plays the role of a magnetic pressure, p,,: 

ewig (14-26) 

* Although it may not be neglected in steady-flow problems for which the term ov/ot vanishes 

explicitly. 
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It should be emphasized, however, that —Vp,, gives in most cases only part 
of the magnetic force. The remaining force comes from the (1/uo)(B- V)B 

term. When J = 0, the two terms on the right of Eq. (14-25) cancel each 

other. 
As an example of the utility of the magnetic pressure concept, consider 

a unidirectional magnetic field. The equation V-B = 0 guarantees that B 
does not change along the field direction. Since space variations can occur 
only in directions at right angles to B, it follows that (B-V)B = 0 for this 

case. Equation (14-21) reduces, therefore, to 

F, = —V(p a Pm) 

and the condition for static equilibrium of each volume element is 

P+ Pr, — constant 

In other words, for this example the sum of the fluid pressure and the 

magnetic pressure must be space-independent. 

In addition to Eq. (14-22) and the macroscopic equations governing the 

electric and magnetic fields,* we require two additional relationships to 
complete the hydromagnetic formulation. These are (1) the equation of 

continuity for the plasma fluid: 

very) aa.0 (14-27) ot 

and (2) an equation relating J to the field quantities. The latter relationship 
is simply a generalized form of Ohm’s law that, under certain conditions, 
may be written as 

= g(E + v x B) (14-28a) 

Here v X B is the “motional electric field’ arising from hydrodynamic 

motion of the plasma in a magnetic field, and g is the conductivity of the 
plasma. 

An approximation that is frequently made is that of infinite conduc- 

tivity. The advantage of this approximation is that it permits a substantial 
simplification of the hydromagnetic equations, thus presenting a much 

clearer picture of the physical processes going on in the plasma. In some 

problems, particularly astrophysical ones, the approximation is quite good. 
For the case of infinite conductivity, Ohm’s law reduces to 

IY — 0 

E+vxB=0 4-59 

*The Maxwell equations are summarized in Section 16-2. The reader will note that in Eq. 

(16-10), the original Ampere’s circuital law has been modified through inclusion of the 

displacement current, OD/0. Actually, the displacement current does not play an important 

role in most hydromagnetic phenomena. 
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"IGURE 14-6 
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Infinite conductivity (or, for practical purposes, high conductivity) has 

an important consequence; namely, that the magnetic flux is frozen into the 

plasma. If Eq. (14-28b) is combined with the differential form of Faraday’s 
law of induction, we obtain 

oB 
—=Vx (vy x B) (14-29) ot 

The normal component of this equation integrated over a fixed surface S 
yields 

d 
< | Benda = [v x (v <x B)- nda 
dt Js s 

or 

d® 
<= pv x Bedi = $ B (dl x v) (14-30) 
dt Cc C 

where C is a fixed contour in space through which the plasma moves due to 

hydrodynamic motion. From Fig. 14-6, we see that $¢-dl x v may be 

regarded as the increase in area, per unit time, of the cap surface that is 

bounded by C, and $.B- dl x v is the magnetic flux associated with this 

increased area. Equation (14-30) simply states that the flux change per unit 

time through the contour C is just what we should calculate geometrically 
on the basis that all flux lines move along with the fluid. We conclude, 

therefore, that the lines of magnetic induction are ‘frozen’? into the 

perfectly conducting material. 

THE PINCH EFFECT 

The tendency of a high-current discharge through a plasma to constrict itself 

laterally is known as the “pinch effect.’’ The basic mechanism causing the 
pinch is the interaction of a current with its own magnetic field or, 
equivalently, the attraction between parallel current filaments. The pinch 

14-6 



354 14 Physics of Plasmas 

effect was first predicted by Bennett, and later independently by Tonks.* A 

somewhat different picture of the pinch, showing its inherent instability, was 

given by Rosenbluth. 

Let us consider a current discharge of cylindrical symmetry through the 

plasma. The current in the discharge is axial, and its magnetic field is 

azimuthal. From Ampere’s circuital law, the magnetic induction at distance 

r from the axis of the discharge is given by 

AGS He [sory dr’ (14-31) 

From this it follows that 

OB : 1 
is Au — He | J(r')r' dr’ + UJ (r) = —- Br) + vol (r) (14-32) 

r r° Jo r 

The magnetic force per unit volume is 

F, = J x B = —J(r)B(r)a, (14-33) 

where a, is a unit vector in the r-direction. Eliminating J(r) between Eqs. 

(14-32) and (14-33) yields 

| Ge eA See eel et 14-34 
My Or Mor ( 

This force can be converted to an equivalent pressure, p.,, by writing 

F, = —9p,,/0r, and then integrating: 

} B? + : aH 4 (14-35) Pe => — < —_ cde - 

» etaite Mo Jo 1 

We are particularly interested in the pressure on the lateral boundaries of 

the discharge. Following Rosenbluth, we restrict our attention to the 

high-conductivity case where the magnetic field lines cannot penetrate 

appreciably into the conducting fluid.t Here the integral in Eq. (14-35) 

contains no contribution from the discharge region. At the boundary of the 

discharge, r = R, and the pressure is just what we have called the magnetic 
pressure, Pm: 

1 
Brat B*(R) (14-36) 

*W. Bennett, Physical Review, vol. 45, p. 890 (1934); L. Tonks, Physical Review, vol. 56, p. 

369 (1939). 

7M. Rosenbluth, “Dynamics of a Pinched Gas,” from Magnetohydrodynamics, edited by Rolf 

Landshoff (Stanford: Stanford University Press, 1957). 

{ The nonpenetration of the field lines follows from the results of the preceding section and the 

fact that both the current and magnetic field are initially very small in the discharge. 
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It is evident from Eq. (14-35) that the magnetic pressure is uniform in the 
outside region, but zero or very small inside the discharge. Thus the pinch 
effect can be viewed as coming about from the sudden buildup of magnetic 
pressure in the region external to the discharge. 

The pinching of the discharge results in plasma compression. If the 

pinch could contract in a stable manner, it would proceed until the magnetic 

pressure in the external region was equal to the fluid pressure in the 

discharge. Let us treat the plasma as a perfect gas, whose fluid pressure 

p = NkT. Then, at the final radius R of the discharge, 

1 Uo 

2427*R? 

1 
— B(R) = P = NkT 

0 2uU 

where J is the current in the discharge. This expression may be solved for 
the current: 

P= 2( 2) “‘AR°NKT = 2( 2) "AgNokT 
4n 4x aiies tes 

since conservation of particles requires that AyNy = 2R°N. Here Ap is the 

initial cross section of the discharge, Np is its initial particle density, 

Mo/4a = 10°’ T- m/A, and Boltzmann’s constant k = 1.38 x 10°7J/K. In 
order to achieve the temperature of 10°K required for a thermonuclear 
(fusion) reactor, with Ag = 0.04m? and Ny = 107! particles/m*, a pinch 
current of approximately one million amperes is required. 

It is easy to see that the pinch is an inherently unstable phenomenon. 

The magnetic pressure on the boundary of the discharge depends on its 

radius as well as on its detailed geometry. Small perturbations will grow if 

the pressure changes that result are such as to enhance these perturbations. 

Figure 14-7 shows that small ripples on the bounding surface of the 

discharge, as well as kinks, fall into this category, producing the so-called 
sausage and kink instabilities of the pinched plasma. 

MAGNETIC CONFINEMENT SYSTEMS FOR 
CONTROLLED THERMONUCLEAR FUSION 

Much of the current interest in plasma physics is motivated by our need to 

develop alternative sources of energy and the possibility of using a 

thermonuclear plasma of deuterium and tritium for an energy source. Both 

the pinch effect discussed in the preceding section and the magnetic mirror 

concept (Section 14-4) are being used in experimental fusion reactor systems 

in attempts to confine the thermonuclear plasma magnetically. Although the 

pinch effect is inherently unstable, its stability can be improved by supplying 

additional components to the magnetic field and by optimizing design 

parameters. 
. 

An important quantity for the design of fusion reactor systems is the 
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FIGURE 14-7 
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ratio of kinetic pressure p = NkT to the total pressure (kinetic plus 

magnetic p,,). This ratio is given the symbol f: 

26 Piao NkT 

[B?/2uo + p) [B?/2uo + NT] 
where WN is the sum of the ion and electron densities in the plasma. Fusion 

reactors are generally characterized by their B-value. Low 6 refers to values 

less than 0.01 and high B values lie between 0.1 and 1.0. The plasma is 

either deuterium or a deuterium-tritium plasma with temperature in excess 
of 10° K; its density is in the range 10’? m~° to 1077 m~*. Confinement does 
not have to be absolute, but must be for a long enough period T so that 
more energy is produced in the thermonuclear reaction than is consumed in 

establishing the plasma conditions. Confinement is believed to be adequate 
when the Lawson condition is met: 

B= (14-37) 

Nite 0 i eae Peele (14-38) 

where N, is the ion density in the plasma. 

The most active area of investigation relating to magnetic confinement 

involves a class of reactors designed to confine toroidal, or doughnut- 
shaped, plasmas. And within this class, the tokamaks show considerable 
promise. The name derives from a series of Tokamak experiments carried 
out at the I.V. Kurchatov Institute of Atomic Energy in Moscow, but it now 
applies to a generic class of experimental reactors that are characterized by 
a toroidal, diffuse pinch. The tokamak is a low to moderate B device. The 
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magnetic field in the plasma has a poloidal* component due to current 

flowing in the plasma in response to a toroidal electric field, and a toroidal 

component produced by external coils, so that the resultant field traces out 

helical curves within the doughnut-shaped plasma. There are a number of 

tokamak devices in operation around the world: Several of the more 
advanced-design tokamaks operating in the mid-1980s were the Joint 

European Torus (JET), the Tokamak Fusion Test Reactor (TFTR) in 

Princeton, Alcator C at Massachusetts Institute of Technology, and GA 

Technologies’ D III-D. These devices operated with a maximum plasma 

current of several million amperes, had magnetic fields of the order of 2 
tesla, and had f’s in the range of 0.03 to 0.06, although techniques for 

achieving stable operation at higher 6 have since been developed. Some 

devices operated within a factor of ten of the Lawson break-even condition; 
for example, TFTR operated at Nt = 10'°m~*s, T = 2 x 10°K, and 
another device operated at Nt = 2 x 107°m~?s, T = 2 x 10’K. 

-The next stage in tokamak development is the Compact Ignition 

Tokamak (CIT) originally planned for operation in 1990, but delayed due to 

funding problems. Still contemplated, this device is to have a toroidal 
magnetic field of 10 tesla and a maximum plasma current of 9 million 

amperes. Its goal is a N,t of 2 x 10°°m~*s and a temperature of 2 x 10°K 
and the achievement of an actual ignition of a deuterium-tritium plasma— 

that is, a self-sustaining thermonuclear burn that continues for a while after 

all external heating is turned off. The CIT device is to be used to study the 

physics of plasma heating by alpha particles produced in the primary fusion 

reaction. 
Examples of experimental devices with high f are the theta-pinch fusion 

reactor and the magnetic mirror reactor. The theta-pinch concept uses a 

toroidal-shaped plasma, but of substantially higher density than that of a 

tokamak. The magnetic mirror is not a true confinement system in that 

plasma leaks out the ends; however, it can amplify the power of an injected 

beam. The magnetic mirror is a high B device but uses a lower density 

plasma than the theta-pinch reactor. 
For a more detailed discussion of experimental fusion reactor systems 

the reader is referred to one of the following revues: 

“Fusion Reactor Systems” by F. L. Ribe, in Reviews of Modern 

Physics, Vol. 47, p. 7 (1975). 

“Fusion Energy in Context: Its Fitness for the Long Term,” by J. P. 

Holdren, in Science, vol. 200, p. 168 (April 1978). 

“Progress in Toroidal Confinement and Fusion Research” by H. F. 

*If the toroidal plasma were cut (for example, at the slot marked d in Fig. 9-15) and 

straightened into a cylinder, the poloidal component would become the azimuthal component 

and the toroidal component would become the axial component. 
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Furth in From Particles to Plasmas, edited by J. W. Van Dam 

(Reading: Addison-Wesley Publishing Co., 1989). 

Fusion: The Search for Endless Energy by Robin Herman (Cambridge: 

Cambridge University Press, 1990). 

PLASMA OSCILLATIONS AND WAVE MOTION 

One of the interesting properties of a plasma is its ability to sustain 
oscillations and propagate waves. Various types of oscillatory behavior are 

possible, and because of the nonlinear character of the hydrodynamic 

equations, these oscillations can be quite complex. We find it expedient to 

restrict our attention to some rather simple cases, which, nevertheless, have 

been observed in controlled experiments. 

Case 1: Electrostatic Plasma-Electron Oscillations 

Electrostatic oscillations in a plasma were first discussed by Tonks and 

Langmuir.* Actually, there are two possible types of electrostatic oscilla- 

tions: high-frequency oscillations that are too rapid for the heavy ions to 

follow, and oscillations of the ions that are so slow that the electrons are 

always distributed around the ions in a statistical manner. We discuss the 
first case only, the so-called electron oscillations. 

Let us fix our attention on a region of plasma containing a uniform 

density of positive ions, N. There are no negative ions. Initially, the 

electrons also have uniform density N, but let us suppose that each electron 

is displaced in the x-direction by a distance & that is independent of the y- 

and z-coordinates and is zero on the plasma boundaries. The displacement 

of electrons disturbs the neutral plasma, producing a charge in each volume 
element Ax Ay Az: 

dp Ax Ay Az —Ne Ay A2|é ~_ ¢ + = ar)| 

fe) 
Ax Ay Az Neo 

Ox 

The displacement of the electrons produces an electric field E(x, t) that, 
because of the symmetry of the problem, is in the x-direction. Thus 

or 

*L. Tonks and I. Langmuir, Physical Review, vol. 33, p. 195 (1929). 
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which, when integrated, yields 

Ne E=—é& (14-39) 
Eo 

Here, the constant of integration has been taken equal to zero, since sheath 
formation will shield the plasma from a uniform electric field. 

The force on each electron is —eE, which, according to Eq. (14-39), is 

proportional to the displacement §&. It is also seen to be a restoring force. 
Thus each electron oscillates about its original position with simple 
harmonic motion. The equation of motion for each electron is 

ly safe ee Ye (14-40) 

The “plasma frequency,” f, = w,/22, is defined, therefore, by 

Ne2 1/2 

W, = tae) (14-41) 

where m, is the electron mass. 

As a numerical example, we have f, = 9.0 x 10’s~' for a particle density 

N = 10" electrons/m’. 

Case 2: Hydromagnetic or Alfvén Waves 

Hydromagnetic waves represent true wave propagation in a conducting 

medium that is subjected to a constant magnetic field. This behavior, which 

was first predicted by Alfvén* in 1942, is consistent with the hydromagnetic 
formulation of a plasma discussed in Section 14-5. 

Before proceeding to the differential equations, let us look at the 
physical processes in the plasma from as elementary a viewpoint as possible. 
Consider an infinite plasma subjected to a constant, uniform magnetic field 

B, that is directed along the z-axis. If a segment of the plasma, the 

rectangular section ABCD in Fig. 14-8 that extends parallel to the y-axis, is 

given a velocity v directed parallel to the positive y-axis, then the charge 

carriers (ions and electrons) experience forces 

qi(¥ X Bo) 

that tend to separate the positive and negative carriers. The segment ABCD 

thus becomes a seat of motional emf, its right-hand end tending to charge 

up positively, its left end negatively. But since we are dealing with a 

*H. Alfvén, Cosmical Electrodynamics, 2nd ed. (New York: Oxford University Press, 1963). 
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FIGURE 14-8 

The segment, ABCD, of 

plasma moves in the 

positive y-direction. The 

currents that are gen- 

erated are depicted 
schematically. ; 

conducting medium, the plasma external to ABCD completes the electrical 

circuit. A few of the current lines are shown in the figure. 
The induced current now interacts with the magnetic field Bp. It is easy 

to verify that the force density J x By, in the segment ABCD is such as to 

oppose its motion, whereas the force on external parts of the plasma is such 

as to accelerate it in the positive y-direction. Eventually, ABCD will have 

slowed down, and its motion will have been transferred to neighboring 
segments of the plasma. The mechanism is still operating, however, and the 

whole process is repeated, thus propagating the disturbance farther in the 

+z-direction. 

We now turn to the differential equations. Let B = B, + B,, where By 

is the constant, uniform field parallel to the z-axis and B, is the magnetic 

field set up by the induced currents. Using the results of the preceding 

paragraphs as a guide, we look for the simplest type of wave motion, 
characterized by v,, E,, J,, and B,,, other components vanishing. From 

Ampere’s law, 

OB, 
peu -_= Lod x (14-42) 

Oz 

and the Euler equation of the fluid, Eq. (14-22), gives the two relations 

ou 
oa = —-J;Bo (14-43a) 

and 

op 
= By a - Speier (14-43b) 

Equations (14-43) may be combined with (14-42) to yield 

au, _ Bo 2By 
Bt ob Bz (14-44) 
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and 

Jie 1B; o(Biy) 

az 2Uo Oz Oi 

The generalized Ohm’s law may be written as 

1 1 OB, 
E, = -—v,B) + -J, = —v,Bo - — - alo bagi avn Ratan bangngi Oz fe? 

Finally, Faraday’s law yields 

OB, ok. 
5" = 5, (14-47) 

If uv, is eliminated between Eqs. (14-44) and (14-46) and E£, is eliminated 

between the resulting equation and Eq. (14-47), we obtain, on the 

assumption of constant €, 

a Big te vie By Lie B vy 

ot? uscor*e Pepper et Laie 

which is the equation governing the propagation of Alfvén waves. 

If the conductivity g of the plasma were infinite, then Eq. (14-48) would 

become identical with the wave equation whose solution is discussed in 

Sections 16-4 and 16-5. In these circumstances, Eq. (14-48) describes a 
plane, undamped wave moving parallel to the z-axis with phase velocity 

Bo 
Uv, = =v (14-49) 
7 Vob 

As a numerical example, take By =0.01T, ¢€ = 10°°kg/m* = 
10° g/cm’; then uv, = 2800 m/s. 

In order to see what results for finite conductivity, we try a solution to 

Eq. (14-48) of the form 

Bi = b, exp[az + iat] 

This solution is satisfactory, provided 

2 ay es SE Soe ap 1. 14-50 
uz + iw/guo ( ) 

with u, as defined in Eq. (14-49). For small damping, 

2 

a ~ (iD + = ;) (14-51) 
2gUoUp 

Thus the solution to Eq. (14-48) is a damped plane wave propagating in the 
+z-direction. The distance 6 in which the amplitude of the wave is reduced 
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to 1/e of its original value is 

3 iS) 

A eva No (14-52) 
2 wm Wiese 

@ Bo Sw 

SUMMARY 

Highly ionized gases are good electrical conductors; a plasma is a region of 

highly ionized gas in which the static electric field and net charge density are 
nearly zero. Three different approaches to the analysis of plasma behavior 

are the equilibrium kinetic theory, orbit theory, and the macroscopic 

hydromagnetic theory. 

* The equilibrium theory, based on the statistical Boltzmann factor, 

shows that an external charge Q located in a plasma is shielded by the 
plasma in a distance called the Debye length. That is, the unshielded 

Coulomb potential Q/4m€ or is replaced by 

Bs Q —rlh 

Tes An€or 

where the Debye length h is 

€okT 

2Noe- 

¢ Orbit theory is based on particle motions under the force 

F = q(E + v X B) 

In a uniform magnetic field, a particle of mass m, moves freely along the 

field line but gyrates around it. The orbit is a helix with the Larmor radius 

_ MV 4: 
qB 

The free particle has a diamagnetic moment. If the field is nonuniform, the 
particle gyrates in a tighter spiral as it moves into a stronger field along 
converging field lines; at the same time its axial motion slows down and is 
finally reversed. The result is a magnetic mirror. 

* The hydromagnetic approach is based on the macroscopic force law for 
unit volume 

F, = J x B— Vp 

where p is the fluid pressure. Sometimes the first term can be approximated 

by —Vp,,, where the ‘magnetic pressure”’ is equal to the energy density, 

B2 

soap 2 
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The magnetic pinch effect can be treated as a compression of the plasma by 
the magnetic pressure outside it. 

¢ The macroscopic approach also leads to plasma waves. The “electro- 

static’’ waves are oscillations at the plasma frequency (for the electrons) of 

pe | Ne? 

ss M.€o 

with infinite wavelength. The ‘Alfvén’ waves propagate in a uniform 
magnetic field By with a phase velocity 

ac ibe uae 

14-1 The condition for orbit theory to be a good approximation to the motion of an 

electron in a plasma is that t > 22m,./Be, where t is the mean collision time (see 

Chapter 7) and 22m,/Be is the cyclotron period in the magnetic field B. Show that 

this statement is equivalent to n « n,, where n, = B/Nee is the Hall resistivity. 

14-2 Consider a steady-flow hydromagnetic problem in which v, J, and B are 

mutually orthogonal. Assume that v is in the x-direction and that v, J, and B are 

functions of x only. Assume also that the channel cross section (perpendicular to x) 
is independent of x. Show that 

gatiy Sel aif rector (ae) | 
where Up is the velocity when € = €), B = Bo. 

14-3 Calculate the Debye shielding distance and the plasma frequency w, for (a) the 

sun’s chromosphere (T = 5000K, electron density = 3 x 10'?/m®); (b) the iono- 
sphere (T = 300K, electron density = 10'*/m*); and (c) an arc discharge (T = 
4000 K, electron density = 10°?/m’). 

14-4 The electrical resistivity of a tenuous gaseous plasma in which the current is 

carried predominantly by electrons is given by [see Lyman Spitzer, Physics of Fully 

Ionized Gases (New York: Interscience, 1956)]: 

InA n = 6.53 x 10°Z 753 ohm - m 

with A = 1.28 x 10’ T*?/(ZN2?). Here T = temperature in K, N, = electron 
density (per m*), and Z is the charge number of the predominant ion. Take Z = 1, 
and calculate 7 for the three cases of Problem 14-3. 

14-5 A uniform electric field of 10*V/m is directed at right angles to a uniform 

magnetic field B = 0.1T. (a) Determine the plasma drift velocity for charged 

particles. (b) Plot the cycloidal path in a plane perpendicular to B for a proton with 

velocity V, = 10° m/s and for a proton with v, = 10° m/s. 

14-6 An asteroid with no atmosphere has a magnetic dipole field. At a distance of 

200 km (from-its center) and at 6 = 90 the magnetic field is 10°°T. A proton finds 
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itself trapped by the field at this point; it has an orbital speed of 10° m/s and the 

same speed parallel to the field. (a) Describe its subsequent motion. (b) At what 

angle 6 is the particle reflected? (Use the results found in Problem 8-28.) 

14-7 Determine the Alfvén velocity and attenuation distance for (a) chromosphere 

of the sun (€ = 10°’ kg/m’, 5000 K, B = 10~* T), and (b) liquid mercury at 20°C 
(€ = 13,600 kg/m’, B = 0.1T). 

*14-8 A homogeneous sphere of radius a and electrical conductivity o’ moves with 

velocity —v¥,) in a nonviscous, incompressible fluid of conductivity o in the presence 

of a uniform magnetic field B,. The velocity v, is parallel to By. (a) Calculate the 

Joule loss resulting from induced currents in the system, and (b) by equating this 

result to the rate at which mechanical energy is dissipated by the sphere (F,vo), 

calculate the drag force F,. Assume potential flow in the fluid: In the coordinate 
system in which the sphere is at rest, the fluid velocity is given by 

Vv =v, + 3a V(vo-r/r’) 

relative to an origin at the center of the sphere. [For a discussion of this and related 

problems, see J. R. Reitz and L. L. Foldy, Journal of Fluid Mechanics, vol. 11, p. 

133 (1961).] 



JHAPTER 1 5 

Electromagnetic 
Properties of 
Superconductors 

In this chapter, we consider another special class of materials— 
superconducting solids—of very great theoretical interest and growing 

practical importance. Conductors that have zero resistance and can carry 

current without the power dissipation discussed in Chapters 7 and 13 have 
many potential applications, some of which have been realized. It is less 

obvious, but the magnetic behavior of superconductors is of equal impor- 
tance because of the limitations it imposes on applications. Our focus here is 

mainly on the magnetic properties of the superconducting state. 

THE HISTORY OF SUPERCONDUCTIVITY 

Superconductivity was first discovered in 1911 by H. Kammerlingh Onnes at 

Leiden. He observed that as a sample of mercury was cooled, its resistance 

disappeared abruptly and apparently completely at 4.2K. In a more 

sensitive experiment using a persistent current induced in a loop of 

superconducting wire, Kammerlingh Onnes estimated the resistance in the 
superconducting state to be at most 10~'* of the resistance in the normal 
state. In more recent experiments at the Massachusetts Institute of 

Technology, it was found that an induced current of several hundred 

amperes in a superconducting lead ring showed no change in the magnitude 
of the current for a period of at least one year, which provides strong 

evidence that the resistance in the superconducting state is indeed zero. The 

early experiments opened up a whole field of endeavor to characterize the 
new effect. It has been found that more than 20 elements and hundreds of 

alloys and intermetallic compounds are superconductors with transition 
temperatures ranging from substantially less than 1K (e.g., 0.12K for 

hafnium) to about 23K, as well as perovskite compounds containing 

copper-oxygen bonds (the latter materials having transition temperatures 

365 
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FIGURE 15-1 

Plot of critical field H 
versus temperature for a 
type I superconductor 

Superconducting 

higher than 100 K in some cases). The transition, or critical, temperature is 
the temperature at which the transition from the normal state to the 
superconducting state takes place and is characteristic of the particular 

material being considered. The critical temperature depends to some 

extent on both the chemical purity and crystalline perfection of the sample 

being tested. Actually, inhomogeneities in the purity and strain of the 

sample generally tend to broaden the temperature range of the transition 

between the normal and superconducting states. A pure well-annealed 

sample may have a transition-temperature range as small as 0.001 K. 
If a large enough magnetic field is applied parallel to a superconducting 

wire, it is found that the sample will become normal. The magnitude of the 

field that causes the transition is dependent on both the material and the 

temperature and is called the critical field. If a field is applied in some other 
direction, the sample will start to become normal when the actual field at any 

point on the surface reaches the critical field. The field-temperature plot 

that can be made has essentially the same thermodynamic significance as the 

pressure-temperature diagram for ordinary phase transitions, and the curve 

itself may be considered as the phase boundary between the normal and 

superconducting thermodynamic states (see Fig. 15-1). The shape of the 

curve is generally parabolic and is given to a good approximation by the 

equation 

A, = Hy{1 a CTY TE)"] 

where H. is the critical field, T is the absolute (or Kelvin) temperature of 

observation, and 7. and Hp represent the sample characteristics (critical 
temperature at zero field and critical field at zero absolute temperature). In 
addition to broadening the transition, inhomogeneities may also have a 
marked effect on Hj, sometimes increasing it by orders of magnitude. Such 

effects are of major importance in applications with high magnetic fields. 
In the early history of superconductivity, the application of Maxwell’s 

equations to a perfect conductor led to the conclusion that the time rate of 
change of the magnetic induction in the interior of the superconductor 
should be zero. Thus, depending on whether the sample was cooled to 
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below the transition temperature in the presence or absence of an applied 
magnetic field, magnetic flux should be trapped or excluded. This idea was 
so firmly believed that it was not until 1933 (22 years after the discovery of 
superconductivity) that W. Meissner and R. Ochsenfeld first tested it 
experimentally. The results of their experiments proved the hypothesis to be 

false and that, in all cases, irrespective of whether the sample is cooled in or 
out of a magnetic field, the magnetic induction in a superconductor is zero. 

This effect is called flux exclusion or, more commonly, the Meissner effect. 
An essentially equivalent statement is that a superconductor behaves as 

though it had zero permeability or a perfect diamagnetic susceptibility. The 

main significance of the Meissner effect is that it demonstrates that a 

superconductor is characterized by more complex electromagnetic pro- 

perties than simple infinite conductivity. Any satisfactory explanation of 

superconductivity has to explain both zero resistivity and the Meissner effect 
in a natural way. 

Because of the Meissner effect, for applied magnetic fields less than the 

critical field H., the field does not penetrate the specimen and it remains 

superconducting; for fields larger than H. (and oriented parallel to a wire 
specimen), the field penetrates it and the superconducting state is de- 

stroyed. Strictly speaking, this statement describes the magnetic behavior of 

so-called type I superconductors. There is another type of superconductor 

(type II), and here the magnetic behavior is more complicated: At low 
magnetic fields the flux is completely excluded (just as it is in type I 

behavior), which persists up to a lower critical field H.,. At fields above this 

value, the flux partially penetrates, but superconductivity is not destroyed 

until the flux penetrates completely at the upper critical field H... Between 

H., and H,,, the type II material does not exhibit a perfect Meissner effect. 

The magnetic behavior of both type I and type II materials is shown in Fig. 

15-2. 
Ever since the discovery of superconductivity by Kammerlingh Onnes 

there has been a dedicated effort to find superconducting materials with 

higher transition temperatures (it was hoped that a material could be found 

with a T. above the boiling point of liquid nitrogen). But after decades of 

GURE 15-2 
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TABLE 15-1 

Properties of Supercon- 

ducting Materials 

Material THis UH, (tesla)* Aap (107 ™ m) 

Aluminum 1.18 0.0105 505 

Lead 7.20 0.0803 390 

Mercury 4.15 0.0411 400 

Tantalum 4.47 0.0829 345 

Tin SI 0.0305 510 

Type Il 
Superconductors MoH, Bol 2 (tesla)* 

Niobium 9.25 0.14, 0.42 380 

Nb,Sn 18.0 C017 7.0 400 

V,Ga 16.8 0.04, 35.0 

Nbp clic 9.3 ae) 310 

LaSrCuO,_ 5 38.5 0.15, — 2200 

N/Bas Gu Ong 92.5 Olizaior 1400|| 

75001 

Bi,Sr,CaCu,O, 90 0.02, 60.0 >2500 

Tl,Ba,Ca,Cu,0,, 122 0.015, 100.0 >2500 

* Critical field H, at T = 0K; H,, and H., measured at 4.2 K except for V,Ga (0K), Nb,Sn 

(14 K), and the high 7., Cu-O superconductors (77 K). || means parallel to the Cu-O planes, 

and 1 means perpendicular to the Cu—O planes. 

Source: Data from Handbook of Chemistry and Physics, 70th ed. (Boca Raton, FL: CRC 

Press, 1989); Copper Oxide Superconductors by C. P. Poole, T. Datta, and H. A. Farach 

(New York: John Wiley & Sons, 1988); and Proceedings of the IEEE 77 (No. 8), issue on 

High 7. Superconductivity (August 1989), 

research, the highest 7, produced was in the vicinity of 23 K. Then in 1986 J. 

G. Bednorz and K. A. Miiller discovered superconductivity in a new class of 

materials—a perovskite compound containing layers of copper and oxygen 

atoms—with a 7. above 30K. This discovery stimulated intensive research 

on this new class of ceramic superconductors, and by early 1987, materials 

with 7. greater than 90K were found. Bednorz and Miiller were awarded 

the 1987 Nobel Prize for Physics for their discovery of this new class of 
superconducting materials. 

Table 15-1 hsts a number of superconducting materials along with their 

properties. It will be noted that some of the type II materials have very large 

critical fields (H..). Technological applications of superconductivity usually 
require a material that remains superconducting in large magnetic fields, 
and it is, therefore, the type II materials that are particularly useful. The 

quantity in the last column of the table is the experimentally determined 
value of the penetration depth, A... (A is defined in Section 15-4). 

From a theoretical point of view, much has been done, starting with the 

application of thermodynamics to the superconducting transition by W. H. 
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Keesom as early as 1924. In 1934 a phenomenological explanation of the 
second-order transition and other properties, based on a two-fluid model, 
was developed by C.J. Gorter and H.B.G. Casimir. This work was 

followed (1935) by F. and H. London’s account of the Meissner effect. In 

this chapter, we shall be mainly concerned with the so-called London 
equations (developed by the latter two scientists). But until the isotope 
effect was discovered in 1950,* there was little successful theoretical work 

directed toward a microscopic theory of superconductivity. In 1950, 
however, H. Frohlich developed a theory based on the interaction of 

electrons with vibrating atoms in the crystal lattice, which explained the 
isotope effect but failed to predict other properties of the superconducting 
state. Then in 1957, J. Bardeen, L. N. Cooper and J. R. Schrieffer 

developed a microscopic or quantum-mechanical theory of superconduc- 
tivity that has been quite successful. As a result of their work, Bardeen, 
Cooper, and Schrieffer were awarded the Nobel Prize in Physics in 1972. 

The last-mentioned theory (BCS theory) accounts in a natural way for 

the second-order phase transition, the Meissner effect, and other thermo- 

dynamic and electromagnetic properties of superconductors. According to 

BCS theory, superconductivity manifests itself as a phase transition arising 

from the pairing of electrons. This pairing results from the interaction of 

electrons with lattice vibrations in the material. In some ways, superconduc- 
tivity is analogous to a Bose-Einstein condensation of bound pairs of 
electrons; both effects (superconductivity and the Bose-Einstein condensa- 
tion) are essentially quantum mechanical and have no simple classical 
interpretation. BCS theory appears capable of predicting, at least qualita- 

tively, all of the experimental results relating to superconductivity, with the 

possible exception of superconductivity in the high-T., copper-oxide perov- 
skites. But even in the latter case, the phase transition appears to arise from 
electron pairing, although the origin of pairing may be electron interaction 
with some other type of crystal excitation instead of with lattice vibrations. 

The subject of superconductivity has developed into a very rich field of 
study. Nevertheless, the two complementary phenomenological theories— 

the Casimir-Gorter two-fluid theory and the London theory—together are 
adequate for the consideration of many problems involving superconduc- 
tors. The Casimir-Gorter theory deals mainly with thermodynamic ques- 
tions and is consequently only of peripheral interest here. The London 

theory, however, is for the most part an augmentation of Maxwell’s 

equations for the purpose of constructing an electromagnetic theory that is 

“Experiments on elemental superconductors of varying isotopic composition show that 

T.M‘? = constant, with M the isotopic mass. The first experimental work was done by E. 

Maxwell and by C. A. Reynolds et al. The effect is now known as the isotope effect and is a 

clue that the interactions between the superconducting electrons and the ion cores of the 

crystal lattice play an important role in superconductivity. 
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competent to deal with situations involving superconductors. (Strictly 

speaking, the London theory was developed for type I superconductors, but 

it can be applied qualitatively also to situations involving a type II material.) 

The balance of this chapter is concerned with the development of the 

London theory and its application to a few simple situations. 

PERFECT CONDUCTIVITY AND PERFECT 
DIAMAGNETISM OF SUPERCONDUCTORS 

We noted in the preceding section that superconductors exhibit two unique 
properties. They have essentially infinite conductivity, and they also exclude 
magnetic flux as demonstrated by the Meissner-Ochsenfeld experiment (so 

long as the magnetic field at the surface of the superconductor nowhere 

exceeds the critical field). These properties are independent in the sense 

that neither implies the other but, of course, both must and do emerge from 

satisfactory microscopic theories of superconductivity. To see more clearly 

what is meant by the independence of those two properties, we examine the 

behavior of a perfect conductor, but one that does not exhibit the Meissner 

effect in a magnetic field. 

Consider a sphere whose conductivity can be switched from a finite 

value to infinity in some way, for example, by changing its temperature. 

When the conductivity is infinite the electric field is zero everywhere inside 

the material, and consequently its curl and 9B/dt are also zero. Thus, if the 

sphere is cooled (attaining perfect conductivity) in a uniform field Bo, the 

flux density in the sphere remains Bo, even if the applied field is reduced to 

zero, until the perfect conductivity is destroyed. On the other hand, if the 

sphere is cooled in zero field, the flux density remains zero until the perfect 

conductivity is switched back to normal conductivity. Thus perfect conduc- 

tivity does not imply flux exclusion and consequently B = 0 is a postulate 

that must be introduced separately. Similarly B = 0 does not imply perfect 

conductivity, for a material with susceptibility x,, = —1 would always have 
B = 0, and this would not restrict the possible conductivity of the material. 

In this chapter, we are primarily concerned with the magnetic aspects of 

superconductivity (infinite conductivity will be further discussed but will not 

play an important role in the problems considered here), and appropriate 
formalisms for this will be developed. The first approach, which represents 
the smallest deviation from what has already been done (cf. Chapter 9), is 
to say that inside a superconductor B = uo[H + M] = 0 and at boundaries 
between superconductors and other media, the tangential component of H 
and the normal component of B are continuous. This approach views the 
superconductor as a magnetic material with susceptibility y,, = —1; that is, 
a medium which exhibits perfect diamagnetism. At the surface of the 
superconductor, magnetization currents flow with surface density jy = n 
[Mout — Min] with n the outward drawn normal to the surface (note that 
M,,, 1s usually zero); inside the superconductor, volume magnetization 
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currents flow with density Jy, = V x M (cf. Chapter 9, particularly Section 
9-1). 

An alternative description puts B = H = M = 0 inside the supercon- 

ductor and invokes a real surface current j; = n X H,,, (since H,, is 

assumed to be zero). In this description there are no currents of any kind 

flowing in the interior of the superconductor. These two descriptions of a 

superconductor are so strikingly different that it is pertinent to ask how they 
are related. The usual statement is that they are equivalent when properly 

interpreted. However, it seems appropriate to consider the question in more 
detail. We first note that there are two differences between real transport 

currents and magnetization currents. The first of these is that transport 

currents are sources for H while both transport and magnetization currents 

are sources for B. Since B is the magnetic field quantity that is accessible 

while H was introduced mainly to have a magnetic field quantity determined 

by the transport currents, this first distinction between the two kinds of 

currents is clearly convenient but somewhat artificial. The second distinction 

is that transport currents in normal materials are dissipative (i.e., give rise 

to joule heating) while magnetization currents are not. But for supercon- 

ductors, even this distinction disappears. Furthermore, since it can be 

shown that the magnetization of superconductors is not due to spins (and 
consequently is associated with orbital motions of charge carriers), the two 
descriptions appear to be equivalent. An alternative succinct statement is 

that since only B is measurable, we can choose M and H according to 

relatively arbitrary rules so long as we apportion J and Jy, accordingly and 

appreciate that they cannot be distinguished in a superconductor. 

For most of what will be done, the H, M #0 description will be 
convenient because it is a natural extension of what has been done earlier 

for normal materials and because this formulation leads to boundary value 

problems of a more conventional nature. In the next section, however, two 

problems will be considered, each in both formulations, in order to clarify 

the equivalence. 

EXAMPLES INVOLVING PERFECT FLUX EXCLUSION 

To reinforce the ideas presented in the preceding section, we will consider 

two elementary examples: a superconducting sphere in an asymptotically 

uniform field and an infinitely long, current-carrying, superconducting 
cylinder. Both formulations of Section 15-2 will be used to show explicitly 

that they are equivalent in these cases. 

EXAMPLE 15-1 Consider a superconducting sphere of radius a placed in a uniform 

Superconducting Sphere in eXternal field Bok. We should like to determine the magnetic field B 

a Uniform Magnetic Field both inside and outside of the sphere. 
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Solution: In the first formulation, which treats the superconductor as a 

magnetic material, the boundary value problem takes the form 

Outside: B— Bok as r> a 

V:-B=0 

Vx H=0 

B = oH 

Inside: Bi="0, H = -M 

VxH=0 (15-2) 

V-M=0 

(15-1) 

Atr =a: 8B, continuous 
(15-3) 

H, continuous 

The only unusual equation is V-M = 0, which is established on the 
basis that there are no magnetic poles inside the superconducting 

sphere. With these equations, two magnetic scalar potentials, my outside 
and q; inside, may be introduced. Both satisfy Laplace’s equation, and 
from them, the H-field may be found by taking the negative gradient. 

Utilizing spherical coordinates and explicitly taking account of the first 
equation of Eq. (15-1), we have 

pe Sti espa Re RS SLT RT (15-4) 
Ho €=0 

Thus 

B, = Bocos @ + Uo >, (€ + 1)cer~“* P,(cos @) (outside) (15-5) 
€=0 

Since B is zero inside and B, is continuous across r = a, each c, except 

c, must be zero and c, = —Boa*/2uo. This procedure then completely 

solves the problem for r > a without recourse to the boundary condition 

on the tangential component of H; the only thing that has entered is 

B = 0 inside and the continuity of the normal component of B at r = a. 
Inside the sphere, the potential gy must be regular at r = 0 and, in 

order to match the boundary conditions, can only involve P,(cos @). 

Thus g}= dzrcos 6, with d, a constant to be determined, and by 

differentiation, H, = —d,cos 6 and Hg = d»sin @. Since outside Hg = 

—3(Bo/uo) sin 8, it follows that d, = —3Bo/2uo. There is no surface 

transport current, but a surface magnetization current jy= 
—3(Bo/Uo) Sin @. ag exists because of the discontinuity of M. These 
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results may be summarized as follows: 

3 3 
f 1 ; 

Outside: B = uoH = Bok — By > cos 6a, — 5 Bo sin 6 ay 
r r 

3B 
Inside: B=0, H=-—°k, M= wigtatliy, (15-6) 

2 Mo 2 Lo 

: 2 Bee. 
Atr=a: jy = —x—sinOa 

oo 2 Mo i 

The second formulation is identical for the outside region but takes 

the form B = H = M = 0 for the inside. There is also a real transport 

current js =m X Hou = —3(Bo/Mo) sin @a, at the surface. This de- 
scription can be summarized as follows: 

a 3 ; 1 
Outside: B = uoH = Bok — By cos 6a, — 5 Bo sin 6 ag 

ie t ag 

Inside: B= H=M=0 (15-7) 

B 
Atr=a: js = —- ~—"sin 0a, 

Lo 

The relationship between the two descriptions is perhaps now clear. 
Outside, both are the same as they must be. Otherwise a simple experiment 

could be devised to select the correct description. Inside, both descriptions 

give B = 0 but H and M are finite in one case and zero in the other. Neither 
H nor M, however, is experimentally observable, and consequently, this 

distinction is unimportant. Identical surface currents exist in the two cases: 

In one, however, it is considered a transport current, while in the other it is 

called a magnetization current. What the current is called is important only 

in that it must be consistent with H and M inside the superconductor. For 
example, when we calculate the magnetic moment of the superconducting 

sphere, either jy or M may be used, but not both; however, a real js; always 

contributes to the magnetic moment. 

EXAMPLE 15-2 A second example further illustrates the indistinguishability of super- 
Long Current-Carrying conducting transport and magnetization currents. The case of an 

Wire infinitely long, superconducting cylinder carrying a current. Before 

considering this problem in detail, however, we should note that inside 

a perfect superconductor the sum of J and Jy, is always zero. This 

follows from B= 0, which implies V x B =0 and thus, in turn, 

VxH+VxM=J+J5, =0. At a surface of discontinuity this 

argument cannot be used, and a finite total surface current js + Jy may 

exist. However, this argument shows clearly that the total current is 
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always a surface current. Let us return now to the wire, which will be 

taken to have radius a and to be carrying a current J, (in the positive 

z-direction). 

Solution: We see from Ampere’s law that outside the wire, B = 

oH = (uol/2r)ag (cylindrical coordinates). If the first description, M, 

H + 0 inside, is used, we must make some assumption about the 

current density in the wire, and, because of the assumed continuity of 

the tangential component of H, this assumption must not involve 

surface currents. The simplest possibility is uniform density: J = 

([p/a*)k. Then inside, 

lh le Ih IG 
= a a and = Seti 8 
iit 4 2na? ° 

The magnetization current density is Jy = —(J)/7a*)k, and at the 

surface there is a surface magnetization current density 

ioe, ten eeplie sea 
a 2na ° 22a 

which is just sufficient to carry the total current J). The alternative 

description simply takes B = H = M = 0 inside and thus requires that 
the current exist entirely on the surface with real surface current density 

js = (p/2a)k. These two descriptions are summarized in Table 15-2. 
Unless a method for separating transport currents from magnetization 
currents in superconductors or a way of directly measuring H or M 
inside a superconductor can be found, the descriptions are equivalent. 

In the two problems just considered the M = H = 0 formulation has an 
apparent advantage in simplicity. However, for more complicated problems, 

particularly those involving large demagnetizing factors, the distributed 

magnetization formulation is advantageous. Either method may be used and 

the results will be equivalent, but they must not be mixed in a single 
problem. 

THE LONDON EQUATIONS 

In the preceding section, flux exclusion was discussed on the basis of a 

highly idealized representation of a superconductor. This representation 
reproduces many of the observed features of superconductivity but fails to 
account adequately for some of the readily observable details. A more 
sophisticated theory can be developed by starting from the concept of 
perfect conductivity and making an appropriate modification to include the 
Meissner effect. . 

In a perfect conductor (not a superconductor), charge carriers would 
experience no retarding forces. Consequently, in an electric field E they 
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enn sss 

‘ABLE 15-2 

uperconducting Formulation 1 Formulation 2 
Surrent-Carrying Wire (Superconductor as magnetic (Flux exclusion by 

material with y,, = —1) surface transport currents) 

M = -H #0 M=H=0 

; Uoly Holo 
Outside: B = uw H = — = = = 

ne 2ar ae Be ied 2sr ~ 

Inside: B = 0 B = 0 

Ihr 

= ihe Ay H = 0 

[gr 
M = — a ae a M = 0 

I 
J=—3k J=0 

ta 

I i ed pe ak Jn = 0 

Atr=a: jy = (hb/22a)k ju = 0 

would move according to 

m,v = qE (15-8) 

where m, is the mass of the charge carrier and v is its acceleration. But if v 
is the average velocity of the charge carriers and there are n of them per 

unit volume, then the current density is J = nqv. An alternative to Eq. 

(15-8) is then 

J = (nq?/m,)E (15-9) 

where J = dJ/dt. Taking the curl of this equation and using V x E = 
— OB/dt, we have 

Vv x J = —(nq?/m,)B (15-10) 

Assuming that the fields are slowly varying* and using V x H=J to 

eliminate J, we have 

Vv x Vx H = —(nq?/m,)B (15-11) 

Assuming that B = wu oH and using the definition of the Laplacian of a 

* This assumption entails neglecting the displacement current, 9D/9t, which is discussed in 

Sections 16-1 and 16-2. 
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vector (with V- B = 0) yields 

VB = (uonq?/m,)B (15-12) 

The significance of this equation may be seen best by considering a 

semi-infinite perfect conductor bounded by the plane z = 0 and MASE 

in the positive z-direction. Assume that at the surface fe pega Bele 

B, = B,o, and that B,) does not depend on x or y. The equation 

determining B, is then 

d’B, < Mong” 

dz*> om 
B, (15-13) 

Pp 

which has a general solution 

- 2 2 2 B, sade Pre ret Revie nee 
The exponentially increasing solution may be rejected as being without any 

physical interpretation, and A may be chosen to give B, correctly at z = 0; 

then 

B, = Boe Vutimr2 (15-14) 

It is easy to verify that (mm,/tonq*)'” has the dimensions of length and that 
for g and m, appropriate to an electron and n corresponding to one electron 
per atom, this length is about 10~* m. Equation (15-12) then indicates that, 

in the interior of the perfect conductor, the time derivative of B goes to zero 
exponentially with distance from the surface. Thus, in the interior of the 
perfect conductor, B is very small except in a thin surface layer, which is a 

reasonable refinement of the earlier conclusion that B = 0 everywhere in 
the interior of a perfect conductor. 

The development just sketched shows again that perfect conductivity 

does not lead to flux exclusion. However, it also indicates how flux 

exclusion might be incorporated into a theory. If Eq. (15-12) described the 

behavior of B instead of B, then B itself would decrease exponentially from 

its value at the surface to zero in the interior of a superconductor. This idea 

was the motivation for the development of a theory of the electromagnetic 

behavior of superconductors by F. and H. London.* 

In this theory, it is assumed that the total current can be broken up into 

a supercurrent Js, a dissipative current J4yj,,, and a displacement current 

Taisp: 

J = Js ae diss oF Sasisp (15-15) 

The dissipative and displacement currents are governed by the equations 

Jgiss = GE and Jyi,, = OD/ot. The current J; can be related to the 
electromagnetic field by using Eq. (15-15), Maxwell’s equations, and 

*F. London and H. London, Proceedings of the Royal Society, vol. A 149, p. 71 (1935). 
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London’s constitutive equation [similar in form to Eq. (15-10) but involving 
B and J rather than their derivatives]. If this procedure is carefully 

followed, it can be shown that for frequencies less than about 10'! Hz, both 

Jaiss and Jy;,, are negligible compared to J;. We should like to assume this 

result; namely Jui, ~ 0 and Jui, ~ 0, without going through the detailed 

arguments. Such an assumption is at least a reasonable one for steady- 

current problems of the type considered in this chapter. The remaining 
current J; includes both transport and magnetization currents and conse- 
quently, from Maxwell’s Eq. (8-51), 

Js = (1/uo)¥V x B (15-16) 

To obtain an equation involving the magnetic field variables rather than 
their derivatives, London postulated that 

UV X Js = —(1/A7)B (15-17) 

This equation differs from Eq. (15-10) in that it involves J; and B rather 
than J and B. Therefore, it will lead to an equation analogous to Eq. 
(15-12) for the fields rather than for their derivatives. Also, a phenomeno- 

logical penetration depth A has been introduced as a specific parameter 

characteristic of the superconducting material (uw, occurs in order to make 

the dimensions of A a length). Equation (15-17) will lead to the Meissner 

effect but, in order to include infinite conductivity, we must assume 

separately that 

Mos = (1/2)E (15-18) 

The latter equation will, however, play no further role in the problems 

considered here. 

Equations (15-16) and (15-17) may be combined to give 

vx Vx B= —(1/A7)B (15-19) 

Since V- B = 0 this may be written 

V’B = (1/A7)B (15-20) 

Equation (15-20) may be solved in the case of a semi-infinite slab exactly as 

Eq. (15-13) was. The solution 

B,(z) = B,,e77” (15-21) 

now indicates that B rather than B falls exponentially as the slab is 
penetrated and is the desired generalization of B=0 inside a 

superconductor. 
The penetration depth A has been introduced here as a phenomenologi- 

cal parameter; various theories have, however, been constructed that 
attempt to compute its size. We are more interested in the experimental 
determination of 4. An obvious approach would be to construct a solenoid 

with a superconducting core. The inductance of such a solenoid would be 
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very small if the superconductor were perfect and completely filled the 
volume enclosed by the solenoid. If, on the other hand, there were a finite 

penetration depth, then the inductance would be somewhat larger. If the 
penetration depth were a significant fraction of the radius of the solenoid, 

the penetration depth could be inferred from measurements of the 

inductance. The feasibility of such a determination depends on the ratio of 
the volume into which the field penetrates to the total volume of the 

sample. As it turns out, A is typically a few millionths of a centimeter and, 
consequently, the simple experiment proposed above will not produce 

significant results. This difficulty can, however, be circumvented by using a 

sample with a large surface-to-volume ratio. The first successful experiments 
of this type, done with a mercury colloid, were performed by D. Shoenberg 

in 1939. These experiments demonstrated conclusively that the magnetic 

field penetrated into the small superconducting mercury spheres and that 

the penetration depended on temperature. The original Shoenberg experi- 

ments, which have been extended and supplemented, demonstrated that the 
concept of a penetration depth was valid and important. 

Equations (15-15), (15-17), and (15-18), together with the four Maxwell 

equations, are often collectively called the Maxwell-London equations and 

are very useful for treating electromagnetic problems involving super- 

conductors. 
As is evident from the preceding discussion, the concept of perfect flux 

exclusion is an idealization. Instead, magnetic flux penetrates a thin layer at 

the surface of the superconductor and, according to the London theory, 
decreases exponentially toward the interior. The surface current density, jay 
(or as the case may be, js), is also an idealization. Here again, the 
supercurrent density Js; is spread out in a thin surface layer and decreases 

exponentially toward the interior. Because the supercurrent is confined 

within a few penetration depths of the interface, in most superconducting 

specimens it resembles a surface current. However, there is no jy in the 
London theory, only a total supercurrent density Js. 

In order to understand the Maxwell-London equations better, they will 
now be used to obtain more refined solutions to the problems considered in 
Section 15-3. 

“EXAMPLE 15-3 This example treats the same problem described in Example 15-1 by 
London’s Treatment of using the Maxwell-London equations. 

Superconducting Sphere in 
a Uniform Field °2/“tion: The equations satisfied by the fields are 

Outside: V-B=0, Vx H= 0, B = u.H 

Inside: VB = (1/A°)B, V-B-0 (15-22) 

where A, the penetration depth, is considered as a phenomenological 
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parameter. The boundary conditions that must be satisfied are 

Atr=o: B= Bik 
(15-23) 

Atr =a: 8B, and Bg, continuous 

The only one of these boundary conditions that requires further 
comment is the continuity of By, at r = a, which follows from the 

assumption, in agreement with the discussion at the end of the 
preceding paragraph, that the supercurrents (both transport and mag- 

netization) are never infinite—that is, there are no surface current 

densities jy, Or js. In this case the tangential components of both H and 
M are continuous, and hence the tangential component of B is also 

continuous. 

The solution of the equations for the field outside the sphere poses 
no difficulties. A magnetic scalar potential satisfying Laplace’s equation 

may be introduced exactly as was done in Section 15-3 and a general 

solution obtained. For the interior region, however, the equation 

V’B = (1/A7)B must be solved. If in spherical coordinates the Laplacian 
of a vector could be obtained simply by taking the Laplacian of each of 

its coordinates, then the solutions to this equation could be found 

readily. Such, however, is not the case, but rather the curl curl of the 

vector must be calculated. As a result, even in this simple problem, the 

r- and 9-components of V*B = (1/A’)B involve both B, and By. This 
complexity is relatively well known, and extensive techniques for 
solving the vector Helmholtz equation have been developed.* The 
development and application of the methods are, however, somewhat 
outside the scope of this book. Consequently, the results of Section 15-3 

will be used to make a guess (Ansatz) at the form of the solution. The 

resulting final solution will be justified because it satisfies the equations 
and the boundary conditions and because these equations and boundary 

conditions have a unique solution. The uniqueness can, of course, be 

proved, but here it will be assumed. 
In Section 15-3 it was found that only the P,(cos @)-term in @* 

survived in the solution for the region outside the sphere. It will be 
assumed that this is also true for the Maxwell-London theory and that 

3 1 
B(r, 0) = Bok — »(“) | cos 6a, + 5 sin 6 a, | (outside) (15-24) 

r 

This is very similar to the first of Eqs. (15-7), the only difference being 

that By has been replaced by b in that part of the field that is due to the 

*Cf. Morse and Feshbach, Methods of Theoretical Physics (New York: McGraw-Hill, 1953), 

Chapter 13. 
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magnetization of the sphere. The value of b will be determined by 
fitting the boundary conditions. For the interior of the sphere, Section 

15-3 provides little by way of clues; however, from the form of M found 

there and the fact that in Eq. (15-24) B, depends on 6 through cos 6 
while B, depends on @ through sin 6, a reasonable assumption might be 

that 

B, = u(r) cos @ (inside) (15-25a) 

B, = v(r) sin 6 (inside) (15-25b) 

The two functions u(r) and u(r) must be determined so that V°B = 

(1/A*)B and also so that the boundary conditions at r = a are satisfied. 

These boundary conditions are 

u(a) = By — b (15-26a) 

u(a) = -B, — b/2 (15-26b) 

By expanding V x V x B using the assumed forms (15-25), we find the 

equations 

du ta 
eae ie ene (15-27a) 

and 

,d°v av Viedusetr 
raph ar steam reas (15-27b) 

for u and v. Now, using Eqs. (15-25) in the V- B = 0 equation, we 
obtain 

u' + (2/r)\(u + v) =0 (15-28) 

Using this result to eliminate v and du/dr from Eq. (15-27a) gives the 
equation for u: 

5 du Ng S72 
rae + 4r—=—su (15-29) 

In order to solve this equation, we introduce a new dependent 

variable 

y =r(u — 2v) (15-30) 

and differentiate it to obtain wy’ and w" in terms of u and v and their 
derivatives. Now subtract two times Eq. (15-27b) from Eq. (15-29); the 
resulting equation is seen to be 

rp” = (r/V)p (15-31) 

which has the solutions: sinh(r/A) and cosh(r/A), or exp (r/A) and 
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exp (—r/A). Since we want w/r to be regular at the origin, we choose 

y = c,sinh(r/A) (15-32) 

Equation (15-28) can now be written as 

3ue wp c,sinh (r/A) 
y + — = = = - 

G uaa ee pe) (15-33) 

This equation suggests that u will have the form (which is regular at the 

origin if n < 3) 

u(r) = c2(A/r)"[sinh (r/A) — (r/A) cosh (r/A)] (15-34) 

The constant 1 can be obtained by substituting Eq. (15-34) into (15-33) 

[or into (15-29), but the former course of action is less work]. It is found 

that n = 3. Putting this result in Eq. (15-28) and solving for v, we find 
that 

» =F (7) [C4 +) sim (§) ~ (FZ) com (3) 5 
It still remains to determine the constants b and c3, using Eqs. (15-26), 

(15-34), and (15-35). These are found to be 

Cy = —3B,(a/A)/sinh (a/A) (15-36) 

b = Bf1 + 3(A/a)? — 3(A/a) coth (a/A)] (15-37) 

It might be expected that for very small values of A/a the fields would 
not be greatly different from those found in Section 15-3 for the perfect 

superconducting sphere. We can verify that such is the case by using the 

fact that cothx approaches unity exponentially for large values of x. 

Thus 

peng A b~B(1-3-+354--), fees (15-38) 
a a a 

and the first correction to the field outside the sphere is of order A/a. 

The second example to illustrate using the London equations is the long 

current-carrying wire. The radius of the wire will be taken to be a, the 
penetration depth A, and the total transport current J. 

Solution: Outside the wire H is given by Ampere’s law and B = uH. 

Therefore, 

I ; 
H. =H, =B,=B,=0, Bo = UoHs = Uor— (outside) 

2ar 

(15-39) 
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Inside, B satisfies 

1 
V7B = 7B (15-40) 

By symmetry, B has only a 6-component, which depends only on r. 

Then Eq. (15-40) becomes 

d? d ee 
ae Bg + ra, Be Sa (1 rts =) Bo = 0 (15-41) 

which is just Bessel’s equation for index one and argument ir/A. The 

solution that is not infinite at the origin is 

B, = AJ,(ir/A) (15-42) 

The coefficient A is determined by matching B, inside and B, outside at 

r =a. The result is 

= Molo J\(ir/A) 

9  2naJ,(ia/A) 

Since J,(ir/A) = il,(r/A), where J, is a modified Bessel function, Eq. 

(15-43) may be written in terms of standard tabulated functions. 

Another way of dealing with Eq. (15-41) is direct numerical 

integration, a procedure that is easily carried out on a_ personal 

computer. We begin by introducing the dimensionless variable w = r/A 
and rewriting Eq. (15-41) as 

(inside) (15-43) 

; 
eS ill + w°)B — wB’'| Oswsa/i (15-44) 

B has been used for B, and B” = d*B/dw’, B' = dB/dw. We divide 

the interval from 0 to a/A into N equal segments of length Aw = a/NA. 

Assume that B, B’, and B" are known at w,,_, and w,,. Then we predict 

a set of values for B,,,,, Bj,,,, and B”., as follows: 

Bie = By + 2(AW)B, (15-45) 
OB as a Boo oh 2(Aw)B;, (15-46) 

1 
OB a = w2 [1 + we Ra) Bisel = Mie PB neg] (15-47) 

mel 

We use these predicted values, together with the values at w,, to 
compute approximate values for B’ and B” at a point midway between 
w,, and w,,,,. And then we recalculate: 

~ Aw 
a) ae = Ds +c > (Bn a 1B aa) x (15-48) 
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re 

IGURE 15-3 

enetration of the mag- 

etic field into a super- 
onductor according to 

he London theory. The B 
adius of the wire a = SA. 

Holy 

2ra 

ae , Aw ” (1) py B, + > (B: otis «MOE (15-49) 

Ba = : (eee) Banat ee Watihi Drei (15-50) 
Wr+i 

The last three quantities are taken to be good approximations to B, B’, 

and B" at w,,,. The entire process is repeated to find the values of B, 

B', and B” at the next meshpoint w,,,>. 

The only remaining problem is how to find the values of B, B’, and 

B" at two consecutive points to start the process. We do this by 
expanding B in a series: 

B=w™(co + cyw + Cow? + c3w? + + °°) 

and substituting in Eq. (15-44). Matching the coefficients of w gives 

m = +1. The solution that is regular at the origin is m = 1. Matching 

higher powers of w determines c,/Co, C2/Cy, and so on. The solution is 

B = Cow(1 + dw? + jaw? + see) 

This series solution can be used to calculate B, B’, and B” for an 

adjacent pair of points in the vicinity of the origin. 

In this way, we evaluated the “exponential” flux penetration into a 

superconductor of radius a = 5A; the result is shown in Fig. 15-3. We 
used Aw = 0.1 and started the numerical integration with a series 

solution in the vicinity of w = 0.3. The numerical accuracy of the 

procedure could be improved by making Aw smaller, but the accuracy 
with Aw = 0.1 was found to be quite good. (The curve in Fig. 15-3 is 

indistinguishable from the exact Bessel function solution.) The arbitrary 

constant Co is evaluated by making the value of B at the surface agree 

with the external value. 

This discussion of the electromagnetic properties of superconductors has 

necessarily been fragmentary. In particular, problems involving time- 

dependent fields and the microscopic theory of superconductivity have been 
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ignored. The interested reader is referred to one of the many good 
introductory surveys of superconductivity.* Two of the early books that 

supplement this chapter are those by F. London? and D. Schoenberg.+ 

SUMMARY 

Superconductors constitute a fairly large class of materials that have a phase 

transition to the superconducting state at low temperatures, usually below 

about 20K. The transition depends on the magnetic field as well as the 
temperature, with the material transforming back to the normal state in 

fields greater than the critical field H.. Ideally, 

A= Holl TPE)’ 

The macroscopic electric and magnetic behavior in the superconducting 
state is most simply described by the constitutive equations J = gE and 

M = x,,H with extreme values of the material parameters, 

g = 0, ‘Guu (u = 0) 

representing perfect conductivity and perfect diamagnetism. The latter 

requires that the flux density B and the current density J are zero inside a 

superconductor, and any superconducting currents are surface currents. A 

more refined description is given by the London equations, which replace 

the constitutive equations with the differential equations 

a 2 | 2 

wd =(5)E, uv xs= -(5)B 
These, coupled with the Maxwell equations in vacuum, predict that the flux 
density and the current density fall off exponentially from the surface of a 

superconductor, with the penetration depth A, instead of falling discon- 
tinuously to zero. 

¢ The simple formulation with x,, = —1, uw = 0, is most convenient for 

problems in which a superconductor is located in a magnetic field. The 

results are the same as those obtained by the techniques of Chapter 9, with 
the mere substitution of u = 0. 

* An alternative formulation, which may be more convenient for prob- 
lems in which the superconductor carries an external current, assumes that 

* See for example, N. H. March and M. Parrinello, Collective Effects in Solids (Bristol: Adam 

Hilger, 1982), Chapter 5; and Earlier and Recent Aspects of Superconductivity, Solid State 

Sciences 90, edited by J. G. Bednorz and K. A. Miiller (New York: Springer Verlag, 1990). 

+F. London, Superfluids. The Macroscopic Theory of Superconductivity, Vol. 1. (New York: 

Wiley, 1950; New York: Dover Publications, 1961). 

+ D. Shoenberg, Superconductivity, 2nd ed. (London: Cambridge University Press, 1965). 
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inside the superconductor x,, = 0, 4 = Mo. The condition B = 0 is met with 

H = 0 = M inside, and the boundary conditions are satisfied by assuming 
suitable superconducting surface transport currents. The two formulations 
are equivalent, but the choice of one or the other must be adhered to in a 

given problem. 

15-1 Consider an infinitely long superconducting circular cylinder of radius a in a 
transverse magnetic field. At large distances from the cylinder the field is uniform 

and of magnitude B,. Compute (a) the fields inside and outside the cylinder and (b) 

the current density in the cylinder and on its surface. Assume that the superconduct- 

ing properties are represented by perfect diamagnetism and perfect conductivity. 

Compare the two equivalent formulations. 

15-2 Consider an infinite superconducting slab of thickness d, bounded by the planes 
z = 0 and z = d. Outside the slab the magnetic field is uniform and parallel to the 
surfaces, B, = Bo. Find the field and the current density in the slab, using the 

London equations and the phenomenological penetration depth A. 

15-3 Do the computations of Problem 15-1, using the London equations and the 

phenomenological penetration depth A. 

15-4 Consider a superconducting sphere of radius a in a magnetic field that, at large 

distances from the sphere, is uniform and of magnitude By. Using the formulation of 

Example 15-3 as a basis, provide the following: (a) An expansion of ¥ x V x B and 

from it the equations satisfied by the components of B inside the sphere; (b) a 

verification of Eq. (15-27); and (c) a quantitative discussion of the exponential 

fall-off of B in the region close to the surface of the sphere. 

15-5 A long, straight, superconducting wire of radius 0.2 mm carries a current /. (a) 

What is the magnetic field at the surface of the wire? (b) Calculate the value of the 

current / that will cause magnetic flux to penetrate the wire if the wire is composed 
of Pb, Ta, or Nb at 4.2K. 

15-6 A magnetic dipole is oriented parallel to and at distance d above a 

superconducting slab. (For simplicity assume that the slab is of infinite extent in its 

lateral dimensions.) (a) Consider the superconductor as a magnetic material with 

%m = —1, and find an image dipole (or group of dipoles) that allows the boundary 

conditions to be satisfied at the interface between material and air [see also Problem 

9-15(b)]. (b) Determine the magnetic force on the dipole. (c) If the mass of the 
dipole is mp, at what distance d does the magnetic force balance the weight of the 

dipole? 

15-7 Compare the ‘exponential’ penetration of the magnetic field into the 

cylindrical wire of radius = SA (Fig. 15-3) with that for the one-dimensional 

geometry of the semi-infinite slab. For the cylinder use the Bessel function solution 

based on J,(r/A). 
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Maxwell’s Equations 

We are now ready to introduce the keystone of Maxwell’s electromagnetic 

theory, the so-called displacement current. Although its observable effect is 

often negligible (indeed, it has been in all the phenomena treated up to this 

point), it constitutes an essential completion of the theory. And it has a 

crucial role in other topics—waves, optics, relativity—that make up the rest 

of the book. 

THE GENERALIZATION OF AMPERE’S LAW: 
DISPLACEMENT CURRENT 

In Chapter 9 we found that the magnetic field due to a current distribution 

satisfied Ampere’s circuital law, 

gH-dt = | 3-nda (16-1) 

We shall now examine this law, show that it sometimes fails, and find a 

generalization that is always valid. 

