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I.BOB. TO'PLAMLAR
§1. To’plam tushunchasi. To’plamlar ustida amallar .

To’plam  tushunchasi matematikaning muhim  boshlang’ich
tushunchalaridan biri bo’lib u ta’riflanmaydi. To’plam deyilganda, biror
bir xususiyati bo’yicha umumiylikka ega bo’lgan obyektlar majmuasini
tushunamiz. Masalan 1-kurs talabalarining to’plami, [0,1] kesmadagi
nuqtalar  to’plami, matematikadagi ragamlar to’plami va hokazo:
To’plamlar 4,B,C,D, ... harflar bilan belgilanadi. To’plamga kiruvchi
obyektlarni uning elementlari deyiladi va ular a,b,c,d,.. lar bilan
belgilanadi. Masalan, elementlari a,b,c,d bo’lgan 4 to’plam
A ={a,b,c,d} ko’rinishda yoziladi. aeA yozuv a element 4 to’plamga
tegishli ekanligini, @ € A yoki a € A yozuv esa a element 4 to’plamga
tegishli emasligini bildiradi. |

Birorta ham elementi bo’lmagan to’plam bo’sh to’plam deyiladi va @
bilan belgilanadi. Masalan, sinx = 5 tenglamaning yechimlari to’plami,
perimetri 0 ga teng bo’lgan kvadratlar to’plamlari bo’sh to’plamdir.

Chekli sondagi elementlardan tashkil topgan to’plam chekli to’plam
deb ataladi. Masalan, matematikadagi ragamlar to’plami chekli to’plam
bo'ladi. Uni 4 = [0,1,2,3,4,5,6,7,8,9} ko’rinishda yozish mumkin. .

Matmatikada ko’pincha chekli bo’lmagan to’plamlarni — cheksiz
to’plamlarni qarashga to’g'ri keladi. Masalan, barcha to’g’ri l-fa-srlar
to’plami, natural sonlar to’plami, bir nuqtadan o’tuvchi to’g’ri chiziqlar
to’plami cheksiz to’plamlarga misol bo’la oladi. .

Agar A to’plamning har bir elementi B to’plamning ham elem.entl
bo’lsa, A to’plam B to’plamning qismi yoki gismiy to’plami deyiladi va
A C B Kkabi belgilanadi. Masalan, 4 = {24,68,), B ={12345.6,78}
bo’lsa, uholda 4 c B ekanligi ravshan.

Agar ACB, Bc 4 bo’lsa, A va B teng to’plamlar deyiladi va
A = B kabi yoziladi.

AvapB to’plamlarning barcha elementlaridan tashkil topgan C to’plam
A va B to’plamlarning yig'indisi (birlashmasi) deb ataladi. Uni ¢ =AU B
kabi yoziladi.
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B=p N4k 90nunlargy bo’ysunadi:
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ir,

Mustagqil yechish uchun topshiriglar
1.Barcha juft va toq sonlar to’plamlarini yozing.
2. Barcha juft va toq sonlar to’plamlari uchun AU B va AN B lar

topilsin.

3.Tomonining uzunligi 2 ga teng bo’lgan muntazam ko’pburchaklar
perimetrlari to’plami yozilsin.

4.Birinchi tikuvchilik fabrikasida bolalar ko’ylagi, kostyum va kurtka
tikiladi. Ikkinchi tikuvchilik fabrikasida esa ayollar ko’ylagi va kostyum
tikiladi. Bu fabrikalarda tikilayotgan kiyimlar to’plamlari tuzilsin va ular
uchun AU B, 4N B lar topilsin.

5.
X+

6. (x _‘2)3(,\- — 3)(x?+5) = 0 tenglama ildizlari to’plami yozilsin.

7.4 = {24,6,8,10} va B = {1,2,3,4,5) to’plamlar berilgan. AU B va
AN B lar topilsin.

8. l_x-l)(r:—S)r.\':—J.)

xX=2

9.4 = [-3; 0] va B = (—1; 5] to’plamlar birlashmasi yozilsin.

0A=Mn-3n-2n-1nn=+ 1} va B={n-1n+1n+2
m+3,n+4}) to’plamlar uchun AUB, AnB, A\B va B\ A lamni
toping.

I1.0’zbekiston Respublikasi mustagillikka erishgan yil raqamlari
to’plamini yozing,

12. A = {10; 12%; 17.3; —=7; 136} to’plam berilgan. Qaysi natural
sonlar bu to’plamga tegishli?

13. A to'plam —s; —4; —3: —2; 6 elementlardan tuzilgan. Shu
sonlarga qarama-qarshi bo’lgan sonlar to’plamini yozing.

4. x2—6x+10=0 tenglama ildizlari to’plamini yozing.

I5. A=1(3,6,9,12, 15} to’plamning barcha qism to’plamlarini
tuzing,

16.4={2;3,4;5,7),B = (3, 5,7, 9),C = (4; 9; 11} to’plamlar
uchun 4 u (B y C),(CuUB) UAvadn (B U C) lar topilsin.

(x*-1)x? - e e i e
. — =0 tenglama ildizlari to’plami tuzilsin.

= 0 tenglama ildizlari to’plami yozilsin.

I e
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ILBOB. KOMPLEKS SONLAR. . . .
§1. Kompleks son tushunchasi. Kompleks sonlar ustida arifmetik
amallar .
Matematikada ko’plab masalalarni  hal qilish hagqiqiy son:ar
to’plamini kengaytirishni taqozo etadi. Misol uchun kvadrat tenglamalz:
va ularning yechimlarini o'rganishda yangi bir sonlar, kompleks St(:'nlik
to’plamiga o'tish zaruriyati tug’iladi. Bunda dastlab mavhum bir
tushunchasi kiritiladi.

: : ; irlik deb ataladi va u i
Kvadrati —1 ga teng bo’lgan son mavhum birlik deb ate

bilan belgilanadi. Demak, i? = —1 yoki i = v-1.
Masalan, V=36 = V36- (1) =6V=1=6"1;

1 1 1
—_ = = J_-(_l):_l'.
N 4 | .4 2 .[- I umkin-
i2 . 4 . . s il agilish m .
"= =1 dan foydalanib i ning darajalarini hosil g
Yani,
:‘2 = —-1,
] 2
{ Url=—1.§ = _;
4 .3 .
=1 E—ivi= 22 _(21) =1
l’b—i‘g.l:l'ltl,
5 g .. .
L™ = S =8 = i
I7:lbi=—1[:_l )
4 i kuzatib
B=iTi=fiia —i{? = —(—1) = 1 va hokazo. Bularni 1\111%3_ :
+ P4 ; . _ N) ekanligini
[ - 1, !4.!+1 s Z-_;n-rz - __1; l-l-u+3 = —i (nf,’\)
ko’ramiz.

@ va b haqiqiy sonlar hamda mavhum birlik i bilan hosil gilingan

a + bi ks son
ko’rinishdagi songa kompleks son deyiladi. Odatda, kom.pl-e S' mi
@ + bi ko’rinishda yoziladi. a son Z kompleks sonning haqt.qu q.llS di
'®. ReZ Kabi belilanadi. bi kompleks sonning mavhum gismi deyila

S ienti
Y& U Iz kap; yoziladi. b soni esa mavhum qismning koeffitsie
deyilad;.

Z =
deyil




Har qanday sonnj q

+ bi ko'r
a=a+0i by

Y i k. < ﬂl n
: bi! 0 0 ..L Oi.

Kompleks Sonning - modylj e, 1Z] = VaT 32 ga aylllaﬁ;
Z=qa+ 4pi VaZ=q_yp; sonlarga o'zap qo’shma kompleks Sonlzs
deyiladj. Masalan, 7 +3l va 7 _ 3 lar 0’zaro  qo’shma komple
sonlardir, ],y uchun |z| < 1Z] o’rinlidjr )

Ikkita Zi=aq, ¢ bii va Zy=aq,+ byi kompleks sonar berilgan
0olsin. Agar g, - @ by =, bo’lsa, u hojqy %1 va Z, kompleks sonlar
0zaro teng deyiladj v, 21= 7, Kab; belgilanad;. Kompleks sonlar uchun
kata, kichil tushunchg] gy o’rnalilmagan_

Aytay]ik, ikkita Z; = Q1 + byi va ;= @2+ byi kompleks sonlaf
erilgan bo’Isin, 4 holda

1+ZZ=(al bli)+( a; + bzf) = (Ql ta,)+ (b, + bz)&

Zl _Zzi‘(—:(ga]:-.:)bll) - (Iaz T byi) = \@ ~a,) + (b ~ bz)f;, ‘2 —
= (alalz ~—2b b 1)+ 19, 4 bz')' S qa, + aibyi + b i+ b b,i

183 )+ (le2+a2bl)1
J*::El—ﬂ’lf:alﬂ__*-blbz 2b1~a,p
2 Q2+b, | a§+bz T =

i °Sa,uholda
Z‘,Z:(Q""bi)-(q, :
Z

reg.
.Z=(Q+bi)(a__bl_

““-=E—+_Iﬁ__ a4

an berilga .. lar
‘ ntg Shir P —T
" opilsj, P Iqlardan pg
4.
133
= ;484 i N
tito z 1‘:-1; il3s
(% 4 o
s 200 + i
e 142 _

= j433+3 —

6) 5 g
ni hlsob]ang.
i+334,

—1.
- !'4‘284‘3 3 1.4.50 +
14

FIVISEI o i ] = 0; 17 436 = Al |
;1 e r(x—y)i=7+6i tenglil?'dan X v:ny topilsin.
¥ (2\ !;'SIio)m_p]c;\'s sonlarni tenglik shartiga asos
YCLI;Ii]_._ Sl
{ X—y=6

$4" 3 =i 1

i i ikkinchi
i sistemani :
‘lamiz.  Uni yechish uchun (omme: bt
: a ega bo'lamiz. o  teng o
SIStcmﬂgd €ga ]\O'pfl)rtir'“'niz va bll‘lﬂChl - il\kinChi tenlamaga
ini 3 ga ko'paytir: o i
N 3 g2 ki x = 5 ni hosil gilamiz. Bun
1jad: S5x = 25 yoki x =
Natijada 5 ST
0'yib y = —1 ni hosil gilamiz. .
! 4.2, =2+3({ va Z,=5-
. 1 = T
ilsin: + Zs5;
Quyidagilar topilsin: 1)Z;

berilgan.
kompleks son[a;l
D2 =2 Nz D3 -
, 7i)=2+3i+5-
1} {5 —~Fi) =24
Yechish: 1) z, +Z;=(2+31)+(5 ’
- | 5+ 7i=-3+10i;
. ] 4L A=
=y [ 5—71)=2+3i—5H4 P
HZ:(2+31)_(D 41 +15i - 21i° =
iiZZL'Zz i‘ (2+3i)(5-7i) =10 — 14i
1

2 5i-21 _
i i< 10+2
I15+71) 10+141415i+218% - =
2+3i (2+30)5+71) _ :
4 2431 _ {2+ =
4)Z- T (5-71)(5+71)
S114250 gy L2,
T T

S.(3-5i)2 topilsin.

5i2 =9 — 30i
- 51 + 25i
Yechish: (3 - 50)°=9-2-3-5i iymatlari
' ni 1
o —16——30£ . .kdanx VaJ' nmgqy
(37— 1)x + (2 - 3¢)y = 2 — 31 tengli

6. (3i — 1)y el - -

topilsin.

. celtiramiz:
o ' ko'rinishga ke
Yechish: Tenglikning chap tomonini a +' bi 1(‘0): Loy) - y
: L2y — 3yi = (—x 4 o
Bl 1)+ (2 31)y = 37+ Tnz\)( X3i 2y) + (3x — 3p)i = 2
. Demak i tenglik (—x -

{3k - 3. Demak, berllgarlx f 2y = 2 o
kovrmishga keldi. 3x —3y = -3 it 3 i, TRkt
hi tenglamaning har ikkala qis larni qo’shamiz:
e ) 1 izvau

aning har ikkala qismini 2 ga ko’paytiramiz

yechish uchun birip
tenglam
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o = S A

{"'BX + 6y = B B ~ - o
bx—6y=_g>»3x=0, x = D=+Z; 2)Z-2; 3)Z-Z; 4)3 lartopilsin.
X ning bu giymatin; biri 7. Amallarni bajaring
bt Irinc} y g
ni hOSllqdamiz, 11 tenglamaga qo'vib 2 =3 yoki y = 3 3420 , 5+2i 2) 6+2i 2430,
7 xz—6x , 3-2i  3+2{ “3-7i  2+s5i’
"‘1 = : s i ~
Yechish: g, 3 dO tenglama yechilsin. 2) (% )2+ (E)lz; 4) b:‘_l — {27
_ Yerda g = 1 _ =i N i . —1‘:
D“b2—~4ac=36_5 TLib=—g =3 boleani “uehud Javob: N2+ 23y )24+ 25 N2 )2 +5i
VD = V57 2=-16<y, = 13 13 29 ' 23 '
V=16 = [16. (-1 = Ny . 8. Quyidagi kvadrat tenglamalar yechilsin:
x1=:—bi‘:§=6+4i =4 Demak, Dx?—4x+13=0:; 2)x?+3x+4=0;
e TR, D ey 3)25x7 +x+1=0; 4)dx?-20x+26=0.

. . -3+i\7 -3-iVT
Javob: 1)x; =2 -3i, x,=2+3i; 2)x, = , X2 = ;

2 2
3)x, = -04 -0,8i, x, = —0,4 + 0,8i;

4)x, = 2,5 + 0,5, x, = 2,5 — 0,5i.
9. Quyidagi tenglamalar yechilsin:

i13). 432 ; Dx*-8=0; 2)x+64=0; 3)x*—81=0.
. gliklard, _ Javob: 1) x; = 2, x,3 = -1+ iV3; 2)+2i, +V3+1;
J¢: ‘:rl)jcl '::(15 V5 y;)”]?iq!yma”a” topilsin 3) =3, =31
it SN S o R e
4) x jﬂVoE; b "'g y=s5:; i —;; % (} +2i)x 4 (3 1_?);[’)) Y §2. Kompleks sonni geometrik tasvirlash. Kompleks sonning
Tir Y= 2, Jx = = T Y ; trigonometrik shaklda yozilishi. Trigonometrik shakldagi komleks
1)?”Yidagi ;ilg’ind 4 Jx=2, y=1 sonlar ustida amallar
642) . = vAayir .

3 (=2 jgi;fb T o) al;)rm_hlsoblang 2 = a + bi kompleks sonni geometrik tasvirlash uchun oxy to’g’ri
(3. 5) (7 - 21) 2 (5 - 47} 4 (6 2i); burf:hal-;li Dekart koordinatalari sistemasidan foydalanamiz. Bunda ox
s Qu}'idagi ko’ fs 2i); 6 8 2i) ~ (5 < 0): ’ 0’qida @ birlikni, 0y o’qida b birlikni ajratib ularning oxirlaridan o’qlarga
(24 3i)(s P Yimalapy,; anj ) (4 - 3i) ~ 9+ ¢ ; perpendikulyarlar o’tkazamiz. Ular o’zaro kesishib M (a; b) nugtani hosil
I 30). ¢ 2) (._4]ql 5 "o qiladi. Bu nuqta z kompleks sonning tekislikdagi geometrik tasviri bo’ladi.
1‘ B;:’lishni baj;irin (2~ ;!-)8 ..(3 =99 3)4i- (3i — 5); Dkel.nak, har b1r konl})leks s_onga tekislikda bitta nuqta mos kelar ekan vz%
)"3';“2-;; 2) 2= g. +50); 680 (2i - 5) 'd] Sl;1f:ha tekislikdagi har bir M nuqtaga bitta kon}pleks sc.m‘mos I-:eladll
6.2<¢ 7§'=+2¢’ 3) i (1-chizma). Bu esa kompleks sonlar to’plami bilan tekislik nuqtalari

orasida bir qiymatli moslik borligini anglatadi. Shunday qilib, oxy

tekislikni kompleks sonlar tekisligi deb q Dhér{}gpbk-il?, ¢l§-)ag.l KORLIK
i A YA \
VA PEDAGOGIKA
INSTITUTI ARM

v Ne J4AJ%E




mud
son uchun Z" va \'z larni quyidagicha aniglash mumkin:
C 2 .. 1 — — a+2kw . . @+2km
C Z" =r"(cosna + isinna); \z = 1 (cos +iisin )
n

Bu formulalar Muavr formulalari deyiladi.

Mavzuga doir yechimlari bilan berilgan topshiriqlardan namunalar
.2, =5 Z, =-3i; Z,=3+2i; Z,=5-2i; Z; =-=3421;

Koordmatalar b Z: = —1 - 5i sonlarni tekislikda tasvirlang.
kesma uzunlip; oshi 0 nuqta bilan » o ) Yechish: Z, =5 ni  Z, =5+ 0i ko’rinishda yozish mumkin.
: 1817 ga 7z | M nuqtani birlashtiruvchi OM
elgilanad: Z komplek ) ashtiruvehi 04 0 o . . . it 08 Ty g
gllanadj, Pleks S0nning mody|; devyiladi Iz k bi emak, a = 5,5 = 0 bo’lib, berilgan sonning geometrik tasviri M, (5;0)
Pif; cytladi va [zl R nygtadan iborat.
agor teoremasiga as q ) . . - . .
lz] = V&5 Osan, Z, ==3{ ni Z, =0-3{ ko'rinishda yozish mumkin. Demak,
bo’lish; ra I a=0,b=-3 bo'lib, berilgan sonning geometrik tasviri M,(0; —3)
0 vektov?a nuqtadan iborat bo’ladi.
r - .
argument eyi]ad‘llan 0x o'gj Orasidagi ¢ , Z3 =3+2i da a=3,b=2 bo’lgani uchun uning geometrik
| . o . . ST . .
I-chizmagy, ko,r.l Y3 argz kap; belgi] Urehakka z kompleks sonning  tasviri M;(3; 2) nugtadan iborat bo’ladi.
Cosg = @ haditc, =anadi, Demak, 0 < argz < 21 Zy=5-2idaa=5,b=-2 bo’lgani uchun uning geometrik
T Sing =t tasviri M, (5: =2 . Mol
r . { o;
bo'lip I - Yoki tge _ b 4 )nluqtadan iborat bo’ladi. . .
Mumkin U’] AT Yordamig, | f Z3=-3+2idaa=-3,b=2 bo'lgani uchun uning geometrik
®az =, . Zrda“ T = regg, Omplekg SOnning o - opish tasviri M5(—3;2) nuqtadan iborat.
+ bi S s rume 0 i I .
| tkompl ey son Sing ifoda]argq . th.m: qun Zg=-1-5i da a=-1,b=-5 bo'lgani uchun uning
= ko’rinish TCosq o ; e, borli, unc geometrik tasviri M, (5; —2) nuqta bo’ladi (2-chizma).
e kO'rinighjg, - YOZish " Using = . .
Undgy 1o, Uning ¢ Inligin; (coser 4 sine) 1
34 I anj .
B korinjg - EONOmey; Niglaymi, 1 . b
A Yozl shaky; ) ompleks sonning
om0k S bir gy ®¥iladi. Komplek ing
OMpleks L = 11(cosg or Yliklarg, s ompleks sonmite g | Ms
. [ 0l1 : .
U= s ilgan Sing, . keladi ; / b
: a, < Sin, 2 = nr(cosa, + sina: : - - .
amqlanadi- 2 QI‘QZZ. U By Yerdy - 2( 2 7 ’ : \
Z ' holda Z 1. = ]Zl ', rz = , o [ O | L:
1 ZZ = 1" 22 va Zl " . Ia """""" M
< ke ?‘Z[COS(C 7. lar quyidagich 4
22 i \[COS {l + . ‘ i
Ong . Sin T a;)l;
Metrik sha| - @3)] J . : . G ool
da berilga . 2.Z = 1 — i kompleks sonning moduli va argumenti topilsin.
N7«
R (o T
& (coser 4 tsine) kompleks 19



1 bo’lib, undan ¥
=V2 kelib chigad: i
BorTicws v chigadj. bo’lib, osq =
0’lishj ravshan, By tenglama] \
glamalar [0;27) oralip;
; ig'ida yagona @ =7
Jag 4

. 1
sSina = ""T?
1

S = o
+ { komple .
Yechish: = 4 b _p ks sonni trigonometrik shaklda yozing.
« 7y EbOlganligi ey o e
T2 va Sing = b = A . ’
€= 45° nj ¢ = r==bo lib, bu munosabatlards
b Pamiz. Demgj , = V2 abe
uchun 5 = ) e e . = .
Va a = ¢5¢ Yoki @ == bo’lgan
=14 +
T (CGS(( !
Tising) = ”-( ¥
4.7 = -2 2043 kg, V2(cosZ L isin ~)
Yechisp,. Mpleks SOMNi trigonomer e _
P Yerda ) metrik shaklda tasvirlang
T= 5 &, — —
Vas 457 _ ( ) b=2.3 bo’lganligi  uchu!
Ty . VRS e
3-chj 21V3 ¢ =16 = 4
( Chizmg) = Pleks nni o ; :
8eometrik  shaklda tasvirlaym??
VYa
M
R
O\’
COSQ' e 55 _{ A
B R | » ‘"ChiZma
» 8]
u Mungg, ¥ e = f = WF
4

Yechish: Z = —3i = 0 — 3{ bo’lganligi uchun a=0, b=-3
bo’ladi.
r=va*+b? =02+ (-3)2=9=3.
Z = —3i kompleks sonni geometrik shaklda tasvirlaymiz (4-
"‘JL
'_,’r‘_\\‘\ >
L x
* M(0: -3)

chizma). 4-cluzma

2

Berilgan kompleks sonning argumenti ¢ = ga teng. Demalk,

Z=-3i=0-3i=3 (COSE+ isins_n).
2 2

6. Z, = 3(cos 330° + isin 330°) va Z, = 2(cos 60° + isin 60°)
kompleks sonlar berilgan. Z, - Z,; ‘1; i 3\5—2:, lar topilsin.

Yechish: 1)
Zy+Z, = 3(cos 330° +is5in 330%) - 2(cos 60° + +isin 60°) =
6((c0s(330° + 60°) + isin (330° + 60°)) =

= 6(cos 390° + isin 390°) = (cos 30° + isin 30%).

[

o

Dl Zy+Z; = 6(cos30° + sin30°) = 6(22_3*:' l%) =3(V3+i)=
=33+ 3y,
2 2{cos60%+sin60%) 2 oSz . Z 2

3

= .___z‘
9 23 = [2(e9560° + isin60%)]* = 2* - (cos240° + isin240°) =
= 16 __i__ }E _ 1 ) —_ : A _a_ -_«"_'_
( 27 15) =16 (_E)(l +13i) = _8(1T\"3I)_ B—8yal
Y 94360%% 30%+360%k, . ..
DVZy = 33(cos 20 L +33be ) bo’lib,

k'=0da (z), = 1!‘3_(6051100 + isin110°%);
k=1 da (2,), = 3\,.-‘5_(005230'“‘ + i5in230°%);
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k=12 da &Zl)a .

V3(cos3500 .. isin350°),
; Mustagj) yechish uchyy topshiriglar:
# 9 Y & .
G4 =34 iy 2 A= go= .o + 5i;
24 =4; 2. = ~6i; 2z, = 4 _ 21 kompleks sonlarni geometrik
Shaldida asvirlang,
Quyrdagl komplcks sonlarni trigonometrik shaklda yozilsin:
1)z=\f§+1; 2)2:‘3_;_3,-.
D 2= 222 4) 7=
v) 2= -1y, 6) z = g
Javob: ) z=< 2{coe® n = iz 3T).
3 e ( Ss“”“’;) 2) z= 3\2((‘051‘3—!5!’”'3”)‘
Z=4V2(cos57 3% & ‘
; ( ol ) 4) z = 5(cosq0 + 1sin0°);
£ =10(cosn + ising). & g
&%y r); 6) z==6(cosj—fsm'f).
142 KO'paytmgy topilsin ' ) ’
Dz, =, cos3Z oo sz
& T isinik - ;
DZ; = 2posqr = A= 0’4(“3?1 *isinT),
1 Cos45° Ising50) Z = 3( T
32, =04 L AP s cos180 +isin180°):
, COS‘;—-;-[SUI—._), Z. = S( Sn < B
4.2 e 3 2 €OS =+ isin 57 .
=, topilsin, 5
Dz, =9 6(cos1 i
; 200 4 isin120°)
_ - » 2y =3 G s
2z, = 3(cos2250 - isinZZSO), z = 5&:25421{—180 TSin2400);
;) Agarz = =48 ¢ bO’ISa, z6 top“sin S489 4 fSintl-So)
)Agar Z = -2 + i3 bO’ISa, 1 % e
3)Agar 7 — V3iiy3 bo’lsg s Pilsin
S. Quyidagi]ar

ni hj
1) Z <y Cblang

opilsjp,

III. BOB. MATEMATIK MANTIQ VA KOMBIRATORIKA
ELEMENTLARI

§1. Matematik mantiq elementl:'lrl. —
I.1. Matematik tushuncha. Tushuncha hajmi v.a ma
- Tushunchani ta’riflash usul_larl _—
Matematika atrofimizdagi turli ob’ektlarni miqdoriy va fazoviy :

; isa va
: ir rli-tuman  hodis
va munosabatlarini  o’rganuvchi fandu: U tu A
predmetlarni  o’reanish magqsadida turli-tuman n

. i : i jmuasini matematik
yaratadi. Bu tashqi dunyo hodisalarining biron-bir maJI';l e otcgarish
' . . A il 1ode
simvolikalar yordamida tavsiflashdir. Matumatlk'n el el
2 ikni i miz. c 3
bilan birga, biz biror real voqelikni  o’rgana : s Vi
i lari haqidagi bilimlar turli miqdorlar orasidag
Asiyaning Xossalari haqidag : . kan
funktsiyaning >atart haq L ——
bilan masofa orasidagi, buyum miqdor N
T : '2ioa X0 X iyatlarini tavsiflas )
bog lanishlarning o Z1ga X0s xususiyat : S SiossAgE ., O St
Har qanday matematik ob’ekt ma’lum blffh o " et
‘ as
: ‘ektni ob’ektlardan farq ;
bu xossalari shu ob’ektni boshqa | comsllargaradsmmids,
: i 1 oan X b=
( g him va muhim bo’Imagz ‘ )
Bu xossalarni mu . ) i va to’rtta burchagi teng deyilgan
Masalan kvadratning to’rtta tomoni ve
b

hidi cossa
C o turibdi degan xo
X0ssa muhimdir. Uning tomoni gorizontal holatda
muhim emasdj;.

13 ‘ekt to’g'risida tushuncha
Ob’eklning muhim xossasini bilish shu ob’ekt to’g’r
hosil qilish demakdir. < to’plami bu ob’ekt
Ob’ektning o'zaro bog’langan muhim xossalari to’p
agi tushunchalar mazmuni deyiladi. A —
Matematjk ob’ektlar bitta termin (so’z, nom)' ! bitan, il
Tushunchaning hajmi deganda bitta termin
ob’ektlar to’plamiga aytiladi.

; : *lanish mavjuddir.
Tushunchg hajmi va mazmuni orasida bog’lanis
T

’ kichik
’ : wni shuncha -
ushunchg hajmi qancha katta bo’lsa, uning mazmn k”  tushunchasi
bo’ladi. o “to’g’ri burchakli uchburcha ino mazmuni
13 ’ . .43 i UL
.uchburchak” tushunchasi“ing hajmidan kichikdir, lekin g
1kkmchisida kattadir.

i m 3 1 h kel’akA Bu
Ob’ekn; bilish uchup uning muhim xossalarini ko’rsatis

haqid

23
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Ki
mu

—

muhim Xossalarnj kg’

rsatish ob’ektnj ¢
Ta’riﬂash

a’'riflash deyiladi.
oshkor v, oshkorn

as ta’riflash us
oshkor ta’rif]

| . ashdir,
NNg tuzilishin; tahlj

a Kiritilgap,

X0ssasj
- Ikkinchj X0ss
’rsatgichi, shu

a’riflari ham xuddj shundd
Xematik ravishdg qLi)'idf’.‘:UchJ
I bundqy .

da} Skema bo,)ﬂ'cha "

s i s A
ariflash jins va Iurﬂhmdﬁ
Urchak de 1 OSh'qa -

ham
4 YOtmagyy ucht

adan jbeopy
u ta’riﬂas L yflsash . ﬁ

uchrayds. MﬂSﬂ"'}f;'
a nuqta va ularni Ju '
guraga aytiladi” deg?

T @rifig, h. Eenetj (ke”l:Uh .kO’rsatib ta'riflangan. Sh-v
o I)Ta’riﬂanuv(:?ﬁyldagi talap ) ,Ch'qiSh) @riflash deb atalad!
b0’ g Ut > Viladi;
2 Tush”H;han o tushunchafﬂr 0’zaro mutanosi’
)T L0’ Zini . ‘
“Shuncp, : g Orqal; ta’y;
Gcha Narsa] . bo’| - Mumkin emas;
Mas]jk
. 1 ; ;
aflttq fi Fik
e .1 Tikp] Ity
"% ma tiq ob’ekt?sh, uSulIarininsh Chag;. Fikpni. .
Matefnatk gy Matey,, > Rhlilig 4 g inkor; ,
maﬂtiqdaﬁ rat'k suldy Oratdir, Matematik manti
my

e :
( Ohazq) bossh]l "adigan fangir,

ang’ich tushuncha bo’lib;

ulidan foydalaniladi. To'g!

I qilamiz. “Kvadrat deb hmﬂﬂrchiziq o’tadi;
akka aytiladi.” U mana bund?

at” ko'rsatiladj. kevin esa ushl.“. bo’ linadi;
1onlari teng bo'lishlik xossalai

“kvadrat™ tushunchasi#
a — “tomonlari tﬂ“?

o'l
asosda kvadrat to’g

ta'riflanmaydi. U rost yoki yolg’onligi bir qiymatli aniqlanadigan darak
1 aydi. 3 g

~gap deb tushuniladi.
a5 ko'rinishda bo'lishi mumkis8aP ¢

Mavzuga doir yechimlari bilan berilgan topshiriqlardan namunalar
‘ = . . ~ . 9 9§
I. Tekislikda berilgan ikkita turli nuqtadan bitta va faqat bitta to’g’ri

o

- i . . e 5 oy
2.Oxirgi raqami 0 yoki 5 bilan tugaydigan butun sonlar g

3. Toshkent - O"zbekistonning poytaxti:
4.16 natural son to’la kvadrat emas;

.25
Bu keltirilgan fikrlardan birinchi uchtasi rost, qolgan ikkitasi
yolg'ondir.

Fikrlarni AB,C,..,A.B,,Cy, .. yoki a,b,c, ey 0y Dy, By, o

lotin
harflari bilan belgilaymiz. Agar fikrlar o’zgaruvchi bo’lsa ulami X, v, 7, .
yoki x,y z

,...lotin harflari bilan belgilavmiz va ular fikr 0'zgaruvchilari
Yoki propozitsional o'zgaruvehilar deyiladi.

Agar A fikr bo’lsa. u fagat rost yoki yolg’on fikrlardan bittasigina
bo’lishi mumkin. Agar 4 fikr rost bo’lsa, unga
MOs qo’yamiz. 0 va | |ar Afi

Shunday fikrlar borki,
mumkin, Masalap,
natural son tub”, «p
mumkin. “Tyy son
Nimaga bordi» fikr]
bo’Imaydj,

1 ni, yolg’on bo’lsa 0 ni
krning rostlik qiymatlari deyiladi.

ularni bir nechta tarkibiy
“P natural son tub yoki murakkab
hatural son murakkab™ deyilga
lar to’plami

qismlarga ajratish
sondir” fikrni “P
n ikkita fikrga ajratish
cheksiz to’plamdir™ yoki “Sardorbek
arinj Yuqoridagidek tashkil ctuvchi fikrlarga ajratib

ikkitadan kam bo’lmagan tashkil etuvchi
numkin bo’lmasa, u holda 4 ]

cementar (sodda) fikr
» A murakkab fik, deyiladi.

alematik man:
1 & LL IS
bo’ladi» « antiqda “emas»,

> ... bo?
elementg, fi 4 holda v faqat

¢ shu holda. .
murakkabroq ﬁa}:cian Murakkab fiky]

flar hogj) qilinadi

va”, “yoki”, “agar... bo'lsa, u holda._

- bo’ladi™ terminlar orqali
ar, murakkab fikrlardan yana ham




amallarip; bajarish dey

MISOL : g

- havo ochiq

tsiyasi AAB - “Kecha

lovehilly s adi degan fikrlarning konyunktsiyasi AA

iladi. Yuqoridagi terminlarni mantiq bog’lo yog'ma s
antiq amallar; deyilib, y]

: ik iborat.
. . ) 7 eoan f[t\rdan 1 ' har
irni mos ravishda “ik@y o145 va yomg'ir yog madll ‘ g dizyunktsiyasi deb, u fikrlardan
¢ = Lyl o d - B fikr arning
i i VA", “implikatsiva® v eertore s iva Ta'rif. 4 va
OD}’unkts]ya”, “dtzyunklswa ’ “Impl!kms:y;l va “ekvivalentsiy:
ataladj

"ladigan A va
a rost bo’ladig
i yolg’on bo’lganda yolg’on, golgan hollard
ikkalasi yolg

: ko’rinishda
. iladi va AVB
i kkab fikrga ayti
idagi s fikrlardan tuzilgan mura rea
Ok fikrlar ustidagi - ama y n “ ;B *qiladi.
i brasi d %]ij]‘ phrlar ustic i belgilanadi, hamda A yoki B” deb o’q
€bras; Cyiladi.
o , ——dlalgebrasj
Ta’rif, 4 fikrniy

ini ik jadvalidir:
: i alining rostlik ja
ink lo*on va yolg! Quyidagi jadval dizyunktsiya am : —
18 Inkori dep, 4 rost bo’lganda yolg'on va 1 »-j : -
bo i:}a.nda rost bo’]adigall Yangj ﬁkrg;] aytiladi va u 14 (yok 1 1 -
. nmShd.a belgi anib, y 4 €mas deh 0’qilad;. - 1 1
UYidagi jaqy, inkorning rostlik jadval; deyiladi: 1 7 O
A 14 : 5
lutli
i 0 . - _ “El‘taga havo bu
i 'ladi”, B
oy \\\B\E 1 Misol. 4 - “Ertaga havo ochiq bo’la
oLl o ’ ; : :
:‘Toshkemo,zb iSTl‘;S]:ftnt -0 zbeklslonnmg poytaxti”, u holda
B )

hiq yoki
. 5 - “Ertaca havo oc
bo’ladi™ degan fikrlarning dizyunktsiyasi AVB &

T . . .’ - 3 . Py Ty = 1 rat
@'zap ikrnj POytaxti €Mas” degan fikrni bildiradi. il bulutli bo’ladj degan fikrdan ibo

3 !ng il]kor[ “ ) " § . . ']r 1 DI

Mma , em n ’ chisi bilar

Noga eg, bo’lgan termijg, antiq bog’lovch

kr rost B fikr
ing implikatsiyasi deb, faqat A fi :
Ta’rif. 4 va B fikrlarning 1mpll}\atSIylaSI hollarda rost bo’ladigan A4
; . , , o >’on bo’lib, qolgan iA>B)
Masalgy, Al Orqali hapy, tfodalanad;. 70 yolg'on bo lgandac_ma yolg Olikab fikrga aytiladi va A = B (yo,l\l % déb
“Akmal bugun Ml ha Ugun maktabga bordj” fikrining inkorl 1 va B fikrlardan tuzilgan mura. ) _bzl bo'lsa, u holda B bo !a .
yo'g> kab; Efodalasi = a. ormadi», « kma] bugun maktabga boré Ko'rinishda belgilanadi va un.l Algarrti B esa uning xulosasi deyiladi.
L o’qiladi. Bunda A nj implikatsiya sha lining rostlik jadvalidit:
arpj konyunktsi a, di ; . ikatsiva v Qu idagi jadval implikatsiya amalining
o) ky * UZyunktsiyy, implikatsi) PREE = 5 A=DB
“Avap fikelo . e ViValcntsiyasi
Tost bo’| : : l’]armn . o ckal! 1
fikrlarg “daging T0st boy); OnyunktSIYaSJ deb, u fikrlarni har ik /4l ! 1 0
A gy SN holjgpg, 7 © IR digan A 1 .
Qyidas 2“4 va g > fikrgy Whladi va yap ko'rin s 1
U)ﬂdagi- eb o ilac: 0
Jadyy) ko“yunkt - Qiladj, 0
si - :
F"*Ti‘ Lalining roc i jadvalidir:

g i boradi” degan
Misol. 4 - “Rustam uyda qoladi”, B - ¢ RUStamuk;ZOiilsa, u holda u
fikrlarning implikatsiyasi A= B - “Agar Rustam uy
kinoga boradj» degan fikrdan iborat.

=
\é
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Ki
my '

; Valentsiyasi deb, u fikrl
Qiymatlarje

yolg’on bo’ladigan A va B fikrl

£an holda vy faq

Quyidao: -
yrdaguadval ekviva]cntsiya an
1

alining rosq)ik Jadvalidir:

A=p|

itOb uS[jda . o
P d Ishlaydj

-« » B - “Javlon a’lochi” def
| KVivalenye: b0’ Jag;» 3 avlon kitol ustida ishlagan ho
i matgan fikrdan ibory iy,
ematjk ,
ik l'ncnfn-]k.ada muhim o'rin tutadi. kN
i 'Sf;nmg rostligi kelib chiqadié
Yetarlj g cKVivalentsiya ikki fikrlard
ir” dag At ham deyiladi. Masalan, 4
150ldg ¢ Olda g?}n_ﬁl;rlar bo’lsin. 4 < B -*“njt
3. u ) .‘ .
Ishi h =B ekViva] ! .t 30N bo’|adj’ degan fikrd!
tn i Chtsiyan; : '/
juft s, Nl matematikada 4 < 1
1 bo’lishi zarur va yetarlid"

il b

erilg
” an 1r: '
n e tOPSIIIrlqlzlrd:lrl namunal
T yozilsin.

" Yyett;
Muraka} son emas”, Bu yef‘g

My] w
Ohazalarning dizyun;\.tslyas

ardan tuzilgan murak
=B, yoki 4 ~ B) ko’rinis!

at shu holda B bo’ladi”¢

3.4 - “I3 soni — toq”, B - “I3 soni tub” mulohazalarning

arning i tvasi vozilsd
ace s . ar g -konyunktsny351 yozilsin.
a €ga bo’lgandagina rost bo’ladig

Yechish: AAB - “13 soni toq va tubdir™.
4.Quyidagi matematik mulohazalarni mantiqiy belgilar yordamida

yozing.

1) Agara > bvra b > ¢ bo'lsa, a > ¢ bo’ladi.

Yechish: (a > b)A(b > ¢) = (a > ¢).

2) Agara > b bo’lsa, a + ¢ > b + ¢ bo’ladi.

Yechish: (a > b) =2 (a+c> b + ¢).

3)Agar a=0yokib =0 bo'lsa, ab=0 bo’ladi va aksincha,
ab = 0bo’lsa, a =0 yoki b = 0 bo’ladi.

Yechish: (eb = 0) = ((a = 0)V(b = 0)).

4) Agara > 0 va b > 0 bo'lsa,ab > 0 bo’ladi.

Yechish: (a > 0)A(b > 0) = (ab > 0).

5) % = 0 kasrni konyuktsiya shaklida yozing.

Yechish: Kasr nolga teng bo’lishi uchun uning surati nolga teng
bo’lib, maxraji nolga teng bo’Imasligi kerak. Demak, (a = 0)A(b = 0).

§2. Kombinatorika elementlari
Bir qator amaliy masalalarni yechish uchun berilgan to’plamdan
Qandaydir xossaga ega bo’lgan elementlarini tanlab olish va ularni
ma’lum bir tartibda joylashtirishga to’g’ri keladi.

Ta’rif. Biror chekli to’plam elementlari ichida ma’lum bir xossaga
cga bo’lgan elementlaridan iborat qism to’plamlarni tanlab olish yoki
to’plam elementlarini ma’lum bir tartibda joylashtirish bilan bog’liq
Masalalar kombinatorik masalalar deyiladi.

Masalan, o’nta ishchidan to’rt kishidan iborat brigadalarni necha xil
usulda tuzish mumkinligini (ishlab chiqarishni tashkil etish), molekulada
atomlar qanday usullarda birlashishi mumkinligi (kimyo), ogsil
lﬂ?ddalarda aminokislotalarni qanday tartiblarda joylashtirish mumkinligi
(biologiya), ~turj bloklardan iborat mexanizmda bu bloklarni turli
tartiblarda birlashtirish (konstruktorlik), bir necha dala uchastkalarida turli

uning
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) 4 qo’shjsh,
1Y qoida m

Cshish avjud.
Shig s
m(py | | Oldas;. Agar

A 0shirjs

kO'Pﬂ}'tirish qoidasi deb atalu¥

. . '
biror ¢ lanlovnpj m(e) usulda, £ tanlo®

£l . \1
0'lsa vy py verda @ Lmlo|
anlash usulidan farq Q']S""
usullari sop; m (e }'Okfﬂ)

. 1
or tanloyp; M () usulda, § tanlo
Mumk;:- 1, ‘

Humkin p, Isa, y holda “¢ vq Lo tanlo!

i, : |
shirish Usullari g m(a \’HﬂJ

qo’llaniladig!

1o’r
i h tusp
s 1 va unChE]SIdlr
AN fay Tt g '
? Qat 3 Emen[ s s . i
elemem“ Orir lJcrylashlsh tartip ,déln tborat ¢, plamning barc
Berj) d maShtirigh o Zgartirib is
P o llgan nty el deb ata]ad. qism
" bilan beggg - 1 elem, "

to’plam hosil qili®

s Teore a, ndt ! tﬂpad;gan 0’rin almashtirishlar s0'
muly bily h : ementda .
SOblangq; 9N ibopy, |
ni ]Bu Yerdg 5y 2 0’tin almashtirishl'xr soni £, ="
Yanag; Koo tors ¢ i
=4, > Undy 0l < 1 1al dey, O’qifad[ d
Worigljg, . 424 1 dep lingg; AMl=1.5.3. ., ka
hlsob'ashal(; 5!§1'2-3. JAlan, 3y - q.5.3=0
L= & |1 " S = 120 5 pokaz?

1) tenglikdan, ﬂ:)ydalﬁnisli

. : *nlamdan hosil
- i {a,b,c} to’p
C hatlad: asalan, n =3 elemer ,
K xil ekinlarn; almashtirj}, ekish ("irrronomi\”1) davlat  budjetini islfqulay bo’ladi. M'ls,r_m ' almashtirishlar la,b,c}, {b.a,CEi
ml - . ds Jda), « [t k) c .Ean 0 . ina Sor
rCanSqaln]sh tarmog|ar; b0’vicha tagsimotj (iqtisodiyor) kabilar kombinatof °° ::i:i el (beal (oo bl borlib, ularning
T aaarga keladi v . . ) ) - . c, b, al, ,C, 07, G
A a I\O”]b“]ﬂto“ ¢ ' e O ning ﬂi _ . ] . .
yo nallshlanda qo’”anishin,‘ ko'rqa[ad,‘ kanij nson  faolivatining P, =31=1:2. 3k_ 6-t TN T A— biri kombinatsiya
< . _ . "
Tarif, koot : ' . Kombinatori
- mbmatonk alalsir % ) _ - m .
fan kombinatorika eyl Masala)ar bilan shug ullanadigan matem tushunchasidir. lementli, fo*glamring & {f < ) ta slementl:
Wﬂiﬂorikm Farif. Chekliva i ta clen lanadigan qism to’plam hosil qilish 1
Matematigi g Leyb .tl nustagil -, Sifatida birinchi  bo'lib Olm: va kamida bitta element bilan farq md C:Iadi
i . 7OMS O’rganoa o - e s oo el . combinatsiva deyiladi.
hagida asarini chop, Ctgan S va 1666 Yilda “Kombinatorika san clementdan k ta olingan kombinatsi
[ 1§ mbinatorikad

i to’plamdan ikkita
Masalan, {a,b,c} ko’rinishdagi n = 3 elementl; © ‘pl:soni 3 ‘tadic
’ P h: ¢} bo’'lib, ularnin :
elemenli kombinatsiyalar {a; b}, {a;c},{b; CJ‘bS l{l?bl des (:linadi-
Buyerda {b; a} = {a; b}, {a; c} = {c; a}, (b; c} o lar soni CF kabi
t ,1 nentdan k& tadan olingan kombinatsiya
n ta eler

. 1!
Cy =

for amida
: formula yord
: . ) ; i
belgilanadi  va uning  qiymat

Rlin-=R)
fsoblanad CY sonlar yordamida quyidagi tenglikni
i kiritilgan C;} son
Bu formula orqali Kiriti n
i dn: =1 ,5n—1 4 KN
yozish mumkin: n=lh o C2qM-2h2 4 e+ CPigh =D
(a+bY" = a" + Ca"™b + CZa
' n

- ZC,;fa"'kbk-
k=0

- + b)? va (a + b)?
Bu tenglikda n ixtiyoriy natural son bo’lib, zlr&q ifod)alaydi va uni
qisqa ko’paytirish formulalarining umun_ﬂashrrTa fE et o
Nyuton  binom; deb ataladi. Unga kiruvchi Cy
koeffitsentlar deb ataladi. { a=1, h=—1 deb olsak,
Agar Nyuton binomida a = b = 1 yos =1,
n

2ci=2n Y=o
unda k=0
tengliklar o’rinl; bo’ladi.

k=0
1! ak = Okik:ndeb
Agar formulada k o’'miga n — k qo’yilsa y?l\l ¢ O-beoqadL Bular
olinsa, unda Ck = cn-x o Cr = -1 tengliklar hosi
] n — Lpn 2 n x .
kombinatsiyalarni hisoblashni osonlashtiradi.
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asalalarn; Yechishd
dalaniagj

ta elcmcmd

Ylashish tarjp; bilan f

‘ Nty e]cmcntdan kot
Clgilangg; Va upj

adan o'rin|
INg Qiymg;

b} d
“ﬂaShur shi '0.¢) to Plamdan n = clementdan & = 2 I,i
. B}, (b; a) {a;c) {c;a) (bicl, {c;0)  bo
Ual‘nlng Sonl AZ 2 _ 6 '\. ) . ’ ; 6 _ 6
= OK) == = =T =0
Y 4 n-=5y (3-2 1
Mavzu
8a dojy P I
Kory Na k!‘m lan berilgay, topshiriglardan nnmU"ﬂ&
blttaxod:mﬂl axil y E;k @8 ayo) Xodim ishlaydi. Sty korxona
Cchigh. - erkq Suq tan]y olis Mumkin?
Y hOIda, Shartg Xodimp; tan]ag
Xodimp;

, ’Jg
O'ra, 4, B - ayol Xodimni tanlash bo ol
n g ? a) = O. n ( = P UChlm :
Mumpp, 5 »oki ) n(q) . m(g) ") =8 po lgani
2,

i

10 =10+g = 18 usulda tanl

 tagyy, .

Yo'y ) adan .

a\[}'?cjll hlne ha xij u;z?ll;at Sruhga ikkita Yo'llanma ajratildi. |
S - an tay, tish 2

arqatigh, finch; " Qrqatjg Mumkip-

! ifodyy Yo lanm,,.. 11anmd
ta] . asip nj, 28 Ll e llant
talabaga b"inchl m, u ho]da M) ©Sa  ikkinchi yo b
aba dangar b 2 ]lanma berj) - Ya m(p) = 9, chunki b
e va 43)::"1 0)iadi_ De ﬁ?:.da, IKKinchj Yo'llanmaga to qq;.

'Q”ri[ishd '771(3)_.:::: 10 NChi yo’“illlmani tarqatishlar S
Vo Chj va b.a 0 ta Suyg "
Inum ln,) Ir b 3

Lohiva g 4, 20 82 teng boslyg
4 boy,
-

bl
qchij ishlaydj. Ulal‘dﬂnqs
Uik fNecha ysylda tanlt

= -8 = 80.
a o'rinlashtirish deb amllﬂd: m(a)-m(B) = 10

ashtirishlar soni 4

echishn: &

J e B ¢l . Imni
N

1ri i < < N l 1

an ki
Plamlarp; hosijl qilish Lw

u ol

o'rinlashtirishlardan iborat.

+5 =120 bo’ladi. o N
it bt iri sh kishidan ibo
kp '""ZS § ‘b-rish korxonasini tekshirish uchu:_ ?: bolgan st
c chiga 2 S - "
IS.I'ShlI'“:di SEU besh kishidan tarkibida uch
guruh ajratildi. ! s
necha xil usulda tuzish mumkin.

Yechish: ¢} =

n!

. i n=>5,
formuladan  foydalanamiz. Bizda
Elin=-k)! _ 1.2-3-.5 _ _5 _ -2_0. =10.
o = o = 2 2 ) - .

k =3 bo’lgani uchun 2 = v, gl d;moa haftaning ixtiyoriy

ikuvchilik favrikasida ishlayotgan ‘\-Ob riliii Xodim dam olish

auv e ;
IkKi 1\6'T'lniudam olish uchun tanlash imkoni be
ki kuni ) ey ,
l, ini necha usulda tanlashi mumkin? i (1234567 to plam
e hish: Hafta kunlarini n =7 elemen 14{ kabi juftliklardan
C 1 - i g oeee

~ Yechis ak, dam olish kunlari {1,2}, {1_-3}' { 'f(;dalaydi- Demak, dam
sifatida QaraS_ E: da {i,j} va {j, i} bitta variantni i dan kombinatsiyalarni
i : iz tln (e r Lo a
lborat]\bo lladl o tanlaSh ni= 7 elemel’ltdan }‘ - 2 ta
olish kunlarinj

| 7! 67 A% 21 bo’ladi.
£ e TN o 8 -
2i(7-2)! ~ 25! 12 2

: larning
; ryorlanish uchun u S
bk shimcha tayyor ot Lt
. Tals ba 4 ta fan bo leha qo . *1di. Talaba hafta
har b?'rigz;1 ]:aftaning bir kunini ajralmoq-C[z; ve el N
fanlarga necha usuldg tagsimlashi mL}nllxll:l[;n TR — kunlarlﬂ;
. i lari uc ini esan =
Yechish: Talabani 1.1y fan ) fia kunlarini
k=4 ta elementlj x = {1, x,x3,x,} to plfm;’ I:asifatida qaraymiz. Bu
l Hidan iborat # = {1,2,3.4,5,6,7} 10'pla ntlidan k = 4 tadan
a = cip
Eocl:;:n};[c o o'l umi hosil eish n=7 eltlmr]lientlarnirlgJ'Oylashlshl
o’rinlashtirishlarga mos Keladi, chunki bu hOldE; el simotda birinchi fanga
tartibi ham ahamiyatga ega. Masalan, {2‘t46)l7jct1?;llchi fanga juma (6) va
1 TR horshanba (4), u
dushanba (2), ikkinchi fanga ¢

. P ,2
tashkil etadi va ularning soni €2
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to’rtinchi fanga shanba (7) kunlari
{6,4,2,7) kabilar turlicl
hafta kunlarinj

; a {4.2,67h
ajratilgan bo’ladi. Unda {!'_']6;03

p . . talaba fanlarg
12 tagsimotlarnj ifodalaydi. Demak, talaba fa

7! =

56

-~
-
|
-
—t
|
w

*7 = 840 usulda tanlashi mumkin.
kultetj ingliz tilj
ar kuni 4 xj| ¢
mumkin?

8. Xorijiy tillar fa
ta fan 0’qitiladj ya p,
tagsimlab qo’yilishi
Yechish: Dy
elementdan

, e cida 0
yo'nalishining birinchi l\llrbldt‘|3n
3z o haiisit] b
ars o’tiladi. Kunlik dars necha usul

1
; ’ , ; i ol
slarnmg barcha mumkin bo lgan kunlik tagsimotl
to’rttadan olib

. : B arch?
Wzish  mumkin ~ po lgan  ba
o’rinlashtirishlardan iborat, Ya'ni, 4% e

vl lanami?
= oo formuladan foydalanan
n=k)
Bizdan = 10,k =41 lgani uchun
Am = 10! - 33: = 1'2'3-4'5-5'7'8'9-10
(10-4) 5!

1:2:3-4.5.5

=7:8.9.10 = 5040.
biri uchta gy xil qiym
qilinadigan b0’lsa, qanchy butun sop tuzish mup,
Yechish: Izlangan o 9 ta giymat; ra
ni,

atli raqamlar bil®

kin?

dqamdan 3 tadan olib tyzilgd
1.9 o g

qu—-(;:a"_ﬂ_a—7‘8-9._504'

Buni 4k - n(n - 1)(n — 2)

formuladan hat*
n. Unga asosan A3 =

Mustaqji)

'fodalarnin

1+. 15! !

Do, D5 4 8l

2, Quyidagilami isbotlang:
(m+3)

) T = Gy D(m + 2)

2) ‘{7;—”—1)—, = 15 - 1)

3-Amallar' g
1 lmba]a”ngi

yechish ycpyy, t
g qiymatj topilsip

(n 4 3y,

gl (T +2)(n - -

+1), bUnda n = n.

—

n!

._‘-'_‘—._‘_-
(e

2) 1
omr i

i

Py . 5 % . 3 . l.

Javob: 362880.

ci gl turli o’tqazish
3. 12 kishilik ovqat hozirlangan stolga 12 kishini necha tu
.12 kish g
mumkin? N
‘ 01600. *ri i ular o’rtasi
'éa;;b' 41;]'?qoad1 6 ta talaba gatnashmogqda. O’rinlarni
USO (& ie 1e (e (e
: : e |
necha xil usul bilan tagsimlash m%m-uku::.ha PTEITr—— B
2 ta kitobdan 4 tasini ne : . i in i
;- Plh;lq;?ltz?m{sbo’lirnd'l ishlash uchun 20 nafar 1SE;ChliiTkin‘7
: . 3 & . . m .
ajratish kerak. Buni necha usul bilan amalga oshiris
9. Tenglik to’g’riligini isbotlang: .
NG +CF = 3)C5+ ¢85 =CL.
10.1fodani soddalashtiring:

3

2n-3
G; ;
2(2n~1)

i i turli medalni
1. Musobagada 12 ta jamoa ishtirok etadi. Uchta
. (& .l- . r)
necha xil usul bilan taqsimlash mumkin? |
s 3 i larning ichidan 3 Kkishini
12.Gruppada 30 ta o’quvchi bor. Ularning

ilan bajarish
: : i necha usul bilan
kompyuterda ishlash uchun ajratish kerak. Buni ne
Mumkin?

Javob: €3, = 4060.

: faqat
har bir mato
13. Turli rangdagi 5 to’p mato bor. Bu matolardan
3 o

' lar
i rangli bayroq
bitta polosani egallaydigan qilib nechta turli besh g
tayyorlash mumkin?

Javob: Py = 51 = 120.
14. Tenglamanj yeching:
D222 790 94t = Al

Javob: D7, 2)0.
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(Gl
‘I FUNKSIV A GRAF
IV.BOB. FUNKsyy 5 TUSHUNCHASI. FUNKSIYA

§1. Funksiyy tushunchasi - ko'pé
y A , X . b . Py 8, —— |gl s
Tﬂbl&ldzl, texnikada vy fanning 1yl sohalarida uchrayc
Jarayon|arp;

-0 daans®
ng Matematjk modellari funksiyalar h”n_” ‘lt:f:f;‘lli]sh '
N ar bilan bog'lig nm.\':tlul;utm .0 .rj;mish'z
anishnj aqozo etadi. Biz tabiatni L_l-nll mis
ik, yuz a9t temperatura, hml-.;n v
aroitda by mitld“rm_r h:l' /"Bu ¢
Hymatlarni gabul ‘“m_h'dor]gr?
O’'Zgaruyeh; Va o'zgarmas miq
‘zgaruvcl

4 bil®
ol . warflar

1 miqdor]ar yzt
a,b,c,a’, - harf]

rth o'zg

. bu jam_\'on]
iyalarn; 0'rg
onida uzy a, hajm, v
Z. Tayin g},
a’zan by xil ¢
BUruhgy
anglatag;.

atike
. . . \n]‘l“ -
ar bilan belgilanadi. Mate :

. alik
. : birgd
aruvehi - miqdorlarning

. par D
sonli to’plamga tegishli h.‘:orf
0sida «ym 0’zgaruvchining l’;q "J"
5 q0’yilgan bo’lsa, u hold:
asj deyiladi,

“ym ZZaryy, ining fUnksiy (X)
Y= N O’ZZ-;HI'UVChining funksi_vasi ckan“gi b4 .—d}: -'j{
Tuyeh; Yokij 9(x) ]ﬂl'dan birj bilan belgilanadi. Bu -""’jr Lsi)
* Sonlj ¢y aTgu:-nent’ P erksi, o‘zgaruvchi yoKi fun
okl g o5 kSiyaning 00 lani
Ohasj deyilaq: Qlanish

s il
sohasi, £ —o'zgd
d adi, Ular m
X

k!
°% Tavishda p(fy va £(f) P

¥ = 1G5 (X)), xeD (f) kooréﬂ”
mj arashg, {(—\') .I"unksiyaning grafigi deyiladi. A
I()da us li n Slya dng ftl}\ USL]Id.’_] ‘j{ldv;.]]' USUII
Plamg, X3 gy, uli Criligp; umiiy ; |
f(x) Qtan Olamj,, B . };clﬁd]'
= f(xn) kah; . funks- bitta Yo S0n mos )
3 b qiymaj deyiladi va

tengsizlik bajarilsa,
chegaralangan deyil

chegq

funksiyajuﬂ dey

i
ki. VxeD uchun f(x) =
hunday M o'zgarmas son topilsa
Agar shun ay ! e

1dan
. ’1qnlld.
‘nlamda Vi
. s to’plan
jaril holda f(x) funksiva D
tengsizlik bajarilsa. u hold: ,
Chegﬂl‘alangan deyiladi.

c(x) = m
x) 2
i, VxeD uchun f(x _
i P .1‘ \-f_\(_:, ; ’1‘1[\
‘zgarmas son topilsak ‘plamda gquyic
Agar shunday m o Zgarmas ¢ farksive D to'pls
’ \ Ratho
u holda £y
adi.
funksiva D

ralangan bo’lsa. u hol
Ag

l 'l 1 N\ 1 IILIL” IL{.‘.I]
£
C l amdada f

: viladi.
da u chegaralangan dey

sarilsd, LX)
oy bﬂ.lﬂ“[hd' f
“(x) tenglik ba
' iXtivoriy XeD uchun f(—x) = f(x) te

\ bajarilsa, 7C5)
iladi. _ = — f(x) tenglik bajartls
Agar iXtivoriy xep uchun f=x) = - Y = —f(x)
tog funksiya deyiladi. F(—x) = f(x) va f(=x)

S ixtiyorly  xeD uchun f(=x) = '
tenglikiapy;,

am
. ; toq han
1. ) juft ham,
! Kalasi | bajarilmasa, u holda f{x) )
12 har ikkalasi 1am baj:
€Mmag deyiladi.

vk @ b
i ioixtivorly 2
- 1111 1,\“_ v
sohaea [t‘:‘.l:'l
Berilgay ¥ = f(x) funksiya biror D sohag

_ hartni
(xy) < f(xz)] shartr
- 3 f\',)‘:‘_f( & -"hl)
e 3 X2) ["‘L B . amaymove
uchun  f(x,) < f(xz ‘suvchi (kama)
qanoallamirsq U holda funksiva D sohada o’su
[& Y < a1y C . '_) ta
Unks; Had: soaetivoriy 2
funkstya deyilagi. haga tesishli n.\u_\;]n_ toarted
3 [ sohage = . E
y = f(x) funksiya biror D x,) = f(x: hi)
G » Al 1 5 veht
S WQtalar  yehun Flx) > f(x2) . [{.Snu“fuvchl (o'smo
qanoauamirsa’ u holda funksiya D sohada kama)
Cyilag;
O’suve;

(Ow smMOVCe hl)

avuvchi
& amayuv
(kamaymovchi) yoki  k

oton funksiyalar dC)"ilad" Isaki, ;
Agar Shunday 7 = g son mavjud bo i T davrli davriy
(x + )= f(x) bo’lsa, u holda f(x) funksiyan

de}/ilacli. (

Unksiyalarni mon

- eD uchun
IxHyard = funksiya

, D). sgan y = F(¥)
Bu yerda (X +T)eDva (x =1 61 asi E(f) bo’lgan } shartni
Aniglanigy, sohasi D(f) va qiymatlar soh iea f(x) =Y — o)
funksl‘yﬂ uchun g, bir ye E(f) _S,On Zs qo’yadigan X =
qanoatlantiradigan yagona xé D(f) sonini m
fung;

. eb
ri funksiya d
3 mavjyq bo’lsa,

funksiyaga teska

u berilgan




/\gar Z =

®(x) l'unksi_\':i X -~

f(2) esa z — y akslantish
Z) €51 Z

. o
: s e Ia\dl
A x — 3 akslantirishni ifoda -:[da!
: ivaning 1 - aladi. Bu ¥¢
a yoki funks Yaning funksivas; dety: araladi.
yiladi
ari hjj

Jar
und
. e anp nam

an hcrilg:ln topshiriglardan =

- 92 fom4
Oan jismp; ib o'tgan vo'li § = &
g Jismning bosib ¢ tgan yvo

G '- ﬂllng
aruvchilarni ko "-“Z"n
- | ' N ] 0 &2 A
ushish tezlanishi bo'lib, t
£a biror oraliq
- Demak ¢

rkli vy erksiz 0'ze

E~erkip t i bersah
) .

si “ OZgaerchi dagi qiymatlarn!

S .~ Natlary; Yaby| Qiladi

Vehi ekan

e
T ..15
rkli o' zgaruvchi v

A
a

. . [Illd‘

a bilan aniglanadi. B

|

0’ ; ;. R radlus.

“8armpyg miqdordir. Agar biz :
.