Consider the circuit shown in Fig. 16-1, which consists of a small 

parallel-plate capacitor being charged by a constant current J (we need not 
worry about what causes the current). If Ampere’s law is applied to the 
contour C and the surface S,, we find 

$ H- dl = J-nda =1 (16-2) 
a ke, 

If, on the other hand, Ampere’s law is applied to the same contour C and 
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IGURE 16-1 Plates of 
he contour C and two Paparitor 
irfaces, S, and S,, for / y 

-sting Ampere’s circuital 
1W 

Contour Cu 

the surface S,, then J is zero at all points on S, and 

$ H- dl = J-nda=0 (16-3) 
Cc S2 

Equations (16-2) and (16-3) contradict each other and thus cannot both be 

correct. If C is imagined to be a great distance from the capacitor, it is clear 

that the situation is not substantially different from the standard Ampere 
law cases considered in Chapter 8. One is thus led to think that Eq. (16-2) is 

correct, since it is not dependent on the new feature, namely, the capacitor. 

Equation (16-3), on the other hand, requires consideration of the capacitor 
for its deduction. It would appear, then, that Eq. (16-3) requires 
modification. 

This difficulty can be cast in a somewhat different form by combining 

Eqs. (16-2) and (16-3). S, and —S, together make a closed surface S. Using 
n as the outward drawn normal everywhere we conclude that 

ps -nda = —I (16-4) 
S 

with the minus sign coming from the change in the direction of the normal 

in Eq. (16-2). On the other hand, the surface integrals in Eqs. (16-2) and 
(16-3) are both equal to the line integral of H around the same curve C. 

Pursuing this approach, 

$5-nda = H-di~$ H-di=0 (16-5) 
Ss G By 

where the minus sign arises from the change in the sense of traversal of C in 

the S, case. The contradiction now takes the form of a finite current /, 

which was assumed to be flowing into the volume bounded by S, being 
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equal to zero. Thus there is a conflict between Ampere’s law, Eq. (16-1), 

from which the zero was obtained, and the initial assumption of a current J. 
The current flowing into the volume is in fact not zero, and indeed it is 

equal to the rate of change of the charge on the capacitor plate (according 

to the law of charge conservation). 

This inconsistency can be explored and resolved more easily in the 
differential formulation where Ampere’s law takes the form given by Eq. 

(9-30): 

VxH=J (9-30), (16-6) 

Equation (16-2) is just the result of integrating Eq. (16-6) over the surface 
S,. If we take the divergence of Eq. (16-6), the result is zero since the 

divergence of any curl is zero. But we have another expression for the 
divergence of J, namely, the charge conservation equation, Eq. (7-9): 

V-J+ ep = 0 (7-9), (16-7) 
ot 

Once again there is a significant inconsistency: The divergence of J cannot 
be both zero and —dp/dt. There is no apparent problem with Eq. (16-7); it 
is difficult to imagine a way of modifying it to remove the inconsistency. 
What appears to be needed is a modification of Eq. (16-6) that will change 

the right-hand side into a vector with zero divergence. A way of doing so is 

to use Gauss’s law in the form of Eq. (4-29) 

V:D=pop (4-29), (16-8) 

to replace p in Eq. (16-7) by V- D. Then 

V: lJ + -] — (16-9) 

where we have assumed that D is a sufficiently continuous function of the 

space and time variables that the order of the derivatives can be inter- 
changed. It is now clear that if 9D/9t were added to the right-hand side of 

Eq. (16-6), the inconsistency would disappear—that is, the divergence of 
either side would be zero. 

We are therefore led to revise Ampere’s law and write it in the form 

oD 
Vx H=J+— i 31 (16-10) 

and refer to the time derivative of D as the displacement current. 

The introduction of the displacement current makes electromagnetic waves 
possible, as we shall soon see, and is the essence of Maxwell’s great 
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contribution to electromagnetic theory. Our development is similar to his. 

We should emphasize that it is not a proof, but an hypothesis motivated by 

experimental observations. Further experiments have elevated the hypothe- 

sis to a principle on which subsequent development has been based. 
In earlier chapters, we ignored the displacement current. Doing so was 

possible for one of three reasons: The fields were constant in time so that 

time derivatives were zero; the materials were good conductors of electricity 

so that the displacement current was small compared to the conduction 

current; or the displacement current was confined to small regions of space 

that did not need to be considered explicitly (as in capacitors). This constant 

field situation is straightforward, but the other two warrant a little more 

consideration. For a good conductor, a metal, the conductivity is of the 

order 10°S/m for frequencies below the far infrared. Thus the conduction 
current is of the order 10° E. The magnitude of the displacement current is 
dominated by the factor ew. Since €y = 8.854 x 107’? C*/N- m’, this factor 

- is small except at very high (far infrared) frequencies where the simple 

discussion breaks down for other reasons. For frequencies up to, say, 

10'' Hz the displacement current in metals can be ignored. In the case of 

good dielectrics, the conduction current is very small or zero; the displace- 
ment current can never be ignored. Even at 60 Hz, all of the current passing 

through a capacitor in an ac circuit is displacement current. It was not 

necessary to consider the displacement current explicitly in Chapter 13 
because the time-varying fields in the interior of a capacitor were not 

examined when ac circuits were analyzed. 

We turn now to the examination of the full set of Maxwell’s equations 

and their implications. 

MAXWELL’S EQUATIONS AND THEIR 
EMPIRICAL BASIS 

Maxwell’s equations consist of Eq. (16-10) plus three equations with which 

we are already familiar, namely: 

yoeHwseoe (16-10) 
ot 

VxE= -= (11-6), (16-11) 

V-D=p (4-29), (16-12) 
V-B=0 (8-30), (16-13) 

Each of these equations represents a generalization of certain experimental 

observations: Eq. (16-10) represents an extension of Ampere’s law; Eq. 

(16-11) is the differential form of Faraday’s law of electromagnetic 

induction; Eq. (16-12) is Gauss’s law, which in turn derives from Coulomb’s 
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law; and Eq. (16-13) is usually said to represent the fact that single magnetic 

poles have never been observed. 
It is clear that Maxwell’s equations represent mathematical expressions 

of certain experimental results. In this light it is apparent that they cannot 

be proved; however, the applicability to any situation can be verified. As a 
result of extensive experimental work, Maxwell’s equations are now 
believed to apply to all macroscopic situations, and they are used, much like 
conservation of momentum, as physical principles. They are the fundamen- 

tal equations governing the electromagnetic fields produced by the source 

charge and current densities p and J. If material bodies are present, in order 
to use the Maxwell equations, one must also know the applicable constitu- 

tive equations, D = D(E) and H = H(B)—cither experimentally or from a 

microscopic theory of the particular kind of matter. The current density J in 
a material includes a contribution given by a third constitutive equation, 

J = J(E), which must likewise be known experimentally or theoretically. 

Coupled with the Lorentz force equation, F = q(E + v x B), which 
describes the action of the fields on charged particles, this set of laws gives 
the complete classical description of electromagnetically interacting 

particles. 

We have just seen that the displacement current introduced in the 

preceding section is necessary in order to have charge conservation, and 
that when it is included in the Maxwell equations, they already imply the 

continuity equation, so that the latter need not be added to the set of 

fundamental equations. The Maxwell equations have two further interesting 

consequences, which are developed in the following sections. These will also 
be seen to depend crucially on the displacement current. 

ELECTROMAGNETIC ENERGY 

It was shown in Chapter 6 that the quantity 

1 
Up; = al E-Ddv (16-14) 

; 

can be identified with the electrostatic potential energy of the system of 

charges producing the electric field. This was derived by computing the 
work done in establishing the field. In a similar way 

1 
Um = 5 | H-Bdv (16-15) 

Vv p 

was identified, in Chapter 12, with the energy stored in the magnetic field. 
The question of the applicability of these expressions to nonstatic situations 
now arises. 

If the scalar product of Eq. (16-10) with E is taken, and the resulting ; 
equation is subtracted from the scalar product of Eq. (16-11) with H, the 
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resulting equation is 

oB 
H-VxE- le VOGH @ He ee Eg (16-16) 

ot Ot 

The left side of this expression can be converted into a divergence by using 
the pee 

V-(Fx G)=G:VxF-F-:-VxG 

to obtain 

OB oD 
V-(E x H) = -H-— - E-— - i ( ) =F i Bed (16-17) 

If, in the medium to which Eq. (16-17) is applied, D(t) is proportional to 
E(t) and B(t) is proportional to H(t) with constants of proportionality that 

do not depend explicitly on the time,* then the time derivatives on the right 

* By proportionality we mean that g, €, and uw do not depend explicitly on the field or on the 

time values. Such a medium is called linear and nondispersive. Both linearity and dispersion 

will be discussed further in Chapter 19. Chapters 17 and 18 are concerned with monochroma- 

tic radiation for which dispersion need not be considered explicitly. Also, we refer exclusively 

to linear media in these chapters. Even a monochromatic wave propagating in a nonlinear 

medium generates harmonic frequencies; we do not consider this phenomenon although it has 

significant practical importance. When additional restrictions are required they will be 

explicitly noted. 

It should also be noted that anisotropy alone does not invalidate the expressions 

oD 1a oB 10 
E- vor = 55 (FE: D) and He = 35, HB) 

In the case of anisotropic media, the relationship between E and D can be written as 

3 12 e-p=5> DS e,(6 e+ Hs) 
2 j= j=l 

A simple argument based on the conservation of energy (Wooster, Crystal Physics, 

Cambridge University Press, 1938, p. 277) shows that €,, = €,,. Using this result to interchange 

i and j in the last term, we have 

13 3E, e Sarge s) 3, E 
2 ar DVM 2 2s Bit oy 

If [e,] is a set of constants a aa of E and of ¢, then 

_9D 
-—(E- D)=> es Y 66 yee = 

Thus it is seen that anisotropy alone does not restrict the derivation. 
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can be written as 

fe) B) rs) 1 09 a1 
— =E:—cE =~e—E’ =—-E-D 

Ea Ea ee ee at2 

and 

OB fe} inte Ol 
— = — »H = -y—H’ = —-H-B 

ph ot He ar’ 2, ee or2 

Using this relationship, Eq. (16-17) takes the form 

o1 
VE AN) en oa Gah Hy dE (16-18) 

The first term on the right is the time derivative of the sum of the electric 

and magnetic energy densities; the second term is in many cases, in 

particular if J = gE, just the negative of the Joule heating rate per unit 

volume. 
Integrating over a fixed volume V bounded by the surface S gives 

d 
[v- x H) dv = 7 a 5e: D+B- H) dv — | 3- E du 

Vv 

(16-19) 
Applying the divergence theorem to the left side, we obtain 

d 
$ Ex H-nda = - © ce D+B:- H) dv ~ | 3. E du 
s 

Rewriting this equation 

TEM eal 
-[ s-Bav -<| ~(E-D+B-H)dv + $F x H-nda (16-20) 

V at Jy2 s 

makes it clear that the J- E term is comprised of two parts: the rate of 

change of electromagnetic energy stored in V, and a surface integral. The 

left side of Eq. (16-20) is the power transferred into the electromagnetic 
field through the motion of free charge in volume V. If there are no sources 
of emf in V, then the left side of Eq. (16-20) is negative and equal to minus 
the Joule heat production per unit time. In certain circumstances, however, 

the left side of Eq. (16-20) may be positive. Suppose that a charged particle 
q moves with constant velocity vy under the combined influence of 
mechanical, electric, and magnetic forces; the rate at which the mechanical 
force does work on the particle is 

F,,:n = —q(E + v X B)-v = -qE-v 

But according to Eq. (7-4) the current density is defined by 

J= > Niqivi 
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Thus the rate at which mechanical work is done (per unit volume) is 

DU NEn tv; = -E-d 

and this power density is transferred into the electromagnetic field. 
Since the surface integral in (16-20) involves only the electric and 

magnetic fields, it is feasible to interpret this term as the rate of energy flow 

across the closed surface. Equation (16-20) thus expresses the conservation 
of energy in a fixed volume V. 

Let us return to the corresponding differential equation (16-18), 
which will express the local conservation of energy at a point. If we 
make the abbreviations 

S=ExH (16-21) 

u =1(E-D + B-H) (16-22) 

where § is called the Poynting vector, then Eq. (16-18) implies that 
at any point 

V-S+—=-J-E (16-23) 

There is no doubt that J- E is the work done by the local field on charged 

particles per unit volume. Previously u was interpreted as the energy density 
of the electric and magnetic fields. If V-S = 0, Eq. (16-23) would therefore 

express local conservation of energy: The rate of change of field energy 
equals power dissipation per unit volume at each point. If, on the other 
hand, V-S # 0 but J: E = 0 (as for example in a nonconducting medium), 

then 

V-S+—=0 (16-24) 

This expression has exactly the mathematical form of the equation of 
continuity (16-7) for charge, except that the energy density u takes the place 
of the charge density p. If Eq. (16-24) is still to describe conservation of 
energy, V-S must represent the divergence of an energy current density or, 
in other words, of a rate of energy flow per unit area. One usually treats 

S = E x H itself as the local energy flow per unit time per unit area.* We 
shall use these interpretations of u and S, while recognizing that it is only 

their time derivative and divergence, respectively, whose interpretations are 

* There is a continuing controversy over this point. For a good discussion, see W. H. Furry, 

American Journal of Physics, vol. 37, p. 621 (1969). 
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directly required by Maxwell’s equations. It is usually only the latter that 

are physically measurable anyway. In any case, Eq. (16-23) expresses 

energy conservation locally, as does Eq. (16-20) in integral form. 

THE WAVE EQUATION 

One of the most important consequences of Maxwell’s equations is the 

equations for electromagnetic wave propagation in a linear medium. The 

wave equation for H is derived by taking the curl of (16-10): 

oD 
YEG SAV ONS RE 

Putting D = e€E and J = gE and assuming g and € to be constants, we 

obtain 

fe) 
NFPA 2 Wise lira 8 alors as 42 

The order of time and space differentiation can be interchanged if E is a 

sufficiently well-behaved function, as we assume to be the case. Equation 
(16-11) can now be used to eliminate V x E, yielding 

oH oH 
Vax Veo =a eS en - SU= — eu (16-25) 

where B = uwH, with uw a constant, has been used. The operator identity 

VxVx=VV:--V (16-26) 

is now used to obtain 

F OH oH 
VV-H — VH = -gu— — - Su — EU (16-27) 

Since is a constant, 

1 
V-H=-V-B=0 

u 

Consequently, the first term on the left side of Eq. (16-27) vanishes. The 
final wave equation is 

oH oH 
V-H — "cyl = = 3 

ca a8 af 0 (16-28) 

The vector E satisfies the same wave equation, as is readily seen by first 
taking the curl of Eq. (16-11): 

Vives me ey ood® 
Ot 
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Using Eq. (16-10) to eliminate the magnetic field and treating g, u, and € as 
constants yields 

OE oE 
VxV x E= -gu— —- eu— 

Te ATE 

Applying the vector identity (16-26) and restricting the application of the 
equation to a charge-free medium so that V- D = 0 gives 

aE OE 
epee gu— =0 (16-29) VE — eu 

The wave equations derived above govern the electromagnetic field in a 

homogeneous, linear medium in which the charge density is zero, whether 

this medium is conducting or nonconducting. However, it is not enough that 

these equations be satisfied; Maxwell’s equations must also be satisfied. It is 

clear that Eqs. (16-28) and (16-29) are a necessary consequence of 
Maxwell’s equations, but the converse is not true. In solving the wave 

equations, special care must be used to obtain solutions to Maxwell’s 
equations. 

MONOCHROMATIC WAVES 

Monochromatic waves are waves in which all of the fields are characterized 
by a single frequency. In this case, we can solve Eq. (16-29) to find E and 

then use Maxwell’s equations and the constitutive relations to find the other 

fields. This obviously guarantees that Maxwell’s equations will be satisfied. 

The methods of complex analysis provide a convenient way of im- 

plementing this procedure. The time dependence of the field (for definite- 

ness we take the vector E) is taken to be as e “““, so that 

E(r, ) = E(rje7'” (16-30) 

It must be remembered that the physical electric field is obtained by taking 
the real part* of Eq. (16-30). Furthermore, E(r) is in general complex, so 

that the actual electric field is proportional to cos (wt + @) where ¢ is the 

phase of E(r). Using Eq. (16-30) in Eq. (16-29) gives 

e @UV-E + weuE + iwguE} = 0 (16-31) 

* As discussed in Chapter 13, one goes from the convenient mathematical description in terms 

of complex variables to the physical quantities by taking either the real or imaginary part of 

the complex quantity. The choice of real or imaginary part is quite arbitrary. The two choices 

differ only by a phase shift of 2/2; however, one must always make the same choice in a 

given problem. In this and the following chapters, the real part of complex quantities will 

represent the physical quantities unless otherwise explicitly noted. 
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for the equation governing the spatial variation of the electric field (the 

common factor e~'”' can, of course, be dropped). The next task is to solve 

Eq. (16-31) in various special cases of interest to determine the spatial 

variation of the electromagnetic field. This task will be treated in the 

following chapter; here let us merely look at some of the simplest possible 

cases. 
First, suppose that the “medium” is empty space, so that g = 0, 

€ = € 9, UW = Mo. Further, suppose E(r) varies in only one dimension, say 
the z-direction, and is independent of x and y. Then Eq. (16-31) becomes 

d°E(z) 

dz* 

where we have written 

+ (w/c)E = 0 (16-32) 

Eollo = 1/c? 

as was suggested in Chapter 8 for dimensional reasons; c has the dimensions 
of a velocity. This equation (Helmholtz equation) is mathematically the 
same as the harmonic oscillator equation and has solutions 

E(z) = Ee*"" 
where E, is a constant vector and 

K = w/c (16-33) 

Putting this E(r) into Eq. (16-30), we get the full solution 

Erp hew tS (16-34) 

or, taking the real part, 

E(r, t) = Ey cos (wt * kz) (16-35a) 

With (16-33), an equivalent form is 

E(r, t) = Ecos w(t ¥ z/c) (16-35b) 

Eq. (16-35) represents a sinusoidal wave traveling to the right or left in the 

z-direction (depending on whether the minus or plus sign is used). The 
velocity of propagation of the wave is c. If light is a form of electromagnetic 

radiation, then the Maxwell equations predict that c = 1/Véouo = 

2.9979 x 10° m/s is the velocity of light in vacuum. Although this result is 

what we anticipated, when Maxwell first announced the result, it was 
considered a great triumph of his theory, since up to that time the 

electromagnetic nature of light was only a speculation. The form of Eq. 

(16-35a) shows that the wave frequency is f = w/2z and the wavelength is 
A = 22/k. Thus Eq. (16-33) is the familiar result for a wave, 

Af =c 

In a nonconducting, nonmagnetic dielectric, we still have g =), 
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4 = Mo, but now € = Keg. The preceding derivation will carry through just 
the same, except that now Eq. (16-33) becomes 

k = VKo/c (16-33a) 

Defining n = VK, we see that the results are the same as in vacuum,* 

except that the velocity of wave propagation is now c/n instead of c. The 

quantity n is ca.ed the index of refraction of the dielectric medium; for 

vacuum n = 1. This accounts for refractive effects in transparent materials, 
as will be seen in Chapter 18. 

If the medium is conducting, g > 0, the third term in Eq. (16-31) must 

be retained. When g is small the result will be merely that the wave is 

damped, as we shall see in the next chapter. By small g, we mean that the 

third term of Eq. (16-31) is small compared with the second term, which led 
to the wave solution, or 

wg << wen, g<K we 

In the other extreme when g >> we, we may neglect the second term of Eq. 

(16-31). Again restricting attention to the one-dimensional case, we get 

d°E(z) 

a= 
+ inguE = 0 

We can make the coefficient of E real if we assume that aw = iw is real or, in 

other words, that the frequency is imaginary. Then, if 

k = Vagu 

the spatial dependence E(r) of the solution is just the same as before. The 

difference is that the time dependence (16-30) becomes 

E(r, ¢) = E(r)e™ 

That is, the field simply decays exponentially with time, instead of 

oscillating in a wave-like manner. The transition between the decaying and 

the wave behavior occurs when 

ele tebe le = 
€ 

where f¢, is the relaxation time of the material that was discussed in Chapter 
7. (We repeat that caution is needed when this condition is applied to a 

metal, since g/e is itself strongly dependent on w.) 

Finally, by tracing the derivation of Eq. (16-31) back to Maxwell's 
equations, we notice that the second term, or S°E/dt* in Eq. (16-29), 

“If the relative permeability is not 1, then Eq. (16-33a) becomes x= VKK,, w/c and 

n=VKK,,. For many purposes, it is sufficient to consider only the case K,,, = 1, and we shall 

do so in the remainder of the book. 
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derives from the displacement current 9D/or in Eq. (16-10), whereas the 
third term, or OE/9dt in Eq. (16-29), derives from the transport current J in 
Eq. (16-10). Thus the very existence of electromagnetic wave propagation 

depends on Maxwell’s introduction of the displacement current. Without it, 

only exponential decay of the fields could occur. 

16-6 —____ SS BOUNDARY CONDITIONS 

The boundary conditions that must be satisfied by the electric and magnetic 

fields at an interface between two media are deduced from Maxwell’s 
equations exactly as in the static case. The most straightforward and 

universal boundary condition applies to the magnetic induction B, which 
satisfies the Maxwell equation 

V-B=0 (16-36) 

At any interface between two media a pillbox-like surface may be 

constructed as shown in Fig. 16-2. The divergence theorem may be applied 

to the divergence of B over the volume enclosed by this surface, to obtain 

p B-nda = | B-n,da+ | B-n,da+ {| B-n;da=0 (16-37) 
S S| Ss S3 

If B is bounded, letting 4 approach zero causes the last term to vanish and 

5, to approach S, geometrically. Taking account of the opposite directions 
of n, and ny, it is quickly concluded that 

Bin = Boy (16-38) 
exactly as in the static case. 

The tangential component of the electric field can be treated in an 
equally simple way. The basic equation is again one of Maxwell’s equations: 

OB 
VxE+— =0 (16-39) 

Integration of this equation over the surface bounded by a rectangular loop 

FIGURE 16-2 a 
A pillbox-shaped surface S; 

at the interface between se 
two media may be used h S3 
to obtain boundary con- Y yy l 
ditions on the field M00*» 

vectors. Us 
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FIGURE 16-3 

The rectangular path |~—_—_—_ | _____-. 
shown at the interface a hy] 
between two media may 

be used to obtain bound- hg 2 
ary conditions on the 

field vectors. 

such as that shown in Fig. 16-3 yields 

OB 
[vx B-nda = -[ S-nda (16-40) 
5) 5s Ot 

and applying Stokes’s theorem to the left side gives 

OB 
ore a lE>, a5 hy Ep oF h,E>,, = hy Ein = h2E3, = -| ot nda 

S 

(16-41) 

If the loop is now shrunk by letting h, and h, go to zero, the last four terms 

on the left vanish, as does the right-hand side, provided only that 9B/0dt is 

bounded. The resulting equation contains / as a common factor that can be 
dropped, giving 

Ey, = Ex (16-42) 

Thus the tangential component of E must be continuous across the 

interface. 
The boundary condition on the normal component of the electric 

displacement is more complex; however, it too is derived from one of 

Maxwell’s equations. The appropriate equation in this case is 

vV-D=p (16-43) 

If we construct a pillbox-shaped volume, as shown in Fig. 16-2, and 
integrate Eq. (16-43) over this volume, we obtain 

[ v-Ddv ={ pav 
Vv Vv 

Applying the divergence theorem and letting 4 go to zero, we find 

(Din — Din) = (16-44) 

where o is the surface charge density on the interface. The fact that, in 
general, go is not zero introduces some complexity in this boundary 
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condition; however, by noting that charge must be conserved—that is, that 

V-J= gee (16-45) 
ot 

we can make certain simplifications. If we integrate this equation as we did 

Eq. (16-43) and shrink the pillbox in the same way, we obtain 

oro) cl 16-46 z (16-46) Sige an = 

If only monochromatic radiation is considered, the surface charge density 

must vary as e ”; therefore the right side of Eq. (16-46) can be written as 

iwo. Using the constitutive relations D = €E, J = gE puts equations 

(16-44) and (16-46) in the form 

€,b1, — ©E2,, = 0 (16-47) 

S1E 1, — 82E 2 = wo (16-48) 

Several cases of practical interest may be noted. If o is zero, then 

€; € 

a ‘ §2 

which can be true for appropriately chosen materials or, alternatively, if 

g; = g2 = 0, or ~. The case where both conductivities are infinite is not of 

great interest; however, the case where both conductivities vanish is 

approximately realized at the boundary between two good dielectrics. If o is 

not zero, which is perhaps a more common case, then it may be eliminated 

from Eqs. (16-47) and (16-48). The result of this elimination is 

(«, i i@)e,, Hf (6, ip i@)r,, ay (16-49) 
7) w 

A final interesting case occurs when one conductivity, say g>, is infinite. In 
this case, E>,, must vanish and E,,, must equal o/€, in order for Eqs. (16-48) 
and (16-47) to be satisfied. 

The final boundary condition is that imposed on the tangential 
component of the magnetic intensity H. This boundary condition is obtained 
by integrating the Maxwell equation 

aD 
V XH = = ed (16-50) 

over the area enclosed by a loop such at that shown in Fig. 16-3. If this is 
done and the loop is shrunk as before, the resulting boundary condition is 

He Hees (16-51) 
where j, is the component of the surface current density perpendicular to 
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the direction of the H-component that is being matched. The idea of a 

surface current density is closely analogous to that of a surface charge 

density—it represents a finite current in an infinitesimal layer. The surface 
current density is zero unless the conductivity is infinite; hence, for finite 
conductivity 

,, = Ay, (16-52) 

That is, unless one medium has infinite conductivity the tangential com- 

ponent of H is continuous. If the conductivity of medium 2 is infinite, then, 

as has already been shown, E>,, = 0. A more general result can be obtained 

by considering the Maxwell equation (16-50) as applied to medium 2: 

3D 
Vx H, - —=J, (16-53) 

ot 

Using the constitutive relations and assuming that E, varies with time as 
e~‘* yields 

1 
Eo.=6 ae ee (16-54) 

82 — WE, 

If the reasonable assumption that H, is both bounded and differentiable is 

made, then Eq. (16-54) implies that E, is zero in a medium of infinite 

conductivity. With the same assumptions as were made previously, 

VxE, (16-55) 

and the vanishing of E, also implies the vanishing of H,. If H, vanishes, 

then the boundary condition on the tangential component of H at an 

interface at which one medium has infinite conductivity is 

Hy 91 (16-56) 
The boundary conditions have now been obtained; for convenient reference 

they are tabulated in Table 16-1 for g = 0, g = ~, and arbitrary g. 

i 

TABLE 16-1 

Boundary Conditions &§ E, (Bye H, B, 

2, =82=9 E,, = Ex, D,, = D2, H,, = H, B,, = Bz, 

£2=2 E>, =0 D,, =0 H2, = B,, =0 

E,,=0 D,, =0 Ay, =], B,, =0 

81, 82, arb. #* E,, = E,, (e.+i= JE, Hy, = Hz, B,, = Bz, 
F w 

=> (e.+i2)E,, 

\ (60) 
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16 Maxwell’s Equations 

THE WAVE EQUATION WITH SOURCES 

In the preceding sections, it was shown that Maxwell’s equations predict the 

propagation of monochromatic electromagnetic waves through a linear 

medium and also that the fields must match at an interface between two 

different media according to appropriate boundary conditions. It was 
assumed that the charge density p in the medium was zero and that the only 

current density J arose from the passive response of an ohmic medium to 

the electric field of the wave. We did not inquire how these waves were 
produced, but we shall now find that they are fields produced by distant 

source charges that undergo accelerated motion. 
The problem now is to consider prescribed charge and current distribu- 

tions, p(r,t) and J(r,¢), and find the fields produced by them. There are 

several ways of approaching the problem, of which the most fruitful is the 

potential approach, which is developed analogously to the procedures used 

in electrostatics and magnetostatics. Since the magnetic induction has zero 
divergence, it may always be represented as the curl of a vector potential. 
That is, 

B=VxA (16-57) 

Using this expression for B in Eq. (16-11) gives 

re) 
Vine E, ta Wed A wel (16-58) 

Assuming sufficient continuity of the fields to interchange the spatial and 
temporal differentiations, Eq. (16-58) can be written 

vx E o =| = (16-59) 

The vector E + 9A/0dt thus has zero curl and can be written as the gradient 
of a scalar: 

BarV. 9 mee (16-60) 

Equations (16-57) and (16-60) give the electric and magnetic fields in terms 

of a vector potential A and a scalar potential @. These potentials satisfy 
wave equations which are very similar to those satisfied by the fields. The 
wave equation for A is derived by substituting the expressions given in Eqs. 
(16-57) and (16-60) for B and E into Eq. (16-10), with the result 

1 fe) oA 
-VxXVxAdt =| =|= 7 ; ar Vo + a J (16-61) 
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Writing VV- —V* for ¥V x V x and multiplying by y gives 

A fe) =VA +.cu at ViV A+ cn V— = pd (16-62) 
ot ot 

Until now only the curl of A has been specified; the choice of the 
divergence of A is still arbitrary. It is clear from Eq. (16-62) that imposing 

the so-called Lorentz condition (or Lorentz gauge, cf. p. 407), 

re) 
V-A+ cust = 0 (16-63) 

results in a considerable simplification. If this condition is satisfied, then A 
satisfies the wave equation 

A 
VA — eu —-= —-uJ (16-64) 

3A 
-e|¥-Vo + v= = (16-65) 

Interchanging the order of the divergence and the time derivative operating 
on A and using the Lorentz condition (Eq. 16-63) leads to 

2 

1 
Vitae soe map (16-66) 

Thus, by imposing the Lorentz condition, both the scalar and vector 

potentials are forced to satisfy inhomogeneous wave equations of similar 
forms. 

The problem of finding the general solution of the inhomogeneous 

scalar wave equation is analogous to finding the general solution of 

Poisson’s equation. In the latter case, it will be recalled, the general solution 
consists of a particular solution of the inhomogeneous equation plus a 

general solution of the homogeneous equation. The inclusion of the 

solutions of the homogeneous equation provides the means for satisfying 

arbitrary appropriate boundary conditions, while the particular solution 

ensures that the total function satisfies the inhomogeneous equation. 

Exactly the same considerations apply to the inhomogeneous wave 
equation—the general solution consists of a particular solution plus a 

general solution of the homogeneous equation. Methods for finding certain 

solutions of the homogeneous equation will be treated in Chapter 17. These 

methods may be extended and supplemented to yield solutions to almost 

any solvable problem. Approximate methods are available for problems 

that cannot be solved in terms of known functions. It remains, then, to find 
the needed particular solution of the inhomogeneous equation. The 

inhomogeneous scalar wave equation (16-66) reduces in the static case, 
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dq/dt = 0, to Poisson’s equation, a particular solution of which we know 

from Eq. (3-1) (for vacuum): 

1 Pie g(r) = res ee = dv (16-67) 

The vector wave equation (16-64) has an analogous solution in the static 
(vacuum) case, given in Eq. (8-61). Unfortunately, we do not get solutions 
for the time-dependent case simply by inserting p(r’, t) and J(r’, t) into the 

static solutions, for reasons that we shall see. 

Let us rewrite Eq. (16-66) for vacuum, using 1/Veu = c/n, with the 

refractive index n = 1: 

Vp ae eS (16-68) 

can be solved most readily by finding the solution for a point charge, and 
then later summing over all the charge elements p Av in the appropriate 
charge distribution. The most convenient location for the point charge is at 

the origin of coordinates. Thus the equation 

1 pp 
Vo -s~— = 0 16-69 Pp C2 ot? 

( ) 

must be satisfied everywhere except at the origin, whereas in a small volume 

Av surrounding the origin, 

ae 1 
[. dv| ss =| = -Z a(t) (16-70) 

must be satisfied. The function q(t) is supposed to represent an assumed 
point charge of magnitude q that is located at the origin at time ¢, simply as 

a mathematical device to solve the equation, without any assumption about 
where an actual conserved charge was at an earlier or later time. (It does 

not represent a physical moving point charge, and the resulting solution for 
@ is not the correct potential for a moving point charge. The latter is more 
complicated and will be treated in Chapter 21.) It is clear from the 

symmetry of the charge distribution that the spatial dependence of m must 

be only on r. With this clue, an attempt to solve Eq. (16-69) may be made. 
Since @ does not depend on either the azimuthal angle or the colatitude, 
Eq. (16-69) becomes 

Por or ar” Gory 
Now, by putting 

ee, 
g(r, t) = wen (16-72) 
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Eq. (16-71) is converted to 

efi gee ail (16-73) 

This equation is the one-dimensional wave equation that is satisfied by any 

function of r — ct, or r + ct. To verify this, let 

u=r-—ct 

and let f(u) be any function of u that can be twice differentiated. Then 

af _dfeu_ df =F _ d'fu_ af 
Or dudr du’ or? du? dr du? 

(16-74) 

and 

Of df du df OF fae’ Sulsf 
i Cs —_: = Cc —- 

ot du at du at? du* 

Substituting the results of Eqs. (16-74) and (16-75) into Eq. (16-73) verifies 

that any function of (r — ct) that is twice differentiable is a solution of Eq. 

(16-73). A similar calculation verifies that a function of (r + ct) is a 

solution. Thus 

NAT el) Or ech) (16-76) 

(16-75) 

is a very arbitrary solution of Eq. (16-73). It will be found that g(r + ct) 

does not occur in our applications of the wave equation. For this reason, it 

will be dropped, and only the first term of Eq. (16-76) will be carried, since 
this procedure simplifies the ensuing equations and causes no particular 

omissions. It may be noted that f(r — ct) represents a wave propagating 

outward from the source charge q at the origin, while g(r + ct) represents a 
wave propagating inward toward the source charge from infinity. We keep 

the former and drop the latter for somewhat the same reason we would 

keep a plane wave solution propagating to the right if we were to the right 

of the source and drop the one propagating leftwards. 

A spherically symmetric solution of Eq. (16-69), 

= Mea (16-77) 

is now available. Furthermore, this solution contains an arbitrary function 

that may be chosen so that Eq. (16-70) is also satisfied. The proper choice is 
obtained by noting that for a static charge the potential compatible with 

Eqs. (16-69) and (16-70) is 

q 
16-78 

ed 4m€or ( ) 

The two functional forms for @ given by Eqs. (16-77) and (16-78) may be 
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brought into concert by choosing 

q(t — r/c) = = 16-79 Ora sree, (16-79) 
The solution to Eqs. (16-69) and (16-70) is then 

q(t — r/c) 
a 16-80 Lis ree (16-80) 

With this result, we readily find that Eq. (16-66) is satisfied by 

il un t’ 

LURE A errs al dg (16-81) 
4mé€, Jy |r — x’ | 

where t’ = t — |r — r’|/c is called the retarded time; g is known as 

the retarded scalar potential. 

The solution of Eq. (16-64) can be constructed in exactly the same way. 

The vectors A and J are first decomposed into rectangular components. The 

three resulting equations are closely analogous to Eq. (16-66), the x 

equation, for example, being 

1 &A, Wises eee 
c? ot 

= —Hod (16-82) 

Each of these equations may be solved exactly as was Eq. (16-66), giving, 
for example, 

Mo f Seles) 
A(t, t) = : (r,t) sd sap (16-83) 

These components are then combined to give 

Uo J(r', t') Ac) = 2 | ay 16-84 (FF) oy (16-84) 
which is the retarded vector potential. 

The physical interpretation of the retarded potentials is interesting. 
Equations (16-81) and (16-84) indicate that at a given point r and a given 

time ¢ the potentials are determined by the charge and current that existed 

at other points in space r’ at earlier times t'. The time appropriate to each 
source point is earlier than ¢ by an amount equal to the time required to 
travel from source to field point r with velocity c. If, for example, a charge 
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element located at the origin of coordinates were suddenly changed, then 

the effect of this change would not be felt at a distance r until a time r/c 

after the change was accomplished. The effect of the change propagates 

outward roughly as a spherical wavefront. (The actual situation is more 

complicated for a point charge because the charge density and the current 

density are intimately related through V- J + Op/ot = 0; cf. Chapter 21.) 

Having found the scalar and vector potentials, we find the fields by 

applying the gradient to @, and the time derivative and curl to A. These 

Operations are in principle straightforward; however, it will be seen that 
they are relatively complicated in practice. 

In the above procedure, it was essential to impose the Lorentz condition 

(16-63) on the potentials; otherwise it would not be the simple wave 
equations that they would have to satisfy. To see that we are always free to 

impose this condition, suppose that A and @ are a particular choice of 
potential functions that give the correct E- and B-fields according to Eqs. 

(16-57) and (16-60). Then, if we were to choose new potentials 

A'=A+VE gi'=p9-— (16-85) 

these would give exactly the same E- and B-fields when substituted into Eqs. 

(16-57) and (16-60), whatever we use for the function §, which is completely 

arbitrary. This change to new but physically equivalent potentials is called a 

gauge transformation. Now substituting A’ and g’ into Eq. (16-63), we get, 

after rearranging terms, a scalar wave equation for &, 

rE oy orton te -(v eAgy | 
cae oe or? Set 

as the condition that A’, g’ should satisfy the Lorentz condition. Thus, if 

the original potentials satisfied the Lorentz condition, the new ones will 

also, provided that & satisfies the homogeneous scalar wave equation. If the 
original A, @ did not, we can still find new potentials that will, by choosing 
E as a solution of the inhomogeneous scalar wave equation with 

op V cAte ene 
oli tar 

as the source term. We have just seen how to find such a solution. A choice 

of potentials that satisfies the Lorentz condition is called the Lorentz gauge. 
Other choices of gauge (i.e., other choices of V- A) are useful in other 

circumstances. 
With the development of the retarded potentials the basic work on 

radiation is completed. It remains to apply this material to the solution of 

practical problems. These are the concern of the next five chapters. 
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16-8___ ss SUMMARY 

This chapter contains the foundations of all classical electromagnetic theory. 
Maxwell’s equations are the differential equations that determine (together 

with boundary conditions for a particular situation) the fields produced by 

sources of charge and current: 

V-B=0, V-D=o0 

OB oD 
x E+ — =0, Vx H-—=J 

Me Or ot 

The E and B fields are operationally defined by the Lorentz force 

F = q(E + v X B) 

and the D and H fields are related to them by the constitutive equations of 

the medium, D = D(E), H = H(B). 
The Maxwell equations have the following important consequences. 

¢ Electric charge is conserved, according to the equation of continuity 

¢ Energy is conserved, according to 

Ou 
V:S+—=-J-E 

Bt 

where the field energy density is (in a linear medium) 

u = 3{(E-D + B-H) 

and the energy flux per unit area is the Poynting vector 

S=ExH 

* Electromagnetic waves propagate with the velocity of light, c = 
1/V€oUo in vacuum. 

* Boundary conditions on the fields are determined at an interface 

between different media, the most important ones being that the tangential 
components of E and H are continuous. 

* The fields E and B are derivable from potential functions: 

B=Vx< A, SV 

* The potentials satisfy the inhomogeneous wave equations 

1 5 A 
Ne atta hemes diene” AE OS Naerye Pi Mi 



PROBLEMS ——— 

Problems 409 

if the Lorentz condition 

re) i = sre 
ot 

is imposed. These will determine the generation of electromagnetic waves 

by prescribed charge and current distributions. Particular solutions (in 
vacuum) are 

1 p(r’,t’) Uo { U(r’, t’) 
r,t) =—— | ——dv’, _ Ar, = dv’ 

Dee wets, Mle eal Sa hoeaz | peice 

where 

ay gene 
G 

is the retarded time. These are called the retarded potentials. 

16-1 A parallel-plate capacitor with plates having the shape of circular disks has the 

region between its plates filled with a dielectric of permittivity €. The dielectric is 

imperfect, having a conductivity g. The capacitance of the capacitor is C. The 

capacitor is charged to a potential difference Aq and isolated. (a) Find the charge on 

the capacitor as a function of time. (b) Find the displacement current in the 

dielectric. (c) Find the magnetic field in the dielectric. 

16-2 The Q of a dielectric medium is defined as the ratio of displacement current 

density to conduction current density. For monochromatic wave propagation we find 

that Q = we/g. Determine Q for quartz and for sulfur, at the following frequencies: 

(arty bea es Abie ke. 

16-3 Two circular plates of radius a separated by distance d form an ideal capacitor: 

Assume that the dielectric is a perfect insulator with uniform D-field (i.e., neglect 

the fringing field at the edge of the plates). The capacitor is being charged by a 

constant current /. (a) Find the H-field at a point P on the cylindrical surface of the 

dielectric. (b) Find the magnitude and direction of the Poynting vector § at P. 

(c) Integrate S-m over the cylindrical surface of the dielectric, and show that the 
result is equal to the time rate of change of the stored electrostatic energy. 

16-4 A straight metal wire of conductivity g and cross-sectional area A carries a 

steady current /, Determine the direction and magnitude of the Poynting vector at 

the surface of the wire. Integrate the normal component of the Poynting vector over 

the surface of the wire for a segment of length L, and compare your result with the 
Joule heat produced in this segment. 

16-5 Suppose that in a certain region there is an electrostatic field and also a 
magnetostatic field. Show that although the Poynting vector may be nonzero, the 

surface integral of S- nm vanishes over an arbitrary closed surface inside the region. 

16-6 Consider the one-dimensional wave equation 

ge | aE 
82? 
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where E is the magnitude of the electric field vector. Assume that E has a constant 

direction, namely, the y-direction. (a) By introducing the change of variables 

E=t+ Vez, n=t— Veuz 

show that the wave equation assumes a form that is easily integrated. (b) Integrate 

the equation to obtain 

E(z,t) = E,(§) + E,(n) 

where E, and E, are arbitrary functions. 

16-7 Consider the electromagnetic wave 

E = iE, cos w(Veuz — t) + jEosin w(Veuz — t) 

where E, is a constant. Find the corresponding magnetic field B and the Poynting 

vector. 

*16-8 Starting with an expression for the force per unit volume on a region of free 

space containing charges and currents, 

F, = pE+JxB 

and using the Maxwell equations and the vector identity of Eq. (14-24), show that 

1 3 
Ey= - eS (E x B) + 6 EV-E - 5 €0 V(E*) + €,(E-V)E 

1 1 E 1 
+ —BV-B - —V(B’) + —(B-V)B 

Lo 2Uo Uo 

(The quantity €,E <x B is sometimes referred to as the momentum density of the 

electromagnetic field.) 

16-9 Given a plane wave characterized by an E,, B, propagating in the positive 
z-direction, 

2 
E= iE sin (z ~ ct) 

(a) Show that it is possible to take the scalar potential g@ = 0. (b) Find a possible 
vector potential A for which the Lorentz condition is satisfied. 

16-10 Show that in free space with p = 0, J =0, the Maxwell equations are 
correctly obtained from a single vector function A satisfying 

2 veA=0, va-ieA_ 
Gaol 

The gauge in which V- A = 0 is called the Coulomb gauge. 

16-11 Show that in a linear conducting medium a suitable gauge can be chosen so 
that A and @ each satisfy the damped wave equation, Eq. (16-29). Assume that 
p = 0. 

16-12 Consider a medium in which p = 0, J = 0, w = uo, but where the polariza- 

tion P is a given function of position and time: P = P(x, y, z, t). Show that the 
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Maxwell equations are correctly obtained from a single vector function Z (the Hertz 

vector), where Z satisfies the equations 

2 vz -i2%__P 
Canola Eo 

and 

1 1 oz 
E=VxVxZ-—P, B=, 6 

Eo Cc ot 

16-13 Consider a medium in which p = 0, J = 0, € = €, but where the magnetiza- 

tion M(x, y, z, t) is a given function. Show that the Maxwell equations are correctly 

obtained from a single vector function Y, where Y satisfies the equation 

1°Y 
Vv’ pinay — UM 

and where 

Bi=avVi XaVex<ey, =-vx = 

16-14 Show that Maxwell’s equations for an isotropic, homogeneous, nonconduct- 

ing, charge-free medium can be satisfied by taking either 

fe) 
1. E = real part of V x V x (Fa), B = real part of eusv x (Fa) 

or 

fe) 
2. B = real part of V x V x (Fa), E = real part of —=V x (Fa) 

where a is a constant unit vector and F satisfies the scalar wave equation. 
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17-1 

412 

Propagation of 
Monochromatic 
Electromagnetic Waves 

Maxwell’s equations have some special solutions that describe electromag- 

netic waves, as we saw by deriving the wave equation from the Maxwell 

equations. In this chapter, we consider these solutions in detail. We begin 

by considering the propagation of the waves through a linear medium, 

which we idealize to be infinite in extent. We leave until later chapters the 

question of how the waves are generated and how they enter the medium in 

the first place. 
The term electromagnetic wave propagation covers a wide range of 

physical phenomena such as radio waves, visible light, and X-rays. In 

vacuum, all of the waves propagate with velocity c, but they are distin- 

guished from one another by their frequency f (or their wavelength 4A). 
Table 17-1 lists representative regions of the electromagnetic frequency spec- 
trum from low-frequency radio waves (10* Hz) to hard gamma rays (1077 Hz). 

PLANE MONOCHROMATIC WAVES 
IN NONCONDUCTING MEDIA 

The most easily treated solutions of Eq. (16-31) are those known as plane 
wave solutions. A plane wave is defined as a wave whose phase is the same, 

at a given instant, at all points on each plane perpendicular to some specified 
direction.* If for example the specified direction is the z-direction, then E 

*It might seem more natural to define a plane wave as a wave for which the E- and B-fields are 

the same at all points on each plane perpendicular to some specified direction. For 

nonconducting media the two definitions are usually equivalent. For conducting media a real 

w leads to a complex k and one finds that there may be no true plane waves using this 

definition. There are always, however, plane waves using the constant phase definition, and 

we Shall consistently use that definition. 
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a 

TABLE 17-1 

The Electromagnetic 

Spectrum 
Type of EM Frequency f Wavelength A 

radiation (Hz) (m) 

Radio waves 10* to 10°* 3 to 3 x 10° 
TV, FM 10° 3 

Microwaves, RADAR 10° to 10"! 3 10-> to’ 3 <.10 

Far infrared 10'? 3301077 
Infrared radiation 10> to 4° 10" 8x10" to 3% 107 
Visible light 4x 10'* to 8x 10% 4x 10°’ to8x 107’ 
Ultraviolet radiation 8 x 10'* to 10!’ 2x40 to4e 10 
Soft X-rays 10’’ to 10" 3x10 to 3x10 
X-rays 10° to 107° SHAG. too sO 
Gamma rays 10°° to 10° aK10™ toon 10 

must have the same phase at all points that have the same z-value—that is, 
all points on a plane parallel to the xy-plane. Thus the solution in Eq. 
(16-34) that we already discussed is a plane wave solution, since (wt — xz) 

is a constant for a given ¢ and z, no matter what the values of x and y. Plane 

waves traveling in the z-direction are adequate for problems in which the 
choice of z-direction is arbitrary. However, in many problems a system of 

axes is chosen for other reasons, for example, because of boundary 

conditions. In such cases it is necessary to construct plane waves with 
arbitrary directions of propagation. Suppose a plane wave solution with 

direction of propagation u is to be constructed, where u is a unit vector. 

Then the variable z in the exponent must be replaced by u- r, the projection 

of r in the u direction. Thus a plane wave with direction of propagation u is 
described by 

—i(wt—Ku-r) 
e 

We define a vector, called the propagation vector, 

kK = Ku 

and write the exponential space and time dependence of the plane wave as 

—i(wt—k~-r) 
e 

If u = k, the unit vector in the z-direction, then u-r = z as in the special 
case, but in every case the wavelength A = 227/k. 

The velocity of propagation of a plane monochromatic wave is precisely 

the velocity with which planes of constant phase move. Constant phase 

means, of course, that 

K:-r— wt = constant (17-1) 
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If k-ris written KE, with x the magnitude of k and & the projection of r in 

the k direction, then Eq. (17-1) becomes 

KE — wt = constant 

a 

Differentiating with respect to the time yields the phase velocity, 

de wt ape ey Ce 17-2) 
Yat eh eo7 ig. ( 

where we have used the result of Eq. (16-33a) k = nw/c. In free 

space, 

1 
= 2.9979 x 10° m/s 

V €oLo 

Now to obtain the detailed plane wave solutions for E and B, we could 
go back to Eq. (16-31), but it is actually better to go all the way back to the 

Maxwell equations themselves. There are no prescribed charge or current 
distributions in the medium and the conductivity g = 0, so that the 

equations are 

V-D=0 (17-3) 

A ee (17-4) 

3B 
Vx E=-— ’ ar (17-5) 

3D 
Vx H=— i a1 (17-6) 

From our previous discussion of the wave equation, we already know the 

space and time dependence to be expected in a plane wave, so let us assume 
that the fields have the form 

E(r tf) = Ee tere (17-7) 

where E is a complex constant vector amplitude of the plane wave (to be 

discussed in detail in the following section), and let us substitute the 

assumed solutions into the Maxwell equations (17-3) to (17-6). This 

substitution will impose conditions that the assumed constants k, E, and so 
on, will have to satisfy in order that the plane wave functions will actually 
be solutions of the Maxwell equations. 

By differentiating a function of the form Ee~“” with respect to t, one 
sees that the operator 9/0df is equivalent to multiplying by —iw: 

fe} ns 
—=-l 

Ot 
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for a function of this particular form. Similarly, one finds (Problem 17-1) 
that for a function of the form Ee™*', the operator V is equivalent to 

VY =ik 

Thus, the Maxwell equations for plane waves (after i and the exponential 
are canceled) become 

k-D = 0 (17-8) 

kB =0 (17-9) 

k X E = wB (17-10) 

k x H = -owD (17-11) 

If we assume that the medium is linear, the constitutive equations are 

D = cE Cl 7-12) 

Ae “8 (17-13) 

We also assume that the medium is homogeneous and isotropic, so that € 

and wu are constant scalars. All of our applications will be to nonmagnetic 

media,* so for simplicity let us assume that uw = My. Recalling that e = Ke, 

and € oo = 1/c”, we get the Maxwell equations in the form 

Kx-E = (17-14) 

k-B=0 (17-15) 

k x E = oB (17-16) 

K x B= ~SKE (17-17) 

If we take w to be a given frequency and K to be a given material constant, 

we must try to satisfy this set of algebraic vector equations by suitable 

choices of k,E, and B. First, if we assume that K #0, we see that 
k- E = 0; x: B = 0 always. That is, both E and B must be perpendicular to 

k. Such a wave is called transverse. (The case K = 0 is actually possible and 

nontrivial, but we will defer its discussion.) Further, since B is proportional 
tok X E, E and B are also perpendicular to each other. The vectors x, E, B 

(in that order) form a right-handed orthogonal set. The relative magnitude 

of E and B is also determined by Eq. (17-16), B = (xk/q)E. Finally, we find 

*The only media for which yu differs appreciably from py at low frequencies are the 

ferromagnetic ones, which are not linear anyway. For optical frequencies, 4 =f for all 

materials. We exclude from consideration paramagnetic resonance, which is observable at 

radio and microwave frequencies under special circumstances. 
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the magnitude of « by taking the vector product of k with Eq. (17-16) and 

using k X B from Eq. (17-17): 

k X (k X E) = ok x B = —K(o/c)E 

With the vector identity 

k X (k X E) = (k: E)k — KE 

since k- E = 0 for the transverse wave, 

—K(w/c)E = -K°E 

which is equivalent to the wave equation for solutions of the form given by 
Eg. (17-7). E can be dropped from both sides of this equation to yield 

kK = VKo/c (17-18) 

This relation, called the transverse dispersion relation, determines the 

magnitude of the wave vector k in terms of the assumed w and K. 
To recapitulate, a plane monochromatic transverse wave propagated in 

the plus u direction is described by 

E(r,tp=ihe Hens? Bir) Berets 2 (17-7) 

where K = ku. The direction u and the frequency mw are completely 
arbitrary. The amplitude E is arbitrary except that it must be perpendicular 

to u: 
u-E=0 (17-19) 

The magnitude of k is determined, for the given frequency w, by the 
refractive index of the material: 

K = no/c (17-20) 

where n is defined as 

gid 2 (17-21) 

Then B is completely determined in magnitude and direction: 

B = “u xk (17-22) 

Note that in vacuum (n = 1), cB = E in mks units.* The phase velocity of 

the wave is c/n. With these results it is possible to consider some extremely 

interesting and important optical problems. These, however, will be 
postponed until the next chapter. 

In this discussion we have explicitly excluded the case K = 0. In 

*In gaussian units, according to the discussion in Chapter 8, we replace B by B/c, so that 
B = E. That is, the E and B fields have equal magnitudes for a plane wave in vacuum. 
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addition by implicitly assuming that k is real we have excluded a set of plane 
wave solutions that are needed in some cases to satisfy the boundary 
conditions at a plane interface between two nonconducting media. If k is 
not real, we take 

K = kK, + IK; 

so that Eq. (17-18) should be written 

tN 

Ko Ke 

The imaginary part of the left-hand side of this equation must vanish, and in 

order for the real parts to be equal, k> must be greater than k;. There are 
two ways in which the imaginary part can vanish: The imaginary part of k, 

kK;, Can vanish, or it can be perpendicular to k,. The first case has been 

thoroughly discussed above. The second case consists of waves in which the 

planes of constant phase are perpendicular to the planes of constant 

amplitude, as will be explained in Section 17-4. (These waves will be 
considered in more detail in connection with total internal reflection in 
Section 18-4.) In either case, k:k is real, and consequently, a real 
magnitude of k can be defined that satisfies Eq. (17-18). Complex wave 
vectors are further discussed in Section 17-4. 

Although the plane wave solutions are only a restricted class of 

solutions of Maxwell’s equations, they are very important since they form 

the basis of a much wider class of solutions. Because the equations are 

linear, a linear combination of solutions (superposition of plane waves) is 
also a solution. Thus we could form other solutions by taking sums of plane 

waves 

K(r, t) = Be E(k;, «;) exp [—i(@;t — k; + ¥)] (17-23) 

where each coefficient E would depend on x; and «;. This superposition of 

plane waves has the form of a (complex) Fourier series and, therefore, 

could represent any solution that was periodic—not necessarily sinusoidal. 

Each term of the series would have to satisfy the conditions of Eqs. (17-14) 

to (17-17) separately. For a solution that is not even periodic, the sum in 
Eq. (17-23) can be converted to an integral—the Fourier integraly—with 

E(k, ) a continuous function of k and w. The function E(k, w) is called the 

Fourier transform of E(r, t). In this case we would also have to consider the 

possibility that n depends on k and w as well, 

n = n(K, @) 

This latter effect, known as dispersion, will be discussed in Chapter 19. 

+ See Appendix V1. 
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POLARIZATION 

There is more to be said about the complex vector amplitudes E and B. In 
fact, we have not yet discussed fully what we mean by a complex vector. 

Two obvious meanings suggest themselves: A complex quantity whose real 

and imaginary parts are real vectors, 

E = E, + iE, 

or a vector whose components (with respect to real basis vectors) are 

complex scalars, 

E = E£,p+£.s+ Eu 

We use the circumflex for quantities that are complex when it is necessary to 

distinguish them; in the second form, p, s, u are a right-handed set of real 

orthogonal unit vectors. By writing the first form in terms of components 

and the second in terms of real and imaginary parts, it is easily seen that the 
two formulations are equivalent, provided that 

Ja gb [pei Ft FE, = E,; and so on 

For our present purpose, the second form is more convenient. We take u to 

be the propagation direction of the plane wave, so that E, = 0 according to 

the result u- E = 0 of Eq. (17-19), but E, and £, are arbitrary: 

E = Ep + E,s (17-24) 

The unit vector p can be chosen in any direction perpendicular to u. In the 

next chapter, we will make a special choice that will account for the 
particular notation introduced here. 

It is also more convenient to express the complex components in polar 
form instead of in terms of real and imaginary parts. Let 

a Ea = Belt: (17-25) 

Then, for example, 

Leo 0) ee Ee. *r—9,) 

That is, @, is the phase of the E-field component in the s direction. It is no 
restriction to let 

o,-9%,=¢ go, = 0 

since @, = 0 merely dictates a certain choice of the origin of ¢. With this 
choice, 

E ra E,e'*p 3 E,s 

K(r, t) = Epes asa ag Eiséa ee 

or the real part is 

E(r,t) = E,pcos(@t — k-r — p) + E,scos(wt — K-r) (17-26) 



FIGURE 17-1 

Trace of the tip of the 
E-vector at a given point 

in space as a function of 

time. The propagation 

direction wu is pointing 

toward us. The traces for 

g =0 and a are linearly 

polarized. The trace for 

g = 2/2 is elliptically 

polarized, right-hand; 

for —2/2 (left-hand), it 

rotates in the opposite 

direction. 
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The E-field is resolved into components in two directions, with real 

amplitudes FE, and E,, which may have any values. In addition, the two 

components may be oscillating out of phase by @: That is, at any given 

point r, the maximum of E£ in the p direction may be attained at a different 

time from the maximum of E in the s direction. 
A detailed picture of the oscillating E-field at a certain point, say r = 0, 

is best seen by considering some special cases. First, suppose that @ = 0. 

Then, 

E(0, ¢) = (E,p + E,s) cos wt 

The E-field alternately decreases from VE;,+ E; through zero to -VE2+ E? 
and back to the original value, always pointing along the direction 

E,p + E,s. This case is called linear polarization™ and is illustrated in Fig. 
17-1. If E, = 0 or E, = 0, we also have linear polarization; then @ is 
undefined. For @ = a, 

E(0, t) = (—E,p + E,s) cos wt 

again linear polarization, as shown in Fig. 17-1. For @ = 2/2, 

E(0, t) = E,psin wt + E,s cos ot 

The tip of the E-vector traces an elliptical path clockwise as shown. This 

* This use of the term “‘polarization” is not the same as the use introduced in Chapter 4. It is 

unfortunate that the same word is conventionally used, but usually no confusion arises since 

one usage applies to a wave and the other to a medium. 



420 17 Propagation of Monochromatic Electromagnetic Waves 

case is called right-hand* elliptical polarization. For ¢ = —2/2, the path is 

the same, but traced counterclockwise, called left-hand elliptical polariza- 

tion. In the special case when @ = +2/2 and E, = E,, we have (right- or 

left-hand) circular polarization. For other values of $, we have elliptical 

polarization (even if E, = E,). The trace is still an ellipse inscribed in the 
box of Fig. 17-1, but the minor and major axes of the ellipse are at an angle 

to the p- and s-axes. With elliptical polarization the magnitude of the 
E-vector never goes to zero, although its component in any given direction 

does. 
The complex amplitude of the B-vector is given by Eq. (17-22), 

Beene (17-22) 
Cc 

Taking the dot product of this with E, and interchanging dot and cross, we 

find that 

B-E=0 

In general, the vanishing of the dot product of two complex vectors does not 

mean that their real parts are perpendicular, but in this case they are. From 

Eq. (17-26), writing E(0, t) = E, we have for the real part 

E = E,pcos(at — $) + E,scos wt (17-27) 

From B(0, t), the real part of Be~'“", with Eq. (17-22), we find 

B = (n/c)[E,s cos (wt — @) — E,pcos wt] (17-28) 

Since the dot product of Eq. (17-28) with (17-27) is zero, the real E- and 

B-vectors are perpendicular at each instant. Also Re E = E(0,0), Re B = 
B(0, 0), so that the real parts of E and B are perpendicular. The trace of the 

tip of the B-vector is the same as Fig. 17-1 rotated 90° counterclockwise. 
Since the p- and s-axes were chosen arbitrarily in the plane perpendicu- 

lar to u, any other choice could be made. A new choice would rotate the 

coordinate axes in Fig. 17-1 and introduce new values of E,, E,,.and ¢,; but 

the trace of the E-vector in Fig. 17-1 represents a physical reality, which 

would not be changed merely by the coordinate transformation. At this 

point, however, even the physical state of polarization itself is part of the 

arbitrariness admitted by our assumed plane wave solution for an infinite 

medium. In the next chapter, we shall see how a particular polarization can 
be produced and measured. 

*Note that the “right-hand rule” does not apply to the motion of E in Fig. 17-1. The 

terminology derives instead from the path of the E-vector in space along the propagation 

direction, at a given instant of time. For right-hand polarization, the tip of the E-vector traces 

out a right-handed helix, or screw thread, as viewed from any direction. 
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ENERGY DENSITY AND FLUX 

We have freely used complex expressions for the E- and B-fields, with the 
understanding that the actual physical quantities are given by the real parts 

of the complex quantity. The mathematical justification of this procedure is 

that the Maxwell equations are linear equations that are satisfied separately 
by the real and imaginary parts of a complex solution. The expressions 

(E-D+B-H) (17-29) 

S=ExH (17-30) 

u 

for the energy density and flux per unit area, however, are nonlinear in the 

fields. Therefore, in these expressions it is essential to take the real parts of 

the fields before multiplying them together. (See Problem 17-6.) We may 

again calculate representative values at r = 0, since the origin is arbitrary. 

Squaring Eqs. (17-27) and (17-28) gives 

E* = E* cos* (wt — ) + E? cos’ wt (17-31) 

Boe Cyr eae fe (17-32) 

Since D = €E, B = uoH, we find that the electric and magnetic fields each 

make equal contributions to the energy density u: 

B-H=D-E 

eseilas 739 
Ho 

Further, E x H = Edu, so that the Poynting vector points in the propaga- 
tion direction, with magnitude 

S= in 2 

Mo C 

The expressions for energy density and energy flux per unit area have 

assumed especially simple forms for plane waves. Further, the two 

expressions can be combined to give an interesting result, which is 

independent of the particular value of the E-field: 

(17-34) 

Rees (17-35) 
n 

If we write the phase velocity of the plane wave as a vector in the 

propagation direction, with magnitude 

c 
Uv, =— 
eT 

then 

S = uv, 
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This equation is analogous to the relation 

J = pv 

which defines the convective electric current density. This analogy rein- 

forces the interpretation of § as an energy current density—that is, an 

energy density u that is transported with the phase velocity v, of the plane 

wave. 
The time dependence of u and § is given by E* from Eq. (17-31) and 

depends on the polarization of the wave. For circular polarization 

(@ = +2/2), 
E? = E? sin* wt + E? cos’ wt = EZ 

_ is constant in time; for linear polarization (@ = 0, ), 

E? = (E? + E) cos’ wt 

varies between zero and a maximum at twice the wave frequency. In every 
case, E* is always positive of course. At high frequencies the time 

dependence is not measurable, however, and so what is of more interest is 

the time average of E*. Since the time average over one period of 
cos’ (wt — ¢) is 3, for any polarization 

Boe Eee) (17-36) 
This and similar results can be obtained more quickly by using a theorem 

that was introduced in Chapter 13 but not proved; we now give the proof. 

If f = foe” and g = goe’", where fo and gy may depend on other 

variables but not on the time, then 

Ref Reg = 3 Ref*g (17-37) 
The bar indicates the time average defined by 

] T 

y= lim = t) dt a ea 
To derive Eq. (17-37), let fo = u + iv and go = € + in. Then, 

Ref Reg = (ucos wt — usin wt)(& cos wt — 7 sin wt) (17-38) 

while 

Re f*g = ug + un (17-39) 
The following integrals are easily verified: 

cf 1 
lim =| sin’ wtdt = = 
Tox T Jo 2 

s 1 
lim = | cos? wt dt = = 
Tx T Jo 2 

T 
lim =| sin wt cos wt dt = 0 
To 0 
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By means of these integrals, it is easy to see that the time average of Eq. 
(17-38) is 

Ref Ref = }(wé + un) (17-40) 

Comparison of Eqs. (17-40) and (17-39) proves the theorem of Eq. (17-37). 

The theorem holds for the product of any two complex quantities that 

depend harmonically on ¢ with the same frequency, but not necessarily 

having the same phase. If the quantities are vectors, the product can be 

either the dot- or cross-product. It is easy to check that the expression 

(17-36) is immediately given by putting the complex E of Eq. (17-26) into 

E? = } Re (E*-E) 

PLANE MONOCHROMATIC WAVES 
IN CONDUCTING MEDIA 

The procedure described in Section 17-1 can again be used in the case of 

conducting media to obtain solutions that are formally very similar to those 

found in the nonconducting case. We may start with Eqs. (17-3) to (17-6) 
and the assumed solution, Eq. (17-7), except that Eq. (17-6) is replaced by 

Vx H= ep + gE 
ot 

However, the physical interpretation of the solution is considerably more 

difficult here. There is another approach that does not simplify the physical 
interpretation, but it does provide some additional insight into electromag- 
netic waves, in conducting media in particular. 

In Chapter 3, we used the technique of separation of variables to 

convert Laplace’s equation into a set of ordinary differential equations. The 
same method can be applied to the wave equation 

SE OE Re i Lee) 16-29 VE — eu ape eB a ( ) 

The obvious differences here are that the dependent variable E is a vector 

and one of the independent variables is the time ¢; neither of these 

differences causes any problem. The interpretation to be given Eq. (16-29) 
is that each rectangular component of E must satisfy the equation. We write 

E(r,t) for one such component and assume that it can be written in the 

form 

E(r,t) = R(r)T(t) 

Inserting this product into Eq. (16-29) and dividing by R(r)T(t) gives two 

terms: one independent of r and one independent of ¢. Since the equation 

must be satisfied for all values of r and ¢, each of the terms must be equal to 
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the same constant, which we denote as A. At this point, A is just a 

separation constant, but as the details of the solution develop, it will take on 

physical meaning. The result is two differential equations: 

d°T dT 
— + gu—+AT=0 17-41a 

ot dt ar dt ( 

VR+AR=0 (17-41b) 

It is again convenient to treat R(r) and T(t) as complex quantities, with the 

convention that the physical quantity, E(r,t), is the real part of a complex 
equivalent, E(r, t) = R(r)T(t). In what follows we shall consistently use the 

circumflex to designate complex quantities. Equation (17-41a) is an ordinary 

second-order equation with constant coefficients, with the solution 

Teale?" he (17-42) 

here @, and @, are independent solutions of the quadratic equation 

Eu@? + igua — A =0 (17-43) 

Equation (17-41b) is a partial differential equation (called the Helmholtz 
equation), which has a very rich set of solutions. From this set we choose 

those from which we expect that plane-wave-like solutions can be formed. 

In particular, we choose 

R(r) = exp(tik-r),. k-K=A (17-44) 

Using Eq. (17-44) to eliminate A from Eq. (17-43) gives 

eu@? + igu@ — k-kK = 0 (17-45) 

Eq. (17-45) cannot be satisfied with K and @ both real. There are, however, 
interesting solutions in which one or the other is real. Monochromatic 

waves, in particular, correspond to real values of w (which we identify with 
the angular frequency). We restrict our set of solutions in this way and 
write 

E(r, t) = Eee ee (17-46) 

with kK and w satisfying Eq. (17-4Sa): 

euw’ + iguw — K-k = 0 (17-45a) 

Note that the circumflex on w has been dropped. Eq. (17-46) is formally the 

same as the assumed harmonic solution, Eq. (17-7), for a nonconducting 
medium, except that K is now a complex vector. ~ 

Equation (17-45a) is the general dispersion relation for monochromatic 
plane waves in a linear, homogeneous, isotropic medium. If the conductivity 
g is not zero and @ is real, Eq. (17-45a) cannot be satisfied unless kK is 
complex, and the real and imaginary parts of K are not perpendicular. 

Now, Maxwell’s equations must be satisfied as well as the wave equation, 
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and this requirement places further restrictions on the vector fields. 
Maxwell’s equations, in the form of Eqs. (17-14) to (17-16) and a modified 
(17-17) become (for a nonmagnetic medium, i.e., u = [U): 

Kk-E=0 (17-47) 

k-B=0 (17-48) 

k x E = oB (17-49) 

kx B= —SKE - iguok = -SRE (17-50) 
c 

Here we have used K, the complex dielectric constant, defined as 

R=K+i~& (17-51) 
Eo 

It is convenient to define the complex index of refraction A by 

analogy to what was done earlier for the case of real index of 
refraction and real dielectric constant: 

w=K (17-52) 

Then 

K-K = A70?/c? (17-52a) 

Note that the combination of Eqs. (17-51), (17-52), and (17-52a) is 

equivalent to Eq. (17-45a) for a medium with uw = pp. 

If 

k = k, + ik; (17-53) 

then E and B may be written 

E(r, t) = (Ee7* "e7 orm) 

B(r, t) = (Be-*' Eye res -r) 

This solution is a plane wave propagating in the direction k,, with 

wavelength A = 22/x,; but instead of having a constant amplitude, it 
decreases in amplitude, most rapidly in the direction k;. The surfaces of 
constant phase are planes perpendicular to the propagation direction k,. 

There are also surfaces of constant amplitude that are planes perpendicular 

to Kj. 
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We write 

A=ntik (17-54) 

to facilitate investigating the phase velocity and attenuation length of the 
wave. The real quantities n and k are called the optical constants. 

The dispersion relation for a conducting medium is 

K = ho/c (17-52b) 

with the scalar k defined as 

k= VK-kK = VK? — K3 + 21K, ° K; 

Let us assume to start that k, and k; have the same direction,* a 

restrictive assumption that fails to hold in some important cases to be 

discussed in the next chapter. It does hold, however, for the case of a plane 

wave entering a conducting medium at normal incidence to a plane 

boundary. Then we can write 

kK = (k, + ik;)u = Ku 

where u is the real unit vector in the common direction of k, and k;. Since u 

is real, the equations 

u-E=0=u-B 

still mean that the wave has its E- and B-vectors perpendicular to the 

direction of propagation u. Equation (17-22) becomes, however, 

ee ell 
B= a x E (17-55) 

The complex # means that E and B are not in phase with each other. It also 

means the real E- and B-vectors are not perpendicular to each other, except 

for linear polarization. (See Problem 17-9.) In terms of the complex 
refractive index 

nA=n + ik 

we have 

K, = no/c, K, = kw/c (17-56) 

Writing u-r = &, we get for the E-field in this special case 

E(r t) = (hee ee > 

*Such waves are sometimes called uniform or homogeneous waves. 
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The wave propagates with phase velocity c/n and attenuation 

constant kw/c. The latter quantity determines how rapidly the 

amplitude of the oscillating field falls off with distance. Its reciprocal 

6 = c/kw (17-57) 

which is called the skin depth, measures the distance within which 
the field falls to 1/e of its value at a given point (say a surface where 

the wave enters the medium). 

For a nonconducting medium (k = 0) the skin depth is infinite. Since the 

wavelength in the medium is A = 22c/nw (=1/n times the wavelength in 
vacuum at the same frequency), we can write the skin depth 

See (17-58) 

In a material where k is comparable in magnitude with n, the “‘wave”’ 

decays in about one wavelength; but if k <n, as in an imperfect dielectric 

with a small conductivity, the wave propagates many wavelengths without 

appreciable loss. In the latter case the material is transparent. 
When k, and xk; have different directions, the situation is more 

complicated. The real E- and B-fields do not have to be perpendicular to x, 
(nor to k,), although the wave is still called “transverse” if K # 0, 

k-E =0=-B. The wavelength and attenuation still depend on the 
material constants n and k, but in a much more complicated way than Eq. 
(17-56). The polarization and energy relations can be generalized, with due 

care for the complex quantities. We will have no need for these general 

results, however. 

Since the wave propagation is determined by the optical constants n and 

k, it is important to explore their relation to the quantities K and g, through 
which the properties of the material were originally expressed. The 

definitions 

A =n + ik (17-54) 

Ro (17-51) 
Eo 

are related by 

k= fh (17-52) 

This relationship looks deceptively simple, but when it is expressed in terms 
of the real quantities n,k and K, g, it becomes fairly complicated. We 
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write* 

K-= Ky +0iK; 

where 

K, = K, K; = g/€ow (17-59) 

Squaring (n + ik) and equating real and imaginary parts in Eq. (17-52) 

gives 

Keane 
(17-60) 

K, = 2nk 

These equations can be solved for n and k: 

k = VA[-K, + VK? + K?] 

Positive square roots are chosen so that both n and k will always be real and 
positive, as is required by their meaning. It should be noted that 
K; = g/€,q is inherently positive, since g is positive; the energy dissipation 

J-E = gE’ in a passive medium must be positive; K; always represents an 
energy loss. On the other hand, K, = K could be, and indeed can be, either 
positive or negative. For nonconducting media and static fields, it is positive 
and greater than 1, but for alternating fields in metals it may be less than 1, 

zero, or negative. Specific examples can be found in Chapter 19; for the 
present, we simply take K and g as given, recognizing that in any material 
they may depend on the frequency w. 

The equations above are exact but complicated; hence it is convenient 

to examine certain approximations. Most often one or another of the 
following approximations is valid: 

L. K, «Kl, K, > 0 (w > 8): 
€ 

n=VK, k=K,/2n<«n (17-62) 

2. K, «IK, K, <0 (w > ©): 

k=V-K,, n=K2k<«k (17-63) 

3. K; > |K,| (w << =). 
\E| 

n=k=VK,/2 (17-64) 

*More common notations are K = K,+iK, or K=K'+iK", but we want to reserve the 

numerical subscripts and primes for other purposes in the next chapter. 
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For example, (1) holds for a good insulator down to very low frequencies, 
essentially dc (strictly de only for a perfect insulator with g = 0), and gives 
n= N/K astfor?a nonconducting medium. Approximation (2) holds for 
metals in the upper infrared part of the frequency spectrum, while (3) holds 
for metals at microwave frequencies and below. The dividing frequency 
between the latter two cases is w ~ 1/t, where T is the collision time for the 
free electrons. For pure metals at room temperature, 1/t ~ 10'*s7!. 
Physically, in cases (1) and (2) the displacement current predominates and 

in case (3) the conduction current predominates. 
Where the skin depth is important in electrical problems, usually case 

(3) applies. Equation (17-58) shows that the “wave” is very strongly 
attenuated in terms of the wavelength. In terms of absolute distance, Eq. 

(17-57) becomes for this case 

i 2 2 
Sian ein) a 7-65 w VK, se (17-65) 

As w approaches zero, 6 becomes infinite, consistent with our earlier result 
that the E-field and current density are uniform in a conductor (not a 

superconductor*) for de and also approximately for 60-Hz current. At 

higher frequencies 6 becomes quite small within the range of validity of Eq. 
(17-65), however. 

EXAMPLE 17-1 We should like to calculate numerical values for the skin depth of some 

The Skin Depth of conducting materials with the aid of Eq. (17-65). The materials to be 

Conducting Materials at considered are silver at microwave frequencies and sea water in the low 

Radio Frequencies radio frequency range. 

Solution: Fine silver has a conductivity 

Cee 3 X90, S/ ami 

at microwave frequencies. At a frequency of 10'°Hz, which is a 
common microwave ‘egion, the skin depth is 

2 ¢ ee 9 x0 em 
2 (Qa x 10) x 10\(4x x 107) 

Thus at microwave frequencies the skin depth in silver is very small, and 
consequently, the difference in performance between a pure silver 

component and a silver-plated brass component would be expected to 
be negligible. This is indeed the case, and the plating technique is used 
to reduce the material cost of high-quality waveguide components. 

* The skin depth has no connection with the penetration depth discussed in Chapter 15. 

+ One siemens (S) is one reciprocal ohm; it is a unit of conductance or reciprocal resistance 

(see Chapter 7). A siemens was formerly called a mho. 
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For the seawater case, we calculate the frequency at which the skin 

depth is one meter. For sea water, f = Mo and g ~ 4.3 S/m. The 

expression for the frequency corresponding to a given skin depth 6 is 

2 ps ay ol 10° e 

Oe Fino ed SOU ae ep 
which yields 

f = 58.6 x 10° Hz 

1 

or a frequency of 60 kHz for a skin depth of one meter. If a submarine 

is equipped with a very sensitive receiver and if a very powerful 

transmitter is used, it is possible to communicate with a submerged 

submarine. However, a very low radiofrequency must be used, and 

even then an extremely severe attenuation of the signal occurs. At five 
skin depths (5m in the case calculated above), only 1 percent of the 

initial electric field remains and only 0.01 percent of the incident power. 

The anomalous case K = 0, which we have so far excluded, allows the 

existence of a longitudinal, as opposed to a transverse, wave. (Problem 

17-14.) In such a wave V-E #0 (even though V-D = 0), so that the 

polarization charge density does not vanish as in the transverse wave case; 

only a charge density can give a longitudinal field. Such waves are of some 

importance in plasmas; the electrostatic oscillation discussed in Section 14-6 
is an example. 

SPHERICAL WAVES 

As an example of a more difficult wave problem, where in fact it is not easy 

to find even the elementary waves, we consider the wave equation in 

spherical coordinates. The wave equation for the electric field in a vacuum 
is 

0 (17-66) 

For monochromatic waves, the equation for the spatial portion becomes 

by w\* 
V*E(r) + (=) E(r) = 0 =. (1768 

The difficulty in using spherical coordinates is that one would like to express 

the vector E(r) in terms of radial, azimuthal, and polar components, each 

expressed as functions of the radius, azimuth, and colatitude. If E(r) is so 

expressed, then it is not sufficient to use the expression for the Laplacian in 
spherical coordinates in Eq. (17-67); rather, it is necessary to define the 
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Laplacian of a vector by 

VE=-VxVxXE+VV-E (17-68) 

The divergence of E is still zero. However, the radial component of 
Vv x V X E involves not only the radial component of E, but also its 

azimuthal and polar components. The 6 and ¢ components are similarly 
complicated, and the final result is three simultaneous partial differential 
equations involving the three components of E. The separation that occurs 

for the vector Laplace equation in rectangular coordinates does not occur in 
spherical coordinates; it is in fact peculiar to rectangular coordinates. It 

should be pointed out, however, that rectangular components of E may be 

used; in this instance they would be written: E,(r, 0, $), E,(r, 9, $), 

E.(r, 9, $). 
A simple procedure circumvents the difficulty discussed above. Consider 

the scalar Helmholtz equation: 

Vy + (2) v aD (17-69) 

whose solutions are, as will be seen shortly, readily found. Suppose that y is 

any one of the solutions, then E = r X Vy satisfies the vector Helmholtz 
equation, Eq. (17-67): 

2 

-Vx VX E+VV-E+(“)E=0 (17-70) 
c 

To verify this, note the identity 

rxX Vy = —-V X (ry) (17-71) 

which follows from the vector identity 

V x (Fg) = pV X F-F x Vo (17-72) 

and 

Vxr=0 (17-73) 

Since the divergence of any curl is zero, it is necessary to consider only the 

curl curl term in Eq. (17-70). The curl of E can be found by using the vector 

identity 

Vx (Fx G)=FV:-G—GV-F+(G-V)F-(F-V)G_ (17-74) 

to obtain 

Vx (rx Vy) = rVp — (Vy)V-r + (Vy: Vir — (r- V)Vy 

(17-75) 

As was shown in Problem 1-13, (A+ V)r = A for any vector A; also, the 

divergence of r is three (3). The first term of Eq. (17-75) can be reduced by 

using the fact that y satisfies the scalar Helmholtz equation, thus leaving 
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only the last term as a possible source of complication. The vector identity 

VF-G)=(F-V)G+(G:V)F+FxXVxG+GxVxF 

(17-76) 

with F = r and G = Vy, gives 

Vir-Vy) =(r-V)Vy + (Vy: Vr (17-77) 

The last two terms of Eq. (17-76) vanish because the curl of any gradient is 
zero, as is the curl of r. Using these relationships in Eq. (17-75) leads to 

wo 

Vx (rx Vy) = -(2) ry - 30y + Vy — Vir Vy) + Vy 

(17-78) 

Finally, taking the curl of Eq. (17-78), we obtain 

w\? w\? 
Vx Vx (rx Vy) = -(2) vx ry = (2) ex Vy (17-79) 

c G 

which is just the vector Helmholtz equation. No explicit use of the spherical 

coordinate system has been made. However, since r is normal to a surface 

of constant radius in spherical coordinates, the solution r x Vw would be 
expected to be particularly useful in this system. It is in fact not very useful 
in vther coordinate systems. 

Having found that r x Vy is a solution of the vector Helmholtz 

equation, with wy a solution of the scalar Helmholtz equation, it becomes 
pertinent to find out how such solutions can be used to construct 

electromagnetic waves. The procedure is very simple. The spatial variation 
of the electric field is taken as 

E=rx Vy (17-71) 

The magnetic field must be so chosen that it, together with E, satisfies 
Maxwell’s equations. To this end, we write Eq. (17-5) as 

V x E = iB (17-80) 

where the standard e-‘’ time dependence has been assumed. Equation 
(17-78) gives the curl of E explicitly or, in a shorter form, 

1 
B= Tee x (r X Vy) (17-81) 

Since the divergence of any curl vanishes, Eq. (17-4) is satisfied. That Eq. 

(17-6) is satisfied is obvious from the fact that E and B are both solutions of 

the wave equation, which in turn represents a combination of Eqs. (17-5) 
and (17-6). 

The solution represented by Eqs. (17-71) and (17-81) is not the most 
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general solution that can be derived from a given yw. Another solution is 

obtained by putting 

1 
B’ =-r xX Vy (17-82) 

c 

and obtaining the electric field from Eq. (17-6), 

E' = =i) x (r x Vy) (17-83) 

The considerations detailed above show that E’, B’ form a solution to 

Maxwell’s equations, just as E, B do. The solutions differ in that E at any 

point is tangent to a spherical surface through the point with center at the 
origin of coordinates; on the other hand, B’ has the same property. These 
facts lead to the solution E, B being sometimes called transverse electric 

(TE), and E’, B’ transverse magnetic (TM), transverse meaning perpen- 
dicular to the radial direction. 

In the preceding paragraphs, the problem of solving the vector 

Helmholtz equation has been reduced to that of solving the scalar 
Helmholtz equation. In spherical coordinates, this equation can be solved 

by the technique of separation of variables already familiar from potential 
problems (Chapter 3) and Section 17-4. In spherical coordinates, the scalar 
Helmholtz equation is 

we 22¥) ieee (si a8) En SEES eae + ——_ — e6— 

ar (r SF) ily 2isinid Of Gane soe 

1 &y 
ats a Hest ose 2 r- sin“ 0d 

where k* = (w/c)* and yw is assumed to have the form 

+ Ky =0 ~~ (17-84) 

yp = R(r)O(9) P(9) (17-85) 

Substituting this assumed form for wy in Eq. (17-84) and dividing by w gives 

1) mere de ghee LE ae di. wy dO 
= — — + — a o6— Ron capt a @ sin O75 sin 16 

1d’ 
Te Bde? + x’r* sin? 9 = 0 (17-86) 

after multiplying by r* sin? 6. The third term depends only on @, and this 
term is the only one that depends on @. Consequently, this term must be a 

constant, which is chosen to be —m?. In other words, 

d’@®,, 
dg? 

where the subscript m serves to indicate that ® depends on m. Rewriting 

+ m’@,, = 0 (17-87) 
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nS 

TABLE 17-2 

Associated Legendre 

Polynomials, P7"(u), 

where u =cos 0 

Designation Functional form 

P,(u) 1 

P,(u) u=cos 0 

Pi(u) (1 —u’)'* =sin 0 
P,(u) 5(3u* — 1) = 4(3 cos 26 + 1) 
P3(u) 3u(1 — u)'? = 3 sin20 
P3(u) 3(1 — u”) = 3(1 — cos 24) 
P,(u) 3(Su? — 3u) 

P3(u) 3(1 — u’)'(Su* — 1) 
P3(u) 15u(1 — u*) 
P3(u) 15(1 — u?)?? 

Eq. (17-86) using (17-87) gives 

1 sree de m? 
eed gee eran toy ys et aera 

ig AB | sa.G sini. dae umaciOaee 
0 (17-88) 

The first two terms depend only on r, while the last two depend only on 8. 
Thus the sum of the last two must be a constant, which is chosen as 

—I(l + 1). The sum of the first two terms must, of course, be /(/ + 1). Thus 
there result two equations: 

a) RO Ce m* 
sino + ji + 1) - —’— = - sin@d0. dO Ge ae ania dens aun are 

and 

d 2 aR, ; 22 ae FT Fyn ee ete Ra (17-90) 

The solutions of Eq. (17-87) are well known: 

Doveere (17-91) 

The solutions of Eq. (17-89) are less well known, but some have already 

been met in Chapter 3, where solutions for m = 0 were discussed. These 
solutions* are the Legendre polynomials P,(cos 6). The solutions of (17-89) 
for arbitrary m =/ are known as the associated Legendre polynomials. 
They may be defined by 

Pru) = — wyrn 
du™ 

with u = cos 6. It is clear that P?(u) = P(u), the ordinary Legendre 

P,(u) (17-92) 

*In Chapter 3, these functions were written P,(@). Since, however, the Legendre polynomials 

-are polynomials in cos 6, it is more common to write P,(cos 8); we follow this practice in the 

present chapter as well as in the succeeding ones. 
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polynomial. For m # 0 the functions are given in Table 17-2. 

Finally, Eq. (17-90) must be considered. The change of variable from r 

to — = kr is readily accomplished, and the resulting equation is 

d d 
rely 7 Bi A Ps SL: = ( (17-93 dé” dé (L(t + 1) — §°JR, = 0 ) 

The substitution R, = &~'*Z, transforms this equation into 

Z poet hae +e - \Z, = 0 (17-94) 

This equation, which is very familiar to mathematical physicists, is known as 
Bessel’s equation. The solutions of the equation are also well known and 
have been extensively investigated and indeed tabulated. The common 
solutions are designated J,,,,.(xr) and N,,;2(«r) and are known respectively 
as the Bessel function and the Neumann function, of order / + 4. For 

purposes of the wave equation, it is extremely convenient to define spherical 
Bessel functions by 

J((Kr) = V2 /2Kr Jy. (Kr), n( Kr) = V20/2Kr Ny 4 1o( Kr) (17-95) 

and from these in turn we obtain 

hi(xr) = jr) + inf xr), hi?) = j(«r) — inf xr) (17-96) 

The functions j(«r), n(«r), hi(«r), and hi(xr) are all solutions of the 
radial equation, Eq. (17-90). These functions are tabulated for / = 0, 1, and 

2 in Table 17-3. The h’s are particularly convenient for radiation problems 

TABLE 17-3 

spherical Bessel and Type Functional! form 

Neumann Functions 

JAP) (1/p) sin p 
nfp) —(1/p) cos p 
§'(p) —(i/ pe” 

Ai(p) (i/pje ” 
ji(p) (1/p”) sin p — (1/p) cos p 
np) —(1/p) sin p — (1/p”) cos p 

h\''(p) —(1/p)je"(1 + i/p) 
AY(p) —(1/p)e""(1—i/p) 

a een 3 
JAp) [3-5] sin 0 - 005 0 

ag » Frais 
n{p) est ear cos p 

: bs aed. 
hY(p) (i/p)e ha oa) 

; = Sal 
h?(p) —(i/p)e a) 

———— el 
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because for large values of r, they behave as 

(—i)'**e'*™” on *+1 —ikr 

h} (kr) ee 
Kr kr 

hi) (xr) ae? Kr 

and thus lead to outgoing and ingoing spherical waves. 

A general form for y may be written as 

Win = Va/2xKr Z,(xr)Pi"(cos 6)et’"*? (17-97) 

The corresponding vector fields are computed by using Eqs. (17-71) and 
(17-81) for the TE waves, and Eqs. (17-82) and (17-83) for the TM waves. 

The simplest interesting choice of wy is Wo, which is just 

Ist | 
Yio = —e™|1 + -| cos 6 (17-98) 

kr kr 

The gradient of io is 

ixr 1 l . 
— age = ote | sin 0 (17-99) 

The spatial portion of the electric field is 

E=r xX Vy = —ag Exe™| — a ‘ ;| sin 6 (17-100) 
kr xr 

where E, has been introduced to make the equation dimensionally correct. 

The surfaces of constant phase, kr = constant, are spheres. (The surfaces of 

constant amplitude are not, however.) The spatial dependence of the 

magnetic induction is given by 

B=-i-VXxE 

LE, e| : + iP cos 6 
ON Lat are nc 

BOGE Ue Pia ail ee ert: 
a iC Eve . = er = =| sin Oa, (17-101) 

As will be seen later, these are just the fields (TE) produced by a radiating 
magnetic dipole. It is interesting to note that only the portions of E and B, 
which are proportional to 1/r contribute to the net radiation. All other 
terms give terms in the Poynting vector that fal! off more rapidly than 1/r? 
and consequently have integrals over spherical surfaces that vanish as the 
radii of these spherical surfaces go to infinity. The spherical wave solutions 
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are applicable in considering the radiation from bounded sources, which will 
be treated in Chapter 20 from another point of view. 

SUMMARY 

The transverse wave solutions of Maxwell’s equations are most simply 

expressed in terms of plane waves: 

E(r, t) = fee Moran +s) B(r, t) i Be -er-*) 

These solutions exist for any frequency w and amplitude E, so long as 

k- E = 0. The magnitude of k is determined by the transverse dispersion 

relation, although its direction is arbitrary. The vector k (real part) specifies 

the direction of propagation and wavelength (A = 2/k). The B-field of the 

wave is determined by the other quantities. 

¢ In vacuum, the dispersion relation is 

k = w/c 

where c = 1/V€olo is the velocity of light. The vectors k, E, B form a 

right-handed orthogonal set. The magnitude of B is 

B=Ejc 

at every instant. If the two components of E (in the plane perpendicular to 

kK) are in phase, the polarization is linear; if they are out of phase, it is 

elliptical. The magnitude of the Poynting vector and the energy density u 

are related by 

S = cu 

and the direction of S is along x. 

¢ In a linear dielectric medium (nonconducting, nonmagnetic), all the 

above results still hold if c is replaced by c/n, where the index of refraction 

n is related to the dielectric constant K by 

alge 
(In a linear magnetic medium, n = VKK,,,, but this generalization has little 

application. ) 

¢ In a conducting medium all of the same formal results hold if the 

complex dielectric constant 

K = K + ig/e€ow = K, + iK; 

is used instead of K. This has the consequence that the refractive index 

A=ntik 
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PROBLEMS ——— 

and the propagation vector 

kK = k, + Ik; 

are also complex. The wave is attenuated: 

E(r, t) = (Re~*' "je “ot-e 9) 

In the simplest case, k, = nw/c, kK; = kw/c; but in general all of the 

physical relations are more complicated. 

¢ In general 

K =A’ 

The relation between the real optical constants and dielectric constants is 

K, =n’? - k’, K,; = 2nk 

and these can be inverted explicitly. The result is complicated, unless 

certain extreme cases are applicable, as is usually true. 

¢ For conductors the attenuation length 

6 = c/wk = —— 

also called the skin depth, is important. For at least moderately good 

conductors, below the infrared frequency range, the approximation 

n= k = Ve/i2éoo 

can be expected to hold, so that 

6 = V2/Uowg 

Here g can be taken as the de conductivity. 

* Aside from plane waves, the most interesting set of transverse vector 

wave solutions is the spherical waves. They are much more complicated, but 

applicable in radiation problems. 

17-1 Show that if F(r) = Ae’“’", where A is constant, 

V-F=x-F, VxF=ixxF 

17-2 Show that for a plane wave in vacuum 

E xe 
=~ = 4/— = 377 
H Eo - 

This resistance is called the impedance of free space. 

17-3 Two plane waves have the same w, k, and amplitude E, but opposite circular 
polarization (i.e., left and right). Show that the superposition of the two waves is 
linearly polarized, with amplitude 2E. 
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17-4 Sketch a figure like Fig. 17-1 for E, = 2E,, with @ = 30° and with @ = 60°. 

17-5 The earth receives about 1300 W/m’ radiant energy from the sun. Assuming 
the energy to be in the form of a plane polarized monochromatic wave and assuming 
normal incidence, compute the magnitude of the electric and magnetic field vectors 
in the sunlight. 

17-6 Suppose A and B are complex vectors. (a) Calculate Re A - Re B and compare 
it with Re (A - B). (b) Show that A- B = 0 does not imply that Re A- Re B = 0. 

17-7 Consider two plane waves in vacuum with the same w, k, and polarization 
direction p, but with different amplitudes and phases: E,, 0 and E>, @. Calculate the 

time-average Poynting vector S of the superposition of the two waves. Note the 

interference effect due to the phase difference @, which would not occur if the two 

waves had perpendicular polarization directions. 

17-8 Consider a standing wave in vacuum which is the superposition of two plane 

waves of the same frequency, amplitude, and linear polarization, but with opposite 

k. (a) Calculate the Poynting vector S(r, t) of the superposed waves. (Note that the 
origin is not arbitrary.) (b) What is $? 

17-9 For a plane wave in a conducting medium 

Suppose E is elliptically polarized, with E = E,e'*p + E,s. Prove that at each 

instant of time 

k : 
Re E-ReB = ay Ee En sine, 

17-10 For metals in the infrared spectral region, it happens that K, = —K,, at a 

frequency w = g/(—€) ~ 10s‘. Calculate the optical constants n and k for this 
case, in terms of K;. 

17-11 For a dielectric which becomes absorbing at high frequencies, or for a 
semiconductor, it happens that K; = K,. Calculate n and k for this case, in terms of 

K,. Find 6/A, the ratio of the attenuation length to the wavelength. 

17-12 Show that in a nearly transparent medium of refractive index n, the 

attenuation length 6 is related to the conductivity g by 

2n 

&V Uo/ Eo 

where VUo/€o = 377 Q. 

17-13 A Poynting vector proportional to E” falls off as e **, where a = 2/6 is called 

the absorption coefficient. The power loss is often expressed in decibels per meter 

(dB/m), where a decibel is defined as ten times the common logarithm of the ratio of 

the initial to the final energy flux per unit area. (a) Show that power loss = 

4.34 a dB/m. (b) From the result of Problem 17-12, calculate the (optical, not dc) 

conductivity a lightwave communications medium must have in order to achieve a 

loss as low as 1 dB/km, assuming a refractive index of n = 1.5. 

6 = 
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17-14 Suppose the dielectric constant K = 0. (a) Show that Maxwell’s equations 

with no external charge or current densities have a longitudinal solution in which 

H = 0 and k X E = 0, but k- E #0. (b) Show that there is a polarization charge 

density p, = ikeoE. (The equation K(x, w) = 0 is called the longitudinal dispersion 

relation.) 

17-15 According to quantum mechanics, the energy of a photon is Af where h is 
Planck’s constant, 6.63 x 10 “Js. A beam of visible light in vacuum (f = 6 Xx 
10'* Hz) is focused to a cross-section of 1 square mm and is, approximately, a long, 

plane wave. If the electric field in the wave is 1.0 V/m, calculate the length of the 
wavetrain in one “photon.” 

17-16 What is the skin depth in mercury metal at f = 10° Hz? 



CHAPTER 18 

18-1 

Monochromatic Waves 

in Bounded Regions 

The solutions of Maxwell’s equations found in the preceding chapters will 
now be used to solve problems of practical interest. Two general classes of 

problems will be considered: boundary-value problems and radiation from 
prescribed charge-current distributions. In the first class of problems, 

solutions of the homogeneous wave equation are so combined as to satisfy 

the appropriate boundary conditions. In the second class, solutions of the 

inhomogeneous wave equation with specified sources are required and 

boundary conditions are largely ignored, except for such things as insistence 

on outgoing waves and that the fields fall off as 1/r at large distances. The 
first class of problems is the subject of this chapter; the second class of 
problems is considered in Chapter 20. 

REFLECTION AND REFRACTION AT THE BOUNDARY 
OF TWO NONCONDUCTING MEDIA: NORMAL 
INCIDENCE 

Electromagnetic waves propagating in materials* usually enter the material 

through a boundary between it and another medium, perhaps air or 
vacuum. Treating this problem requires the application of the boundary 

conditions derived in Chapter 16. We begin with the simplest possible case: 
a plane wave normally incident on a plane dielectric interface. Experience 

leads us to expect that the incident wave will be accompanied by both 

reflected and transmitted waves. In fact, we will see that the boundary 

conditions can be satisfied only if transmitted and reflected waves are 

*In this chapter we assume that all of the materials are linear. 
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a 

FIGURE 18-1 

Reflection and transmis- 

sion at normal incidence 

x 

ny ng 

present. We continue to consider only nonmagnetic media and describe the 
fields in terms of B rather than H. The three waves are each constrained to 

satisfy the relations between k, E, and B developed in Section 17-1. The 

situation is described in Fig. 18-1. 
In this figure E,, B, describe the incident wave traveling in the plus 

z-direction, E;, B; describe the reflected wave traveling in the minus z- 

direction, and E,, B, describe the transmitted wave. The interface is taken 

as coincident with the xy-plane at z = 0, with medium 1 on the left and 

medium 2 on the right. The electric fields, which are at first assumed to be 
linearly polarized in the x-direction, are described by 

E, = iE, ei(k1z— at) 
x 

Ey = ike re (18-1) 
E, = fate et 520 

where 

(02) @ 
} ey eet Na and K> ea (18-2) 

(G Cc 

with n, and n, being the indices of refraction of the two media. From Eq. 

(17-22), 

aA n m 

B=-uxE 
Cc 

where in this case u = k for the incident and transmitted waves and u = —k 

for the reflected wave, the magnetic fields associated with the electric fields 
of Eq. (18-1) are given by 

cB, = nyse oe 

tr ° ' —i(k 

CBs jn, fy.e ee (18-3) 
cB, = jn, Fz, 26% — 9) 

Clearly the reflected and transmitted waves must have the same frequency 
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w as the incident wave if boundary conditions at z = 0 are to be satisfied for 

all ¢. Since the normal components of the fields vanish, only the boundary 
conditions on the tangential components need be considered. The E-field 

must be continuous at the boundary, so from Eq. (18-1) at z = 0, 

Ei, — Ei, = E>, (18-4) 

The H-field must also be continuous, and for nonmagnetic media (1, = 

U2 = Uo) so must the B-field: 

ni (Ei, a3 Ex) = n,E>, (18-5) 

Equations (18-4) and (18-5) can be solved simultaneously for the amplitudes 
E,, and E,, in terms of the given amplitude £,, of the incident wave: 

Ny — ny 2n, 
Jistes jie = E 

n> tine * a pe neat 

The ratios of the reflected and transmitted wave amplitudes to the incident 

amplitude are determined entirely by the refractive indices of the two 
media. These amplitudes in turn determine the amplitudes of the magnetic 
fields through Eq. (18-3). 

Since only the field ratios are determined, it is convenient to 

introduce a special notation for them, 

(ls | Oe 

== tay, 
—— = f 18- E,, pe (18-6) 

riz and f¢,, are called Fresnel coefficients for normal incidence for 

reflection and transmission, respectively. The subscripts indicate 

that the wave is incident from medium 1 onto medium 2. Thus the 

solution is given as 

Ligeg ae Soe (18-7) 

What is usually measurable is not the reflected and transmitted E-fields, but 
the reflected and transmitted average energy fluxes per unit area. The latter 

are given by the Poynting vector and are called the intensities of the waves. 
According to Eqs. (17-34) and (17-36), in each medium 

= oper: i ee 2) (18-8) 
2 Uc 

for any polarization. 
In this example, we have chosen E, = E,, E, = 0. 
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ee ee ee ee ee eS ee 

We define the reflectance R,, and the transmittance T,, for normal 

incidence by the ratios of the intensities 

Sy As 
== R,, == 
5S; ; S; 

Then from Eqs. (18-8) and (18-6), 

T,, (18-9) 

n 
== eg 2 

R, = Tia, T, = 

ny 
12, (18-10) 

With the Fresnel coefficients given by Eq. (18-7), the reflectance and 

transmittance of Eq. (18-10) satisfy 

R, + T, =1 (18-11) 

for any pair of nonconducting media. This identity is an expression of 
energy conservation at the interface. 

So far we have considered only linearly polarized radiation. If the 

incident wave is elliptically polarized, we must consider the perpendicular 
components £, = E, in each medium, in addition to the x-components. 
They will also satisfy equations like (18-6), with the same Fresnel 

coefficients. The three y-components are all in phase with each other, 
although they are out of phase with the three x-components. From Eq. 

(18-8), we see that the intensities associated with the x(p) and y(s) 
components simply add, 

$=5 +S, (18-12) 

regardless of the phase difference between the p- and s-components—that 
is, regardless of the degree of elliptical polarization. Thus Eqs. (18-9) to 

(18-11) hold separately for each polarization component and also for the 
total intensities. 

For a typical air—glass interface, where n, = 1.5 and n, = 1, the 
reflection and transmission coefficients are 

R,, = 0.04, T, = 0.96. 

Thus, as is expected from Eq. (18-11), all of the incident energy is either 
reflected or transmitted—there is no place to store energy in the interface. 

A further interesting fact is obtained by examining Eq. (18-6); namely, if n, 
is greater than n, the first ratio r,2 is positive, and FE}, is in phase with &j, at 
the boundary. 

As a second example, in water n, = 1.33 for visible light, so that 
R, = 0.02. Below w ~ 10''s~', however, K, = 81. For radio frequencies, 
pure water approximates a nonconductor (Case 1 in Section 17-4) and so 
n, = VK = 9, 

R,, = 0.64 
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18-2 

For sea water, a better conductor, the reflectance is much larger yet, as we 

will find in Section 18-4. 

REFLECTION AND REFRACTION AT THE BOUNDARY 
OF TWO NONCONDUCTING MEDIA: OBLIQUE 
INCIDENCE 

A more general case than that discussed in the preceding section is that of 

reflection of obliquely incident plane waves by a plane dielectric interface. 

Consideration of this case leads to three well-known optical laws: Snell’s 
law, the law of reflection, and Brewster’s law governing polarization by 
reflection. 

The situation is described by Fig. 18-2, if the propagation vectors k,, Kj, 
and k, are coplanar and lie in the xz-plane, and the electric field vectors E,, 

E;, and E, also lie in this plane.* The electric fields of the incident, 

reflected, and transmitted waves are given by 

E, as Lea 

E; = Ej,e%1 (18-13) Pp 

E, = se 2 SS ilaad 

where Ee = (com Fy Ee = E 1 pP1> E,, = EF Po- The propagation vectors are 

K, = K,u,, and so on, and the unit normal to the boundary is n = k. The 

FIGURE 18-2 

Reflection and 
refraction—oblique in- 

cidence. The xz-plane is 
the plane of incidence. 

The vectors B,, B;, and 

B, are directed out of the 

paper. 
E,’ 

*Tt will be proved that the propagation vectors are always coplanar. The most general electric 

field vector can be resolved into a component in the xz-plane (plane of incidence) and a 

component perpendicular to this plane. The reflection and transmission of these two 

components are governed by different laws. The choice illustrated gives Brewster’s law. 
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plane defined by k, and n is called the plane of incidence, and its normal is 

in the direction of n X k;. In fact, (m X k,)/|m X K,| = Jj, the unit vector in 

the y direction. The p-component of polarization has been chosen to lie 

parallel to the plane of incidence (p for “parallel’”’). In general there is also 

an s-component (not shown in Fig. 18-2) of the amplitude of each wave, 

E,, = £,,51, Eis= 61,815 E,, = E,8:. For each of the three waves s = 

u X pand p = s X u, so that 

§,=8, = =j (18-14) 

The s-components are perpendicular to the plane of incidence (s for 

“senkrecht,” the German word for perpendicular). 

With oblique incidence it is clear from Eqs. (18-13) that not only must 

the reflected and transmitted waves have the same frequency as the incident 

wave, but also the phases must match everywhere on the boundary: 

Ki ° No = Ki °0o = Ko‘ Fo (18-15) 

for any vector rp on the boundary. This condition does not depend on the 

exact boundary conditions, and it has three interesting consequences. 
The first of these is that the four vectors k,, Ki}, K>, and mn are all 

coplanar. To prove this statement, we use the vector identity 

n X (n X R) = n(n-R) — R(n-n) (1-11) 

which holds for any two vectors. If n is a unit vector and R is perpendicular 
to n, as is the case for the normal to the boundary plane and frp, 

n X (nM X ro) = —Fo 

Writing ro in this form in Eq. (18-15) and interchanging the scalar 

multiplication with the first vector multiplication gives 

(Kk; X m)-(m X ro) = (Ki, X n)-(m X ry) = (K) X nn): (N X 4B) 

But since ro is an arbitrary vector in the boundary plane, n X rp is also 
arbitrary (it is the same length as ro but is perpendicular to it). 
Consequently, 

nX K) = X ki =n X ky (18-16) 

The unit vector n’ = (n X k,)/|n X k,| = j defines the plane of incidence— 
that is, the plane of incidence is the plane perpendicular to n’ or 
equivalently, the plane containing n and k,. Since A: (A X B) = 0 for ony 
two vectors A and B, it follows from Eq. (18-16), by taking the scalar 
product with k,, Kj, k, and n in turn, that 

Ky (kK, X Mm) = ki (kK, X m) = K+ (kK, X n) = n-(K, X n) = 0 

Thus, the four vectors k, kj}, kK), and mn are all perpendicular to n’. 
Consequently all four vectors lie in the plane of incidence and are coplanar. 

The second consequence of Eq. (18-15) is that the angle of incidence is 
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equal to the angle of reflection. The angle of incidence 6, is given by 

K,-N = kK, cos 0, 

Also, 

kK; n = —Kk;,cos 0; 
(18-17) 

K,'n = K,cOoSs 0, 

Therefore 

lk, X n| = kK, sin 0, 

lk; X n| = Kk; sin 0; 

Ik, X n| = k>sSin 0, 

and Eq. (18-16) then requires that 

K, sin 0; = k,sin 8, = xk, sin 0, 

The magnitude x; of the reflected wave equals x, of the incident wave, 
since they are propagating with the same frequency in the same medium. 
Thus, 

sin 8, = sin 6; 

or 

6, = 6; (18-18) 

The third consequence is Snell’s law. It too follows from the preceding 
argument and use of the dispersion relation, Eq. (18-2), to change the xk’s to 

n’s. The result 

nN, sin 0; == 1 sin 0, (18-19) 

is Snell’s law. (We note for future reference that none of these algebraic 

proofs depends upon whether the medium is a perfect insulator or 

conductor. In the latter case, however, the propagation vector is complex. 

Care must be used to interpret correctly the significance of the complex 
equations which result.) 

None of these three consequences depends on the boundary conditions 

for the electric and magnetic fields derived from Maxwell’s equations. The 
first two must hold for any kind of wave; the third, Snell’s law, depends on 
the particular dispersion relation for the waves. 

To derive the Fresnel coefficients that will give the ratios of the field 

amplitudes for oblique incidence, we do need the boundary conditions on 
the tangential components of the fields. (The conditions on the normal 

components turn out to be satisfied automatically.) To express the tangen- 

tial component of the E-field amplitude in vector form, consider the vector 

identity 

n x (n X E) = (n-E)n- E 
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or , 
E = (n: E)n — n X (n X E) 

Since (n- E)n is just the normal component of E, the remainder has to be 

the tangential component, —n X (n X E), for any vector E. Then the 

boundary condition on the E-field becomes 

n x (E, + E}) =nx E, (18-20) 

after canceling the exponentials (because of Eq. (18-15)) and nx. Since we 

are assuming a nonmagnetic medium, the continuity of the tangential 

B-field is also required: 

n x (B, + Bi) =n x B, (18-21) 

The Maxwell curl equations relate E and B to each other in each medium. 

With the dispersion relations Eq. (18-2) these take the form of Eq. (17-22): 

A 

B= “u xk (18-22) 

or its equivalent 

f= = “u xB (18-23) 

If, for example, we substitute Eq. (18-22) into Eq. (18-21), it becomes 

nin X (u, X E, + uj x Ej) = non X (w x E,) (18-24) 

Equations (18-20) and (18-24) are a pair of vector equations, which must be 

solved for E; and E, in terms of E,. We can expand the vector triple 

products: 

n X (u, X E,) = (n-E,)u, — (n-u,)E, 

and similarly for the others. For the s-component E,,, for which n- E,, = 0, 

this expression simplifies considerably: 

n X (u, X E,,) = —CcOs 6,F,, 

since m+u, = cos @, from Eq. (18-17). Thus for the s-component, Eq. 
(18-24) becomes 

n,(cos 6,E,, — cos 6:E\,) = no cos 05E>, 

and since O,"— @;, 

n,cos 6,(E,, — Ej,) = n> cos @,E,, (18-25) 

Taking the cross product of Eq. (18-20) with n gives for the s-component 

E,, + E\, = E,, (18-26) 
No such simplification occurs for the p-component, and so we are led to 
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consider the two polarization components separately. Substitution of Eq. 
(18-23) into Eq. (18-20) will make a corresponding simplification for the 
p-polarized case, 

1. s-polarization. Equations (18-25) and (18-26) are easily solved simul- 

taneously. We get 

Ei, = ek E., = tok (18-27) 

where 

n,cos 8, — n, cos 0, 
ey oe stands Sb Baba BP) 

es n,cos 80, + n, cos 6, 28-28) 

2n, cos 0, 

fir n, cos 6, + n, cos 4, (18-22) 

2. p-polarization. When the E-vectors all lie in the plane of incidence, Eq. 
(18-22) shows that the corresponding B-vectors all lie along the 

s-direction. The choice of E-vectors in Fig. 18-2 was made so that all 
the corresponding B-vectors point in the +j direction. This time we 

substitute Eq. (18-23) into Eq. (18-20). Since n- B,, = 0 = n- Bi, = 
n- B,,, the result simplifies to 

1 A A 1 A 

— cos 6,(B,, — B,,) = —cos 6,B,, (18-30) 
ny, nz 

Also, Eq. (18-21) simplifies to 

B,, + Bi, = B., (18-31) 

We can write the solution of Eqs. (18-30) and (18-31) as 

A n A 

B,, > N2pBis, B., = ¥ ti2pB,, (18-32) 

1 

n,cos 8, — n,cos 0 lop = 22 eile See (18-33) 
Pn, cos 8, + n, cos 63 

2n, cos 0, (18-34) 
= 

P _n,c0s 0, + n, cos 0, 

We write Eqs. (18-32) in this way so that when we calculate the 

magnitudes of the E-vectors from Eq. (18-23), we get 

oes = Ce tee LE, = Piadtic (18-35) 

With these Fresnel coefficients (i.€., Ti2s, ti2s, Tizp, aNd t,2,) we now 

have a complete solution of the boundary-value problem, since an 

incident wave of arbitrary polarization can be resolved into p- and 
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s-components. It should be emphasized that the terms p- and 

s-polarization always refer to the direction of the E-vector.* 

For normal incidence 6, = 0 and according to Snell’s law 6, = 0 as well. 

Thus, Eqs. (18-33) to (18-35) reduce to Eqs. (18-6) and (18-7) for normal 
incidence. Equation (18-29) becomes identical to Eq. (18-34), but from Eq. 

(18-28), we find that ri, = —r2, for normal incidence. For normal 

incidence, the plane of incidence is undefined, and so the physical result has 

to be independent of polarization. The difference arises only because Ej, 

and Ej, point in opposite directions in Fig. 18-2 when 6, goes to zero, 
whereas E,, and Ej, point in the same direction. For s-polarization, the 

Fresnel coefficients are relations between the E-vectors, Eq. (18-27); for 

p-polarization, they are relations only between their magnitudes, Eq. 

(18-35), since the E-vectors all point in different directions with oblique 
incidence. Using Snell’s law, we could write 

cos 65 = V1 — (n,/n>) sin? 8, 

and thereby express the Fresnel coefficients entirely in terms of the material 

parameters n,, n2 and the given incident angle 6). 
Relations between the intensities can again be obtained from the 

Fresnel coefficients, treating each polarization direction separately. We 
define the reflectance and transmittance as the component of the respective 
time-averaged Poynting vectors that is normal to the boundary, relative to 

the normal component of the incident Poynting vector,t+ 

n- Si, n-S,, R, ==“, l= : 
n:S,, n:S,, Ads 2) 

n:S; n:S, 

R, = ——*, T, = —=* -3 E n-S,, P n:S,, (18 7) 

In terms of the Fresnel coefficients, we havet 

2 6 R, = r255, east eee ee : : 12s a= Rcoson (18-38) 

*In older optics books, there occurs the term “plane of polarization,” defined as the plane 

containing the B-vector and the propagation vector. We will avoid this term altogether. 

+t In medium 1, S = (BE, + E;) x (H, + H}). It is possible to show that 

n-(E, X H, + E; x H,) =0 

in a nonconducting medium (the only case we will consider), so thatn-§ = n- (S, + S{) and 

it is meaningful to separate the Poynting vectors. 

+ Alternative definitions of the reflectance and transmittance are occasionally made, as ratios of 

the magnitudes of the Poynting vectors instead of normal components. This makes no~ 

difference in R, but removes the factor (cos 6,/cos 0,) from T. 
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n,cos 6, 
Re = rise pie peigeias (18-39) 

The identities 

Ree leas Nps a BS 8 (18-40) 

hold for oblique incidence on a nonconductor. 

For certain purposes, it is more convenient to have the Fresnel 
coefficients in the following form: 

_ sin(@, — 6;) 
= 18-41 

ze Ne (0,0) Uo 

2 cos @, sin 6, facie ate as de 18-42 
oS ein (0, + 0,) ( ) 

tan(0@, — 0) 
= 18-43 

"2? ~ tan (6, + 05) ( ) 

2 cos 6, sin 0, (18-44) 
t = 

P “sin (@, + 0) cos (0, — 93) 

These are easily seen to be equivalent to the above forms by using 

trigonometric identities and Snell’s law. 

BREWSTER’S ANGLE: CRITICAL ANGLE 

We next consider the dependence of R and T on the angle of incidence for 
the case of two nonconducting media, using the Fresnel coefficient derived 

in the preceding section. In every case, T = 1 — R, so we will discuss only 
R. We have already examined the case of normal incidence 6, = 0: The 

polarization does not matter, and R is greater the more the ratio n,/n, 

differs from unity. For grazing incidence 6, = 2/2, cos@,=0, and 

R, = 1=R,, as can be seen most easily from Eqs. (18-28) and (18-33). 
Near grazing incidence the reflectance is large; this high reflectance is the 
reason a calm lake is like a mirror. For intermediate angles of incidence, 
there are two particularly interesting angles. 

Can there be a case of zero reflectance? Equations (18-41) and (18-43) 
show that there can. If 6, = 0,, then tan(6@, — 06.) = 0 = sin(@; — 4) 

and there is no reflected wave. Unfortunately, if 6, = 6;, Snell’s law 

requires that n, = n,—that is, the two media are optically indistinguishable. 

If, on the other hand, 0, + 0, = 2/2, then tan(6, + 9) is infinite and the 

amplitude of the p-polarized reflected wave is again zero. In this case 

the media are optically distinguishable. Since the s-polarization, E 

perpendicular to the plane of incidence, is partially reflected, unpolarized 
light incident at an angle satisfying 6, + 6, = 2/2 will be polarized by 



452 18 Monochromatic Waves in Bounded Regions 

a 

FIGURE 18-3 

Reflectance for s- and 

p-polarization at an air— 

glass interface. 
Brewster’s angle is 

05 = 56°. 

6} 

reflection. Snell’s law 

ny sin 6, = n> sin 0, 

provides a means for determining the value of 6,. Using 6, = 2/2 — @, in 

Snell’s law gives 

; ; Uv 
n, sin 6, = nzsS1n (= _ 6») = n,cos 0, 

or 

tan 0, = — (18-45) 
ny 

The quantity 6, is known as Brewster’s angle; the relationship between it 
and the indices of refraction as given in Eq. (18-45) is known as Brewster’s 

law. Polarization at the Brewster angle is a practical means of producing 
polarized radiation, although not the most common one. In Fig. 18-3, the 
values of R, and R, are plotted for all values of 6,, with n, = 1, n, = 1.5, 

as for an air—glass interface. The Brewster angle is @, = 56° for this case. 

The generally lower reflectance for p-polarized light accounts for the 

usefulness of Polaroid sunglasses. Since most outdoor reflecting surfaces are 
horizontal, the plane of incidence for most reflected glare reaching the eyes 
is vertical. On the assumption that one’s head is usually erect, the polarizing 
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FIGURE 18-4 

Reflectance for s- and 

p-polarization at a glass— 

air interface. Brewster’s 

angle 0, = 34° and the 

critical angle is 0. = 42°. 

lenses are oriented to pass light with E-vector in the vertical plane and 

eliminate the other more strongly reflected s-component. 

There is another case besides grazing incidence in which R, = R, = 1. 
From Eqs. (18-28) and (18-33) we see that perfect reflection occurs for 

6, = 2/2, as well as for 6, = 2/2. The incident angle for which 9; = 2/2 is 
called the critical angle, 8, = @.. From Snell’s law, 

sin 0. = — (18-46) 
ny 

The critical angle is a real angle only if n,<n7,, but for any pair of 

transparent materials, this inequality will hold for incidence on one side or 

the other of their interface. From Eqs. (18-45) and (18-46), 

tan 6, = sin @. 

Since tan 6 is not restricted in value, there is always a real Brewster’s angle; 
furthermore, since tan 8 > sin 0, 0g < @,. The case of a glass—air interface 

with n, = 1.5, n, = 1 is plotted in Fig. 18-4. For incidence from the glass 

side, 0, = 34° and 6. = 42°. For incident angles greater than the critical 

angle, 6, > @,, Snell’s law gives 

2 ny. A le 
sin 6. = — sin 6, > — sin 0, 

nN n2 
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Since sin 8, = n2/n,, this equation requires 

sin 8, > 1 (18-47) 

There is, of course, no real angle whose sine is greater than one, but this 
complication is not serious and is resolved in the next section. The result is 
that R, = R, = 1 for all 6, = 6,. This perfect reflection is called total 

internal reflection. It is easily observed by looking into a glass prism or an 
aquarium or by looking up when swimming under water. It has a very 

important practical application in the optical fiber, a fine glass fiber through 

which a light beam is transmitted, as in a waveguide for microwaves. (See 

Problem 18-4.) 
Our examples in this section have involved frequencies in the visible- 

light range, and transparent materials for which n = VK. For nonpolar 

materials, the same relations hold at all lower frequencies (but not in the 
ultraviolet and higher frequency ranges). They do not hold at all lower 

frequencies for optically transparent polar materials made of polar mole- 

cules (e.g., water) or ions (e.g., rocksalt), since K is frequency dependent. 

COMPLEX FRESNEL COEFFICIENTS: REFLECTION 
FROM A CONDUCTING PLANE 

The complication that arose in the last section for angles of incidence 
greater than the critical angle, namely sin 6, > 1, leads us to consider 

complex Fresnel coefficients. Since cos @ = V1 — sin? 6, a real value of 

sin 6 greater than 1 implies a pure imaginary value of cos @, so that cos 6, in 

the Fresnel coefficients is imaginary and they are complex. They would also 

be complex if medium 2 were conducting, since in that case 7 is complex. 
Snell’s law 

n,sin 0, = Az sin A, 

shows that then sin 6, has to be complex as well. We must, therefore, 

examine whether our derivation in Section 18-2 holds for complex angles 
and refractive indices. There is no way to draw Fig. 18-2 with a complex 
angle 6, and so we will have to be careful about the geometrical meaning 
of our conclusions. The derivation, however, did not appeal to the geometry 
of the figure. It was completely algebraic, and since all the algebraic vector 
relations hold as well for complex quantities as for real ones, the results are 

formally correct. We now consider the case where medium 1, the medium 

from which the wave is incident on the boundary, is nonconducting. This 
restriction is a physical one and excludes some cases of potential interest, 

but it is the case of most practical importance. Equation (18-16) then 
becomes 

n X Kk, = NM X kK, = Nn X ky, + in X kK; (18-48) 

where kK, = K2, + ikK>;. Since n and xk, are both real, the unit vector normal 
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to the plane of incidence is real and is still just j. Then, as before, 

kK -j=0 (18-49) 

and both the real and imaginary parts of Kk, are perpendicular to jthat is, 
in the plane of incidence. (Also, the right-hand side of Eq. (18-48) must be 

real so m X Kj; = 0. Thus, the imaginary part of kK, is a vector in the 

direction of n—that is, normal to the interface.) The complex angle A, is 

defined algebraically by 

kK +n = &,cos 6, (18-50) 

Then Snell’s law becomes 

n, sin 6, = Asin 6, (18-51) 

where 

sin 6, = V1 — cos’ 6; (18-52) 

All of the algebraic manipulations with the boundary conditions on the E- 

and B-fields are valid, and so the complex Fresnel coefficients are still given 

by Eqs. (18-28), (18-29), (18-33), and (18-34), with complex fi, and cos 45. 

If they are expressed in polar form, 

fosNlroasher’s rope idhaapl ¢ Pane <1 

and used in Eqs. (18-27) and (18-35), 

E,, a Fizs| ei@E.,, Et, = lFi2p| Ad Oe erik: (18-53) 

it is clear that the reflected and transmitted E-fields are phase-shifted with 

respect to the incident E-field. The real reflectances for intensity defined by 
Eqs. (18-36) and (18-37) become 

R, = |AzcI?, Rp = lArzpl” (18-54) 

since the phases have no effect on the Poynting vectors given by Eq. (18-8). 
Considerable care is needed to obtain the correct transmittances from the 

complex quantities, but we shall have no use for these since in most cases 
they are not measurable in the conducting medium. In place of R + T = 1, 
the identities 

rd (18-55) 
pe te ONS. — 1 (18-56) 

are useful when one medium is conducting. These hold for both s- and 

p-polarization. 
For normal incidence from air on a conducting medium, with n, = 1, 

A, = n + ik, the reflectance is 

2 Atop da (18-57) 
Bean + 1)" kK? 
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ane DT Cerna Nir 

Since all the transmitted energy is eventually absorbed in a 

semi-infinite conducting medium, we define the absorptance as 

A=1-R (18-58) 

For normal incidence, 

4n 

Aiea a a Sy) 

The absorptance is small (high reflectance) if nm «<1, orn > 1, ork > 1. 

When n = k >> 1 (Case 3 in Section 17-14 with K; = g/€)w > 1), 

7 s 
A, = p <tY (18-60) 

In this case, k = VK;,/2 = Vg/2€ a, so that 

A, = 2V2€9a/g (18-61) 

The last expression is called the Hagen-Rubens relation, it should hold for 

moderately good conductors in the microwave region and below, and for 

metals into the infrared, with g the de conductivity. With the same values 

used in calculating the skin depth from Eq. (17-56), we find that for silver at 

f = 10'°s~' (3cm wavelength) 

A, = 2V2(8.854 x 10°')(2x x 10)/3 x 10’ = 3.9 x 1074 

R,, = 0.9996 

For sea water at f = 6 x 10*s7’, 

A, 25 oS 

R,, = 0.9975 

This high reflectance also manifests the problem in communicating with 
submarines. The absorptance is small in these cases because the skin depth 
is relatively small. From Eqs. (17-48) and (18-60), 

A, = 4 : ig IU Ay 

where A, is the wavelength in air. In the frequency range of visible light, for 

silver n = 0.05, k = 3. For these values, Eq. (18-60) is not valid, but Eq. 

(18-59) gives R,, = 0.98. More typical metallic values are perhaps those for 

nickel, n = 2, k = 3; these give R, = 0.56. Such metals still look quite 

shiny, since the eye approximates a logarithmic detector. The corresponding 
values for silver and nickel are plotted as a function of the incident angle in 

Fig. 18-5. There is no Brewster’s angle where R,, vanishes, but still R, has a 
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FIGURE 18-5 

Reflectance for s- and 
p-polarization at an air— 
metal interface. Repre- 

sentative values for vis- 

ible light are n =0.05, 

k =3 (silver) and n =2, 

k =3 (nickel). 

1 

Silver 

Nickel 

a a eS a 
n/2 

9 

minimum and is always less than R,. Some polarization by reflection still 
occurs. Equations (18-53) show that Ee and EY have a relative phase 

difference a, — @,. Thus even if the incident wave is linearly polarized, the 

reflected wave may become elliptically polarized at oblique incidence. 
The transmitted wave is important in problems such as those considered 

in the next section, even if it cannot be observed directly. Its amplitude and 

phase are given by ¢,, and foe and its propagation vector by the k, that 
satisfies Eqs. (18-48) to (18-52). The latter will define the planes of constant 

phase and the phase velocity, as well as the planes of constant amplitude 
and the attenuation constant. These results are obtained by comparing the 
two equivalent expressions for k: 

k =k, + ik; (18-62) 

kK = Ksin 6i + K cos Ok (18-63) 

(In this discussion we will drop the subscript 2.) The second form is justified 
by the restriction Eq. (18-49). Eq. (18-48) requires that kK x n is real, and 
using Eq. (18-62) in Eq. (18-48) gives 

k, X n=k, Xn (18-64) 

x Xn = 0 (18-65) 
Equation (18-65) shows that k; is parallel to n = k, and Eq. (18-64) is 

K, sin©® = xk, sin 6, (18-66) 
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FIGURE 18-6 

Refraction into a con- 
ductor. The planes of 

constant phase are per- 

pendicular to the propa- 

gation direction and 

make an angle © with the 

boundary, but the planes 

of constant amplitude are 
parallel to the boundary. 
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where © is the real angle between k, and n. (See Fig. 18-6.) The angle 0 
could be called the real angle of refraction, in that it is the angle between 
the planes of constant phase and the boundary surface. The planes of 
constant amplitude, on the other hand, are parallel to the boundary surface, 
so that the wave is most rapidly attenuated directly into the conductor. We 
can rewrite Eq. (18-62) 

K = k,sin@i+ x,cosOk + ik,k 

K, sin 0,i + (kK, cos © + ik;)k 

Comparing the components of this with those of Eq. (18-63), we see that 

K, sin 0, = &sin 6 (18-67) 

K, cos © + ik; = K cos 9 (18-68) 

The first is simply Snell’s law again, but the second, together with Eq. 

(18-66), gives the relation of k,, kj, and © to n, k, and 6,, which we seek. 

Let us make the abbreviation 

Roos 6 = <(p + ig) 
Cc 

so that 

Acos 6 = p + ig (18-69) 
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Then from Eq. (18-68) k, cos @ = (w/c)p, and with Eq. (18-66) 

ie. Lars DD Ie, 7 Vp* + njsin* 0, (18-70) 

@ k= <q (18-71) 

It remains only to find the values of p and q, which follow immediately by 

squaring Eq. (18-69): 

p* — q? + 2ipg = A7(1 — sin? 6) = (n + ik)? — n?sin? 0, 

=n? — k? — n?sin? 6, + 2ink 

where we have used Snell’s law fi sin 8 = n, sin 0, again. In terms of the 

dielectric constant K = fi’, 

p’ — q° + 2ipq = K, — K, sin’ 0, + ik; 

Equating real and imaginary parts, we get 

K, — K,sin’ 6, = p* — q 

K,; = 2pq 

equations that are almost the same as Eq. (17-60) for n and k. The solutions 

p = VA(K, — K; sin? 6,) + V(K, — K; sin? 0,)? + K’] 
: ir = =; (18-72) 

q = V3[-(K, — K, sin? 6,) + V(K, — K;sin* 6,)* + K?] 

are the same as Eq. (17-61) for n and k except that K, is replaced by 
(K, — K,sin? 6,). Thus p and q play the role of generalized versions of n 
and k that depend on the angle of incidence 6,. When 6, = 0, p = n and 
q =k. The attenuation length is given directly by q according to Eq. 

(18-71). Equation (18-70) can be written 

x. = N= (18-73) 
Cc 

which defines a real refractive index N(6,), 

N = Vp? + nisin? 0, (18-74) 

and gives the phase velocity as c/N. From Eq. (18-66), N satisfies a real 

version of Snell’s law: 

N sin © = n,sin 6, (18-75) 

Ncos 9 = p (18-76) 

Either of these can be used to find the real angle ©. Although AN is not the 
real part of i, nor © the real part of 6, N cos © is the real part of fi cos 6. 
With this result, we have a complete solution for the complex case. The 
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results are a fairly simple generalization of the real case, and the application 

to any particular problem is straightforward. Equations (18-72) are so 
complicated, however, that not much more can be said in general about 

propagation into a conducting medium at oblique incidence, except in 
extreme cases. For example, when K; is very large, the case that leads to the 

Hagen-Rubens formula, 

p2=n=q =k> 1 

From Eq. (18-74), 

N>1 

and from Eq. (18-75), 

©. = 0 

The propagation direction is almost directly into the medium for any angle 
of incidence, although the attenuation is very strong; the velocity and 

wavelength are much reduced. The skin depth that was defined for normal 
incidence holds approximately for any angle of incidence. 

Returning to the case of total internal reflection, we can apply the 

results to complete the solution of that problem also. Here n, = Ves 

K>; = 0; but cos 6, is imaginary when 6, > 6.. (We now restore the 

subscript 2.) 

cos 6, = V1 — sin? 6, = V1 — (n,/n2) sin’ 8, 

iV(sin 6,/sin 6.)> — 1 (18-77) 

since 

sin 0. = n3/n, 

Combining Eqs. (18-77) and (18-69), we find 

n, cos 6, = inzV(sin 6,/sin 6.)° — 1 = p + ig 

so that 

p=0, gq =n,V(sin 6,/sin 0, — 1 (18-78) 

(The same result is given by Eq. (18-72).) With Eq. (18-78), the Fresnel 
coefficient for s-polarized reflection Eq. (18-28) becomes 

A n,cos 6, — iq 
tie Tae Se ae 

n, cos 0, + ig 

The numerator is the complex conjugate of the denominator for any 

6, > @., SO Fi2, has the form 

z* 

= 5 V12s = 
Fis = 

z he 
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Therefore, 

Resalioile es fact eal Ss 12s 12s’ 12s 

Similarly, it is clear from Eq. (18-33) that R, = 1 for all 6; > @.. We did 
not calculate T in the complex case, but energy conservation requires T = 0 
when R = 1. On the other hand, the Fresnel transmission coefficients f,, 
are not zero; there are nonvanishing E- and B-fields in medium 2. This 

seeming paradox is most easily resolved by finding k,. With p = 0 in Eq. 
(18-74), 

N = n,sin 6, = n,(sin @,/sin 6.) (18-79) 

The real refractive index N of medium 2 varies between n, and n, as 0, 

increases from 6, to 2/2, 

ng =NZn, (18-80) 

From Eq. (18-76) with p = 0, N # 0, 

cos 9 = 0 (18-81) 

for any angle of incidence 6, = 0.. That is, k3, is always parallel to the 

boundary, and as a consequence there is no energy flow perpendicular to 

the boundary in medium 2. We already know that k,, is perpendicular to the 

boundary. Thus, in Fig. 18-6 the planes of constant phase are perpendicular 
to the boundary plane and the planes of constant amplitude are parallel to 

the boundary. These waves are known as evanescent waves and can be 

observed in appropriate experiments. 

The evanescent wave is attenuated in the direction perpendicular to the 

boundary with an attenuation length 6 = 1/xk,,;. Using Eqs. (18-71) and 

(18-78), we can write the attenuation length: 

GC G 1 
St 18-82 

4 wq nw V(sin 6,/sin 6.)° —] ( ) 

Replacing n, with N from Eq. (18-79) and introducing the wavelength 

A,/2x = c/No, we get 

6 = 42 
~ 2nV1 — (sin @,/sin 8,)" 

As long as @, is greater than the critical angle @,, 6 is a real number, and 

the wave decays exponentially with depth into medium 2. As the angle of 

incidence decreases, the attenuation length increases until it becomes 

infinite at the critical angle. Thus, at this angle, ordinary unattenuated 

propagation becomes possible and instead of the evanescent wave the usual 

refracted wave propagates into medium 2. On the other hand, as 6, 

increases and approaches 2/2, 6 approaches A;/27cos 6., which for 

glass-air is A,/4.68. Thus the behavior for 6; > 6, is a reasonable extension 
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18-5 

of the behavior for 6, < 6,.: As 6, increases up to 6,, R increases and 6, 

increases; at @., R= 1 and 6, = 2/2. As 6, increases beyond @,, R 

remains 1 and the real angle of refraction © remains 2/2, but the infinite 

penetration of medium 2 is gradually reduced to a fraction of a wavelength. 

At the same time the phase velocity and the wavelength in medium 2 

decrease from that characteristic of medium 2 to that of medium 1. Two 

other interesting features are that a linearly polarized incident wave 

becomes elliptically polarized on reflection, because of the complex (but 

different) 7,2, and f,2,, and that the wave in medium 2 is not transverse—E,, 

has a longitudinal component. 

REFLECTION AND TRANSMISSION BY A THIN 
LAYER: INTERFERENCE 

As a more complicated and more realistic boundary-value problem, we next 

consider two plane parallel infinite surfaces of discontinuity. This geometry 

represents a slab of material bounded on either side by semi-infinite media, 
which may have different properties from each other. To the left of the 
plane z = 0, we assume medium 1; to the right of the plane z = d, medium 

3; and in between, medium 2. A straightforward application of the 

boundary conditions at each of the two planes of discontinuity, patterned 
after the calculation of Section 18-2, leads to results for the E- and B-fields 

in each of the three regions. (See Problem 18-11.) An alternative approach, 

which leads to the same answer, is based on the results already obtained in 

Section 18-2, and this approach is more informative in certain respects. The 

idea is to consider an incident wave in medium 1, which is partly reflected 

and partly transmitted at the first interface. The transmitted wave is partly 

reflected and partly transmitted at the second interface, and this reflected 

wave arrives back at the first interface, where it is partly reflected and partly 

transmitted, and so on. Since the Fresnel coefficients we already derived 

give the fractions reflected and transmitted at each interface, we have only 

to add up all the different contributions to the net wave reflected back into 

medium 1 and the net wave transmitted into medium 3. Although this 
procedure sounds infinite, it is in fact fairly simple. 