S5 .

gl

V" hajm, ham

unga mo
’ radiUS e
= 2 2

rh
i hi va 'l
rklj o'zgaruvchi v

pfﬂg‘
" —_— 2 " 5 2 & . [(_, =
~1 bo lgzmdag1 qiymatini

)'x 3 2

o funkSiyani b
T - I boalgandug

: PN ilsin.
-qo(ir.)§ 2.2 Lqiymati top

6

: i
o tbora¢ bo’1gan; uchun, u X
n

L] qiyrnanda T———
2.5- unksi 5 e 0’ 2.1_ L n f‘,qu i q y

i i s X = 2 S
i a i » -
b()rat. nlSh SohaS[

mj 5.,
n[qlanish g

0 asj top”Sln
3g

i x ning hech
(x + 1)* + 4 bo’lgani uchun u x .glaniSh
; ‘ ? - ‘- + _ . . lq
3 \ ., funksiyaning an
chish: x 2 ) >
N iymatlarida nolga aylanmaydi. Demak,
ay qiymatlaridz \
qanday qiy 2 @
sohasi  (—on; +o0) dan iborat.

LD

7 . . - i .y . .
= X-=Tyv4+12 -

- .no
0, x; = 3, x; # 4. Demak, funksiyaning
| '-2—-_;12;“1_ ’ iborat.
Yechish: x 7x = : e
‘qlanish sohasi (~c2; 3) U (3; 4)U (4;
aniglanish sohas

o S _2 ] t ’ o t l

- shayotganligi
she E ilgan funksiyada kvadrat lld[z-lar qc:i;niﬁayqiladigan
chh[sh:. BC.H ga Stidaui' ifodani musbat q’lyi;‘ G,ni aiiq]aymiZ:
Vo |u ¥ E]lI!]fmlllqdrli:zli:n kesibslmmsidan iborat bo’ladi.
1 Fs 0 b H 1)
Cll}’ma{txlzt3 E : {x .

-3 <x<1 yoki (=3; 1].
l-x20lx<1

9 |13x—2

i topilsin.
i i asi topilsi
funksiyaning aniqlanish soh
i
12xv+6
N v 3x-2
3x %

s
2X+6

— — canligini
. m) lardan iborat ekanlig
2 —'_i_
- imi ; —3) va [q,
lengsizlikmng yechimi ( el ) 3
kO'ramiz.

3)u 5 +=) dan
: { it = -
Demak funksiyaning aniqglanish sohasi (
emak, -
| i i toq ekanin
B Y —3x+ 1 funksiyaning juft yoki
10. f(-\') = 2¥—3x+
aniqlang,
Yechish:
berilgan
bajarilm

N -3(-x)+1=2""+ 3-’(.‘1" L. hart?u?i?
. e .L;_ﬁ“k Shadl Ae, toqlll;oqsham emas.
funks:'yini Lllicol}lrlz:nii_. Demak, funksi_ya‘juft ham,
I l.a?();%ailsin&\' funksiyaniil:g davri. IOpll’Sil:l-er) s
Yechish: sin3y = Sind(x +%) = sin(3x -

20 iborat.
i i T = — dan ibor
Demak, berilgan funksiyaning davri T ;

: - 1 toping.
: kari funksiyani )
R B : ish uchun uni
2y=2x4 3, xe[-1,5; 1] _ iyari topis
Yethish' Berilgan funksiyaga teskari funksnyan
; i amiz.
lenglamg sifatida qarab x ga nisbatan yech
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);=2x-;.3, 2X=y-3_ - =3

S . Bu tenglikdagi x va y lam

:i;;rr:?;m almashlirib, bcrilgzm f“”l:-‘i_\'aga teskari  funksivani hostl
Y= xefo; 5)

funksi;n?izn‘g.(x) =3x+2 f(x) = x2 _ 1 bo'lsa, flw(x)) murakkab
YCChish;

-’I

+12x+3' f(@(k)) = (3,\' 4 2)2 1l =02 4 {Fppd_1= 9x*1

Mustagil v -
L fixy = ‘ Ustaqil yechisp uchun to

. _ pshiriglar
hlSObIansin_ i S funksiy

crn) 18
a berilgan, f(3), f(0) va f(“)]

: . [of
funkSlya berilgan, f(0) va f(a+ 1)

funksiyaning X,

i o't
va x, ildizlar! O-i
k Qtymatlaridq

a gcomclri atif

. . . T
funksiyaning qiyn

—_x3

n.
F(0) va F(2) lar topilsin.

X¥E o
Q '3 i
= +b bD lSa’ f~q)_‘“‘b\'

fp(b),w{q} hisoblansin.

My o g 8 grafiklari yasalsi™

* — g,

f(\) = a‘\--’.

w

Zja)yy =x% b)y= ,\:2 +1;

X

Nay=7 bBy=T+ vy=S5-1L
Hhy=3%

A

2) y = 2%, 3) y =log,x funksiyalarning

3 . N . 4

. ) ; 5 s . G e rica nisbatan
grafiklari yasalsin. Bu egri chiziglarning koordinata o’qlarigs
Joylashishida qanday xususiyat borligi aniqlansin.

9. Quyida berilganlarga asosan, f(x) chizigli funksiya topilsin.
Df(-2)=10, f(1)=-5 2)f(-10)=-2, fB) =1
3)f(=2)=-5, f(2)=-3, 4f(-3)=3, f(6)1= 0.
Javob: 1) = —5x;2) y = é x;3)¥y= -i" E-gys R — 2.
10. Quyida berilganlarga asosan f(x) kvadratik funksiya topilsin.
Df(-1)=-1, £(3) = -3, f(6) = 12;

Df(-1)=3, f(1) = 3,f(2) = 12;

Nf(=2)=9, f(1)= 3,f(3) =19

Df(=3)=-11, £(0) = 10,£(2) = —6;

Javob: 1) = — é x4 7] ¥ = 3%

DNy =2x2+1; 4)y= -3x*-2x+10
2+x, x>0,
11. Agar y(x) =93 5 x=0,
2%, x<0.
bo’lsa, (=2), ¥(0), y(1) va y(3) lar topilsin.
Javob: i; 5;3;5.

12, Agar  f(1)=3, f(-1)=1, f(0)=1 bolsa

+ bx + ¢ kvadrat uchhad yozilsin.
Javob: f(x) = x24+x+ 1.

§2. Asosiy elementar funksiyalar

= , -1 = <o’rinishdagi
Y=+ ax + ayx24 o+, X"+ ax ko'r g

funksiya butun ratsional funksiya deyiladi. Bu yerda ag, ;, Gz, - Qn —
0'Zgarmas sonlar,

aniglangan,

ral —00* +0o0 da
n esa natural son. Bu funksiya (—oo; +9°)
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. ‘hiziali  funksiy
Y=ax+b (q= 0) ko'rinishdagi funksiya chizigli
deyuadl Bu yerda a, b - O'Zgarn]

. +c0) 08
unksiva (—o0; =
as sonlar. By funksiyva (
. . & o Y. % f. y o '11[-
aniqlangan, FunkSIyanmg grafigi to’g'ri chizigdan ibor —— )‘Crdg
Y= ax? 4 hy 4, (@ = 0) ga kvadratik funksiya deyil: iqlanga™
7“‘* » (- L dll aniqidto
L R 0’Zgarmas sonlar, Funksiya {—08; +ib)
Funksiyaning grafigi paraboladan iborat,
_ ao_-._-n +Gl..,_.n—‘. +fn‘.:.".’”_:+'

ctan_,x
bg.t"‘ﬁ-!:n1 xMi=1

s fetue od i\ﬂsr
Ko'rinishdagi funksiyag
ratsiong| funks;

TTPomoyx+a i ) i b-':
g va b,, b;. b;. ;
Ya deyilad;. Bunda Qg; Qy, Ay, o, An V3 O funksty®
. 1
lar o “garmas Sonlar, 5 . natural  sonlar. BL‘ Rt
= Covpm 4 n . n- = 0} da amglangd™
( c’:‘é '7‘03) \{X b x ™M + bl.\‘” . doeee & bn'. - OJ da
Y=< (k2

ichi
© e dalove
Proporsional  bog*lanishni ItUd()l. +9)
Q@ —0’zg; son. By funksiya p = (—oay; D)L,
ksiya toq.
o ko’rinishdagi funksiyaga k
Bungdy a,b,c,

, ~0'Zgarmgg Sonlar,
©’plamg, aniq]angan. Unj
a

Yo N grafig; gipe |
N aniglapier ko'finishda aga darajali funksiya dey
: +o:§ dr;m}} SOhas‘;i « ga bog'“ - Agar ¢ 0 bo’ls
: Suv,cl.’" “<0 MAYUVCh| b1
Bupg ko MNishdy e - :
.n a aq]qu son
amqlangan. Ug ~

I

ilad
— iva deyil
asr-chizigli funksiya de)

’
{4

B v«
Funksiya p — (—o0; +0) \
rboladan iborat.

ad?
gi fi unksiy

syl
r & ﬁ_lﬂksl)
a, y = .

y =

.
. ) ‘\fl]tl
Slyaga kO’rsatkichli funksiya dh) :1
; ; o 400
dao'a> G T Funksiya (—oo;
Bung, - [°0ax 'rinighgy O < a < dakamayuyehi ilad"
s axq dag}‘( Slyaga logarifimir funksiya dey L
Suy "4 Fupgg: :

hiva g a<q “A(0; 4o da aniglangan. U a >

Y Siny 1 amayuvchi bo’|ag; f
fig Metrij Cosx =¢ - cx 12

Y < g JUnksiyy . batgy. . = gy, Y = secx, y = coset
dayyy; ds”bc hamd&y—- Aladi

avrj oo

s Cogy ' unkSlyal

an 7
i o
» T} da aniqglang

1 1 .
3§ ? Ith‘yOrl -
O rinligy,. Y X da

o i &
—1 < sinx =

o . ‘}'a]ar Ol‘qali
] 7 X funl\Sl
Secx leI'lkSi ’ala sinx, cos
2 JX CX, COos5eC) \ 1
zg.\, CI‘(J,\, So o
i h- ifi di
luyldd(’l(:hﬂ IIOdalﬁ“a

sinx

1
1 P = —
= —— cosecx
W — it ©
tg\: = — Ctgd\ T g _-’ cos
’ ¢

sinx
- A
05X et

= arcctgx funksiyalar
osx, y = arctgx, y = arcctg
[NXY. V = arccos) E .
Y =arcsinx, ) . deb ataladi. H [—-1' 1]
L otrik funksivalar de ; : sohasi g
teskari lrlgononntrllxfu_l;gﬂ?y funksiyaning aniqlanish
Masalan: y = @ o T. X1 dan iborat.
kesmadan, qivmatlar sohasi esa (- 272 ] lar
T munala
. iriglardan na
doir yechimlari bilan berilgan tOPSh-lt qing
avzuga doir yec : ; ini toping.
— — funksiyaning aniqlanish sohasini pksiya aniqlanmagan
v N 1xraj nolga teng bo’lsa, ;Unlz 170 bo’lishi
ish: Aecar maxre = : ida x<—153 ..
\"echlsh g ksiyaning aniqlanish sohas ilib, funksiyaning
bo'ladi. Demak, funksiyz ki x=+1. Shunday q 1); (-1; 1);
'OK1 N T = " —00 — ]
kerak. Undan x2 =1 ¥o . iborat: (—oo;
aniglanish sohas;i quyidagi uchta oraliqdan
(L +). Ularni umumlashtirib YU (1; +20) ni hosil gilamiz.
P TR). S 1)U (1; +
_ @; —1)u(-1;1
DOY= (- -1)
2 y=

iglani ini toping.
funksiyaning aniqlanish sohas

NAEl={x=l

o an l -Sh SOhaSi Yl b]'
¢ ¢ i iqlani €
hisl Berilgan  funksiyaning 1q

Yechish: A quyida
sistemadan aniqlanadi:

ilx=1
okiy x=1,
- X = 1' 3 = -1 , ..
X = 1 =2 0' § 1 =X - 1' ,1,7?d-1_ Del'nak, Oxlrgl
d l1_»-1 doimo to’g ridir.
dan iborat. By yeraga 1= _
ok . . an iborat.
sistemaning yechimi x > 1. iqlanish sohasi [1; +20) d o
', berilgan funksiyaning aniqlanis iglanish sohasi topilsin. :
Demak, beri .-ch 6) funksiyaning anlqlamlr1 ohasi hagidagi
'=1g(—x*+5x — : iglanish s ol
> : [é.?( L\ garifmik  funksiyaning an_lqlan k. Uni yechamiz:
Yechish: Log: ?+5x—6>0 bolishi kerak. i, Barilin
XOssaga asosan —y e S R 0, 2 < x<3. Demak,
~X* 4 45y _ 6> 0, x?-5x+6< liqdan iborat.
funksiyaning aniqlanish sohasi (2; 3) oraliq

. H topilSin-
i, ok iglanish sohasi
[3T=7 g7 — ksiyaning aniq
4y =V3TT9v 15 fun

xz-1,
X1 20, x = -1
L

VX + 1 #+x—1,
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Yechish: py funksiya »

ning 3?¥-2 . g* _ 10 >0 tengsizlik®
qanoatlamimdigan diymatlarida aniglangan. Uni yechamiz:
32x-2

- 2-2 4 Z IU’

9"~ 10> 0, 37%e3-2 , 320 210, 337+ 1

2x L X 3 2

3 X .—-9_210’ 32-- 29, 321 2 3.‘.. 2-\’ = 2‘ X = _1 b rat
. i [ 0

Demak, berilgan funksiyuning aniqlanish sohasi [1; +00) danl

1ksi_\'aning aniqlanish sohasi topilsin.

S G ostidag if
angan bo’lishj uchun ildiz ostidag

&l nx + gpey = 0. Uni yechamiz:

R |
T - - =X)=
=Y COS(“Z =~ X)+ cosx > 0, 2 cos(; )
Cos( “x)sq
Bu cogy : o ikdif
=aq ko’rmishdav' y —— ‘rik tengsiz
m“gyet:himi; Bl eng soddg trigonometri
T
T3 2k &0 n
2 Bt T4 .
n s A5 2 T2k dan tborat. Bundan
-~ . 3
4+2?T1L <x"‘T+2‘T;\'
I hosj) Qilam: o
n amjz, De . . i 50!1
[ﬁ:ﬁ‘ ik, 3r 2k ak, berilgan funksiyaning aniglanish
i ( .
T ] I'{es'madan iborag
TR CONE ) o
Yechlgh Y= o ) Unkslyanmg aniqmnish sohasi 10P||Slﬂ- )
O¥dalap, Aresiny i . hasid?
i (O filgan unkgiy,, | KSiyaning aniglanish 0 ok
= | T . $ Cl
Shy Lo x Yadax o Mda x — 3 ifoda turibdi. D¢
y o, =t
kesmada Qilib, berilgan . i
Orat, Unksjyan: P sohasi [#/
Joy Yaning aniglanish  sohasi
v { ﬂ?'CCoS(xz -
xz_ “chigh.

i X +3g f ; ) _ il
SOk +8 (Ben[gan n S? Un,kS'yam“g aniqlanish sohasi top! Z
o Bt 6x 4 aes 1 90’ Yanip 5

= ~

. . ~14
aniglanis, sohasi tlﬂh
yf-‘Chimidan iborat. Das

. [‘1 f?. 3_;_\’5]
i iglani hasi [3—v2; 3+v2
Demak, berilgan funksiyaning aniglanish so
kesmadan iborat.

. iei aniglansin.
unksiyaning juft yoki togligi anigl
8. yp=2 2 G 1 funksiyaning juft yoki toglig
E gX—q ?
Yechish: . . x
i1 i 1+a% Ipe S y(x).

=X —+ at i — = 5 T .1.'_1

L P Rl g X —{a¥=1) &
=) = = 1-a 1-a \
L E S-1 =2

Demak, berilgan funksiya toq. -
9.y =cos>+ tg= funksiya davri topilsin. .
7 3 =i ) 1 . _ cos(_l_'x + 2;{) = COS;A,
Yechish:  a)  cos® = cos>(x + 61) = ;
: ) :
Demak, Tl = 6n-_

b) ¢
Tz =5m.

P

bo’lganligi  uchun

©
ut |

= t‘g

UI’_LI-

- x
X +5m)=tg(; + M= tg

: larning
s : a’ni 67 va 5
Berilgan funksiyaning davri T, va Tz.la‘m;;\%i(w. 6) = 30
eng Kichik umumiy karralisidan iborat. Ya'ni:

|
Mustagqil yechish uchun topshiriglar

i "la oladimi?
I Quyidagi funksiyalar juft yoki toq bo’la ola

L |
2 ;] = -2 -S[?l_;
])}1 = \.3 _ \,3. 2) }, e XzCO.S',\'; 3)} = X x

l1+sinx
4): Iog, :

T 1-sinx’

31
6)y =—r 7) = sin(cosx); 8)y = |cos”x|;

X=-=

= R 2,4],
Sy =x+4 > xe

9) 1 10) 2'\.+2h'\‘
&= H = 2V - . R —

Javob: 1)-;Oq: 2) juft; 3) toq; 4) toq; 5) juft ham emas, toq

6) tog; 7) juft; 8) juft; 9) toq; 10) toq.

= ; i heearalangan
Y = 5c0s3x + 2sin3x funksiyaning yuqoridan cheg
ekanligini i

sbot qiling. et
n ekan 1g
ivie .. 3 da chegaralanga
« 5oy S _INED - ng R to’plam

_ 3.3 ixs; funksiyaning

1sb0tlang. "
a 1

4 y= 2sinx + cosx funksiya chegaralanganm

45



Javob: ha.

_xtxsq .
S.y T a4, funksiya chegar

alanganmi?
Javob: ha

3y =)

=_1 2x+3 i
%) we S)yhT:T’ 6)) = tgx
Javob:.l)h?; 2) ha; 3) ha; 4) yo'q; 3) yo'q; 0) yo'q. ,
7 Quytdagl funksiyalarning 0’sish va kimluyis]] orliglarini toping
))’=]2x--1|, 2)}1 —}:_3_! 3)},: 2_\-: - x - 4,

2x+1

Javob: 1y . ik :

ob: 1) (~oo; 51 da kamaya; va [§ +@) da o'sadi:
L) 1

20 T®) d; 0’sadj:

(~oo; 2 . _
] da kamayag; va [ i: +) da o’sadi.

geng Kichijk

» musbat davrj topilsin.

) ; Y =3cosy T Cos2y Ny=sin- cos 3

3*Slnx~cos ;B el -2 g

Ny = Cos2y. C =y Xi 6)y = 3siny + sin2X;
Javob; Dipiey 8) Yy =

3s5in2y.

—'4 w _ ’

S)T:‘-TI; 6)7’:;;{‘2_)];;\ 27 3) 7 o 12, 4T = 1.
2 = T 8)T

’

=n.
V.Ro

; SLANALITIK GEOMETRIYA
Analigj), ge

1Sob °“‘°triyaning sodda masalalar!
ko’rsam Nadigy,, i
Atalaq; I%?: 1o’ o Chizlq fluqta, Masshtat, bir[igi — yo,nalism
bo,ﬁchazsba'k; "qta hig b Malalar to’g’rj chizig’i (son o'qi) 1d;1

e o i 1nali

B uqtaly, or i‘;ql kda 1 nadlgan Nuqtadan mygbat yo ni; g
o : agj + Unj A(Z) deb yoziladi. A(‘\l

ayordamida hi80b1 4B -

an

B 0 A

1

! »

v 1

3-2-1 0 1 2 3
I-chizma _
: . i Sl

. . ing koordinata

i 22 = 2 nisbatda bo'luvehi M nuqtaning
1B k = = 4 nisbatda bo
AB Kkesmanj =

-\‘1 - )L'\’z

1 —;{ . ini M bilan belgilasak, u
formuladan topiladi. Agar AB kesmani o’rtasini |

holda, uning koordinatasi

X =

formuladan topiladi.

[ bir xil masshtab b1rlrg!
Sanoq boshlanadigan nuqtasi umumiy val et e g
(s < ‘\: . ‘ al‘ .

olingan ikkita o’zaro perpendikulyar k001d1naj.lta s e

i i istemasini hosi .
burchakl; Dekart koordmatalarswta.masm} h qida o canday nuqt
Tanlangan vOy koordinatalar mstema; e
o : [ i aa-— |
sonlarning (a; b) jufiliei bilan aniqlanadi. Bur_} e btales el

] g iglanadi, Bunda
> esa Muqtaning ordinatasi deyiladi. ox gznz;znm)
’qi deyiladi (2-c 3
vertikal oy 0'q esa ordinatalar o qi deyiladi (

Y4 ¥y
M(a;b)
i
: %
¢ * 3-chizma
2-chizma

da
e i B(x;; y2) nuqta
Boshlang’ich nuqtasi A(x;; y,) va oxirgi nuqtast 5(x
bo’lgan kesmaning uzunligi :
48 = (T = my = 0r 7D

anadi (3-chizma). . = hi AB
Obhn;div(; B(x,; y,) nugtalarni birlashtiruve
RSTIR T 2

formy], bo’yicha his

Tekislikda 4
kesmaning e
CB

Co inatalari
= A nisbatda bo’luvchi ¢ nuqtaning koord




Xy+/ o :’;:";v =
14/ Y = 143
Agar ¢ nuqta

iladi.
formulalardan topil
ing o'rtasi bo ¥ la A
AB kesmaning o'rasi bo Isa, u holc
Yuqoridag; formulgy

_ 1 bo'ladi®
X = r‘.-.'l-\:.

¥ it o talgdi
y = 21132 ko'rinishga kela
2 ? .

alaf
_— an namun
ari bilan berilgan ln[‘l.\‘hlrlqlurd.-”:‘l M (x) W
o LAY v B(=5) nugtalar bilan chegaralangan l\c‘.»” ‘ koordin®
bilan AM:MB - 12 nisbatgg bo’lingan. M nugtaning
topilsin, ) i
. ., C nuq
Yechish AB kesm ] 2 A nisbatda bo'luvchi M
koordinalasn e
X3 + Ax,
Xm— 2 o
1+ ;i uch
0 . 1 . al
MMuladap, topilag; Blédﬁ.\ 1 X2 = —-Sval=- bo lg:l““r
1 3
1+ ‘2— * 5 — =
X = ———___l___ e 32 = 1
bo’lag; Demgy Gy 1+ 5 5 )
2, A( . -
1), B 0-_ . F(Z
G(“OS‘O) Uql_a]ar ( ’ 3), C‘(__l,a), D(3,25), E(E,] 0)
3 M( N Yasalsm 'ISiﬂ'
'~ 4) nugap: . c 1o top!
Yechl : ast(l] ?)mng k Ordinaty 0 q]aridagi procksiyalart IOP,]:I “w
SlStemaSida .-4)a - t0’g’rj burchakli pekart  kord!
Qtan; asvir] . ;
N aymiz (4~cluzma).
\Q\:M\ﬁ
E x
tan; g
Mdtag Ox e k°°fdinata o) “Chizay, /
0y Uarig, . _ _ it
Uarig, perPEHdi'kiroekSIyalarini topish uch?

4

. .0
Yarlar tushiramiz. Ox
43

‘gqiga tushirilgan
: tada, Oy o’'qiga -
ikuly ni M;(1;0) nuq ; —4) nuqtaning
irilgan perpendikulyar u . Demak. M(1:
lushl;:]laﬂiku]}:’arpwj(o. —4) nuqtada kesadi. DLHE (01. (4) ol
perp- ) 1Y) ’ ) - M (10) va M, 3~ -
: ‘qlaridagi proeksiyalari M, (1; N sofa topilsin.
o pd 1: B(-7;5) nuqtagacha bo’lgan “‘“:O ™ (i, :y5)
4-A _3:8) nuqla ar o . e s Or\lrgi n[lq as 2+ X2
Yecl(lish: Boshlang'ich nuqtasi A(x;;y;) va
bo’lgan AB kesmaning uzunligi ‘ 3
AB = (= x) (V2 =N

7 v, = 8 )-'2 — 5
- » = —/, )l 3
lichi ’ izdax, = =3, x;
formuladan topilishi ma’lum. Bizda x,
bo’lganlig; uchun

= i - 1 2 _3)2 —
A= VT (3 (587 = V(7 737+ (
= \'m: 5.

5

o 4(2;5) nuqtadan

5. N taning absissasi —1 ga teng bo’lib, u A('lsin)

: nuqtan e e R ) inatasi topi :

birlikka teng masofada yotadi. N Illlq[fln.lllg ofimzllqmiz. U holda N(—1;y)
Yechish: » nuqtaning ordinatasini y deb ol TG )" bo'lib

F — {9 - o

Nuqtadan 4 (2; 5) nuqtagacha masofa AN = V(2 5 4 (53} = B8,

U'S ga teng. Demak, \.-"T—}’)‘l: — 9. Shunday N nuqtaning

(5—-)1')2 _ 5__},___i41 )'l.: )

5,
= 16, Y2 o
ordinatgs; ki 9 ga teng. ' . dfinats GG
6a2 (1 );0 31) v:: B(2 ‘bl) nuqtani birlashtiruvchi Les:jnabz,ladio
; N ; N H i Lt a *
Qtada kesib o’tadj. M nuqta kesmani qanday 'm;b:[- e
Yechish: Aytaylik M nuqta AB kesmani AM:

issalari orqali
: talar absissa
bo’lsin, holda nuqtaning absissa-sn A va B nuqta
quyidagi formyly bo’yicha ifodalanadi:

Xq + /}L.\'B
T S O

M ny

: i teng.
e igi uchun uning absissasi nolga teng
M nuqta ordinata o’qida yotganligi uc ot
: o = 21 = s - o
Ya'ni ~14des — o 2471 _ 0, 27 =4 = 0 ' .
nl) .~1—+T 0' )l 1arda bo!lgan l\esl'nanl 24
7. Uchlari A(-4;6) va B(2;-1) nuqta
O’rtasin; toping, .. b olsak, u holda uning
Yechish: Agar AB kesmaning o’rtasini C de
koOl‘dinatalari

49




XSS, =t

formulalardan topiladi. Bizda X, =
uchun

|
|
=
>
L)
I
(a8
M
[l
(e}
-
N
|
|
|
p=b
o
o-
ag
S.

el _2_pE
=-1, y=""=

2 -

Mustaqil yechish uchun topshiriglar ) nuq[glﬂﬂu
F1o°g'ri chizig'ida A(=5), B(4) va €(-2 J

5+BC
D wadiis bamds ABHE
» BC, 4Ac masofalarnj toping hamda ¢

ng.
Javob: 45 - %BC=_g oc = 3,9-6=3. 2 b0l
2. Uchlasi A(~4. 2 B(0:<1) wa C(3;3) nuqlulzt'.-d‘}
uchburchyy yasalsin hamdy Uning perimetri va burchaklari topilsin.
Javoh: 52 + V2), 20°, 450
Uchlari (-3

jarda b0
. > -_2 L B . ; = nuq[(l f .
UcthFchakning 10 gt ) (0; 1) va C(-2:5)

4 Uchyy M burchagy; ckanliginj isbotlansin. | bo’lg‘111
Whburghgy+ - A(7:~3), BU29) va ¢(6:1) nugualards
| *XNiNg perimeyy; topilsin.
SaVOb}; 23 * \rﬁ. g Oﬁﬂ
-uUg ]a 1 : ) bo z
Uchbu:'chakkani‘:hi‘(“'hé, 0), B(—-7; 7) va C(l 1) nuq[;llilrdd
I chiy: 4 ]
Javgp, (~3. 40 Zilgan aylananing Markazi topilsin. )
6'U‘:hlari . g
3 5 A(‘--4-6 -‘Sn]
0 . , s . : 1\(..
rtas;cmng koordinata)arigt(zf _1) WUqtalarda bo'lgan AB
aVob-( 1 5) Opilsin, ]
. a2 P!
uqtalard(:!bu hakning Uchlgy (L
ErS do ashgan,vuchbUlr e ‘4(*5;1), B(-3:3) wva -
8. OA ! (\4;2), (2. 0) (c tOmon]arining O’rtalarini topinz: “
b("lakkab(?.e‘ b va B(z.\; L. v el
\] hngan‘ B e L 4 1) ny talar " C o a torts
]ﬂ‘vob 0 l!msh q 0Fa51dag1 kesm
4y (~p. "Gtalariy,

" : 7,
Oordinatalarini toping

i bi iruvchi kesma M nuqta
2 talarni birlashtiruve
9. A(—4;-2), va B(;;—73) nuq

ing koordinatalarini
M: MB = 3:7 nisbatda bo’lingan. M nuqtaning k
bilan AM: MB = 3: :
toping.

. | ﬂ‘_{(l'—; ) i AC:CB = 235 niSbatda bO,Iadi.
: 5k : vesmani A0 :
10. C( ,,4) nugta AB k C
Agar A(~2;4) bo’lsa, B nugta topilsin.
,-]: ; ‘ o = 3 AR shartni
{al AB kE:SIﬂa) B nuqtﬂdﬂﬂ boshlab C l‘luqta-.aCha AC

L ‘Isa, € nuqta
‘. . o A _4r /), bO ]
qanoatlantiradigan qilib davom ettirilgan. Agar A(
b(.
topilsin.

Javob: €(11; —17). larining o’rtalari A (4;7),M(6;—1) va
4 (e [‘ =} .
12. Agar uchburchak tomonla _ tHontiel
N(2;-2) niqtalarda bo’lsa, uchburchakning uchlari top

Javob: . esmani
4 4(=2; 1} ¥ Hievg mugales benl'ga?[. Af:)qlt\;i:g koordinatalari
. ' 2 : bo’luvchi M nu
AM:MB = —3:2 nisbatda
topilsin.

I ;16). da bo’lcan
JIZVObl‘nglﬂilri )O(O' 0), A(8;0), va 8(0;6-)- nuqtai?iroi topilsi:
uchby 1 l\ningCOC med;/anﬂSi va 0D bissektrisasining uzunlig
rchak ¥
2442
Javob: 0C = 5, 0p =

; e eyt ilsin. ) lari
kning og’irlik markazi topi _ . o medyana
Ko’rsatmi E;Jchburchakning og’irlik markazi uning
hish nugtasida bo’ladi.
Javob: (3 3. _
16, Uchlari 4(2;0), B(5:3) vacC(2;6)
uchburchakning yuzi topilsin.

Javob: 9.

kesis

nuqtalarda  bo’lgan

z. talarda bo’lgan
17. Uchlari 4(3; 1), B(4;6), C(6;3) vaD(5; —2) nuqta
to’fthrChakning yuzi topilsin.




Javob: 13

e s chigd
18, A(L; 1), B(~1;7) va €(0;4) nuqtalarni bir to'g'ri
Yotishinj isbotlang.

§2. Togri chiziqlarg:l doir asosiy masalalar .
Chizig tenglamasi dek shunday F(x;y) = 0 tenglamaga a_\'] digh
“hiziqda Yolgan nuqtalar p, tenglamani qanoatlantiradi, yotma
Nuqtalar egq qanoallantirmaycli (1 -chizma).

Y o

F(.r,y, (

e B i
/ Miex vy -
/] \-

x
L L-chizpyy |
u anali:;:(zzll?):n]:t}rl;::nto,g’ri cbiZiq tushunchas;j mul?i!n il‘l-“'h“;:b_h;bllz;ﬂdi'_
Torg Chizign; Xarakte SIOSW _tushllnclmaridun biri bIO‘ I'b‘ﬂl purc”
koefﬁ;sient tush chasidirr =il Wshunchalardan  biri  est ;
o’ _ ’ . anile
* O’qinj : c,d]tz ?Zf“g.m}mhak Koeffitsienti qel, to’g’ri Chlzlj:igﬂ
Ytilag; Vau kb Nalish; ilan hosi] qil -

burchagining tang
: £an burchaz &
Hanp belgllanadi D B s

* Yemak,

y = tga (2-chizma).