The only new problem encountered before the waves are added up is 

that the different amplitudes must be added with their proper phase 
differences.“ Each time the wave makes another pass through the layer, the 
phase shifts because of the change in k,-r in the exponent. The situation is 

* We assume that the layer is actually thin enough and smooth enough that the coherent phase 

differences among all the multiple waves are meaningful. One of the advantages of the 

present approach is that if this assumption is not valid and the phase differences are more or 

less random, the summation procedure to be developed is still applicable, provided it is 

applied to the wave intensities instead of the amplitudes. 
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FIGURE 18-7 

The ray that enters me- 

dium 2 at O is reflected 

from the back surface 

and reemerges to com- 

bine with the ray that is 

reflected at X. 

shown in Fig. 18-7. Two incident rays perpendicular to the plane wave front 

in medium 1 strike the front surface of medium 2. One of them is partly 

reflected at X; the other is partly refracted at O, partly reflected off the 
back surface at Z, and partly refracted at X to reemerge into medium | and 

combine with the first ray. Since the phase is the same at the two points on 

the wave front O and O’, we must calculate the phase difference between 

the two paths O’X and OZX. This calculation is no more difficult when 
medium 2 is a conductor, and so we let the angle of refraction be ©, the real 

angle found in the last section; for a nonconductor © = 6,. The phase 

difference is 

Bp = 2k +t, — Kit} 

We resolve r, into components 

ley = xi + dk 

and r, into 

r, = 2xi —— Wp, 

where 

pPi=s Xu, =j X uu, 
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is perpendicular to K,; = K,u,. Then, 

B = 2x(k)-i — K, +i) + 2dk&-k 

Now 

kK -i-—k,-i= & sin 6, — x,sin0, =0 

according to Snell’s law, and k,-k = kK, cos 65, so that 

B = 2dk, cos 6 = 2d— hz cos 65 (18-83) 

From Eq. (18-69), 

p= 2d=(p + iq) (18-84) 

In a nonconducting medium, p = n,cos 86, and q = 0 for all angles of 

incidence. In a conducting medium at normal incidence, p = n and g = k. 

The real part of B gives the real phase shift, and the imaginary part of B 

gives the attenuation due to two traversals of the slab. 

To add up all the contributions to the net amplitude reflection 
coefficient 7, we use the Fresnel coefficients for each boundary together with 

the phase shift £. The Fresnel coefficients are different for s- and 

p-polarization, but we will drop the subscripts s and p for the present, 

remembering that the two polarizations have to be treated separately. From 
Fig. 18-8, we see that 

P= Pro + tiaPostoe” + tyPosfoifostae7” + ++: 

Fi + tabsiger (i + PyyFo3e"” + (Fy Fo3e”)? + -- ‘| 

Since 

5 1 
Pe rere se 

1—-—z 

<i tiatorPo3e” Pio + Faa(tiote: — Piofa)e’” 
Le SW 6%) Pile: SG, Me, ee SR 

1 — Fy fa3€ 1 — Fy Fa3€ 

Using the identities Eqs. (18-55) and (18-56), we get 

a Pe tts: 

eat (18-85) 
“1 irae" 

A similar calculation gives the net amplitude transmitted into medium 3: 

oa i ofoye "28 

1 + Fpfae” (18-86) 

Note that the numerators give the effect of the front and back surfaces each 

acting alone, and the denominator accounts for all of the actual multiple 
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FIGURE 18-8 
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reflections. Since media 1 and 3 have been assumed to be nonconducting, 
we can calculate the net intensity reflectance and transmittance: 

ROS Ba ae (18-87) 
n,cos 6, 

These are different for s- and p-polarizations. For a nonconducting slab 

R+T=1 

but for a conductor 

R+T+A=1 (18-88) 

since energy can be absorbed in the conductor by joule heating. 
For a conductor, Eqs. (18-87) become extremely complicated when they 

are expressed in terms of n and k, even for normal incidence. They are 
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nevertheless important, because measurement of R and T for thin films of 

metal provides one method to determine experimentally the optical 

constants. Computer calculations are necessary to solve the equations for n 

and k in terms of experimental values of R and T. The transmittance T is 

proportional to ¢f*, and f¢* is proportional to 

e(1/2)iB p —(1/2)iB* = e(1/2)i(B-B*) = e~2d(wle)q 

At normal incidence, g = k, so that T contains the factor 

—2d/6 
e 

where 6 = c/kw is the skin depth. If medium 1 is air, w/c = 22/A,, so that 

= = / en 2dl6 — p-4akdir, 

For metals (k ~ 2) and visible light (A, ~ 5000 A), d must be less than 
about 1000 A for appreciable transmission of light. When this exponential 

factor is small, the denominator in Eqs. (18-85) and (18-86) is approxi- 
mately 1. 

For nonconductors, q = 0 (except for total internal reflection), so there 

is no attenuation due to this factor, but the equations still predict some 

interesting effects. For 6 and the Fresnel coefficients all real, 

isfes ae + rs + 2r2F3 cos B (18-89) 

1 + rors; + 212723 cos B 

At normal incidence, 

Nn; — Nz Noa — N3 @ 

ily == ’ okey = ’ B i 2d—nz 
iy ie ie nn+ n3 é 

Suppose medium 1 is air with n, = 1, 3 is glass with n; = 1.5, and 2 is a thin 
layer of material with n, = 1.3. Then, 

_ 0.0221 + 0.0186 cos B 

~ 1,0001 + 0.0186 cos B 

B = 4nn,(d/A,) = 16.3(d/A,) 

Thus R varies between 0.04 and 0.004, with the maxima* at integral 

multiples of 6 = 27, or d/A, integral multiples of 0.39, as shown in Fig. 

18-9. The most interesting feature of this result is that R can be less than 

riz = 0.017, the reflectance from the front face alone; this kind of effect can 

happen only because of destructive interference. The variation of R is 
between rj, = 0.040, the value without any covering layer, to something 
less than r3; = 0.005, the value from the back face alone. In fact the 

“Note that the positions of the extrema of Eq. (18-89) are just the same as in an elementary 

calculation that takes only two reflections into account. 
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FIGURE 18-9 

Interference effect on the 

reflectance from an air— 

glass interface coated 0.04 

with a thickness d of 

material with n, = 1.3 

0.02 

minimum value of R can be made zero if a material can be found such that 
nz = Vn,n3. (See Problem 18-10.) The effect is exploited to produce 

nonreflecting lenses. Camera lenses are often coated to have nearly zero 

reflectance near the middle of the visible spectrum; the condition for a 

minimum does not hold, however, at the red and blue ends of the spectrum, 

and so the lens has a purple cast when seen by its reflected light. The colors 

also depend on the angle of viewing, since for oblique incidence f = 

4zn, cos 0,(d/A,). If nz is greater than n, and n;, R varies between a 

minimum of rj; and a maximum that is greater than r7, and r33. The 
wavelength at which a minimum or maximum occurs depends on the 

thickness d of the layer; if the thickness varies from point to point on the 

film, so will the predominantly reflected wavelengths. Such variation 

accounts for the colors seen in soap bubbles and oil films floating on water. 

Another interesting effect occurs in nonconducting layers if n, is less 

than n,. This case is what leads to total internal reflection when there is only 
one boundary. One might first guess that if all the energy is reflected the 

presence of a second boundary could make no difference. This guess is 
wrong, however; the field always penetrates medium 2, a mean depth of 6. 

A second boundary spoils the perfect reflectance and there is a transmitted 
wave with JT =1-—R. This effect is called frustrated total reflection. 

Although n,, nz, and n, are real, 6, is complex when 6, > 6,, making the 
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Fresnel coefficients complex. We found for s-polarization 

Min share! (18-90) 
n,cos 6, + ig 

where 

gq = n2V(sin 6,/sin 6.) —- 1= V(n, sin 6.) 705 (18-91) 

from Eq. (18-78) (for either polarization), with sin @, = n2/n,. Writing f,2 

in polar form, ?,2 = |f,2|e'*, we found that |7,2| = 1. Thus, 

Fy = e'° 

where 

Im (72) _ —2n, cos 614 

Re (f2) (nm, cos 8;)* — q? 

By the same argument, |/,3| = 1. For simplicity let us assume that medium 3 
is the same as medium 1 (for example, a second glass prism with an air layer 
between). Then /,3 = f,,, and since /,; = —Ff)2 identically, 

Py = —F2 = —e'* (18-93) 

From Eq. (18-84), 

tana = (18-92) 

B = 2d=(p + ig) 
and in Eq. (18-78) we found that p = 0, so that B = i2dq(w/c) is purely 
imaginary. We therefore write 

el? = ey 

d 
y = 2dq(w/c) = 2— (18-94) 

since q(w/c) = 1/6 from Eq. (18-82). Now substituting these into Eq. 
(18-85), we get 

sar ein hme Cone) 

1 — ee 

Finally, 

Sy Ae 

Roe pie peabedl nie Sidlen wet 
lncthe hitter eaiicosi2a : 

= aya (18-95) T=1-R 2( f= cos 2a je 

1 + e-?” — 2e-’ cos 2a 

Note that for given n, and n,, w depends only on the angle of incidence @,; 
it varies from 0 to w as 6, increases from @, to 2/2. The exponent y depends 
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on the thickness d (as well as on 6, through 6). If y is not too small, 

T = 2(1 — cos2a)e~**? (18-96) 

Note also that 6 is proportional to A, so frustrated total reflection can be 

observed with microwaves on a larger scale. 

18-6 ___ PROPAGATION BETWEEN PARALLEL 
CONDUCTING PLATES 

Guided waves are another problem that can be treated by considering the 

interference between an incident and a reflected wave, or alternatively by 

starting with a new boundary-value problem that involves simultaneously 

satisfying the conditions at multiple boundaries. We again begin with the 

first approach. Now we are interested in the wave propagating in a dielectric 
medium, say air, which is bounded by conducting surfaces. Waveguides for 

microwaves are an application of this problem. As a simplification we 

idealize the conductivity of the metal to be infinite. Infinite g means infinite 

K; for the metal, which means infinite 7 in Eqs. (18-28) and (18-33). Thus 

Fizs = —1, Fi2p = +1, for reflection from a perfectly conducting plane at any 

angle of incidence. Actually we found R,, = 0.9996 for silver at 3cm 
wavelength, so the approximation can be expected to be useful. In addition, 

the dielectric medium is assumed to be vacuum. 

As a preliminary to the study of waveguides, we now consider the 
propagation of electromagnetic waves in the region between two parallel, 

perfectly conducting plates. The region in which wave propagation is to be 

treated is that shown in Fig. 18-10. Since the x and z directions are 

physically indistinguishable, no generality is lost by considering only waves 

with wave vectors in the yz-plane—in particular, those making an angle 6 

with the y-axis in the plane of incidence. Such waves will impinge on the 

perfectly conducting surface at y = b and will be reflected as waves whose 

FIGURE 18-10 

Wave propagation be- 

tween two parallel, per- 

fectly conducting planes 

————_ 
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propagation vectors make the angle 6 with the minus y-axis. When these 

waves are reflected a second time, by the surface at y = 0, they become 

waves of the first type again. Thus, the propagation between two parallel 

conducting planes can be described in terms of the exponential factors 

elk cos 0+z sin 0)—wt] 

and (18-97) 

ellkCy cos 0+2 sin 0)—wt] 

For such waves there are two possible polarizations, which may be 
described by saying for the s-polarized one that E is parallel to the x-axis, 

and for the p-polarized one that H is parallel to the x-axis. These are known 
respectively as TE, transverse electric, and TM, transverse magnetic, waves 

in waveguide terminology. Only TE waves will be considered here. The 
treatment of TM waves will be left to a problem at the end of the chapter. 

The electric field in the region between the two conducting planes in the 

TE case is given by 

E= i{E,elk© cos 6+zsin @)—wr] 4 Bieus cos 6+2 sin ty (18-98) 

This electric field must vanish at y = 0, since E, vanishes at the boundary of 

a perfect conductor. This condition is clearly satisfied for all z and all ¢ if 
E, = —E; = E, as given by r, = —1. Then E is given by 

E = iE(e’*” cos GO eiky cos hs sin 0@—a@r) (18-99) 

In addition, E must vanish at y = 6 for all z and all ¢. This requirement 

imposes the condition 

kb cos 0 = nx (18-100) 

where n is an integer. Thus for a given frequency w, k = w/c and the angle 
that the waves make with the y-axis is fixed by Eq. (18-100). With this angle 

fixed, the apparent velocity in the z-direction is uv, = c/sin @, which is 

always greater than the velocity of light in free space. This apparent 

contradiction with the special theory of relativity will be discussed in more 
detail later. 

It is convenient to express the variation of the electric field in the y- and 
z-directions in terms of wavelengths. These wavelengths are 

= 2m = Ao (a = 2a = =z) 1 
& Ksin@ sin@ 5. Pet tp Chet 

for the z-direction, and 

2% . _ Ao 

~ Kcos@ cos @ (18-102) 

for the y-direction. In terms of these wavelengths, the electric field, Eq. 
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(18-98), is* 

Z 
E = iE,sin se ell(2n2/Ag)— on) (18-103) 

while Eq. (18-100) takes the form 

Deen 
— = 18-104 aaa) ( ) 

From Eqs. (18-101) and (18-102), it follows immediately that 

a + hace 18-105 ate eB as 
If the value A. = 2b, corresponding to n = 1 in Eq. (18-104), is considered, 

then as A, increases, that is, as w decreases, a point is reached where 1/2; 

must be negative in order to satisfy Eq. (18-105). In this case the coefficient 

of z in Eq. (18-103) is imaginary, and the exponential, instead of oscillating 

in z, becomes a decreasing exponential. To say this another way: If A) > 26 

the electromagnetic wave will be exponentially damped in z, instead of 
propagating. If nm is taken as 2, then A, = 2b/2 = b and the longest 

wavelength propagated is b. The reason for the subscript c is now clear; it 

means “cutoff.” The cutoff wavelength is the longest wavelength that can be 
propagated for a given mode (n value). 

The velocity v,, which was found earlier, always exceeds the velocity of 

light and, in fact, becomes infinite when the wavelength in free space equals 

A.—that is, when @ = 0. This velocity is the phase velocity, by which is 
meant the velocity of a point of constant phase on the wave. Without 

dwelling on the relativistic aspects of the question, there seems to be a 
contradiction of the postulate that no signal can be propagated with a 

velocity greater than the velocity of light. The resolution of this apparent 

difficulty is that energy is propagated down the guide with a smaller velocity 

than the velocity of light, namely, with the so-called group velocity. Signals 

are transmitted with the group velocity; they are not transmitted with the 

phase velocity. 
To determine the velocity of energy propagation, we shall calculate the 

energy density. This energy density times the group velocity gives the 

energy flux, or Poynting vector. Thus by dividing the Poynting vector by the 

energy density, the velocity of energy propagation can be obtained. This 

result is a generalization of Eq. (17-35). 
The magnetic induction in the guide is readily obtained from 

oB 
Vx E= -— (18-106) 

ot 

* E, has been written for 2iE. 
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By using Eq. (18-103) for E and assuming that B(r,t) = B(r)e‘, we 

quickly find 

2 2my . 
B ; t) = iE : eil(2xz/A,)— or] 
(ht) = JEG wA, sin ns 

+ ikE, ml cos 2 eillenz/t,)- wn (18-107) 
wi. A. 

The energy density is 

= (E-D + B-H) (18-108) 

while the Poynting vector is 

S=ExH (18-109) 

Complex notation has been used for E and B, with the tacit assumption that 

the real part of each expression is to be taken. In calculating u and S then, 

the real parts should be taken and multiplied together. However, since the 

quantities to be used in calculating the group velocity are the time averages 
of Eqs. (18-108) and (18-109), Eq. (17-37) may be used to circumvent the 

taking of real parts. 
The time average energy density is 

1 , Re [E*-D + B*- H] = {Re | EES Eo sin’ ( =) 

2 2my 

7 BES, si (=) rec bere i rg 

2 
( =) | (18-110) 

1 Z 
+ a ESE ol eta cos” 

Ho wi. 

Integrating in the y direction, across the guide, effectively replaces each 
sin’ (2ay/A.) and cos? (2zy/A,) by b/2. Thus 

2a Te Exp) Pay Ol 1 1 
[ u dy = pecking E = ly alee + al = q Fo Ev€ob (18-111) 

1 
4 

The time average of the z-component of the Poynting vector is 

oN 1 2 
§ = -Rek'H = = Re| ES sin ( a) By sin (=) 

2 ae A./ Wo wa, A. 

1 2my = EXE 2 (=) 5 Ter a sin ji (18-112) 
c 

Integrating this expression from y = 0 to y = b yields the total average 
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power (per unit length in the x-direction) traveling down the guide: 

ag 1 2 
[ Sal] Ete op (18-113) 
0 4 Uw, 

The velocity of energy propagation is the quotient of Eq. (18-113) divided 

by (18-111). Thus, 

Dar Uwe 2c? _ Ao 

EoloWA, Yr. wa, ad A 
(18-114) 

8 

From Eq. (18-101), we note that A, is greater than Aj, and hence v, is less 
than c. 

Our understanding of the difference between the group velocity v, and 

the phase velocity u, can be enhanced by noting that from Eq. (18-101) 

A, = Ao/sin 6. Using this result in Eq. (18-114), we find 

uv, = csin @ (18-115) 

and we have already seen that 

c 
Up = mad (18-116) 

It is readily apparent that 

UsUp = C7 (18-117) 

which is generally true for propagation in a waveguide. (Note that Eq. 

(18-117) does not necessarily apply to other kinds of wave propagation; in 
particular, it does not apply to plane waves in unbounded nondispersive 

media where the phase and group velocities are identical.) Recalling that @ 

is the angle between the direction of propagation of one of the component 

waves and the y-axis makes it a simple matter to draw Fig. 18-11, which 

errr
 

FIGURE 18-11 

Detailed motion of the 
wavefronts during wave 

propagation between 

conducting planes 

This point moves in 
the z-direction with 
velocity Up > c. 

+— Wavefronts 
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shows a section in the yz-plane of the region between the conducting 
planes. The intersection of a wavefront with the z-axis moves with the 
velocity uv, = c/sin 8; however, the component of c along the z-axis is 

csin 6 = v,. 
Many of the results obtained for the simple parallel plate waveguide 

persist for more complex cases. In particular, the common rectangular 

waveguide has very similar properties. In the next section, some general 
aspects of other waveguides will be considered, with particular reference to 

rectangular guides. 

WAVEGUIDES 

In Section 16-4, it was shown that E and H both satisfy the wave equation in 

free space; that is, 

oE 7H 
—> = 0,. ¢ WH = €oto—> 
ot? aire 

For monochromatic waves, that is, waves of the form E(r,¢t) = E(r)e~'”, 
these equations become 

WE — €olo = 0 (18-118) 

2 w* 2 wo" 
ViESpamne = 4, VH + ZH =0 (18-119) 

In addition to these wave equations, Maxwell’s equations must be satisfied. 
For the transverse electric (TE) case propagating in the z direction, E, = 0; 
furthermore, waves propagating in the z-direction have the remaining five 

field quantities proportional to e'**7’**, Maxwell’s curl equations in this case 
are 

V x E — innpwH = 0: 

aE, aE, 
(a) Ox = a a iuoWH, = 0 

UWA, (By Baoan, (18-120) 

() B= — Men, 
; 20 

V xX H + ieowE = 0; 

OH, 258 
(a) Bye = re + i€gwE, = 0 

& 

2ni Sep 
(b) 7 He a, + owe, = 0 (18-121) 

OH OH. 
(C) ea 

Ox Oy 
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FIGURE 18-12 

Wave propagation inside 

a conducting cylinder 

It is clear that (a) of Eq. (18-121) and (b) of Eq. (18-120) imply 

OH, (2ni on 
= (= = j <oho =) H, (18-122) 

Oy te wid 2x 

and therefore that H, can be found if H, is known. Similarly, from (c) of 

Eq. (18-120) and (b) of Eq. (18-121), H, can be found from H,. Finally, E, 

and E, are simply related to H, and H, by (b) and (c) of Eq. (18-120). Thus, 

if H, is found, all the other field quantities may be found by differentiation. 

H, itself must satisfy Eq. (18-118); therefore, taking cognizance of the 

e’ 7/4 >-dependence, we write 

H, 7H, (s — dice soy [lament Alb 6. 3. (18-123) 
Ox? Oy? CHa Xs 

8 

It remains only to determine the boundary conditions to be imposed on the 
solutions of Eq. (18-123). 

If a general cylindrical guide with perfectly conducting walls, such as 

that shown in Fig. 18-12, is under consideration, then the appropriate 
boundary conditions are that the tangential component of E and the normal 

component of B should vanish on S. The tangential component of H and the 
normal component of D are arbitrary. Imposing these conditions gives rise 

to a relationship connecting A,, w, and the dimensions of the guide, exactly 

as Eq. (18-105) does for the parallel plane case. 
To better understand the procedure, consider the rectangular wave- 

guide shown in Fig. 18-13. Equation (18-123) can be separated by the usual 

method of separation of variables. The general solution consists of a sum of 
terms of the form 

H,(x, y, Z) = (A cos k,x cos Kyy + B cos k,x sin K, y 

+ Csin k,x cos k,y + D sin k,x sin ky y) 

rs (18-124) 
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FIGURE 18-13 te 

A rectangular waveguide 

with 

—(k?2 + k?) + [w?/c? — (427/2;)] = 0 (18-125) 

For this H,, we obtain E,: 

A UW, (= al psoas 

2% N\A; 20 oy 

The partial differentiation changes every cos k,y to a sin k,y, and con- 
versely. However, since £, must vanish at y = 0 and at y = b, only terms 

involving sin kK, y may survive in E,, and these terms must have K, = nz/b. 

Thus only cos kK, y terms survive in Eq. (18-124). A similar argument shows 

that only cos k,x terms may survive, and that these must have x, = ma /a. 

The allowed solutions for H,—that is, those that give vanishing tangential 
components of E at the boundary—have the form 

E, = (18-126) 

H, = Acos——~ cos > e2#2/*« (18-127) 
a b 

Each possible pair of values of m and n is referred to as a mode. The 
notation TE,,,, is used for modes of the form Eq. (18-127); TE means 

transverse electric, n and m count the number of half-waves in the narrower 

(n) and wider (m) dimensions. 

Returning now to Eq. (18-125) and using x, = ma/a and xk, = na/b, 
we obtain 

2m" 2at\" nx\? ma\? 
\ = (— he) ae 18- 
ea ign) ca ew gee 

which clearly indicates that for fixed A, the guide wavelength, and 
consequently the guide velocity vu, = cAo/A,, depend on the mode. We also 
see that there are maximum wavelengths for the propagation of various 
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modes. Clearly, if A» is sufficiently large (22/A,)* will be smaller than 

(nz/b)° + (ma/a). In this case, the right side of Eq. (18-128) becomes 
negative and consequently the value of A, is imaginary. This leads to 

attenuation rather than propagation. 

Rectangular waveguides are extensively used for the transmission of 

microwave power. It is usual to choose a waveguide size such that only the 

TE, mode at the desired frequency propagates in the guide. A common 

size of waveguide is 0.4in. x 0.9in., inside dimensions. The maximum 

wavelength that will propagate in the TE,) mode is found by putting m = 1, 

n= 0, a = 0.9in. = 2.28cm and, b = 0.4in. = 1.01 cm into Eg. (18-128). 

The result: Aomax = 4.57cm is obtained by putting A, = %; longer wave- 

lengths will not propagate, but shorter wavelengths will. The mode with the 
next shorter cutoff wavelength is TE,, or TE), depending on the dimen- 

sions of the guide. If b < a/V3, the TEs, cutoff wavelength is greater than 

the TE,,. Calculation of the TE) wavelength is very simple; it is just 

one-half the TE,) cutoff wavelength, or 2.28 cm. Imperfections in manufac- 

tured waveguides and high losses close to the TE,,) cutoff wavelength make 

it necessary to restrict the TE,) band of commercial waveguides to the 

practical limits of 2.42 to 4.35 cm. 

CAVITY RESONATORS 

Another type of device closely related to waveguides and of considerable 

practical importance is the cavity resonator. Cavity resonators display the 
properties typical of resonant circuits in that they can store energy in 

oscillating electric and magnetic fields. Furthermore, practical cavity re- 

sonators dissipate a fraction of the stored energy in each cycle of oscillation. 

In this latter respect, however, cavity resonators are usually superior to 

conventional L-C circuits by a factor of about twenty—that is, the fraction 

of the stored energy dissipated per cycle in a cavity resonator is about 1/20 

the fraction dissipated per cycle in an L-C circuit. An additional advantage 
is that cavity resonators of practical size have resonant frequencies which 

range upward from a few hundred megahertz—just the region where it is 
almost impossible to construct ordinary L-C circuits. 

The simplest cavity resonator is a rectangular parallelepiped with 

perfectly conducting walls. For such a cavity, the appropriate boundary 
conditions are the vanishing of the tangential component of E and the 

normal component of B at the boundary. The tangential component of H 
and the normal component of D are arbitrary. The electric and magnetic 
fields must satisfy the wave equations (18-118). Thus, £, must satisfy 

2 2 2 a ah oh, b, OE. “ ae ath (18-129) ig are 3 
Ox“ oy“ Se 

If the cavity consists of the region bounded by the six planes x = 0, x = a; 
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y = 0, y= 6b; z =0, z = d, then E, must have the form 

Ee icc) si ky 6 kee ae (18-130) 

with k, = ms/b and k, = na/d, in order that E, vanish at y = 0, at z = 0, 

at y = b, and at z = d. For E£, and E, the situation is similar, and the 

solutions take the forms 

iwt E, = E, sin k,xf,(y) sin K,Z e 
ti ne : (18-131) 

it E, = E3sin k,x sink, y f(z) e~ 

with k, and x, as in Eq. (18-130), and x, = //a. If the divergence of E is 

to vanish, then the equation 

df, . ! df, . 
Ee Sin Sin K,zZ + £5Sin K,x%.—— SiN. K,z ( ie Ky y SIN K,Z 2 Sl Sigg 

d 
+ E3sin K,x sin Ky y a ei = 0 (18-132) 

z 

must be satisfied. This requirement is satisfied if f, = cos K,x, ff = cos Ky,y, 

fj = COS K,z, and 

KE ate KE, ata KE; = 0 (18-133) 

The last equation is just the condition that k be perpendicular to E. 

Returning to the wave equation, it is apparent that the resonant frequencies 
of the cavity are given by 

(2) 
Ke tek th Kees Tae 0 (18-134) 

or 

LS get AEt gta Somer Brg 18-135 az b? d2 Cc? a ( i ) 

A typical cavity constructed from a waveguide 0.4in. X 0.9in. in size is 
characterized by /=1, m=0, n =2 (a so-called TE, 9) cavity). The 

resonant frequency of such a cavity is clearly determined by the z- 

dimension, d. Many other aspects of the rectangular cavity resonator 

problem can be treated in detail; some of these are left to the problems 
section. 

Other forms of cavity resonators may be constructed. However, only 
the right circular cylinder and the rectangular parallelepiped are easily 

fabricated and amenable to an exact mathematical treatment. The treatment 
of the right circular cylinder involves functions that are more complicated 
than the sines and cosines, specifically the Bessel functions. Satisfying the 

boundary conditions requires finding the zeros of these functions in the 
same way the zeros of the sines entered the rectangular problem. Rather 
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than enter into the elaborate discussion that results, we refer the interested 

reader to the now-classic Techniques of Microwave Measurements by C. G. 
Montgomery (New York: McGraw-Hill, 1947), p. 297 ff., where a brief but 

very useful treatment of the cylindrical cavity resonator is given. 

SUMMARY 

Practical problems of wave propagation usually involve boundaries between 

different media, where the complex dielectric constant K changes discon- 
tinuously. The conditions at a single plane boundary are expressed by 

Snell’s law and the Fresnel coefficients, which depend on fi = VK and the 
angle of incidence. Problems involving multiple plane boundaries can be 

solved by superposition of the solutions for a single boundary, and show 

interference effects. Nonconducting media are a special case of conducting 

media in which the imaginary part of K and fi vanishes. 

¢ Boundary conditions on the amplitudes cannot be satisfied unless the 

wave frequency is the same on either side of the boundary and the phase 
matches everywhere on the boundary. Hence the incident, reflected, and 

transmitted wave propagation vectors are all coplanar with the normal to the 

boundary, and the angle of reflection equals the angle of incidence, 
6; = 0,. The dispersion relation gives Snell’s law 

n, sin 6, = n,sin 6, 

* Continuity of the tangential components of the E- and H-fields is 

expressed by the Fresnel coefficients, the ratios of the reflected and 
transmitted E-field amplitudes to the incident amplitude. These differ for s- 

and p-polarization (E£-vector perpendicular and parallel to the plane of 
incidence, respectively.) For reflection 

n,cos 0, — n>cos 0, n,cos 8, — n, cos 05 
Ti2s N\2p 

n, cos 6, + n> cos 6,’ n> cos 6; + n, cos 63 

e The reflected and transmitted intensities are calculated in terms of the 

Fresnel coefficients from the normal component of the Poynting vectors. 

The reflectance is 

R = rprb 

For nonconducting media, the transmittance is 

Laz R 

and for medium 2 conducting, the absorptance is 

Aas hR 

as a result of energy conservation. These equations are tractable for 

nonconductors or for normal incidence. They predict polarization by 
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reflection at Brewster’s angle, total internal reflection at the critical angle, 

and the Hagen-Rubens formula for rf reflectance of a conductor. 

¢ For oblique incidence on a conductor, the propagation and attenuation 

are described by k, = Nw/c, kK; = qw/c, with the planes of constant phase 
at an angle © with the boundary and the planes of constant amplitude 
parallel to the boundary: 

N = Vp’ + nisin? @,, sin © = n, sin 0,/N 

The quantities p and q are generalizations of n and &k that are related to 

(K, — K,sin? 6,) and K; just as n and k are for 6, = 0. They also explain 

total reflection for angles greater than critical. 

¢ For two plane parallel boundaries, superposition gives the relative 
reflected amplitude as 

"12 ce rel 

1 + Tere 

where 

Qe 2d = nz cos i= 2d=(p + ig) 

is the phase shift (and attenuation) on two traversals of the layer. The net 

reflectance is 

R = rr*, 1-R=T+A 

where A = 0 if the layer is nonconducting. Through £, R shows interference 

effects that depend on (d/A,). With conduction or frustrated total reflection, 

T ~~ e728 

if d = 6, where 6 is the attenuation length. 

¢ Guided waves propagate without attenuation (assuming perfectly re- 

flecting boundaries) if the vacuum wavelength Ay = 22c/w is shorter than a 

cutoff wavelength A,., which is dependent on the dimensions of the 
waveguide: 

led 1 

Ae ae Mg 

where A, is the wavelength of the guided wave. The group velocity (of 
energy propagation) is v,, where 

5 

UgUp = C 

For a rectangular guide in the TE,,,,, mode, 

ho maNOG =a 

where a > b. Usually one restricts Ay so that only TE, can propagate. 
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* For plane waves that are attenuated or guided (and also for spherical 

waves), the amplitude is not necessarily constant over a surface of constant 
phase. Such waves are called inhomogeneous. The Poynting vector is more 

complicated than for a homogeneous plane wave in a dielectric medium. 

18-1 (a) Calculate the Fresnel reflection coefficient for an s-polarized wave incident 

from air onto a dielectric at the Brewster angle, 0, = @,. (b) Find the reflectance if 
n= 1,5, 

18-2 A p-polarized wave is incident from air onto a dielectric surface near grazing 

incidence, 6, = 3 — 6. Find the slope of the R,(6,) curve as 6 approaches zero, in 
terms of the dielectric constant K. 

18-3 A p-polarized wave is incident from a transparent medium of dielectric 

constant K onto an air boundary at an angle slightly less than the critical angle, 
6, = 0, — 6. Approximate R, as a function of 6 as 5 approaches zero, and show 

that the slope of the R,(6,) curve is infinite at @.. 

18-4 Suppose an optical fiber has a refractive index n = 1.55. (a) Compute the 

largest angle between the fiber axis and a light ray that will propagate along the 

fiber, if the fiber is surrounded by air. (b) Compute the angle, if the fiber is 

surrounded by a cladding material with index 1.53. 

18-5 A light wave with p-polarization in air is reflected from a metal surface. (a) 

Calculate R, under the assumption that cos 6, = 1, as is often the case. (b) Find the 

value of 6, for which R, is a minimum. (c) Evaluate this 6, and the corresponding R, 
ifn = 1, k = 6 (appropriate for aluminum). 

18-6 A plane wave is normally incident from air onto the plane boundary of a metal. 

Assume that the frequency is in the range where n = k >> 1. (a) From the Fresnel 

transmission coefficient, find |E,|? just inside the metal surface. (b) Calculate the 

energy dissipation per unit volume near the surface, and (c) evaluate it if the 

incident amplitude is E, = 10 V/cm and the frequency is f = 10'° Hz. 

18-7 A wave in air is obliquely incident on a conducting surface at angle @,, in the 

frequency range where the Hagen-Rubens relation holds. Show that Eq. (18-60) is 
replaced by 

_ 2cos 6, Pd 2 

a See: eR CSC; 

18-8 A wave in air is reflected at normal incidence from a conducting surface. (a) 
From /,2,, show that the phase shift of the E-vector is 

<i teal 2k 

OT gO LET, TT 

(b) Verify that this result goes to a, = a for infinite conductivity. 

18-9 Suppose a radio wave of w = 10’s"' is reflected from the earth's surface at 

normal incidence. Compute the phase shift on reflection from the result of Problem 

18-8, assuming that K = 9, g = 10°-* (Qm)' for this terrain. 

18-10 A dielectric medium of refractive index n, is overcoated with a layer of index 
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n>, and a wave is incident from the dielectric medium n,. Show that m2 = M3 for 

n>, = Vn,n, and thus R = 0 for cos B = —1, at normal incidence. 

18-11 A beam of monochromatic light (frequency @) in air is incident normally on a 

dielectric film of refractive index n. The thickness of the film is d. Calculate the 

reflection and transmission coefficients as a function of d and n, by satisfying the 

boundary conditions at both faces. Let there be waves traveling toward the right and 

left inside the film, E, and E}, in addition to the incident E,, reflected E;, and 

transmitted E, waves. 

18-12 Consider the matrix equation 

E E 1 2) = Corl er") (er) = Cod( gr 

ei (2B mn peg C1 )P in 

r -—i(1/2)B,, —i(1/2)Byp, 

where 

(Cn) = 
aml m,m+1& e 

(a) Verify that the results for a single interface between two dielectrics are given by 

zy fet a4 

te =aN ee) ( 0 

with B, = 0. 
(b) Verify that the results for two interfaces are given by 

(=:) = cxea{y) 
with B, = 2d(w/c)n, cos 6,. This approach is convenient to generalize to a system 

of multiple layers separated by plane boundanies. 

18-13 A metal surface is overcoated by a dielectric layer. Calculate the resulting 

reflectance R, assuming that the metal is a perfect conductor (g = ©). 

18-14 Radiation is normally incident on an unsupported metal film in air. Assume 

that the film is thick enough that multiple reflections can be neglected. Calculate the 
transmittance T in terms of n and k of the metal. 

18-15 Consider a dielectric slab that is too thick for the multiple reflected beams to 

interfere coherently. (a) Add up all the intensities to find the net reflectance in terms 

of the reflectances R,, and R,, of the individual boundaries. (b) Specialize the result 

to the case of identical media on each side of the slab. 

18-16 Find the surface charge density and the current per unit width on the surface 
of a perfect conductor on which plane electromagnetic waves are incident, when the 
electric vector is (a) perpendicular to the plane of incidence, and (b) parallel to the 
plane of incidence. 

18-17 Determine E and B for TM waves propagating in the yz-plane between two 
parallel, perfectly conducting plates, at y = 0 and at y =_b. 

18-18 Consider a TM wave in a rectangular waveguide (H, = 0) propagating in the 
z-direction with wavelength A,. Show that 
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E, = Asin Mit a ppp ton 

satisfies the wave equation, Eq. (18-123) and the boundary conditions. What is the 

cutoff frequency of the TM,, mode? Why is there no TM,, mode? 

18-19 Determine the limiting values of the width a of a waveguide of square cross 

section that will transmit a wave of length A in the TE,, mode but not in the TE,, or 

TM,, modes. 

18-20 (a) Write down the E and H fields for the TE,9, mode of a cubic cavity of side 

a. (b) Sketch the nature of the field distributions throughout the cube. 

18-21 Indices of refraction for crown glass, flint glass, and diamond are 1.52, 1.65, 

and 2.42. (a) Calculate the reflectance R for waves of s- and p-polarization at the 
interface from air to each of the above materials, and (b) plot graphs analogous to 

Fig. 18-3. (c) Calculate Brewster’s angle. 
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Dispersion and 
Oscillating Fields in 
Dispersive Media 

How an electromagnetic wave propagates in a medium depends on the 

optical constants n and k. These in turn depend on the material constants: 
permittivity €, permeability* , and conductivity g of the medium. So far 

these parameters have been treated as given, but notice has been made of 

the fact that their values may (in fact always do) vary greatly over the 

frequency range of the radiation from dc to X-rays. In order to use 
judgment in applying electromagnetic theory, one must know something of 
the principles behind this frequency dependence, which is called dispersion. 

In this chapter, we first introduce a general definition of a linear system 
and then develop a microscopic model that predicts the optical behavior of 

materials. This model is an extension to oscillating fields of that treated 

briefly in Chapters 5 and 7 for static fields. The Drude-Lorentz theory, by 
which name this model is known, is based on treating the charged particles 

that constitute the material as harmonic oscillators or as free particles 
depending on the nature of the material. 

LINEARITY AND CAUSALITY 

In earlier chapters, we have frequently described media as linear, meaning 
by this that D(t), for example, was related to E(t) by a constant of 
proportionality called the permittivity. In dispersive media, such a relation- 

ship is not possible, but the concept of a linear medium is still very useful. 

“In this chapter, we continue to consider only media for which u = Up. 
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We define a linear medium (or system) as one that when subjected 
to an excitation (or input, or driving force) /(t) yields a response (or 
output) O(t) given by 

O(t) = a R(t — ¢’)I(t') dt’ (19-1a) 

where R(t) is called the response function and does not depend on 

I(t). (The factor 1/V/2z is introduced for later convenience. ) 

For real physical systems, there are, as we shall soon see, restrictions on 

R(t — t'). In particular, causality requires that R(t — t') = 0 for t' > t. By 
changing the integration variable from ¢’ to t” = ¢ — t', Eq. (19-la) can be 
changed to the equivalent form: 

O(t) = 7 fi R(t")I(t — t”) at" (19-1b) 

Equation (19-1) describes a linear relationship between O(t) and /(t) in the 

sense that if /(t) is multiplied by a constant, O(t) is multiplied by that 

constant, and if two inputs are applied simultaneously the output is the sum 

of the outputs produced by the two inputs separately. These properties 
assure us that we can use the superposition principle to obtain the result 

of applying several simultaneous inputs, or to determine the response to 

a complicated input by decomposing it into simpler excitations and adding 

the responses. These are also the essential properties of a linear operator or 

a linear transformation, for which there is an enormous body of relevant 

mathematics. We do not invoke this mathematics, but we shall use Eqs. 
(19-1a) or (19-1b) as our definition of a linear medium. For example, if the 

displacement D(t) is related to the electric field E(t) by an equation of the 
form of Eq. (19-1), the medium would be described as a linear medium. 
Similar relationships between the current density J(t) and electric field 

E(t), or the magnetic induction B(t) and the magnetic intensity H(t), would 

be called linear if they satisfied equations of this form. We note that a 

material may, for example, have a linear dielectric behavior and a nonlinear 
magnetic behavior, as in some ferrites. These relationships are the 

generalizations of Eqs. (4-32a), (7-10), and (9-37) to general time- 

dependent fields and cases where the material cannot be described by 
material parameters ¢€, u, and g that are simple constants of proportionality. 

In the case of a dielectric medium, the response function R(t) = V2n €5(t) 

with a constant € yields Eq. (4-32a); however, there is no such simple 

definition of permittivity for general time-dependent fields. 

Equations (19-1) have two very important consequences. The first of 
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these is that the Fourier transforms” of O(t), R(t), and /(t), which we 

designate by O(w), R(w), and /(w), are related by 

O(w) = R(w)I(@) (19-2) 

Conversely, if the Fourier transforms of the three functions are related by 

Eq. (19-2), then their inverse transforms are related by an equation of type 

Eq. (19-1). The Fourier transforms and inverses are defined by 

oh oad ion [. OMe dt, TOs ae B O(w)ei" dw 

(19-3) 
and similarly for R(w) and /(w). Equation (19-2) can be obtained easily 
from Eq. (19-1) by using the definitions of the Fourier transforms and the 

representation of the delta function as 

1 fim 
d(w) = —| en a (VI-8) 

The fact that Eq. (19-1) implies Eq. (19-2), and conversely, is a general 
theorem called the convolution theorem. 

Equation (19-2) is quite important because it tells us that in a linear 
medium the response to a monochromatic field is simply proportional to the 

impressed field and, conversely, that if such a proportionality exists, the 
medium is linear. The proportionality is, however, frequency dependent. 

The significance of proportionality is that the results obtained in Chapters 

17 and 18 can be applied to more complicated linear media through the 
mechanism of Fourier transforms. We also note that Eq. (19-2) for zero 
frequency establishes the connection between this chapter and Chapters 4 
through 12. “ 

The second important consequence of Eq. (19-1) is that it implies that 

O(t) and J(t) are related by a linear differential equation with constant 
coefficients, which we write as 

N d" 

Dy Qn Olt) = A(t) (19-4) 

where N is the degree of the differential equation. The converse is easy to 

“A brief summary of some of the fundamentals of Fourier integrals is presented in Appendix 

VI. We use the tilde notation to denote the specific Fourier transform of a corresponding 

time-dependent function: E(w) = (22)-4 J E(t) exp (i@t) dt. Such transformations are gener- 

ally complex. We use the circumflex to denote complex quantities in general. To keep the 

notation consistent with that of earlier chapters, we shall continue to use the circumflex for 

quantities such as the complex dielectric constant K(q), complex conductivity @(w), and so 

on, even though their dependence on w implies that they are Fourier transforms. 
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prove by simply writing O(t) and /(t) as inverse transformations and 

substituting in Eq. (19-4). The nth time derivative becomes multiplication 
by (—iw)”, and one finds 

D a,(—iw)"O(w) = I(w) (19-5a) 

or 

Re eee ee (19-5b) 
N 

x, a,,(—iw)" 

Equations (19-5) thus represent an equation of the form of Eq. (19-2), and 
from the convolution theorem, there is a relation between O(t) and I(t) of 

the form of Eq. (19-1). The proof that Eq. (19-1) implies Eq. (19-4) is more 
difficult, and presenting it would take us too far afield.* The importance of 
this result is that for a linear medium, the output is related to the input by a 

linear differential equation with constant coefficients and that a medium in 
which the output is related to the input by a linear differential equation is 
linear. 

So far we have addressed only the question of linearity. There are other 

requirements that must be satisfied by the response function on physical 

grounds. The first of these is that a real input should produce a real output, 

and consequently R(t) must be real for all real values of t. Note that O(t) 
and /(t) in Eq. (19-1) are not required to be real (although the actual 

physical inputs and output are real). The fact that R(t) is real means that 

R*(w) = R(-o) (19-6) 

as can be shown easily from 

R(w) = aa [_R(de' dt 

Thus, the a,,’s in Eq. (19-5b) must be real for even n’s and imaginary for 
odd n’s. 

The second requirement is that Eq. (19-1) should be causal in the sense 

that an input at time ¢ should not produce an output for times less (earlier) 

* One method of proof is sketched in A. H. Zemanian, Distribution Theory and Transform 

Analysis (New York: McGraw-Hill, 1965; Reprinted, New York: Dover, 1987), (p. 130, Ex. 

5 in the Dover edition). 
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than ¢. This condition requires* that 

R(t") = 0 for t” < 0 (19-7) 

Finally, we require, again on physical grounds, that a finite input produce 

only a finite output, and that an input at time ¢’ produce an output at time ¢ 

that decreases monotonically at large values of (¢ — t’).t 

The ideas developed so far can be summarized as follows: 

1. Linearity is defined by Eqs. (19-1). 
2. The Fourier transforms of O(t), R(t), and /(t) are related by Eq. (19-2), 

and if Eq. (19-2) holds, the medium (system) is linear. 
3. For a linear medium (system), O(t) and /(t) are related by a linear 

differential equation with constant coefficients, Eq. (19-4), and 

conversely. 

For actual physical systems, we must also require the following: 

4. R(t) is real for all t. 
§. R(t) =O fort <0. 
6. R(t) is square integrable over the interval -~ <t < ~, 

The electric displacement in a linear dielectric medium would be related 

to the electric field by 

D(r, t) = aa | Ree rE (t — t’)] at’ (19-8) 

with R(r, ¢) a function of ¢ that does not depend on E. The lower limit on 
the integral can be taken to be zero because of Eq. (19-7). Equation (19-8) 

contains the additional assumption that D(r, t) depends only on the value of 

E at the same point. Such a relationship is called spatially local, and only 
such relations will be considered. We will also assume that R(r, t) changes 

only at sharp interfaces, for example, at the boundary between two 

semi-infinite homogeneous dielectric bodies. This assumption is a restrictive 
one and excludes some cases of practical importance. 

* Equation (19-7) has implications for R(w), namely, that the roots, w,,, of the equation 

N 

> 4,(-iw)" = 0 
n=0 

must have negative imaginary parts. This can be proved using Cauchy’s Integral Theorem. 
(See Appendix VII.) 

+ This is equivalent to requiring that R(t) be square integrable from which it follows that R(w) 
is also square integrable. 
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Then Eq. (19-8) can be written as 

D(t) = 1/2n)'? | ROE = 0°) (19-8a) 
0 

with the understanding that the equation refers to a single point in 

space and that D(t) and E(t) are corresponding components of the 
vector quantities. Note that D(t) depends not just on the value of E 

at time ¢, but on the value of E at all past times. Thus, there is 

generally no simple quantity that can properly be called the 

permittivity in the time domain; permittivity is a frequency domain 
concept. 

The exception to the preceding statement, as already noted, is the idealized 
case where R(t’) = (27)'*e d(t') with € independent of time. Then D(t) = 
€E(t), so this case is the only one in which the static and slowly varying 

treatments of earlier chapters strictly apply. It is worth repeating that a 

medium in which the relationship between E and D is given by Eq. (19-8a) 
is a linear medium. If R depends explicitly on £, then the medium is 

nonlinear and further phenomena occur. The best known of these is mixing, 

in which a monochromatic excitation produces a response that is not 

monochromatic. We will not consider the response of nonlinear media to 

time-dependent fields. 
To illustrate further the meaning of linearity, we consider the simple RC 

circuit shown in Fig. 19-1. The input is the known current /(t) and the 
output is V(t). This circuit is governed by the differential equation 

dV 1 
SV ()itC—aail(t) (19-9) 

This equation is an ordinary linear differential equation with constant 

FIGURE 19-1 

Simple RC parallel circuit 
drawing the current /(t) 

I (t)—. 
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coefficients. Consequently, it describes a linear system and everything 

developed above for such systems applies. In particular, V(t) can be written 

in the form of Eq. (19-1). An explicit form for R(t) can be found by noting 

that (1/C) exp(t/RC) is an integrating factor that converts the left-hand 

side into an exact differential. With a little elementary manipulation, we 

obtain the particular solution 

LE tm, 
V(t) = =| e ‘/RCI(t — t') dt’ (19-10) 

C Jo 

which is exactly the form of Eq. (19-1b) with the response function 
R(t) = (1/C)(22)'” exp (—t/RC) for t >0; R(t) =0 for t <0. The re- 
sponse function, R(t), is not the impedance of the circuit; impedance is a 

concept associated with a single frequency. We can calculate R(w) from 

R(t) by using the inverse Fourier transform. We find 

sel ben, sot 
1 1 

R_ (A/iac) 

R(w@) = (19-11) 

This R(w) would be the impedance of a resistor R in parallel with a 

capacitor C at frequency @ as given by Eq. (13-28) if the sign in the 

denominator of Eq. (19-11) were positive. The sign reversal has its origin in 
the choice of exp (iwt) for the time dependence in Chapter 13 (to conform 

with the usual convention in dealing with ac circuits) and the choice of 
exp (—iwt) in the Fourier transform representation of /(t), R(t), and O(t) 

according to Eq. (19-3).* With this minor issue resolved, we can write 

V(w) = R(w)I(w) = Z*(w)I(@) (19-12) 

Thus, R(w) = V(w)/I(@) is simply related to the impedance, showing that 
the concept of impedance has meaning in the frequency domain, but not in 

the time domain. Similar considerations apply to other linear relations 

between physical variables, and it is often possible to identify the frequency 

response function, R(w), with physical parameters. It is important to 
understand that linearity does not imply simple proportionality between /(t) 

and O(t); linearity does imply proportionality between /(w) and O(w), but 
even here the proportionality depends on w. 

Linearity and causality as defined above have important consequences 

that apply to electromagnetic fields and many other physical systems. We 

will now investigate some of these consequences. 

* Either choice for the time dependence can be used. There will be no difference in the physical 
results. In comparing work using complex exponential time dependence, one must be sure 
that the same time dependence is used or make appropriate adjustments. 
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FREQUENCY RESPONSE AND DISPERSION 
RELATIONS 

We consider a classical forced damped oscillator consisting of a particle of 

mass m and charge e bound to an equilibrium position by a linear restoring 
force and subject to an electric field E(t). This system is governed by the 
equation 

d? d mo3 - oe + Cx = eE(t) 

or 

d*x dx A e 
_— — = 

19- Fj tay aye ON ae (19-13) 

The electric field E(t) provides the driving force for the oscillator. The 

natural frequency of the undamped oscillator is wo = (C/m)'’, and 
y = G/m is the damping constant. Equation (19-13) is a linear differential 

equation with constant coefficients, so the system is linear and the results of 
Section 19-1 can be used. The frequency response is found from Eq. (19-Sb) 

with ado = @6, a, = y and a, =1, or by using the Fourier transform 

representation of x(t) and E(t). Either approach gives 

e/m 
2) 7 E(®) = R(w)E(@) (19-14) 

(wp — w*) — iy 

E(w) and <(@) are complex. The frequency response function, R(w), can 

be resolved into real and imaginary parts: 

Rt) e ——; (19-15) 
| @5 — w e yo MAb elal er ey ee 

m(wo — w*) + yo mL(w% — w*)? + y?o? 

This frequency response function is complex, and both its real and 

imaginary parts depend on frequency. 
A remarkable and most useful property of the real and imaginary parts 

of R(w) is, as we will now demonstrate for a specific response function, that 
if the real part of it is known for all real values of w, then the imaginary part 
can be determined, and conversely. The relationship between the real and 

imaginary parts of the response function could be demonstrated using the 

frequency response function given in Eq. (19-15); however, some of the 
mathematics is very laborious. For our purposes, it is equally instructive to 

consider an approximation to the frequency response function for the 
forced-damped harmonic oscillator. We first note that if y is small, then 

R(q) is small except where w = @o. So we approximate Eq. (19-15) by 
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T(w) as follows: 

R FA e/m 

2) Cie kn) amen at 
= T(w) = ————___—_- (19-16) 

where the approximation consists in replacing w by wp» everywhere, except 

where it occurs in the factor (w@) — w). The approximation of R(w) by 

T(w) is valid only for w >0; however, we now consider T(w) for 
—x« <qm< © as the approximate response function for our dynamical 

system.* We can easily show that T(q) satisfies all of the conditions on 

physical systems except that T(t) is not real. (Such a requirement is not 
needed for the present analysis.) Separating T(w) into real and imaginary 

parts gives 

iN Pg a a lp (19-17) 
4 (@ — oY + 7 

Equation (19-17) is much simpler than Eq. (19-15) and is easier to 

manipulate mathematically. As we have noted, it does not represent a 
classical forced-damped oscillator, but it does represent a system that 
approximates such an oscillator. 

With this caveat, we compute a function W(q@) as follows: 

‘ so) Bile = dw' 
W(@) = lim | + | SS PEE Lee) ee eR eee (19-18) 

: al am Ho —o') + T\o — w) 

This function will be seen shortly to be related to T(w). The right-hand side 

of Eq. (19-18), which excludes from the range of integration a small interval 

around the position of the singularity in the integrand and then takes the 

limit as this small interval goes to zero, is known as the Cauchy principal 

value of the integral from minus infinity to plus infinity, and it is usually 

designated by placing a P in front of the integral. Changing the variable of 

integration to x = w’ — @o converts the integrals in Eq. (19-18) to a 

* The approximate system that yields T(@) is governed by the differential equation 

9 oak : e 
— iw + (26 — iyw,)x(t) = = E(t) 

which is interesting because it is a first-order differential equation that approximates Eq. 

(19-13). 
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damped oscillator is, as we have noted in the last section, 

d*x dx 
ie Ti DR Cx hel (19-22a) 

or 

ihe ern epee 19-22b 
des pe dE — "ides in a) 

where e and m are the charge and mass of the particle, and E,, is the 
“molecular field” discussed in Chapter 5. The damping constant y = G/m 

has the dimensions of frequency. The natural frequency of the undamped 

oscillator is w and is related to the force constant C by mw, =C. In 

Chapter 5, the force constant was expressed for bound outer-shell electrons 

in terms of the “radius” of the atom Ry». In the static case, x is independent 
of t, so that Eq. (19-22) becomes identical to Eq. (5-12), with 

wo a ee 19-23 
4m€omR3 ( ) 

For free electrons, we put @, = 0 in Eq. (19-22), which becomes identical 

to Eq. (7-31), with 

y=- (19-24) 
i 

where T is the mean time between collisions. Appropriate values of wy and 

y for other cases will be discussed later. To take some account of mutual 

interactions among the particles, the driving field E,, is assumed to depend 
on the E-field of the wave E according to 

EEE peeaR (19-25) 
Eo 

where P is the polarization of the medium. It was shown in Eq. (5-7) that 
for an isotropic, nonpolar dielectric, v = 3. For a metal, v = 0. It is not our 

main purpose here to deal with the difficult problem of the proper local field 

correction, and so we will just leave it as v and try to eliminate it from 
consideration in the following. 

We note that the spatial variation of E,, is quite small over 2x9, the 

distance that the oscillating charge moves. In the case of atoms, Xo is a small 
fraction of Ro, the “radius” of the atom, typically a few angstroms. Visible 

light has a wavelength in free space that is greater than about 4000 A, and 

consequently, even with a dielectric constant as large as 400, the wavelength 
in the material would be greater than 10 A. It would thus be reasonable to 

neglect the variation of E,, over the distance 2x). The connection between 

the mechanical displacement x of the microscopic charged particles that 
make up the material and the macroscopic electrical response of the 
medium is given by calculating the polarization P. The dipole moment due 
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19-3 

These relations enable us to eliminate negative values of w from the range 
of integration in the dispersion relations. The result, as is shown in 

Appendix VII, is 

R,(@) = = pf ORO do’ (19-21a) 
+ bp wo — ow? 

2a CRO Tae Rw) : (19-21b) 
xz Jo wo? -—@ 

If the response function is the electric susceptibility of a dielectric 

medium—that is, if R(w) = 7(w), then Eqs. (19-21) are the famous 

Kramers-Kronig dispersion relations. 
The first application of the dispersion relations was the determination of 

the index of refraction of a solid material for X-rays. In this case, it is 

relatively easy to measure the absorption of the radiation by the material, 

but very difficult to measure its refraction. The index of refraction can, 
however, be determined by using the dispersion relations and the measured 

X-ray absorption. We now turn to an examination of dispersive media, 
where we shall find occasion to illustrate the use of the dispersion relations. 

DRUDE-LORENTZ HARMONIC OSCILLATOR MODEL 

All ordinary matter is composed of negative electrons and positive nuclei. 

If, for the purpose at hand, some of the electrons (more or fewer than Z, 

the nuclear charge) can be considered as tightly bound to the nucleus and 

moving with it, the composite entity is a charged ion. The electrons or ions 

will be treated as harmonic oscillators—that is, particles bound to an 

equilibrium position by a linear restoring force. For generality, we make it a 

damped harmonic oscillator, including a linear damping force proportional 
to the velocity. When an electromagnetic wave is present, the oscillator is 

driven by the electric field of the wave.* The response of the medium is 

obtained by adding up the motions of the particles; since the assumed forces 

are linear, the K and g that result from the model will be constant (i.e., 
independent of E, although they will depend on frequency). Applied to 

electrons, the model describes the bound electrons in atoms, but free 

electrons can be included as a special case simply by putting the restoring- 

force constant of the oscillator equal to zero. 

The classical equation of motion+ for the one-dimensional forced, 

*The Lorentz force is F = q(E + v X B), but for a wave B = (n/c)E. The magnetic force is 
smaller by n(v/c), and will be neglected. In any case the magnetic force does no work on the 
particle, since it is perpendicular to v. 

+ Quantum mechanics should of course be used for electrons. The classical solution is useful 
because it happens to be the same as the quantum one, with a suitable reinterpretation of the 
natural frequency Wo. 
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damped oscillator is, as we have noted in the last section, 

ith pg ewe En 19-22 TE dan din, dean Nate 

or 

in, Ui Ihering CE 3 
zt art Dotan os (19-22b) 

where e and m are the charge and mass of the particle, and E,, is the 

“molecular field’? discussed in Chapter 5. The damping constant y = G/m 

has the dimensions of frequency. The natural frequency of the undamped 

oscillator is wy and is related to the force constant C by mw% = C. In 

Chapter 5, the force constant was expressed for bound outer-shell electrons 
in terms of the “radius” of the atom R,. In the static case, x is independent 

of t, so that Eq. (19-22) becomes identical to Eq. (5-12), with 

e2 

Ns ada 19-23 
ee 4€ymRj ( ) 

For free electrons, we put @, = 0 in Eq. (19-22), which becomes identical 

to Eq. (7-31), with 

y=- (19-24) 
e 

where T is the mean time between collisions. Appropriate values of wy, and 

y for other cases will be discussed later. To take some account of mutual 

interactions among the particles, the driving field E,,, is assumed to depend 

on the E-field of the wave EF according to 

kK SEP (19-25) 
€o 

where P is the polarization ot the medium. It was shown in Eq. (5-7) that 
for an isotropic, nonpolar dielectric, v = 3. For a metal, v = 0. It is not our 

main purpose here to deal with the difficult problem of the proper local field 

correction, and so we will just leave it as v and try to eliminate it from 

consideration in the following. 

We note that the spatial variation of E,, is quite small over 2x), the 

distance that the oscillating charge moves. In the case of atoms, x» is a small 

fraction of Ro, the “radius” of the atom, typically a few angstroms. Visible 

light has a wavelength in free space that is greater than about 4000 A, and 
consequently, even with a dielectric constant as large as 400, the wavelength 
in the material would be greater than 10 A. It would thus be reasonable to 

neglect the variation of E,, over the distance 2x). The connection between 

the mechanical displacement x of the microscopic charged particles that 
make up the material and the macroscopic electrical response of the 

medium is given by calculating the polarization P. The dipole moment due 
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to the displaced charge e is ex (assuming that the neutralizing charge —e is 

remaining at rest). Then, 

P = Nex (19-26) 

where N is the number of charges per unit volume. 
Using Eqs. (19-25) and (19-26) converts Eq. (19-22) to 

d’P dP 
— + y— + wOP — vw2P = €ow7ZE(t) (19-27) 
dt’ dt 

where 

w;, = Ne*/egm (19-28) 

Equation (19-27) is a linear differential equation with constant coefficients. 

Consequently the solution to Eq. (19-27) can be written in the form of Eq. 

(19-1). We also know that 

P(w) = R(w)E() 
with ; BM a52 

R(w) = oe (19-29) 
(—iw) + y(-iw) + @6 -— vo; 

Since %(w) is the coefficient of proportionality between P(w) and E(w), we 

may write 

iz 

G1 CRM A 0) Wi iver eee genr ne earns (19-30) 
05 — oO — Tyo —"va@ 

It is easily verified that this susceptibility satisfies the requirements for a real 

response function, that it is causal as long as y > 0, and that it is square 

integrable. Thus, as would be expected, it satisfies all of the requirements 
for the response function of a physical system. Susceptibility is defined in 
this way as a function of frequency. 

The relationship between the susceptibility and the model parameters is 
often written in other forms. It requires only elementary algebra to obtain 

sis a OG fie Eq W;, 

1 + vx(w)/€, os wo, — w? — iyw 
(19-31) 

and using the definition of the dielectric constant, K = 1 + X/€ , 

ie pall w;, 

ata (19-32) 1+v(R—-1) wt— w?— iyo 

This equation gives the sought-for relation between the macroscopic 
dielectric constant K and the microscopic properties of the charged particles 
that constitute the medium. Two important features of this result should be 
noted: First, K is complex, and second, it is frequency dependent. Thus the 
simplest model we could set up ga ee implies a conducting, 
dispersive medium. 
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Before discussing the consequences of the model, we should suggest a 
simple generalization, which extends its applicability to most real materials. 
Seldom do all the charged particles of a material have the same properties. 

For example, they may divide into electrons and ions, or into electrons in 

different inner and outer orbits of an atom, and so on. If there are N, 

particles of charge e,, mass m,, natural resonant frequency w »,, and damping 

frequency y;, then following the same derivation as above leads to 

= w?, 

hoe ie = 21) peawiy Wo — wo — iy,w ge, 

If all of the particles have the same charge and mass (e.g., they are all 
electrons, but are distributed over different orbits so they have different 

restoring forces and different damping coefficients), this can be written 

K pis 1 i 

where f, = N,/N is the fraction of oscillators of type i. Since ¥ N, = N, 

Ds! (19-35) 

(In the quantum mechanical interpretation of this result, f; is called the 

oscillator strength and Eq. (19-35) is called the f-sum rule.) We shall limit 

our discussion to those cases that do not depend on subtleties of the local 

field correction v. If the Lorentz local field v = 3 applies, Eq. (19-34) 
becomes 

| Sr: w? 

Pees A seg Goins 
Since w; is proportional to N, this is a generalization of the Clausius- 
Mossotti_ equation. It is easy to solve Eqs. (19-33) or (19-36) for K, and for 

some purposes the result is useful, but it does not clarify the frequency 

dependence of K, which is the main subject of this chapter. However, if 

v = 0, Eq. (19-33) simplifies to 

2 
5 S Opi 

This also holds, for any v, at frequencies where K is not too different from 

1. In addition, at frequencies where one of the resonance peaks of Eq. 
(19-33) dominates all the others, we can eliminate v from consideration: 

(K — 1)(@3 - w? — iyw) = [1 + v(K — 1)Ja; 

so that 

——————— (19-38) 
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This result is the same as a single resonance peak with zero local field 

correction and effective resonance frequency Vwo — vw;. Therefore, we 
will be able to limit our detailed discussion of the frequency dependence of 

K to the simple resonance peak 

‘ w? 
K -1=——_+———— (19-39) 

Wo — w* — iyo 

and still be able to apply the results to many practical problems. Written in 

terms of real and imaginary parts, Eq. (19-39) is 

Op( Wo — w*) K.=1+——_—_———- 19-40a 71 GER oF + Gay aa 
wryo 

K, = ——_— 19-40b Gr 0? + (oy end 
These quantities could then be substituted into Eqs. (17-61) 

n = ViIK, + VPS KY 
(19-41) 

k = VA[-K, + VK? + K?] 

in order to have explicit expressions for the dispersion of m and k as a 

function of frequency. The results would be too complicated, however, to 

reveal any general features of the dispersion. In the following sections we 

consider various cases of practical interest where simplifying assumptions 

can be made. 

Before proceeding to these examples, we should also comment on a 

significant feature of this model—that K is complex. Even though the model 
was set up for bound charges, the resulting complex K is characteristic of a 
conducting medium. There is a nonvanishing g = K,;€)w, without the 
intentional introduction of a conduction current density J. In addition, with 

w, = O for free charges, there is still a K, = K characteristic of a dielectric 

medium. The model automatically incorporates both real and imaginary 
parts of K, corresponding to both the displacement current dD/dr and the 

conduction current J in Maxwell’s curl H equation. In our model, we could 
have calculated 

d 
i= New = —IwNex 

dt 

instead of P = Nex and thus obtained an expression for the conductivity g. 
Clearly we would find that 

and . 

Bi IOX (19-42) 



19-4 

19-4 Resonance Absorption by Bound Charges 499 

For each of the groups of oscillators in Eq. (19-27), we have to calculate P 

or J but not both, since they are equivalent expressions of the fact that the 
particle displacement has a component in phase with the E-field and also a 

component 90° out of phase, or that the particle velocity has an out-of-phase 

component and also an in-phase component. For static fields, bound charges 
have displacement proportional to the field (in phase), and free charges 
have velocity proportional (in phase); but at high frequencies both bound 

and free charges can each have in-phase and out-of-phase components of 

displacement and velocity. All of the following discussion could instead be 
formulated in terms of the complex conductivity according to Eq. (19-42), 

and in certain contexts, it is more usual to do so. The relationship of ¢ to 

the complex dielectric constant K is 

& = —ieyw(K — 1) 
(19-43) 

8, = €o@K;, 8, = —€qw(K, — 1) 

As expected, g, = g is the actual real conductivity, and g, is related to the 
real dielectric constant. 

RESONANCE ABSORPTION BY BOUND CHARGES 

Let us apply the results of the preceding section to a system of bound 

charges, that is, to materials that are nonconductors for dc. To estimate the 

expected size of the parameters in Eqs. (19-40a) and (19-40b) for valence 

electrons, let us put Ry = 2A in Eq. (19-23): 

PP (6 108)* 

®o ~ WV 4n(8.854 x 10-”)(0.91 x 10-)(2 x 10-3 

=" 5i6uxal0lst 

This electron resonance frequency corresponds to a wavelength in air of 

3350 A (335 nm), which is in the ultraviolet region just beyond the visible 
spectrum. Larger or smaller Ro would give a longer or shorter resonance 

wavelength. Combining Eq. (19-23) with Eq. (19-28), which defines w,, we 

find 

2 

We = 4nR3N = 3NV, (19-44) 
Wo 

where V, is the volume of our “atom.” Thus, if the atoms are closely 

packed, as when they are condensed in a liquid or solid, 

2 
aan (19-45) 
W 

When they are less densely aggregated, as in a gas (or a solution), this ratio 

is correspondingly less, since N is smaller but usually wo is not strongly 



500 19 Dispersion and Oscillating Fields in Dispersive Media 

affected by the state of aggregation. The ratio is also much less than 1 for 

the more tightly bound inner-shell electrons, which have smaller orbits. 