“"\_6 Q
X
lkkita chizy,
‘ | 10
ch121qn'1n burclh?l:i(yl) ;
0

1g’ri
- t0
alardan  o’tuvchi

3-chizma. oo

ot ot . koeffitsientli

kx +b tenglamaga to’g'ri chizigning burchak I\c;“ ienti. b

=KX + cnglamag . L. k koeffitsien i
tenﬂl'l}masi deyiladi. Bu yerda k-to’g’ri chizigning bur?l(]: hizma)
o I - i kesmasi (4-chizma).
TN di : ajratgan ke
€sa to’g'ri chiziqning ordinata o’qidan aj |

J A
™~ -
g R P =
e X
Y
. o
/,
5-chizma.
4-chizma.

.. B Dy = ey
A kx +b dab =0 bo’lsa, to’g’ri chiziq tenblz)xmam 3
fen el " i *tadi (5-chizma).
Ko’rinishga keladi va u koordinata boshidan o taSt }S),Tib ) e e
R Ll e ’lsa, y = .
Agar y =kx+p da k=0 bo'
chiziq 0x o°qiga parallel bo’ladi (6-chizma).

Va
v=b, b>0
0 4.'\-
v=b, b<0
6-chizma .
L iy tenglamasi
X+ By + € = 0 tenglamaga to’g'ri chiziqning ur}]urﬁli;flag qabul
deyilagj, A,B,C sonlar koeffitsientlar bo’lib, ular turli qiy




qilgandy turlich;

Mot i . | +z0ari
miqdor]yy | ! o ch'"*l]'lr' hosil bo'ladi. x va y lar 028 du
arb
Ag Bl 1o £'ri chizigda yotgan nugtaning kl)t‘fd'"ammn
gar yy A !0-
chiziq k numiy tengl; Mada € = 0 ho'lsa, y==—2x bo IR
9 koordinyy, boshidan 0'tadi |
Agar . e old8
8r B = bo’lsq. X = . =a bo'lsa, to'g'ri chiziq 0} %
Paralle] bo’ I adij. a ! ( a. g
Agar 4 - , : . 0'i?
=1 A= 0 g Isa, y = _ € _, bo'lsa. to'e'ri chizig 0% O
Paral|e) bo’lag; g~ ¢ bolsa, to'g
Agar p it
. = L ims "N v ld
oy 991 bilan e 0 bo Isa, Ay - 0 yokix = 0 bo'lib, t0'8 :
Aga AUSI"’E‘*UM tushad;, S U’
ar 4 — B
0qi bi k=g , vorrri chizid
q b“a“ Ustmg. ~ust tush (:rjl\d By = 0 yoki y = 0 bo'lib, to'gn ¢
Ap
A Bar Umy mly teng] 1o
- By = ""C k g L“ndd;_i ,'l - 0 f‘ » 0 . 0 b() |Stl u I]O ml
hag O’rinish. S
N Shag - £a boy; i Yozamiyz v, ddslldh uning har ikkald ql /
+ ) :

Alljady .y b, sq Ngrg _ € =q _¢€ iy bd‘,”‘,‘,hldr ql
Chizig: b . 47 o"S
Uning | englamap: o LnE Jama b
gy Chigzkesmala ’Yichg nani hogj) qilamiz, Bu tenglan y

n 3 a te ¢
Ting Iaridan a‘jr‘w?.‘:’ldmd%I deyiladi. Bu yerda @ v
dlp
v, gan ESmalari (7-chizma).
-
Bl
0 e
thzl M (xo: )’ ) \‘;\_——— <+ ~ . A
Hlenglye? Miqrgg T-ch; ;

4 Mag; an g chlznn i
i lbO urct to ﬁ
it 1K Koeffitsien K bo'lzan

Y Yy

k(x ~ Xy

My(xy1;y1) va M,(x,;y,) nuqtalardan o’tuvchi to’g’ri chiziq
tenglamasi

X Xy ¥ =¥

XZ_xl ),Z_Jvl

dan iborat. _ L |
Xsina + ycose — p = 0 tenglamaga to’g'ri chizigning norma‘
i o'g'ri
tenglamasi deyiladi. Bu yerda @ va p lar parametrlar bo’lib, to’g
chizigning holati shu parametrlarga bog’liq.
Normal tenglama quyidagi xossalarga ega: ) t’
I. Tenglamada x va y oldidagi koeffitsientlar absolyut qiymati
- b (e (8 “ ~
bo'yicha birdan katta bo’lmagan sonlar. e
2. Tenglamadaei x va y oldidagi koeffitsientlar kvadratlari yig’indis
I ga teng,
3. Tenglamadagi ozod had manfiy son. lea keltirish
i . I
Agar berilgan tenglama normal bo’lmasa, uni normal holga ke >
N § : ikk onini
mumkin.  Buning uchun berilgan tenglamaning har ikkala tom
hormallovehi ko’paytuvchi deb ataluvchi
1
adning
8a ko’paytiriladi. j¢ ning ishorasi beuloan tenglamadao‘ ozod h
1shora31ga qarama-qarshi qilib tanlanadi.
Y =kix + b vay=k,x+ b, to’g'ri chiziglar orasidagi ¢ burchak

p=

n,-)\-v

tg(p_l%-u n- k
formuladan topiladi. Bu yerda k, —birinchi to’g’ri chiziqning burcha

koeffitsient;, ky esa ikkinchi to’g’ri chlZlqmng burchak koeffitsienti
(8-chizma),

v=hkix+bi

@
]'{k.‘.\" +b2
Y

/
_—<ﬂz X -

. X
/ S-cluzma
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1 1

— . __ 1 i
AE"“— }“1 ; bo l\il, Il)‘!_"”' L'l]j/l‘k”u” [‘.‘Hll”L’l va kl ks b
t’g'rj chizit®
Ajx +p

alar bi

Chixiq]ur
. 1Y #*L; =
berilpan bo’ls

Perpendikuly ar
0 va 4,r 4 B,y + €,
lda ikk; to'g'ri chis

m'g'ri

am

bo'ladi.  Agar

0 umumiy tengl

% U h iq orasidagi burchak

tagg

e
fUrm ael. . ‘ n”gl.J
Uldddn k()pll;l(]i. Iiu h“l(];l [”-(“”- Lh]/IL]I“r[“”g Pﬂt
Sh{lrti \"Z A &
T P
145 L:f,} \

Tekis]jg

, 1 bo’ladi
0 ularning perpendikulyarlik sharti bo i

. 0z
it B My(x,: y, adan Ay - By + C =0
‘h"-IQqacha gy 0:¥0) nuqtadan  Ax )
. _ |Axq + By, + ]
Ormy| = ~T 3
Ula — A2 . p2
y()rddm,da hiS()hlUﬂ(ldi VA B

0 XQ;}": .
Masofy g - ;) Nuqtadyy, XCose -+
Uchty p, .
; a M f
chig ey Mo o bif
qda Otish Sh r[’l), J”{ ‘,\2;_}’2) va "UE('\‘:,;-')'}) nuq[ul;IIHIIL

o el

. chizidd
0 to'gn chiZ
ysine — p - g

. .10 qopiladic
= pl formula yordamida topilad! 10t

|

Y3 =y, — X

uYerda o D

xZ * X }’2 — Jll Y5 == 5

L To  ri o Yy = 2 1

B p“ri“nctrik shaklda. ya'ni
rinish X = QD([’)
Chji-: . of
bizig; ¢ oo i gy . = B(0) A
alan, ya’ 1 U yerda (,D(f) va ij)(f) lar
t < -
b() X = > ]
o lsg [x < [ _ "o+ pt
\adx-ro,h,{y\xo Y=y 4 ap y
k“&.ff" B'r ) q ﬂd
g JStengs Chigg Yo demgy ug®”
Ry fnth te“&k;qmng Pargy,.. g’ chiziq Mg (xp;y0) " chﬁ]‘
b fy : .
r‘T\U]a_ huama—Slga ¢ r

; rik o DU o
Dihies . O tish Shakldﬁ berilishidan uning 'gslcp
S()'Dl c0€ !
; " Bunda purchak K

i i i bi ilg: iri an namunalar
Mavzuga doir yechimlari bilan berilgan topshiriqlardan n ‘
i 5 ikki aqin
l. B(0; 1) nuqtaga nisbatan A(3;5) nuqtaga ikki marta yaq
bo’lgan nuqtalar geometrik o’rnining tenglamasi tuzilsin.

Yechish: Aytaylik, A (x;y) nuqta izlanayotgan geometrik o’riljnlng
ixtitoriy nuqtasi bo’lsin. Bu nuqtadan A va B nuqtalargacha bo’lgan
masofalarni aniqlaymiz: _

MA=(x=3)7+(y=-5)% MB = J(x-0)2+ (y - 1)?

Masalaning shartiga asosan, 2MA4 = MB yoki

. R — e 21 (y—1)? bo’ladi.

N =3)"+ (y=5) = Jx-007+ 0 4 boz et _

Bundan esa 4(x2 — 6x + 9+ y2 — 10y + 25} =x Ty me) lB
Yoki 3x2 £ 3y2 _ 245 _ 38y + 135 = 0 tenglama kelib chiqadi. Bu
aytilgan shartlarni qanoatlantiruvchi tenglamadir. e

2 A(=2;1), B(3;-2.5), C(4;0) va D(1;10) nugtalardan qaysilari
3x-y+7=0 chiziqda yotadi?

Yechish: Agar nuqta chiziqda yotsa, u holda uning koordinatalari

- o : i iqtalarning
chiziq tenglamasini qanoatlantiradi. Shuning uchun berilgan nuqt g

- . . . « = * 2 M
koordmatalarml chiziq tenglamasiga qo’yamiz.

1) 3. (=2)-1+7=-6-1+7=0. Demak, A nuqta chiziqda
yotadi;

2) 33— (=25)+7=9+25+7= 185 = 0. Demak, B nuqta
ChiZiqda yotmaydi; N

3 3ed-0+7= 12+ 7 =19 = 0. Demak, C nuqta chiziqda
YOtmaydI’

BB -T0+5 = 3—10+7=-7+7=0 Demak, D nuqta
chizigda yotadi.

3. A(-1;6) nuqta va koordinatalar boshidan o’tuvchi to’g’ri chiziq
tenglamags;j tuzilsin,

Yechish: Dastlal to’g’ri chiziqning burchak koeffitsienti & ni
lopamiz,
. _ N 6
:__-:___z__G
X1 -1

emak, to’g’ri chiziq tenglamasi y = —6x dan iborat bo’ladi.




4,

ot il
g i EAR P . . *o'ri chiziglami
309, 45° 1500 va —45° |; burchak hosil giladigan to'gn ¢
tcnglamalari tuzilsin.

chhish:
kocfﬁtsicnllarini

s v alichi bildd
¢ : . s ¥, - -)n:lllslll
Koordinatalar boshidan o'tib 0 o qini musbat yc

hllffm’k
kK=tga dan fovdalanib

topamiz va Y = kx ga qo'vamiz:
' 3 <
1) hl = rg303 e N

bR
1}._

to'g'ri chiziglarn

A
el
3

3
— 1, ). e :l’:
tg150° = _\3 T

2) Irfz = tg,(tso
3) ky =

§ I e S g
ok ‘9(~a50) - il, y = 3\ .15i5|‘i5h
nuqtalsa;ﬂ}:o;i;f 9 o g chi'/,iqning koordinata o’qlari bilan ke |
berilgan 0“!'?

tenglamadan o'y’ qun’n;

- . . s ".

ri chizigning 0) i

asj . o e <
ilan ke 52 teng ck"“"glm Ko'ramiz. Demak, to’g'ri - ifg
Csishis H wogtl gt 2
kC%i%;ESEISh nuqtasi A(0; 9) dan iborat. To'g'n d]lfi["] Un

‘o i iladl. i
- nudtasi gy 9 =0 tenglamadan topila il

- I . . ).qi
Shunddy qilib, to g ri chizigning 0x ¢

i
99
's . [C[]Qlﬂm

") Nuqtalargy, O'tuvchi to’g'ri chiziq teNe
Yechish-

Nuqtanjy,
ten 7]
1 gla
o I ¥

i
& koording,

ord
. - qta
_ alarj berilgan ikkita nud
Masini (g,

formulasiga qo’yamiz-

= ,.___:h 52 = 5 bo’lgani uchun b
3 'S = - _ ‘r 7
e 2 2-\*—-4:33,_15’ 3).,2

ten y 1£|g

& &Iﬂma bilan erl[g ]
u o e )
kﬁltiramzumly t :nchlzlqni
. S. .

P 8 (%

an to’g’ri chizign! b
f
g b chv

]1i5ﬂ

Urce . u
N burchak hak kOCl“ﬁtsientini topish

H . 3 . iS
sien); tenglama ko’ri

2 +7 =0, —y=-2x—-7, y=2x+7.Demak, k = 2.
X=y+7=0, -y =—2.

— L= i *o’ri chizi alsin.
8. —+i=1 tenglama bilan berigan to’g’ri chiziq yas: |
b = -2, b=2 larni topamiz.
Yechish: Berilgan tenglamadan a ,

e ‘ai irlik ajratadi
Demak, to’g’ri chiziq Ox o’gidan —2 birlik, Oy o’qidan 2 birlik ajr
(9-chizma).

9-chizma.
9. 6x +4y -3 =0
ko’rinishiga Keltiring

o

'yi englama
tenglamani kesmalar bo’yicha teng

Yechish: 6x + 4y — 3 =0, 6x + 4y = 3, 5 B

10. 2x =3y +5=0 va 6x—9y+1=0 to’g’ri chiziglar o’zaro
- 2X =3y +5=0 va 6 -
Parallel ekanligi ko’rsatilsin, _ ikki to'g'ri chiziqning
Yechish: Umumiy tenglama bilan berll.gan I.U;I tjlb= % s 6b,
Paralle|]jk shartining bajarilishini tekshiramiz. Biz a1 .
2 g T
B, = =3, B; = —¢ bo’lgani uchun s yoki 3 3
Demak, berilgan to’g’ri chiziglar parallel ekan,. i chizlglar o'zaro
" =0 to g
I 2x 43y - 7=0 va dx-—-2) &
Perpendikulyar ekanligi ko’rsatilsin.

: - ikki to’g’ri chizigning
Yechish: Umumiy tenglama bilan berllgan -lkk-ll-tloifi ko'rsatamiis.
Perpendikulyarlik shart A;A; + By B, =0 ni bajarilish
Bizda A =

1 _"2, Az :3,
414, + B8,

©'2ar0 perpep

B, =3, B,=-2 bo’llgani uchun
=2+3+3 (—2)1= 6—,6 = 0. Demak, to’g’ri chiziglar
dikulyar ekan. -

= ‘g’ri chiziqqa
b 4(2;3) nugtadan o’tib 4x - 3y—12=0 to'g'r

perpendikulyar bo’lgan to’g’ri chiziq tenglamasi tuzilsin.




bo’lgan 197021

: o yordamid?
glamasi ) k(x — x,) formula yord
) Y =) . rc
tuzilad; Dastlab 4, B~ 12=0 5o chizigning bu. 4
koeﬁhﬁcnUni topamijz 4x+3y _12=0 3y = —4x 7
4 - A 3) L . o
y=-Zy

- <ol

i |  koeffitsie?

‘ri3, Demak. berilgan to"g"ri chizigning burchak koe

k=t

1- : 82 teng, #4(2:3)
. a pcrpcndikulyar bo’1y;
M to’py chiziglapp;

i
g 3y 12=0 18
Nuqtadan o'tib 4x + 3y — 12

e rcionlike
CIE g w . I (R |[:;|l-n
Mo g'ri chizigning burchak koeft :

‘ dl'
1 dan topil®

K1

M€ perpendiky,
ek
Yam,k2=ﬁ_£_=5 r i
ky 3=

lyarlik sharti &,

Shunday, qilib

) izlanayotg'm T .
an perpendik
¥ =iy as k(x 5

ulvar tenglamasi .
- = \l/
E B 2 = N
lc)’ -—3 = _('\’ — :n ) 1_} 3 1__

9,

ot
: Jai burc
2730 - d oy chiziglar orasidag!
Yechig,. il Ll
q orag; 'gi?n tc']5=’»|"'“11]ilrclalx1 ki =5 va k, = 3. Bulal
urchakn; A . .
N sq;:hakr;' lopish formulasiga qo’yamiz.
== 1 1
1+". i — ) 1 R -,
: ; A(.tl, . 33 1g g’ tg(ng‘qua)('fgs

¥
dan 5, iziqd®
i 12y 14 = chi
Yechjgy. y s, 2y —11 =

a

i

i
0 to'g'r

Yo) nugragy,

AR 11
T+ By4 =g to’g’ri chizidd

V169

: ) ini
. ko’paytuvchir
Yechish:  Buning uchun dastlab normallovehi P
C ; o
topamiz.

| 1 _ 1
VA5 236161 %10

2 d
o iy eb
~ ’ 1 un gt
. . - " bo lgani UCI 10
BCI‘“L‘&H lL‘IlE']L]Il]ﬂLjL!‘._’I ozod hdd l'l]dllfl_\ &

d = g
.. - !.’: =)
; T ismini hadma-had g = 7~
olamiz, Berilgan tenglamaning har ikkala gismir

ko’paytiramiz va quyidagiga ega bo’lamiz: .
1 i . 5 A r— 0.7 = 0.
==t -S_y T A 0 y(_)kl 0.6x + 08)
1o 10 10

& *o’rl Chiziqda
16. A(-1;1), B(1:2) va C(3;3) nuqtalar bir togrl
yotadimi?

. srilean uchta
LSSty Qo'yilgan savolga javob .bt’!'lSh- u-cl-hLll:ilnibl:';ﬂtamiz: u
uqtaning pjy to’g’ri chiziqda yotish shartining bajartls
quyidagichy
xy yio 1
X, ¥y, 1]=0
S = 3. y; = 3. Demak,
Bizda Xp=—-1,y,=1,x,=1, y, =2,x3=3,)3
17 Togri cl?iziq:inglparametrik shaklda berilgan
E =5 48
{}’ =3+ 4¢

«o’rinishiga keltiring.
te“glamasini burchak koeffitsientli tenglama ko'rinishig

: rchak
‘tadi va uning bu
Yechish: To’g'ri chizig (5;3) nuqtadan otad1. e el A
koefﬁtsienti k e p ga teng. Demak, to’g’n chiziq
J

4
p

=3 =2(x_ 5) yoki y = 2x — 7 dan iborat.

- wtn il peclfliy ek topShifig?‘;rs) nugqtalardan
L A(1;0y, B(-1;2), c(1;4), D(3;2) va E(%3.

qQysilarj y2 .

TY®=2x—4y + 1 = 0 chiziqda yotadi?
Javob: A,B,CvapD,




2. C(—4;7) va D

10V Shgan

’ ikda o)lll 5

{5:5) nuqtalardan bir xil uzoglikda )
nugtalarning geometrik

: 71 Sin-
: e 5 vl - asl [UZ[I
L] TS z bt 'h]z}‘-l tent L”]]l
0 |r“n[ lj()(]dl()\t 11 [ o

0
Javob: 18x — 4y 4 15 _ 0. ¥ 0*qi bilan 45% 13|:r|
. . N
3. 0y 0’qidan 3 ga teng kesma ajratuvchi va ( hamda tenglamd
S — 1amai
burchak hosil qiluvchij to’g'ri chiziglar yasalsin
tuzilsin, !
JaVOb:y=x+3;};: =X + 3, 21090-[]
x-3 3x+1 r+ 2 vay=4x-
'4. Y= 2x -— 1, y = :—_, }, — g?___ )» = X <+ e di.)
s : 5 .esib o'tadl!
chiziglardan qaysilari ordingy, 0'qini bir xil nuqtada kesib
Y 1,y N ;1'-:"7}-—‘3'\
5% Bre Y+4=9 2Xx+4y —8=0 va 4 l-ﬁ[qicmlaﬂ
1englama1ar bilan berilgan to’g’r chiziglarning burchak koeffit:
Ordinaty %qidan qratgan, kesmalari topilsin. B b 2
- b=z
JaVOb: 1) .l.‘ = 5’ b = 4, 2)]\ = £1 b = 2. 3) A = — 7 [,m]alﬂr
2 >ngle
il 2= SIS0 Tx gy L0 0 va3x—dy=01t
lan berllgant ,g,ri hiv: o S I l u)pﬂslll.
cud'Clldrmng burchak koeffitsienlar
Javob: k = = _4 3 ¥
’ 7°? = & !g
7. y = X 4 4 Bu [0
4 Va = _2_ s M T . ; & i]uﬂn.
h'lZiqlarA(,_ . ¥= s i €1 chiziglar berilg
] ' B(0; 4y
AVob: p:

T i

5 tadimi?

* Biringys 5  C(5;4), D(2;6) nuqtalardan o’tadit f
chiZiqAVaC Chi to i .

. t0'8
. 2 kinchi 107
Nzig B vy nuqtalardan, ikkin¢
B 1p, " alargay g, jait”
i X~ 4 L ' # 1[1‘..!
kQ . Ry : s 5 tells
MNishig, ke Uring ’ tcng!amam burchak kocffitsientli
Ja\/ob; = 33( N
9, i oy
Q qidar\ a =9 ta _anld
rat Nglamy 4. : sorr chizid
Javgp. ;m Kesmag; topilg,  Oilan berilgan 1o g ¢
M +8 o
uqtaSi tgpnsm =10 Va 2x < ¥ |‘ll5
Vob: 4 B

= % - rcsis
“26) = Vtorgey chiziglarning K

---~—ee .- .

i 2x + ¥y — 4 )
ining tenglamalari =
: arinin g ' rining
I1.  Uchburchak tomonl’x(;‘ hrgan o Tt
7 ¢k y— ] = b
3x—-y—-1=0 \a:\ b
koordinatalari topilsin.

e 1
Javob: A(1;2), B(3;-2), €G:7)

12 y=2x_

3

1w

ini iy tenglama
ri chiziqg tenglamasini umumiy g
to'g’r ¢ g
ko'rinishiga keltiring. - N
Javob: 14x — 35y — 15 __}_ b BTy —
7 o =0, x+5y-—
13, & ~ y - 8 s o
izi i "tadimi? .
chiziglar bitta nuqtadan o N -
q :ha. Ular A(—6;2) nuqtadan o irici fesimalir Ba'sichs
Javob: ha. iziqning quyidagi tenglamala
14, To'g'ri ChlZlqﬂl- g ¢
tenglama ko’rinishida yozilsin.
Dx+y—-1= 0;
3)sx—y+20=0;

HE—~FPHLE 0;_ "
4)3.\'—2}'+12_1 , siteL =1ni
"yicha tenglamast 7+ 7

[0’¢’ri chizigning kesmalar bo’yi
15. To'g'ri chizigning .
‘rinishiga keltiring.
Umumiy tenglama ko'rinishiga keltir —
= oo kesishish it
Javob: 3x — 4y - 11.2 -.'0 1 to’g’ri chiziglarning kesishis
:. L —..—— =1 va : il i
16. s 5 " 4
topilsin,
2 o teng
Javeb: (2é; _;)‘ hi burchak koeffitsienti 4 ga
f ‘tuvchi va
13, A(-3;2) nuqtadan 0. o
anto’g’ri chiziq tenglamasi tuzilsin. -
= ; : esm
tavob: 4x —y + 14 = 0. i birlashtiruvchi AB
1) va B(2;3) nuqtalarni bi
18. A(—4; Vi ;

ri chiziq
o o'grl ¢
. 5¢ bo’lgan t
D =)
O’rtasid o’tuvchi va og’ish  burchagi 13
idan
tenglamag;i tuzilsin.

bo’lg

Javob: x + Yol = I,

‘nalishi bilan
’tib Ox o’qining musbat yo
19: A(—4;3) nuqtadan o’ti

R asi tuzilsin.
li burchak hosi] qiluvchi to’g’ri chiziq tenglam
Javob: y 4 yY+1=40.

1359




20 !‘4(-—4,2) va N
tenglamas; tuzilsin,

Javob: 3 + 7y

s 'u'[‘[ Chl
( 1) nuql'llilld:m U.IU\'C,“ to o

sei chizid
= 2= uvehi to'g'r chi
2l B(=3;1) va C(4;-2) nuqtalardan o'tuve
tenglamas; tuzilsin,

Javob: 3 T¥ 4D = 0

22 A(-1

;6) nuqta  bilap
Wtashtiryycy,;

i
m]am'
M(-1;8) wva N(7;2) nuq
M(-1;
kesmaning o'rt

mas!
- hizig tengla
asidan o’ tuych; to'g'ri chiziq
tuzilsip, v
Javob: x o Y=-23= 8¢ uchburchakni®®
23. A(3; 5), B(_—~1;-—1) Va C(4;0) nuqtalar - ABC
uchlari.Uning lomonlarlnlng tenglamalgr; tuzilsin _o. -
Javoh; 5 tTy+2= 0, % = S5y—4 = 0,5x —y — 20 _I burchakrﬂ"’
24. 4(g;65), 5(6:4) va Cl=2s1ay nuqtalar - ABC uch
Uchlari, (g mediyana]arming tenglamalgr tuzilsin,
-]B.VOID 4 r_._20=0 2).’—:-—
3 4 18.

0’g’y chizig)

= 0.
2 = =0
Y=16=0,x ¢y 12 657
. 7Yy+4=0 va x +.}' c\hiziq'ﬂn:
» 4larning Kesishig}, Nuqtasidan O’tuvchi to'g’ri
0g2’ish burchy itopilsin.
Javoh. 459,

&'ri chiy;

qlar orgg

y+5 =0
~ EOVaxH +
3)3’“2.\-__

ilsin.
idagi burchak topils

b}

h(a’lg_an
( larda S

o} 2 0) 8(24). (_]., O) nuqta

1 - : - L

28. UChIﬁ]-l A(—_,

(I anas 1 dllollll“('
u [\ LT Y E (& i i AD bala“

b 1 - 1 dasl va

b l xan Uchl u Ch{lk['llnL r‘l_, m o b=}
< = l L{. .

CthiChﬁ =

tellglall'lasi IUZIISIH.

I D
L = 2)‘, e *lean
= L4 =0 AD: x -3v-8=0 bo g
Javob: AE: 2x — 5y + 4 = 0; 1 x+y=4, 3x-y=0, x-3y

: T. 1onlarining tenglamalari .l -[\1aﬁ topilsta,

2 on < <) . qak

hgi k yasalsin. Uning yuzi va bure "
ichburchak y - S o ST
L _ 4 tgB =tgC =2; S ini normal ko’rinishgs

JaVOb: A= 3 o'ri ChiZiq [englﬂl’llﬂlan

1 1‘-1(‘21]] 1o g

30. Quyida beri g

kelliring.

=0 r=kx + b.

3 s
1 r 2 =0,
2) %.\'+\—3)’T\3
i = 0; = \
Javob: 1) Sx—g)‘—‘*
eSS SV )
3)\?--?""&:—1 N
31.

15=0 to'gri chiziqlall'l:iz?i
- ~5y — 15 = . “(Y,l—i ch
‘+¥Y+6=0 va 3x +5) i o'tuvchi to'g
kesishish nuqtasr va N (1;
tenglamas;j tuzilsin. ' dp s 0= O
' - = 0. x + 4y L.
s e 263 1—)2 13 C(1;0) nuqtalardatﬂli va to’g’ri chiziq
A(4; : Isi uqta
2 A(4'3)1, i(()’loan masofalar topilsin. Nuq
0’ g rj chiziqqacha g
Yasalsip,
Javob: 2.8: 0. 1 4.

- VA (IE].Cha
33 0 (). 2 [ Ch]Zlq
K()O - ;4 39 1 g r

b0’lgan masofy topilsin. talarda bo’lgan
Javob: 3. ), B(2;5) va C(3;2) nuq
34 Uchlari 4(—3. 0 1 Sl

Uchburchakning BD balandligi topilsin. iziglar orasidagi
Javoh: V10, 6y = 25 parallel to’g’ri chiziq
332X -3y = 6 va 4y — 6y =

Masofy topilsin,

V13
Javoh: —~=

a bCI Y ’la = £ ini a y()ZilSi“.
2 ry= k,\‘ - b ko’rllllshd




=4+t ;= — x =5+ 2t,
1){9( 1+2¢, N fX=3-t,  _ (x=35

)’=3+8t’ {)’:2.,.(_‘ ')) ()':]O-—*r.

Javob: 1) y = 45 _ 1. 2)y 5; 3)y = —0.5x + 125

=—¥+ 5 33
§3. Ikkinchi tartiblj egri chiziglar

c]“ps’
' Bu Paragrafda ikkinchi t
giper

. . . [ we F ay ﬂna'
artibli egri chiziglardan ayl
bola va Parabolalar hamq

. Ceeltiramiz.
a ularga doir masalalarni keltiram
3.1. Aylana

da
erilgan M(a;b) nuqtadan bir xil R m&>"

M)

; radiusidir, v diust
ani arkazi M(a; ada vi
Ananing S0 markazi M(a;b) nuqt

)2 =R2
qarish mumkin. c a=0
akoordinata boshida bo’lsa, ya'nt 47
arka:riy;):’Rz, k.O’rinishga keladi. <o tenglal
- 9qdayotsa, y holda uning teng
(A’ - Q)2+}’2:R2

"8 Markyyi OY o’gida yotsa, u hold?

v

Markqy;
3, u | » azj

g
=2
a2 - <) =
(¢
=
ez
o
£
=

135i

> d . g
Nglamag; " AYlangy un'”

lag, iy b)2=p>

X vy l{llﬂa
e Y largq p L i teng
> teng) 7 gy o msl.)atan ikkinchi daraqul_t 7ndﬂﬂ
lar Mtsienygy bilan gatnashadi-
Payt . .
M8lamgg; yumasl 4atnashmaydi.

Umiy ko’rinishda quy!