Reasonable values of the damping frequency y are more difficult to 
estimate. To get further insight into its meaning, let us return to the 

equation of motion (19-22) and consider the case of the free oscillator with 

E,,, = 0. The solution of this equation is also well known: 

x= tik Cae (19-46) 

where 

of = Vad = G1 
is nearly the same as Wy if y is small. The amplitude of the oscillation decays 

as e-”?, and the energy of oscillation, which is proportional to the square 

of the amplitude, decays as e-”. Thus we can write 

(19-47) 

where T is the mean decay time for the oscillator energy. The significance of 

T in this equation is not the same as in Eq. (19-24) for free electrons, but it 

is analogous: In both cases, t is the mean time of energy loss—energy of 

free harmonic oscillation or energy of free flight, respectively. The 
oscillating particle necessarily radiates electromagnetic energy at the ex- 

pense of its energy of oscillation; in the next chapter, it is shown that the 

rate of radiation corresponds to a decay rate 

y 4nR, 

GAL aoe. a 
where 

P) 

R, = AHeTNE =" Jes 16x NOS OT (19-49) 

and Ay = 27c/Wp is the vacuum wavelength corresponding to wo; R, is the 

so-called classical radius of the electron. (See Problem 6-6.)* Even for 

X-rays (Ay ~ 1A = 10°'°m) the damping due to this mechanism is ex- 
tremely small relative to the resonance frequency. Usually there are 
additional modes of decay due to interactions with other particles (colli- 
sions), which make the damping frequency enormously greater than the 

single-particle rate due to radiation. Still, however, we assume that 

Oram 
Wo 

for the applications of this section. 

*The charge distribution in an electron is not physically observable, so Eq. (19-49) is a more 

convenient definition than the one for a uniform charge distribution. 
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FIGURE 19-2 

Dielectric constants as a 

function of frequency for 
an extremely narrow, 

strong absorption 
line at wy 

Since y is assumed to be small, a first approximation with y = 0 is 

informative, even though unphysical. Equation (19-40a) with y = 0 is 

2 
Pp 

Ws, — w* 
oe (19-50) 

as shown in Fig. 19-2. Equation (19-40b) with y = 0 gives K; = 0 at all 

frequencies except w = Wo, where it is infinite. Simply putting y equal to 

zero does not give a useful result for K,;. Consequently, we use Eq. (19-40b) 
and take the limit as y goes to zero. Then, 

ee ee 
y0/W5- w\* 
| ee 

@ 

wryw 2 

rainitieasl  oharacit eal al 
(wi — w’) + yw? w 

K; = im | 
y0 

The latter limit is one of the representations given for the Dirac delta 

function in Appendix V. Thus, K; can be written 

2 70-3 2 

= oe ik S (mete a) (19-51) P08 1 a ee pee 

for positive w. The last step in Eq. (19-51) follows from the fact that 
6[(ws — w?)/@] is only nonzero in the vicinity of @ = wo and hence can be 
approximated by 5(2{w, — w}) and from 6(2m) = 3 6(@) [see Eq. (V-5)]. 

K,; # 0 describes energy dissipation, as could be seen by computing the 

rate of change of the energy stored in the electric field. Alternatively, 
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K; #0 is equivalent to g, #0, which gives a current in phase with the 

electric field and consequent dissipation of energy. The delta function 

approximation to K,(w) represents the case of an infinitely narrow 

absorption line at w = @o, as is also indicated in Fig. 19-2. The most 

interesting feature of the figure is that K, has values significantly different 

from 1 (for vacuum) at frequencies very far away from @ , the only 

frequency where K, differs from 0 (for vacuum). The effect of energy 

absorption in the optical region is manifested in the dielectric constant K 
(but not in the conductivity g) at all frequencies, even dc. For w = 0, 

w2 

K,0) = Ky =1+—4 (19-52) 
Wo ~ 

which may differ appreciably from 1 according to Eq. (19-45). The value 

K, = 5.5 for diamond, for example, is understandable, even though 
diamond is a nonconductor at frequencies below the ultraviolet. Conversely, 

a nonconductor can have K different from 1 only if it is conducting 

(absorbing) in some other frequency region; a medium in which g(w) = 0 
for all frequencies necessarily has K(@) = 1 also, i.e., it is identical to 

vacuum, as we will see below. On the other hand, at frequencies far above 

the absorption frequency, K goes to 1 in all cases. 

The optical constants n and k are obtained for this case by using the 
approximations (19-50) and (19-51) in (19-41). Except at w = wo, K; = 0, 
and so the a a (17-62) and (17-63) apply. From Eq. (19-50), 
K, = 0 at @ = Va@ot+ w; above this frequency and below Wo, K, is 

positive. In these regions, 

= VK,, k=0 (19-53) 

In the intermediate region, K, is negative, so that 

n=0, k=V=K, (19-54) 

These AUST: are shown in Fig. 19-3. At frequencies below w, and above 

Ve + w;, the material is transparent (kK = 0). Below the resonance, n is 

sete y than 1 and increases with increasing frequency (shorter wavelength). 

This is the “normal dispersion’ behavior of a glass prism in the visible 
region, which shows a greater refraction for blue than for red, and it is 

typical of all transparent materials. Above the resonance absorption, n 
increases with frequency, but it is less than 1, also characteristic of all 
materials in the X-ray region. Immediately above the resonance a wave is 
attenuated (k > 0), but not, however, because of absorption (except exactly 
at Wo where K, # 0). The wave is attenuated because of perfect reflection at 
the surface where it enters the medium: 

WA (eae al 

(n + 1)? + k? 

which for n = 0 gives R = 1. Although glass has a reflectance of only 
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FIGURE 19-3 

Optical constants as a 
function of frequency, 
derived from the di- 
electric constants of Fig. 

19-2 

wy (wg? + wp?) 1/2 
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R = 0.04 in the visible region, in the ultraviolet, it should be highly 
reflecting. 

To examine the detailed behavior in the immediate vicinity of wo, 

suppose that y > 0, but still y < wo. Near @o (i.e., in range @,) + several 
times y), the approximation 

Wo — W* = (Wp + W)(Wo — W) = 2Wo(@ — w) 

is valid, and the dielectric constants Eqs. (19-40a) and (19-40b) simplify to 

2 1 
@ 2(Wo — @) 

K, -—1= > ——_S (19-55) 
0 (Wo — w)* + (y/2) 

ee eee 
A 0 (wo — ©)? + (YP ae 

The function K; has the so-called Lorentzian line shape shown in Fig. 19-4, 

which also shows K, — 1. These functions have especially simple properties: 
K; is even with respect to (@) — w), and K, — 1 is odd. It is easy to show 

that the width of K; at half-maximum is y and the extremes of K, — 1 occur 

at these same points. The integral of K; over all positive frequencies can be 

carried out with the result (w;/wo)(/2).* The maximum value of K, at 

* This result follows directly from the approximate K, of Eq. (19-51), but it also is obtained 

from the Lorentzian shape, Eq. (19-56). 
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FIGURE 19-4 

Dielectric constants for a 

narrow line at @y. (The 

origin of frequency is 
displaced far to the left.) 

For a weak line with 

M «1,n — 1andk are 

just one half of K, — 1 

and K;,, respectively. 

M }--—-—=—-—— y/wg K1 

M 
2 

wo — (7/2) 49 wo + (y/2) 

M 

2 
. 

resonance, 

2 2 M = 22 = 22.0 
Woy wa y 

can be quite large. For a gas at atmospheric pressure, (@,/@ )” ~ 10~*, but 
(wy/y) ~ 10°, so that M may be greater than 100. This value gives a 

conductivity g = €)wK; at resonance that is comparable with the dc 
conductivity of a metal. 

The shape of the nm and k curves associated with the Lorentzian 
dielectric constants depends very much on the size of M. If M is large, 

K, >> 1 at @o; since K, = 1 at @o, the approximation 

K,/2 

holds at wo. The shape of the curves, shown in Fig. 19-5, is rather different 

from the Lorentzian shape. It is a more realistic picture of the behavior near 

Ww, than Fig. 19-3. In the other extreme when M << 1, K; << 1 everywhere. 
Since |K, — 1| < K; near the maximum, |K, — 1| <1, or K, = 1. In this 

case, 

n=ke 

nee Kos 
Since K, differs from 1 by a small amount, the square root can be expanded 
to give 

k = K,/2n 

n— 1 = 3(K, — 1), k = 4K, (19-57) © 

The shape of the n — | and k curves is just the same Lorentzian shape as 
the K, — 1 and K; curves, respectively. This approximation may hold, for 
example, in a rather dilute solution or in a gas at a fairly low pressure. 
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FIGURE 19-5 

Optical constants for a 

narrow, strong line, de- 

rived from the dielectric 
constants of Fig. 19-4 

with M = 100. (The ori- 
gin of frequency is dis- 

placed far to the left.) 

Ge Lae ee 

x/ wo <1 

VF 

wo — (y/2) 9 = wo + (7/2) 

Far from the resonance line, when |@ ) — w| > y, y can simply be 
neglected in the denominators of Eqs. (19-40a) and (19-40b), which then 
simplify to 

Revs wane ht 
; we — w? 

: (19-58) 
wryw 

K; = p 

(wo - wy 

In this approximation, K; << |K,|, and far on the low frequency side, 

K, > 0. Equations (19-57) apply, so 

ol p-(QT 
Hey (gy 

In terms of wavelength, 

ety) w959 'p 

This equation is known as the Cauchy relation, and it is a useful formula for 
fitting the refractive index of a transparent material. 

If y is not so small, none of the foregoing simple relations holds 
quantitatively, but the qualitative behavior of RK and A is still similar. The 
case of w,/W» = 1, y/Wo = 3, is plotted in Fig. 19-6. The imaginary part 
always has a peak with its maximum near Wp. In the region of this peak, the 
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FIGURE 19-6 

Optical constants for a 
wide, moderately strong 

absorption band at @ 
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real part always has a region of negative slope, called the anomalous 

dispersion region. As the frequency increases from zero, there are succes- 

sive regions of transparency, absorption, high reflectance, and transparency, 
just as in the simplest delta-function approximation. In actual materials, 

there are always many electronic absorption peaks in the ultraviolet region, 
perhaps extending into the visible, and in solids they may be wide and 
strongly overlapping. 

If the vibrating charged particles are heavy ions instead of electrons, the 
resonance frequency Wp, is a few hundred times smaller: The linear 

restoring-force constant is about the same, since it also derives from the 
Coulomb force, but the ion mass is 4 or 5 orders of magnitude greater than 

the electron mass. The frequency @, is also proportionately smaller, since it 

too is inversely proportional to the square root of the mass. For example, in 
an ionic crystal, 

ies ae 
Wo Wo 

The absorption peak is similar to the electronic one, but it is located in the 
infrared instead of the visible or the ultraviolet. The corresponding K, or n 

makes no contribution at higher frequency, but it does at lower frequency. 
Thus for rocksalt the static dielectric constant is about 6, in comparison to 

about 2 (= 1.5”) in the visible. The latter is due to the electronic absorption 
in the ultraviolet; the former includes the effect of the ionic absorption in 
the infrared as well. 
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THE DRUDE FREE-ELECTRON THEORY 

In some important states of matter, notably metals and plasmas, the 
electrons belonging to the outer atomic orbits are not localized (bound), but 

are free to contribute to de conduction. At high frequency, their behavior is 
modified by inertial effects; but it is explained by our same microscopic 

model, if the assumed restoring force for these electrons is put equal to 

zero. Then, with w, = 0, Eq. (19-39) simplifies to* 

A if > 
Keel, Can (19-60) 

The real and imaginary parts are 

2 

Kei apa (19-61) 

wry 
ae BaD a) (19-62) 

In the free-particle context, 

N. 2 

(=a (19-28) 

is called the plasma frequency,? and it is identical to that defined in Chapter 

14. Now the frequency ranges in which interesting features of the dispersion 

occur are determined by @,. Some typical values are listed in Table 19-1. 

They span from the radio frequency to the ultraviolet regions. As noted 
previously, the damping constant y is the reciprocal collision time, 

ah (19-24) 
Le xn 

The time T is also the time constant for the decay of a current with no 

driving field, as can be seen by putting w, = 0 and E,, = 0 in Eq. (19-22): 
dx/dt = v, 

dt (19-63) 

* Simply putting w, = 0 introduces a singularity in K — 1 at w = 0. Although this behavior is 

not satisfactory for a frequency response function, it is usually possible to ignore the 

singularity. When it causes problems, a small positive w, should be retained and the limit be 

taken as W, goes to zero at some later stage in the calculation. Alternatively, the problem can 

be formulated in terms of the conductivity g to avoid problems with singularities. 

+ The plasma frequency is usually seen expressed in gaussian units, in which w, = V42Ne*/m. 
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TABLE 19-1 

Some Typical Particle 

Densities N and Plasma 

Frequencies w, for 
Electron Plasmas 

Plasma frequency 

Density (m~’) (s-') 

Metal 1078 10% 

Semiconductor (doped) 10°* 10"* 
Semiconductor (pure) 10° 107 
Fusion experiment 10°° 10'* 
Ionosphere 10. 10’ 
Interplanetary space 10’ 10° 

For metals at room temperature, y ~ 10'*s~', so that 

eet 
Wp 

This relation usually holds for semiconductor electronic materials and 

gaseous plasmas as well. Equation (19-60) assumes a simpler form when it is 
expressed in terms of the complex conductivity g using Eq. (19-43) and 

y=1/t: 

Sere. aa (19-64) 

where 

4 Ne?t 
Sinz mop tiett ome 

is the de conductivity. Nevertheless we will treat K, since the aim is the find 

the optical constants n and k from it. 
When y is small, we may examine the limit as y goes to zero, which is 

best done by putting wo = 0 in Eqs. (19-50) and (19-51), but retaining a 
small positive y until the limit y — 0 is taken. The result is 

w2 

K,=1- ae 

_ wha (19-65) 
K; Per d(w) 

where Eq. (19-51) has been used for K,. Figures 19-2 and 19-3 still show the 
behavior, if the origin of w is taken at wo = 0. The transparent region 

below Wo is eliminated, and the frequency where K, = 0 is w,. Between 
@o = 0 and w = @, the material is perfectly reflecting (n = 0), and above 
@, it is transparent (k = 0). The transition between high reflectance and 
transparency at w, accounts for the well-known fact that the ionosphere 
reflects radio waves in the AM broadcast band (f = w/2n 51.5 x 
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10°s~'), but is transparent to FM and TV (f ~ 10%s~'). In another 
frequency range, sodium metal is highly reflecting in the visible, but is 

transparent for ultraviolet wavelengths shorter than A, = 2100 A (210 nm) 
corresponding to its plasma frequency. Just at the plasma frequency, n = 0 

and k = 0; the charges all move back and forth in phase (infinite 
wavelength) with no attenuation. This motion is the free plasma oscillation 

discussed in Chapter 14. It is an example of the longitudinal wave* that can 
occur when K = 0. Although the no-damping approximation accounts for 

interesting effects near the plasma frequency, it is an oversimplification for 

lower frequencies, where it predicts infinite conductivity and infinite 
dielectric constant for dc. In particular it does not yield the Hagen-Rubens 
formula nor its associated skin depth. 

To improve on the delta-function approximation, it is necessary to go 

back to Eqs. (19-61) and (19-62). We assume that the damping is small, 

y << w,, so there are three frequency ranges to consider. 

Deoiccey: 

ae? 

Kae (19-66) 
y 

v3 Kp=—— (19-67) 
wy 

The real dielectric constant K, is a (large) negative constant; K; goes to 

infinity as @ goes to zero, but 

Ne?t 
g = €,wK; = — = 

y m 

is constant in this range and equals the dc conductivity gy. Since 

K;/|K,| = y/@ >> 1, Eq. (17-64) gives 

n=k = VK/2 = she > 1 (19-68) 

This case gives the Hagen-Rubens formula for the low frequency 

absorptance, 

* Since the wavelength is infinite and the propagation velocity zero, it is meaningless to say it is 

longitudinal or transverse in this case. We have calculated K(x, @) only for x = 0. A more 

sophisticated calculation including pressure effects shows the existence of longitudinal plasma 

waves with finite wavelength, k # 0. 
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and the skin depth 

wea Ce wae 

kom Uo Wo 

EK CIS CFT 

2 

Komeatte (19-69) 

é4 

Kg Pe (19-70) 
3 7) 

Since K,/|K,| = y/@ <« 1, 

k = V-K, = = 

-7 K, _ yo, (19-71) 

Pema WADE? 

In this region k/n = 2w/y > 1, so that the absorptance Eq. (18-59) is 

4 Z 2 nee ees 
k Depew nt 

(sometimes called the Mott-Zener formula), and the skin depth is 

§=—-=—=4,/2n 
kw @, 

where A, is the vacuum wavelength corresponding to the plasma 

frequency. For metals, these results apply to the infrared region. Since 
w,t is large, A = 1 — R is only a few percent; the skin depth is very 

small and independent of frequency. 

Pee cniiy 

KPa 4 (19-72) 

wey ils (19-73) 

Ki ay VK, ae 1) R= pe tete— : n= VK, pis (19-74) 

Here the material is nearly transparent. In metals, however, except for 
the alkali metals, the onset of this transparency is obscured by the 

resonance absorption of bound electrons belonging to inner orbits. This 

additional absorption, discussed in the last section, also increases the 

values of K; and n for most metals in the visible region, reducing the 

reflectance and accounting for the characteristic colors of copper and 
gold. 
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FIGURE 19-7 

Log-log plot of the opti- 
cal constants of free 

charges versus frequency, 

with y/w, = 0.004. 
Power-law approxima- 

tions are valid over most 

of the frequency range. 

log k 

log n, 

log w 

The free-electron results for n and k are plotted on a log-log scale in 
Fig. 19-7. The parameter values chosen are w, = 9 x 10°s~', y = 3.6 x 

10'°s~'; these are appropriate for sodium metal at room temperature, for 
which the free-electron theory gives good agreement with experiment. The 

three straight-line regions of the figure are plots of Eqs. (19-68), (19-71), 

and (19-74). The intermediate points at w = y and w = a, are easily 
calculated from Eqs. (19-61) and (19-62), since K; = —K, and K; > K,, 

respectively. The region well above y agrees with the delta-function 
approximation (y = 0), with some rounding of the kinks at w,. Examples 
with y 2 @, are less common; their treatment is left as a problem. 

*EXAMPLE 19-1 The dispersion relation can be used to examine the low-frequency 

Use of the Dispersion approximation of Case 1. This procedure will illustrate some of the 

Relation problems encountered in the application of these integral relationships. 

We use the low frequency approximation to K; given by Eq. (19-67) and 

attempt to derive Eq. (19-66) for K, by means of the dispersion relation. 

Solution: Using Eq. (19-67) in the Kramers-Kronig dispersion relation, 



512 19 Dispersion and Oscillating Fields in Dispersive Media 

Eq. (19-21a), to get the real part of K — 1, we have 

2 oo ' 

K -1==%2/ oO aoe (19-75) 
y mY Jo w'? = w” 

The upper limit of integration is taken to be A, which subsequently will 

become infinite. The principal value is then 

= day cam i : i da’ 
al eo = lim | - | a — @’" wtp 0 — w 

6-0 

(19-76) 

Both integrals are well defined and can be evaluated without difficulty 

to get 

“ee day’ ; o-- a |? 2 
Pol Aes i : 

lp O° — @ A>x w-—ow’'/ \o 
6—0 

1 w' — w\|4 
+ —In( ) (19-77) 

2@ w' + W/\o+65 

At w’ = 0, the logarithm in the first term is In(w/@) = 0. At w' = A, 

the logarithm in the second term is In(1 + w/A)/(1 — w/A), which 

goes to zero in the limit as A goes to infinity. The two remaining terms 

give 

nee = lim = (= In reve n 2 —*) =o 
5 a ee 2 a 20 + 6 re) 

(19-78) 

which vanishes in the limit as 6 goes to zero. Thus, 

a Ur kd (19-79) 
ef Olsen, @ 

and 

K, = 1 (19-80) 

This result contains some instructive features. First, the singularity in 

the integrand does not make the integral infinite. (In fact, it is zero, but 

that is a peculiarity of this special case.) It is clear that the singularity 

will cause no trouble so long as K; is continuous at w. Secondly the 
result Eq. (19-80) for K, is a constant, but the constant disagrees with 

the constant —(w,/y)’ required by Eq. (19-66). This discrepancy 
emphasizes that K;(w) must be known over the entire frequency range 

from 0 to © in order to get the correct result from Eq. (19-21a). In this 

example Eq. (19-67) is correct at frequencies well below y, but wrong at 

higher frequencies. The true value of K, at low frequency comes from 

this higher frequency behavior of K;. The integral always gives the 
correct value of K, when w goes to infinity, namely, K, = 1, as can be 
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seen directly in Eq. (19-21a). Thus if K, is constant it must give the 

constant 1. In using the integral with experimental data, it is necessary 
to make some reasonable extrapolation above and below the frequency 
range in which the measurements were made, even to find K, only 

within this range. A more obvious cause of error would be the omission 
of an unknown absorption peak above the range of measurement. 

It is worth pointing out that the dispersion relations, Eqs. (19-21), can 
be modified to make them more tractable to numerical calculation. 
Consider Eq. (19-21a) with R(w) = K — 1. The integral in Eq. (19-21a) 
can be transformed in various ways. Since the integral in Eq. (19-79) is zero, 

any constant multiple of it can be subtracted from Eq. (19-21a) without 
affecting the result. Subtracting (2/7)wK;,(w) times it gives 

Paes ike =| [w'K(@ Fs aC) dw 

Jo pete) 

This form is useful for numerical integrations because it has a nonsingular 

integrand, the numerator vanishing at the same point as the denominator. 
An integration by parts in Eq. (19-21a) gives 

1 (* dK,(o') 1 ; 
Koy" P= sah apn ip aa dw 

which provides a qualitative idea of the behavior of K, to be expected. The 
integrand is heavily weighted for frequencies near w by the second factor, 

so that the magnitude of K, is strongly affected by the slope of K; at nearby 
frequencies. 

All the results of this section also apply when the charged particles are 

heavy ions instead of electrons. Since the medium has been assumed to be 
electrically neutral, positive ions must always be present with an average 
number density N equal to that of the electrons. In metals the positive ions 
are not freely mobile, of course, but in gaseous plasmas they are, and their 

motion is often important. The plasma frequency w, is inversely propor- 

tional to the square root of the particle mass m, and so the ion plasma 
frequency is about two orders of magnitude smaller than the electron 
plasma frequency given in Table 19-1, for example. 

DIELECTRIC RELAXATION 

Electrical resonance absorption does not usually occur in materials at 

frequencies lower than the heavy-ion peaks in the infrared (though it does 
in manmade structures, of course). There is, however, another kind of 

absorption mechanism, known as dielectric loss, which can occur at lower 
frequencies (but not at higher). It is frequently important as a loss 

mechanism at microwave frequencies and below, and its concomitant 

dispersion of the real dielectric constant explains, for example, the 
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difference between the static dielectric constant of water, 81, and the optical 

value of about 1.8 (=1.33°). The effect is an extension to oscillating fields of 
the second type of static polarization discussed in Chapter S—namely, the 

orientational polarization of permanent dipoles. This case can also be based 

on the model described by Eq. (19-22a), though with some strain on the 
physical interpretation of the quantities involved. It arises when the 

damping and restoring forces are both important, but inertial effects 
(acceleration) can be neglected. In this case, the equation of motion 

becomes 

d co + Cx'= cE. (19-81) 

Or 

dx ; 
te + wox = eE,,/m 

The appropriate solution is obtained from Eq. (19-39) by neglecting w’, 

w2 

K-1=—+—*— 
Wo — ly@ 

The parameters in this solution all contain mm; however, m does not really 

enter because the inertial term has been neglected in obtaining the solution. 
It is better to rewrite the solution as 

. Ne?/e 
K-1= pave TSO 

C= 1GQ) 

where m is eliminated entirely. From Eq. (19-81) with E,, = 0, the return 

to equilibrium is described by 

x= CPC: whe ihe 

Therefore, we write 

Cc om 
Fie (19-82) 

where tT in this context is called the relaxation time.* In terms of it, 

A Ko —- 1 

K - 1 = ——— 
1 — iwt aie 

where 

Ne? 
K, - 1 =— 0 aC (19-84) 

* . } } ’ . Note that in this process 1/t # y. We are using t consistently to mean the time constant for 
return to equilibrium, regardless of its relation to y or the determining physical quantities. 
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Clearly Ko is the static value of K, for w = 0; it is the same as the static 

value for resonance absorption, except that C has a different meaning. This 
meaning can be obtained from the calculation in Chapter 5: 

Xo _ N Po 
Ko -~j{=—> 

Eo €9 3k_T 

where kg is Boltzmann’s constant. If we let the permanent dipole moment 
be 

Po = ea 

where a is the effective separation of charges te, then 

Ne?a? 
Koen ile 19-85 

‘ 3€okaT ( ) 

Numerically this can be, at the maximum, of the order of 10? at room 

temperature. Comparing Eq. (19-85) with Eq. (19-84) shows that 

_ 3kgT 
G Z (19-86) 

a 

The restoring force is therefore due to the thermal energy k,7 rather than 
to a mechanical elastic potential energy.* 

What is new in this discussion is the relaxation time t, which determines 

the behavior for oscillating fields. Its value can be estimated most easily for 
certain solid polar materials in which the dipoles consist of mobile pairs of 
positive and negative ions of charge e separated by a distance a. The ions 

have certain fixed equilibrium positions in the solid, but they can make 

jumps to other neighboring allowed positions. By means of such jumps the 

dipole can rotate into alignment with an applied field, or return to a random 

orientation when the field is removed. The time Tt is therefore the mean 
time for a jump and is given by 

T_T ,-aumer (solid) (19-87) 
ge i 

The factor 1/t) is approximately the vibrational frequency of the ion around 

its equilibrium position, and exp(—AU/kgT) is the statistical Boltzmann 

factor. A jump is attempted with each vibration, but only a fraction 
succeeds, depending on the energy AU required in order to squeeze through 
the barrier to the neighboring equilibrium position. The frequency 1/t)= 
Wo is the ionic vibrational frequency considered previously, w) ~ 10'*°s7'. 

*The restoring force is a generalized ‘‘thermodynamic force,’ not a mechanical one. What 

relaxes after an applied force is removed (with the relaxation time rT) is not the energy but 

rather the entropy. 
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The barrier energy AU must be appreciable in order for this model to hold 

at all, since the very existence of equilibrium positions between which jumps 

occur depends on the barriers. Thus, 

i rie: SEs 
T 

and 1/t will be very much smaller than this at temperatures much below the 
melting temperature. For liquids the calculation of t is more difficult. The 
Debye relaxation time is given by 

tie ke dl 

t 4nRi 
(liquid) (19-88) 

where 7 is the viscosity (not electrical resistivity) and Rp is the radius of the 

molecule. This result agrees reasonably well with experimental values of n 

and predicts a frequency in the microwave region for most polar liquids at 

room temperature, since the dipoles in a liquid are more freely rotating than 

in a solid. The viscosity is temperature dependent, but still Eq. (19-88) is 
less strongly temperature dependent than Eq. (19-87). 

The frequency dependence of Eq. (19-83) is seen by separating it into 
real and imaginary parts, giving the Debye equations: 

Ko 1 

Ke A eer (19-89) 

PK Se) Ot Son 

1+ (ory? (19-90) 

These are plotted in Fig. 19-8, which shows an absorption peak in K;, with 

FIGURE 19-8 

Dielectric constants as a 

function of frequency for 

Debye relaxation 
ect 
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maximum at w = 1/t and height 3(K, — 1), and K, falling from K, to 1 
with the halfway point at w = 1/t. The dispersion of K, has a shape 
characteristically different from that for resonance absorption. The shape of 

the curves is quite similar to that for a strongly overdamped oscillation. For 
frequencies much below or much above 1/t, K; « K, (K, > 0), so that 

n = VK,, k = K,/2n. As an example, these results can be applied to fresh 

water in which the low frequency or dc conductivity can be neglected; the 

reflectance is given by Eq. (18-57). For electrical measurements on 

laboratory-sized samples, the results are usually expressed in terms of the 
loss angle 0: 

K; _. (Ko — l)at 
tan 9 = — ~ 19-91 

K. Ky + (wry Beige, 

The physical reason for this kind of frequency dependence is that above 1/T 

the relaxation cannot follow the applied field. 

OSCILLATING FIELDS IN DISPERSIVE MEDIA 

We have now shown that for monochromatic fields the real permittivity and 

real conductivity of a linear medium generally depend on the frequency.* 

Furthermore, in the complex representation, this frequency dependence can 

be described either by a permittivity or by a conductivity that is a complex 

function of the frequency. For many materials there are, however, large 

ranges over which the frequency dependence is small enough to be 
neglected in most applications. For example, in an insulating material, by 

which we mean a material with (nearly) zero real conductivity at zero 

frequency, the real permittivity may be constant, though different from €o, 

up to w ~ 10'*s~', with the real conductivity very nearly zero over a similar 
range. In metals, the real conductivity is very nearly the static conductivity, 

Zo, for frequencies up to ~10''s~'. 

In the physical world electromagnetic fields come in wave trains that 
are, in some cases, sufficiently long that they may be treated as monochro- 

matic to an adequate approximation. Often, however, the wave train is so 

short that the monochromatic approximation is not adequate. One way of 

dealing with short pulses is to write the electric field, for example, as a 
superposition of monochromatic fields. Solutions can be built up this way 
because Maxwell’s equations are linear as long as we consider only linear 

materials. 

* A similar treatment of the magnetic susceptibility would produce yet another frequency- 

dependent factor, but fortunately there is seldom a significant overlap in the frequency ranges 

where € and yp are strongly frequency dependent. Consequently, we will continue to take 

UH = Ho. 
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We now present two examples of time-dependent fields in insulators, in 

which the frequency dependence of the permittivity plays a significant role. 

EXAMPLE 19-2 

Propagation of an 

Electromagnetic Pulse: 
The Group Velocity 

Consider a planar (independent of x and y) pulse of electromagnetic 
radiation moving in the z direction for which, at t = 0, the electric field 

is a specified function E(z, 0). The problem is to find the electric field, 

E(z, t), at subsequent times. 

Solution: The electric field must satisfy 

3 E(z, t) D(z, t) ee ae — orp 0 (19-92) 

If the medium is linear, then from Section 19-1 we know that the 
monochromatic solutions to Eq. (19-92) satisfy 

eE(z, w) 
ee + Uy €(w)w7E(z, w) = 0 (19-93) 

and consequently, the monochromatic plane wave solutions to this 

equation have the form 

E(z, t) = Ege"? (19-94) 
with 

kK’ — U€(w)w* = 0 (19-95) 

We now construct a solution to Eq. (19-93) by superposing solutions of 
the form given by Eq. (19-94). We write this superposition as 

1 a 
E(z, t) = eal E(x )e'"?-°? dx (19-96) 

The integration in Eq. (19-96) is over x but not also over w because Eq. 
(19-95) associates a value of w with each value of x. The integration 
could equally well have been over w but we prefer to use k as the 

integration variable. Waves travelling in both the plus z and minus z 
directions are included. At ¢ = 0, Eq. (19-96) is 

1 mits 
E(z, 0) = Von ie E(k )e'** dk (19-97) 

so that E,(xk) is just the spatial Fourier transform of the pulse at ¢ = 0. 

If the range of k required to represent the pulse adequately is not too 
large, w can be expanded as 

W = Wo + (K — Ko)U,(Ko) + °° (19-98) 

with u,(Ko) = (dw/dk)|,,, and only the first two terms retained: Using 
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this approximation in Eq. (19-96), we obtain 

: 1 Gee” 

EG; t) = ae { E(x)eiX@—%s) dk 

cao 1 Cache PU Ys aad (19-99) 

In other words, if this approximation to the dependence of w on kK is 
adequate, the pulse travels with unchanged shape with a velocity u,(Ko) 

and a time-dependent phase shift that is dependent on wave number. 
The velocity vu, is called the group velocity and is the velocity with which 

energy is transmitted in the pulse. 
The effects of dispersion are (1) u,(Ko) is not Wo/Ko as it would be in 

a nondispersive medium, and (2) there is a phase shift proportional to 
time (this would be zero in a nondispersive medium). The first of these 

effects means that two pulses, one represented by a superposition of 
plane waves with propagation vectors in a narrow band around x, and 

the other with propagation vectors close to kK, will move through the 

medium with different velocities. Thus, if they both start together at 

z = 0, t = 0, they will separate in space (or time) as they move through 

the medium. 
In many cases the approximation of keeping only the first two terms 

in Eq. (19-98) is not adequate. Then the shape of the pulse will not be 
preserved; usually it spreads out but there are cases where the pulse 

becomes narrower as it propagates. In particular, the pulse has 
precursors that travel faster than the main pulse. * 

Other common effects of dispersion arise from the dependence of the 

index of refraction on frequency (or on wavelength). This variation is shown 

for crown glass in Fig. 19-9. As a result of this frequency dependence, 

different colored light travels at slightly different velocities in the material. 

This phenomenon is responsible for the formation of spectra by prisms 
(‘‘dispersion”’ of the light) and chromatic aberration in lenses, among other 

readily observable effects. 

EXAMPLE 19-3. The polarization P(t) due to an electric field E(t) can be written in 

Polarization Response to a accordance with Eq. (19-1b) as 

Step-Function Electric 

Field P(t) = Fe [ rere — ft) ae (19-100) 
0 

“The propagation of electromagnetic radiation pulses in dispersive media is discussed in Julius 

A. Stratton, Electromagnetic Theory (New York: McGraw-Hill, 1941), pp. 333-340, and in J. 

David Jackson, Classical Electrodynamics, 2nd ed. (New York: John Wiley and Sons, 1975), 

pp. 313-326. 
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FIGURE 19-9 

Index of refraction for 

crown glass 

1.54 

1.53+ 

1.524 

1.51 res J L 200 

wavelength A (nm) 

We want to find the response function R(t") for a medium characterized 

by a single sharp absorption peak at w, and, from it, determine the 
response to an electric field that is zero for ¢ less than zero and Epo for t 

greater than zero. 

Solution: We use Eqs. (19-50) and (19-51) and use x, for x(w = 0) = 

€)W;/ Ws so that 

Xo 
x(@) = x%-(@) + ix(@) = Wain + iF Xo a= Stes — Wo) 

@ 

(19-101) 

The response function R(t) can be obtained by using Eq. (19-3)—that 

is, the inverse Fourier transform of ¥(@). Since R(t) is real the 

transform may be expressed as an integral over positive frequencies 
only: 

» ao 

RG V2 [. [x,(o) cos wt" + x() sin on] do (19-102) 
0 

Both terms integrate to give the same result. For example, 

2 i . ”" IT * 
a | Xi(w) sin wt" dw = 3 XoWo sin Wot" (19-103) 

0 

Thus, Eq. (19-100) becomes 

Bia ZW | E(t — t’) sin wot" dt" (19-104) 
0 

It is convenient to change the integration variable to t’ = t — t” with the 

corresponding limits of integration — to ¢. The electric field is zero for 
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t' <0 and is E, thereafter. The integral can be carried out, with the 
result that 

P(t) = %oEo(1 — cos wot) (t > 0) (19-105) 

Thus, after the sudden application of the electric field Ey the medium 
“rings” at the resonant frequency wo. If a damping term had been 
included, by using Eqs. (19-40a) and (19-40b) in place of Eq. (19-101), 
the oscillation of P(t) would eventually die out, and the polarization 

would be just the static polarization, 7)E . This calculation emphasizes 

the fact that there is no simple proportionality between P(t) and E(t) 

and that their time-dependent ratio is not a characteristic material 
property. The material parameters are properly considered as ratios 

between monochromatic responses and monochromatic excitations— 

that is, as ratios of the Fourier transforms of the time-dependent fields. 

SUMMARY 

A medium is linear if the output O(t) and input /(t) are related by 

O(t) = al R(t — t’)I(t') at’ 

and the response function R(t) does not depend on I(t). The response is 
causal since the output depends on what has happened in the past, but not 
in the future. 

The complex dielectric constant of a material is calculated as a function 
of the frequency of the electric field by treating the electrons and ions either 
as classical damped harmonic oscillators or free particles. The result is 

w2 

| CS ye W6 — w* — iyw 

where W is the natural frequency, y the damping frequency, and 

| Ne? 
oO, = \{/— 

& Eom 

(the plasma frequency for free particles). On the basis of this analysis, the 
typical kinds of frequency dependence of the real dielectric constant and 
conductivity can be catalogued, depending on whether the inertial, damp- 

ing, or restoring forces can be neglected. If local-field effects can be 
ignored, the dielectric responses of different groups of particles are additive. 

The frequency dependence of the optical constants n and k depends on that 
of the dielectric constants and also on the relative magnitudes of the real 
and imaginary parts. The real and imaginary parts are not independent of 
each other, but are related by the Kramers-Kronig relations. 
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PROBLEMS ——— 

¢ Resonance absorption occurs when inertial and restoring forces domin- 

ate. For small damping the dielectric constant has the simple Lorentzian 

shape. If K;, is small, the optical constants have the same shape. In any case, 

‘anomalous dispersion” occurs in the region of the absorption peak. The 

peaks are in the visible or ultraviolet for electrons and in the infrared for 

ions. 

¢ The Drude free-electron theory results by putting the restoring force 

(wo) equal to zero. The low-frequency skin depth and absorptance 
(Hagen-Rubens formula) with the de conductivity result when @ < y. For 

w@ >> y, @,, the free particles make a very small contribution to conduction 
or absorption. If y « @,, there is an intermediate frequency region (in the 

infrared for metals) of low absorptance (high reflectance), 

A = 2/@,t 

where T is the collision frequency, and small skin depth, 

6 =A,/22 

where A, is the plasma wavelength. The plasma frequency is in the 

ultraviolet for metals, and at much lower frequencies in other common 

electron plasmas. 

¢ Inertial effects are negligible in dielectric relaxation, which has an “over 

damped” frequency dependence, with no “normal dispersion” region. The 

mechanism is that of the orientational polarizability of permanent dipoles. 

¢ The Kramers-Kronig relation 

K (@) —T == 
ci 

2 ie w'K,(@') dw’ 

bs 90)" 

between the real and imaginary parts of the dielectric response function 

depends only on linearity of the medium (and on causality). It or variations 
of it have useful application in all linear systems. 

19-1 The density and refractive index of liquid benzene at 20°C are 0.879 g/cm* and 

1.50 (for A = 589nm), respectively. From the Clausius-Mossotti equation, (a) 

compute the refractive index of benzene vapor at 20°C, where the vapor pressure is 
0.1 atmosphere; (b) also compute it at the boiling point, 80°C. 

19-2 Prove that the width of the Lorentzian curve Eq. (19-56) at half maximum is y 
and that the area under the curve is 

n% 
2 Wo 

19-3 The refractive index of diamond at A = 5893A is 2.417: take the static 
dielectric constant to be 5.50. Fit these data to the simple model that has a single 
6-function absorption at A,, in order to determine A,. 7 
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19-4 Use the Cauchy formula to estimate the refractive index of hydrogen gas at 

standard conditions for wavelengths of 4000 and 7000 A. Assume that A, = 1216A 

(the Lyman-a line). 

19-5 Experimental absorption peaks sometimes have a shape that is closer to a 

Gaussian curve than a Lorentzian. Plot a Gaussian and a Lorentzian with the same 

peak height and width-at-half-maximum on the same graph, so as to show the 

difference between them. 

19-6 The dielectric function for bound ions oscillating with negligible damping can 

be written 

2 a) 
Kia) = Ko. 

O7- Ow 

where wz is the resonance frequency for the long wavelength transverse vibrations of 

the ions, and K,. approximates the contribution of electronic motions which resonate 

at frequencies much higher than w7. Note that K(@) > ~ for w = wr. If K(w) = 0 

for w = w,, so that long wavelength longitudinal oscillations of frequency w, can 

occur, show that 

WO, alt Ko 

owt Ke 

where K, = K(0) is the de dielectric constant. This is called the Lyddane-Sachs- 

Teller relation. 

19-7 Suppose a dilute solution consists of N atomic oscillators per unit volume 

dissolved in a transparent medium of refractive index n.. Assuming that K; < 1 at 

the resonance frequency and n = n., (a) find k and the absorption coefficient a. 

Neglect local field effects. (b) Show that 

€omc 
N =n ya 

e 

Such a relation (known as Smakula’s equation or Chako’s equation) is often used to 
find N from the measured optical absorption height a and width y. 

19-8 Consider a medium containing free particles with collision time t and dc 

conductivity go. (a) Calculate the real and imaginary parts of the conductivity for the 

frequency w = 1/t. (b) What is the real dielectric constant K? 

19-9 For a free-electron plasma with y/@, = 10°’, calculate approximate values of 

nand k at w = @,. 

19-10 Suppose that in the dielectric function of a free-electron plasma with 

negligible damping, the contribution from bound inner-orbit electrons which 

resonate at a higher frequency can be approximated by K.: 

e4 w 
K(@) = K. — He 

(a) Find a formula for the frequency of longitudinal oscillations. (b) In silver, the 

value calculated from the free (valence) electron density is w, = 13.8 x 10s’, 

while longitudinal plasma oscillations are observed at @ = 5.8 x 10's~'. What is 

K..? 
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19-11 In a free-electron plasma, the longitudinal plasma waves occur at the 

frequency w = VNe */€gm, where m is the electron mass. If the positive ions of mass 

M are also freely mobile, show that the longitudinal waves occur at w = Ne*/€ou, 

where u = mM/(M + m) is the reduced mass, assuming that the contributions to K 

are additive. 

19-12 Discuss the dielectric behavior of free particles for the case y >> ,. That is, 
find approximate expressions for K and A in the various frequency regions. Does the 

Hagen-Rubens relation hold, and if so in what frequency range? 

19-13 The dielectric loss angle of a polar dielectric has a maximum as a function of 

frequency. Calculate the frequency at which the maximum occurs, and find K, and 
K; at this frequency if Ky >> 1. 

19-14 Use the Kramers-Kronig relations to prove the following formulas (called sum 

rules) for the real conductivity g and susceptibility x: 

[ xo’) do’ = tim g(w) = 0 
0 w—roo 

Ne? 

2m 

19-15 Suppose a medium is characterized by a single absorption peak y;(w') = 

51WoXo O(W' — Wo). Find the response P(t) to a pulsed E-field, 

[ g(w')dw' = —- = tim w°x(@) = 
0 a2 

E(t) = = d(t) 

19-16 By considering J(t) instead of P(t), show that the complex conductivity obeys 
the dispersion relations 

_ 2 (° w'g(o') da’ enue we (0) == | ee, ada) = ~ 20 { EXP? 
These hold for a conductor as well as an insulator, since (w) has no singularity at 

w = 0. (a) Using the relation g = —iw%, compare these dispersion relations with 

Eqs. (19-21) where R(w) = %(w). (b) Derive the “sum rules” 

[ xo) do’ = = B(0); [ s(o)do" = 3° 

0 2 0 2m 

Note that they are consistent with those derived in Problem 19-14 for an insulator 

[g(0) = 0]. 



CHAPTER 20 

20-1 

The Emission of 

Radiation 

It is convenient to start the study of the generation of electromagnetic waves 

from the vector potentials satisfying the inhomogeneous wave equation with 
sources. In this chapter we consider several idealized radiation sources as 

well as more complicated systems. Approximations are made that limit the 

validity of the solutions to fields produced by slowly moving (nonrelativistic) 

charges—that is, those with velocity uv small compared to the velocity of 
light, vu << c. Nevertheless the results are applicable both to the emission of 

radio waves from antennas and of light from atoms. We begin with the 

simplest antenna example, and then develop a more general procedure. 

RADIATION FROM AN OSCILLATING DIPOLE 

A simple example of radiation from a prescribed, time-dependent charge- 

current distribution is provided by calculation of the radiation from an 

oscillating electric dipole. The dipole will be assumed to consist of spheres 
located at z = +//2 connected by a wire of negligible capacitance, as shown 

in Fig. 20-1. The charge on the upper sphere is q, and that on the lower 

sphere is —q. Conservation of charge requires that the current in the 
connecting wire be given by 

l= +4 (20-1) 

where J is positive in the plus z direction. It must be noted that the 

condition of negligible capacitance of the wire and its-concomitant uniform 

current can be satisfied only if the length / of the dipole is small compared 

with the wavelength of the radiation (see the discussion at the beginning of 

Chapter 13). 
The vector potential due to the current distribution specified by Eq. 

525 
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FIGURE 20-1 

An oscillating electric 

dipole 

(20-1) is, in vacuum, from Eq. (16-84), 

"2 T(z',t — |e — z'k\/c) dz' 
(20-2) 

4x J_in Kees Ky 

This rather cumbersome expression can be quickly simplified if we examine 

the quantity |r — kz’|. It is clear that 

(er — kz'| = (r? — 2z’k-r + 2'*)'”” (20-3) 

If / is small compared with r, that is, if we consider the field only at large 
distances from the dipole, the right side of Eq. (20-2) can be expanded in 

the form 

lr — kz'| =r —z'cos@ (20-4) 

where @ is the angle between r and the z-axis. The quantity in Eq. (20-4) is 

involved twice in the expression for A. In the denominator, z’ cos @ can 

simply be neglected if r is large enough. In the retardation term, however, 

z' cos 6 can be neglected only if z’ cos @/c is negligible compared with the 

time during which the current changes significantly, for example, compared 

with the period for harmonically varying currents. Since z’ cos @ = //2, this 
means that z’ cos 6/c can be neglected in the retardation term only if 

l 
5 «KclT =A (20-5) 

Thus, if the dipole is small compared with one wavelength, and the 

observation point is far, compared with /, from the dipole, then A is given 

Wig Boni ‘ ") (20-6) 

The scalar potential @ can be found either by applying the Lorentz 

condition or by using the appropriate expression for the retarded potential. 
Both methods give the same final result. However, because the electric 
potential due to a dipole is the difference between two large terms, great 
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care must be used in approximating the retarded potential. Since this 
difficulty is circumvented in the Lorentz condition calculation, the scalar 

potential will be obtained by solving 

1 Og 
V-A+—5>—=0 0-7 

c* ot Salah, 

with A as given by Eq. (20-6). Thus, 

Woy hoettveg hud i(r - 7) 
ane 4nm€) Ozr Cc 

l z r 2 r 
= Sit Zz *) =e Sri = ‘)| 20-8 
4Eo cE Cee c iP 

where I’ represents the derivative of / with respect to its argument. This 
equation is readily integrated by noting that J = +q’ and thus that 

beta. E — r/c) . (a= re)) 
1) = —— 

AG, Amer? r c 
(20-9) 

Having obtained the scalar and vector potentials, we now need only to 

differentiate them to obtain the electromagnetic field. Before doing so, it is 

convenient to specialize the charge-current distribution to one which varies 
harmonically with the time. The particular choice 

Lh r ee ee 
(6: (6: 

. (20-10) 

I = isin w(t = *) = —Wqo sin w(t a 4 
c c 

will be made. Resolving A into spherical components, we obtain 

ol 
A, = Leathe @ sin w(t > “) 

4nr c 

Int 
A ee ee sin w(t ua “) (20-11) 

4a r c 

Ag = 0 

and it becomes obvious that only the ¢-component of B is different from 
zero. This component is 

Ho lol. @ f Lis r 
= — sin 6 | cos w(t < “) +> > Sin w(t — ) (20-12) 

a c c r 
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The computation of the electric field is somewhat more complex, since not 

only A but also @ is involved. The result of performing the differentiations 

p= ap 9A, _ 2llcos@ E w(t — r/c) _ cos w(t — =) 

- or ot AE rc or 

10m dAg6 
Es ae ee ae 

, ra0 at 

LI) sin =| 1 w re Tine r 
= (—; - 5) cos w(1 -“) - S sin t-—- 

4meE, jr rc Cc TeG Cc 

Ey = 95 en eee? = 0 (20-13) 
rsin 8d ot 

It is interesting to compute the rate at which the dipole radiates energy. 
This is done by integrating the normal component of the Poynting vector 
over a sphere of radius R. Thus 

? S-nda = — 1 R? E,B,2 sin 6 dé (20-14) 
Ho 0 

Equations (20-12) and (20-13) make it possible to evaluate completely the 

integral that appears in Eq. (20-14). However, it is perhaps more instructive 

to evaluate only the portion that does not vanish as R — ~, by selecting the 

term proportional to 1/r in E, and B,. The result is 

_ Mol)’ w 9) ( F S:nda par peed : $ nda = —*_ cos (1 A (20-15) 

This equation gives the instantaneous radiated power; the average radiated 
power (since the average of cos” is one-half) is 

Parle 

O765Ci 2 
p= (20-16) 

A more conventional form of Eq. (20-16) is obtained by introducing 
A = 2mc/w and c = 1/Ve€ouy. The result is 

oT sie T 
[ee = ps ace Ls Py ae ia: (20-17) 

A resistance R carrying a current J, cos wt dissipates energy at an average 
tate P =ARI¢/2; 

Comparing this with Eq. (20-17), we see that it is sensible to define 
the radiation resistance of a dipole by 

er Ba 
RK, = 3 2OG. (20-18) 
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or 

l 72 

R, = 789(—) ohms (free space) 

For a material medium wp and €9 are replaced by mu and e, and 
A = 22/oVeEu. 

One might be tempted to use Eq. (20-18) to describe the radiation from a 

radio antenna. Unfortunately, several defects prevent obtaining good results 

in this way. The principal defects are (1) the effect of the proximity of the 

earth is neglected, (2) ordinarily antennas are not capacitively loaded at the 

ends, and (3) antennas are very seldom short compared with the wavelength 

they radiate. Removal of the last two defects will be discussed in the next 

section; however, discussion of the perturbing effect of the earth is beyond 
the scope of this text. 

RADIATION FROM A HALF-WAVE ANTENNA 

The restriction to lengths small compared with one wavelength can be 

removed in some cases by relatively simple means. In particular, a wire that 

is just one-half wavelength in length can be broken into infinitesimal 

elements, to each of which the method of the preceding section can be 
applied. Let the wire lie along the z-axis from —A/4 to +A/4 and carry a 
current 

t p 
I(z', t) = Ipsin wt cos( =~) (20-19) 

This current vanishes at the ends of the wire. The nonuniformity of the 

current requires a varying charge density, which is largest at the ends of the 

wire. An element dz’ at z’ contributes, in vacuum, 

sin 6 R 222! 
GE =o OS w(t = ~) cos (==) dz' (20-20) 

0 Are Re? c A 

to E,. Here R is the distance from dz’ to the point of observation, and 
terms of order 1/R* have been neglected. In the same way, 

_ Ho foo i ( -*) (==) a t 20-21 dB, aU eae sin cos w{t = cos 7 54 ( ) 

The problem in calculating E, and B, is reduced to evaluating 

x/2 R 

K= — cos w(t - ~) cos u du (20-22) 
c —x/2 

where u = 222'/A. As before, R = r — z' cos 0, and hence by choosing r 

sufficiently large, z’ cos @ can be made negligible. In the argument of the 
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cosine, however, more care is required, and K is written as 

1 m/2 r 

k=" cos [o(r -*) + wos 6 | cos w du 
r Jn c 

The cosine can be expanded to give 

1 r m/2 

K = ~-cos w(t _ *) cos (u cos 8) cos u du 
r c —x/2 

1 r m/2 

= sin w(t = “) | sin (u cos 8) cos u du 
r C/ J_z2 

The second integral vanishes, and the first can be evaluated by expressing 
the cosines as exponentials or by using standard tables. The result is 

6 peat (: i ‘) alae ea (20-23) 
r c sin’ 0 

Having evaluated K, we find that 

E, = ae (: te ‘) iy) cos 6] 

2T€orc c sin @ 

Molo nae ( “) cos [(2/2) cos 6] (20-24) 
= S 2 ae Se ee ee 

lowe E43 sin @ 

The integrated average Poynting vector is 

rea Ne j (s cos” [(s/2) cos 6] . 
Io aN [a 5 ge eee Ti Vidas): Reaciy sin 0d@ (20-25) 

The remaining integral can be evaluated as an infinite series or by numerical 

integration. Its value is 1.219 and so for a half-wave antenna result is 

E ik 
PS fat ohms > (free space) (20-26) 

This method can be applied to more complicated problems; however, the 
technical details become rather formidable. 

This treatment of the half-wave antenna assumes a current distribution 

and then calculates the fields. An actual half-wave antenna is driven at its 

midpoint by a sinusoidally varying current or voltage. The excitation causes 
time-dependent charge and current distributions in the antenna, and these 

in turn are sources for the fields. However, the charge and current 

distributions must be consistent with these fields. This problem can be 
solved by solving the corresponding problems for a slender spheroid or a 

biconical array (in both cases the wave equation separates) and taking the 

limit as the minor axis of the spheroid or the cone angle goes to zero. In 
either case, the problem is complicated. Alternatively, an approach similar 
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to that used in Section 3-12 to compute the charge distribution on a long 

wire can be developed and used to obtain a numerical solution for the 

current distribution in the antenna. Once this current distribution is known, 
the fields can be calculated, as we have done above. Unfortunately, this too 

is a complicated procedure. All of these approaches have been used, and for 

the most part, they give equivalent results. The most useful remark that we 

can make here is that, for a long thin antenna, the fields calculated by the 

approximation of Section 20-2 are accurate to within a few percent. 

20-3 —___— CO RADIATION FROM A GROUP OF MOVING CHARGES 

In this section, we shall derive an expression for the power radiated by a 

group of moving charges, or equivalently, by a charge-current distribution. 

The motion of the charges is arbitrary except for the following restrictions: 

During the time it takes for radiation to propagate from the neighborhood 

of the charges to the observation point, we can imagine that all charges and 

currents in the distribution are contained in a volume V, whose dimensions 

are small compared to the source-observer distance (see Fig. 20-2). 

Furthermore, the dimensions of V,; are small compared to the dominant 

wavelengths of emitted radiation. The above restrictions also imply that, 

compared to the speed of light, the charges are moving slowly. It is assumed 

that the charges are moving in vacuum. 

As a first step toward a solution to the problem, we must calculate the 

electromagnetic potentials. These are just the retarded potentials, which 

were discussed in Section 16-6. The origin of coordinates O is taken inside 

the volume V, and the position of a charge element is denoted by r’ (see 

Fig. 20-2). The field point P is at distance r from the origin. For 
convenience, the auxiliary distance R, which denotes the position of the 
field point relative to a charge element, is introduced. Clearly, 

r+R=r (20-27) 

FIGURE 20-2 

Arbitrarily moving 

charges contained in a 
volume V,. The fields are 

to be calculated at P. 
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Since r > r’ 

r-r 
R Sie iota oe (20-28) 

The retarded scalar potential @ at the field point P now takes the form 

p(r’,.f—.Ric)du- 
A) oe 

vrs #) 4m€ Jy, R 

h 1 p(r’,t — ric i r’-r/cr) dv’ (20-29) 

4m€o Jy, r—(r'-r)/r 

Using the Binomial Theorem, 

Y . =A f . 

(- - —*) a ie al te ea (20-30) 
r r 

and Taylor’s series expansion, 

Lie tae : ‘e r'-rdp 
p(r,r-2+ ) = o(r,e-7) + 85? + +++ (20-31) 

é cr Cc Ch eect r’,t—ric 

we obtain 

card PPS) ee + areca | wale eZ) rt = oh =m) °5 d ' an : ’ i 9 ’ 

P(r, ) se pralle: : yb we 4n€or> Ome cA Bl c a 

a 1 =| ; (" : “) 
Was ; ae ee 

4m€orc at bauer ; ane 

+ higher-order terms (20-32) 

The first integral in Eq. (20-32) is the total charge Q of the distribution and 

is a constant, independent of time. The second (and also the third) integral 

is the electric dipole moment p of the distribution, evaluated at the time 
t — r/c. The higher-order terms fall off with a larger power of r'/r and 

depend on a higher multipole moment of the distribution. Because of the 
restrictions imposed at the beginning of this section, these terms do not 
contribute appreciably (see below) to the distant electromagnetic field of the 
charge distribution. Thus, 

q Q™r-p(t—r/c) rp(t — r/c) 
P(r, t) me | oh = re oe (20-33) 

with p = dp/dt. As a result of the Taylor series expansion only one retarded 
time appears in the terms explicitly retained. 
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The retarded vector potential A at the field point is given by 

Nye Ho ( S(r',t — r/c + 2’ + 4/cr) dv’ 

3 4n Jy, r—(r'-r)/r 

ees = i 3(r',1 = “) du' + higher-order terms (20-34) 
4ar Jy, c 

The higher-order terms do not have to be written out explicitly since again 

they depend on a higher multipole moment of the distribution. In other 

words, Eq. (20-34) is already consistent with Eq. (20-32). From the results 

of Problem 7-2 one may write the last equation as 

A(t, t) = Ho (1 iF “) (20-35) 
4nr c 

The scalar potential of Eq. (20-33) could also have been obtained from Eq. 
(20-35) and the Lorentz condition. 

The electric and magnetic fields may be obtained from the usual 

relationships 

E= -—-Vp, B=VxA 

We shall restrict our interest here to the radiation zone fields, i.e., to 

contributions to E and B which fall off as r~', since these contributions are 

sufficient to determine the power radiated by the charge distribution. The 

calculation of 9A/0dt is straightforward; to obtain Vq, we note that since p is 

a function of t — r/c, 

fe) 1 
—=p = — Dp 20-36 
or Cc P ( ) 

Thus, “ 
—Ho.. “) 1 r-p(t — r/c) 

= ——plt — -) + —-——— 
Er!) Aur Bl: c 4 oo a ; 

+ terms that fall off more rapidly than (1/r) (20-37) 

To calculate B(r, t) we must take the curl of Eq. (20-35): 

r[ol—2) 1 1 
(v-) xp+-vxp 

ifs if 

lr r op 
= —-—_—- + --x — 

ry rr or 

lr lr 
ee ee ee are 

ie Ne Clan 

The last step comes about through the use of Eq. (20-36). The first term in 
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the curl may be disregarded since it falls off more rapidly than r—', so that 

0 oS lf _—- 20-38 
Ancr ‘ B(: ‘) ( ) 

Vx A(r,f) = 

The radiation zone fields therefore are given by 

B(r,1) = —3 Sets x p (20-39) 

(r-p)r — a4 1 z a PS Se oe x 

Er) 4m€gc? | r 4n€9c?r° PC 2 

= — 2 x B(r, ft) (20-40) 

where p is evaluated at the retarded time. 
It is evident that E and B are perpendicular to each other and are each 

perpendicular to r. This result could have been anticipated from Eq. 

(17-22), since r/r = k/kK = u. Thus, it is sufficient to calculate only A when 

only the radiation field is sought (r >A). The Poynting vector S$ = 
(1/o)(E X B) has the direction of r and is given by 

c c 
S = —B x (r x B) = —rB? (20-41) 

Mor Mor 

or 

peliergar an met UBM YF 

If the z-axis is taken in the direction of p, 

Pe p’ sin’ @ r 

l6m7€9c?r? r ao 

The maximum power is radiated at 90° to p. The total radiated power is 
obtained by integrating the Poynting vector over a closed surface surround- 
ing the charge distribution. A convenient choice for such a surface is a 
sphere, centered in the charge distribution, with sufficiently large radius so 
that all parts of its surface are in the radiation zone. Then 

dw 
P => = ae . R At ps nda 

wie Sin Gare 
= fiee ze stays sin 6d@dqp 

from which one readily obtains the important result 

dw_ 1 2p 
die wAneg3c: (20-43) 
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for the power radiated by a group of charges moving slowly compared to the 
speed of light. 

Equation (20-43) is an expression for the power radiated by arbitrarily 

moving charges in terms of their electric dipole moment p. The previously 

derived expression for the radiation from an oscillating dipole, Eq. (20-16), 

is a special example of (20-43); in that case p = (lI,/w) cos w(t — r/c). Now 
it could happen that due to a special symmetry of the system, the electric 

dipole moment vanishes or is independent of time. In this case, the power 
radiated is not necessarily zero, but more terms would have to be retained 

in the expansions of ~ and A (Eqs. 20-32 and 20-34) to make the calculation. 
In fact, we would find that the power radiated depends on some higher 
multipole moment of the system in this case. The various multipole 

radiations get progressively less intense as the multipole order is increased; 

for example, quadrupole radiation is roughly a factor (a/A)? smaller than 

dipole radiation, where a is the dimension of the system and A the 
wavelength of the emitted radiation. Thus, if p does not vanish for the 

system under consideration, Eq. (20-43) gives the major contribution to the 

radiated power. 

Equations (20-39), (20-40), and (20-43) can also be applied to the 

radiation from a single accelerated charge g. The dipole moment of the 

charge is qr’, where r’ is measured from an arbitrary origin. Then, 

P = qt = qv 
where v is the velocity of the charge. This result is independent of the 

origin. Finally 

p= 49 
where v is the acceleration of the charge. Substituting this last result into 
Eq. (20-43), we obtain 

i awe Bot A 
dt 4m€,3c? 

(20-44) 

for the power radiated by a slowly moving accelerated charge. 

NEAR AND INTERMEDIATE ZONE FIELDS 

Only terms in the fields proportional to 1/r contribute to the radiated 
energy, but higher powers of 1/r dominate in the region close to the 

radiating charges. These fields are of interest for comparison to the static 
case, and also in practical problems in the immediate vicinity of antennas. 

In this section, we shall calculate the entire E- and B-fields of a point 
electric dipole. To do so, we start with the dipole potentials Eqs. (20-33) 

and (20-35), and we retain the terms in the differentiations that were 
discarded in the preceding section. The contribution to E from —9A/0dt is 
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part of the radiation field and has already been calculated. Applying the 

vector identity (1-1-6) to Eq. (20-33) with Q = 0, we find 

=1 
—-Vgo = Fs Vp + <3 x (VX p) + 5° ¥P 

4m€, Ler 

MeV ple Comoe v5 Se ( p)+p ape P ¥ 

with the terms arranged in order of increasing powers of 1/r. The first 
terms, when added to —dA/dt, give the radiation field of Eq. (20-40), 

1 el Pree sr 16 ol r r E, = E re p| - Sy (* x 7 20-40 
1 4m€9c?r .# P 4€)Crr P ( ) 

which varies as 1/r and depends on p. The last term, when expanded, is just 

the static dipole field of Eq. (2-36), 

8 eager Tat bs r teak wget eee ae aa E Al re reek. 4ne€or° P elie 

(2-36) 

which varies as 1/r° and depends on p. The dipole p is varying with time in 

this case, of course, but the spatial dependence of E; is instantaneously that 

of a static dipole field. The third, fourth, and fifth terms (which are similar 

in form to the first, second, and last terms) lead to the transition field or the 

induction field, 

Ros 1 =,|3* ppl = 1 = [Ex (Exp) +2" 5* | 

> 4m€ cr? pe paak ~ 4meycr* Lr fas pip 

(20-45) 

which varies as 1/r? and depends on p. The total E-field is then 

E = E, -- E, + E, 

Here p and its derivatives are to be evaluated at the retarded time, 

t' = t — r/c. The B-field is obtained by taking the curl of Eq. (20-35). If we 

retain the term that was neglected in the derivation of Eq. (20-39), we see 
from Eqs. (20-40) and (20-45) that 

B = — x (E, + E,) 
CE 

Thus, B contains a radiation and an induction field, but there is no “‘static”’ 

B-field. 

From the second form given above for each of E,>3, it is clear that 

all three fields have a transverse component, which is perpendicular to r and 
in the plane defined by r and p. The radiation field is purely transverse, but 
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E, and E; have in addition a longitudinal component in the direction of r. If 

we choose spherical coordinates with the polar axis in the direction of p, 

then the transverse components are E, and are proportional to sin @; the 

longitudinal components are E£, and are proportional to cos 6. The B-field 
has only a ¢-component (TM). 

Let us specialize to the case of a dipole in the k direction with a 

sinusoidally oscillating magnitude: p(t) = pke~‘“’’. Then, 

p(t’) = pke ae 

where kK is the propagation constant of the wave in the radiation zone, 

K = w/c 

Inserting this p(t’) into Eqs. (20-40), (2-36), and (20-45), we find for the 
components of E = E, + E, + E;: 

a 

pK 1 ‘ 1 1 | —i(wt—kr — fe) — — — | — + ——— ) 

Eres ie Kr (kr)? Cir) ; 

3 pK bs aL 1 Nreuees 
a 2 @| - oe ((@t—Kr) 

4n€g° LL (ery (PP 

The radiation field or the static field dominates when xr > 1 or xr <« 1, 

respectively—that is, when r is large or small compared to the wavelength of 

the emitted radiation. The transition between the ‘‘static’’ dipole field and 
the transverse radiation field is shown schematically by the field lines of Fig. 

20-3. In the radiation zone the field is an outward propagating spherical 
wave. 

RADIATION DAMPING: THOMSON CROSS SECTION 

The radiated power calculated in Section 20-3 is lost by the system of 

charges, and in a steady-state situation, it must be made up by another 
source. For an antenna, this source is the transmitter, and the loss is 

expressed by the radiation resistance. For an electron in a material medium 
through which a wave is propagating, the power source is the E-field of the 

wave and the loss is expressed by the damping frequency. We now want to 

relate the damping frequency used in the last chapter to the rate of energy 
loss due to radiation by a charged particle, as given in Eq. (20-44), 

1 rae 

=< ae (20-44) 
4m€ 3c 

The power loss due to a force F is P = —Fv. Equating this to the radiation 
loss of Eq. (20-44), we have for the damping force 

ee: 

a Pedi (20-46) 
347€Qc° VU 
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FIGURE 20-3 

Electric field lines pro- 

duced by an oscillating 

electric dipole 

The assumed linear damping force in Eq. (19-22) was F = —Gu, so that the 

damping frequency y = G/m is 

Duwesergin 

Mie: 34m€,mc3 v2 

For an oscillating charge, v = vg sin wt, and 

2 ew" cos’ wt 

_ 342€ mc? sin’ wt 

The trouble with this result is that y is not a constant, but varies from zero 

to infinity over a cycle of the harmonic motion. Nevertheless the average 
effect of the damping is very small in one cycle, and since P = myu* « 
yl 
v* and 

cos’ wt = sin® wt 

the effective damping frequency is taken to be* 

2 ew" 

one 4m€ gmc? 
(20-47) 

* This last step of the argument is admittedly somewhat crude. The problem is not due to a 

failure of classical mechanics, since a quantum mechanical calculation gives the same result. 

The problem of a correct incorporation of the radiation reaction force Eq. (20-46) into 

dynamical theory has been discussed many times since Lorentz’s presentation of Eq. (20-47) 

in 1909. It is a fundamental problem, but we cannot go into it here. 7 
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In terms of the “classical radius of the electron,” R, = e?/42e mc? = 
2SIPKs10 im: 

ane aL (20-48) — 
a) 

Since y = Aw is the width of a narrow absorption peak and since 
Aw/ow = Ad/aA, 

AA = = R. Silsiopai ne A 

This natural line width is narrower than that ordinarily seen in absorption 

spectra, even in gases at low pressure, because there are other damping 

mechanisms that are usually greater than the radiation damping. The 

natural line width is, however, a lower limit on the possible damping. 

Another immediate consequence of Eq. (20-44) that is more commonly 

observable is the Thomson cross section for the scattering of X-rays. X-ray 

frequencies (photon energies) are large compared to the resonance fre- 
quencies (binding energies) of many of the electrons in matter. These can 

be treated as free electrons accelerated by the E-field of the X-rays, 

mv =eE (20-49) 

so that 

19828 et FE (Pie 
ACen co 

is the total power radiated by one electron. The Thomson scattering cross 

section G7 is defined as P divided by the incident Poynting vector (power per 
unit area) 

Sy = — E? (20-50) 

Thus 

= — R? (20-51) 

where R, is the classical radius of the electron. The smallness of this cross 

section compared to the size of an atom is the reason X-rays are 

penetrating. The angular dependence of the scattered radiation is given by 

the differential cross section, defined from Eq. (20-42): 

where 

dP = Sda = Sr’ dQ 
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is the power scattered (i.e., re-radiated) into the element of solid angle 

dQ = sin 0 dé dg 

With S from Eq. (20-42), the differential cross section is 

—— = R? sin? 6 (20-52) 

Here 6 is the angle between the observation direction and the E-vector of 

the incident wave (perpendicular to its propagation direction). If the 

incident X-rays are unpolarized (the usual case), a more useful expression is 

the average of this over all polarization directions. The result (Problem 

20-12) is 

dorapos + cos’ B 

dQ 2 

where f is the angle between the observation direction and the incident 

propagation direction. This cross section is measurable in the Compton 

effect, which is the incoherent* scattering of X-rays at frequencies too high 
for resonance absorption. This classical formula ceases to hold at very high 
frequencies; the photon energy (fw) must be much less than the electron 

rest-energy mc’, or A > 0.02 A. 
The Thomson cross section Eq. (20-51) also follows from the theory of 

Chapter 19, if we investigate the attenuation of the incident Poynting vector 

instead of the magnitude of the scattered one. From Eq. (20-50), 

A = dhe pe a= 1 pi,-26 

Hoc Hoc 

(20-53) 

where 

é 

~ kw 

is the ‘skin depth.” Here 6/2 plays the role of a mean free path for the 

incident photons. Since the mean free path equals 1/No, where N is the 
number of electrons per unit volume, 

(20-54) 

Now when n ~ 1, k <1, as for X-rays, 

2 
WY k = 4K, = —2+ 
20° 

“Incoherent scattering is opposed to the coherent scattering (with the same individual cross 
sections) that gives X-ray diffraction in crystals, under special conditions. on wavelength and 
angle of incidence (Bragg’s law). 
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This equation is the high frequency result for free electrons, and it also 

holds for bound electrons when w > wo. Using w; = Ne*/eym, y = 
(427/3)(R./A)@ from Eq. (20-48), and A = 21c/w, we have 

Ne? 42 R.w* 42 Ne? 

and from Eq. (20-54), 

Or = = R? (20-51) 

The damping frequency y, which gives the Thomson cross section, is the 

radiation damping frequency. At such high frequencies (w = 10'’s™'), it 
dominates the collision frequency 1/t. This approach, of looking at the 

propagation of the incident radiation, does not of course give the angle 

dependence Eq. (20-52) of the scattered radiation. 

SUMMARY 

The fields produced by time-dependent charge and current distributions are 

calculated from the integral solutions for A and @. (It would be sufficient to 

treat only A, since ¢ is related to it by the Lorentz condition.) To find 
solutions valid at large distances r >> a, where a is the size of the region in 
which the source currents are located, the integrand is expanded by the 

multipole expansion. The electric dipole term treated here is the most 
important, unless it happens to vanish in which case higher-order terms 
would have to be considered. The integral is further simplified for a point 

dipole a << 4, since all the source current elements are approximately in 
phase. (This condition implies that vu << c.) The result is 

ata Ct A(r, ¢) 4 AU r/c) 

where 

p(t) = | I(r’, t) dv’ 

From this, with a prescribed J, one finds B, E, and S. Finding them is 
particularly easy in the radiation field at r >> A. Then 

E=—e- xB and SB" 
r Ho lg 

locally as for a plane wave. (It is unnecessary to find ¢@.) 

e The Poynting vector in the radiation field of a point dipole is 

p’sin’ 6 r 

1627 €9c?r’ r 
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PROBLEMS ——— 

Integrating this over the entire sphere gives the total power radiated as 

¢ The radiation from a short linear (electric dipole) antenna is given by 

this equation, with p(t) = (ll)/w) cos wt. In terms of the radiation resistance 

R,, 

P= sRlg 

1 2 

R, = 789(=) ohms (I <A) 

in free space. 

¢ The radiation from a longer antenna can be found by integrating the 
results for a short antenna, assuming v = c, as is always true for a radio 

antenna. For a half-wave antenna, 

R, = 73.1 ohms 

¢ For a slowly moving point charge, p = qv, 

1 2) 2a 2. 

jee A Be 
4m€,3 Cc 

* For an oscillating electron, this leads to the radiation damping 
frequency 

_ 4a, 
LS alle 

and the Thomson cross section for a free electron 

8a 
OT = ey Re 

where 

1" 
R. = == 2Stoo 107m 

4m €9 mc 

is the “‘classical radius of the electron.”’ 

20-1 Suppose a spherically symmetric charge distribution is oscillating purely in the 

radial direction, so that it remains spherically symmetric at every instant. Prove that 
no radiation is emitted. 

20-2 (a) Determine, as a function of the angles 6 and @, the average power density 

radiated into vacuum by an oscillating dipole. (b) Calculate the total power radiated 

by a dipole of length 3 m at a frequency of 500 kHz if the current in the dipole is 2A 
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(effective value). (c) What is the radiation resistance of the dipole oscillator in part 
(b)? 
20-3 A circular loop of wire carrying the current / = J, cos wt constitutes an 

oscillating magnetic dipole. Determine the radiation fields E and B for this oscillator 

and the total power radiated. [Hint: Start from Eq. (8-66), reformulated in terms of 
the retarded potential: 

Molo [ cos w(t — |r — r,\/c) 
A(r, t) = — @ —————_— 

(r, 0) 4n lr — ¥,| wd 

By symmetry A has only a ¢ component: 

I 2x ae = Airasaa “ 2 | cos w(t — |r — r,|/c) 

Jy jr — ¥,| 
cos pd 

Also |r — r,| = (r° + a’ — 2rasin @ cos @)'* with a = radius of the loop. The 
dipole approximation requires that r >> a and wa < c.| 

20-4 As sources of electromagnetic radiation, determine the relative efficiency of an 

electric dipole of length 2m compared with a magnetic dipole of the same diameter 
at a frequency of 1 MHz. 

20-5 (a) Compute the maximum current to a half-wave antenna that radiates 1 kW. 

(b) What is the E-field corresponding to the average power density at a distance of 

10 km from the antenna? Ignore effects of the earth. 

20-6 Verify that A and ¢ in Eqs. (20-35) and (20-33) satisfy the Lorentz condition. 

20-7 A measure of the directivity of an antenna is the power per steradian in a 

direction in which this a maximum, divided by 1/(47) times the total power 

radiated. Calculate the directivity for an oscillating electric dipole. 

20-8 Suppose an electric dipole p rotates with a constant angular velocity w about an 

axis perpendicular to the dipole moment. Find the radiation field and the Poynting 

vector. (Hint: Treat the rotating dipole as the superposition of two sinusoidally 
varying dipoles at right angles to each other.] 

20-9 The classical model of the hydrogen atom has the electron revolving in a 

circular orbit of radius r and kinetic energy 

2 

| eee 

2 4m€or 
E, = 

(a) Calculate the fractional energy radiated per revolution, PT/E,, where T is the 

orbital period. (b) Quantum mechanics prescribes that in the nth level 

Vv 1 1 
(oo iy REM 

Evaluate PT/E, for n = 2. 

20-10 An electron has been accelerated in a synchrotron of radius 2m to half the 

speed of light. (a) Calculate the power radiated by the electron (rest mass = 

9.11 x 10 *' kg). (b) What fraction of its kinetic energy is radiated per second? 

20-11 Determine the radiation resistance of the oscillating magnetic dipole of 
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Problem 20-3. Express your result in terms of a and A, so that it can be compared 

with Eq. (20-18). 

20-12 An unpolarized X-ray beam of intensity J, is incident on matter containing 

free electrons. Considering one electron only and using the expressions from Section 

20-3, show that the intensity of the scattered beam is given by 

(1 + cos’ B) R2 Bp Nplate i, 
7 a 

where f is the angle between OP and the original X-ray beam. Point O is the 

position of the electron, and P is the point where the scattered beam is to be 
measured. 

20-13 X-rays of wavelength 0.2 A are attenuated in aluminum primarily by Compton 

scattering. Calculate the absorption coefficient a = 2/6 from the Thomson cross 

section. There are 6.06 x 10°° Al atoms/m’. 



Electrodynamics 

The field produced by a fast moving point charge can be calculated from the 

retarded potentials. There are, however, certain difficulties associated with 
this calculation, which are related to the retardation and reflect the fact that 

the present charge distribution (in space) must be extrapolated back to the 
appropriate retarded time. This procedure would be essentially trivial 

except that different portions of the charge distribution require different 
retarded times. Although one might expect this effect to disappear for point 

charges, it actually does not. The appropriate scalar and vector potentials 
for a moving point charge are the Lienard-Wiechert potentials, which we 
derive in this chapter. 

THE LIENARD-WIECHERT POTENTIALS 

The Lienard-Wiechert potentials are the scalar and vector potentials 
produced by a moving point charge. One might think that q/47e€)R, with R 

the appropriate retarded distance, would give the scalar potential due to a 
moving point charge. This, however, is not the case, as can be shown in 
several ways. One of the most instructive procedures is to consider a moving 
volume carrying with it a fixed charged distribution, for example, a 
uniformly charged spherical volume, moving through space along a pre- 
scribed trajectory. The field due to a point charge is the properly taken limit 
of the field due to such a distribution. 

The scalar potential due to a moving charge distribution, at point § and 

time ¢, is given by the retarded potential* 

He ast 5 
p(&, t) = Aes Les du (21-1) 

* Throughout this chapter only free space is considered. 

545 
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The crux of the difficulty is now apparent; namely, t’ is not fixed and hence 
the volume of integration—that is, the volume in which p is different from 

zero—cannot be readily specified. To obviate the difficulty, some fixed time 

t, may be chosen and the integration over r’ changed to an integration over 
r,. The most convenient choice for f, is the retarded time for some point in 

the interior of the charge distribution. If at time ¢, the charged volume is 

moving with a velocity v(t,), then the important relationships are 

pr’, ©) = eli. ts) (21-2) 

Ri Sac omme v(t) (Bom Fhe ate) ce es (21-3) 

where Vv is the time derivative of v. It is important to understand that ¢’ in 

Eq. (21-3) is not constant, but depends on r’. The remaining problem is that 

of relating dv’ to dv,, which is, of course, accomplished through the 

Jacobian. The relationship is 

O(%1, Yay 21) dv, = ————- dv hinBbuiyole zie er! 
where the Jacobian, 0(x,, y;, Z:)/O(x', y’, z’), is given by 

oe oe 
OX mtv toe 

Axis Yas Z dy, 9 re) a (21-5) 
eI 2) ax' dy’ az 

ox -6y Loz 

The derivatives are 

Ox Als piece! ot" 
mt? weet inet anol.) ere te 
ox' x x’ x 1) Ox’ 

and 

i terol sponte ATE By’ “By: Ux ( Way ere in (21-6) 

where vu, is u,(t'), the x-component of the velocity at the retarded time 1’. 
The retarded time t’' is related to the retarded position simply by 

oa Ir’ — §] 
a9 eilrnnagreery (21-7) 

Hence, 

ot. ene 
oe (21-8) 

where n’ is a unit vector in the direction r’ — &. A straightforward, though 
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tedious, expansion of the Jacobian, using Eqs. (21-6) and (21-8), gives 

A(x1, V1, ' vien'(t) = t or arte ee wig Vie UEP + (21-9) 
AXLE ze) c c 

where the higher terms involve the second and higher derivatives of v’. 

Equation (21-9) can be used in Eq. (21-1) to obtain the scalar potential. 

However, since the principal interest is in small charged volumes (point 
charges), it is appropriate to note that if 

, UJ 
ven vd 

dams 5) LE Ben S| Cc ( 1) C2 

where d measures the size of the charge distribution, then this term can 

certainly be neglected in the limiting point charge case. Similar criteria exist 

for the terms involving higher derivatives; however, we need not consider 
these. Finally, then 

1 p(t, ti) dv, 

4meo) JE —r'l1+v'-n'/c 
p(5, t) = (21-10) 

Again, if d <« |§ — r’|, then |§ — r’| can be replaced by R,,, the distance 

from the interior point (chosen earlier) to the observation point at time f¢,. 
Thus, * 

a — = [ oc.n) dv, (21-11) 
4m€)R,,(1 +y'-: 

or, since the integral is now over a well-defined volume, 

aerig | q ¢ 
PSr 4me)R,(1 + v’-n'/c) (21-12) 

which is the scalar Lienard-Wiechert potential. The vector potential is found 

to be 

Mile = a : A(é, t) = ge R es cone) (21-13) 

These expressions are often written as 

_ Ade, irs ay + 
v(&, t) = ATE, Lae +yv Fh whi 

(21-14) 

| 
A(&, t) a 4n baer oh te 

* Note that v’- nm’ = v(t,)-m(t,) to the approximation involved in Eq. (21-11). 
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which simply means that the quantities in brackets must be evaluated at 

our f;. 

21-2 —________ THE FIELD OF A UNIFORMLY MOVING 
POINT CHARGE 

The most direct application of the Lienard-Wiechert potentials is to the 

calculation of the field of a point charge moving in a straight line with 
constant velocity. The geometry of such a situation is shown in Fig. 21-1. 

The field at point P is to be calculated at time ¢, at which time the charge is 
at x. The retarded position x’ and the retarded time ¢t’ are determined by 

R" = c(t — t')? = (xp — x’)? + db? (21-15) 

The scalar potential is given by 

1 
g(P, t) = (21-16) 

4m€, R'[1 + (v-n'/c)] 

From the diagram it is clear that 

Re pre soe x pe uve ) 

c Ca R3 A 

Even after Eq. (21-17) is substituted in Eq. (21-16), a multitude of variables 
appear in the expression for q. In calculating the electric field by taking the 

gradient of ~ and the time derivative of A, these variables would have to be 

differentiated very carefully and would cause the calculation to be quite 

cumbersome. Rather than follow this procedure, it is preferable to eliminate 
the undesirable variables in m and A and obtain an expression that involves 

only the coordinates of P, the present time ¢, and parameters that describe 
the path of the charged particle. 

Since the charge moves from x’ to Xo in time f) — t’, it is clear that 

(21-17) 

c(t — t')? = u*(to — t')? + b? (21-18) 

FIGURE 21-1 P 
Diagram for calculating 4 i 
the electric field of a YS 
moving point charge 
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If this equation is solved for t’ the result is 

ave ct — utp  Vure7(ty — t)? + b(c* — Vv?) 
2 2 c—u 

(21-19) 

The minus sign must be used in this equation to ensure that ¢’ is retarded 
with respect to ¢t, as can be verified by observing that at ¢t = t = 0, 
t' = + Vb*(c? — v)/(c? — v?) and hence only the negative sign gives an 
earlier time. Having found t’, we find xy — x’ from 

Xo — X° =(ty — fC’) 

7 We — vu’) — ct + utp + Vurc*(ty — t)* + b7%(c? - sa) 

co — vu 

(21-20) 

while R’ is shown to be 

; t(c? — v*) — ct + v7tyo + Vurc*(ty — t)? + b*(c? — v’) 
R'= a 5 

cou 

(21-21) 

Equations (21-20) and (21-21) may be used to evaluate the denominator 
which appears in Eq. (21-16). This denominator becomes 

R* =R' — =o(x3 ss a) (21-22) 
c 

through the use of Eq. (21-17), and subsequently, it becomes 

Re=(c— vy] v2eUt — t) + cVv'c*(ty — t)? + bc? — v*) 

v2 

— v*c(ty — t) — — Vvuc7(ty — t)? + b*(c? — "| 
c 

= Vv7(ty —_ t)? + b*(1 — v*/c*) (21-23) 

through Eqs. (21-20) and (21-21). The scalar potential is 

| q 
= es ae a 21-24 

G(P, t) ATE v i al ty? at b*(1 =) Ic ) 4m€,R* ( ) 

while the vector potential is 

Hod v _ Hog ¥ 
BOE Lae 42 Vur(to -~ ty + b°(1 - u/c’) 4a R* a 

It is important to realize that Eqs. (21-24) and (21-25) contain only the 

position and time of the observation point, and the parameters (v, fy) that 

describe the path of the charged particle. 
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To make this statement more concrete and to put the potentials in a 
form more suitable for calculating the fields, the coordinate system must be 

fixed more carefully. Since the charge moves along the x-axis and since this 

axis is one of symmetry for the problem, it is only necessary to specify the 

origin on the x-axis. It is convenient to take x = 0 as the position of the 

charge at ¢ = 0. Then x = vt and, in particular, x9 = vto. 

If the point P is specified by the cartesian coordinates &, n, ¢, then 

Ete Fp Hvigd % and n? 48Gb? (21-26) 

Using these results in Eq. (21-25) and letting § = (&, n, €), we obtain 

1 

76.) = TeoVES os OF ET OT 
and (21-27) 

_ od 

AG, i) 4n WE _ uty’ + = + C1 - v?/c?) 

It must be remembered that these equations apply only if v is along the 

X-axis; other directions require modification of the formulas. 

The important thing about Eqs. (21-27) is that they are in a form ideally 
suited for the calculation of the fields. Thus 

E(E, t) = —-— — V.@ 

q 

Awe, R? 
[((E — vt)i+ n(Q1 — v*/c*)j + €(1 — v?/c?)k] 

(21-28) 
Noting that v = vi, €o44o = 1/c*, and & — ut = Xo — x makes it possible to 
rewrite Eq. (21-28) in the form 

E(&,t) = eee oe v?/c?) (21-29) 

where R is a vector from the position of the charge at time ¢ to the point P 
and 

Reap’ - R'-v 

c 

The magnetic induction can be found by evaluating B = V x A; 
however, a much simpler procedure is to note that 

A = Up€oVP (21-30) 
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and hence that 

B = LUo€oV x (v—) = — Ug€oV x Vo (21-31) 

Since v is along the x-axis, only the y and z components of V@ are 

important in the cross product. These components are just the negatives of 

the y and z components of E. In this way, we find 

1 
B=—svxE (21-32) 

which completes the computation of the fields. 
It is interesting to note that although the source of the field is the 

retarded position, lines of E are directed away from the instantaneous 

position of the charge. The lines of B are circles with centers on the charge 
path. The E-field is not spherically symmetric as it is in the static case, but is 

stronger in the direction perpendicular to the velocity. (See Problem 21-1.) 

Having obtained the field vectors, we are in a position to calculate other 
electromagnetic quantities; however, rather than pursue these possibilities, 

we refer the reader to more advanced texts* that deal at length with such 
problems. 

THE FIELD OF AN ACCELERATED POINT CHARGE 

If an accelerated point charge is to be considered, certain simplifications 

that appear in the constant-velocity case are no longer possible. The major 
difficulty here is a direct result of the fact that the Lienard-Wiechert 
potentials can no longer be expressed in terms of the present position of the 

charge; instead, the retarded position and time appear explicitly. The 

potentials 

bibcenen Tera Lene 4me€y LR(1 + v- n/c) Jeet 

and (21-33) 
eg v/c? 

of 4E, Fe +¥ ate 

are still correct. However, in differentiating them to obtain the fields, it 

must be noted that derivatives with respect to the position of the field point 
must be taken at constant observation time, and also derivatives with 
respect to the observation time at fixed field points. Since the retarded time 
appears explicitly in the potentials, care must be used to obtain the correct 

derivatives. 
To clarify the differentiation problem, we note that the potentials are 

* For example, J. D. Jackson, Classical Electrodynamics, 2nd ed. (New York: Wiley, 1975). 
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functions of the field point &, the observation time ¢, the retarded position r’ 

of the charge, and the retarded time t’. The trajectory of the particle is 

specified by giving r’ as a function of t’, so that the dependence on r’ can be 

removed. Furthermore, the retardation condition 

PPE ER I ee So eget ad mee CPt (21-34) 

provides a single relationship among the remaining variables. Thus, it is 

clear that although the potentials depend superficially on eight variables, 
only four of these are really independent. In computing the fields E and B it 

is necessary to differentiate the potentials with respect to each of &, n, ¢, 
and t, holding the other three fixed; for example, A must be differentiated 
with respect to ¢ holding & », and € constant. Since it is r’ that appears 
explicitly in the potentials, the calculation of these derivatives causes some 

difficulty. 

To keep track of the variables that are being held constant during 

various differentiations, the following notation will be adopted: A partial 
derivative in which all other variables, dependent or independent, are held 

constant will be designated by the usual partial derivative symbol. If not all 
other variables are held constant, then those that are will be indicated by 

subscripts. Thus the derivative of A that is needed in computing E is 

(9A/drt),, while those of @ are (9g/0&),,-,, etc. To transform (dA/3dt); 
into a derivative with respect to t’, we write 

(ay), ae) Ge) Ga) BES 

(28) = (4) + PAS 234 at'/, ar at /\at'/ CL 

The retardation condition, Eq. (21-34), together with the equation specify- 

ing the trajectory, x’ = x'(t’), is equivalent to an equation of the form 

FS at ey 00 

This relationship implies that (of/dt'),; = 1/(9t'/9t);, which, when com- 
bined with Eqs. (21-35) and (21-36), gives 

goleleaglih cer 
In calculating the time derivatives of the potentials, this equation is just 
what is required to get the electric and magnetic fields. The other 
derivatives are all of the form (d@/9&),. Such derivatives are readily 
evaluated by noting that 

lc (oelt (sth achat ea 

and 
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in which all of the subscripts have been included to avoid any possibility of 
confusion. 

From Eqs. (21-37) and (21-38) it is clear that the calculation of E 

requires that the derivatives (9t'/ dr). and (9t'/3&), must be evaluated. Each 

of these may be easily evaluated by differentiating the square root of Eq. 
(21-34), 

ie ere ten ay yo (Cae | = cll 2) (21-39) 

in the appropriate way. If the derivative with respect to ¢ (holding § 
constant) is taken, the equation 

1 Or’ ot’ ee) -6-) 2 R’ Enka at! s om 
results. In this equation, r’ = ix’ + jy’ + kz’ and R’ = & —r’. Since r’ 

depends explicitly only on ¢’, the derivative on the left is easily changed, to 

give 

1 ot’ ot’ et tae (=) = E (=) | 21-41 
R’ VA g r Ot/ ( ) 

where v’ = Oor'/Ot' is the velocity of the charge at the retarded time ?’. 

Solving this equation for (9t'/ dt): leads to 

ot’ R' R' 

ae ge Se ee ort og bay 21-42 
(ee). RF— Ri sv jc R* ( ) 

A similar calculation in which Eq. (21-39) is differentiated with respect to § 

at constant (n, €, t) gives 

or’ — , 

(1) --_- 8 2149) 0&/, (R' — R'-v’'/c)c 

Computing the other two components and writing the result as a vector 
equation, we obtain 

R'/c he yR’ 

R'’-R'-v'/c —R*c 

With these derivatives at hand, the electric field due to an accelerated 

point charge is readily computed from the Lienard-Wiechert potentials. 
Thus, 

(V:t’), = —- (21-44) 

(6,1) = ~ (V9). - (F). 

—(Ve@) a (SF) ver. * CalGak (21-45) 

The derivatives of the potentials that appear in this equation are easily 
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found to be 

Pat biog Hl ona Saco (21-46) 
(Ve) a’ x ATE, (R’ pars R’ A v'/c) 

i avert 12 PS ow 

(<2) ed “| = (21-47) 
Ot'/s, 40€ tL R’ c at ha 

3A q E ik 1 (Rsv ous BY 1 

a & 4teahRieect Riz’ c c RG 

(21-48) 

Using these results in Eq. (21-45), we find 

q 1 ( fyy aS 

t)h= Rios sper Mil estes 
EG!) 4m€o FE c ie 

RivivveR' potveRs 

$ (R’ etc ae in ea 1a 

A similar calculation gives 

g ( x =) = 

t) = —S 4  *W(LdIC - 
B(E, ) Ame gc? R*3 fox 

1 R’ R' ' + poe (e-22]<8)]} ann 
These results may be used to explain many such important phenomena as 

radiation damping and the classical Bremsstrahlung. Most of these calcula- 

tions are available in more advanced texts on electrodynamics and except 
for one example will be omitted here. 

21-4 ___ SC RADIATION FIELDS FOR SMALL VELOCITIES 

The result of the calculation of the fields from the potentials for an 
arbitrarily moving point charge, which was carried out in the last section, 
may be rewritten as 

+ dw x [Qe -®2) xe} arsn 
(21-52) 

From Eq. (21-52) we note that the B-field of a point charge in vacuum is 
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always perpendicular to the E-field at the same point and time and is also 
perpendicular to the line connecting the field point with the retarded 
position of the particle R’. The fields contain two terms, with the second 

one proportional to the acceleration v’ and the first one independent of it. 

Both terms depend on v’/c. For uniform motion (v’ = 0), the first term in 
Eq. (21-51) gives the previous result (21-29), since R'/c = t — t’. Even for 

nonuniform motion at high velocity, the first term does not contribute to the 

radiation from the charge, because its magnitude falls off with distance like 

1/R'*. We have seen previously that the fields must fall off like 1/R’ in 

order to contribute to the Poynting vector at large distances; the second, 

acceleration-dependent term does decrease like 1/R’. We see that this part 
of the E-field is similarly perpendicular to R’: In the radiation field, E, B, 
and R’ are mutually perpendicular, and § = (1/oc)E?(R'/R’). 

For simplicity, we consider here only the case of a slowly moving 

charge. If the velocity of the charge is small compared with the velocity of 

light, that is, if v’/c << 1, then the approximations 

Re ea 
c 

and 
R’-v’ 

c 
R* =R'- 

may be made in Eqs. (21-51) and (21-52). If, in addition, only the radiation 
field—that is, the part of the field proportional to 1/R’—is considered, then 

Eqs. (21-51) and (21-52) become 

q R’ SC (R’ x v’) 

E(E, tf) = 21-53 
0 ) ANE Rc? ( ) 

and 
q R’ x [R’ x (R’ 4 v’)] q vy’ x R’ 

ee et oa 21-54 
B(E, t) Amey R03 Ameyc? R’c ( ) 

From these field vectors the Poynting vector is found to be 

q° 1 
= K x = ——>—; —= 7 [R’ < (R’ X v’)| x [v’ x R’ 

S E H 1627 €2U19¢7 Rc ( / )] [V ] 

(21-55) 

which, through the use of vector identities, reduces to 

Zz ' ’ *71\2 

q RR’ 4) (21-56) 
1627 €9c° R* 

The total radiated power is obtained by integrating this Poynting vector 

over a closed surface surrounding the charge. A convenient choice for such 

a surface is a sphere centered at the retarded position of the charge. If, 
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furthermore, the z-axis is chosen in the direction of v’, then 

= —-—=]|/S§-nd R dt K nada 

4 Paeind sg ' ee Pq BORG sin 0 aR 
= bee eof ace R RR sin 6d6 dg 

(21-57) 

from which one readily obtains 

dW ea ae pemmiletLaess (21-58) 

for the power radiated from a slowly moving, accelerated charge, in 

agreement with our earlier result of Eq. (20-44). 
This completes our brief survey of radiation from moving charges. The 

basic ideas have been presented and some elementary applications have 

been given in detail. For the details of other calculations, reference should 

be made to various published works, and particularly to Classical Electricity 

and Magnetism, 2nd ed. by W.K.H. Panofsky and M. Phillips (Reading, 

Mass: Addison-Wesley, 1962); The Classical Theory of Fields, 2nd ed. by 

L. D. Landau and E. M. Lifshitz (Reading Mass.: Addison-Wesley, 1962); 

and Classical Electrodynamics, 2nd ed., by J. D. Jackson (New York: 
Wiley, 1975). 

SUMMARY 

The scalar and vector potentials of a fast moving point charge are obtained 

from the integral solutions for the retarded potentials. The results at the 
point P and time f¢ are 

Ges 
42€, R* 

@(P,t) = 

A(P, t) = “oP, t) 

where 

R* = RR ve 

and where R’ is the vector to the field point P from the position of the 
particle of charge q at the retarded time t' = t — R'/c, and vy’ is the particle 
velocity at the retarded time. The fields are obtained from the potentials by 
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differentiating them correctly: 

= 4 ae Crs Fay! ree 12 2 ty , 
E(P, t) = amegR™ {(R R'v'/c)(1 — v'*/c*) + aR 

ea 
B(P, t) = R’ x E(P, t)/R'c 

¢ The E-field of a uniformly moving (v = 0) point charge is symmetric 

about a plane perpendicular to v through the present position of the charge 

at ¢; it is stronger in the direction perpendicular to v than in the direction 

along v. It is always pointing away from the present position of the charge. 

¢ Only the acceleration terms contribute to radiation. In the radiation 

field, R’, E, and B are mutually perpendicular. For uv'/c < 1, the result is 

the same as the one derived in Chapter 20. 

21-1 (a) For a charge in uniform motion with velocity v, show that 

R* = Rv/1- (sin 6) 
c 

where R is the vector from the present position of the charge to the field point and 

R-v = Rvcos 9. (b) Plot a polar graph of |K| as a function of @ for a fixed R, 

assuming u/c = 0.8. 

21-2 Use the result of Problem 21-1(a) to find the B-field of a charge dq moving 
uniformly with velocity uv. Letting udq = Idx, where / is the current in a long 

straight wire, integrate dB over the length of the wire. Note that the result agrees 

with that obtained from Ampere’s law, even for u/c ~ 1. 

21-3 Suppose the acceleration of a fast particle is in the same direction as its 
velocity. Show that the radiation is zero along the direction of motion. 
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The Special Theory of 
Relativity 

As discussed in Chapters 2 and 8, the interaction between groups of charges 
(or currents) is usually described by separating the phenomenon into two 

parts: (1) the establishment of an electromagnetic field by the source and (2) 
the interaction of a second group of charges (and/or currents) with the field. 

The field itself may be sampled by an observer, using test charges and 

currents. This decomposition of the interaction is not unique; in fact, the 

detailed nature of the electromagnetic field depends on the state of motion 

of the observer. 
For example, consider two observers, A and B. Observer A is at rest 

relative to a group of fixed charges and sees only an electric field associated 

with them. Observer B is in motion relative to A; Observer B, therefore, 

sees a group of moving charges and hence a magnetic as well as an electric 

field. 
Are both observers entitled to use Maxwell’s equations to describe their 

physical observations? And, if so, how does an observer transform the 

electric and magnetic fields in one frame of reference to give the field 
components in a second reference frame moving relative to the first? These 

are questions that we shall attempt to answer in this chapter. 

PHYSICS BEFORE 1900 

Maxwell's basic ideas about the electromagnetic field were first published in 
1862. In the next forty years, the mathematical structure of the laws of 

electricity and magnetism was gradually developed (particularly by H. A. 

Lorentz), and many consequences of the theory were observed experimen- 

tally. Yet there were a number of problems that bothered theoretical 

physicists, particularly those concerned with the mathematical structure of 
physical laws. 
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FIGURE 22-1 

Iwo coordinate systems 

moving relative to one 

another (in the x 

direction) with uniform 

velocity u 

t4 

All previous experience with wave motion indicated that a medium was 

required for the propagation of waves. In Chapter 16, we explained that 
Maxwell’s equations in free space are compatible with, and in fact lead to, a 
wave equation in which the waves are propagated with velocity c = 

1/V€oto. Hence, it was natural to assume that some sort of ethereal 

medium pervaded all space (including vacuum) for the propagation of 
electromagnetic waves. Maxwell, himself, felt a need for this medium and 

called it the ether. But the existence of a medium poses a problem because it 

introduces a preferred reference frame, namely, the one in which the 
medium is at rest. 

It was known that Newton’s laws of motion were unaffected by a 

Galilean transformation—that is, by a coordinate transformation between 

two frames of reference (coordinate systems) in relative motion. For 

example, let 2 be a coordinate system at rest, and let 2’ be a coordinate 
system moving in the x-direction with uniform velocity u (see Fig. 22-1). 

The relation between the coordinates and times in the two systems is given 
by (a Galilean transformation) 

t ates Kees nud, y=y, Zaz; t=t (22-1) 

Newton’s fundamental laws of motion are of the same form in 2 and 2’. In 

fact, it is impossible to determine the absolute velocity of any reference 

frame by mechanical experiments. 
What happens to Maxwell’s equations under a Galilean transformation? 

We are not in a position to answer this question because we do not yet 

know how the fields transform, but we can sidestep the question by looking 

instead at the scalar wave equation (which is homogeneous and contains 

only one field component). In free space, 

20, 0, Pe_ 180 ee 
ae Gyiy 2” 4'c'ar* 
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where @ stands for one of the field components. If we substitute 

fe) — Ox! Meeps 

ore “at ax! Ot ot’ 

into Eqs. (22-2), using Eq. (22-1) to evaluate dx'/dt, and so on, we find that 
the transformed wave equation is no longer of the same form as Eq. (22-2). 

This mathematical statement corresponds to the fact, which we know to be 

true for mechanical waves, that the wave motion is propagated with a fixed 

velocity relative to the stationary medium. But in a reference frame moving 

with respect to the medium, the wave propagation appears more 

complicated. 

What, then, is the situation with regard to the laws of electricity and 

magnetism? A number of possibilities were proposed before the subject was 

clarified by Lorentz and Poincaré, and particularly by Einstein in 1905. 
Briefly stated, these possibilities are 

1. Maxwell’s equations are inadequate to explain electromagnetic 
phenomena. 

2. There is a preferred reference frame, that of the stationary ether. 

Maxwell’s equations require modification in other reference frames. 

3. Maxwell’s equations have the same form in all reference frames that are 

moving with uniform velocity relative to one another. The Galilean 

transformation is not adequate to connect different reference frames 
when electromagnetic fields are involved. 

As we know, the third choice presented here is the correct one, and it 

is, in fact, a partial statement of the principle of relativity. The predictions 

of Maxwell’s equations have been verified experimentally, at least in our 

terrestrial environment, and attempts to measure an absolute ether frame 

have not been successful. There is no single experiment that killed the 
“ether hypothesis” and forced us to accept relativity, but the combined 
results of a large number of experiments turned out to be compatible with 
no other possibility. Three fundamental experiments are* 

1. The aberration of starlight (the small shift in apparent position of 
distant stars in the direction of the earth’s orbital motion). 

2. Measurement of the velocity of light in moving fluids (Fizeau, 1859). 
3. The Michelson-Morley experiment (1887). 

*The reader who would like to pursue the history of this subject in more detail is referred to 

R. S. Shankland, “‘Michelson-Morley Experiment,” American Journal of Physics, vol. 32, p. 

16 (1964); A. Einstein et al., The Principle of Relativity (New York: Dodd, Mead, 1923) 7s 

T. Whittaker, History of the Theories of Aether and Electricity, vol. II ses York: 

Philosophical Library, 1951). 
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The Michelson-Morley experiment attempted to measure the velocity 
of the earth, relative to an absolute frame (in which light waves are 

propagated with velocity c). The results of the experiment indicated either 

that there is no preferred frame or that the earth is always in the preferred 

reference frame. This experiment in itself would appear to negate the 
absolute ether-frame hypothesis, since the earth is continually changing its 

velocity in its motion around the sun. However, it would be possible for the 

earth to remain in the preferred frame if it dragged the ether along with 

it—that is, a massive celestial object such as the earth could perhaps drag 
the ether along with it in its motion. 

On the other hand, the first two experiments cited are not compatible 
with an “‘ether drag.”’ From measurements made during the course of one 

year, it is seen that the apparent position of a star traces out a small 
elliptical path on the celestial sphere, the angular shift in position being of 

the order of u/c, where v is the earth’s orbital speed. This aberration of 
starlight would presumably be absent if the ether were dragged along with 

the earth. The experiments with moving fluids can be made compatible with 

an ether-drag hypothesis only if one assumes (rather artificially) that objects 

less massive than the earth are only partially successful in dragging the ether 
along with them. 

THE LORENTZ TRANSFORMATION AND EINSTEIN’S 

POSTULATES OF SPECIAL RELATIVITY 

In 1904 H. A. Lorentz discovered a curious and remarkable transformation 

that leaves the form of Maxwell’s equations unaltered, provided the field 

components are suitably changed. Let us again consider two coordinate 

systems = and 2’ that are moving relative to one another in the x direction 

with uniform velocity u (see Fig. 22-1). Instead of the Galilean transforma- 

tion, we now assume (a Lorentz transformation) 

1 
reece TIE 

V1 — u2/c? Saat 

dainnie (22-3) 
z= 

weara- ) 0 ees [ft — GX 
; 1 — u/c Be 

Again, we shall sidestep the question of how the electric and magnetic fields 

transform and look at the wave equation, Eq. (22-2). Let us substitute 

a _ ox! 8 | or a 
Ox Ox Ox’ Ox or’ 

imeoy.o 
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82 dz dz 
9 ox' a ara 

+ 

at ot ax’ at ar’ 
into the wave equation, using Eqs. (22-3) to evaluate the partial derivatives 

(Qx'/Ox), and so forth. For example, 

Ox 1 fas 3 u 

Cr Vdeowie ce, ot NS ee has ae 

If we make the indicated substitutions, combine terms, and cancel 
common factors on each side of the equation, we obtain 

rp ep Fp 179 

Oxi Oy aay O72 weil 
Since this equation is homogeneous in q, it is reasonable to expect that we 

can replace @ by q’ (its value in the primed coordinate system) in Eq. 
(22-4) without disturbing the equality. Thus the form of the wave equation 
is invariant to a Lorentz transformation. 

Although the Lorentz transformation provides a basis for the develop- 

ment of special relativity, the far-reaching consequences of relativity were 

not discovered by Lorentz. He still believed in the ether hypothesis at this 
time, and tried very hard to fit his newly discovered transformation into the 
ether picture of electromagnetism. The development of special relativity as 

we now know it was left to H. Poincaré and A. Einstein. 

As early as 1899, and again in 1900 and in 1904, Poincaré suggested that 

the experimental result of Michelson and Morley (i.e., their failure to 
observe an absolute ether frame) was a manifestation of a general 

principle—that absolute motion cannot be detected by laboratory experi- 

ments of any kind—which implied that the laws of nature must be the same 

for two observers in uniform motion relative to each other. He called this 

the Principle of Relativity. Poincaré also concluded that a new type of 

dynamics would have to be developed, which would be characterized, 
among other things, by the rule that no velocity can exceed the velocity of 
light. In 1905 Einstein published his Electrodynamics of Moving Bodies, in 

which he developed the special theory of relativity from two basic postulates: 
(1) the relativity principle and (2) the constancy of the speed of light. 

Einstein derived the way in which various physical quantities had to 
transform in going from one reference frame to another and showed how 
Newton’s laws of mechanics had to be modified. 

(22-4) 

The Einstein postulates are 

1. The laws of nature are the same in all coordinate systems moving 
with uniform motion relative to one another. 
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2. The velocity of light in empty space is the same in all reference 

systems and is independent of the motion of the emitting body. 

Again we consider two coordinate systems 2 and =’, which are moving 

relative to one another in the x direction with uniform velocity u (see Fig. 

22-1). At times ¢ = O and t’ = 0, the origins of the two systems coincide, 

and at that instant a light source at the common origin emits a light pulse. 

An observer in the unprimed system, with appropriate detectors at various 

distances from the origin, sees the light signal propagate out as a spherical 

wave front. The coordinates of a point (x, y, z) on the wave front satisfy 

x? taylor ms ie2 sr? = 10 (22-5) 

whereas for a point (x,, y;, Z,;) in advance of the wave front (at the same 

time f), 

RE s+ 27) et? S10 (22-6) 

and for a point (x2, y2, 22) behind, 

xit+y3t+ 23-7? <0 (22-7) 

An observer in the primed coordinate system also sees the light signal 
propagate outward. And according to Einstein’s two postulates, the 

observer sees a spherical wave front propagated with velocity c. Thus Eqs. 

(22-5), (22-6), and (22-7) also hold in the primed coordinates. Since the 
primed and unprimed coordinates are presumably related by a linear 
transformation, we are led to the result* 

ot et the (22-8) 

with (x, y, Z, t) an arbitrary space-time point and (x', y’, z’, t’) its transform 

in the primed system. Equivalently we might have written 

(Ax)? + (Ay)? + (Az)? — c?(At)? = (Ax’)? + (Ay’)? 

+ (Az'? — c(Ar’? (22-9) 

et+y+z—-erax*+y4%+2 

for the relationship between an arbitrary space-time interval in X and the 

corresponding interval in 2’. 

Having found a quantity that is invariant to a change of reference 
frame, we now look for a transformation that will leave the “invariant 

quantity” unaffected. The Lorentz transformation is just such a transforma- 

* We have not ruled out the possibility that 

x? ue y? “¥ x? ai (ond = K(u)(x"? +y" a: z” ae c*t') 

with K(u) a constant of proportionality depending on u. Such a scale change can be ruled out 

by considering the inverse transformation, however, so that K(u) = 1. 
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tion; the quantity 

x2 uve 4+ 72 — 27? 

is unaffected by the Lorentz transformation, Eq. (22-3), as can be verified 

by direct substitution. Thus, the application of Einstein’s two postulates 

leads directly to the Lorentz transformation. 
If the Lorentz transformation is the proper one for transforming 

coordinates from one reference frame to another, then the more intuitive 

Galilean transformation, Eq. (22-1), clearly cannot be correct. The Galilean 
transformation is never precisely correct, but it does form a valid ap- 
proximation in the limit when all velocities are small compared to the speed 
of light. Newtonian mechanics, too, must be modified since the correct laws 

of motion must transform properly under a Lorentz transformation, not 

under a Galilean transformation. 
In the following sections, the relativistic transformation will be dis- 

cussed in more detail and the transformation laws for other physical 
quantities will be obtained. Before proceeding, however, we pause to 
discuss three simple consequences of the Lorentz transformation: (1) 

modification of the concept of simultaneity, (2) the Lorentz contraction, and 

(3) the time dilation. 
Two events occur simultaneously if they happen at the same time. Since 

the events may occur at widely separated spatial positions, such a statement 

implies that we have a way of synchronizing clocks so that each event may 

be timed separately. Now let us suppose that two events at positions x, and 

x, in the 2-frame occur simultaneously—that is, the times ¢, and t, at which 

the two events occur are the same. But according to the Lorentz 
transformation, (22-3), the times in the 2’-system are not the same: 

t-h= A = %)| (22-10) 
V1 — (ufcy *? ’ 

Thus, we must modify our intuitive concept of simultaneity: If two events 

occur simultaneously in one reference frame, they are not necessarily 

simultaneous in another. Having accepted the Lorentz transformation, we 
necessarily have to give up the concept of a ‘universal time.”’ 

A simple example will perhaps make this point more plausible. Suppose 
observer A is traveling in a space ship with velocity u relative to an 

earthbound observer B. Observer A wants to do an experiment involving 
the simultaneous detection of a light signal at two different positions and so 
places one detector in the front of the space ship, the other near the rear, 
and carefully measures the distance between the two detectors. Observer A 
then places a light source midway between the two detectors. Since the light 
signal propagates in spherical waves from the source, A’s two detectors do 
in fact detect the signal simultaneously. But what about observer B? In the 
earthbound frame, B again sees the light signal propagate out from the 
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source in spherical waves, but the detector at the front end of the space ship 

is moving away from the expanding wave front whereas the detector in the 

rear is moving toward it. Thus the detection is not simultaneous in B’s 
system. 

The apparent contraction of a moving object in the direction of its 

motion is called the Lorentz contraction. In a length measurement, the 

length of the object to be measured is compared with a standard scale. This 

measurement offers no special problem if the object and scale are at rest 

relative to one another. Suppose, however, that an observer in the L-frame 
wanted to measure the length of a moving object (an object at rest in the 

2'-frame). Because the object is in motion relative to the observer and 

scale, it is important to compare the two ends of the object with the scale at 

the same time—that is, if position x, is determined at time t,, and x, at time 

t,, then ft, must equal ¢t, in order for the length measurement to be 

meaningful. But according to the Lorentz transformation, Eq. (22-3), 

1 
x) — x3. = Vin =X, ) (22-11) 

with B = u/c. Now I’ = x; — x; may be regarded as the “true” length of 

the object (its length measured by an observer at rest relative to it). Its 
apparent length (the length seen by an observer in the = system) 

l= l'V1i- &- (22-12) 

appears contracted. It is easy to verify that the transverse dimensions, those 

in the y and z directions, are unaffected by the motion. 

The time dilation, the apparent slowing down of temporal events 

associated with a moving object, can best be obtained from Eq. (22-9). This 

equation may be written 

wile (GQ) - 
dx’ 2 a (yy) 

= (dt')*|c? — (— ) - (—) -{(— 2-13 
4) E ia OE dt’ eer) 

Let =’ be the rest system of the object—that is, the system in which the 

object is at rest. Then (velocity); = (dx'/dt') = 0, and so forth, and 

Sal ag fit) Repaired War dt dt 

Equation (22-13) becomes 

At’ 

MIE 
Thus, the apparent time interval A? (the interval measured by an observer 

(22-14) 
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| 
22-3 

in the = system) appears to be lengthened over the intrinsic time interval 
At’. Another way of interpreting Eq. (22-14) is to say that clocks appear to 

slow down when they are in motion relative to an observer. 

GEOMETRY OF SPACE-TIME 

The Lorentz transformation of the preceding section is a linear transforma- 
tion connecting the space coordinates and time in one frame of reference to 

the corresponding quantities in a second frame, which is in uniform motion 
relative to the first one. It thus appears that we might be able to construct a 
four-dimensional geometry in which the space coordinates and time show up 

on an equal footing, with the Lorentz transformation acting as some kind of 
geometric operation in this four-dimensional space. Now we have noted that 

a certain quadratic function of the coordinates and time, namely, 

ety +27- cP 

is an invariant—that is, it has the same value in all reference frames. This 

quadratic form recalls to mind that the length of a vector, specifically the 

length / of the position vector, with 

=x? + y? + 2? 

is invariant to rotations of the coordinate axes in ordinary (three- 
dimensional) space. (See Appendix II.) 

In trying to extend this formalism to four dimensions and treat 
x? + y* + z? — c’t? as the square of a “length” in space-time, we run into 

the obvious problem that the fourth component, ct, enters the expression 

with a minus sign. Thus, space-time is basically a non-Euclidean four- 

dimensional space. We can get around many of the difficulties that this 

implies by defining four ‘‘coordinates”’ as 

xX, =X, X.=Yy, X3= 2, X4 = ict (22-15) 

with 7 the unit imaginary number. This four-dimensional space (which was 
introduced by H. Minkowski) is not, strictly speaking, Euclidean because it 
involves an imaginary coordinate. Many of its properties may, however, be 

derived by treating it as a Euclidean space. This approach will be used here. 
The quantity 

DIE ore ee ee 
u 

is invariant to certain transformations. These transformations (which 

include, of course, the Lorentz transformations) have many of the pro- 
perties of rotations or orthogonal transformations, but because they may 
have imaginary components, they are properly called complex orthogonal 

transformations. In what follows, however, this distinction does not have 
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important consequences and the Lorentz transformation in Minkowski 
space will be treated as an orthogonal transformation. * 

The quantity defined by (x,, x2, x3, x4) is a four-dimensional vector. We 

shall have occasion to define other four-component vectors (i.e., quantities 
whose components transform as (x,, x2, x3, X,) under a Lorentz transforma- 
tion). Four-dimensional vectors are called four vectors or world vectors to 
distinguish them from ordinary three-dimensional vectors. A quantity that is 
unchanged by a Lorentz transformation is called a world scalar. A point in 
space-time is called a world point, and the trajectory of a particle in 
space-time is called a world line. 

THE LORENTZ TRANSFORMATION AS AN 
ORTHOGONAL TRANSFORMATION 

The results of the formalism of orthogonal transformations applied to 

ordinary three-dimensional vectors (which is developed in Appendix II) 
may be directly applied to four-dimensional space-time by adding the fourth 

component, x, = ict. All summations now go from 1 to 4. It is customary to 

use Greek indices to describe four-dimensional quantities and reserve Latin 

indices for three-dimensional entities. Thus F, represents the ith component 

of an ordinary three-dimensional vector, but 7), represents the u,vth 
component of a four-dimensional tensor. 

The Lorentz transformation (22-3) for transforming the unprimed to the 

* Because of the common use of abstract spaces in contemporary physics, it is appropriate to 

point out the source of the difficulty in using “Euclidean” to describe Minkowski space and 

“orthogonal” to describe the Lorentz transformations. The source of the difficulty stems from 

the fact that both Euclidean and orthogonal represent ideas that were developed to deal with 

real variables. If one tries to generalize by admitting complex coordinates, then the most 

fruitful generalization of the length of a vector is 

[Ea] 
with x*the complex conjugate of x;. Transformations which leave this length invariant are 

ix = Oy. The 

Lorentz transformation does not fall into this classification and consequently requires an 

unitary transformations, characterized in the notation of Appendix II by Y,a4 

entirely separate but parallel development for its complete elucidation. There is one crucial 

difference between Minkowski space and either unitary or orthogonal space: For the last two 

spaces the length of any component of a vector is less than or equal to the length of the vector 

itself, while the “length” of a component of a four-vector in Minkowski space is not so 

restricted. Similarly, in unitary and orthogonal transformations, the magnitudes of all 

coefficients are less than or equal to unity, but this is not true for Lorentz transformations. 

These points are important, but further discussion here would lead us too far afield. 
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primed system of Fig. 22-1 may be written as 

1 ip 
Da oh eae +0-x,+0:x; eViee 

x5 =0-x, +x,+0-x,+0-x, 

22-16 
x, = 0-x, + 0-x2 + 434+ 0-x, ( ) 

iB 1 
X4 = Avice +0-x, + 0:-x3 + Veen 

with B = u/c. The matrix of this transformation is 

VI- vVi- 
ae 0 1 0 0 

aa 0 01 0 (22-17) 

B 1 
a crassa B 0 ea 

We can easily verify that Eq. (22-17) is an orthogonal transformation*—that 

is, its components satisfy (II-6) in Appendix II. 
Matrix A is particularly simple (it has only six nonzero entries) in this 

case because the Lorentz transformation relates two systems that are in 

relative motion along one of the coordinate axes (namely, the x-axis). Thus, 
x and ¢ are transformed into x’ and ¢’ but the y and z directions are 

unaffected. In the general case, when the direction of relative motion is not 

along a coordinate axis, the transformation is more complicated, but the 

matrix components still satisfy the orthogonality relationships. Since the 

coordinate directions can generally be chosen to fit the needs of a particular 

problem, we shall restrict ourselves in this book to Lorentz transformations 
of the type (22-17), or equivalently to transformations linking the coordi- 
nate systems in Fig. 22-1. 

The Lorentz transformation (22-16) can be interpreted as a rotation in 

the x,x4-plane. If this is the case, then the rotation angle @ is determined 
from 

=) 

xX; = x, cos 6 + x,sin @ 

or 

tan 0 = iB = i(u/c) (22-18) 

“We use the term “orthogonal” instead of the more accurate term “complex orthogonal”; cf. 

the discussion of Section 22-3. 
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Thus, the rotation angle is not a real angle.* Mathematically, the Lorentz 

transformation acts like a rotation in our orthogonal four-dimensional 
space, but a rotation through an imaginary angle. 

The inverse Lorentz transformation—that is, the transformation taking 

us from the primed system to the unprimed system—is given by the 
transpose matrix to (22-17): 

(22-19) 

COVARIANT FORM OF THE ELECTROMAGNETIC 
EQUATIONS 

The fundamental equations of electromagnetic theory, the Maxwell equa- 
tions, which we discussed in Chapter 16, are written in terms of time and 

space derivatives of the E- and B-fields. In the usual three-dimensional 
system, time enters the equations as a scalar but the three space derivatives 

enter in certain symmetric combinations (divergence or curl). We may 

display the symmetry more directly by writing the divergence equation 

(e.g., Gauss’s law) as 

S OE; = My p (22-20) 

i OX; Eo 

and the curl equation (e.g., Ampere’s law) as 

Fup) é)ine OE, : 
tae san = Ud, + Moo 1 (22-21) 

This last equation actually represents three equations (the three components 
of the vector curl equation) with 7, j, k standing for a cyclic permutation of 

ee Pare 
In the preceding sections, however, we have noted that the Lorentz 

transformation mixes up the space coordinates and the time and may be 
regarded as a rotation in x,x2x3x4-space. Thus, x,, x2, x3, and x, should 

enter the Maxwell equations in a symmetrical way. We should, in fact, be 

able to write the Maxwell equations in terms of four-dimensional curls and 

divergences. A formulation of the equations of electricity and magnetism 

* This reflects the unboundedness of the transformation alluded to earlier. 
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that treats space coordinates and time on an equal footing is called a 
covariant formulation. We must proceed with a certain amount of caution, 
however, because a vector quantity in three dimensions does not necessarily 

become part of a four-dimensional vector. 

We start with the equation of continuity: 

Ve J —— = 0 (22-22) 

Since J,, J,, and J, are not independent of the charge density p, these four 

quantities form a natural four-vector. In fact, if we define the four-vector 

current density 3, by its components (31, 32, 33, 94 = icp), we may write 

the equation of continuity in covariant form: 

Oy 
an 0 = 3 ee (22-23) 

where the summation is understood to run from v=1 to v = 4; or 

equivalently 

O-3 =0 (22-23a) 
with 0 - standing for a four-dimensional divergence. 

Now the vector potential A and the scalar potential @ satisfy in- 

homogeneous wave equations: 

10°A 

ie iieebtoriond ih 
nice ; (22-24) 

2 aelenty = they 

c* ot? en 

Since J and p are the components of a four-vector, Eq. (22-24) must 

represent the four components of a four-vector equation and A and @ must 
also combine to form a four-vector. If we define the four-potential or 

world-potential 1, by its components, %, = A,, UM, = Az, A, = Az, Ay = 
ig/c, then Eqs. (22-24) may be written as 

PU, 
2 ON (22-25) 

They may also be expressed as 

O78 = — UF (22-25a) 

where D1’ = V° — (1/c*)3*/8t? is the four-dimensional Laplacian operator, 
or the d’Alembertian operator. The Lorentz condition, Eq. (16-63), takes 
the form 
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Or 

O-% =0 (22-26) 

We are now in a position to examine the electromagnetic field 
components. These may be obtained from the customary three-dimensional 
equations 

B=VxA (16-57) 

El= -Vo = — (16-60) 

But A and ig/c form a four-vector, so the last equation may be written (in 
component form) as 

1 oP) | put 
i-E, = —— -—, 
Cc Ot geeeox, 

Thus, B and iE/c together make up the four-dimensional curl of 4%. The curl 

operation applied to a vector actually produces an antisymmetric tensor.* 

This fact is evident from the form of Eq. (22-27) since it is clear that a 
two-index quantity must be generated. We define the electromagnetic field 

tensor F by the expression 

vo (22-27) 

Ey =—~ -— (22-28) 

Here, 

*In three dimensions an antisymmetric tensor has three independent components, 7,, 73, 

T;,, and these transform under space rotations like the components of a vector. It was 

therefore satisfactory to treat the curl of a vector as a vector. For an antisymmetric tensor, 

note that 7;, = 0, T,; = —72, and so forth. 

In four dimensions an antisymmetric tensor has six independent components, and the 

tensorial character of the quantity cannot be simplified. 
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In matrix form, 
—iE 

0 B, —B, : : 

C 

—iE, 

—B, 0 1 P 

ES (22-29) 
—iE, 

B, —B, 0 =e 
Cc 

iE, 1E, iE 0 

c Cc (6; 

Suppose we now take the divergence of the field tensor. Because of its 

form, Eq. (22-28), we obtain 

OF, a+ Sale re 
eles ee eS = 22-30 

> On sOn cated, 2 Ox? ( ) 

In view of Eqs. (22-25) and (22-26), this equation becomes 

OF, 
vee (22-31) 

Or 

D-F = 143 (22-31a) 
This four-vector equation represents a covariant formulation of two 

of the Maxwell equations, namely, V-E = p/é€,) and V xX B= uJ + 

(1/c?) OE/dt. Furthermore we have the identity 

OF Glvis Or 
Sl ae sia Ls ae Au 

Ox, OX Ox, mil oe 

where pw, v, and A are all different and stand for any three of the subscripts 
1, 2, 3, and 4. Equation (22-32) follows immediately from the form of F,, 
(Eq. 22-28). We can easily verify that Eq. (22-32) represents the other two 
Maxwell equations. 

The majority of advanced books on relativistic electromagnetic theory 
achieve a certain compactness of notation by introducing what is known as 
the summation convention. In this formalism, all summation signs are 
suppressed, but summation is implied by means of a repeated index. Thus, 
for example, the equation of continuity becomes 

Dy 
-—=0 
Ox, 

and the wave equation for the potential becomes 

FU, 

Ox, Ox, 
= = MoS 
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Other equations may be written by analogy. We do not make explicit use of 

the summation convention in this book, but have introduced it here 
primarily as an aid to further reading. 

22-6 —___ ss TRANSFORMATION LAW FOR THE 
ELECTROMAGNETIC FIELD 

Since the electromagnetic field is a tensor quantity in the four-dimensional 
formulation, its components will transform like those of a second rank 

tensor under a Lorentz transformation: 

FL Drain ti ales (22-33) 
a £B 

This equation is Eq. (II-16) of Appendix II, rewritten to include the fact 
that (4) gy = ayp- 

Again we take the primed system to be one moving with velocity u in 

the x-direction, relative to the unprimed system. The Lorentz transforma- 

tion is given by Eq. (22-17). Thus, 

= Fy = 2 2 QrgA3ghig = Bz = B, (22-34) 

and 

BO Rees 2 oF Een ey 6 iy ey y 31 me ae 3a“ 184 ap V1,—.6- 31 Vi B- 34 

1 
= B, TF Ic Bs (22-35 Viraepe ethic) Ed ) 

Similarly, we find that 

1 
B= Vin ge: — (B/c)E,] (22-36) 

As far as the electric field is concerned, 

El) = icF\, = ic >, >) ajaaag Fup 
ae fs 

jell re tl rapracliee pL = 1C Lil B 11 1 B? 14 1 B 41 1 — Bp’ 44 

Ic ok, i= et br | Ee 22-37 
rel an ep ( ) 

Finally, we verify that 

1 = ples - 68. (22-38) 
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1 
E, = Eats CBB. 22-39) : Vin Bl cBB,| ( 

Thus the components of E and B in the direction of motion are unaffected, 

but the transverse components are modified. 

The above results may be summarized by the following three- 

dimensional equations: 

’ 1 
E, = E,, Meer pear Woz) et esd} 

; : 1 1 
B, = B,, B, = Vi-- B. 9 ae x E| 

where || and 1 mean components parallel to and perpendicular to the 

velocity u of the Lorentz transformation. 
The inverse transformation is obviously given by 

(22-40) 

1 
E, =. E,, E, = Vin ple —bhex B’| 

Ul 1 , 1 ’ 

B, = B,, B. = Vi —- BE B. te Fhe x E 

Our discussion of the transformation law for the electromagnetic field 
components is now complete, and the results will be used in the following 
section. 

(22-41) 

22-7 THE FIELD OF A UNIFORMLY MOVING 
POINT CHARGE 

To demonstrate the utility of the Lorentz transformation, we shall calculate 

the electric and magnetic fields of a point charge in uniform motion. Let us 

assume that the point charge q is moving with the velocity u along the 

x-axis. The geometry is shown in Fig. 22-2. We construct a second 
coordinate system (the primed system) that is moving along with the charge; 
for convenience we make the origin of this system, O’, coincide with the 
charge itself. 

In the primed system the charge is at rest. Therefore, at the field 
point P, 

; (22-42) 
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a a a 

FIGURE 22-2 

Coordinate system for 

determining the E- and 

B-fields of a charge in 

uniform motion. The 

heavy line qP is the 

source-field vector (r’ in 

the primed system; R in 

the laboratory system). 

Here x is the coordinate 

in the laboratory system 

and x’ is the coordinate 

in the primed system. 

eP(tield point) 

| 
| 

————_—— f-uxis 

S = ~ 
8 ae 

The fields in the laboratory system may be obtained by using Eq. (22-41). 

Thus, 

i 

ne bd 
- 4n€,(r')° ; 

where y = 1/V/1 — B*. Now from Eq. (22-3), 

U x= y(x—"ut); y'=y, z' =z 

yqrs | hex a Peed De Me ee AE 
: 4ne,(r')? 

E, = yE’, (22-43) 

where ¢ is the time elapsed (in the laboratory system) from the moment at 

which the two origins coincide. The vector r’ is therefore given by the 

components: 

r’ = {y@ — ut), y, z} (22-44) 

It is convenient to define a quantity R* by 

Rea ye" ur), 2} (22-45) 

Thus, Eq. (22-43) becomes 

rege yx) 

*  4€g 7 (R*Y 

E, = ees s3 Rae (22-46) 

or 

ge iver) (22-46a) 
ae 4€o (R*)° 
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where R is defined by 

R = {x — ut, y, z} (22-47) 

The electric field is directed radially away from the instantaneous position 

of the point charge, but in contrast to the static case it is no longer spheri- 
cally symmetric. In fact, for a fast moving charge, the field is strongly con- 

centrated in the plane at right angles to its motion. 

The magnetic field is given by 

B, = By = 

1 1 at B, = yuu E' = youx E\ = 5ux E, (22-48) 
c 

or 

. B=—suxE (22-48a) 
c 

The magnetic field lines are circles with centers on the charge path. 

SUMMARY 

It is an experimental conclusion that electromagnetic radiation propagates 

with the constant velocity c in vacuum, in every uniformly moving 

coordinate system. Thus the wave equation must be unchanged by a 

transformation to a uniformly moving coordinate system. This end is 
accomplished by the Lorentz transformation of coordinates, which leaves 

the quadratic form (x? + y* + z* — c’t*) invariant. The transformation is 
conveniently expressed in terms of the geometry of a four-dimensional, 

complex (non-Euclidean) Minkowski space, in which ict is the fourth 
coordinate. The Lorentz transformation (and also an ordinary spatial 

rotation) is represented by a complex orthogonal matrix, which operates on 
a four-vector, or world-vector. The Lorentz transformation to a system 
moving with velocity u in the x-direction is 

y Or Osiey 

ne 0 LO masO 

0 0 ha O 

1D ya ae: 

where B = u/c, y = 1/V1 — B?. (This is a rotation through an imaginary 
angle.) The Maxwell equations are covariant—that is, they have the same 
form if the E- and B-field components are properly transformed by the 
Lorentz transformation. . 
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¢ The principal electromagnetic four-vectors, the field tensor, and the 
relations among them are as follows: 

Four-vectors: 

Space-time x = (x, y, Z, ict) 

Current-charge J = (J,, J,, J,, icp) 

Potential M = (A,, A,, A,, ig/c) 

Field tensor: 

Maxwell’s equations: 

ya 
2 a = HonrSp> O- F = Hos 

Vi» . Cle, OF, 
ee eee ge te = 0 
Ox, OX, Ox, 

Wave equation for potential: 

3H ; 
S a = —HoSp> 07a a — Los 

Lorentz condition: 

Seer O-4=0 
odie 

Equation of continuity: 

CAS D> 
me Shae 

=0, O-g=0 

¢ The field tensor transforms according to 

F’ = AFA"! = AFA 

In three dimensions, 

y(E, + u X B) 

; 1 
B) = B,, B’ (B, he x E) 

* The field of a uniformly moving point charge is easily obtained by 
transforming from the rest system of the charge. 
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PROBLEMS ——— 22-1 Transform the wave equation to the primed system of coordinates by using the 

Galilean transformation, Eq. (22-1). Show that 

go = F{x — (c — u)t} + G{x + (c + u)t} 

where F and G are arbitrary functions of their arguments, is a solution to the 

transformed equation. 

22-2 By making two consecutive Lorentz transformations, first to the 2’-system 

moving with velocity u relative to the Z-system and then to 2” moving with velocity 

u' relative to i’, prove the relativistic addition theorem for velocities: 

ut+u’ 

1 + uu'/c? 
” 

22-3 An unstable particle has an intrinsic half-life of 6 x 10°'’s. If it is travelling at 
0.9999 times the speed of light, what is its apparent half-life in the laboratory 

system? 

22-4 Show that the Lorentz force equation is incorporated in the covariant form: 

1 =D Fa dy 
v 

22-5 Given uniform electric and magnetic fields E and B, find a Lorentz transforma- 

tion that will make E and B parallel to each other. [Hint: Choose the velocity u of 

the 2’-system in a direction perpendicular to both E and B, and determine the 
magnitude of u/(1 + 8’) in terms of E*, B*, and E x B.] 

22-6 Equation (2-30) gives the electric field of a long straight wire containing A units 

of charge per unit length. (a) Make a Lorentz transformation to a system moving 

with velocity u in a direction parallel to the wire. (b) Calculate the B-field in the new 

system and compare with the B-field of a current-carrying wire, Eq. (8-35). (c) Is 

there an E-field in the moving system? (d) What is the physical difference between a 

charged wire moving in the direction of its length and a current-carrying wire? 

22-7 (a) Show that the scalar product E - B is unchanged by a Lorentz transforma- 
tion. (b) Show the same for E? — c*B’. 

22-8 (a) Determine the Poynting vector for the uniformly moving point charge of 

Section 22-7, and (b) show that the total power radiated is zero. 

22-9 A point magnetic dipole moment m at rest produces a vector potential A given 

by 

a 

4n r° 

If m moves with a constant velocity v (with v «< c), show that there is also a scalar 

potential that appears to come from an electric dipole moment p = (v X m)/c’. 