4
dag'ch

il
tenglama bilan solishti™””

B-+C-—2aD
— ez 3 b =— i' R = ——-\B (2:,: 8
T 24’ 24 ‘
ekanligini ko’rishimiz mumkin. . L
Bunda quyidagi xususiy hollar bo’lishi mumkin: .
a) B2+ (2> 44D bo’lsa, u holda R>0 o ;
Ax’+Ay*4Bx + +Cy + D = 0 tenglama aylana tenglamasini ifodalaydi;
X *+A, X+ +Cy 4 o i ]
b) B?+ C2=44D bo'lsa, u holda R = 0bo’lib, qaralayotga
tenglama bitta nuqtani anglatadi. -
€) B*+(C?< 44D bo'lsa, u holda R mavhum son bo’lib,

: di.
Qaralayotgan tenglama ma’noga ega bo’lmayd

. - an namunalar
Mavzuga doir yechimlari bilan berilgan tU'PSh'r"_llard,‘ll: + avlananing
1. Markazi M(3;4) nuqtada va radiusi R = 5 bo’lgan ay g
tenglamasini yozing. 3 b =4vaR =5. Bulami
. L s+ ’ = 4 K - '
Yechish: Masalaning shartiga asosf:m & 24(y-4)*=25 ni hosil qilamiz.
a)’lananing Kanonik tenglamasiga qo’yib (x-3) +(y- -

i cazi va
: i lananing markazi
2. XMH4x+y2-6y-3=0 tenglama bilan berilgan aylananing

radiusinj toping iramiz:
: . 1 ko’rinishoa k amiz:
Yechish: Berilgan tenglamani kanonik ko rimsh;.,a lxeit)l;"—le —
Ky 6y-3=(x+2) -4+ (y-3)—9 — 3 :(M)-T(Y-JM(-”G.) va R=4
C42)M(y-3)2-16=0 yoki (x+2)-+(y-3)*=4> Bundan esa M(-;
kelib chiqadi
c . . . _ 3 fz lanﬂ“a
3. Markazi C(5;-1) nuqtada va radiusi R —1_ bi lg';I; ali/lami:g
koordinatalnr boshidan o’tkazilgan urinmalar yasalsin ham
tenglamalari tuzilsin
a : ) L. iusea tene masofada
Yechish: Aylananing markazi absissa o’qidan radiusga teng

: i ’ladi
j v s . - *gidan iborat bo
Joylashgﬂnllgl uchun, urinmalardan biri absissa 0’q

(l-chizma),

l-chizma

67




Aytay]ik, < CON=

. i
1 'ladi, tg2a
@ bo’lsin, u holda tga = - bo’la
hisob]aymiz:
1 2 -
- 2tea <oz 5 _ 2
gea= e . 1 -2 T3

-~ 25

DEmak: OM to’

. _ 2 ga tend
g'ri chiziqmng burchak koeffitsienti H
bo lib, Uning tenglamgs; Yoo o dan iborat bo'Jadi. qand?)
12 . ‘
z , 22, Kislik agl
- S LET 8y + 25 = tenglama  tekislikdag
uqtalammg ECometrjk 0’rninj
¥

. aniglayd;j
echish. x2+y2+6y-8y+25=( X+3

’ befi]gan tenglamg +3) 4+ (y-4)2=q ko'rinishga ke
tenglaman‘ fa irgina QE: __ .t (x 3) (y-4)

- be
. H > ]]{1}‘\.-
_ *4) nuqta Qanoatlantiradi. Der
0 aniglay g

24 (y-4)-
- 2324y
: )2-9-.*-(,\.“4)2_16-4—23:(.\1 30 i B

rilg

Musta il voo
L Quyidag; Al yec
1) (x_g)zié’] tcr;g Malar bilan bcrilg;m aylanalar yasalsin.
3) x2+(y_2)25 . ! :‘3 i;;zj)zﬁi(y-i-tl)f?:zs;

¥=le6

hish uchyp topshiriglar

A
7/
e W53) gy ; : 4yt
to 'ri o ltadan 0.1 chi yg Markay; 5.\-3)"]3:() va :\'f'al)ﬂ]ﬂﬂgl
tuzﬂsin_ Csishig Nuqtasiq, bo‘lgan aylana tene
J ;
36,“/:?; » Dy Isys !
"ty =169 Whang , kesisi”
Jay bopllsm an 3x-1 Y =0 to gri chizigning
} 00: (1 T i,
opilg; Quy[dagi l a;;}si) qta f
; . I
1)(}("P’)Z"F(J,r 2 ke dinata O’qlari bilan kesishish nt
) X~1\2 ‘4):’ 3;
Ja\sob.l)l;(lwz)z;-_s‘ 4;? (y+3)2}_9.
2 00y, X-2)2 ’
( 0); 9 (0 ‘3+\f§0))’ (6;0) ) +(y+3)2__12.
)

47
o :0), (0:-
) va (2Wr3~;0) ) va (0:-8); 3) (0;0)

i arkazlaridan
5 4)=4 va (\-3)2"'(\"'-])2:9 aylanalarning m:
3. (X2 H(y+4)’=4 va (; o
. - - 0 ‘l.
o’tuvchi to g r chiziq tenglamasi tuzilsi
% s, O :0. .. o . ’Otadi va
Javob: 3x-y-10 : tekisligining birinchi choragida y '
6. Aylana “Sedinalila s . | ing radiusi 5 ga teng bo’lsa,
) = 7 1 c =
: Sl : Agar aylananing
koordinata o qlariga urinadi. Ag
uning tenglamasi tuzilsin.
2 Py
Javob: (X-2)"+(y-2)2=4.

. I =0 va
i 2x+y-1=0, x-2y+7
7. Uchburchak tomonlarining tenglamalari I-\' zhizi]“ﬂ“ aylananing
3x-y+11=0 lardan iborat. By uchburchakka tashqi 5
tenglamags; yozilsin.
) S\2—" & . ¥
A, (.\'+2.3):+(Y*3-3() ;)23+(\ 1)’=16 aylanalar umumiy vatarining
8. (1) 4(y-2)2=9 va (x-3 y-
tenglmag; tuzilsin,
Javob: 4x-y-7=0.

3.2 Elllps R O rio"fl]diSi
Beri| ikkita F, va F nuqtalargacha masofalarmﬂbeiri &
Crilgan ikkita Tova b o ning geom
0’zgarnn'~;bson“'1 teng bo’lgan tekislikdagi nllqtalall l; eﬁi;sni“g fokuslari
“ of < i e
ellips depy Alaladi. Bunda F(-c:0) va Fx(c;0) R
deyilag; (I-chizma),
X* ‘ ij s (’bl =a
a?  p2

ga eI“DSning kanonik tenglamasi deyiladi.

B: M(x;y)
\m

B:
I-chizma

ipsning kichik 0’qi
Aid, = 2a ellipsning katta o’qi, BB, =2b elllpsn‘m;da ellipsning
deyilq; Pl o B, g 0B, = 0B, = b lar mos ravis
5, i
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e VR e e T e
|. lJ £

katta vy kichik yarim o’q]
deyiladi (I-chi?.ma).
E]lipsning fokuslar

. . i kusi
ari dc_\'l]:ldi. (')J:.‘: ()f:: = C Linpsnmg fo

; ) . . ) o nligig?
orasidagi masofa uning Katta o ql uzu

nisbati ellipsnin g ot » _ :
PSning ckscnlrlsllcli deyiladi va ¢ bilan belgilanadi. Demak,
£ = fi = <
"= a+ o = i
- £x va = ; . . . B o asyvilad
— 2= a-ex larni cllipsning fokal radjuslari dey!

. olgred
X . v chiz Jarg
¢ englamalar bijjan berilgan to'g chizid

nlllllfllar

himluri bilan berilg bar¢
a

. 5 . l:ln na
tenglamy ellipsnpi ¢ 2an topshiriqglarc =
B fonet Pt ifodalashini ko'rsating va uning

: al
bO’ ‘ . astlab b oo . | 4 g
ey trilgan tenglamaning  jkkala tomonin

—_:1

s englama v... _ 4 po'lé
dmshmi , !.:’am" Yarim o’qlarj a= 2 va b = 1_ uchuﬂ

“ Unda Cl=g T 4-1=3 bo'lgani y
- tala’

V3;0) va F; (v3:0) ”qucnm'

foydalanib, ellipsning €

. = - - "'3‘ . )
rqum'ini ar,. Va fy g ellip : 2~y lardan iborat. ik

: _ ul
U ellips o’qlarining 2 -niﬂg
Aarin; hamda ekstentrisitc!

gﬂ
® tomonini hadma-had 407

ok i

X y?
25
2= 95 p2= i dan
tenglama hosil bo'ladi. Bu tenglamadan a°= 25, b= 1? bo’lib, ular! :
@=5 va b=4 Kkelib chigadi. Demak, ellipsning Kkatta o0’qi
A4y = 2q = 10, kichik o'qi esa BB = 2b = 8 (2-chizma).

A

B 2-chizmn
: 4
Demak  ellipsning uchlari  A(5:0), A(-5:0), BO), Bi0-)
Mqtalarda, Ellipsning fokuslari ¢ = \'a® — b7 formuladan topiladi. _
Demak, ¢ = 25 =16 = \9 = 3. Shunday qilib, ellipsning fokuslari

fiG; 0) va Fy (-3; 0) nugtalarda bo’ladi.
3

1 ¢ - y é
E“lpsmng eksentrisiteti ¢=== =
a

c R ‘lgan
3. Fokuslarj orasidagi masofa 6 ga va kichik 0’qi 8 ga teng bo’lg
¢llipsning teng|

= (0.6 gateng.

amasi tuzilsin. 3 va
. . i =
Yechish: Berilganlarga ko’ra, 2¢=6, 2b=8 bo'lib, ulardan
. _ el s namiz.
4 nj aniqlaymiz. g ni topish uchun @ = vb? + ¢* dan foydala
Demak, @ =y16+9 =25 =5, *yilsa
] ) . ) i 1o o'yl
Qva } Ning giymatlari ellipsning kanonik tenglamasiga qo-y1lsa,

izla : =
180N tenglamg hosil bo’ladi. U quyidagicha:
ﬁ €T ‘_: =1 i I Yo = 1.
at b7 25 16

4, EIlipsning tenglamas;

g 1 dan iborat. Ellipsning absissasi 4
64 36

bir|; .
e teng bo'lgan nuqtasining radius- vektorlari topilsin. N
. Cchish: Berilgan tenglamadan a2 = 64 va b* = 36 bo’lib, ula ‘
“8vay o —— ) ladan topamiz.
= 6 lami topamiz. ¢ ni c= vaZ - b? formulada
C= ‘EF(;E-—:_E? p .

V6436 =35 = vIsT =27

e 1.1 =4, Bularni
A, el BT N5 . ) an x=4. Bu
T Ty m iga asos
Ml=g,e a g L va masalaning shartig
X va I = atey | , )
X larga qo’yamiz va
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r =

= diz 417
a—gx = 8‘:4:”1 =8-\7,n=28-+ 1:.4 B
larni hogj| Qilamiz,
Mustaqil yechish uchun tt)}lsiliri"f;:r sning kanonik

1. Uchlar (35;0) va (0; =3) nuqtalarda bo’lgan ellip
tenglamag; tuzilsin hamda uning fokuslari topilsin.

Javob: g -—-9—: =L Fi (4. 0), F2(4;0).

2. Fokuslayi 0

lipsni"®
laan €

. ) ho'lgan

X 0’qida bo’lib, o'qlari 16 va 10 ¢
tenglamasi tuzilsip.

s|oall
s TE=1 . _ 08 bo g
Uslari (£8;0) Nuqtada vy ckssentrisiteti €
elhpsmng tenglamgs; Yozilsin
Javoh, ¥
100 3 1 5. b) ka[!ﬂ
4. A s o . S 4 gismini:
i gar clllpsmng Kichik 9'qi: a) kaya o qining - qi e
In 0 ; . isitetini hisoblang.
J 5 9/0 M tashkj Clsa, CHIDSnmg eksientrisitetini hisob |
avob: 4y 0,6; byog jar
S, X 92 i s hish nud®
ST =1 vy = 2 Wipslariine kesish
topilsip 5 " | t.ll]psldrmnz, ke
Javgp, V33
: 4+ 55 —_— g
6. X2+2y2-..___1 =V 2‘-4), ('——\I‘{a‘.: ::-_\.'2.4) & ik]\l.!i‘
bo’| : 8 llpgnin, ) . . ) kni teng
Uvchj Vatar ,,, : ar Orasidagi burcha
Javob: 43 ! topil
i X2+y2‘“‘36 a h ot
o anada.,: .
qsqamnshd sil bo:dagl barchy Nuqtalgpp; ordinatalarini LI?lsin.
]aVQb_ 3‘.2_+ ¥? = Yang; Cgri ¢ iziqning tenglamasi yoZz!
8 3x2 35 ‘:? % . .q
N *'-*4}-2&., il
elhpsda 1 18 0 . i
0 b Y+115 , . ri 67 4
eksentrisiteti t.;:at SKanljg; isboy ‘englam, bilan berilgan eg il v
aval. (x»l:lzl ; iy, Ning o’qlari, fokus
.. D\‘?S)i =i

;
% Fi(2;5), F(4;5) €7 2

9. Fokuslari (10;=8) nuqt
ellips tenglamas; tuzilsin v

(x-10)° 3
Javoh; =297 |

[ 1 124 l)(.) lL.n.I]
1C0¢ 5 1 \ ) ) & 1
< IIL 1 hisoblansin.

J = ]_ £ = 0'8 |
: = = . | N B
. W 2 ‘tuvchi ellips tenglan
3) M (['3\5) nuqtalardan o’tuvchi ellip
10. My(2:3) va (1522
tuzilsin,
,1-: \e
Javob: TR

1. 3INH16y2=192 (op

. dma ¢ kT = 1 =
[ I 11 !. ) rsating 11NY

a eksentrisiteti topilsin.

13;0);
13,0);  Fa(-2v13;
. 2. 2
Toyply &, 0% L a=8; b=2\3; Fy(-2v13;0):
- R ’
E X132
47 <
¥ 2 ) i direktrisasi vasalsin.
12.— T ellips va uni direktrisasi ) fokusicacha va
e 'l wqtadan o’ng fokusige
Ellipsdagj absissasi 3 ga tene bo San nuqtadz )
O'ng direktrisasigacha bo’lgan masofa topilsin.
Javgl. F=74:d= 9,25. 'qi 2 ga teng bo'lgan
. 4 rarl < B =
13, DlrcktrisaSi X= =— va katta yarim oq
A3
llip "ng Kanopij tenglamasi yozilsin,
Javop. 2 2 =
T =1

3.3 Giperbola
TEkiinkdagi ikkita F
absolyut

. ir[‘nﬂSining
a masofalar ay . ;
1Va F; nuqtalargacha bo’lgan tekislikdagi
qiymﬂli 0'zgarmas 2a soniga teng | 5-1 Bunda F; va
“thalamin, geometrjk O'miga giperbola deb ata a) .
. = 1(1-chizma).
2 “qutalar glperbolaning fokuslari deb ataladi (1-chizn
X 4
t 53‘5‘5= 1 (p2 =c? - q2)
tn

iDerbolaning kanonik tenglamasi deyiladi.



- v
7
=
& = & + ,._[..——-——-_‘
F /z\ 4 Al F X
S
- 1-cluzma orda I
('lpcrhnl-l Vo -0 nuqlﬂls’
) 4 Ox o'gini ikkita A - 0) va Ax(a;0) W
o'tadi, ()] ] Kita A, (—a;0) 2

g H . a0l r'!' 1 v
dar whrh“];”““y uchlari deviladi. Ular nl':lr-ld.l‘rl l 1 g'b)

masofy py va PR
b 1pe ar: Wl L% i . D N: —L /2
Nuqtalgy ; [.)"rh“]‘u””y h“‘]"l',\' 0l dey iladi. by (0; J-) 5132 /'1‘3
Masofy g]pcrh“l"”i"g mavhum uchlari, ular orasidag! S nlaﬂ;l
' 888 pines . : /a :
!5"!3314)01-”]-1 Hpu’ml“”'”? mavhum o'qi deb ataladr. "7‘ 9 3|al3
(‘:ip@rho;dllflg hagigiy  va mavhum  yarim o"glart iladi-
"8 0" qlari kesisha iy, + uning markazi deyi’
Csishadigan nugta uning mar
te T ridfb
Nglama|y, bilan gp; ’ - _ .;inlpwmla
ataladi_ 1|(H:mg;m Chi/’-iqlzlruu uipcl'hﬂli”“”g as !qi
. - - o 0
'ucll'lr?erbolaning fokusle: o hﬂqiql} bilﬁn
bé]n-lg 2 nishag Uslariorasidagi masofani  uning Luf
Blangg; giperbolgn; o aa gedad] W
hadi. Demay, Perbolaning  cksentrisiteti deyilad
] Gi
m‘Dcrbn]arﬁng g 28 T 1 a,lgﬂﬂ
as =-> ‘
Ofalar sh (x:3) Nuqtasidan, f:' GF F I'okus'I:lf'igncwl
s < d 1ne va . 4
or Aning al rag; e £y 2 hun
Ul "= adluslari deyiladi. Ular uc
\ ar 0’ rinl, " L ((’( -+ E’,\’) y (2
\ : Teng dir, var, = F(a ~ £%) 1
" ol X g g b : chit?
u g g s 00 oy i . o'l A
b“(}:zd?ras‘da (::E tisal gy | 84N ikkita 1, va 1, vertikal 10 £ , pila” !:p
L Btinet. . - 9€b agar. .. ‘ kaz *
i his; esa o mtalddl. Ularning biri 0 mﬂ; jo)'lﬂSt
Ng) Bl arkas 1o cida
d“-malga x2 erb"lamn Az bilan 4, nugta oras o
DR 2 ﬂnonik te 15 u ]b0|.4
S ne : £} r

. i
Cladi vy teng tomOnl

Mavzuga doir yechimlari bilan berilgan topshiriglardan namunalar
1 S s =1
16 s

xarakteristikalarini toping. Absissasi 8 ga teng va ordinatasi musbat
bo’lgan M nuqtaning fokal radiuslarini aniglang.

Yechish: a? = 16 va b2 =9 lardan giperbolaning yarim o’qlari
@=4vab = 3 larni topamiz.

?=a’+h?=16+9=125 bo'lib, undan c¢c=35 ni topamiz.
Pemak, giperbolaning  fokuslari  Fy(—5;0) va F(5;0) nuqtalarda
Joylashadi.

tenglama bilan berilgan giperbolaning barcha

Berilgan giperbolaning asimptotalari

b 3 P
y=+-x=+>x=20.75x.
a -+
Eksentrisiteti e=<=3=125 pa teng va direktrisalarining
a 4 o
tenglamalari x = + S = =« % — 239 po'ladi.
£ T125 T7'%
G‘Perboladagi M(8;y) nuqtaning fokal radiuslari

MSatex=441125.8=14,1,=—a+ex=-4+125+8=6
‘ 2. Tenglamasij 5x2 — 9y? — 45 = 0 bo’lgan giperbolaning eksentrisi-

teti va asimptotalari topilsin,

Yechish: Berilgan tenglamani kanonik ko’rinishiga keltiramiz:

-, e
=9y —ys5 = 0, 5x2—9y? = 45,% —1- =1, Bundan @ =9 va

b2 5

-

=B bo’lib, ulardan a=3 va b=+5 lar kelib chiqadi. Bularni

eksentricitara: - :
Ntrisitetni aniglash va asimptotalar tenglamasini tuzish formulalariga
9o }'ﬂmiz. De]nak

vas-+b- V11 ,
it )ﬂ' — I

]
a 3

-~
u]

c
E=—-=
a

X= =

y

oo

_1-: _‘.1 & 1 i
a1 = 1 giperbola berilgan. A(2;15) nuqta giperbolaning biror
imt : . ;
9asida yotish yoki yotmasligini aniqlang.
YQChiSh: Beri

©Opamiz. n lgan tenglamadan a = V16 = 4va b =19 =3 lami
- -emak, asimptotalarning tenglamalari
LBy 134
F=x ax =7 X.




Shartga ks, | 4 votani uchun,®
£a ko'ry, 4 nuqta birinehi hoordinata burchagida yotgan .

nugta 3 a |enghh

rf H 1 . -1 ag
Al 3 4 tenglama bilan aniglangan asimptotag 3
; 4 nuq[ﬂnlﬂ:

[amiZ

bo lishj Mmumkin

: . ‘1o
du tenglamadagi x va y larning o rniga
k()Urdln:u;;l

| arini go'yjp, L5 = “+ 2 yoki 1,5
demak, 4 Nuqta ko'rsayii,. ‘.
4 Uchlar 22 | »2 e
ari 2 | T : - 1.0 1clari €58
. A B | cHl[NH”E-’- fokuslarida, fokuslart €
& Uchlarig, bo’lpan g
Yechigp,. Giperbg),

1,5 ayniyatnl hosil 4

an asimptotada votadr.

14
. a[‘l
- o'qlan
o ; . arim
lamasini tuzish uchun uning ¥¢ 2 ;9lﬂm.l

16 va b; Sh 3ﬂ

ipcrimfu!liﬂél tenglamasi tuzilsin.
teng
. Iilli;mnin:& tenglamasidan a; =
s Qe =4 o b, 3

larni  topamiz.

Adan ¢, = /7 ni topamiz. a. = Y% pund?” 9
©0'qi bilan ustma-ust tushadi (hishi gell?
a ; M Ox o'gi bilan ustma-ust ¥
ning 17‘1"“-““&&1!1 tenglamasi

4 Gipefbol?

= i
9T G =VTvacg =@ bz’/’gﬂ
gidan 16 _ 7 = b2 yoki

i . - Amaslt
g izlanayotgan tenglan

7
foku K gt
Sla 1 B . etl
ri koordma(a boshiga nisbatan snmﬂoﬂniftf;’
rasjdg.. . )
O,qi :)l'(:agl maSDra 8 ga teng. Glpcr di Shu
8 i i é L s1adl-
Qrboladh. MaSal na..SI tu?—i[sin an 60 “ burchak hOS” qlla
Shaps: b
A b2 o,l aSO:San 2C =g bO,“b, undan [’lqd],

8an];
Nlig; Uchun 2,52 = 16

i aSim ~x
Ptota tenglamasi Y=g’
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kesishish nuqta]

g - Fo C G e
borat 1, k“Slaf} (£2v2;0) ny

B R A R E I I e B M, B S R e

bu yerda 2=k =tg60'= 3 p

emak, biz quyidagi tenglamalar
Sistemasiga ega bo’lamiz:

> -

a“+ b° =16
b -
—=v3
_ Q
Uni yechib, g2 = 4 va b? =12 larnj topamiz. Shunday qilib
SiPerbolaning izlanayotgan tenglamasi

> 5

x<  y?

—_— = 1

4 12

dan iborat bo’ladi.

Mustaqil yechish uchun topshiriqlar
= 12 tenglama giperbolani aniglashini ko’rsating va
a4 Xarakteristikalarin; toping.
Javob: q = 2, b=

1, 3x2 _ 4).2
UNing bareh

V3, Fi(=V7;0), F,(V7:0), ¢ = \—;’ Y= :\TA
2. Gipcrbolaning

s o quyidagi  tenglamalarini  kanonik ko'rinishga
I\eltlrmg;
-2

1)9,\ — 16-);2 — 144 = 0; 2) 2y2 _ }.2 =6

Javop. 27 _ 27 ¥ 42

3 .215 5 - 1; T == _6— = 1
asim t i B 25y~ 100 = 0 tenglama bilan berilgan giperbolaning

Jp Otala““mg tenglamalari tuzilsin,

avob: y ~ =0,4x,

4, 32 _ =

~5Y* =28 giperbola bilan 2 — ¥ =8 to'g'ri chizigning
ari topilsin,
Javop,. (6;4), (3 Lo g _3_)
5. 17’ 17/
art orasigy TOV3 o'y chizigning 25x2 _ 4y?

J

= 100 giperbola tarmogq-
Javop, 8('3ylashgan qismining uzinligi topilsin.

i qtalarda va asimptotalari y = +x lardan
Javgp. ., S'Perbola tenglamasi tuzilsin,
Vob: y2 _ 2 4




-
i va koord
. \'L‘]” va
1. AfD:. -{?) va B(-10- t) nuqtalardan o'ty i tuzilsin.
- P e iperbola tenglamasi tuz
O qlarigy Nisbatay, simmetrik bo lean giperbola teng
¥ 2 ol
Javoh. A ——= sing va eksel
J_‘ f, N . ‘- . [L) :
8.9x2 _ 4y2? 144 = ¢ ;;jpcrhnl;mr'ng fokuslarmi to]
Siteting hisob| ing,
) , v ol
Tavob: £, (_5, 13;0); £, (2, 13:0); ¢ = * 1/ nugta 0
.2 ) I 1 teng &
x? o 4 = 4g Eiperbolada ordinatasi | £d
Sk u f% RSB (€
Bu Nuqtadap, fnkuslarguch:: bo’lgan masofalar topilsi g
- M \lﬂ 3
Jd\r’()b_ o= 1, ;=9 m-,sof'ﬂmr 9
. 10, (“Dcrbnla uchl:n'ininu biridan fokuslarigacha
Eng. Gi ant G ; S
g G‘D(irb(zldnmg kanoniy tenglamasi tuzilsin,
Javgp. = ._i = and
b. 16 g = 1. . yasdﬂu
1, = T ) ) jirektrisasini paf
. l6 o= giperboly Va  uning
Glperboladr ; .
ok, agi absmsusi
Uslgacha Vi

dan uniﬂg
ada

B4 lteng bo'lgan nuqtadi

4 chap direkyy;

Ja\fob: . Il

alar topilsin: 3
Sasigachg bo’lgan masofalar 1055- r= 10
Irekire. ) L35, . — 125
fo [ 8_2_ Q}\lrlgd [Cnglamas] y = :3_2, 3 oiﬂ'
: ‘ Slmplota]' ; - *lean
Nip arg = g foala s o = =/ bo’lg
Eteng) as; }’Ozilsin Ti, d!rd\msa]an X =V
Jaygy,, x2 _ 32 :
=12
}{a b g i
dirgyy,. OIr utnas] Araho)y ,,ach‘ 1
eKtrig, dep, dan - i berilgan nuqtagd®
O zarg teq ta]uvch ataluychj berilga
g b()’l €rij g T
Malag; an o), O’g'ri
By 1
y2 _ dap

1d
*lean n do‘h
chiziqqacha bo D!-qboﬁ
S, 1 oo oNa "Uqtalar o' plamiga P_‘r; di )
) Yy 31 . . i a .
pa"ametr-teng!a'“ﬂga > & Chiziq e, direktrisa deyi -
1 deyl]adi parabolamn

i p®
anonjk tenglamasi, p(

i ‘." s
,———,‘ v
¢ 7
-
;oS .
— 1
v .E;m
- ' \rt:

1-clizma \

i la uchun
iusi deb ataladi. Parabo
- 1bolaning fokal radiusi deb atal
"=d = x + £ parabol: g
r=q X = > p

Eig L 1 bo’ladi (1-chizma). r b pebeldng

N s 2. _ 5 Dy b b - .
, ) L i da, O»
2 2px x2 2py  va v hap qismida, 0
J‘ --.D/\,- - . O\_ 0 (1lnlng C tp
1 "1 : s ravishda O.
Icnglamalarl bo'lib, ular mc
O'qining

1 . N g
’

v
A 3 2 _ —2py
¥ T o 2py x
\ ¥ =—2px . - .
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.;(Y 1L’l);’ (2 ) (Z: 1
VAt = ¥ |
i AB kesmani
iruvchi A8 Kes
Z>) nuqtalarni tutashtiruvcl

(,\-1._\'1,21) va b(.\’z,}zléz) bt

G ' 1 ( nuqtaning koordinatal:

Y+ -

iladi.
1 formuladan topi B, ya’ni
s T E= A / =.C sy J€©
145 0 M S bo’lsa, unda AC
Agar C Nuqta AR l\'csmaning o'rtasi

=1 bo‘lib, C Nuqtaning koordinatalari

4 Iy +:: 11'1di, ni}’
Yi+x, ."1+.A: z =21 bo < b umut
! = —_— ] —-—-_, & . o lnb
g > 2 2 < dq(ﬂ te}\lSh[\ﬂ 3 Ulﬂr
4 B : D 0 [cnt!l'l[ﬂ'dﬂ.a fazodz = nlar bo’lib,
X+ Y+iCz 1 = i = 2 nas sonile islikda
te“glam'lsi deyiladi By yerda A,B,C,D o zgjfm ~y z lar esa tekisli
: ' . . 1. X s
tekisnkning fazodagj vaziyatini to'la aniqlay

. BT aridir.
Yotuye; iXtiyoriy nuqtaning koordinatal

ini ko’rib
iy hollarini
- ’ZI Xususty

TQkiSlikning Umumiy tenglamasining ba’zi o
b . Ay B}: - .
O'tam;.,. e - ~ 0

nlnz:‘i 0.B =0 0,D =0 bo’lsin, U l]oidll-dinatafar boshi

’ = 1 = ’ :: ] - L8 .1, (0

bo,“b’ U tenglamg bilan aniqlangan tekislik
Otadj,

5 ' BJ! s D= 0
1 AI aa v AL 0).4}!
da biz kislik
= 0. Bu holda b oan te i
2. = 0 B = 0 D = O;C - O- . anlqlanb ) O,tadt
tenglama(,a eg:a bo’lz'lmiz Bu tenglama bl(l)artlo,g,ri chizigdan

o . B
OOI.dinatalal‘ \ekisligidagi Ax + By + D =

Qiga Paralle| bo’ladi.




3. B
" 04 - - =0
tekislik g, ' ; ik . bo'lgan  holda Ax+ cz+D
0’qig; "2 tekisligidagi 4 . 7+ D 0 to'g'ri chizigdan o'tib, v/
B4 para|e bo'lad; . d X
4.4 = g 0
LB : . Lp=
lzn'rinig[”,,j kelit 0.C = 0,0 + 0. Bu holda tenglama By + cz+D
ol ¢ RElb, uy 04, ; $om g .
By 4 Cz 4 p ) ! ).,/.: 'F‘nnuhn;lr;:l.‘ir tekisligidagi . p:lﬂ’"d
ltkiSU!’;dir, to°gri chizigdan o'tuvchi hamda 0x 0'qig?
5. #s 0
e = 0,8 D*
ko ””isily.: ey ’I.U, C 20D 0. Bu holda tenglamad Cz.;di
5 bo '

k 6. 4 GE=p 0 iy Koordinatalar tekisligiga P"m”d o 2l
LRI - = ) . = 1+
O'rinishy, et B+0,p.o Bu holda tenglama B) ol
ko 7. = ¢ _..”()“h‘ il Koordinatalar tekisligiga P"r"l”‘:] s ‘U’U

O’rinic ©=0,4 4 SHElL 1+
1;15}“& bolit ug =l Bu holda tenglamd i
. _ ] .4 a2l s . i
OFinar B=p. ; _td""“éﬂgu parallel bo’ladr. ki 250
lshga G e € 0. 34 } ; . aig L2 Z 0 '\-'U
9 £a bo’|jy, I holda tenglama €2
k()’ .. 4 = = > U 0){}" lcki'{”u,‘ sa g4 . 5[]
Tinjg}, = N shigint ifodalaydi. ki J
: * 0. =00

Bu holda tenglama By

o B= i T u0y, -
Tinigp,,, S koordip

I

e slercliarirmt 1f¢ ".’di'
ata tekisligini ifodalay ki ¥

oA = :
0. By holda tenglama Ax = 0 ¥

1] 0';
X 4 * ]b‘) u 0
& . .
B w g - ¢y k()urdmma tekisligini ifodalaydi- ;
Krinigy 7 9-Buholda tekislik tenglam?®
@ Ba ke]liris ; i & 4 z_ @
b Mamg ki Buy p
ec lar tekis“ " S Yerda q — D D - -
Chj tek; knj Bz b= ¢
“may, Slikn;,, "8 kesmpgy, A’ 5’ o
B kogpy: ar l_?o’}’iCha tenglamasi dc)’“ildi' BU (2.

aridan ajratgan kesmalarl

Fazoda A;x + By +C,z+D, =0 va A;x +Byy+Coz+Dy; =0

" . . . * A B-‘ CZ
tenglamalar bilan berilgan tekisliklar parallel bo’lsa, = = = = == shart

- D> 2

bajarilad. Agar ular perpendikulyar bo'lsa 4,4, + B,B, + C,C, =0
shart bajariladj.
Fazodagi ikkita tekislik orasidagi ¢ burchak
AiA, = BB, + (,C,

CDS(‘D =
" 2 2 2 I_ 2 2 2
-\#A14+B3_";‘C1- .\IIAZ‘_‘:_BE "“C_;_v
formuyla yordamida topiladt.
Mo (x";yc;zﬂ) nuqtadan Ax = By + Cz+D =0 tekislikkacha

lAxy+Byy+Cz5+D
ATTBIaCT
*cosa + ycosf + zcosy —p = 0 tenglamaga tekislikning normal

tenglamasi deyiladi.

bo’le ) i 1
o’lgan masofa d = formuladan topiladi.