APPENDIX | 

Computers and 
Electromagnetic Theory 

In the course of the last fifty years, the digital computer has evolved from a 

rare item to one that is commonly available, not only in research 

establishments, but also to any individual who has a need for one. Science 

and engineering, as well as many other human activities, have been major 

beneficiaries of this increased availability. Very few electricity and magnet- 
ism texts, however, say anything about computers. As a result the transition 

from the neat problems that are treated analytically to the messy problems 
that occur in applications is abrupt if not traumatic. The objective of the 

computer material in this book is to ease the discontinuity and facilitate the 

use of computers in exploiting electromagnetic theory. The two important 

ingredients, in addition to electromagnetic theory, are numerical analysis 
and computer programming. However, while this appendix is relatively 
self-sufficient, it is not a text on numerical analysis, or computer program- 

ming, or the BASIC language. The bibliography at the end of this appendix 
contains a selection of material on each of these topics. 

THE EVOLUTION OF COMPUTING 

Computation has had a long history, but its most dramatic development 
phase began after World War II. Before 1940, the computers used by most 
physicists were arcane, hand-powered devices that required some skill to 

operate. During World War II a small number of large-scale (by 1940 

standards) electronic digital computers were built, mainly to satisfy the 

needs of ballistics and cryptography. By the early 1950s, new general- 

purpose computers were beginning to appear, and one such device, 
WHIRLWIND, gained a place of honor in the Smithsonian Institution at 
the ripe old age of thirty. By the late fifties, standard, large electronic 

computers had become available from several vendors. These systems were 

579 
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bulky and used vacuum tubes to implement the hardware requirements. But 

the astonishing development of semiconductor devices led to smaller 

computers and greater capacity (and incidentally lower cost computing). 

These trends continued, leading to mini-computers in the 1970s and 
micro-computers by the end of that decade. The introduciton of the PC by 

IBM in mid-1981 was an important event because it led to a standardization 

of architecture and operating systems and so to the development of 

third-party software. At the present time, commercially available computers 

span the range from giant supercomputers to very capable pocket-sized 

micro-computers. Desktop computers, in particular, are capable of im- 
plementing important applications in electromagnetic theory and are very 

affordable. 
The fact that computers must be told what to do requires a computer 

language. In the early days of computers, each one had its own language, 
typically built from very simple instructions that were used in enormous 

arrays. Learning a new language was painful and slow, and so impeded the 

adoption of new computers. In the late 1950s, this problem was solved with 

the invention of a standard language called FORTRAN (FORmula 

TRANSslator) by John Backus and co-workers at IBM. Using FORTRAN 
made it possible to instruct the computer (write programs) in a language 
similar to ordinary English. This language was not understood by the 
computer, but it could be translated into machine language in a process now 
called compiling. Since compilers can be changed to adapt to new machine 
languages without affecting the language used by the programmer, early 
programmers could use FORTRAN to program any machine that was 

equipped with a FORTRAN compiler without learning a complex new 

language. FORTRAN remains a very popular high-level language among 
scientists and engineers. It has been standardized by the American National 

Standards Institute, and the current version is FORTRAN 77 (ANSI 
X3.9-1978). A revision, FORTRAN 90, should be available soon. 

FORTRAN required too much memory to be useful on early micro- 

computers. Thus, another language, called BASIC (Beginners All-purpose 
Symbolic Instruction Code), was developed by John Kemeny and Thomas 
Kurtz to solve this problem and simplify the programming process. The 

BASIC language is also closely related to English and in many ways is 

similar to that of FORTRAN. The two most apparent differences are that 

standard BASIC identifies each instruction line with a number, and each 

line is converted to machine language and executed sequentially in a 
procedure called interpreting. Compiling, as is done with FORTRAN, 
converts the entire program and optimizes the machine language version 

before executing the program. BASIC was so useful that it was and still is 
supplied with most desktop computers. It too has evolved, with the most 
recent standard versions being BASIC 3.22 and 3.33. In 1990 a new version 
of BASIC called QBASIC appeared. It is incorporated into DOS 5.0, and 
currently it is being shipped with many desktop computers that use DOS. 
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QBASIC does not use line numbers and has several other advantages, but it 

is still interpreted. More advanced versions of BASIC avoid the line 
numbers and also compile rather than interpret. Other languages have been 

developed that have significant advantages for some purposes, but BASIC 

and FORTRAN are still the languages most commonly used by scientists 
and engineers. 

What Computers Do 

A computer system, regardless of size, typically consists of four units: input, 

output, central processor, and memory. The first two provide for com- 

munication with the computer and consist of keyboards, tape and disk 

drives, video screens, printers, plotters, and so on. The memory provides for 

the storage of data and instructions within the computer where they can be 
accessed readily as needed. It usually consists of two independent parts: the 

random access memory (RAM), which is used for storage while the central 

processor is carrying Out its assignments, and disk or tape storage, which is 

used for long-term storage. There are also relatively small read-only 

memories (ROM), which are used to store frequently used material. 

BASIC, for example, is sometimes contained in ROM. The central 

processor unit (CPU) can do elementary arithmetic and logical operations in 

response to instructions provided by its controller. The controller in turn 

provides communication with the rest of the computer and conversion of 
instructions to a form suitable for use by the arithmetic and logical elements 

of the CPU. The basic functions may be thought of as communications, 

storage, arithmetical operations, and logical operations. From these basic 

functions, sequences that accomplish very complicated tasks can be 

constructed. 

For the purposes of electromagnetic theory and mathematical physics in 

general, these capabilities translate into the ability to carry out complex 

computational instructions containing both arithmetic and logical elements, 
the ability to repeat calculations for different values of arguments or 

parameters, and the ability to do symbolic mathematics. 

APPLICATIONS OF COMPUTERS TO 
ELECTROMAGNETIC THEORY 

The computational capability facilitates many useful tasks, and we now 

illustrate a few with references to the main text where they are used. One of 

the most frequently used capabilities is the repeated evaluation of mathe- 

matical expressions. In Chapter 13, the transfer function of a simple network 
is obtained as an algebraic expression. A simple computer program 

evaluates this expression over a specified range of frequencies with a 

specified step size. Doing this evaluation manually for a single frequency is 
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not difficult, but for 100 different frequencies, the computer provides 

definite advantages. In Chapter 3, Laplace’s equation is solved for a 

rectangular region using a series expansion in sines and hyperbolic sines. A 

computer program is used to evaluate the potential at specified points. This 

program takes advantage of the pre-programmed ability of BASIC to 

compute sines and exponentials. Here again the computation is not 

intrinsically complex, but summing 11 terms of the series for even one 

specific point is laborious. Also in Chapter 3, a set of finite difference 

equations is solved by an iterative technique. Each individual calculation is 
simple, but it must be repeated 50 times per iteration, and it may take 50 or 
more iterations to obtain a sufficiently accurate result. The computer does 

these calculations very rapidly. In Appendix VII, integrals are evaluated 

numerically in order to use the dispersion relations. This automation of a 

formerly laborious manual task is extremely important in science and 
engineering. In addition, circuits, boundary value problems, and many 

other applications involve the solution of sets of simultaneous linear 

equations. This process is sufficiently common that we consider it later in a 

separate section of this appendix. Chapters 3 and 13 contain examples 
requiring the solution of simultaneous linear equations. 

Approach 

Our approach to computing in connection with electromagnetic theory is 
epitomized by the imperative statement, ‘““Use clever software written by 
other people.” There is so much software now available that this valuable 
advice must be tempered with the observation that it is sometimes quicker 
to modify a good program that does almost what is needed than it is to 

locate a program that does exactly what is needed. The appropriate balance 

is a matter of taste and develops with experience. We make no claim of 
elegance for the listed programs. They are as simple and direct as we could 
make them while still serving the required purposes. To the best of our 

knowledge, none of the programs in the text appear elsewhere in the form 
we have used. Many of them, however, owe debts to long lists of people 
who have written and modified similar programs. 

For each application in the text, we have tried to present several 
approaches of varying generality and varying sophistication. Where known 
to us and readily available to others, we have also cited more general and 
more sophisticated program listings. Finally, with the same caveats, we 
mention some commercially available software. Since commercial software 

changes rapidly we have not tried to be either complete or current, but only 
to give the flavor of what is available. 

The problems require modification of programs listed in the text or, in 
some cases, the writing of new programs. They usually extend the text and 
often provide for more detailed exploration of idealized examples. 
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Specific Hardware and Software 

The baseline hardware system for the material in the text is an IBM PC-XT, 
with two 360-K floppy drives, 640-K RAM, a graphics card, and an 
appropriate monitor (or any of the numerous clones of such a system). A 

printer, even of the inexpensive nine-pin dot matrix variety, is useful but 
probably not essential, except for submitting exercises. The essential 
software is a disk operating system, MS DOS version 2.11 or higher, and a 

compatible version of BASIC. Version 2.02 will work with DOS 2.11 or 
higher, but BASIC version 3.22 requires DOS version 3.2 or later. 

Alternatively, a Macintosh and an appropriate version of BASIC can be 

used, but this may require some modification of the programs listed in the 

text. A hard drive will save a great deal of time and represents a useful 
enhancement. In the realm of software for scientific and engineering 
applications, a graph plotting program is extremely useful;* but unfortun- 

ately, most inexpensive packages do not produce graphs of suitable quality 

for science and engineering use. Packages that produce good graphs tend to 

be expensive and often require a hard drive. A useful alternative is provided 
by BASIC routines that produce at least rough graphs. One such routine is 
listed by Miller. 

We decided to use standard BASIC (by standard BASIC we mean any 
of the versions using line numbers) to present programs in the text. The 
main reasons for this choice are simplicity, availability, adaptability to a 
variety of host computers, availability of compilers, and similarity to 

FORTRAN. BASIC programs will run on QBASIC, where the line 
numbers are optional, but the converse is subject to significant restrictions. 

The availability of compilers deserves comment. Because BASIC is inter- 

preted, it executes relatively slowly, but compiled versions of BASIC have 
been developed that provide faster execution. These typically suppress the 

line numbers characteristic of ordinary BASIC and make some changes in 
the language, which generally make it even more like FORTRAN. The 
compiled versions of BASIC run faster but are not really needed for the 
problems in the text. One point that is often obscure is that programs 
written in ordinary BASIC or QBASIC (e.g., the programs in this text) can 
be compiled. To accomplish the compilation, the complete BASIC pro- 

gram, including all subroutines, is saved as an ASCII file (the SAVE 

“filename’”’,A command in BASIC; automatic in QBASIC). This file is then 

loaded into the compiler, and the compile routine is executed. Alterna- 

tively, the program including the essential line numbers and all subroutines 

*Some of the graphs in the text were produced using Tech * Graph * Pad (Copyright Binary 

Engineering Software, Inc.), which is a typical commercial program capable of producing 

publication-quality scientific and engineering graphs. 

+See the bibliography listed at the end of this appendix. 
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can be typed directly into QuickBASIC. The compiled program will usually 

run several times faster than the original, depending on the program and the 

compiler. QuickBASIC (Microsoft Corporation) almost always gives a 

substantial (three- or four-fold) improvement. Some other compilers do not 

perform as well. 
BASIC also has some disadvantages. The two that we note are that, 

first, the language does not deal with complex numbers as a standard type of 

numerical quantity. As a result, equations involving complex numbers must 

be explicitly decomposed into real and imaginary parts. This process is 

particularly annoying in dealing with ac circuits and wave propagation. The 

second disadvantage is that there seems to be no readily available, extensive 

compilation of useful scientific and engineering programs in BASIC. Books 

by Miller* and Walker* are useful, but for general utility they do not 

compare with Numerical Recipes,* which is now available for FORTRAN, 

PASCAL, and C. For QuickBASIC, the situation has improved with the 

appearance of Numerical Recipes in BASIC, which is a supplement to 
Numerical Recipes. The routines in this supplement run on QuickBASIC 4.5 
and can often be adapted easily to QBASIC. Adapting them to BASIC is 

not something we recommend. BASIC has other shortcomings, but at this 
level they are clearly outweighed by the advantages. 

Hardware and Software Summary 

Hardware: Desktop computer using DOS operating system with at 

least two 360-K floppy drives 
Graphics card 

Monitor 

Software: DOS operating system 

BASIC, QBASIC, or QuickBASIC compatible with 
DOS version 

It is almost impossible to buy BASIC alone. It is, however, usually 

supplied with DOS and packaged with IBM PC’s and clones. 
QBASIC is packaged with DOS 5.0, and alternatively the disks are 
supplied with Learn BASIC Now by Halvorson and Rygmyr,* 
where it is called “Interpreted QuickBASIC.” QuickBASIC, cur- 

rently Version 4.5, is readily available at computer stores. QBASIC 

and QuickBASIC are substantial improvements on BASIC because 

they include additional statements and because they are more 
convenient to use. If you are new to BASIC, we would recommend 
starting with QBASIC rather than BASIC. 

The programs and code in this book will run without change in 
almost any version of BASIC, QBASIC, or QuickBASIC. Line 

*See the bibliography listed at the end of this appendix. 
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numbers are required in BASIC and are optional in the other two. 

The limitations of BASIC, however, require that the programs be 
written in such a way that some line numbers are essential. These 

essential line numbers are indicated in the heading box for each 

program. If the program is being typed into QBASIC or 

QuickBASIC, only the essential line numbers need be entered. 

If a program is typed in BASIC (including line numbers), it can 

be used in QBASIC or QuickBASIC by saving it using SAVE 

“MYPROG.BAS”,A and then opening it in the prescribed way in 
the other software. Programs originated in QBASIC or 

QuickBASIC with line numbers (note that line numbers are not 

entered automatically) will run in BASIC unless statements not 

supported by BASIC are used in the programs. In particular, 

subroutines are dealt with by more sophisticated methods in 

QBASIC and QuickBASIC and these will not work in BASIC. This 
procedure is not recommended. 

COMPUTER IMPLEMENTATION OF SELECTED 
NUMERICAL METHODS 

In this section, we discuss the computer implementation of two extremely 

common numerical procedures, numerical integration and solving linear 

equations . 

Numerical Integration 

Our requirement for numerical integration can be satisfied by a simple 
trapezoidal formula and a program that implements it. The basic idea is 

illustrated in Fig. I-1. The integral of f(x) is to be computed between the 

limits a and b. To approximate this integral the interval is divided into N 

equal intervals of width H. For each interval, the value of f(x) at the 
beginning of the interval is added to the value at the end of the interval, and 
the sum is multiplied by H/2, where H is the width of the interval. These 

contributions from the N intervals are added to get the approximate value 
of the integral. The limit of this sum as the number of intervals becomes 
infinite is one definition of the Riemann integral so one would expect that a 
large number of small intervals could give a good approximation to the 
integral. In general, this expectation is correct; however, if the integrand is 

singular or otherwise pathological, considerable care may be needed to get 
the correct result, but we will not pursue this point further. 

The short program listed in Fig. I-2 implements this procedure. The 
integrand is defined on line 200; as written, it is the integrand for evaluating 
the power radiated by a halfwave antenna as discussed in Section 20-2. 

Other integrands can be written in lines 201 to 209, and all but one may be 

“commented out’ to provide flexibility for doing a variety of integrals as 
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EE
 

FIGURE I-1 f(x) A 

The area under the curve 

is approximated by 

trapezoids. 

iF : x 
a b 

0 1 2 3 4 N=4 

needed. The program first asks for the upper and lower limits and the 

tolerance as a fraction of the value of the integral. The approximation for 

N = 1 is defined. The range of integration is covered by means of a 
FOR...NEXT loop, and the integral is approximated by the sum of the 

areas of two trapezoids, I(2). If this approximation differs from I(1) by 
more than the tolerance, the program returns to line 270 and doubles the 
number of intervals. This process is repeated until the difference between 

FIGURE |-2 LOO 7 HWM HTK IHR HHT K RR RIKKI IIR RR IO ER RK KEKE AKER KERR EAR ER 

UO Er * 

BASIC program for in- 120 ‘* INTEG3: INTEGRATION BY TRAPEZOIDAL RULE . 
tegration by trapezoid 7, aa NO ESSENTIAL LINE NUMBERS : 

rule (integrand is defined LOA LEALE LLL SEE EASE REE RSE RSE RES ESR RES ERS EE ESSERE RSS SSE SE SSS SS SS SS SS SSP Se Ter 

on line 200) rotecs 
180 DIM S(1024): DIM I(1024): DIM D(1024) 
190 PI = 4 * ATN(1) 

200 DEF FNF (X) = ((COS(PI * xX / 2)) * 2) / (1 = X * 2) 
210 INPUT “Lower limit =", LL 
220 INPUT "Upper limit =", UL 
230 INPUT "Tolerance, T =", T 
240 N= 1 

250; Di D)e =e cutee) 
260 WHILE D(N) > ABS(T * I(N)) 

270 N=2* N 

280 H. = (UL - LL) / N 
290 $(0) = (UL - LL) * (FNF(UL) + FNF(LL)) / (2 * N) 
300 FOR J= 1. TO N= il 

310 S(N) = S(N) + H * (FNF(LL + J * H)) 
320 NEXT J 

330 I(N) = S(O) + S(N) 

340 D(N) = ABS(I(N) - I(N / 2)) 
350 WEND 

3160 PRINTEMNe=" 7 ON, YI(N)) ="; (NN) MDCN) | =e DCN) 
370 END 

SS SSS 
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I(N) and I(N/2) is less than the tolerance. The number of intervals, the 
value of the integral, and the difference between I(N) and I(N/2) are 
printed. 

If this program is simply loaded and run with the limits —1 and 1, the 
computer announces that you are asking it to divide by zero. This problem 

occurs at the limits (in spite of the fact that the integrand actually vanishes 

at both limits), so it is easy to overcome by choosing limits slightly different 

from —1 and 1; for example, —0.999 and 0.999 instead. With these limits 

the program runs smoothly and gives a very satisfactory result for 512 

intervals. However, the problem of dividing by zero is always a difficulty to 
be circumvented in one way or another. 

Simultaneous Linear Equations 

The solution of sets of simultaneous linear equations is one of the most 

frequently occurring tasks in mathematical physics. We limit ourselves to a 

nonsingular (i.e., |A,,| # 0) set of equations of the form 

> AiW; = D, (I-1) 
jj 

with real coefficients. The obvious approach is to use Cramer’s rule to find 

the inverse of the matrix A and then multiply Eq. (I-1) by this inverse to 
obtain the W,’s. It is, however, well known that this procedure is 

prohibitively time consuming even for fast computers if N, the number of 

equations, is even moderately large. Fortunately there are other faster 

techniques, and we describe here the Gauss-Jordan elimination method with 
full pivoting. In its simplest form, elimination involves subtracting multiples 
of the first equation from the other equations to eliminate W, from all 
equations except the first. The same procedure is followed using the second 
equation to eliminate W, from all equations except the second, and so on. 
The result is a series of equations of the form W, = C, where the C;,’s are 

derived from the D,’s in the process of elimination. A problem arises with 

this method when some of the diagonal elements of the coefficient matrix 

are small. In this case round-off errors can produce erroneous results. These 

are avoided by pivoting, which amounts to interchanging rows to put the 
largest element of the matrix on the diagonal and then eliminating the other 

elements in that column. The largest remaining element in the matrix is 
treated in the same way. After N repetitions, there remains a diagonal 
matrix that can be easily reduced to the identity matrix. In the process, the 

right-hand side is converted into the solution. It should be noted that full 
pivoting is not always necessary, and most sophisticated linear equation 

solvers pivot only if the diagonal element is smaller than some predeter- 

mined value. The full pivoting process is implemented by the program listed 

in Fig. I-3. The program first finds the largest element in the matrix and 

then interchanges rows to put this largest element on the diagonal. Each 
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FIGURE 1-3 

BASIC program for 

Gauss-Jordan elimination 

Fee RAR EERE REE RAKEHAAAEAARADERERE 

‘tk * 

Le G-J2KA: GAUSS-JORDAN ELIMINATION SUBROUTINE * 
‘* LINE NUMBERS 2000, 2245, 2250, 2345 AND 2431 ARE ESSENTIAL * 
'* * 

Fee RRAARRERARERRRRERREREERERERREAAKEEAAAAAKEAAERAKKREKAAKKAKKKKKRKKKHKKAKKKREE 

‘’ Required inputs: M1%, N1%, N2%, A(I,J), D(I); Dimensions of A, D, W 
‘ should be specified by I-O program. Solution is generated as W(I) in 
‘ in the same order as input, but not printed. Main progam should order 
‘ printing. 
‘ 

‘Identifiers 
sy ca coefficient matrix 
Ushi biggest value 
fa D constant vector 
“Hi work variable 
‘  IR% row index 
Ur Wed column index 
‘  M1% maximum dimension of matrices 
' N1% number of rows 
‘  N2% number of columns 
PL: pivot element 
‘ RS work matrix 
sow solution matrix 
‘ Note - I,J,K & L with or without suffixes are indices 
‘ End of identifiers 
‘ 

DIM R%(M1%, 3) 
, 

‘Initialize R%(I%,3) and W(I%) 
FOR It = 1 TO N2% 

W(I%) = D(I%) 

R*t(I%, 3) = 0! 

NEXT I% 
, 

‘Diagonalize A(I%,J%) 
FOR I% = 1 TO N2% 

4 

‘Search for largest (pivot) element, Bl 
Bl = 0! 

FOR J% = 1 TO N2% 

IF (R¥(J%, 3) = 1) THEN 2250 
FOR Kt = 1 TO N2% 

IF (R*(K%, 3) > 1) THEN PRINT "Errorl - Matrix is singular" 
IF (R¥(K%, 3) = 1) THEN 2245 
IF (Bl >= ABS(A(J%, K%))) THEN 2245 

IRt = J% 
Ict = Kt 

Bl = ABS(A(J%, K%)) 
NEXT K% 

NEXT J% 

‘Change R% to indicate biggest element in position IR%, ICct% 
R*&(IC%, 3) = R&(ICt, 3) +1 
R¥(I%, 1) = IRt 
R*¥(I%, 2) = Ict 

‘Interchange rows to put pivot element on diagonal 
IF (IR& = IC%) THEN 2345 
FOR L% = 1 TO N2% 

H1 = A(IR%, L%) 

A(IR%&, Lt) = A(IC%, Lt) = 
A(Ic%, L%) = H1 

NEXT L%& 

H1 = W(IR%) 
W(IR%) = W(IC%) 
w(Ict) = H1 

‘Divide pivot row by pivot element 
P1 = A(IcC%, IC%) 

IF ABS(P1) < .0000001 THEN PRINT "Error2 - mat i i " Pipe ee atrix is ill conditioned 

FOR L%& = 1 TO N2% 

A(IC%, L&) = A(Ic&, L%) / P1 
NEXT L% 
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2375 W(IC%) = W(IC%) / P21 
230004 

2385 ‘Reduce elements in column IC% in non-pivot rows 
2390 FOR L1% = 1 TO N2% 

2395 IF (L1% = IC%) THEN 2430 

2400 T = A(L1%, IC%) 
2405 A(L1%, IC%) = 0 
2410 FOR L% = 1 TO N2% 

2415 A(Li%, L%) = A(Li%, Lt) = A(ICc%, Ls) * T 
2420 NEXT L% 

2425 W(L1%) = W(L1%) - W(IC%) * T 
2430 NEXT Lit 

2435 % 

2440 NEXT I% 

2445 ’ 

2450 ‘Test for errors 

2455 FOR K% = 1 TO N2% 

2460 IF (R*(K%, 3) <> 1) THEN PRINT "Error3 - matrix is singular": STOP 
2465 NEXT K% 
247004 

2475 RETURN: ‘Return to main program from Gauss-Jordan subroutine 
2480 END 

SS 

element in that row is divided by the largest element to reduce the diagonal 

element to unity. Multiples of that row are subtracted from the other rows 

to make the nondiagonal elements in the pivot column zero. The process is 

repeated, excluding the first pivot row from the search for the largest matrix 
element. After a number of repetitions equal to the number of equations, 

the matrix A is converted into the identity matrix, and the vector D is 

converted to the solution vector. The only feature requiring further 

explanation is the register matrix R, which has three columns and as many 
rows as there are equations and keeps track of the pivoting. The third 

column of this matrix starts with all zero values. After the largest element is 

found, the first row is changed to give the row and column location of the 
largest element and the third column is changed to one. The row and 

column indices are changed as the largest element is moved to the diagonal. 
On the second iteration, this row is skipped and the largest remaining 
element is found. If, after all rows have been processed, any element in the 

third column of R is not one, it means the matrix is singular and a message 
to that effect is displayed. Many Gauss-Jordan routines also calculate the 

determinant of the coefficient matrix and explicitly calculate the inverse 

matrix. This program can be extended to do these calculations but, since we 
do not use them in the text, the shorter version has been listed. Under some 

circumstances the dimensions of R and W may be specified by the control 
program, in which case apostrophes should be added to the beginning of 
lines 2120 and 2125 to avoid error messages. It is convenient to test the 

program with a simple set of equations with a known solution. A test input 

is listed in Fig. I-4. If this short program is loaded and the Gauss-Jordan 

program (G-J2KA, Fig. I-3) merged with it, then running the program 

should produce the answers shown. 
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a 

FIGURE I|-4 

BASIC input-output pro- 

gram to test Gauss- 

Jordan program. (Ans- 
wers to test problem: 

X1=0.5, X2=1, X3= 
1.5, and X4=2.) 

100 LR HII IK KI II III II IIR IIIA IAI IAAI IIA IIA ASIII IA ACSIADCA IIASA AAS SD IAAI ASICS A ISI AIH 

* 
A120) "* 
120) 7% G-3J TEST: PROGRAM TO PROVIDE TEST INPUT AND PRINT OUTPUT FOR . 

230) 1% z GAUSS-JORDAN EQUATION SOLVING PROGRAM 

140 ’* NO ESSENTIAL LINE NUMBERS : 

145 ’* fs 

L507 ee 
: 

60 III III III III IO ISIS IIIA I IAI III AI I IISA IIIS IAI IIS TITS IIA. 

170 INPUT "M1% =", M1% 
180 DIM A(M1%, M1%), D(M1%), W(M1%) 
190 N1% = 4: N2% = 4 
200) A(t ye Se A(L, 2) = 2s ACL, 3)\P ae sewAl, 4)e 84: D(t) = 15 
210) AI(2,h 1) = 2eAC2 ee a= See (2 3) = 4's AZ) 4)e eas Di 2) —e12 
220) A(3 81) = SAGE )ee 4s A(3, 3) = De As, 4)e=922 D(3))= 11 
DIORA (4 M1) = 4 cueaediesa): =pelicwA (45 So = 250 A (4, 4)e ess (4) = 12 
240 GOSUB 2000 
250 PRINT "X1 ="; W(1), "X2 ="; W(2), "X3 ="; W(3), "X4 ="; W(4) 
260 END 

Comments on Numerical Analysis 

We have said almost nothing about numerical analysis. Numerical analysis is 

too important to relegate to a few words in a text on another subject. It is 

important to note, however, that the very power of contemporary compu- 

ters makes it extremely easy to get into trouble with convergence, stability, 

and many of the other traps of numerical analysis. There are a number of 

books that deal with numerical analysis in the context of modern comput- 

ing; some of these are listed in the bibliography at the end of this appendix. 

It is useful to have one available for reference purposes when a problem 
arises. 

USEFUL TIPS 

Several useful tips that are hard to find in the usual references are listed 
nere. 

1. It is always a good idéa to test programs by doing a problem with 

known solutions. Problems that can be done manually are often the best for 
testing. The process of solution by the computer can then be followed by 
judiciously inserted temporary PRINT and STOP statements. For similar 
reasons it is best to use data sets that are just large enough to exercise all of 
the features of the program. In Chapter 13, for example, three frequencies 
are enough for checking the program. Once it is running properly, the full 
data set can be inserted. 

2. The line 

PRINT ''Press any key to continue. '"': K$ = INPUT $(1) 

will stop the program until any keyboard key is pressed. K$ can be any 
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otherwise unused string variable. It is useful for pausing to examine inputs 
on the screen after they have been entered. 

3. To denote user choice, the lines 

INPUT ''Do you wish to (statement) (Y/N)''; A$ 
IF A$ = "Y'' GOTO (line number) [or THEN GOSUB (line 
number) . . . RETURN (line number) ] 

enable the user to choose whether or not to execute the statement. It can be 
used to quit, to print, or to execute a subprogram at the user’s option. As 

always a little care is needed to insure that entries and exits are made at the 
proper points to implement the desired logic. 

4. Summing series. The easiest way of evaluating the sum of the first NV 

terms, Of. a. SCness Snes Net T; is to use a recursion relation Sy = 

Sv-1 + In; In = f(Ty-1, N — 1) in a FOR NEXT or WHILE WEND 
loop. For example, 

INPUT "X=", X: INPUT "N=", N 
§(0) =1:7(0) =1 
FOR J =1TON 
T(J) T(t 1) ex yd 
S(J) =S(J-1)+T(J) 
NEXT J 

computes the sum, S(N), of the first N + 1 terms of the series expansion for 

exp x. This process is used several times in various programs in the text and 

appendices. 

5. Variables must be initialized; otherwise they will start with whatever 

is left in the assigned storage. That is why the second line is included in the 

short program in item four above. 

6. Many calculations require 2. The line 

PI =4+* ATN(1) 

makes it possible to type PI whenever z is needed. 

7. Remember that DEF FN can be used to define functions in terms of 
the predefined functions of BASIC as well as algebraic expressions. Thus, 

for example, 

DEF FN TANH(X) = (EXP(X) — EXP(-X)) /(EXP(X) + EXP(-X)) 

provides the hyperbolic tangent with the statement FN TANH(X). 

8. Remember that arrays must be explicitly dimensioned if the dimen- 

sion exceeds 10, and it is always a good idea to dimension them. Note, for 

example, that S(N), I(N), and D(N) are all dimensioned in line 160 of Fig. 

I-2. Dimensioning also sets all values to zero. 

9. As mentioned earlier, PRINT and STOP are useful debugging tools. 

10. It is sometimes useful to “comment out” lines of code by inserting 
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either REM or an apostrophe (’) at the beginning of the line. Such lines are 

ignored in the execution of the program, but can be easily reactivated by 

deleting REM or the apostrophe. 

11. Finally, we repeat the early advice: “Use clever software written by 

other people.” 
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Coordinate 
Transformations, 

Vectors, and Tensors 

In order to achieve a compactness in notation, we shall use x,, x2, x3 for the 

Cartesian coordinates x, y, z. A coordinate transformation is linear if the 

new coordinates can be expressed as a linear combination of the old 

coordinates. Thus, 

Xp = AyyXy + Ay2Xq + A43X3 

Xz = Ag\X, ar Az2X2 + A 73X3 (II-1) 

X34 = A3,X, + Ax2X2 + A33X3 

=>, a,jX; (II-1a) 
J 

is a linear transformation. It is understood that the summation runs from 

j = 1toj = 3. Furthermore i can take on any of the values 1, 2, or 3. The 

set of coefficients {a;;} describes the transformation. 

Consider, for example, the coordinate transformation described by 

x’ =xcosé+ysiné@ 

y'’ = —xsin@ + ycos@ (II-2) 

Ze. 

This linear transformation describes a rotation about the z-axis through 
the angle @, in which the x- and y-axes are transformed into the x'- and y’- 

axes, respectively (see Fig. II-1). The length of the position vector, /= 

x° + y° + z°, is left invariant by the transformation since it is evident 
from (II-2) that 

Netayo ee x yO ee (II-3) 
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FIGURE Il-1 

Coordinate system rota- 

tion in two dimensions. 

The heavy line is the 

projection of vector / 

onto the xy-plane. 

Equation (II-2) is an example of an orthogonal transformation in three 

dimensions, an orthogonal transformation being one which is real and 

leaves the length of a vector unchanged. Properties of orthogonal transfor- 

mations will be discussed in more detail in the following paragraphs. 
A transformation is orthogonal if it leaves the length of the displace- 

ment vector (or equivalently if it leaves } x7) unchanged. Let us assume 

that (II-1a) is an orthogonal transformation. Then, 

DoeNr= Dd (11-4) 
i k 

But 

(x/)? = >) Dd ayauxjXe 
j k J 

and 

>» (x;)? 

Equations (II-4) and (II-5) agree only if the quantity 

0, j#k Savu= {42g (11-6) 
This last equation may be written more compactly by introducing the 
Kronecker delta 6;,, which was defined in Section 2-9. 

D, FiGix = Spt (II-6a) 

>» > Dd GiyGinX;Xe (II-5) 
J k i 

Equation (II-6a) is the condition which must be imposed to make the 
transformation {a,} orthogonal. We easily verify that the rotation, (II-2), 

satisfies this criterion. 
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The transformation (II-1) may be written symbolically as 

X’ = AX (11-7) 

where X’ is the position vector with transformed components (x;, x3, x3), X 

is the position vector with original components (x,, x2, x3), and A is 

regarded as a matrix operator. In fact A is the matrix of the coefficients 

{aj}: 

411 412 443 

A=] 4 a2 a2 (II-8) 

43; 432 433 

If we display the vectors X’ and X as column matrices, we may write (II-7) 
as 

, 

x Qi, 412 443 x 
' — 

Xo = ar QA = A23 X2 |- (1I-7a) 

Uy 

X3 43; 432 G33 X3 

The transformation (II-1) follows from this last equation through the usual 
laws of matrix multiplication. Thus the matrix A given by (II-8) and Eq. 
(II-1a) are equivalent ways of describing the coordinate transformation. 

The inverse of a transformation must bring us back again to the original 
set of coordinates. Thus, if {b,;} is the inverse transformation to {a,}, then 

ad Po 3, bjix; (II-9) 

Combining this with (II-1a), we find 

x; = py > DjiQixXk 

which is an identity if 

2 biidix = Ojz (II-10) 

Equation (II-10) is the condition imposed in order for B to be the inverse 
transformation to A. If, in addition, A is an orthogonal transformation, then 
(II-6a) holds. Comparison of (II-6a) and (II-10) shows that if matrix B is 
constructed so that 

bj = 4; (II-11) 

then B will indeed describe the inverse transformation. According to 
(II-11), matrix B is constructed from A by interchanging its rows and 
columns. The new matrix is called the transpose of A and is given the 
symbol A. Thus the inverse of an orthogonal transformation is the transpose 
of the original transformation. 

In Chapter 1, we defined a vector function as a quantity possessing both 
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direction and magnitude at each point in space. An alternative definition is: 

A vector is a quantity whose components transform under an 

orthogonal transformation as the components of the position vector. 

Thus, if F is any vector function, its transform F’, resulting from an 
orthogonal transform A, is 

F’ = AF (II-12) 

Scalar functions of position, such as the length of a vector or the dot 

product of two vectors, are unchanged by an orthogonal transformation, or 
are invariant. 

In addition to scalars and vectors, there are other more complicated 
quantities. One of these, whose transformation properties we need, is the 
second-rank tensor or simply tensor. A tensor is a quantity with two-index 
components; thus a component of tensor T is 7;,, where i and j can each take 

on the values 1, 2, and 3. The reader will be exposed to the quadrupole 

moment tensor Q, (Section 2-9), the dielectric tensor €, for anisotropic 

media (Section 16-3), and the four-dimensional field tensor F,, (Chapter 

22). A familiar example from mechanics is the moment of inertia tensor. A 

linear relationship between two vector quantities can be expressed in terms 
of a second-rank tensor. Thus, the angular momentum L of a rigid body 
can be related to its angular velocity w by means of the moment of 

inertia tensor I: 

L = lo 

or 

L, = > yo; 
j 

The tensor itself can be expressed in matrix form: 

I I2 Nh 

l=|[hi kp bs 

by I> 3 

Suppose two vectors F and X are linearly related through the tensor 
relationship 

F = TX (II-13) 

Now if an orthogonal transformation A is performed, X will be converted 
into X’ and F into F’. We should be able to express Eq. (II-13) in the 
transformed system as 

F’ = TX’ (II-14) 
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where T’ is the transform of T. But 

ce » aiF; a 2, a TeX x 

=> > D GT (4X. 

> [= py aT (€)am |X (II-15) 

with (4) im = Qmx- For Eqs. (II-14) and (II-15) to be compatible, 

Tim = py > Gi; Tix (4) km (II-16) 
"kai 

This last equation expresses the transformation law of a second-rank tensor 
under an orthogonal transformation. Equation (II-16) also expresses the 
rule for multiplying three matrices together to find the i, m-component of 

the resulting matrix. Thus, (II-16) is written symbolically as 

T’ = ATA = ATA"! (II-16a) 

Let us finally determine the transformation law for the vector 

differential operator V. Consider the ith component of the gradient of a 
scalar invariant function qm; we think of @ as a function of the coordinates 

x;, which are in turn functions of the new coordinate x/. Using the chain 

rule of partial differentiation, we find 

st OW Ox; 

x; ee Ox; ax! 

From Eq. (II-9), 

OP OP eS be : 
Ox} 2 " Ox; ere 

and from (II-11) for an orthogonal transformation 

3 re) 

Ox} 2 “i By, ue 
Thus the components of V transform like those of the position vector, 

(II-la) under an orthogonal transformation. * 

“Under a more general transformation, quantities that transform by (II-17) have to be 
distinguished from those that transform by (II-la). They are called covariant vectors and 
contravariant vectors, respectively, but we will not need this distinction. 
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Systems of Units 

In this book, the charge-rationalized mks system of units has been used. 

This system has the virtue of including the practical electrical units of 

potential difference (volt), current (ampere), resistance (ohm), and so on. 

As a result, the system rapidly gained favor with electrical engineers and is 

now the international standard. In other areas, notably atomic, solid-state, 

plasma, and nuclear physics, another system, known as the Gaussian 
system, has remained popular. Most other systems have faded from use, and 

hence only the Gaussian system will be discussed here at length. 
In the mks system of units, the appearance of the numbers €, and wo in 

the formulation of Coulomb’s law and the Biot law, respectively, causes an 
apparent difficulty. The difficulty is simply that Coulomb’s law, 

1 4142¥i2 (111-1) += 
ATE gel i 

cannot be used to define the coulomb unless €) is known. By the same 

token, it cannot be used to define €,) unless the coulomb is previously 

defined. A technical point is that since €) is taken as an experimentally 
determined number, using (III-1) to define the coulomb would result in a 

coulomb that would change every time €, was redetermined. Thus it is clear 

that (IIJ-1) should be used to define € , with the coulomb otherwise 
defined. 

A corresponding difficulty does not arise in the magnetic case because 

one takes uy = 4a x 10°’T-m/A, by definition. As a result, the 
expression 

EY Ub (111-2) 
let Ths 

for the force per unit length between two parallel, current-carrying wires 

599 
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can be used to define the ampere: 

One ampere is that steady current which, when present in each of two 
long parallel conductors separated by a distance of one meter, results 

in a force per meter of length between them numerically equal to 

2x 10~’N/m. 

Of course, any other geometry could be used and would result in an equally 

unambiguous (and, in fact, numerically identical) definition of the ampere. 
Having thus defined the ampere, the coulomb is defined as the charge 

transported by a steady current of one ampere flowing for one second. This 

in turn makes it feasible to use (III-1) to define €). There is thus no real 

problem, but only an artificial one arising from a desire to treat the 

mathematically simpler case of electrostatics before discussing the magnetic 

interaction of currents. 
It is sometimes thought that this problem does not arise if the cgs 

Gaussian system of units is used. This idea is true only in the sense that the 
coefficient in Coulomb’s law is chosen to be 1 dyne cm?/esu*, which places 
the burden of agreeing with experiment on the magnetic interactions. Thus, 

the velocity of light appears in the expression for the force between 

current-carrying conductors. Since in the usual treatment the conveniently 
defined quantity occurs first, this problem is less painfully obvious in the 

Gaussian system than in the mks system. 

The Gaussian system is a combination of two earlier systems: the 

electrostatic system, esu, and the electromagnetic system, emu. The 

electrostatic system resulted from writing Coulomb’s law in the form 

F, = 919 2K 12 
3 

ri2 
(III-3) 

and defining the esu of charge as that charge which when placed one 
centimeter from an exactly similar charge experiences a force of one dyne. 

It is obvious that the esu of charge is much smaller than the coulomb (in fact 
1 coulomb = 3 x 10’ esu). The electromagnetic system resulted from writ- 

ing the Biot law, Eq. (8-25), without the factor u/4a and defining the 
abampere as the current that, when present in a long straight wire, results in 
a force of 1 dyne/cm when the wire is placed 1 cm from a parallel conductor 
carrying the same current. From |9/42| = 10-7 and 1 newton = 10° dynes, 
it is found that 1 abampere = 10 ampere. 

Either of the two starting points noted above could be used to initiate 

the development of a complete system of units. Historically, however, esu 

was used primarily for electrostatic problems and emu for electromagnetic 

problems. This being the case, it was natural that a hybrid system using esu 
for electrical quantities and emu for magnetic quantities should develop. 
The system that evolved in this way is known as the Gaussian system. The 
principal point of contact of esu and emu in the Gaussian system is in the 
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current density, where 

Jesu 

(III-4) A hs oe = 

In the Gaussian system we use J... and explicitly exhibit the velocity of light 
in the magnetic equations. Thus, the Biot law has the form 

Lb dl, x (dl, X ty) 
2 

dF, = ‘ hare os (III-S) 

with J in esu/s. 
In Gaussian units, Maxwell’s equations are 

1 OB 
VAXCEtt -—~ = 0 

Ceol 

V-D = 429 

10D 4x3 sae Vx Hoe 
c Ot c 

V-B=0 

The fields are derived from scalar and vector potentials by means of 

10A 
B=VxA and | hr te es (III-7) 

c Ot 

and the Lorentz force is 

v 
F= a(E cts - x B) (111-8) 

D and B are related to E and H by 

D=E+ 4n7P and B =H + 421M (III-9) 

where P is the electric dipole moment (p = ql) per unit volume, and M is 
the magnetic dipole moment (m = /An/c) per unit volume. These equa- 
tions are substantially sufficient to define the Gaussian system of units. In 

addition, the energy density is 

1 
u=—(E-D+B-H) 

82 

and the Poynting vector is 

a: 

4x 

For convenience Table III-1 gives the numerical relationships of 
Gaussian units to mks units. 

S ExH 
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a 

TABLE Ili-1 Quantity Symbol Gaussian units* mks units 

Capacitance ee 9 x 10'' cm (esu/statvolt) = 1F 
Charge Q 3 x 10’ esu =1C 
Conductivity g S10 sa =01(Qm)~ 
Current Z 3 x 10°esu/s (=10°"'abamp) =1A 
Electric displacement D 122 x 10° dyne/esu = 1C/m* 
Electric field E ; X 10 *dyne/esu = 1V/m 
Energy U 10’ erg =1J 
Force F 10° dyne =1N 
Inductance de tte Estfem =1H 
Magnetic flux @ 10° maxwell = 1Wb 
Magnetic induction B 10* gauss = 17 
Magnetic intensity H 4x x 10° oersted (gauss) = 1A/m 

Potential @ 1/300 erg/esu (statvolt) =1V 
Resistance R 5 X 10° ''s/cm (statvolt-s/esu) = 1Q 

*The factor 3 (9 = 3°) in the conversions comes from the velocity of light, c = 3 x 10° m/s. 

For greater accuracy, use 2.9979 instead of 3. 

Some advantages of the Gaussian system, which account for its 

continued use in the physics literature, are that the factor 477€,) does not 

occur in all the equations of atomic physics, where the Coulomb potential 

plays a central role, and that the velocity u always enters in the 
dimensionless form u/c prescribed by the Lorentz transformation. In 
relativity, it is natural for E and B to have the same units, since their 

components are simply different elements of the field tensor. There is no 

reason for the auxiliaries D and H to have other units. It is a convenience 

that in material media the permittivity and susceptibility are dimensionless 
and related by 

€e=1+ 47x. 

like the corresponding magnetic quantities, 

w=1+ 4x, 
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Vector Differential 
Operators 

1. Rectangular Coordinates 

.9P | .9M op Vp =i— +j—+k— 
Uae Fags unioy amas 

OF. OF, OF, 
VeF=—+— 

Ox oy Oz 

OF, _ OF, CR wsoF: OF OF. ear e) iaeee He ay oz Oz ox Ox oy 

2. Cylindrical Coordinates 

og 1dq@ Op 
Vo = a, — + ag-— +k— 
Sa er Oo ene 

19 10F, oF, 
eS pores 00 az 

1 OF, OF, OF OF; 1/9 va a(iE- 28) «a(E- 2) ol " r 06 Oz °\ dz or : or 

3. Spherical Coordinates 

oO log 1 oO 
Vo =a,—+ +a = 
Ce oe aE 

oes 1 1 OF, 
= ——(r- + _—_ 

rapt 0) See aee anne, 

EB) ae 
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a 1 3 ; ae) 

Vx Fm 9, | 55 (Fo sin 8) a 
1 | IER CE ae) 1 a —) 

G7 ee ee a ee 
rlsin@ do or Pleo. 306 

The Laplacian of a scalar quantity, V’@, is given in Section 3-1 for the three 

coordinate systems. Vector identities are given in Table 1-1. 
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The Dirac Delta 

Function 

In one dimension, the delta function is defined by 

d(x) = 0 for x #0 
nes V-1 
| d(x) dx = 1 wey) 

This function can be understood in an elementary way as the limit of an 

ordinary continuous function. For example, the Gaussian function 

1 

Vie 

has a peak at x = 0, which is higher and narrower the smaller is €, and its 

integral from —% to += is 1 for any value of €. Thus, we could define 

—x2/e2 

d(x) = lim emis (V-2) 
e>-0 VITE 

Another useful representation is 

. €sin’x/e 
d(x) = lim — 2 (V-3) 

e—0 JT 

As a third example, we may use the Lorentzian function introduced in 

Chapter 19: 

G 

d(x) = lim — - 
( ) eo TX? + EC 
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An important property of the 6-function is 

1 
d(ax) = d(x) (V-5) 

where a is a constant. This expression follows directly from Eq. (V-1); first 
we change variable, x to u, which does not change the result. Then we let 

u = ax, which yields 

- 1 | (ar) dx = - (v-6) 

The mean-value theorem of calculus gives 

[ Fea) dr = FO fax 
so that as f(x) > d(x) 

[ Fe 6(x) dx = F(0) (V-7) 

In all of the above equations, we can replace the variable x by (x — xo); in 

particular, 

[ Fx) 0 = x0) de = FO) (V-8) 
In any equation involving the delta function, the domain of integration can 
be reduced to any interval containing the point where the argument of the 
delta function vanishes. 

An extension to three dimensions can be achieved by writing 

O(r) dv = d(x) d(y) 5(z) dx dy dz (V-9) 

In Chapter 2, we found that 

&(r) = v(—) (V-10) 
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Fourier Integrals 
(Fourier Transforms) 

A real function that is continuous except for a finite number of finite 
discontinuities in the interval —//2 < t < //2 can be expanded in a complex 
Fourier series: 

fo= ss Osan (VI-1a) 
n=-o 

1 1/2 
a, = al Eijeacue (VI-1b) 

—U/2 

In order that f(t) be real, a, and a_, must be complex conjugates. We wish 

to consider the case where /—. Let us define w = 22n// and la, = 

V2n f(w); then we may convert the sum in (VI-la) to an integral since 
> FE, = § F, dn > (1/22) J F(w) dw. Equations (VI-1) become 

il ee : 
ft) ==] fl@e "dw 

V2n [. (VI-2) 

f(w) = tee” dt 

In this form f(t) and f(w) appear as a transform pair commonly called 
Fourier transforms. The factor 1/2m has been symmetrically apportioned, 
and we shall consistently use this convention, which although convenient, is 
not essential. In fact, changing both variables, w and ¢, by dividing each by 

V2 requires one to insert a factor of 27 in the exponents and remove the 

factors 1/\/2z from in front of the integrals (this procedure is convenient for 

computer applications). 

607 
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Equations (VI-2) may be combined to give 

f() = = ibs dw [. dt'f (te (VI-3) 

This equation is a statement of the Fourier integral theorem. 
Fourier transforms can be formulated using only the physically defined 

positive frequencies, when f(t) is nonzero only for positive values of ¢ or 

when f(t) is either even or odd. In the latter case, we may define new 

functions, f.(t) and f,(t), which are even or odd by 

LORE DPE) pep (VI-4) 

(Every function can be expressed as the sum of an even and odd function.) 

Using Eqs. (VI-4) in Eqs. (VI-2) to transform the range of integration that 

extends over negative values of t, and noting that f(t) is real we get 

{QO= = { [F(w)e'" + c.c.] dw (VI-5) 

L(t) = V2 [tay 00s wt dw 
TT Jo 

” (VI-6a) 

f.(@) = 2 f.(t) cos wt dt 
TT Jy 

fot) = V2 Roysn wt dw 
TT 1) 

(VI-6b) 
fo(@) = 2 [ so sin wt dt 

TT Jo 

We can also use the second equation in (VI-2) to find a useful 

representation of the Dirac delta function. We set f(t) = 6(r) so that 

d(w) = = [ dt d(t)e = iz (VI-7) 

The Fourier transform of the 6-function is a constant. Using this result in 
the first Eq. (VI-2) gives 

I " —lwt d(t) = oe [awe (VI-8) 

The Fourier transform of a constant is the delta function. Changing variable 
tto t-— ty gives 

1 | (t= te) = = ib dwei#\-"0) (VI-8a) 
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Taking the real part gives 

1 oa 

d(t — to) = = | dw cos w(t — to) (VI-8b) 

and the imaginary part gives 

| dw sin w(t — to) = 0 (VI-8c) 

In this calculation, we have violated an assumption about the continuity of 

f(t), but the fundamental theorem can be generalized to accommodate this 
difficulty. 

This representation of the Dirac delta function can be used to prove a 

very important theorem, the convolution theorem, which states that if 

Lindl (Gu sesieonlted) in te FO) = TJ een — HY at (VI-9) 
then 

f(@) = g(@)h(a) (VI-10) 

There are many applications of Fourier integrals. One occurs in Section 

19-6 and another in Appendix VII. Fourier integrals are one of the most 

valuable theoretical tools of the physicist and engineer. 
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Functions of a 
Complex Variable: 
Dispersion Relations 

This appendix contains some notes on mathematical techniques involving 

complex variables. Since all physical quantities can be represented as real 

functions of real variables, such techniques are not essential to formulating 

or understanding electromagnetic theory. They may, however, facilitate and 

simplify the analysis. 

FUNCTIONS OF A COMPLEX VARIABLE 

We assume a familiarity with the algebra of complex numbers: addition, 

subtraction, multiplication, division, exponentiation, complex conjugation, 
and so forth. The most useful results of analysis are stated in the following, 
usually without proof. 

The definition of a complex function of a complex variable is a rule that 

associates with every pair of real numbers, x and y, representing the 

complex variable z = x + iy, another pair of real numbers, u and uv, 

representing the complex quantity w(z) = u(x, y) + iv(x, y). This state- 

ment is a simple extension of the definition of a function of a real variable, 
but it is so broad that no results useful in physics can be proved unless some 
restrictions on the functions are assumed. If the requirement that w(z) be 

differentiable with respect to z is added, then u(x, y) and u(x, y) are 
related. The derivative of w(z) with respect to z is defined formally as it is 
for real functions, 

Bie Melee) 
tbe oe Z— 2% Abe 

If this limit exists and is independent of the direction from which z 

approaches Zp, the function w(z) is said to be differentiable. Independence 
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of direction is the crucial difference between complex analysis and real 

analysis; there are now infinitely many directions from which z can tend to 
Z in the limit. A single-valued function of a complex variable that is 
continuous and differentiable in a region of the complex plane is called an 
analytic or regular or holomorphic function in that region. Because 
differentiability is a more severe restriction in complex analysis, many more 
results can be proved about analytic functions than about real functions. 

The first important result is that for an analytic function w(z) = u + iv: 

= -— (VII-2) 

The necessity of these conditions, which are known as the Cauchy-Riemann 

differential equations, can be proved most easily by taking the derivatives 

with z — Zp first equal to 6x and then equal to i dy. If the real and imaginary 

parts of the derivatives calculated in these two directions are set equal to 
one another, Eqs. (VII-2) result. These equations relate u and v, so 

they are not independent functions of x, y. We also note in passing that 
differentiating the first of these equations with respect to x and the second 
with respect to y and then adding gives 

Staeeo ane op 5 toe 

Bx? oye a4 eb soamhh cep) 
0 (VII-3) 

so u (and v) satisfy Laplace’s equation. This property of w(z) forms the 
basis for a method of solving Laplace’s equation in two dimensions (see 

Section 3-8). 
Functions of a complex variable can also be integrated, according to a 

straightforward extension of the definition used for real functions: 

b 

i w(z) dz = lim & w(z,) 6z; (VII-4) 
aC d6z—0 ; 

where z; is a point in 6z, and the limit means that the number of subintervals 
in the interval a to b becomes infinite while simultaneously every 6z, 
approaches zero. The C attached to the integral indicates the particular path 
of the many paths from a to b in the complex plane (as contrasted to just 

one in the real variable case), since they need not all yield the same value of 

the integral. The integral as defined by Eq. (VII-4) exists as long as w(z) is 

continuous. 
Several important theorems about integrals of a function of a complex 

variable can be proved. The first of these is Cauchy’s integral theorem 
(sometimes called the fundamental theorem of the theory of functions), 
which states that for a function w(z) that is analytic in a simply-connected 

region G and on a closed curve C inside that region, 

p w(z)dz = 0 (VII-S) 
c 
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FIGURE Vil-1 C (Ce 

Decomposition of con- 

tour C in the z’-plane 
into the sum of two QE 

contours. The ° indicates 

point z in all three cases. 

(a) (b) 

This theorem is proved by considering a triangular-shaped curve and by (1) 

showing that the integral around a triangle is zero if the function is analytic, 
(2) showing that any closed polygon can be decomposed into triangular 

regions, (3) showing that the integral around the boundary of the polygon is 
the sum of the integrals around the triangles and consequently zero, and 

finally (4) showing that any simply-connected region can be approximated 

arbitrarily closely by a polygon. 

From Cauchy’s theorem there follows a series of formulas known as 

Cauchy’s integral formulas. The first of these is 

i w(z') da w(z) = oe (VII-6) 
Pipis an 

where w(z’) is analytic within a simply-connected region containing C, a 

closed curve enclosing the point z. This result is derived as follows (refer to 

Fig. VII-1): Replace the curve in (a) by the two curves in (b). The integral 

of w(z') dz'/(z' — z) around C is equivalent to the integral of the function 
around C’ plus an additional integral around the circle, since the two 

vertical legs in curve C’ are traversed in opposite directions and the two 

circular traversals around point z are done oppositely. Now from the 
Cauchy integral theorem, Eq. (VII-5), the integral of w(z') dz'/(z' — z) 
around curve C’ is zero, since there are no enclosed singularities of the 
integrand. Thus, the entire contribution to the integral in Eq. (VII-6) comes 
from the small circle centered on z; this integral can be evaluated directly, 
giving the result in (VII-6). 

The other formulas are for the nth order derivatives of w: 

d” fet rece —buGn x 

dz” ~ Oni (z' - zy 

Informal derivations of these formulas can be made by successively 

differentiating Eq. (VII-6) with respect to z, but a rigorous proof is also 
possible. Thus, an analytic function possesses derivatives of all orders (not 
necessarily so for a differentiable function of a real variable). 

(VII-7) 
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PROOF OF THE DISPERSION RELATIONS 

In Chapter 19, we demonstrated that the dispersion relations were valid for 

a system that approximates the classical damped harmonic oscillator (the 

prototype linear system) and then assumed that they applied to any linear 

causal system. We now provide a proof. We begin by considering the 
integral 

K(w) = | ed (VII-8) 
=o © —= 80 

where w is real and the integral is taken along the real axis in the w'-plane 

(treating w’ as a complex variable). The integrand at w’ equals w, and 

therefore the integral, are both undefined. This problem is dealt with by 

integrating up to a point w — 6 and then going around a small semicircle 

above the real axis to the point w + 6. From this point, the integration is 

continued to the upper limit as is shown in Fig. VII-2. The integral in Eq. 
(VII-8) is now defined as the limit as 6 goes to zero of the integral 
calculated as just described. The integral around the small semicircle can be 

evaluated directly using the geometry shown in the inset of Fig. VII-2; it is 

just —itR(qw), and K(q@) is found to be 

o-5 p ’ oo * 

ROL Se +{ Ea K(w) = tim | a ae w'} — itR(w) 
pee — @ 

(VII-9) 

What we have done is to define a path of integration that leaves the 

singularity of the integrand below the path. The remaining two integrals 
over a real variable are well behaved and can be calculated by standard 

techniques if R(w) is known. The limit of expressions like the sum of these 

FIGURE VIlI-2 

Integration path for eval- 
uating K(w), Eq. (VII-8) 

w’ plane 

w-6 wtd 
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two remaining integrals occurs so frequently that it has been named the 

Cauchy principal value and defined by 

A 

iim {[" f(o') do" + | f(o')da’| = Pf fw’) do’ (VII-10) 
6-0 w+ 

The Cauchy principal value, or frequently just the principal value, is 

designated by the P in front of the integral sign. Consolidating what has 
been done so far, Eq. (VII-9) becomes 

vo dw' — inR(w) (VII-11) K(w) = P| 
BEET, 

We now begin to see the desired relationship: If the real part of Eq. 

(VII-11) is taken, then the right-hand side involves an integral of the real 
part of R in the first term and the imaginary part of R in the second term. If 
K(w) were known in some independent way, the dispersion relation 

problem would be solved. 

Since w’ is considered as a complex variable then we can construct a 

contour as shown in Fig. VII-3. If R(w’) is analytic in the upper-half plane, 

then by Cauchy’s theorem the integral of R(w’) around the entire contour 

shown in Fig. VII-3 is zero. 
It remains to consider the integral around the large semicircle. The 

magnitude of this integral is less than 2A/(A — w) times the maximum 

value of |R(w')| at any point on the contour. The integral will go to zero if 

|R(w')| vanishes in any way whatsoever as A goes to infinity. Thus, the 

integral around the entire contour is zero, and the integral around the large 

FIGURE VII-3 

Closed contour for eval- 

uating the function K(w) 

w’ plane 
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semicircle is zero. Consequently, what is left, K(q@), must also be zero. 
Therefore, 

= R(w’ = 
K(w) = P| “ ) dw' — ixR(w) = 0 (VII-12) 

AC 

This expression may be written 

R(w 
R(w) = —Pf ( Dia (VII-13) 

wa 4 
or 

Ra) ate ROD, 
—o W WM 

(VII-14) 
R HO 

Ri(q@) = --P{ = 

which are the dispersion relations. 

These dispersion relations are valid if R(@'), considered as a function of 

a complex variable, is analytic in the upper-half plane and vanishes as |w’| 

goes to infinity, also in the upper-half plane. Writing R(w) as the Fourier 
transform of R(t), the response function described in Section 19-1, 

D 1 F iwt R(w) = ie [_ RWe dt (VII-15) 

enables us to see that R(w) approaches zero as |w| goes to infinity if R(t) 

satisfies the specified causality and boundedness conditions. If R(t) is zero 
for t <0, we need consider only t > 0. Then iwt has a negative real part 
when @ has a positive imaginary part—that is, if w is in the upper half of 

the w-plane. Thus, as long as R(t) is bounded, R(q@) will vanish as w goes 

to infinity in the upper-half plane. That R(w) is analytic can be seen by 

calculating the derivative with respect to w of Eq. (VII-15). The derivative 
can be taken inside the integral since w is a parameter as far as the 

integration is concerned. The function exp (iwt) is analytic everywhere; 
consequently, it has a unique derivative, and it follows that R(w) has a 

unique derivative. Thus, all of the conditions required for the validity of the 
dispersion relations of R(w) follow from the causality and boundedness 

conditions imposed on the response function R(t) in Section 19-1. 
By using the fact that R(t) is real, the dispersion relations can be 

transformed to a form that depends only on values of the frequency 

response at positive values of the frequency. Since R(t) is real, Eq. (VII-15) 

shows that 

R(—w) = R*(o) (VII-16) 
Or 

R(-@) = -R(),  R(-@) = R,(@) (VII-17) 
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Using this result to convert the part of the integral in Eq. (VII-14) that 

extends over negative values of w’ to an integral over positive values of w’ 

gives 

Ri) = =P[ R(o’)|— : ai’ (VII-18) 
—-o o'+@ 

or 

R,(w) = SP (Ore ek wee ) ito (VII-19a) 

In an exactly parallel way, 

Roe P| = sh (VII-19b) 
wo 

The dispersion relations do not depend on what kind of linear physical 
system is being considered; it can be mechanical, electrical, quantum 

mechanical, or even an economic system, so long as a linear response 

function (with its Fourier transform) can be defined. The following simple 
examples demonstrate the use of the dispersion relations. 

Calculation of R,(w) from the Dispersion Relation 

To fix these ideas, we examine the simple circuit of Fig. 19-1. The frequency 
response function is just the voltage across the circuit resulting from a 
current with time dependence exp (—iwt) and unit amplitude as given by 

R — @wR?C 
Rlais Sas eos ees 
ia) 1+ wR? 1 + ow’ R2C 

(VII-20) 

This equation is the complex conjugate of the impedance as usually defined 

because we have used the time dependence exp (—iwt). To show that the 

dispersion relation is satisfied we calculate R,(@) using Eq. (VII-14) with 
R,(w') from Eq. (VII-20). First add and subtract R,(w)/(w' — w) in the 
integrand. Then 

Ro) = -={p{ er *) a) as rate Ee! n R(o)P | a | 

(VII-21) 
The second integral is just In|@’ — | evaluated at the appropriate limits. 
Using —A and A as the limits of integration we have 

= lim [In(4 — @) - In(4 + @)] 

+ lim [In |-6] — In|6|] = 0 -(VII-22) 
56-0 

The limit at infinity must be taken symmetrically to be consistent with the 
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principal value. The remaining integral is evaluated by combining R,(w’) 
and R,(@) as follows: 

1 1 
RiO) Rw Rl ape - eee | ( ) ( ) 1. w'2R2C2 fie w*R*C2 

| EE RCo —/0)(a@) + @) 

(1 + w’*R?C*)(1 + w?R?C?) 

Using this result in Eq. (VII-21), we note, first, that (w’ — w) cancels in the 
numerator and denominator so that the integrand is well behaved 

everywhere and the principal value can be dropped and, second, that the 
integral of the term containing w’ in the numerator is an integral of an odd 

function over a symmetric interval and so vanishes. Combining these results 
gives 

(VITI-23) 

Rw) = — eae td) 
1 RwRC [ RC da' RaRC 

ler O-R?C. Jn 1 OU R-O”.)0O dL or RC 

which, by comparison with Eq. (VII-20), is just R;(w). 

The calculation done in this example is not particularly useful, and in 

fact, the computation of R;(@) from an analytic expression for R,(w) is 

almost never useful, since the two are usually obtained as the real and 

imaginary parts of a single calculation. What has been demonstrated, 
however, is that in this simple case the dispersion relations are exactly 

satisfied. In addition, the trick we used to eliminate the singularity at 

w' = @ is frequently useful in other cases—even (or especially) if the 

integral is to be evaluated numerically. 

Calculation of A,(w) from Numerical Data for A,(@) 

As a second example we calculate the imaginary part of a response function 

from numerical data for the real part of the response function for the simple 

circuit we have been using as a demonstration. Suppose that the real part of 
the response function given in Eq. (VII-20) has been measured over some 

range of frequencies (all greater than zero), say from @, to w, at uniform 

intervals. (Practically speaking the measurements would most likely be 
made at constant frequency ratios, but uniform intervals simplify the 

numerical integrations we need to do.) We want to use these data to 
determine the imaginary part of the response function. First, Eq. (VII-20) is 

written in dimensionless form with w = RCw and z(w) = x(w) — iy(w) = 

R(w)/R. Then, for y(w), Eq. (VII-19b) becomes 

—— dw’ (VII-25) 

The numerical integrations can be done using the program in Fig. I-2 or a 

more sophisticated program. If x(w) is known for 0 = w = S at intervals of 



618 Appendix VII 

FIGURE VII-4 

Calculation of R,(@) 1.00 

from data for R,(@). See 

Eq. (VII-25). & Exact Colle 
values for y(w) 0.80- 

E eee Ne i $333 Ik 2 _ == > 

0.00 1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00 10.00 

W=wRC 

REIS SR 

0.1 and x is essentially zero ‘or w > 5, the numerical integration of Eq. 
(VII-25) reproduces y(w) as shown in Fig. VII-4, where the exact values are 

shown for comparison. Note that in doing the numerical integration one 

must be careful to select points symmetrically located with respect to the 
value w at which y(w) is being evaluated, at least for a region close to w. If 

this choice is not made, the cancellation that is implicit in the principal value 

does not work and erroneous results are obtained. Returning to Fig. VII-4, 

we see that the agreement is excellent for w > 2.0, but that there are 
significant deviations for smaller values of w. For small values of w, the 
integrand is very large for w’ close to w. (The integrand is always large for 
w' close to w, but for w = 1, it is about ten times as large as it is for 
w = 4.) The discrepancy between the calculation and the exact values of 

y(w) can be traced to this rather cavalier treatment of this part of the 
integral. Finally we note that in this example we have gone in the favorable 

direction—that is, from the real part to the imaginary part. Going the other 
way would be more difficult because of the long tail on the imaginary part. 
The data specified would not have been adequate to go the other way, and 

it would have been necessary to approximate y(w) for large values of w by 
some reasonable function. 
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Problems 

Chapter 1 2-15. (a) py =(A/e€,)(R — $r) forr=R 

1-1. (A-—B)x(C-—D)=0, 1:3 gp =AR*/2€ or forr=R 

1-3. A-B=0,A+B=C (b) p=(po/2€)(R’?-4r°)  forr<R 
a R°po/3€or forr=R 1-7. The angle between R and R — A, which is 90°, 

2-17. (a) VXr/r? =0, V-r/r* =(3-a)/r’ may be inscribed in a semicircle with A as 

diameter. As R varies, the various semicircles (b) p =(3-a)q/4ar° 
describe the surface of a sphere. (c) p=q/4me,(a — 2)r* *(a #2) 

1-13. n=(axi+ byj + czk)/Va?x? + b*y* + c?z? 
2-19, E=—— (ifr +.1/Ae~ rf r? 

4me, re) 10F, OF, 
1-15. Wake (yee on, SARS ; 

ror r oé Oz p= q{d(r) _ 1/42A*rle~- 

1-17. No ens (ieee Vie aye 
2-21. (a) p= in| = = 

Chapter 2 4€y |z-—a|+ V(z-—a)+r° 

A 
2-1. tan? @/(1 + tan’ 0) = q7/82€, mg I? (b) E, ~F 

2-3. E=3061 V/m (along diagonal) rot 

2-5. (a) E=(a/2e)(1 — z/Vz? + R®) ‘. | —S-5- =. | 
re iee L? “ Vaat+zyvtr Va-zy+r 

(b) E= (B/2«0)| 5 (= SOM et a R’) 2-23. Treat dipole as two equal but oppositely 
charged point charges separated by a small 

+ R* log (= 1+ =) distance. 