Bu yerda
CoOSy = ~ A T IR _B_
TNAT¥BI4CTY COSH T\ AT+R-+C”
o e ¢
VAS+B-+C T NA-+B-+C-
I = L 1 ; . i iladi
‘ = 5= soniga normallovchi ko’paytuvchi deyiladi. Agar

tekicl:n. i
;1\1311]\ tenglamasi Ax + By + €z + D = 0 ko’rinishda bo’lsa, u holda unt
0 iriladi ii ini

Hhal tenglamaga keltirish uchun uni i ga ko’paytiriladi. ¢ ni ishorasint

n- . . .
Ing ishorasiga qarama-qarshi qilib olinadi.

“fz(fa_ZOdn bir to’g’ri chiziqda yotmagan u-chta. .Ml (x5 yi;zi'),
T2 Y25 25) va M, (x3;)3; z3) nuqtalardan o’tuvchi tekislik tenglamasi
X=X, Y=y Z-4
Xp=Xx; Y= Z—Z=0
X3—X3 Ys—Nn Zz— 4

ko'rin;
Mishdg bo’ladi.
x—a v—b = 25 tO’g’ri ChiZiqqa

- 2

m " ‘

M(x. . .
(*113’1;21) nuqtadan o’tuvchi va

Per L i
Dendll\tllyar bo’lgan tekislik tenglamasi
Fnly-y)+plz—2

da bo’ladi.

il xy) )=0 ko’rinish




Mavzugu doir ye
].A(I;Z; 3) va
Yechish: AB m

i il 5 s ; amunalar
chimlarj bilan berilgan topshiriglardan n".m
B(4;2; - 1) nuqtalar orasidagi masofa topilst

asofan; topish uchun :
‘= \IWTSTJ" “(z; — 2.)° formuladan f'o."dalanamu:-
U yerda =1, 3 L2 = 2)° M _ _1. Bub®
O’rinlarj,, . Xy = 4:% &Y; =22, =3 va 2=
AB & 90’yami. ‘
= (4 R o I AL = 5
Ja:{ob-slj Tla~2) *-1=30 =@+ 07 16 == ¥
’ il
, Chlari 45, .. kesman®
naSining koord: '1'3)_ va B3:s; 4) nuqtalarda bo'lgan AB
€chj Matalarj topilsin ié
N Agar gp Y holda ¥
OOrdinaty x < it A0 O'Masini € deb olsak, U (opil®”
Demgy g e oy s Lz - nita formulalardan i
Clo.. x“\‘*Z" 145 ‘ day @
: 2 S; y= 113 4. -~ Qhun
Qi' 335 PE =k pe 1t _ 35 Shu
- 3x ) iné
v = T 11L3
°°rdlnat Tyl - =D oy . [cklsh
. laridgn . “nglama bilan  berilge
topi;echlshz Te is?‘Eertgan kesmaqri topils i
1kn: Cle n
Yoz e Unj Ning Koordiparn s . o oan kesm? id
AMig, 8 tengy,, . Ofdinata qlaridan ajratgal +inis!
3x ~6 ASinj kesmalar bo’yicha tenglama ko'
x y
z+‘§;+f‘. +42\12§0 &Y J/:;L
4, a ]-Demak ) ’ 3'\""637_.‘._42: 12' 3_2’;.—;;’"12
qumauar.;hbu el T 2 ! o
Der 1 a +y €= 3 )
eDendikm x4 T TCr o tekicp: e qﬂﬂ g
4 Yechish ar bo’llshl- s tek; .C Islik C Pﬂramc[m“a 4 Jar!
22::4' B, BQrilgalrll a"iqlzungIShka Parallel va qanday qiy”
= = 2 . 5
e, )ty 20
tel MRl R = Klap 1
eklshkl;r liy, ng ekiSlik] Uchup 4, =2,B, =1 C 505311
Tk, ally, N C 1 Slam g : tiga ¥ g
g 8 1 a3 el Parallellik  shartig? =
B, ABog Slik,,. 2di, Chj . 1 bo’ 2
N an 2‘4 mngber Jadi, Demak, C=
5F ) 5 pe“dik 0
+ 1, lyarg, Shers 4
Cs 0 artj 4

Ll
s 1A2+BlBg'*'Cl ndﬂn
Yokj )
C+ 10 =0 bo’lib

, dsliklar
C=-10 kelib chigadi. Demak, € =—10 bo’lganda tekisli
ikulyar bo’ladi. . .
perpznd]kug .- 2z-8=0vax+z—6=0 tenglamalar bilan berilgan
X =2y+2z—-8= X <
tekisliklar orasidagi burchak topilsin. b =3, A=,
Yechish: Berilgan tenglamalardan 4, = 1-Bf - e hal.\"t;i ropish
B, =0,C; =1. Bularni ikki tekislik orasidagi burc
formulasiga qo’yamiz: e 5
A As+5,5,+C,Ca i il
cosg = =R L

)
=

Ml

T, - . Vitd+dev1+l 32 A
+C1: -\"A:'-i-E:"-i-C:'

Demak, cos¢ = —l: Bunda esa ¢ = 45° kelib chigadi.

6. My(1;2;3) nuqtadan 2x — 2y + z — 3 = 0 tekislikkacha bo lgan
- Mg(1;2; :
Masofa topilsin.

— =2JB='_2,C:11
Yechish:  Bizda xp =1y, =2, % = 3,4

Y ’ rasofani  topish
D= -3 Bulami nuqtadan tekislikkacha bo’lgan n
formulasiga qo’yamiz. A sa ezl 3
d _ ‘A.‘.'Q+Bj.‘.3+C:O+D; _ |2e1+(—2)e2+1e3—3 — _;— = —3-.
T \atemecz Va+dtl

: ini normal
7. Tekislikning 2x —y + 2z — 5 = 0 umumiy tenglamasini
" g 2, -2
tenglama ko’rinishiga keltiring. o <A s arl "berilaa
YEChiSh: Normallovchi ko’payﬂl\’Chllll ‘topa
: ’ i 2t
tenz‘-Z.Iamaning har ikkala tomoniga ko’paytirami

2 1 5 _é: 0.
;=4 1 A B $Y3Y 3875
= - — = - 3' . .
TNATHBETRCY \IEIFd N9 i ko’paytuvchi g ning
Bunda D = —5 < 0 bo’lgani uchun normallovchi ko'pay
ndapD = -5 < o’lg

is : e ~
hora?s' gs;l.);;;m?f?](lgd 0,10, Ms(0:2:0) va M5(350;0) nualard
O"tuvehi tekislik tenglamasi tuzilsin.
" =Y2e'c:si:0 lierigz;n];lsrg:a . 'azs;asimo- Blulami. uch nugta orqali o’tuvehi
tekislik tf:“g]an‘u‘ls,:‘}ini tu‘zish formulasiga qo’yamiz:
;:8 %’:8 Eii _o -2x-3y-6z+06=0

e g0, 91 *tuvchi tek
Demak, berilgan nugtalardan o’tuvehi

0y =02z=1 =0

islik tenglamasi
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Mustagil yYechish uchun tups“.’rlqhiin.

L. Q“}’id-’lui berilpan nuqtalar orasidagi masofa topik
”"”:(2:4;3)vu.«’.f_,(?,; 6;—8):

) MS(.‘*«‘-’:*’I: 0) va M, (4. 3
K M (6; "’3;‘5) va M, (l2. 10, o
Ac 2 3;7; 6) va B(2:8. 4 ) nuqtalarni tutashtiruve
cg = 3 ”iShinu hn'luvchi C
Javgp,. (5_3;3_7 ey

. TN

.0:-T)
2) M .!-();3) va .‘"14(6'0'

Z )5

s
4. i AB kes

/

5 oo ng.
& o 1 [Up E
nNuqtaning koordinatalarit

o0
) 5 . ’Chi I\CJ
] M('G; 8; 10) Va ""(‘l.' 12; —4) nuqtalarni birlashtirud
ng koorq Tatalar '
, ar lopilsip 4.2]
Yavob: ¢ s 10,3 i (G
4. Ap. * N - ]‘r[ﬂ."
Mgtagy bg;rl "Maning b e A(3;5;7) nuqtaga va ¢
Javob_ : .U:l;lng B uchip; Koordinatalarini toping. nndﬂ.‘-'
S. Q g0 ;‘_'3)- 5 'n(f
j Widagj ] Aicliklarnifie
J]O)ylash 3ANin; an% a:ngldlmtlr bilan berilgan tekis!
4)3:-.: +ZH1"=0£-:.2) = 0;
25&3&0 ’ x+};__1_.:0;3)_\._‘;y-,»2'
G'QU' ':5);{-\3:
i T, ' Isin.
3) 3, +23’ +3, 10“'1 ar bilap berilgan tekisliklar yasals
O & 1ds .-
3) 23(-.;.,3’ Jl‘atga es ma] Hap bC[‘iI ran [Ckisliklarnlﬂv
332*2;2: \Of’nal i tg .3_ - g
B )\2; 0 2)2x+3)’+6z—12=05
kisni(zx‘y* :“‘6:5.2' 4)-\'+3y 0=0 0
Ay ; o = =
Jlrr“hgk 3-2-.._9\)6,4.2_3 =8z ~3 : 64
S fs’sh'lshn\ Bxy 0 =36, 4 6;4; 2. 4z
n,

- i llamda
" { jl( 1r » 0) va L 1 \Y

X+2y+2z-4=0
tenglamasi yozilsin.
Javob: 2x — 2y + z — 2 = 0, . —2y—3z=0 tekislikka
10. (2;2;-2) nuqtadan o’tuvchi va x —2)
parallel bo’lgan tekislik tenglamasi yozilsin.
Javob: x —2y — 3z -4 =0, (1;3;0), M(4;—1;2) va M5(3;0;1)
M(1;3;0), M3 (4 -1 ,
11. A{4;3;0) nuqtadan M, , & Essii,
Nuqtalardan o’tuvchi tekislikkacha bo Igan masofa top
oo 1) tadan x — 2y — 2z + 4 = 0 tekislikkacha bo’lgan
12. A(5;1; - nuqtadan ;
Masofa topilsin. y
: o’tuvchi
i 3(' 1;2),M,(2;1;2) va M;(1;1;4) nuqtalardan
13 M,(1;-1;2), M,(2;1; 2
tekislikning tenglamasi tuzilsin. )
veb: 2a e lan berilgan tekisliklar orasidagi burcha
idaoi bilan
14, Quyidagi tenglamalar
lopilsin, 5
1)x+2z-—6=0vax:—2y—4= g g 2=
2)4,\'_5}r...:_32_ 1 — OVax_Ll'.}’—ZB'z_ 1:0;
3)3x-—J’2—22+15=Ova6.\‘+9)"‘ b N
4) 6x < 2y — 4z 17 =0va9x + 3y I—]\l ¥ s para“el; tekisliklar
o ' " 7 tekis IKla
Javob: 78% 30"; arccos0,7; .
» ' 2 _ = tEle’
0'zarg perpendikulyar. 1+k)y+10z—-2 0
IS, kx =2y +52+10=0 va 6x —( | ib *|adi?
- KXx — i i ) . llel bo 7
liklar Parametrning qanday qiymatida para
Javob: 3, o
16. 4x +3y — 5, -8 =10 va 4x + 3)
dr orasidagi masofa topilsin. "
~ ’ mas
Javob: 2v2. ¥, ¥ . Z_ 1 tekislikkacha bo’lgan
17, A(0;0;0) nugtadan = + T

topilsin.

’ dslikning
tekislikka perpendikulyar bo’lgan tekis g

Z5




Javob: 12
Vel

82. Fazoda to’e'ri chisi i
) S Fazoda to’g'ri chizig tenglamalarl
A(a;b; ¢y nuqt ) 1OARe

fo et oo . adan O'tuvchi va P(m;n;p) vektorga pam”e
SHhizigningtengtunag g h
‘Iqning lenglamas;i

X —a y —-b z-—-c¢

1 m ) ) - - i
d .k(’”mShda bo'lib y ..]‘ . 1? ik [cﬂgl"‘mﬂ
Cyilad;, (m:pert Unga  to'g'ri chizigning kanon i qektd!
dc}’ﬂadf(] L. Pl vektor o ri chizigning  yo naltiruve .
'Llllz[na) e 14 &

afabic?

pim I?.']}}

tengy I-chizma w;g'li
. amada 1 he . s y]{]b!
Quyidag; B har bir nisbatni ¢ parametrga (€e

ten N hogyy g
g]ama i ?Sll Qilam; 'lﬂ]em
Fape, O®¥ilag:  TMZ By ¢ . ing P
20g v “Nelamaga to'g'ri chiziqni"®

A( !Uvahi
X153, . 0

S Xz dan

1 1) va B(“'zi}’ziZz) nuqtalar

. Chigj . ] Idﬂ
i Tk “Aqn; Kita o it ift"
l‘lnl 2X £ Bly + C olda bll chi .CRISI]kn]'ng kesishish ch[ZLp
Ma o B2y 4 32 4+ hizig .
1 Q,lib sz o 1= ng]am351
3 un ] )
Ba. f: 2 = 0 i
&zo - ﬂ5
Q.- . ) .
s chlZlqning umumiy

| bo'lg¥

Oxirgi sistemadan bir marta x ni, bir marta y ni yo’qotib va ba’zi bir
belgilashlarni qilib,

X =mz-+aq,

{}' =nz-+bh

ni hosil gilamiz. Bu tenglamaga to’g’ri chizigning proeksiyalar bo’yicha

tenglamasi deyiladi. Undan osongina

X-a _y-b _ z-0
]\ m n - t
anonik tenglamani keltirib chigarish mumkin.
X—xy, -y z-z, X=2x-> y-ys £-2a
D e — = va = = =
m, n, P1 A na Do

o’g'ri chiziglar orasidagi burchak

mym, + NNy +~ P12

cos@p =

{ 2 2 / 2 A 2 4 2
N2 2+ py? e ympt + 4

formuladan topiladi.
Agar berilgan to’g’ri chiziglar parallel bo’lsa, u holda
My . T Py

A ns v
shart, ular perpendikulyar bo’lsa

mym, +nyn, +ppy; =0
*hart bajariladi, Bu shartlarga fazodagi to’g’ri chiziglarning parallelik va
Perpendikulyarlik shartlari deyiladi.

v-b _ z-¢

£ x—a e, 171 fa
M(x1. ¥, 2,) nugtadan *=¢ = to'gri chizigquca maso
m

n P
fo=a o b oa e
02 = m n ' n - p -
mé +n°+p

5 5 2
= lZI—C 'll—a

n m

fi
Ormuyla Yordamida topiladi.

Maszga doir yechimlari bilan berilgan topshiriglardan namunalar
1. UIﬂUmiy tenglamasi
{ 2X+y—-z+1=0,
bo’| 3x-y+2z-3=0 . inis
SRk chiziq tenglamasini kanonik tenglama_ 0 r |
Yechish; Berilgan sistemani quyidagicha o’zgartiramiz.

hida yozilsin.

99




2 1 2 _";Ej
e 77721 - ERREArN G
iy o = { L o P 5o #t

DS P

g ) s :

04 yszm :

~0.2 = - s

1.4 . 9
2 ,",‘r (.. 1 ‘ ‘ ,_ichlm
- 2, - 1’)) va !! . i '_]_” tog[
-ngl; ' PELY B -3,6, 4 igtalardan o’tuve
englamgg; tuzilsin ’ ) nuqt

Yechis , 2b
1sh: gl ER— 2
2=, h: Hv.rr]gnnl;irs:u ko'ra » 5 X, =—3 N~ L8
=2va, _ £ a 3, X; .
l()’g’ri (_,}]I/r:i ) I Hll]d”]l hc”'!’.’lll ll\l\l[‘l ”“LH':I (”-q”l] O [ll“—h
. l][]:[c”'_ o .
Y o L s 5 z . e “{, i
Ty _E’ Elamasin; tuzish formulasiga go yam 1 5
Xymy, — L _ Z-: v-5 ch 1 2 £=8 e 2
1 O == =N =4 =T = iy
. O gy 2 T e : === 3
. ‘m()l‘lik t - 1 d =5 6 +1 4 -4
CNglamal .
x-1 vf,'{l;mml.m
=0 _ z+3 . s
bo,lgan to’ ; 4 p va - ' -
Y ) g Il ch]’f.iqla - . 2 -2 -1 2
Cchigp,. - TArorasidagi burchak topilsin. =4
1= 1 C“]ganl’]r y - ’ - -—4:”2 I'Sh
fo q D5 T2 asosan g, = 1,m, = 2.1 kni tof
FMulyg; ' ¢ lami ik g0 iz orasidagh BUEn®
cosq, 10 Yamj,. £ chiziq ora: <
= m, :
wﬂ) ) 12
P=yqg 1in IS ARk 1:24t-g)1=2)+1(=1 = =
% 1 -, Ty ——— = B — “
% \.niz +n:-.,.p_‘:' \E+I::_?'-I'\1+'Lf1 A\
Kang lk fe :
b l e
Za ) Mlamgy,,
| by e Y = |
14 0 lg' 3 — - d~q
{\ dnt()’g‘r- = o Va ISy .4y
“-\".\ p, Dot lch':"iq]arnj S e ané'_g
\ 1x H 0. g a3 z
\ I Z 3 . 15 y
\,\\\ S, ]lganlarg, Aro Perpendikulyar ekanligh ™ o i
1‘-\‘\| Tiga %‘y LS P o asosan m, = —3 n, = 6, B -kuf)rnf
\ am; Ularn: . ? 1 = —a, 1, .ndl
1g )hun _mlz Idrnl ikkj bt s w cl’P"n
0, 0°g’ri chizigning P P
Sk, CMay, 2+ D 10
arlQn' g, (T2 = 0 = 107
by lk“‘-nglg % Chiziq ~3:6+2.5+4-27
' am colar o
g’c\nt § -’C-..l l ri Zaro pcl-pcndlkul),ur
ry S = 3'{-3
thZin 4= Q
a"hing , 8 va I35 e B R
S 2ay, ~3

0 2 3 .
Pa i
rallel ekanligi isbollﬁﬂbm

10g

Isbot:

Berilganlarga asosan, m, = —6,m, = —=3,n; = 4,n, = 2,
P1=8 va p, =4. Bulami to’g'ri chiziqlarning parallelik shartiga
qo’yamiz:
my -6 Ty B, g
Demak, :_‘ = i:— =2 =2 vani parallelik sharti bajarilyapti.
4 > p2bl

X+2y+3z—-13=0,

‘Bx+y+4z-14=0. N
o'g'ri chiziq tenglamasi: 1) proeksiya bo’yicha; 2) kanonik ko’rinishda
yozilzin,

Yechish: Berilgan sistemadan dastlab y ni yo’qotamiz. Buning uchun
Sistemaning ikkinchj tenglamasini har ikkala qismini hadma-had -2 ga
ko’ paytiramiz va birinchi tenglamaga qo’shamiz.

X+2y+3z-13=0, x+2y+3z—-13=0,
{3'\' +y+4z-14=0[ 2> {—6.\' —2y—8z+28=0

—SX-5z+15 =0,
Undan esa x = —z + 3 ni hosil gilamiz. N
. Navbatda x nj yo’'qotish uchun sistemaning birinchi tenglamasnm har
'kkaly qismini hadma-had -3 ga ko’paytiramiz va ikkinchi tenglamaga
90’shamiz,

{x+2y+32~13:o
3X+y+4y—14=0

x+z—-3=0

3 _3x—-6y—9z+39=0
3’\-__:_31'—5—42—14':0

k]

—.S}’-SZ-T—ZS:O}:_!_Z_S:O ' - ‘
Bundan y = —; 1+ 5 hosil qilamiz. Shunday gilib, biz Quyidagi

Proeksiyalar bo’yiga tenglamani hosil gilamiz.
{j’ =—-z+3
= _hz :— 5 ..
2) Berilgan tenglamani kanonik ko’rinishga. keltirish .
Maning har bir tenglamasidan z ni aniqlaymiz. Ular z =

uchun oxirgi

Siste —x+3va

i 73 e 1 o4 3= —y4 5 =g yoki
x-3 2 T 5 lardan iborat. Shunday qilib, biz - X - 3 ' Y
B Jt—lE = EI—O tenglamani hosil qildik. Bu tenglamant
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8. M(2;-3;4) nuqtadan Oz o'qqa tushirilgan perpendikulyarning

) tenglamasi yozilsin.
! . : ho'rinishda han vozish mumkin. Javob: 3x + 2y =0,z = 4. .. bofi i
X=2 _ y+1 243 vy Tl At parallel to’g'r chiziglar
‘ " g 3§ = 2
4 . -hiriaglar § . L
Mustagil vechish uchun topshirigla o teng orasidagi masofa topilsin.
Javob: %

X+y+8z2—-16=0,

2
10'{ X—-2y—-z+2=0.

SR R - f ]i[
L onugtalardan o'tuvehi 1o gn chiziglart
il ko'rinishda
.o . “ho'vicha: 2) kanonik ko'rinishd
o'g'ri chiziq tenglamasi: 1) proeksiyalari bo’yicha; 2) kano

l. (-,“:' j'f.‘:;
“"“‘dn.

¢ "!.”’ i

0) va Ma(oi-= )

tlhfs;-l;-ln::.'\.I,fl,r,,?;, Mi(2:4; 7
WVle(D ... . L))
‘(,'—'("H) VaMu(3:7;.2), M (-4:-2:3) va Ms(24
dll”“'L. [C”;rl"””;”;”i yOZiISin
R , ey 28 ,,).r—s_xj=i
1 >3 - 1. . ' = == 3 J . C— _ P = —2 —:— 4.. e 5 -2
h‘”l"m g o 3 = Va4 — a L ]Mnatid“ ; vob: D x = 6 3203 i 27 3 _30 ) 1
5 O g g ‘ . anday  qb) f—y — 7 = x—2y+90=
Dcrpcm“k ]1" I Lfll/u;l;u' Voparametrming ‘I‘”ld‘l" 11, [2'\’ ) ‘ : B 0 va [3 }=3x
Ulyyr bo’lad;~ _ - 2x—z+5=0 &
Javgh. 2% ' hiﬂ'qﬂﬁ 0’g'rj chiziglar orasidagi burchak topilsin.
3. M wo'rl € o
’ |(3;_].4 ) vovehi 108 Javob: cosg = 22
pdmm“lrlitcn N ) va M2(2:3:6). nugtalardan o tuveh W= ST _ v+2 _z-1 5o chiziggacha
. aAmag; tuzj] 12 M(>. d =t e 2 to £
dV()b: + ZHsin . (_, __1' 3) nuqta an 3 " 5
" N ;’ + 3 bo’lgan masofa topilsin.
= 4t 1 PR
!fjﬁ Javob: ¢ k]
" 9, 3-m. z 2F o 4 le[ boli' 1 0'3\ 38. 1 y=1 z2-1 to’gri Chiziqqacha bo 1gar1
to ' oy 2<39) Ny, pat‘ﬂl 3. A(0;0;0) B, — = £y
Chiy; enp| ladap O'tuvchi vy N ¢ 5;1;7) vektorgd Masofy topi|«: : i
- " L LI )
Yavop, x-3 E’;,m;i"’l tuzilsip Ppilein,
: = B : o
5 S e i‘:) . 3
p“rpe‘hd k( b ;l] 7 tﬁl‘lsIILL avob: p \'!; 'ri chiziqgacha
Kuly, Y9ta opgar: L BZF . — 2y to'g
Jaygy, ia; o Ban 10:)[,(|L.”' Otuvchi va 3x + 2y + 7 bo’| - M(3;0;4) nugtadan y = 2x +1, 2
6. x et o chizig tenglamasi tuzilsin: ) 83N masofa topilsin,
p 2 == S 2 = d i . [ =
erpe"dikuf‘ z Y% o e 5 ) Chlzlq Javob. f = /17,
7 1 10’1l
B, e iqnj t0'2 i batlar
453, o anl : ME X g g = . sidagi munosa
oy : ;2;0?;“;‘!1:1([ 0 TSatilgj, ’ §3. To’g’ri chiziq va tekislik orasidag
Mgy SX 4 o IRl TR =0
Ia\,}“ iqqq > ~ 0 Chi vy *a _yp L, L 1sio bilan Ax + BY + cz+D
b, xy "al‘au(._l . . T wm —p_to’g’n chiziq bilan A7
ekisl; e
slik Orasidagi burchak:

i chyie: . i|sin-
chizig tenglamasi tuzils!




M1 e s " AT
Y
» {

”I;”-”i”ﬁ' parallellik sharti:

Am - Bn + Cp = 0.

arhih shart:

l”“”””“lkﬁpundHJH:

-

dl
Con , un 10
T i o D o uch
ol .l” 8r chizig bilan tehislikning kesishish nugtasini top! r u‘ﬂ
\ ]l1/.!(| englamagip; = mi « @i ut ¢ bzg=p+E€ {,mm:ﬁidjgl
‘O Tinish, Yozib, ek likiss . g . g4 =0 tcﬂ.—. qo,}.amllv
NV i URRing Ax + By + €2 - galarinl i
losj) Ilqrf“”g O rniga “"'”'”i”!’ t pa nisbatan yozilgan ifodal koor i
e ’)n Ivyzm englamady,, to ni, so'npra kesishgan nugfd
0,29, nj l()p;uni'/_. ) U,Igﬂ‘
M . .+ adan
tek I(XL)" “Z.) nuqry va 8 o pob 2T ve chiz
c i(’]ik . ‘ ‘ m - n N P
ttng]amasi ;
- )CI ) ¥ 7 fos
da - XI b : ': C =0
n lopiladi m n p i
=4 i K
S E +
tekisltn e S04 o’ avys o ' . . By ¥ cz
tkkca Dcrpcnd.i g chizigdan o'tib Ax +
Kulyar b .
yar b lgan tekislik tenglamasi
form, ¥ -a Y—-b z-r h
ul m -0 b
er“ < y()rda 3 A n }J 0“‘
chy; ‘ga!] Ax mlda tus: h B C qdﬂn o
lZlq te i By o /"I]adl, Bcri] re .. ) nl,]qt‘ tog
ng‘amasi Cz +D - gan M (xy; 3.2 bos]g_aﬂ
a4 0 tekislikkq perpendikulyar
AN
mbaratb x x,
By Q,]ad' Ceel g & M Z—Z
ey, 4 Tp = A’
gl‘i Qh. Ml( B C
n "Ziqq '\-l\:yl_
3 - X aperbend’ Zl) antad X—
it i .. . :
" Ry N 0%k perilgan 7
an tal:. ;. ;
)+ D(zﬁ " tekislik tenglamasi

21 ho

104

formula yordamida tuziladi.

(>
F]
|
[a]
-
|
a
"
=
|
o
Vo
v
|
La’
-

v s g x—a V- W (P =4 tO’gql'i
Fazodagi ikkita SEmEas M n, p
m n v

chiziglarning bir tekislikda yotish sharti
= b=h ec—g

||
m n D = 0 dan iborat.
m, ny D;
. . iriglardan namunalar
AvZuga doir yechimlari bilan berilgan topshiriglarda il
==t w20 tog'ri chiziq bilan 2x +y —2z2—6 = 0 tgkst
1 2 -2 e
orasidagi burchak topilsin. o i 2 g B
: . - =-2,m=1,
Yechish: Berilganlarga asosan 4 = 2,8 = 1,C bl topiel
= . am : H Nak
Vap= _p Bularni to’ g ri chiziq bilan tekislik orasidagi burc
formUlaSigfl qo’yamiz; . &
Sin o — Am+Bn+Cpl _l2:141:24(=2)(=2)] e =5
a= VATiBTicl -, MItnl+pT  NAF1Ed o 1FEH4 3
Bundan ¢ = g sin = kelib chiqadi. i
S s }\ e
. g a para
x+1 v+l z-3 3 g E - 5 B ,_z=0tekls|11\
"2 T T === to’g'ri chizigni 2x +)
b 2 -1 3 & q
CKanligj isbotlansin. 34=2E8=1, '
Isbot; Berilganlarga asosan, m =2,n=—-1,p =3,

; \
kit ik shartiga
L. Bulamni to’g’ri chiziq bilan tekislikning parallelli = |
90’ yamiz- Ya'ni
: . ) Y
m+Bn+(jp=O=>2_2+1_(_1)+(__1),3__ 0=

iymat
: : anday qiyma
= =222 Lanonik tenglamadagi n parametr g Y
Qaby 2

=0

> U umumiy tenglmasi

tekislikyq Parallel bo’ladi? _1B=-3 C=6.
Yechish:  Bizga m=3n=np= _2‘:1 :tig;l q0’yamiz:

g'ri chiziq bilan tekislikning parallellik s 15)1 —0—3—3n—

"Bt Cp=0m1.341-(-3) n+ 6 (-2

2= =-3n-9=0=n=-3.

Ularni to’




4. T2yt _z-s ez 4128
tekislik m s, o'g'ri chizig bilan 3x -2y T ot hi
CKIs]| ()'Zar . . i ) : s b()']ls I
Kerak 0 Perpendikulyar bo'lishi uchun ¢ parametr (]d[]dﬂ_\
Y st ala, ) 53!
B = 2(‘?“511. Bumg‘“\]i”?a asosan, m =mn=4P < d?l':}:)aflik
—L, = (. e ¥ e o : T . e ikuly
shart; Bularni 1o g1 chiziq bilan tekislikning P‘-rp“ndI
l B (
Ty m np
84q0’yamj, Uholda 3 _ =2 3
dtl, = <. : - (- —
Javoh. 2 = 4 a o m =6, 2
-
S.ﬂd(l. 5 . d@
k'Sliknin P g 1) Nuqtadan vy X222 _ »-3 _ =-~ to'g'ri chizﬂ]diln
g ten ]l . 3 5 2
‘I J Ye ish-é dmif‘;l tuzilsin " slik“in‘
A eri e . T 2K
: glimasmi tuzig f, BN nuqta va ekislikdan o'tuvehi
| = ¥ Y OrmuldS]dan r() lalan: e
| Qg ) oz, ydalanamiz.
~ 1 " -
1?11 i Y1 C—-zl 0 x—-1 y-1 2 i:Oa
Xy :1 p » [2—1 3-1 7-—
| ; 1 Lz 3 5 ’
| || 3 2
"- 4(2:-... 1) . S 5 g = 0’
seloia C .
4x34 D=y 1)‘18()’—~1)
o, ~6(z-1)—30(x— 1)~
Gx S 18
6+13"‘2¢ 3’*13562‘ g =0
Perpen1(~2;1, oL = 0,26, . 0 30x+30-2y+7
Mikuly ' 5) nugrag . 16Y +z - 11 =0 ik
Nears” T bory, Qtadap s - teki®
Ax chlsh &an to’ ¥3 o o tlb; 3\' — 4 7 -4 6 . 1 = O
B}I M E r Chiz' . K } = z
1o, =0 1(x . lqnlng te . oy O . dﬂﬂ
nglamasi S o englamasi tuzilsin. bcrils,
S b i tuzig, . ‘Kis]; b Nugtadan o’tib, 1 Chfz'q
= 0 e . rg'l ”
Q.hun {\2)\2_ v \rm‘llasi _\:‘:-_E_];rpef:_dlkl-]]yar bO’lgaﬂ to £ i amli'
i L 4 ST5R T gan foyd® i
“-S. c 1]gﬂ

x=3 =1 2=8

1. M(5;7;4) nuqtadan o’tib, . =— =

to’g'ri chiziqqa

perpendikulyar bo’lgan tekislik tenglamasi tuzilsin.