28 aR i 2-25. Q1,= Q22= —2ql’; Q33=4ql?; other com- 
2-7. (a) x =a(3 + V3)/2, (b) saddlepoint ponents zero 

2-9. p= (/4e,)| (2 +3L){(z+3LyY+R*}?-2zL 2-27. (a) p=qhi+ qh, p = 2qI cos 6/2 
nme (b) q =5.26 x 10° C =0.328e 

(2 —sL)i(2—3L) FR) 

ys tee {2 ea er Nee y+ Ey) Chapter 3 

zak +V(z — 2b) eR 31. Between: g =P2—lePe + (Pa = Po)ato/t 
2-11. (a) 240,000 V, (b) 4,730 km <n 

2-13. (a) 1.1 10°'? C/m’, (b) positive For r>ry: P= Qpry/r 

619 
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p_ P,(cos @) ( ") 
-9, , #) =——_ ——_ |1-s], rs 

Fa ee 4nép or’ PN te 

3-11. p=—-(1-—a?/r’)Eor cos 0 + Q/42€ or 

3-13. mw =(rVo/R) sin Ginside, = (RV,/r) sin 0 outside 

3-15. The mirror image of the charge distribution 

with p replaced by —p 
q° 

Sli) == 
(b) 162€,d* 

1 e< 1 1 )] 
x |s+ ————, - ——_, 
le 2 ‘ tu) (n-u) 

2 aes bam | BS ss | SS eet = ||, l6ned? lu? (1—uy : 
where u =x/d 

3-21. (a) Image at xo(M* — 1)/(M’ + 1) 

(b) M =(xo/a) + V(x0o/ay -1 

3-23. 3p*/32€,d*; attraction 

3-25. Values at interior meshpoints (volts): 

30 
18 34 
9 18 30 

Chapter 4 

4-1. pp = —2ax; Q, (on ends) = A(aL? +b), —bA 

P 
4-3. Outside rod: E, =—— 

2€o 

sL—-—z sL+z 
SSS SSS 

VGL-zy+R*? VGL+z) +R? 
4-5. E=(1/€o)P cos y 

tan@, K, 
4-7. = 

tan@, K, 

R, 3(R3-R} 
4-9. (region 2) = —E, cos afr —~—+ Rae Ry) 

r r 

i (K2/K,) 
[1 ag 2(R,/R2) + 2(K2/K,)( ine R}/R3)) 

electric field components by differentiation 

3 p cos@ 
4-11. = —— = 

a K+24ne, r? aw 

Pp cos 6 Ke le 
= —+————— 6], < 

ve | ie Ro es oie 

K, K,=1 
4-13. (a) E,= K, Ey (by) = aa Rréola; 

(c) op, = +P, 

4-15. 

4-17. 

4-19. 

D = Ke, Ag/[Kd-(K—1)t] 
E=Q/2n(€,+ €2)r° 

(a) Inside: E = —P/3€, 
3 RRA 

(b) Outside: E, = 3e0r3 cos 6, 

RP 
a= sin 6 

eke 

Chapter 5 

5-1. 

5-3. 

5-5. 

(a) w=9.7x 10-1 C- m?/V 

(b) Ry =0.96 x 107m 
(a) 26 X106 “mi 

2.94 x 10°-*°C-m 

Chapter 6 

6-1. 

6-3. 

6-5. 

6-9. 

6-11. 

6-13. 

6-15. 

6-17. 

6-19. 

6-21. 

6-25. 

6-27. 

39 cm 

pe ese en 
4me€,l21 2d+l 4d 4(d+1) 

(since E = 0 behind the plane) 

4nR°p3/15€o 

(a) Ag =10.79 V, U=1.618 pJ 

(b) Ag =21.58kV, U =3.24mJ 

—(R/d)q 
€,€2/(€,d) + €2d)) 

23.8 V 

C = 4xe/[(1/r,) — 1/r)] 

(a) KI(Aq@)o/[! + (K — 1)x] 
(b) (K — 1)Q7d/2e w[l + (K — 1)x}? 

[4mg/2me€,(K — 1)]'” 

F. = (1 =a 1/K)€,E°A 

(a) Qmax = €AE max, With A = plate area 

(b) Glass 

Chapter 7 

7-1. 

7-3. 

(b) v =0.739 x 107? m/s 

(c) t=2.5x10°"s 

(a) Pim = Pi8i\(d — a) + 2824 

824 + g,(d—a) 

(b) o= (81 €2 — &2€:)(Pi — Ga) 
g2a+2,(d—-a) 

cos 8 
= (outside) (a) ~,=—Eor cos 0 -4E,a* 

2 = —3Eor cos @ (inside) 



7-7. 

delle 

7-13. 

715. 

7-17. 

7-19, 

7-21. 

7-23. 

7-25. 

(b) o=-—3KE, cos @ 

(a) [= 22g Ag/In(r,/r,) 

1 = ags Ag/cosh"' (b/2a) 

(a) 675 W/m’, (b) 645 W/m? 

20 Q 

75.4m 

(a) 1=(VYR,+VR2)/(R\R+RR+ R,R,) 

(b) R,R2/(R, + R2) 
(a) 4R/5, (b) (11/20)R 
(a) (R4R; = R3Re)V, 

D+R,(R3+ R4)(Rs + Reo)’ 
where D=R3R,R;+R4R;Ro+RsR.R; 

+R,.R3R, 

One part in 4 x 10° 

Chapter 8 

8-3. 

8-5. 

8-7. 

8-9. 

8-11. 

8-13. 

8-15. 

8-17. 

8-19. 

8-21. 

8-23. 

8-25. 

8-27. 

8-29. 

(a) 0.071 cm, (b) 1.09 x 10°’s 

f= woe = 6.28 N/m 

B= V3 Uol/ma 

UoIN/4a 

HoNI 

(a) 9B,/dz = B,/2ar 
VxVxB=u,VxJ=0 

B= 3H JS 

(a) B=p.NI/2ar, (b) b/a = 4/3 

A, = (uol/22) In (r/b) between the conductors 

(b) VX(A+Vy)=VXA 1 Tf 

() Ve(A+¥y)=f=Vy, y= -z | Pdv 
4xnJR 

p* is not single valued. 

(a) 2v2 Uol/(ma), Lxy-plane 

(b) 0.631uo//(2a), ||xy-plane 

0.647uol/(ma), Lxy-plane 

(c) 0.360uo//(xa), Lxy-plane 

(d) —0.631u,//(2a), ||xy-plane 

—0.647u,1/(ma), Lxy-plane 

(d) B, = (Hol/2a) 

x [cos 6 55 (5 cos 8@—3cos 0)+:: | 
4a~ 

By = (Uo l/2a) 

or co p= 1)sin@+-- | 
4a° 

x | -sin 6+ 

Answers to Odd-Numbered Problems 621 

Chapter 9 

9-1. 

9-15. 

9-17. 

9-19. 

9 7r 

(a) Jy=VxM=0 

ju = M Xn; j,, = M on cylindrical surfaces, 

Jm = on sides 

(b) (4/3)7R°My 
Ou = Mox/[x? + (b*/a*)(y? + z”)]'*; py =0 

(b) B,= 

sL-z sL+z oM| eS + et | 
a VGL—-zyl+R? VEL+z) +R 

(a) 0.14 A, (b) 0.53 A 

- B; = 2(4/o)Bo/(1 + u/ Mo) 
I 

. Iu =0, Ju = = (inner surface), 

Im= =H (outer surface) 

Iy = x1 (inner), Jy = —yI (outer) 

(a) 6, =0, J parallel 

(b) 6, =90°, / antiparallel 

938 

(a) Sintered oxide 0.4 T 

35 percent Co steel 0.22 T 

(b) Sintered oxide 0.53 T 

35 percent Co steel 0.96 T 

0.64 T 

Chapter 10 

10-3. 

10-5. 

3.69 x 1074 
y = 976 

Chapter 11 

11-5. 

11-7. 

11-9. 

11-11. 

11-13. 

11-15. 

11-17. 

11-21. 

11-25. 

(a) V=YV, cos wt; (b) Vo = 2afNAB = 12.56 V 

(a) From b to a; (b) From b to a 

(c) Fromatob 

5B°ar° wet 

(uo L/2x) In (R2/R,) 

Uyma*b?/4r° 

M = (uy h/2z) In (1 + d/r) 

(Ho/ 2) In (d/a) 
(a) 73.4Nm, (b) 1.135 

Let VX B= aB. J=Jye ("snow 

Chapter 12 

12-3. 

12-5. 

U = (1/25 + 2)[Lit + 2Myal hb + Lol] 
(N*PAp*)/Uo(l + d)? 



622 Answers to Odd-Numbered Problems 

12-7. (a) F=Boyx,A/2pMo(1 + Xm) 
(6)71,76 +10. N 

INS 
12-11. (a) and (b) 2My 7 

12-13. (a) F=—3y NP 1); (b) collapse 

12-1502 — J aaa 
georcmcperecae Lact 

12-17. Commercial iron: 0.018 W/cm* 
Tungsten steel: 0.395 W/cm* 

12-19. (a) Alnico 5S, 45 joules 

(b) Alnico 12, 12 joules 

(c) Co steel, 12 joules 

(d) Sintered oxide, 8 joules 

Chapter 13 

13-1. (a) 1=0.605 A; dI/dt = 1.59 A/s 

(b) 1=1.295 A; dI/dt = 0.558 A/s 

(c) [= 1.663 A; dI/dt = 0.0062 A/s 

13-3. O= CY, Veer | 

: = R°(1-— w°LC) + (@Ly 
BES, (@)) WAl= T+ (oRO? 

(b) |Z| =R for w =0; 

\Z|=L/RC for o=1/VLC; 

|\Z|=q@L for w>~. 

13-9, Ze 
—1 : L-1 

Resor — +i(wc'R?+© a) 
w wC 

a? + w’?C"*R? 

where a@=1+ w°C'L—C'/C 

13-9. (a) 3.2 x 10°? deg 
(b) zero to 1.8 MHz 

13-13; (@)ofi= 1.78 X.10° Hz 
(b) f =1.78 x 10° Hz 

(c) f =0.796 x 10° Hz 

13:15. (a) Lic =on- 
(b) L=V2R/a,; C =1/V2 Ro, 

13-17. 0.0713 — 0.00347 mA 

13-19. 1/V3LC 

34 F'4+4i 
C2G. Sait "Go Fy sa 

13-23. 2W,—FW,- W, =1 

FW, + 2W; - W,=0 
-W, + 3W,-2FW,=0 

— W,+2FW,+ 3W.=F 
where V,/V, = W, + iW, 

Va/Vo = W, ae iW, 

Chapter 14 

14-3. (a) hk =0.62 x 107° m; w, =9.7.% 10" s~ 

(b) h =0.84 x 10°* m; w, =1.8X 10°s ! 

(c) h=3,1.x 107*' m; @, = 1.8 x 10"'s"' 

14-5. up=10° misec 

14-7. (a) v, =280m/s, 6 =0.11/f? m (f in Hz) 

(b) uv, =0.76 m/s, 6 =0.03/f? m 

Chapter 15 

15-1. (a) B=B,i- B,(a/r)*(a, cos @ + a, sin @) 
(outside) 

B = H=0 (inside) 

(b) js = —2Bouy ' sin 6k 

15-3. B= B,i-b(a/r)*(a, cos 6 + a, sin @) (outside) 

B = c[a,(A/r)1\(r/A) cos @ — agl{(r/A) sin 0] 

(inside), with /, the modified Bessel function 

of the first kind, and /; its first derivative 

he PLC) — (A/a)I,(a/A)] 

I\(a/A) + (A/a)I(a/A) 
c = 2B,/[I\(a/A) + (A/a)1,(a/A)] 

15-5. (a) B=10 “J tesla where / is in A. 

(b) Pb: /=53A; Ta: /=9.7A;Nb: J=140A 

15-7 r/A B/By B/B, 

(1-D case) (Fig. 15-3) 

0 0.007 rrr) 

1 0.018 0.023 

2 0.050 0.065 

3 0.135 0.162 

4 0.368 0.401 

5 1.0 1.0 

Chapter 16 

16-1. (a) Q=C(Ag)e * 

(b) —(g/e)C(Agje™®; (c) Zero 
16-3. (a) H=}$adD/dt=I1/2na 

(b) S=4aE dD/dt, inward 

(c) ma° dE 8D/ dt 



16-7. B=—iE,Veusin w(Veuz —t) 

+ jEoVeucos w(Veuz —t) 

S= Kf ES 
u 

16-9. A=—i(AE,/22c) cos [22(z — ct)/A} 

16-11. V-A= ~ uF — ugg 

Chapter 17 

17-5. E=700 V/m; B =2.33 x 10°°T, rms 

1772S = (feu E* 

= (1/cuo)3(Ei + E2 + 2E, E2 cos ¢) 
17-11. n=1.099VK, , k =0.455VK,; 5/A = 0.384 
17-13. (b) g=0.92 x 10°°(Qm)~! 
jal Sa 4 Cm 

Chapter 18 

18-1. (a) Vy 25 SS SES 

(b) For n = 1.5, R, = 14.8 percent 

26 
18-3... Ro =1—4K 

K-1 
_ (ncos 6, — 1) + k* cos? 0, 

REO sn (n cos 6, + 1)? + k* cos? 6, 

(b) cos 0, =1/Vn? +k? 

(c) 0, =80.5°, R, =72 percent 

18-9. K,=1.13;n =3, k =0.188; a =2.7° 

18-13. 4A3;=+1, R=1 

R12 ats R23 Zz 2R12R25 

L< Ri2R25 

18-15. (a) R= 

2R12 

1+Rp» 

18-17. B, = B, cos (ky cos @)e7 "9°" 
E, = —cB, sin 8 cos (xy cos 0)e'°7 "9-09 

E, = icB, cos 9 sin (xy cos @)e"*7 i" °- 

(b) For Ri = Ra, R= 

Answers to Odd-Numbered Problems 

A 
18-19. — re 

Ranma 
18-21. (a) R= erect Vn3— sin? c8 Gi Naan. 

cos 6, + Vn3—sin* 4, 

ral E= 6, — Vn3 — sin? ay 

”  Ln2cos 6, + Vn2— sin? 6, 

(c) Crown glass: 0, = 56.7°; 

flint glass: @, = 58.8°; 

diamond: 60, = 67.5° 

Chapter 19 

19-1. (a) n, — = 1.63% 10s (by136 107 

19-3. A,=1560 A 
19-7. (a) K=K;,/2n., w=2kow,/c 

19-9. n=k=0.071 

19-13. w= VK,/t; K-=1, K;=VKo 
19-15. P=y7,E sin Wot 

Chapter 20 

20-3. Bo= Hol ee — sin 6 cos w(t = “) 
rae a c 

LA w* r 
E,= tance 6 cos w(t = P) 

where A is the area of the circ ‘lar loop 

u wo" r 
P= BAS =sucOS? *w(1-*) 

c 

20-5. (a) 5.23 A, Hs 2.45 x 10-2 V/m 
20-7. 3 
20-9. (a) 82/3(v/c)*; (b) 4.07 x 1077 

Ze 

20-11. R= 2 | any) 
Eo AY 3 

20-13. 52.1m™' 

Chapter 22 

22-3.) 425610" § 

u EXxB ieee oe: ee ee 
l+u*/c? (E*/c? + B*) 



index 

Abampere, 600 
Absorptance, 456, 510 
Absorption coefficient, 439, 544 
Admittance, 327, 329 
Air gap, 244-245, 246, 248, 249-250 
Air-glass interface, 444, 452, 461, 466469 
Alfvén waves, 359 
Alternating current. See Circuit, ac; Current, ac 
Ampere (A), 162, 197, 600 
Ampere’s circuital law, 204-208, 228, 236, 569 

and current in superconductors, 374; differential 
form of, 205; and displacement current, 386-389; 
and series magnetic circuit, 246-249; and 
superconductivity, 38] 

Angle of incidence, 446-447 
normal, 441-445 

Angle of reflection, 447 
Angle of refraction, real, 458, 459 
Angular frequency, 305n 
Anisotropic material, 104, 130, 229n, 391n 
Anomalous dispersion, 506 
Antenna, 535 

directivity of, 543; half-wave, radiation from, 
529-531 

Antiferromagnet, 268 
Antisymmetric tensor, 57] 
Applied voltage, 175, 306, 307-308. See also 

Electromotive force 
Atmospheric electricity, 164 
Atomic current, 218, 219-220, 226. See also 

Magnetization current; Magnetization current 
density 

Atomic polarizability, 132 
Atomic radius, 132 
Attenuation constant, 426-427, 461-462 

in conducting medium, 428 : 
Average power, 317 

Back cab rule, 5 
BASIC, 82, 583-585 
programs in, 83, 87, 90, 331-333, 586, S88-589 

Battery, 176 
BCS theory, 369 
Bessel functions, 382-383 

spherical, 435-436 
Betatron, 285 
B-value of plasma, 356-357 
Biot-Savart law, 197-199, 218, 600, 601 
Bohr magneton, 262, 263, 269, 270 
Boltzmann factor, 133-134, 343, 515-516 
Boltzmann transport equation, 342 
Boundary conditions 

and coordinate system, 77-78; on field vectors, 
112-115, 235-237; and Laplace’s equation, 67, 

624 

69; and Maxwell's equations, 398-401; table, 402 
Boundary-value problems, 63-77, 114-115, 398- 

401, 402 
involving dielectrics, 115-118; involving 
magnetic materials, 237-242; and Maxwell's 
equations, 398-401, 441-483; for superconduc- 
tors, 371-373 

Bound charge, 97, 498. See also Polarization charge 
resonance absorption by, 499-506 

Branch point, 178 
Brewster's angle, 451-454, 456-457 
Brewster’s law, 445, 452 
Bridged-T network, 329-33}, 332 

Capacitance, 152-153, 602 
coefficient of, 1S0=151 

Capacitive reactance, 313 
Capacitor, 53, 151-153, 173, 386-389 

and damping, 338; parallel and series connec- 
tions, 153; in series circuits, 307-308, 310-320, 
338 

Cartesian coordinate system, 2 
del operator in, 17-18, 603 

Cascading, 164 
Cauchy principal value, 492, 614 
Cauchy relation, 505 
Cauchy-Riemann differential equations, 611 
Cauchy’s integral theorem, 488n, 611-612 
Causality, 487-490 
Cavity field, 104-106, 125, 128, 257-258 
Cavity resonator, 477-479 
Charge, 26-27. See also Coulomb’s law; Image 

charge: Line charge: Point charge: Source 
charge: Test Charge 

bound, 97, 1}08n, 498, 499-506; on capacitor, 
152; conservation of, 27, 153, 388, 390, 400, 525; 
external, 108; forces between, 27; free, 108, 273- 
277. total, in dielectric, 106-109; units of, 28-29, 
602 

Charge carrier, 36-37, 162, 163 
Charge density, 30, 30-32. 39. See also Polarization 

charge density; Surface charge density 
on Jong, thin cylindrical conductor, 84-88; 
relation to current density, 166; relation to point 
charge, 48 

Charged medium, 164 
Circuit, 175-181. See also Ampere’s circuital law: 

Magnetic circuit; Parallel circuit; Series circuit 
inductively coupled, 279-283, 290-298; isolated, 
induced emf in, 277; magnetic field of, 209-211; 
magnetic forces on, 294-298; quality factor, 319- 
320; sign convention, 307-308; time constant of, 
309-310 

Circuit, ac, 315-320 

inductance in, 283; mesh analysis of, 325-327, 
mutual inductance in, 320-324; power factor, 
316-317 

Circuit, de, 175 
Circuit diagram, 179-180 
Circular polarization, 420, 422 
Clausius-Mossotti equation, 131, 132, 497 
Coaxial cable, 124, 206 
Coefficient of capacitance, 150-151 
Coefficient of induction, 150-151 
Coefficient of potential, 75-77, 148-150 
Coercive force, 233 
Coercivity, 232, 233 
Coherent scattering, 540n 
Collision time, 175n, 182-183 

and damping constant, 507; mean, for free 
electrons, 500 

Complex conductivity, 499, 508 
Complex constant vector amplitude of plane wave, 

413,418 
Complex current, 313-314 
Complex dielectric constant, 425-430, 459-460 

in bound electron system, 496-506; and Drude- 
Lorentz theory, 496-499, 501-505; in free 
electron system, 507 

Complex frequency response function, 491494 
Complex Fresnel coefficients, 454462 
Complex impedance, 313-316, 320-324 
Complex index of refraction, 425-428, 459-460 
Complex orthogonal transformation, 566-567 
Complex propagation vector, 417 
Complex quantity, 313, 421-422, 454, 472, 566, 

567n. See also Complex variable 
and linear media, 487 

Complex variable, functions of, 610-617 
Complex vector, 418, 420 
Complex voltage, 312-314 
Compton effect, 539 
Computer, 579-590. See also Software 

and network equations, 329-336; and numerical 
integration, 585-587; solving linear equations on 
332, 585, 587-590; useful tips, 590-592 

Computer language, 580 
Computer program, 579. See also specific program 

for electrostatic problems, 88-91 
Conducting cylinder, 75, 475 
Conducting medium, 162, 165, 170, 181 
complex dielectric constant of, 498; plane 
monochromatic waves in, 423-430; relaxation 
time of, 174-175; wave propagation in, 397-398 
4}2n 

Conducting plane, 69-71, 75 
Conducting sphere, 72-73, 94, 125 

in dielectric, 119-120; with infinite conductivity 



370-371, 374-376; in a uniform electric field, 
63-65 
onduction, 162-164 
microscopic theory of, 181-185 
onduction current, 164 
onductivity, 167-170, 498-499. See also 

Complex conductivity 
of dielectrics, 173; infinite, 352-353, 361, 370- 
373, 400-401, 402; of plasma, 352-353, 361; 
real, frequency dependence of, 517; relation to 
Le constants, 427-428; table, 168; units of, 
60 
onductor, 31, 36-37, 162. See also Superconduc- 

tor 

in boundary-value problems, 114-115; current- 
carrying, forces on, 193-197; electrostatic energy 
of, 145-151; plasma as, 341; self-energy, 146; 
system of, 75-77, 148-151 
onical surfaces, 62n 
onservation of charge, 27, 153, 388, 390, 400, 525 
onservation of energy, 391n, 393-394, 444 
Onstitutive equations, 109, 167, 229, 415 
of medium, 390; of superconductivity, 384 
ontinuity equation, 165-167, 390 
ontour line, 7 
ontravaniant vector, 598n 
onvection current, 164-165 
onvergence, 590 
onvolution theorem, 486, 487, 609 
ordinate systems. See also Cartesian coordinate 

system; Curvilinear coordinate system; 
Cylindrical coordinate system; Four- 
dimensional space; Orthonormal coordinate 
system; Rectangular coordinate system; 
Spherical coordinate system; Three- 
dimensional coordinate system 

and boundary conditions, 77-78; in motion, 559- 
566 
ordinate transformation, 594-597 
oulomb (C), 29, 599, 600 
oulomb gauge, 410 
oulomb’s law, 27-31, 190, 271, 389-390 
and electrostatic energy, 146; in mks system, 29, 
602; and self-energy of point charge, 146; 
statement of, 27, 599 
ounter voltage 
and Kirchhoff’s laws, 307; sign convention, 308n 
supled circuit, and magnetic energy, 290-292 
dupling coefficient, 280, 282 
yvariant formulation, 569-570 
variant vector, 598n 
itical angle, 451-454, 453 
itical damping, 338 
itical magnetic field, 366 
itical temperature, of superconductor, 366, 367— 

368 
oss product. See Vector product 
Irie temperature, 136, 265-266 
irl, 14-17 
second-order operations with, 19-20 
rent, 37, 162-189, 175, 218, 558. See also 
Atomic current; Complex current, Conduction 
current; Convection current; Displacement 
current; Eddy current; Image current, 
Magnetization current; Surface current, 
Transport current 

Jefined, 162; effective value, 317; magnetic field 
of, 190-217; in metal, 162-163; periodic, 306- 
307; sense (direction) of, 164; slowly varying, 

284, 290n, 305-340; in superconductors, 374; 
units of, 602 

Current, ac, 315-320 
mesh analysis of, 325-327 

Current density, 165-167. See also Displacement 
current density; Dissipative current density; 
Magnetization current density; Surface current 
density; Transport current density 

four-vector, 570; units of, 166, 60! 
Current gain, in four-terminal network, 329 
Current generator, 276, 326-327 
Curvilinear coordinate system, 18, 93 
Cutoff wavelength, 471, 477 
Cylindrical coordinate system, 18n 

Laplace’s equation in, 65-66; Maxwell’s 
equations in, 603 

Cylindrical harmonics, 65-66 

d’Alembertian operator, 570 
Damping. See also Radiation damping 

cntical, 338; of wave equation, 395 
Damping coefficient, 491, 495, 500 

in free electron system, 507; and rate of energy 
loss, 537-541; and system of bound charges, 
499-506 

Damping force, 537-538 
de Broglie wavelength, 269 
Debye equations, for dielectric constants, 516-517 
Debye length, and plasma, 344 
Debye relaxation time, 516 
Debye shielding distance, and plasma, 344 
Debye temperature, 184 
Decay rate, 500 
Decay time, mean, for oscillator, 500 
Decibel (dB), 439 
Deformation polarizability, 135 
del operator, 17-23, 415 

in cylindrical coordinates, 18n, 603; linear 
operator, 19, 22; in rectangular coordinates, |7— 
18, 603; in spherical coordinates, 18n, 603-604; 
transformation law, 598 

Delta function. See Dirac delta function; Kronecker 
delta 

Demagnetization factor, of sphere, 242 
Demagnetizing effect, 250-251 
Depolarizing field, 126, 137 
Diamagnetic material, 229, 259 
magnetic susceptibilities, 230 

Diamagnetic susceptibility, 230, 260-261 
Diamagnetism 

and Lenz’s law, 260; origin of, 259-261; perfect, 
of superconductors, 370-371 

Dielectric coefficient. See Dielectric constant 
Dielectric constant, 109-110. See also Complex 

dielectric constant 
of conductor, 173n; Debye equations for, 516— 
517; and molecular polarizability, 131-132; 
relation to optical constants, 427-429; table, 111 

Dielectric loss, 513-514 
Dielectric medium, 36-37, 97-126, 127-140, 498. 

See also Insulator 
boundary conditions, 115-120, 400; conductivity 
of, 173; electrostatic field in, 103-106; and 
Gauss’s law, 111, 173; and method of images, 
120-122; molecular field in, 127-131; 
permittivity of, 109; point charge in, 110-112, 
118-120; polarization, 37, 97-103; wave 
propagation in, 396-397 

Dielectric relaxation, 513-517 

Index 625 

Dielectric sphere, in uniform electric field, 116-118 
Dielectric strength, 110-111 

table, 111 
Dielectric tensor, 391n 
Dip angle, 217 
Dipole. See Electric dipole; Magnetic dipole 
Dipole field, static, 536 
Dipole moment. See Electric dipole moment; 

Magnetic dipole moment 
Dirac delta function, 48-50, 223, 486, 605-606 

and Ampere’s law, 204-205; and approximation 
of dielectric constant, 501, 502, 509; and 
divergence theorem, 50: Fourier transform of, 
608-609; and Gauss’s law, 49 

Direct current. See Circuit, de 
Directional derivative, 5-8 
Directivity of antenna, 543 
Disk storage (computer), 581 
Dispersion, 417 
anomalous, 506; in dispersive media, 484-524; 
normal, 502; and radiation pulse, 518-519 

Dispersion relations, 442, 447, 448, 491-494, 493, 
610-617. See also Kramers-Kronig dispersion 
relations 

of conducting medium, 426; in linear medium, 
424; longitudinal, 440; proof of, 613-616 

Dispersive medium 
dispersion and oscillating fields in, 484-524; and 
oscillating fields, 517-521 

Displacement, electric, 106-109 
flux in regions with no external charge, 115; at 
interface, 112-114, 117; relation to electric field, 
484-490; units of, 107, 602 

Displacement current 
and Ampere’s law, 386-389; and charge 
conservation, 390; and Maxwell's equations, 
386-41 |; and wave propagation, 398 

Displacement current density, 377-378 
Dissipation factor, 338 
Dissipative current density, 377-378 
div. See Divergence 
Divergence, 12-14 

curl of, 19; four-dimensional, 570; gradient of, 
20; notation for, 12, 17; second-order operations 
with, 19 

Divergence operator, |2 
Divergence theorem, 14, 59-60, 166 

applications, 81n, 101, 392, 398, 399; and Dirac 
delta function, 50; extensions of, 21-22; and 
Gauss’s law, 40; and magnetic flux, 228 

Domain wall, 266, 267 
Dot product. See Scalar product 
Dnift motion, 164, 165 

in plasma, 346-349 
Drift velocity, 165 

of electron, 183; steady-state solution for, 181- 
182 

Driving point impedance, 328-329 
Drude free-electron theory, 507-513 
Drude-Lorentz theory, 484, 494-499, 507-513 

Eddy current, 286 
Effective current, 317 
Effective voltage, 317 
Einstein’s postulates of special relativity, 561-566 
Electric charge. See Charge 
Electric current. See Current 
Electric dipole, 43-45, 534. See also Electric dipole 

moment 
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in external field, 45, 54; induced, 131-132; 
oscillating, 525-529; potential of, 45, 63, 526- 
527 

Electric dipole moment, 44, 209-210 
of charge distribution, 46-48; of dielectric, see 
Polarization; of molecule, 130; and radiated 
power from moving charges, 532-535; units of, 
601 

Electric displacement. See Displacement, electric 
Electric drift velocity, 346-347 
Electric field, 31-33, 34-36 

of conductors, 37, 42-43; defined, 31, 105; in 
dielectric, 103-106; of earth, 53; of electric 
dipole, 43-45; and Gauss’s law, 37-40; 
macroscopic, 103, 127, 129; motional, 352; 
multipole expansion of, 46-48; relation to electric 
displacement, 484-490; units of, 36, 602 

Electric flux, 40, 212 
Electric polarization. See Polarization 
Electric potential. See Electrostatic potential; 

Potential difference 
Electric susceptibility, 109-110, 494, 496, 602 
Electrodynamics, 545-557 
Electrolyte, 37 
conduction in, 163-164 

Electrolytic tank, 171-172 
Electromagnetic energy, 390-394 
Electromagnetic equations 

covariant form, 569-573 
Electromagnetic field tensor, 571 
Electromagnetic induction. See Faraday’s Law 
Electromagnetic pulse, propagation of, 518-519 
Electromagnetic radiation. See Radiation 
Electromagnetic wave. See Wave, electromagnetic 
Electromotive force, 176n, 177. See also Open- 

circuit voltage; Work 
defined, 271-272; direction, 273; induced, 271, 
277, 308; motional, 275, 276; units of, 278 

Electron. See also Atomic current 
charge of, 30, 183; collision time, 175n, 182-183, 
500; and conduction, 36-37, 162, 163; mobility 
and drift velocity, 183; orbital motions of, 259- 
263; plasma oscillation, 358-363, 430; power 
radiated by accelerated electron, 539 

Electron pairing, in superconductors, 369 
Electron resonance frequency 

of bound valence electron, 499-500; of free 
electron, 495; in nonconductors, 499-S06 

Electrophorus, 159 
Electrostatic energy, 141-161 

of charge distribution, 143-146 
Electrostatic energy density, 146 
Electrostatic equilibrium, approach to, 174-175 
Electrostatic field, 37 

in dielectrics, 97-126, of earth, 53; total 
macroscopic, in a dielectric, 103 

Electrostatic force 
conservative, potential energy of, 35-36; and 
steady current, 175-176 

Electrostatic image, 69-73 
and Laplace’s equation, 69-72 

Electrostatic potential, 33-36. See also Potential 
difference 

calculation of, with Gauss’s law, 41-42; 
distribution produced by point dipole, 44-45; and 
divergence theorem, 81n; due to arbitrary charge 
distribution, 46-47; relation to potential energy, 
35-36 

Electrostatic problems, 56-96 

numerical solutions of, 77-91 
Electrostatics, 26-55 
Elementary particles 

charge on, 26-27; and Coulomb's law, 28 
Elliptical polarization, 420, 444 
Emf. See Electromotive force 
emu, 600 
Energy, units of, 36, 602 
Energy conservation, 391n, 393-394, 444 
Energy density, 148, 393, 421-423 

of an electrostatic field, 136-148; and energy 
propagation in wave, 471-473; in magnetic field, 
292-294; units of, 601 

Energy flow, 393 
Energy flux, 421423, 471-473 
Energy methods, 156, 296 
Equation of continuity, 165-167, 170, 171, 178, 

390, 570 
and equilibrium, 174 

Equilibrium, 174-175 
Equilibrium theory in plasma, 343-344 
Equipotential surface, 7, 37, 63 

and electrostatic images, 69-72; and Gauss’s law, 
42 

esu, 600 
Ether, 559, 560-561 
Euler equation, 351, 360 
Evanescent waves, 461 
External charge, 108 

Faraday’s law of electromagnetic induction, 260, 
272, 273-277 

in diamagnetism, 260; differential form of, 273, 
389 

Farad (F), 152, 602 
Ferrimagnet, 268 
Ferrite, 261, 268, 485 
Ferroelectricity, and permanent polarization, |36- 

138 
Ferroelectric material, 136-137 
Ferromagnetic domain, 265-267, 268 
Ferromagnetics, 231-234, 259 

circuit problems, 242-248; magnetic energy 
changes in, 298-301 

Ferromagnetism, theory of, 263-265, 268 
Fiber optics, 454 
Field point, 32 
Field tensor, four-dimensional, 571 
Field vector, boundary conditions on, 112-115 
Finite difference method, 77-79 
computer program for, 79, 82-84, 88-89; and 
Laplace’s equation, 90 

Finite element method, 77, 79-82, 84, 89 
Flux. See Electric flux; Energy flux; Magnetic flux 
Flux exclusion, 367 

perfect, 371-374; by surface transport currents, 
374, 375 

Force, 175-176, 190-192. See also Coercive force; 
Damping force; Electromotive force; 
Electrostatic force; Lorentz force; Magnetic 
force; Mechanical force 

on charge distribution, 141-142; between 
charges, 27; on current-carrying conductors, 193— 
197, in definition of ampere, 599-600; lines of, 
69; on object in charge system, 154-156; on point 
charge in dielectric, 118-120, restoring, see Force 
ee superposition principle, 29; units of, 28, 

Force constant, 491, 495 

Force-free field, 288 
FORTRAN, 89, 580-581 
Four-dimensional space, 566-567 
Fourier integrals. See Fourier transforms 
Fourier integral theorem, 608 
Fourier series expansion, 67 
Fourier transforms, 89-91, 607-609 

and plane waves, 417 
Four vector, 567 
Free charge, 97, 498, 499 

and external charge, 108n; and ferroelectricity, 
137-138; in wire, and Lorentz force, 273-277 

Frequency, 305-306, 396. See also Angular 
frequency; Damping frequency; Larmor 
frequency; Natural frequency; Plasma 
frequency; Resonance frequency 

of electromagnetic radiation, 305-306, 413; half- 
power, 318 

Frequency response function. See also Complex 
frequency response function 

and dispersion relations, 491-494; in linear 
media, 490 

Fresnel coefficient, 443, 444 
for oblique incidence, 447, 449-451; and wave 
interference, 462-469 

Frustrated total reflection, 467-468 
f-sum rule, 497 
Fundamental theorem of the theory of functions, 

611 
Fusion reactors, 355-358 

Galilean transformation, and Newton’s laws, 559, 
564 

Gamma rays, 412, 413 
Gas, ionized, see Plasma 
Gas discharge, and current, 164 
Gauge, 407, 410 
Gauge transformation, 407 
Gauss (G), 203 
Gaussian surface, 37-43, 42 

in dielectric, 106-109 
Gaussian units, 107, 192n, 202, 416, 599, 600-602 

conversion factor, 230; table, 602 
Gauss-Jordan elimination method, 587-589 
Gauss’s law, 37-40, 92, 389, 569 

in dielectric, 106-109, 111, 173; differential 
form, 106; and Dirac delta function, 49; and 
divergence theorem, 40; and Poisson’s equation, 
56; and potential, 41-42 

Generating function, 94 
Generator, 176, 276, 285, 326-327 
Geometric imperfections, 183 
Geometry of space-time, 566-567 
Giorgi system of units, 29 
grad. See Gradient 
Gradient, 5-9, 7 

second-order operations with, 19-20 
Green’s theorem, 21-22 
Grounded sphere, 73 
Group velocity, 518-519 
Guiding center, of particle in plasma, 345 
Gyromagnetic ratio, 270 

Hagen-Rubens relation, 456, 460, 509-510 
Half-power frequency, 318 
Hall resistivity, 363 
Harmonic oscillator, 494-499, 500 
Harmonic oscillator equation, 311, 396 
Heisenberg theory of ferromagnetism, 268 



Imholtz coil, 201-203 
Imholtz equation, 424 
ind monochromatic waves, 396; scalar and 
vector, 379, 431-433 
nry (H), 278, 279, 602 
tz vector, 411 
ymogeneous wave, 426n 
ymopolar generator, 285 
errs formulation in a plasma, 342, 350, 

/steresis, 229-235 
/steresis loop, 138, 233-235, 300 
steresis loss, 298-301 

eal current generator, 326 
2al transformer, 323-324 
eal voltage yenerator, 326 
age charge, 69-73, 121-122 
age current, 254 
jaginary unit, 68. See also Complex quantity; 
Complex variable 

pedance, 313-314, 490, See also Complex 
impedance 

driving point, 328-329; of free space, 438; load, 
322-326; parallel connection, 314-316; polar 
form, 314, 315; series connection, 314-316; 
ransfer, 329 
idence. See Angle of incidence 
-oherent X-ray scattering, 540n 
dex of refraction, 397, 404, 416, 425. See also 
Complex index of refraction 

in conducting medium, 428; for water, 444 
juced dipole, model of, 131-132 
Juctance 
Nac circuits, 283, 320-324; incremental, 277; 
nutual, 279-282, 320-324; in parallel, 281; in 
series, 281; units of, 278, 602 
duction. See Magnetic induction 
Juction drag on sphere, 364 
Juctively coupled circuits, 279-283, 290-298 
Juctive reactance, 313 
juctor 
yarallel connection, 282-283; in series circuits, 
3()7-308; series connections, 281-283 
rared radiation, 413 
er product. See Scalar product 
tantaneous power, 317 
ulator. See also Dielectric medium 
esistivity of, 168; resistivity table, 168; 
esonance absorption by, 499-506 
egral theorems. See Fourier integral theorem: 
Vector integral theorems 

egration, numerical, 585-587 
ensity. See also Magnetic intensity 
f wave, 443-444 
erface between media, 112-115, 170-171 
erference, 462-469 
eral reflection, total, 454, 460, 467 
emal resistance, 177 
rinsic magnetic moment, 261 
erse square law, 28 
|, 162, 163 
containment, 341 
ic absorption, 506 
ic vibrational frequency. 515 
ized gas, 341 
osphere, reflectance of, 508 
drop, 307 
lated magnetic pole, 198 

Isotope effect, and superconductivity, 369 
Isotropic medium, 109, 229 
Iteration 
computer programs for, 79, 82-84, 88-89; in 
finite difference method, 78-79; in magnetic 
circuit problems, 247 

Joule heating, 170, 465 
Joule heating rate, 392 
Joule heat loss, in magnetic circuit, 289 
Joule (J), 36 

Kinetic theory, and plasmas, 342, 343 
Kirchhoff’s current law, and nodal analysis, 327— 

328 : 
Kirchhoff’s laws, 175-181, 321-328 

and mutual inductances in circuits, 321-323; and 
slowly varying currents, 307-308 

Kirchhoff’s loop law. See Kirchhoff’s voltage law 
Kirchhoff’s voltage law, 307, 308 

and mesh analysis, 324-327 
Kramers-Kronig dispersion relations, 494 

for low-frequency approximation, 512; 
modification of, 513 

Kronecker delta, 595 

Langevin-Debye formula, 134, 262 
and polar molecules, | 32-136 

Laplace’s equation, 58-60 
boundary conditions, 67, 69; and conducting 
sphere, 63-91; and dielectrics, 116; and finite 
difference method, 90; and magnetic field 
problems, 238; in one independent variable, 60; 
and plane waves, 423: solutions to, 58-60 (in 
cylindrical coordinates, 65-66; method of 
images, 69-71, 120-122; numerical, 77—91; in 
one-dimension, 77-82; in orthogonal, 
curvilinear coordinates, 93; in rectangular 
coordinates, 66-67; in spherical coordinates, 
60-63, 90, 430-431; in two dimensions, 67-68, 
82-84, 611); and steady-state conduction, 170; 
and superconductors, 372; in two variables, 60- 
63 

Laplacian operator, 57, 375-376, 431, 604 
and Dirac delta function, 50; notation for, 19; and 
scalar field, 19; and vector field, 20 

Larmor frequency, 259 
Larmor orbit, 345 
Larmor radius, 345 
Law of reflection, 445 
Lawson break-even condition, 356, 357 
Leakage flux, 248 
Legendre polynomials, 62, 94, 434 
Legendre’s equation, 61-62, 93 
Lenz’s law, 260, 273 
Level surface, 7 
Lienard-Wiechert potentials, 545-548 

and field of accelerated charge, 551-554; and 
field of uniformly moving charge, 548-551 

Light pipe, 454 
Linear dielectric medium, 110, 143, 148 
Linear equations, computer solutions, 332, 582, 

585, 587-590 
Linearity, 484-490 
Linear medium, 181, 229, 484-485 

isotropic, 167, 169; magnetic, 238, 290; polar 
molecules as, 132-136; wave propagation in, 
394-395, 412-417 

Linear polarization, 419, 422 

Index 627 

Linear transformation, 594 
Line charge 

and cylindrical conductors, 75; electric field of, 
41-42; and equipotential surface, 74-75 

Line image, 74-75 
Line integral, 10 
Lines of displacement, 115 
Lines of force, 33, 34 

and electrostatic images, 69 
Lines of magnetic induction, 236-237, 240, 242 
Liquid conducting medium, 171 
Load impedance, 322-326 
Local field, 257, 495 
Logarithmic frequency scale, 330-331 
London equations, 374-384 
London theory, of superconductivity, 369-370 
Longitudinal electromagnetic wave, 430, 440, 509 
Loop, 178 
Lorentz condition, 533 

and scalar potential of dipole, 526-527; and wave 
equation, 403, 407 

Lorentz contraction, 564, 565 
Lorentz force, 191, 272 

and conductor, current carrying, 193; on free 
charges in wire, 273-277, and plasma, 345, 348; 
units of, 601 

Lorentz force equation, 390 
Lorentz gauge, 407 

and wave equation, 403 
Lorentzian line shape, 503-504 
Lorentz local field, 495, 497 
Lorentz transformation, 561-566, 569 

covariant form, 569-570; for electromagnetic 
field, 573-574; and geometry of space-time, 566— 
567; and orthogonal transformation, 567-569; 
and particle velocity in plasma, 347; and 
uniformly moving charge, 574-576 

Loss angle, 517 
Lyddane-Sachs-Teller relation, 523 

Macroscopic electric field, 103, 127, 129 
Macroscopic magnetic field, 258 
Magnet 

poles of, 198, 225, 390; scalar potential, 210 
Magnetic circuit, 245-248 
concept of, applications, 247; containing 
permanent magnets, 248-251 

Magnetic confinement system, for controlled 
thermonuclear fusion, 355-358 

Magnetic cooling, 30] 
Magnetic dipole, 210 

radiating, 436, 543 
Magnetic dipole field, 210 
Magnetic dipole moment, 196, 209-210. See also 

Magnetization 
in ferromagnetic material, 263; intrinsic, 261; and 
orbital motion, 261; in paramagnetic material, 
262; units of, 601 

Magnetic energy, 289-304 
of coupled circuits, 290-292 

Magnetic energy density, 292-294 
Magnetic field. See also Magnetic intensity 
of distant circuit, 208-210; inside magnetic 
material, 237-242; inside matter, see Molecular 
field; produced by magnetized material, 222-225; 
relation to magnetic intensity, 231-235; sources 
of, 218, 226-227; of steady currents, 190-217; 
uniform, 345-347, 359-362, 371-378 

Magnetic field equations, 227-228 
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Magnetic field lines, 236 
Magnetic field strength. See Magnetic intensity 
Magnetic flux, 212, 228, 246-247 

leakage, 248; and superconductors, 370; units of, 
602 

Magnetic force, 191, 276, 294 
on rigid circuits, 294-298 

Magnetic induction, 190-193. See also Faraday’s 
law of electromagnetic induction 

inside toroidal coil, 278; lines of, 236-237, 240, 
242; and moving point charge, 550-551, 554- 
555; units of, 602 

Magnetic intensity, 226-227 
in absence of transport current, 237-242; in 
boundary-value problems, 235-238, 241-242; 
four-dimensional, 571; at molecule in cavity, 258; 
relation to magnetic field, 231-235; relation to 
magnetization, 229-230; transformation law for, 
573-574; and transport current density, 228; units 
of, 602 

Magnetic medium 
and boundary-value problems, 237-242; and 
current circuits, 242-245; linear, 238, 290; 
reversible, 290-298 

Magnetic mirror, 349-350 
and thermonuclear fusion, 355 

Magnetic mirror reactor, 357 
Magnetic moment, 196, 209-210, 229-230 

of gyrating particle, 346; intrinsic, 261 
Magnetic pole, single, 198, 390 
Magnetic pole density, 225-226 
Magnetic pressure, 351-352, 354-355 
Magnetic properties 

of ferromagnetic materials, 232; of matter, 218- 
255; of matter, table, 230, 232 

Magnetic scalar potential, 210-212, 225-226, 238 
Magnetic susceptibility, 229-230, 602 

table, 230 
Magnetic torque, 294, 295-298 

Magnetism 
macroscopic theory of, 218-255; microscopic 
theory of, 256-270 

Magnetite, 190, 268 
Magnetization, 218-221. See also Magnetic dipole 

moment 
and atomic current, 226; relation to magnetic 
intensity, 229-230; spontaneous, 264 

Magnetization current, 220 
of superconductors, 370-374 

Magnetization current density, 219, 221, 223, 228 
Magnetization curve, 231 
Magnetomotive force, 246 
Mass susceptibility, 229, 230 

table, 230 
Matrix formulation, 595, 596-597 

and network equations, 332, 335 
Matthiessen’s rule, 183 
Maxwell-Boltzmann distribution, 134, 342 
Maxwell's equations, 51, 386-411 

and boundary conditions, 398-401; and 
boundary-value problems, 441483; and complex 
quantities, 421-423; covariant form, 569-570; 
and displacement current, 386-411; and 
electromagnetic waves, 412-440; empirical basis 
of, 389-390; in Gaussian units, 601; and Lorentz 

transformations, 561; and monochromatic waves, 
395-398; for plane waves, 415; and radiation 
problems, 441; and spherical waves, 433; and 

superconductivity, 366, 369-370, 378-381; and 
wave propagation, 425, 474-477, 559-560 

Mean free path, 182-183, 342 
for incident photons, 540 

Mechanical force, 175-176, 276 
Meissner effect, 367, 370, 377 

and London equations, 374 
Mesh analysis, 324-328 
Metal, 162-163, 182-183 

resistivity, 168, 183-184 
Metallic conduction, 161, 183 
Method of images, 69, 120-122 
Mho, 168, 429n 
Michelson-Morley experiment, 560-561, 562 
Microscopic field, 257 
Microscopic theory 

of conduction, 181-185; of dielectrics, 127-140 
Microwaves, 413, 429 
Minkowski space, 567 
mks units, 28, 36, 416 

table, 602 
Mmf. See Magnetomotive force 
Mobility, of electron, 183 
Mode, 476 
Molar susceptibility, 229 
Molecular field, 127, 257-259, 495 

in dielectric, 127-131 
Molecular polarizability, 130-131 
Momentum density of electromagnetic field, 310 
Monochromatic wave, 395-398. See also Plane 

wave; Radiation 
in bounded regions, 441-483; propagation of, 
412-440 

Motional emf, 275, 276 
Mott-Zener formula, 510 
Multipole expansion, of electric fields, 46-48 
Mutual inductance, 279-282 

in ac circuits, 320-324; sign convention, 320-321 

Natural frequency, 312 
Natural line width, 539 
Needle-shaped cavity, 104-106 
Network equations 

algebraic approach to solutions, 331; computer 
solutions, 329-336; matrix approach to solutions, 
332 

Network theory, 329 
Neumann function, spherical, 435-436 
Neumann's formula, 280-281, 296 
Neutral medium, 164 
Newtonian mechanics, 564 
Newton (N), 29, 600, 602 
Newton's laws of motion 

and Galilean transformation, 559 
Newton’s third law, and Biot-Savart law, 198 
Nodal analysis, 324, 327-328 
Nonconducting media, plane monochromatic waves 

in, 412-417 
Nonperiodic behavior, 305, 306 
Nonpolar molecule, 13} 
Nonreflecting coating, 467 
Normal dispersion, 502 
Nucleus, atomic, forces between, 28 
Numerical analysis, 579, 590 
Numerical integration, on computer, 585-587 
Numerical methods, 581-587 

Observation point. See Field point 
Oersted (Oe), 602 

Ohm (Q), 168, 429n 
Ohmic medium, 167, 169 
Ohm’s law, 167-170 

and equilibrium, 174; and Kirchhoff’s laws, 179; 
and Laplace’s equation, 170; and linear behavior, 
181; and plasma, 352 

Open-circuit voltage, 177 
Optical constants, 426-429. See also Dielectric 

constant; Index of refraction 
Optical fiber, 454 
Orbit center, of particle in plasma, 345 
Orbit theory, 342, 343, 344-350 
Ordered spin structure, 268 
Onentational polarizability, 135 
Orthogonal transformation, 567-569, 595-598 
Orthogonal unit vectors, right-handed, 415, 418 
Orthonormal coordinate system, 18 
Oscillating electric dipole, radiation from, 525-529 
Oscillating field, in dispersive media, 484-524, 

517-521 
Oscillator strength, 497 
Outer product. See Vector product 
Overdamped, 338 
Overrelaxation, 78 

Parallel connection 
of capacitors, 153, 489-490; of impedances, 314— 
316, 320; of inductors, 282-283; of resistors, 177, 
489-490 

Parallel-plate capacitor, 152, 156 
Paramagnetic matenial, 229, 230, 259 
Paramagnetic resonance, 415n 
Paramagnetic susceptibility, 230, 262 
Paramagnetism, origin of, 261-262 
Particle accelerator, 345 
Particle motion in electnic and magnetic fields, 294 
Particle orbits, in plasma, 344-349 
Penetration depth, of superconductors, 368, 377-378 
Penodic behavior, 306 
Permanent magnet, 233, 235, 240-242 

and magnetic energy changes, 298-301 
Permanent magnet circuit, 248-251] = 
Permeability, 230, 247, 278 
dimensions of, 278, 599, 600; incremental, 233; 
relative, 396n 

Permittivity, 143, 175, 599, 600, 602 
of dielectric material, 109; frequency dependence 
of, 489, 517; of vacuum, 29 

Phase retardation, 463-466 
Phase shift 

and propagation of radiation pulses, 519; on 
reflection, 455, 462-469 

Phase velocity, 459, 471, 473 
defined, 414; of plane waves, 416, 421-422, 426- 
427 ae 

Pinch effect, 350, 353-355 
Plane of constant amplitude, 457, 458, 461 
Plane of constant phase, 457, 458, 461 
Plane of incidence, 446 
Plane wave 

in conducting media, 423-430; defined, 412; - 
inhomogeneous, 481; in nonconducting media, 
412417 

Plane wave solutions, 412-417 
Plasma, 341-364 

electrical neutrality in, 343-344;-electron density 
in, 343-344; particle orbits in, 344-349; 
resistivity of, 363; for thermonuclear fusion 
Teactor, 355-358 



asma drift velocity, 346-347 
asma dynamics, 342-343 
asma-electron oscillation, 358-363, 430 
asma frequency, 359, 507-511, 513 
able, S08 
asma oscillation, 350 
asma waves, 358-363 
int charge, 27-28 
accelerated, field of, 551-554; in dielectric, 110— 
112, 118-120; electric field of, 33; electrostatic 
potential due to, 35; and Lienard-Wiechert 
potentials, 545; near conducting objects, 69-73; 
near interface of two dielectrics, 121-122; 
potential energy of group, 142-143; potential of, 
63; relation to charge distribution, 48; self- 
energy, 146, 148; and solution to wave equation, 
404; uniformly moving, field of, 548-551, 574- 
576 
int dipole, 44 
potential distribution of, 44-45 
isson’s equation, 56-58 
in cylindrical coordinates, 58; and dielectrics, 
116; and Laplace’s equation, 58; and magnetic 
vector potential, 207; and partial differential 
equation, 57; and potential in plasma, 344; in 
rectangular coordinates, 57-58; solutions of, 9{- 
D2 
lar coordinate system. See Spherical coordinate 

system 
Narizability 
atomic, 132; deformation, 135; molecular, 130- 
131, 135; orientational, 135 
larization, 98, 495-496 
and boundary conditions, | 14-115; circular, 420; 
of dielectric medium, 37, 97-103; elliptical, 420; 
linear, 419, 422; permanent, and ferroelectricity, 
136-138; right-hand, 420n; s- and p-, 449-450; 
units of, 98, 107; of waves, 418-420 
larization charge. See also Bound charge 
and free charge, 108n; relation to total charge, 
106-109 
larization charge density, 101-103 
lar molecule, 131, 454, 515 
and Langevin-Debye formula, 132-136 
les, of magnet, 225 
tential, 33-36, 207, 210. See also Electrostatic 

potential; Scalar potential; Vector potential 
oefficient of, 75-77, 148-150; retarded, 545— 
557; screened Coulomb, 54; units of, 36, 602 
tential difference, 176-177 
of moving wire, 273-277; notation for, 177n 
tential energy, 141. See also Electrostatic energy 
of conservative electrostatic force, 35-36; of 
slectric dipole, 45; of permanent dipole in electric 
field, 134; of point charges, 142-143; relation to 
slectrostatic potential, 35-36 
wer, 169-170 
werage, 317; instantaneous, 317; measurement 
of, 316-317 
wer density, 393 
wer factor, 316-317, 323n 
wer supply, electronic, 176 
ynting vector, 393, 443, 450, 471-472 
of accelerated point charge, 555; and energy 
lensity and flux, 421; and radiation emission, _ 
28, 530, 534, 539, 540; in radiation field of point 
lipole, 534; units of, 601 
nciple of relativity, 560, 562 
sm, dispersion in, 519 

Propagation vector, 413, 445n 

Q-factor of circuit, 316-317, 319-320 
Q-factor of medium, 409 
Quadrupole moment tensor, 48 
Quality factor. See Q-factor 

Radiation 
from accelerated point charge, 535, 551-554; 
emission of, 525-544; frequencies and 
wavelengths, 305-306, 413; from group of 
moving charges, 531-535; from half-wave 
antenna, 529-531; from oscillating dipole, 525- 
529 

Radiation damping, 500, 537-541 
Radiation field, for small velocities, 554-556 
Radiation resistance, of dipole, 528-529 
Radiation zone field, 533-534, 535-537, 536 
Radio waves, 412, 413 

and skin depth, 430 
Radius of atom, 99, 495 
Radius of electron, 500, 539 
Radius of molecule, 516 
Reactance, and impedance, 313 
Real angle of refraction, 458 
Rectangular coordinate system, 603 

curl in, 16; divergence in, |2—13; gradient in, 8-9; 
Laplace’s equation in, 66-67; Laplacian operator 
in, 19; Poisson’s equations in, 57; verification of 
vector identities in, 20 

Reflectance, 444-450 
at air-metal interface, 454462; from conducting 
plane, 454-462; dependence on angle of 
incidence, 451-454; and thin layer, 462-469 

Reflection 
angle of, 447; normal incidence for, 441-445; 
total internal, 454, 460, 467 

Refraction. See also Index of refraction 
oblique incidence for, 445-451; real angle of, 
458, 459 

Refractive index. See Index of refraction 
Regular function, 611 
Relative permeability, 230, 396n 

of ferromagnetic materials, 231-234 
Relativity, 193, 276n, 558-578 

special theory of, 470, 561-566 
Relaxation time, 174, 181-183, 397, 514 
Reluctance, 247-248 

of leakage path, 248 
Remanence, 233 
Resistance, 169 

and impedance, 313; of inductors, 281-283; 
internal, 177; in superconductor, 365-366, 367; 
temperature coefficient of, 184-185; units of, 
169, 602 

Resistance networks, and Kirchhoff’s laws, 175- 
181 

Resistivity, 167, 177 
in alloys, 184-185; of ferrites, 268; in metals, 
183-184; of plasma, 363; required for 
conductorlike behavior, 175; table, 168; units of, 
167 

Resistor, 173, 177 
power to, 316-317; in series circuits, 307-308 

Resonance, 317-320 
Resonance absorption, by bound charges, 499-506 
Resonance frequency 

of electron, 495, 499-506; of parallel circuit, 320; 
of series circuit, 317-320 

Index 629 

Response function, 485-490 
Restoring force, 515n. See also Force constant 
Rest system, 565 
Retarded potential, 406, 545-557 
Retarded time, 406 
Retentivity, 233 
Reversible magnetic systems, 290-298 
Right-hand rule, 4, 11, 420n 
Rotation angle, in Lorentz transformation, 568-569 

Saturation magnetization, 231, 232 
Saturation polarization, 133 
Scalar, | 

invariant, 595; notation for, 6; transformation, 
595 

Scalar field, 1, 3, 12 
Scalar Helmholtz equation, 431-433 
Scalar potential, 402407 

magnetic, 210-212, 225-226, 238: retarded, 406; 
units of, 601 

Scalar product, 3 
triple, 4 

Scalar wave equation, 559-562 
Scalar wave equation, inhomogeneous, solution of, 

403-404 
Screened Coulomb potential, 54 
Second-order phase transition, in superconductors, 

369 
Second-rank tensor, 597 
Self-energy, 146 

of conductor, 146; of point charge, 146, 148, 159 
Self-field, of point charge, 119 
Self-inductance, 277-278 
Semiconductor, 37 
conduction in, 182-183 
density and plasma frequency, 508-511 

Separation of variables, 61, 65, 423, 475 
Series circuit, 177, 312-316, 317-320 

magnetic, 246-247; resonance frequency of, 317- 
320; steady-state behavior, 312-314 

Series connection 
of capacitors, 153; of impedances, 314-316, 317- 
320; of inductors, 281-283; of resistor, 177 

Sheath, 341 
Shielding distance, 341, 343-344 
Siemens (S), 168, 429n 
Simultaneity, 564-565 
SI units, 29 
Skin depth, 509, 510, 540 

defined, 427; at oblique incidence, 460; in various 
media, 429-430 

Smakula’s equation, 523 
Snell's law, 445, 453 

and complex Fresnel coefficients, 454, 458-459; 
and reflection at interface, 447, 450, 452 

Soft iron, 231n, 245, 249-250 
Software, 583-585 

modification of, for electromagnetic theory, 582; 
testing, 590 

Solenoid, 203, 215, 297-298, 377-378 
Space-time, geometry of, 566-567 
Space-time interval, 563 
Space-time point, 563 
Special theory of relativity, 558-578 
Spherical Bessel function, 435-436 
Spherical coordinate system, |8n, 603-604 

and divergence, 13; and electrostatic images, 72: 
Laplace’s equation in, 60; Poisson's equations in, 
57-58; polar coordinates in, 9; wave equation in, 
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430-437 
Spherical Neumann function, 435 
Spherical symmetry, 63 
Spherical wave, 405, 430-437 
SPICE, 335-336 
Spin, 261 

and ferromagnetism, 264, 268 
Spinel structure, 268 
Spontaneous magnetization, 264 
Steady-state behavior, 170-173, 306-307 

of series circuit, 312-314 
Steady-state conduction problems, 170-173 
Stokes’s theorem, 16-17 

and Ampere’s circuital law, 205; and boundary 
conditions, 399; extensions of, 21; and 
Neumann’s formula, 281; and transport current, 
228 

Summation convention, 572 
Sum rules, 524 
Superconducting cylinder, and perfect flux 

exclusion, 373-374 
Superconducting materials, properties of, 367-370 
Superconducting sphere 

and perfect flux exclusion, 370-373; in uniform 
field, 378-381 

Superconductivity, 365-385 
Superconductor, 365-385 

critical temperature, 366, 367-368; as magnetic 
material, 374, 375; perfect conductivity of, 367, 
370-371; perfect diamagnetism of, 370-371; 
permeability and susceptibility, 367, 370, 376; 
theory of electromagnetic behavior of, 376-378 

Superposition of plane waves, 417 
Superposition theorem, 59 
Surface charge density, 30, 49, 101, 114, 236, 400 

and boundary conditions, 399-400; notation for, 
167 

Surface current, 223 
Surface current density, 49, 236, 400 
Surface density of magnetic pole strength, 225 
Surface integral, 11 
Surface stress, 119 
Susceptibility 

diamagnetic, 230, 260-261; electric, 109-110, 
494, 496, 602; magnetic, 229-230, 602; molar, 
229; and molecular fields, 139; paramagnetic, 
230, 262; of superconductors, 370, 376 

Temperature coefficient of resistance, 184-185 
table, 168 

Tensor, 2, 594-597 
antisymmetric, 571; defined, 597; dielectric, 
391n; field, 567, 571n, 572-573; quadrupole 
moment, 48 

Tesla (T), 191, 202-203, 212n, 602 
Test charge, 31-32, 103 
TE wave. See Transverse electric wave 
Thermally induced imperfections, 183 
Thermal velocity, 182 
Thermionic emitting cathode, 162 
Thermoelectric effect, 164 
Thermonuclear fusion, and magnetic confinement, 

355-358 
Thermonuclear reactors, 341 
Theta-pinch fusion reactor, 357 
Thomson scattering cross section, 537-541 
Time constant of circuit, 309-310 

Time constant of medium, 174, 183. See also 
Relaxation time 

Time dilation, 565 
TM wave. See Transverse magnetic wave 
Tokamak reactors, 356-357 
Toroid, 216 

filled with ferromagnetic material, 242-245; self- 
inductance of, 277-278 

Toroidal plasma, 356, 357n 
Torque, 154-156, 194 

magnetic, on rigid circuits, 294, 295-298 
Total internal reflection, 454, 460, 467 
Transfer functions, 328-329, 581 
Transformation 

linear, 594; orthogonal, 567-569, 595-598 
Transformation law 

for electromagnetic field, 573-574 
for vectors and tensors, 596-597, 598 

Transformer, 322-324 
Transient behavior, 306-307 

elementary, 308-312; and nonperiodic behavior, 
305 

Transition temperature. See Critical temperature 
Transmittance, 444, 450 

relation to reflectance, 451; and thin layer, 462— 
469 

Transparent medium, 427, 453, 454, 505-511 
maximum thickness of, 466; normal dispersion 
behavior, 502 

Transport current, 218, 228 
Transport current density, 226-228 
Transpose matrix, 595 
Transverse dispersion relation, 416 
Transverse electric wave, 433, 436, 470, 474-476 
Transverse electromagnetic wave, 415, 427 
Transverse magnetic wave, 433, 436, 470 
Trapezoidal rule, 585-587 
Triple scalar product, 4 
Triple vector product, 4 
Turns ratio, 324 
Two-fluid model of superconductivity, 369 

Ultraviolet radiation, 413 
Underdamped, 338 
Uniformly magnetized material, 238-242 
Uniformly magnetized sphere, 240 
Uniformly moving charge, 548-551, 574-576 
Uniform wave, 426n 
Uniqueness theorem, 59 
Unitary transformation, 567n 
Units, 28-29, 599-602 

table, 602 
Unit vector, 4, 413 
Universal time, 564 

Vacuum 
current in, 162; electric properties of, 112; 
permittivity of, 29 

Van de Graaff generator, 176 
Vector, 1-3, 594-598 

addition, 3; curl of, 14-17; divergence of, 12-14; 
integration, 9; multiplication, 3; negative of, 2; 
transformation, 594-597 

Vector algebra, 2-5 
Vector analysis, 1-25 
Vector differential operator. See del operator 
Vector field, 2, 3, 10 

electric field as, 33 
Vector Helmholtz equation, 379, 431-433 
Vector identities, 20 
Vector integral theorems, 21-22, 23 
Vector potential, 402-407 

magnetic, 207-208, 222, 402; retarded, 406; units 
of, 601 

Vector product, 3-5 
del operations on, 20-21; triple, 4-5 

Vector wave equation, inhomogeneous, solution to, 
403, 404-405 

Velocity of energy propagation, 471-473 
Velocity of light, 192, 396, 471, 600-602 

constancy of, 562-563 
Velocity of wave, 559 
Viscosity, 516 
Visible light, 412, 413 
Voltage. See also Applied voltage; Complex 

voltage; Counter voltage 
constant, 306n, 308-312; effective value, 317; 
open-circuit, 177; periodic, 306-307 

Voltage gain, in four-terminal network, 329 
Voltage generator, 326-327 
Volt (V), 36, 602 
Volume charge density, notation for, 167n 
Volume density of charge. See Charge density 
Volume integral, | 1 

Wave. See also Monochromatic wave; Plane wave; 
Radiation 

homogeneous, 426n; intensity of, 443-444; 
longitudinal, 430, 440, 509; spherical, 431-433 

Wave, electromagnetic, 412-440, 509 
Wave equation, 394-395 
damped, 395; Lorentz transformation of, 561- 
562; one-dimensional, 405; with sources, 401- 
407 

Waveguide 
cylindrical, 474; parallel plate, 469-474; 
rectangular, 475-477 

Wavelength, 305-306, 396, 413 
Wave motion, in plasma, 358-363 
Wave propagation, 394-398, 412-440 

in conducting medium, 397-398, 412n; in 
moving reference system, 559-566; between 
parallel conducting plates, 469-474; in plasma, 
360 

Wave velocity, group, 47] 
Wave velocity, phase, 413, 471 
Weber (Wb), 212 
Weiss-Heisenberg theory, 264 
Weiss molecular field, 264 
Wheatstone bridge, 189 
Wire 

charged, 84-88; conduction in, 168-170; in 
magnetic field, 273-277; superconducting, 365, 
374, 375, 381-384 

Work 
to assemble charge distribution, 141-142; to 
energize current circuits, 289-292 

World point, 567 
World scalars and vectors, 567 

X-ray, 412, 413 
X-ray scattering, 539, 540n 

Zero potential, 72 _ 
Zonal harmonics, 60-63, 117, 239, 240 
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