" . x—a _
Yechish: Berilgan ,(x,;y,;2,) nuqtadan o’tib, berilgan — =

=) 5 Lt .1, . .
=— to’g'ri chiziqga perpendikulyar bo’lgan tekislik tenglamasint

n D
m(x —x,) =nly—y)+pz-2)=0 dan

_y-b

tuzish  formulasi
foydalanamiz.  Bizda m=6, n=2 p=3x5n=5n=74°% ’
bo’lganligi uchun 6(x —5)+2(y—-7)+3(z— 4) =0 yoki
¥ +2y +32-56 =0 bo'ladi.
5. ;:i - % = :TE to’g’ri chizigdan o'tuvchi va 2x +3y—Z2= 4
tekislikka Pcrpél1diku‘{}'ar tekislikning tenglamasi yozilsin.

Yechish: Berilgan to’g’'ri  chizigdan o'tib, berilgan tekislikka
Perpendikulyar bo’lgan tek;slikning tenglamasini tuzish formulasidan
fOlealammiz. Bizda m=1,n=2,p=2A=2B=3C7% -lLa=1,

O ~lc=-2 bo’lgani uchun
=8 y-b z~¢ x—1 y+1 z+2
moqn p|=0| 1 2 2 | =0,
A B c 2 3 -1

2x=1)43(+ D)+ 4y + D) — 4+ -6 -DFYFL=D
‘hx+2+32+6+4y—:4—4z—8—6x:—6—:—y+1=0,
8.\'_;.5),_2_:_ 11=0, 8x—5y+z—11=0.

9,523 iz va= = el 2 to’g’ri chiziglar bir tekislikda
: 3 2 1 2 3 &

bir tekislikda yotish shartini

Yechish: s et o
echish: Fazodagi ikki to’g’ri chiziqning 3, b 5.

Yarilish Yoki bajarilmasligini tekshiramiz. Bizd

Ql,:3'b1=1, 6 =5m=8n=2p=% 1111:2.?11=3-P1=6
olganligi uchun 12 1
JMob=b c-q) 2-3 3-1 6;5_'5 5 4=
1 =
m n p = 5 2 6 3 6
1 n, N ) 3

-33=0.

| likda yotmaydi.

16 -4 +12 - 60 = —33. 3
Demak, berilgan ikki to’g’ri chiziq bir tekis




——d

e .\Iust:lq” yechish uchun topshiriglar i

T E Al TR 171 : E
. 1 : = 10°gri chizig bilan x + y + v2zZ -~ g=0t

Sldagi burchyy topilsin

Javob: 3¢’
R L | lzgtekislik

1 ) S | l[]‘u‘f’i l 5 .y ) : V'J- _
Orasida..: ! ! chizig bilan x < yvZ — 2
Sidagj burcha topi
Javoh 30°
3 2
X = 13
&, v . o 2X
2 > 1 = ¢ , ‘o't ohizig bilan €
1= tekislix S22 6t w'e'ri chiziq

avoh: M,
L

Isin.

ning kesishi G s
g kesishish nuqtasi topilsin.

- =3 "
4, X3 - P=5 :6) },;{SIIL
2 S22 S0t
00 pornandin. . <2 0 8T chizig va v+ By 43277
Qilishi 1. - CKUlyar boopio: Ccomatlar®
crak? ) I.'\hl “L'hlll'] A Vi }; Llill]da.\ (.“}
Javgp,. A s
S. ii&;}u- ' B::‘LS_ mep
para] 3 — = E:E gt B [C
le] bo,]i‘h'n sl l()gn chizi - 3y + 62 + 2= 0
] Shiye S k?
Avob; _4 NN parame ilishi kerd
SNy o 4Metr ganday qiymat gabul qi!

; Q(Z. -~ e
pal‘a" '~ ) ; , h]zquj
©l by qtadap 2 2=5 497"

] gan e, AN O'tuychj vy 273 - Y22 = to &
Avgh. x~ Brichi,: L 7
Ob: 2 ¥ ],_"]q tCl ' > 1
[yl === 27 8lamasj tyilsin.
Det’pe 0(5; 1 7 2 —— "I':3
nd‘kul :7) — ,-5|1l\
]av Yar b ’l Qta dan o’ [CL]
ob X8 an tg» oy tvchj va 3x + 2y + 52 %
8 X~y 3 et | 5 [Chizi 2 g e,
SN Yoy 2 =2 aning tenglamasi yozilsin

[.\'——~32—4
ly=z+2

x+3 y+1 z+1
= — = —YVa

2 1

10. to’g’ri chiziglarning kesishish

nuqtasi topilsin.
Javob: (—1:3:1).

1L, % =122 = I oo’ chizigning x + 2y +3z-29=10 tekislik
1 2

bilan kesishgan nuqtasi topilsin.

Javob: M,(6;4;5).

I2. y=3x-12z=-3x+2
2¥ +y 4+ z — —4 = 0 tekislik orasidagi burchak topilsin.

to'g'ri chiziq bilan

3 1
Javob: sing = —=.
AW -]

§ 4. Ikkinchi tartibli sirtlar
Ax? + By? + 72 + Dxy + Exz + Fyz+ Gx + Hy + Kz + 1L =.0
tenglamaga ikkinchi tartibli sirtlarning umumiy tenglamasi deyiladi. Bu
yerda 42 + B2 L2 . p? . F2 + F2 = 0. Agar bu tenglamaning chap

omonini  F(x,y,z) orqali belgilasak, u holda uni Fx,v,z) =0

ko’rinishida yozish mumkin. .

Agar ikkinchi tartibli sirt tenglamasi F(x,y,z) =0 da _o’-zgaruvchl'-
lardan birortasi qatnashmasa, bunday sirt silindrik sirtm' lfodaFaydl.
Masalan’ F(x,y) = 0 silindrik sirtni ifodalaydi. Uni geomeltnk tasv1’rlajsh
vehun £ (x,y) = o ning grafigi chizilib, uning har bir nuqtafl.dén oz 0 qlgla;
Perpendikulyar chiziq o’tkaziladi. F(x,y) = 0 tenglama 50 rinishiga qara
ikkinchi tartibli silindrik sirtlar quyidagi turlarga bo’linadi: o
b ic_ + ;_:' = 1 tenglama bilan aniqlangan sirt eliptik silindr deyiladi
(1-chi2ma)_

= %‘ - ‘g‘ =1 tenglama bilan aniglangan sirt giperbolik silindr
deyilaq (2-chizma). |

3.y% = 2px tenglama bilan aniglangan sirt paraboli
(3"°hizma).

k silindr deyiladi




:

T X 2 1 (v ] i

' g ——s z | z / teng,l(ammﬁ)hoslil(ilil;n:)i)z2 —[;(Z '—-(*-)3._—# ,-’2 _—

) B : e Sfemm ford . Bu markazi f\!(a, b,c) il}lqtada l:adlUSl r ga teng

/ﬁ____ e, Preh 7 bo'lsa, ya'mi bilil‘laSIdlr. Agar s.tcra markazi koordinatalar boshida
) - *a—o——»—-——"—‘- — X%+ 32 N 2 ‘:—- U = .c =0 bolsa u holda uning  tenglamasi

e L | o . Si‘chl‘ —.r ko’rinishda bo’ladi.

“tf!iz};,;-,‘ B dCformmSt' ?ll o’zaro 'p_crpcndikul)'ar uchta yo'nalish

ivalash (cho’zish yoki siqish) natijasida hosil bo’lgan sirt

bo’yicha tekis

2-chizma ellipsoi
‘ ‘ S o] = y
3 , psoid deyiladi va uning tenglamsi
o o 2 B el pt Al
tengl; . ‘
una e i e —_
L“mdbll a: B2 o 0 -—_g_—z—+——_
ko,r. " a.'. f'_J c#
lnlShdu bo’ladi . i
o’ladi. Bu tenglama ellipsoidning

an aniql,
i dnygr; .3
Agar p langan sirt konus deb ataladi. sff
holdd deyiladi. a. b. ¢ sonl e
b, ¢ sonlar ellipsoidning yarim o’qlari dey

kanonik tenglamasi

0(xg
iladi (S-Chizma).

nuqtad; Yo, 2y)

d ) < ) N z 3 . .

N 0'tuycy Igta konusga  tegishli bo'lsa, ¥ ..
Vol, Z ( R) 1o izt
ol, 3 Zot (L E !

a).

]i X = 5 .
Xat 'g'“ cl

konug
SBa tegishi; ‘
€eishli bo'|aq; (’-{ ,| i
4-chizm

| ‘ - X
\ :l\ ". Qdatda 1 E“] . S—Chizma
'. l:\ " Agar k Qh‘?.ith k 4‘Chiy E“‘DSO{d koordinata o’qlariga nisbatan simmen’ikdir-
Wit Qsi\bw\a:;““sni ) Onug yaso\fch'lmd 0;p ol)DSO!d Ox o'qini (@;0;0) va (=& 0;0) nugqtalarda, oy o’qint
\ . = . 1la L TR " vl 318 e s o 5 0N
\". Keg; Kﬁr\u;n l tekis]ik bil = Cepilact . E ﬁelllp, kesadi Lf% (0; —b; 0) nuqtalarda 0z o’qinl (O;O;C) va (0;0:-€) nuqtala.rda
| “‘:a ‘%'lne‘rbx = an kessak, kesimda T+ el = tengla. Ellipsoidning z = h tekislik bilan kesishmasi ellips bo’lib, uning
it ] okj ol K Masi
el 4 ahosiny Y = A tekig g 2 2 2
rkgzirf’ S nsq'b g : ckisliklar bilan kesish y LR AEY | —il-
fora oA Ctrj n f ko’ z2 " p2 c?
Qra ‘a'r:g‘era“il:k o’ rni q dan bl ‘ ) ﬂshga 0 rlnLShda bo,ladi a b
124 5 ° Tadjy, Sferg 4 ' xil » uzoqlikda joy 1niﬂg '
O an S]dir eylladi B srer‘
, . . Bunda M nudt




—d

tan  berile®
tenglama bilan ‘

Oxz  tengsizlikda 2 pay o 0 "|gan sirt Pambﬂl
o

Parabolani ¢, 0'qi

‘- -1 0
atrofida avlanturishdan hosil |
deyilad;

. : doyilsdh
(6-chizmay), ﬂmaslde}l[

1 tonel
Y ik teng '
X“ 4 Y 2pz tenglama paraboloidning kanon ik parﬂbO[
- . o . 51 C“[p“
Pz =X L tenglama bilan  aniglangan  sirt
a- b- .
deyilad;. ‘bowiddﬂb
1 part
- pord P ! i '.’l)llk pt
¢z =2 tenglama bilan berilgan sirtga ih'"wl
a- b EidIna bila L ot N lq].gj
atalad;. l lofd “3
arabo
X% 4 552 . . ilpan avianma par
. 2Pz tenglama bilan berilgan a)
Msbatay, sin

T kcsish
‘metrikdir,

.. pilan
psl o 92 y =0 tekislik bil
@t clliptik paraboloidni z = h >
Natijagi. ; T
_]dﬁldd ](CS]H](J;[ S 2h ‘ips hosil bo ladi. reS[Iri‘
e y = i“‘ ¢ I o .k b”ﬂn
2z = Z_",{ -~ ¥ = i ) 0 o, g [ck!ﬁll
a b2 Biperboljk paraboloidni z
kQSimda E _

b = 2h giperbola hosil bo'ladi.

Z a
|
|
{

1111 q]i
i1\ B . ol
|\ Eber, m;* \'Ec‘; = 6-chizma bi p 4
-"\. ataladi tcnglama bilan aniglangan sirt ’ ]ilfidl
t&r‘ﬁ\a Tk YQrda a, b ; e varim 0
ah“an . € giperboloidning ¥

@t 2

: b2
ik i.
% Palla]j giperbolojd deb amlﬂd

T =1

115

- = o i 1 | boloidni
e — =1 tenglama bilan berilgan bir pallali giper
a® ' p? £? . y 2 B kesadi
g h teki “L’i = ¥ ¥ = ’_h1 +1 Cl]IpS bo ylab es ]
- : c‘:‘ . g qi fida aylantirishdan
- = 1 ipcrbol’mi Oxz 1ck151|kda Oz o qt atro
a b= &

— 2 = 1 giperboloid hosil boladi.
a- b c2 =

N

Rl ]
xX= ¥
5

W= il bo’ladi.
Thl = i i iasida giperbola hosil bo’la
¥ = [hl = b tekislik bilan kesish nﬂ_]ﬂ?ldﬁ glf) |
Y =|h| = b bo’lsa, u holda kesimda -
chiziglar hosil bo’ladi. ' ' i, el ERE
gir pallali giperboloidning har bir nuqt.zmlfia: 11;2\(1)vc|]ilari e
o'tadi. Odatda Bu to’g’ri chiziglar giperboloidning y
(7-Chizma),

~

Y_Z=0to'gr
.:0\"3.n c

-

c

Z
-— U
o \ '-'1 /7 \\___,/'
‘.‘\ i // \ f
\\/ \\ / / \\‘_‘::-_: - P
1 \ \‘:____, P
/ ':{:Q\ l\ |0
/ A -
/ \ \\\{.\ \ A
P —\ _\\ /\ i\__\ , i e
I j‘_ \“ ‘\\_- :
; - 8-chizma N
iz olik  bi kesish natyjast
Ikki 1? li giperboloidni z =& tekislik bilan
‘K1 pallali  gipe
kesimda
2
\;2 }-'2 h

! — =l e 1
'r? = b2 C2
ellips hosi} bo’ladi (8-chizma).

nalar
iriglardan namu
Mavzuga doir yechimlari bilan berilgan tg'lei"r;: 3 bolgan sfera
da radiu
. Markaz €(2;-5;1) nuqua
tenglamag; yozilsin.
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Yechish:
sferaning kanonik
q0’yamiz,

Bizda

H ] H . a . s L alini
nuqtaning  koordinatalari va radiusining 4™

R o

tenglamasi (x — @)? « (y - b)? + (2 _c)2=RE8

emak;
(17:2, b—- -~ =g v R:3 Den

(X = 2)2__:_(}, N (__5))7' o ;

I N2 — d
==(x~2)2+(y;_? ) 3 5
2. x2 F5P +(z-1)2 =g mast
ek i Y 2ty 4y — 6z + 5 = 0 tenglama sfer tengl?
anllgl le()l];mSin J s ol R tengli
Isbot: o . 12aich?
o .0]-- Iitrllg;m tenglaman; 1i[]i uy[dﬂgl
Zgamramiz: 2 amaning ch;[p tomot
x* . 2y 4 0
X + , B =
yoki (x - 1')21 — 5 y* + 4y + 4 — 4 e 6z + 9 — g+ qukﬂp
C(1;=é;3) n th+2)zy (z-3)2 =32, Bu tenglam l,anonik
tengly CMuqtada v, radiuc; N ol feraning
Masidir, lusi R = 3 bo'lgan sl¢
3. Birinch: gl
o Inchi «; . = 5¢
Wkinch Sirt rnarlj]rl- Markazi C(-1;~1; 0) nuqgtada va radiusl R ’|g3]1
Sferadyy, ibor A21:€(1;1:3) nuqtada va radiusi R, = 4 €8 tens =i
Va Oy . at. Chinchi Sirt ec < ¥R LaRilal ¥ . 2cofadd /0
4 tek‘sligiga ¢sa Oxz tekisligidan 3 birlik mas®o .
Yech; Parallel, By girr o - topilsi™
sh: g ilga s'mill'mng kesishish nugtalar!
(x 4+ 1)2 N masa|y
(x 41y
~1) +22 = 9z
+( 25,
fian - =3 y“1)2+(2 5
tem . 3) =16 :
Wyip, Y Chishg, kelt; 230
;2 e!tlrlla(_h Dastlabk; iLL: magd 7%
I Y‘ tye,, stlabki ikkita tenglamds
2 X '
ten lx ty2 T2y 14 ol
te ga‘“asida 2x v T , o pir!
q;%lama 1 \? ikk.‘“chi P hosil gilamiz. Sjstemant! 2 3
Shib a i ten ] . _,’}I
> Nch: glam . . x A d
"e‘\gla x? 1 \chl - i_lsmx hadma-had aylrlba m,]qﬂ
tons. Dalap,. =1, Blamag; i
Qpa_ 5 nj ga
Miy Y&th

ikki i cai ha 1!
tenglama ikkinchij tenglamasmt f O’Igﬂ

> ikkig, 2 _r_“\r_ih;;“ qilamiz. H‘”;”nu{;{talﬂfﬂ1
’ ) Ma (=47 V7:3

Mustagqil yechish uchun topshiriglar

l.x*+y?+22 -3x+5y—4z=0vax? +y?+z%2=2az
tenglamalar bilan berilgan sferalarning markazi va radiusi topilsin.

Javob: 1) €(1,5: —2,5:2).R = 3,5; 2) €(0;0;a).R =a

2.3 =2y +62z—18=0, x = 0, y = 0, z = 0 tekisliklardan hosil
bo’lgan tetraedrning ichiga chizilgan sferik sirtning tenglamasi yozilsin.

Javob: (x —1)2 + (y + 1)2 + (z—-1)* = 1.

3. B(-4;0; 0) nuqtaga nisbatan A(2;0;0) nuqtaga ikki marta
¥aginroq bo'lgan nuqtalar geometrik o’rnini tenglamasi yozilsin.

Javob: x2 + 32 4 72 = gx.

4, {‘\'2 +y?+ 22 = q?

X+y+z=aqa

sferik sirtning tenglamasi yozilsin.

Javob: x2 4 y2 4 22 _g(x+y+2) =0.

Jx=qy=0 to’g’ri chiziqdan va y0z tekisl
8 nuqtalar geometrik o’rnining tenglamasi yozilsin.

Javob: y2 = 24y — x2,

-a: o’tuvchi
aylanadan va (a;a;a) nuqtadan

igidan teng uzoqlash-

yasovchilari

6. X%+ y2 1 22 _ 94y = 0 sfera tashqarisida chizilgan,
rallel uchta

n.l(?S ravishda: 1) Ox o’qqa; 2) Oy 0°qqa; 3) 0z 0’qqa pa
Silindrik sirtning tenglamalari tuzilsin. ) 2
Javob: 1) x2 & y2 = 2ax; 2) x2 + 22 = 2ax;3) yrezi=a o
iy ¥?+2? —2x +y — 3z = 0 sirtning markazi C. dan'o.tuvm
o 10g’ri chiziqqa perpendikulyar tekislikning tenglamas! yozilsin.
Javob: 2 _ Y377 =0,
foq 5-’(0;-3;0) nugtaga nisbatan koordinatalar boshi_
0’lgan nuqtalar geometrik o’rnining tenglamast
Javob: y2 o (y+4)2 4 22 = 4.

dan ikki barobar uzoq-

yozilsin.

3 . . 5 . .. X
" 9 Uchi koordinatalar boshida va yo naltiruvchisi
N iborat konus sirt tenglamasi yozilsin.
Javoh, X+% _ 2%
a- ‘
teklslikdagi yo'

2 y2=a%2=¢C

()

ra

uchi va uning Z =@

naltiruvchisi aniglansin.
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Javob: (
s . 0([ Ly )
]l .’.': ) :.: " 0)1 _\“ n:‘[l[r“\c]]] “‘“I;”l{l - = 0 .‘.: L {}. e a)z = ﬂz,
bo’lgan siry i y = 0 cllipsning 0z o’qi atrofida aylanishidan hosil
]lllg tenglamasi yozilsin
Java: “'-."'L_'."‘ ) :: L4 <3 Fa i
. W T =i
15 X ¥ 2t
teki I S 4 < ;;— = 1 Sil"l vas: I . - . _ f)) )111
isliklar bilan kes; vasalsin va uning: 1y z=3 4
N 1V Kesimlarining yuzlari topilsi
avob: a) ning yuzlari topilsin.
3.84m; b) L2,
13. i o z® a
a- <=1 :
a c? s ¥ = 0 epri chizi ) s Oﬁdﬂ
ylamshldan hosil bo'| cert chizigning: a) 0z 0'(; b) 0x 0q atr
, =11 bo'lgan sirt te .
Javob: PR irt tenglamasi yozilsin. ;
a) —_— £ " "‘:+-- |
P v ,//:-5
=T

(ikki ; a® = = .
pa”aligipcrboloid;_ 1 (bir pallali giperboloid): 23
14, '—'_._.'_)‘2 22 '

1./3)

Ngtaday 0y, . 35 L @
0 ; perboloid  yasalsin  va uning (G

1 s
e J3sovehilari topils;
Ja ik _ 1 opilsin.
va', 4 P -—(1 € "
x & 3 N -—) X z -
:__:’-___3( 2 ;+1:1_L
5 = va 4. 6 2
15 x= ) 5 1 - _) X 4 e
L vl e 2 = = =
topllSln 5 9 ;i_‘ =1 g : & S 2 Iﬂfi
‘ = =1 giperboloidni L et
Javop, P2 oloidning eng kichik doiravly
16 = k3
.z = 3a :
ge = * s
OMetriy ., 2 tekislikdyap,
O’ rnin: va F(0-n.% [af
a Ning ¢ (0:0:7) n #
Rob: 2 Cnglamag; »;) nuqtadan teng uzoglashga”
et I d si yozilsin,
oty -. ;E | 9—3. i 2q
\r]c:u d“ira\.? =, ellipg
voby Y kegjpy + X Parabolojdni ida”
Uty T oloidning koordinatalar osh

s ani
-—..32_ nlqlansin

§ 5. Vektorlar v .
ktorlar va ular ustida amallar. Vektorlarning
ol qiymatl skalyar ko’ paytmasi
" ymatlari  bilat lia  anialanadi :
Kattaliklar depy .- v to'liq  aniglanadigan katt
Bai sorl alos
sonli qiy -
vektor ) Jiymati, ham yo nalishi bilan S p
or Kattaliklar deviladi ) ishi bilan aniglan
Skal S
alyar kattaliklar .
Klar a.b.c.... kabi harflar bilan, vektor kattalikl
.. bilan belgilanadi.

Geometyi
metrik ;
nugtavi nazard: o . .
Mtayi nazardan vektorlar yo naltirilgan kesmalar singarl
an kesma

Qaralag;
1. BOS‘ .
AN ’ . s
uqtada va oxiri B nuqtada bo'lgan yo'naltirilg

bila
N aniql .
anﬂd](iu o = .
gan vektor AB kabi belgilanadi. Bunda A nuqta vektorni

aliklar skalyar

adigan kattaliklar

—_—

ar a, b,

. .
ee y()ki b
u h'll"ﬂ' i 1
« i ‘ Ty i
arni qdhn bo )ﬂlf_..‘.l\nhl['l a, b, c,.

ng

bosh;
kshl, B nuqta esa vektorni .
SManing wpun sa vektorning uchi (oxiri) deviladi. Bu yerda AB
& UZun ]g_‘ il L . ’ aR
gi vektorning modulini ifodalaydi. ya'ni |A3|=lf13l-

Har
qﬂnday
/a4 vek : g . " . . . s
cktorning sonli qiymati uning moduli yoKi1 uzunligl

yilad;
Bolslria la| kabi belgilanadi.
Ning 1y, Va_uchl bitta nuqgtadan iborat bo’l
. oduli |0]=0 boladi
tO’ ¥ oy ) ’
rlar koﬁ-” chiziqda yoki parallel to’gri
inear vektorlar deyiladi.

No[ v
ekt .

. Quyi da;r har qanday a vektorga kollinear de
®yiladj.

ean vektor nol vektor deyiladi.

V - -
i chiziglarda joylashgan

b hisoblanadi.

ng teng vektorlar

uchta : % o
shartlar bajarilganda a va b lar

1, a \
B, vatn
2, lalllb,]ya ni bu vektorlar kolliniyar;
, ya'ni bu vektorlar bir xil uzunlikka €gas

‘A vab
R vektailarbic s
ektorlar bir xil yo'nalishga ega-
zma). U holda

a vek

Vektorninkgobr OX 0°q bilan ¢ burchak tashkil etsi? (1-chi .
Osi“USiga k“,O’qdag‘l proyeksiyasi shu vektor uzunligini @ purchakning
Dl‘leql e O paytmasiga teng bo’ladi. va’'ni ‘M

" r;Zsfp=lal - cos (@ OX). ; ;
Droyeksiya;ha vektor yig’indisining o’qdagi .(ﬂ | X

: qo’shiluvchi vektorlar i llf
1-chiZm:|

Proyal ..
yEkSlyalal’ini yl

g’indisiga teng:




pr, (aq - ,')')' .
Bitty val: Py b
¢ )()F._, Y1+
Ii l '”'l”L'] . ‘« * ) 2 | )
i komplang, Ve tehisliklarda joylashgan uch va undan ortiq ekt

pr.a -

a vektorn KioFlar deyviladi
' dorng g, = :
- i b ”]',_'.' . ) .
nddlg;!n Yangj bir éll ko paytmast deb quy idaci uchta gl
1. |7 . ¢ VCKtorga avitjladi-
21020 1) ea aytiladi:

_.’I'n' Y ixr .3 o . .
PG vektorning uzunligi |A] marta 0 zgarad.

\art bilan anigl

2.¢la
4 t, ya'n:

» Yd
1 as 0)’] N bu vekiorlar koilinear:

- . )(]'l(‘, - L A 1}
CV'_ wl, 5 - ]53-
1aqururnn-t!:n"s],- Va a vektorlar bir xil yo’nalgan, 4 <0 bo

cktorapni. YO nalpan
.mnny 5¢ s
> SONperg ka'r.
)z’t(ﬁ('t') = B(1a £a ko paytmasi quvidagi xossalarga egd
bt vektor g o) (A & B)a=1d = pd. 3)0 G=0. - ol
Eilanay; @ vektorp: ' T ; _ak
a . B qarama-qarshi vektor deyiladi va
va E
. ve
uch'dan iy Lkl(n'lzlrn;”g yigtindici ]mningA
+F . quveh; g lindisi deb ABCD parallelog®™ "
md] 2

agonalid. ) c ;
1dan h().‘iil qj””g:m AC vektorga ayil

« C

T . . .
Eramm qoidasi) (2-chizma).

B -
St = B
; e
- xb - /
A .
< " 3 - D
:‘Smh f ingijp: o 3
shy : ¢ )
b hi l“kln‘ B bUl‘c} ) 2-Chlzpna p
OShig.. Koy, un Q0idzs; 3
ey Moy, 1 dasi ¢ . ld
Sligamichy - N das ¢b ataladigan quyidag usu itk
; L

i . Shi .  Paral <0’chi i
if, UStiy,, Cllilc': ko’chirish orqali ? ve (ﬂlmg
r o 1.4 07T 5
Ugayq; Hadi (3-chizma). So ngré 5*”
8an

vektor hosil gilinadi ¥ d

L =
a+b

Bi 3-chizma
Ir nCCht 7 ~ =y =g -
parallelog 3 Gy, 8 Azeen @y (023)
atielogramm - qoidasini  bir necha marta ketma-ket qo’llash bilan
topiladi.
Vek IR . .
ktorlarni qo’shish amali quyidagi xossalarga ega:

vektorlarning  yig'indisi

4.d+0=4q.

@vab vektorlarning ayirmasi deb @ va _} vektorlarning yig’indis
aytiladi = T Lot

aHdI vaud — b kabi belgilanadi.

@ va b vektorlarning ayirmasini

Pa .
4ra“_310grammnmg kichik BD diagonali sifatida

iga

ular asosida qurilgan ABCD
ham qarash mumkin

A da
Tekislik 4—ch.izma ’
Olamiy, Bl da. X.OY to’g’ri burchakli Dedkiu‘['l\ .
ifDda]a-Sh ! tekls!lkda berilgan har qanday @ vektornt §
O’qlariq ‘mumkin. Buning uchun mos rav
bO’lgan? JOy.lashgan musbat yo'n
i va j vektorlarni kiritamiz (5-chizma)

oordinatalar sistemasini
onlar juftligi orgali
ishda OX va OY koordinata

alishga ega hamda uzunliklari birga t€ng




" .
a -
Uy :
a.. & =
l‘-__‘
0 i "a
t
Kiritj S-chi i
ilgan 7. - 5-chizma a
ve . tva . ) _ e 1
Ckl()m'“g koord; Jovektorlar birlik  ortlar deyiladi. ax va & -l
Orqali G-, . Mata o’qlaridaw; T b a vektor®
. dxi-ay:x;,_yik idagi proycksiyalari bo’lib,
son]q.:xhyi B i O rinishda yozish mumbkin. . 4 V8 ¥
A esq Uning Ll\t()rlii"g birlik ortlar bo’yicha )’Q"”mﬂsl"
Tckiglikd g onrdina[alari deviladi =
vekpo slikda yiladi. 1]
“fol”mn, 00 -Shl Ay va oxiri B(x>:y2) nugqtada o'l gabl
Y0zilaq rdma[a[ari g xirt B(xzy:2 -
“az, tX2-X11y2-y1} bo’lib, u AB{xz-Msl*
beri] A Oda XOYZ to? i mﬂslda
n a Vck O 2 bLll' ‘hakli ., l.lr SIS j
ortlarga to Ning koord chakli Dekart koordinatak " j v
5% qo’gh: Ordinatala.: .- . lg i
mamlz.UhSh'mCha 07 Natalarini aniglash uchun kiritil&* vekmrﬂ‘
oldy ~ 0’qid ; .. ’ (
a a uz fi B goortey Jgan
; Ktorn; unligi birga teng bol&
Nigh
vek‘f’rm: " Yozigy A=XTHy i i i

o gk(’@rdi Mumk;p, ttyjtzk . fqzodﬂg
Cktq Zm?f,ia 'Doshn alar; i Y yerda xyz sonlar uchlig! L

r 1 unj 5 ; .

i ‘:B{ N x';)ﬂ’y[) nj ai{x;y;z} kabi yomladl- o }15
T B Vesr - V) N grs g
Vzkzhlzl’yl;zl} v y-a.y‘;zz-zn k OXiri B(xyys;72) nuqtad?

o bgy a f KO’rin;j . 3 . )
ﬁnim"aming lish; Z"2§y2;z3 v Nishda yoziladi. o i

g vigy Y VeKtorlar oy pgeishi uchun X1 il
Q{Xl‘ lsi’ A Y(:tar“dl-r . . blaﬂ be 'Ghﬂ
’yr’z‘}&:g irmag; - Koordinatalari P! dag!

va ¢ oqu
{Xl‘,yz_z Songa ko’paytmas! q
e ) T ;
} iy, wﬁ“’}
aYII_Y2;2|i23}, Aa{Axv

12

Fazodagi XOYZ to’g’ri burchakli Dekart koordinatalar sistemasida

boshi 0(0;0;0) nuqgtada va oxiri M(x:y;z) ‘

nuqtada bo’lgan OM vektorni qaraymiz.

My __.

. s r__-
Odatda uni M nuqtaning r=0M radius |
vektori deyiladi (6-chizma). Lo !
o .. g a2 1 a2 : L =
Uning uzunligi r = \.-".\'2 + Yo+ z® i “ J'" M
M

formula bilan aniqlanadi va ?,}',E lar orqali
"=xT+yj+zk Kabi
A(Xiyiz1) va oxir B(x2;y2;z2) nuqtada b
}ioorditlata o’qlaridagi proyeksiyalari ~mos
V=y, -y, Z=2z,—2 bo’ladi. Uning

Us W37 2 = (- x ) + Oz - ) + (- 2)" g8 (e

Boshi 6-chizma

yoziladi.
o’lean U=AB vektorning
ravishda X = x; — Xy,

uzunligi esa

bo’ladi. Bu holda ham U=AB :—‘X?+YI+ZE deb yozish mumkin.

~ Agar U=AF vektor koordinata o’qlari bilan @, 8,vay burchaklar hosil
qilsa, u holda
X Y .
cosa==, cosp ==, cosy=y
bosl . U U
adi va ular uchun
cos?a + cos?f + cos’y=l1
Orinli bo’ladi. Bu yerdagi cosq, cosf va cosy larn
YO'naltiruvchi kosinuslari deyiladi.
Ikkita & va b vektorlarning skalyar ko’paytmast
Modullari bilan ular orasidagi burchak kosinusining
aytiladi.

i AB vektorning

deb ularning
ko’paytmasiga

dvab larning skalyar ko’paytmasi &+ b yoki (ab) kabi belgilanadi.

D -
¢mak, ta’rifga asosan,

a-b=ldl-|b|-cose

Skalyar ko’paytma quyidagi xossalarga ega:




4.4d-(b - C)=dvbh +.§-¢

5. Agar 1), bo’lsa,

Agar vektorlar g {ava,ia,) va b : avicha boladi:
A1CNE

hcrilg; a skalyar ko payvtma quyidag

5 {'j' () bo'ladl.

orgt
¢ inatalar
{b:by:be} koord

N bo'lsy hold

. C o _
a:b=ab. ab ‘L/'-i " burchakq
‘ — - orasidag

alari bilan berilgan ikki vektor oras

an topiladi-

u)’ids‘g
Kunrdinut

form ulad

T by Hap Oy TEITE =
('(.r_\'(,r)
e

: S ba.c byt thy .
S Jexteapteass ik shar
' allell
b_-,_- b,, b L ”.” , I);”J”LI
— — Fy 9 . . . Wl -:."
a ” ga ikki VeRLc

x ﬂ}.
Qb 4 q yby, 4 a.b.=(

1, §
.ndikulyarli¥
deyilagi

. vr)
ga ikki vektorning  peri
nillllr

Ui
an nam ]3.’3
a rdan wnlon]ﬂr

Maw‘“ﬂﬂ doir

OAcp

Yechim]
¢ va j bir|

L0 g to’
tor|

hiriql
ari bilanp berilgan tf’l""hl(r)/i« yva Ut
rthurchukning (7-chizma)

) - 7 o4,
k ve . s . P UZU”“:"—” 3 o
4r qo’yilgan. Agar OA ning

B A .

¢ N
|
|

~

|

o i T A
\1 (.)E Nip

7-chizma _— ZA
®'lsa, 04, 4¢. 5. 53, OC
unlg; ; [z
Unll.{,l 3 ga teng bO’lgam uchun
"“di_ Vektorg ten s

. — : ’ladi'/¢ 4
fam, © lgan; Uchun AC = 4j bo B

a- .

¥ BoL *hi yorn

. un
algan boa]gan] llCh 7 ya
"4‘] boal

W— a
adi. 0C vektor €S

123

- bo'ladi. BA vektor esa
Dr=3i+4i bo’ladi. .
ktorlar yig’indisidan iborat. Demak, O.C 21 bJo’lnani uchun BA=3i-4j
ie_.tor b ktorlarning ayirmasidan iborat g
OA va OB vektorl: g oming
joylashgan ve
ol xiri B(7;1;0) nuqtaga jo} las
2. Boshi A(5;-4;2) va o o
ilsi iri B(x2,y2z2) nuq
koordinatalari topilsin. . boshi ACxiyiz), oxiri B(x2.y
Yechish: Ma’lumki, bos

y1, Z=22-Z1 bo’lar edi.
x=x0-X1, Y=Y2-Y1, Z=22

. 1 XTX2-X1, Y

bo’lgan 45 vektorning koordinatalari

- o ¥ i Sl i .._. ke bO ladi.
’) X 5 3 ).'_I 4 : () 2 ) q E; ] 5 )

k]
bilan 2= ga teng bo’lgan
3 1
"lgan @ vektor / 0°q 3
3. Uzunligi 6 ga teng bo’lg:

;siyasi topilsin.
_ qdaci proyeksiyasi
burchak hosi| qiladi. Shu vektorning / 0’qdagl p

i ulasidan
i ‘i topish form
i o'qdagi proyeksiyasini 10P
Yechish: Vektorni o ‘7: iei uchun
71=6. @=— bo’lganligi
foydalanami,. Bizda |a[=6, ¢ 3 : i sinEl =6 § =3.
| PO :
Pred=||d| - cosg| = lG'COS?‘ | b

b
? oma’lum
i bo’lsa, n
b vektorlar kollinear
4 a{1;-3;5) va b{x;6;z}

b by _ B — 1y dan
koordinatalar topilsin. = X

+ X
. ik shartt — ay Gz ;
Yechish: [kki vektorning kollinearli . ‘_:-1 by=6, b=z Bulatl"n;
) _ .=_3’ az=5, X" _ 5 Z='10 keli
fOydalanamiz. Bizda a=1, a* & _% po’lib, undan x=-2 V
O’rinlarjgy qo’yamiz. U holda 7 == =7 ) sin
. - -5 lar yo 4
chigagj, lar uchun @ + b vaa blary
~ 2R Ge ktor uchun
> @421} va b(5:9:0} vektorlar uc xasyaiza} lar
Yechish: Ma’lumki, &{xi;y1:z1} va-b;:nga asosan,
A} = C{xi1xa; y1£y2; z1222} edi.
—_ 3 i 3 '] ;
A+ b = G{4+5; -2+9; 1+0}’C{9’T’1; -
S ; 1-0y=¢{-1;-11:1}. i topilsin.
a-b=¢{4-5; -2:19’ 41b0};1s;{m ni koordmatﬂlz;ltmasi Aa{Ax;
a A- = 0 N . kosp
GYECZ,i]::;hq'-,(}iix\:ri'Z} vektorﬂi }\. Sor;lg].g; :4(-1‘{12.’ -16; 4}'
b0’ lganiigi uchun Aqd =4a{4- 3; 41({?3;pilsin-
1. @{3;4;12} vektorning modu

}Ly; 7\.2}
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/| “”'}'2'/11
LT i - g r ' a :\ ‘1 ‘

| YLLPP]'-.]]f alx: Vi 7 \.\-;_ftllﬂli'?‘!. l]llldll“1 [ 7::'7 Dﬁﬂ
fnrnml:ui;m topilar cdi Bisda T
a=V3T T g 169 13

H.(f{l;(;‘ 1} vy N

. opilsin
. ~hak top
f d } lar nr'l\itfil&.‘l (1) hlII’Lh -
- “’1“- ]. l, Verlorl ol &

R AL
arnl IL}'
1':!. l;“ill
Yechish: hizdaxy I, x. 0 O f= 1 b 2
p i g I t T : . 17 = ‘ﬁ
“'rl-lti:u'l f)lll‘(,'f!.‘ll‘fli topish formulasiga qo _\.mll/’; SR _1_1/; o
: TR TT RO PO = = 32
fr;}.r'f, ) ‘ R Z T+ 0+1% 1+0+1
¢ = 60, - dikulyar ©
ndiKubY®

( ' . i, yerpen
o P 1352111 v b15:7:-1; vektorlar o'zaro perP I8
lxhnll;msin. ] Bﬂlaml

« . . ?2:- '

I.J}JU:: lglf_(j.'l X, 3 i 6 vy _:' v 7. 71 l- 1,0.
vektornin,, o P . 4~
x Ning Perpendikulyq ik shartiga qo yamiz: =0

1°X, 4 ) ‘

=15
; 2 T Y oyl . 2. = 1({1)
Demag Y242, .2,=3.5 . (

2)-7 -
L'b ckan,

ug!
2)
0. Ug . . 2.4 va C(6
U“ing u I].h“”-hilklllng uchlari A(1;2),B(3:4). y \’ﬂA
Chidagi ;- sy . f
oy Idagj 1chk;j burchagi hisoblansin. — A ]rﬂiﬁg
-Nish: . . . <o s hurchdg qorl®
Vektorly, U“hhurchalkmng A uchidagi ichki _Ef T yektor
. asidag; . AB va# ~
I Ording, .Sld"!:' burchak i jborat. A5 uwrﬂ'
. AB 1 Z. --{'z_" {3: 0
i veggg, o 14 =48 (2:2), a7 (6 _1,2-2) =
r Oraslda . L 2), AC |6 ' rnﬂl/'
Sidap; o R o syamiZ
€os Mdkm topish formulasiga qo )
3B i
D \Q4*q;,.j:£+\“b2* ‘:;;_E_T:: = = ‘—‘“‘.‘,'
Cmay N ¥ YaPISWTETE 21255
3 CQS 1 .
P75 borliy, -+ chigadi-
> Undap @ = 45°kelib chiqs
W g
ad'\us Kggt‘di Mllsg. $ ]‘l'ﬂp‘
g N AQil yooh:. ) U
© J"“':‘\:t“ﬂ “Zt?llnT Sistcma:izthmh e : ansim "
T 4?;:! < Bihy aya M (5: -3, 4) nugta tasvIrt
= o’ foa . .
: g Co g Malishi aniglansin.
Q

2
o= 0.5v2; cosfp = —0,3V

’
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Zor=0M=21+3]+ 6k vektor yasalsin 2va+uni52gﬂ r—z:-d;t;ss-:;k;o;
uzunligi hamda yo’'nalishi aniglansin. (cos“a+co
formula bo’yicha tekshirilsin).

Javob: r = 7; cos ¢ = % | . o

3. A(1;2;3) va B(3;-4:;6) nuqtalrar berll.gatl*l.amda S i
uning koordinata o’qlaridagi proeksiyalari .ya§11151111 ;il Sl bbbl
aniqlansin. U vektorning koordinata o’glari bilan ho
Yyasalsin, )

U=21-67+3kU=T7. -

-t]:.“;z'o[bé;z; 7}2\:3 52 I1;3—5} vektorlar yig'ndisi topilsin.

?i&'o[l;:i[;-is'}g;;f%[z; 6: 8) vektorlar ayirmasi topilsin.

Javob: ¢(1; —2; —3).

6. &[2; s 2\-'3} vektorning uzunligi topilsin.

{]a?{t;; 2\"3} vektorning yo’naltiruvchi kosinuslari topilsin.

Javob: %E_Z‘_g Rl ko’paytmasi topilsin.
8'5{2:5:2\:‘3} va b(1; 1; 1} vektorlarni s |
;av?b: ’ :_ 2{5_ b=y 2 vektorlarning skalyar ko’paytmasl

o b=1-2j+ ok vektorlar orasidagi
10. a=-7+j va b=1-2]"
topilsip.
Javob: 1350 .0;5) nu
W C 0: !
11. Uchlari A(2;-1;3), B.(l;_l'l) :,: (
ABC UChbuchakning burchaklari aniglansin.
Javob: B = ¢ = 45°, 4= i
1 P 7 t
12.a=27+jvab = -2j T_"_"ek
diagonallari orasidagi burchak topilsin.

burchak
qtalarda bo’lgan

mm
rlarda yasalgan parallelogra
0

125

—————— S




e —

—————————————— .

1

lLaxb=bx
Javobh: 90°.

=bXd )
2.4@Xb =dx b= A(dxD)
'iﬂ- - - = = l—' - E
). K < (7 - 2K)? ifodadagi qavsiar oo 3.a X (b+c) = 4 Xere X
]3-(27‘)')-,?*(;' 2k ) k ~ (T = 2k)

Javoh- 2

. ktorial
, larning ve
; cktorlar bo'lsa, u = atorlar
- b kollinear vektor i & va b vektorla
4. Agar @ va b ko _ ldan fargli @ v
. 'q r]ﬂf = iy ! - Al ncha’ nO
kil etuvchi pirlik vek® ko’paytmasi @ X 5 = 0 bo’ladi. All\SlI\OHinear bo’ladi.
i .- 1l e - . e ar k
14, )] Agarm vy N o’zaro 30" burchak tash b}1 uchun @ X b = 0 bo Isa, bu \e“?; a=10 IX]=K |
b(ylsa, kare: n)? hisoblansip, 35¢ bo'lst (a- 5. Ixtiyoriy & vektor uchun d . - 0. 7
- % —~ J_j - e = '
2) Agar q 2V2 va b = 4 hamda (a.b) 6. Birlik ortlar uchun 1" X 1
hiS()blamin ilsin-
L ak top
15, 6{[2i 5; 2\’5} va {1:1

-

-
- - -:= _]_
= R = I Xk
- — = - - o -_:_ -—kl i X]
dagi burch IXk=1, kxi=j jxi
; 1) vektorlar orasidagi

ini
. -ktorial ko’p
b ,: z,} vektorlarning vekt
T.a{xy;yy;2,) va blxy; ya; 25
— determinant orqali.
7v3

JaVUbI Cos ¢ = 74243

= - ’T ¥ to lladl
i a X b : }j z, | formula yordamida top
. as Qa =Ix "l 1 age
: ) ) _ (o' paytmi , 1 5 ilingan
§6. Tkk; vektorning vektor ko'| u}ridaé” R Yo & ) vektorlardan ~ hosil 4
.1 de q d[x . A } va b{-\'zly.?:zz
Fazodap: - ial ko'paytmast’ ’ AR
hta gp, lg; oY b vekior) Ehing: neliorial ke -F[ :Ji (l-chllmﬂ)
| i aniglany,y, | ¢ vektorga aytila
chi yangj ¢ vektorga ay

Parallelogrammning yuzi

2
7
AT e 21|2 + ’fl ;’;l
e e O | o zil -lez £ :
S=|a><b|=\,-fx-’-+y 2Ty, 2z o
N i toplladl-
i 2} |&' o bl dan
| . . = = L P hun
l l\"i' fOrmuladan, uchburchakning yuzi esa § : lar kolinear bo lishi uc
I = 1 vektor
| (Vo 2o
| T alx;yiz,) va b (s 2
i €y L-chizmag ][elogr i oo TG, iriglardan namunala
W Yuz ektomi“g mo’dqy;: » - ilgan pard™ U . topshiriglar
\W mbga ‘eng bl |z Ul va vektorlfga uriles iglana®” M doir yechimlari bilan berilgan Jashtiring. -
ik . 3 [ TR : iqle : ; &
H\\E\ e;“ga Qva I v :l el Ibl "Sing formula bilan an af[li alvz(UFW 205>ze(25 + b) ko’paytmani Soddixg 4bxa—-2bxb
A L] (S . . _ + . N =
il v tor 5 T OrSidagi burchakni ifodalaydi- Jikuly?® 4 v o 25)x(2d + b) = 2aXa + @ - .
= 1 Pl 1 = - ! - 7 = oQ N 1
I\ 3 “C 4y bo‘l i Vcktorlar Yotga tekkislikka pcl-pu'l d ech1sh.(a B . 5 L A% D ial ko’paytmasin
Sl Yektgy . =N ekl and?® 20X b - 4.5 xG—0=axD4 larning vektor!
' Ofdan sh ag i = B ektor
LIS b Undy, , ' ar ko - P —4} v
;L Vektm'g B Nalgank;, uning uchidan I\Ztiga & 2.a{2;3; -1} va b i
Va 3 15 . e <
b“%ﬂan:d? "thquar : L buriljg, soat mili hard
V .

' tOping,
pi
K

b




e

| —— - T 1

Yechish: & va i . i tarminant
orqalj if; ush: @ va p \'ckturiarmng vektorial ko paytmasining determind
1 net A, - =
. odasidan foydalanamiz. Bizda «. 2, 3 =5 n=-L%
2=-1,2,=4 bo’lgani uchun
ixpo|l T I -
11. )’1 Z ) '3 ~ 1 —12:’_2'.‘:—.3]
X ' O
Sty o .
?8.’—‘:‘—131*--31 ]]E
Demak, g + 1
PRB=F (g,
; 3 53{2;3'-4}\, INE = = L |]~10gr:1ﬂ1"1'
NG yuzini toping tb{3; ~1; — 4} vektorlarga yasalgan paralle
Yechist ~ i
.Y T ) B . C ekant
Ma’lum, g va b Hdoridag; misoldan G x & = —13i+5] ~| I
VA D ve P . 71
S=laxg | foﬁldrgd Yasalgan parallelogrammning YUz 3\5
J If‘:, . 4' a[nl' 3.2'} 31 :- Sj -1 1;:‘:' = \W::)—:_l_ii = \"313 qal‘ldﬂ)'
| \ LS4 va R ) ng
[ Ol W Matlarg inea 2[4’6”1} vektorlar m va n parametrlarmifis
i r Mite . ”
J \ Yech; Koo O’lishinj aniqlang. ]aminé'
I linegy: Ordinatalayr 1o o . i yektor
i l2da ,  * 3, T S dan foydalanamiz. gl
| .\ Uchyy, m _,; = ;n_ M 2 ; ., . bovlganlls
"!1\ 5_4 22:;“171:2 1= Ya=6, z; =2, 227
\ Sehbyrgy Ay, ;. = gq, g
| kn|ng .‘ ,0), B(I'O- l’lrdﬂ bO
| oo Yechigy, =2 topigg, 0 1) va €(0;1;1) nugtak
I‘!& ara“e] ; u K an
| kom-d- O8r Chburchaknin y L— — da Yasalg
Dty Wainin, €S yuzi TF va 4C vektorlard? Y e
A anj armio = e ol
S 4B B, x .nlq]aymiz. Miga teng. 45 va AC vekl°

— e TR L

Hxaeo|l LF .
ABxAC=|0 -1 1|=-i+0-j—k-0-0=-17J
-1 0 1 N
ili R T-ITal ——.——'__l_ieg
Shunday qilib § = £ |ABxAC| = S [VT+ T+ 1| =3V3

6. Agar |d| = 1|b| =2 vaa b bo'lsa, (2@ — by x (@+ b) vektor-
ning uzunlig; topilsin,

i ; ; iz. Unga
Yechish: Vektor ko’ pavtmaning xossasidan foydalanamiz. g
aSOSan,

8Xd+2axF-hxi-hxb=0+2axb+dxb-0=3axb
Wbl(28 ~ 5)x(a + 5| = 3] x B| == 31al - |5] -sin90> =31217

Mustaqil yechish uchun masalalar:
LAgar 1)a =3, p=2F, 2a=1+J b=1-7+ .
3 d= 2T + 3j B o= 3j + ok bo'lsa, €= 4 x b vektor aniglansin Vv
;asalsi“- Har bir hol uchun berilgan vektorlarda yasalgan
ara“‘ﬂogrammning yuzi hisoblansin. T qys =6
) Ja‘"(’biﬁxbtcng:1) — 6J; 2)—-2.’?; 3) 67— 4] + 6k; 1) L=
1222 3y, -2v;

wens Uehlari A(7;3;4); B(1;0;6) va C(4;5:=2) M
chburchakning y

Javob: 24 3.

talarda bo’lgan
uzi hisoblansin.

= - — oramim yasalsin
5 a<2j + &k vab =7+ 2k vektorlarda parallelog

il uning yuzi va balandligi aniqlansin.

Yavob: V2T k. birlik. h = VEZ.

4, Ushby )
DIXG4R) jx (G+F) < Ex @+7+F:
2)(6+B+E)x6+(a+b+c)><5—‘.—(b"c)xa’
3)(2a+5)(5—5)+(5+5) x (@ + b);

D2 (GxR) 1 3j(1x F) + 4K - X
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Ifodal

ar aavslarin s L
ar qavslarini ochib soddalashtirilsin.
Javob: 1)2rk

o T T T E =
L), &) ea X

5 ¢;3)dxc;4)3.

Y. a=3k_2 /. b= 3 I—2) vac=aX ;  vektorlar }'35‘“5[“'
Vektorn: : ..
dlmnmg moduli hamda o - ucthrChf’!‘"m‘

L va b vektorlarda yasalg
yuzi topilsin )

Javob: 3V17, s ki, bir |
; a . : ) bo’:
o l]JLhLm A(1:=2:8). B(0.0 £y va C(6;2;0) nm]talarga
ehak yasalsin, Unimo cors «o e oo locdliof topilsi
k yasalsip, Uning yuzi va BD balandligi topilsi
Javob: 7V5 ko L

birlik., BD = 22!

7. a= r . . § . " yﬂSﬂlgﬂn
pdra”‘v]()gr T - v b=7+]4 i vektorlardd
Javo d"ﬂhl}];m yuzi hisoblansin
8 N & Y‘() A‘l', birllk, ,E’;B
"Avap a2
vektor); s . ; lﬂl = ;
d roarey A& . ., ar ;
bo’1s, d—9f Fo’zaro 45° burchak hosil giladi. Ag i g}uﬂ
Wpilsi, 2 va3g . o) .ybuchak
Pilsin, 43d + 2) vektorlarga yasalgan uchbu

| Javob: 50y5
| " ".‘ | ) i ﬁ_E W

ing o o ek
0 z : irlik 1|6
al Daran:lal Al g q_‘"() 45° burchak hosil giluveh b.”.h Ig*
\ I e g " VA 4ii 57 yektorlardan jbord
| H: lavob: 1 uz| Eopilhln
A 0 3
\ i g
'\.‘\\‘l UchburChUCh ari 5 [
W Y aknj (4;-2;6); B(2:8: . " lqmlarda
"‘I‘E\ 1‘1‘{%: " Lopilsip, B BG2e T
‘ Chay. . <
| hak"i“g Woleoy, - b
oo Yu aniqu +k - Igﬂ" uc
s . = e 9y ol
%'3\@, i, '=J+ 2K vektorlarda yas?

§7. Uch vektorning aralash ko’paytmasi

ab,é vektorlarning aralash ko’ paytmasi deb dastlabki ikkita
vektorlarning @ x b vektorial ko’paytmasining uchinchi ¢ vektorga skalyar
ko’paytmasi kabi aniglanadigan songa aytiladi.

_ ab,c larning aralash ko’paytmasi GDE kabi belgilanadi. Demflk:
abé = (@ x B)E Gbé aralash ko’paytma geometrik jihatdan @.b,¢
vektorlar asosida qurilgan parallelogramning hajmini bildiradi.

Yani V=5 -H=|@xb)-é|=|abél.
Aralash ko’paytma quyidagi xossalarga ega:
L@xbyé=a-(bxé). § N
2. Aralash ko'paytmada ko’paytuvchilar o’rni soat m.lllgﬂ t.es]\ar_l
Yo'nalish bo'yicha doiraviy ravishda almashtirilsa, uning qiymatt
O'zgarmasdan qoladi. Ya'ni
ab¢ = éGb = béa = abe. _
3. Agar ko'paytmada yonma-yon turgan vektorl’ar-nlng
almﬂ?shtirilsa, uning ishorasi qarama-qarshisiga o’zgaradi. Ya'ni
Abé = —pa¢ = béd = —cba _
1 ,Aralash ko’paytma quyidagi hollarda nolga teng bo’ladi:
2)) ;g,paYtUVCh'{ vektorlardan kam'!da ]f)lttflsl 1:10-1 w_ector,'
paytuvchi vektorlardan kamida ikkitast kollinear;
) Ko’paytuvchi vektorlar komplanar bo’lsa.
Agar .5 va ¢ vektorlar o’zlarining koordinat

h . : s oo oz
©lda aralash ko’paytmani determinant orqali quy idagicha ¥
Xy )"1 Zy

x; Y2 %2

X3 V3 Z3

alari bilan berilgan bo’lsa., u
ish mumkin.

(@xb)-¢=abc=

Xy, _
X , ! . rti deyiladl
\.\-2 Y2 Z3| = 0 ga uch vektorning komplanarlik sha

3 V3 zy

a2y e M (Xai}’siZB)'

M, ( g i rti
Halrgiyy; z,) nuqtalarning bir tekkislikkda yotish sha
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2=X ¥y, 'y &y — 2 S
Xz=%y f . {/ = (0 dan iborat.
3 X, )3 6 <3 -1
Xy Xy ’

i '1‘1 .:.',; :/".'
K(_mrdirmtnl;u'i
plrmnidaning hajmj

T T
= ;[(;b'(:! e g 1 /1 3
- ©

/\gur (-f']').
aksil'](_‘,ha’ S()tnggi

: asalgd!
: ] osida ¥
bil berilgan o, b, ¢ vektorlar as
lan ¢ JLb 1.0

. iladi.
/ formuladan topl
Xy Yy 2

..""_:0-".3

3 3 . abc

anar bo’lsa, fand"

Vac vektorlar 0’ zaro I\(nnpl.nl“L[ ro'zaro komp'dsai
. i d - o

tenglik bajarilsya. berilgan uch ve o ko‘rl"'shl

an tasj i ma =

N tashqarj,

anish

Z

bo']adi. Bung

a,b va ¢ orasida € =

) lm(j‘lxi b()yg:l avjud bo'ladj.

X2

l‘r]di
: dob ata
Jik sharti de
Y2z 0 ga uch vektorning kamplanarlik sh
Xy Vs 2, ur
ni
;ln]u o
ayy s pardan inz
Va:g 'rY@Chiml:lri bilan berilgan topshiriglar ] parame‘m
; dl. a{m; _q,. ) E{O-m 1} va &{1;2:3) vektorlar m :
an ay i » é = 5} f
Y Zom Ida OMplangy bo’lishinj toping. . =002 quik
CChigh. - 3¢ X3 [an
%= 1 3= 1zda Xy = m,y, = =12, 2 = —&; ing komP
o . = .V - . - ni
Shamg %’yam}ij iy =g, Bularnj uch  vektor )
o o
abg _ X5 3’2 ?- m -12 _, . ot~
= 2 ¥y 22 = o m l1]=0=3m?-1
?7}1 A 3:2. : 2 3 Igﬁn
Parg) ch‘{3:~=1. yash
S epipq 12 b Jardan
Setygy Ming ' B0 3, U va ¢(1,2.3) vektor -
lan iz lSh: ar l 1111 [Oplng ) &y ] fo)/
lep; L ida
b Pip dmng hajmj i ish formulas
VeSS JMmin topis
=X yl 2, 14
-2 3 o %
Boii

1,(2;1;3)

a 1\{4(2. » .

~1:m;1) ¥ <hini

; + 1), M5(-1; dslikda yotish
- M,(0;1;2m < ‘ T kslikds
> Mi(l;m'_1)‘:”:(q’md‘1\' qivmatlarida bir te
3 trning qanday J
nuqtalar m parame g

aniqlang,

i dslikda
ing bir tekisli
i ‘rtta nuqtaning
hish: Koordinatalari bilan berilgan to'rtt
Yechish: Ko alari
yotish shartidan foydalanamiz:

= 2m+ 2
— 1—-m 0
B8, Tl DD :12 ; ) -
X5 Xy i,z ¥, Z3 —Z,| = 0= “1 L . 4
X3 —X; y3-— 3
_\'i -— r\-i }v.; — }'1 Z_‘ — Z.L

=0=
+8(1—m)

, —m) -

o2 —m)(2m +2) + 2(1 - m) + 2-(112 N )12171 = =,

n® — 4+ 12(1 - ) = = I ’_?42. 0=>m=1m=2

I 12‘m +8=0= m*-3m+2

bir
idagi to’rtta nuqta
agl tor

ki m = 2 bo'lganda, yuqoridag

Demak, m = lyoki m =2 g

tekislikda yotadi.

- 4;7) nuqta-
5.5), va D(2;4; _
A 6(3, 2 I D)a v - toplng'
1(1:1:1),B(4; 4;4),  daning hajmin :
: rita A(1;1;1), . iramidaning A
1 b4-'1raZOdl£_‘J tElari shu nuqtalarda bo lgaiglrf% va 2D vektorlar asosl
ar berilgan, Ue T > ;
f(::ci:hish' ABCD piramidaning hajm 1E-B'(:ilsrniﬂa. ya'nt )
: . ; ir EENE i e
asalo allelepiped hajmining oltidan . dastlab AB, AC va
g [1)8.1& p“) AD| ga teng. Demak, biz
V=-|(aF x ac)- . _ , ~
51(-4 .. ishimiz kerak. - _1.5-1}=
Vf!kt()r[aming koordinatalarini top AC(3-1;5-1
:‘Iﬁ[4~1-4—1-4— 1} = AB(3;3;3); AD{1;3; 6}
";EE{?.;LI;"\L}; ZB{Z —lid —~ L= 1=

=36 )=
.12 — 12 — 36
3 3 3 g5 . 15412
Plramig, = 2 4 4= p
1 3 6
Si'18=3, | N
asalalar: llelepipe
Mustagqil yechish uchun m »
1

™ torlarda par
j+K,&=2j+5k vektor

. d= 37 + 4j'b = _3"— ' sin. larda
Yasalsin hamga uning hajmi hisoblan fia; 24} nuf]tj‘a shu

i 1

Javob: 1 — 51. (2;5;0) " o’ining YUz

5 i 0(0;0;0),A(5;2;00.BL2> 7 o

o , UchlandO( ; {Sin'hamda uning hajmi,
84N piramida yasa

‘o1 hisoblansin.
Yoqqa Wshirilgan balandligi hisobla
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yordamchi diagonal elementlari deyiladi. Ikkinchi tartibli determinantni

Javob: = 14kub. b <. 63 i o= w3 hisobl _ : _ i )
L5 ). Oa5¢ N i =5 i soblash uchun uning bosh diagonal elementlari ko’paytmasidan
2. AL o (g - ing DIf . i = L . o
tekislik; ' .]' 2).D(1;2,1),¢(2;3;0) va D(5;0; —6) nuqtalarminz yordamehi diagonal elementlari ko paytmasi ayriladi.
slikda yotish; ko'rsatilsin @y Q2 Qs
4 = 7137, o i - _ - L * . 6k vektorl! Uchinchi tartibli determinant deb |@2: @22 @2s| ko’rinishda
ning ()1,/_”.() ,’ l)j v (_lk“',y .:f -J')y ; ,'_.,(. -3 + 12j T a31 032 a33
Aro komplanar ekam: L. g i ; . L :
5.1) (3 'Planar ckani ko'rsatilsin. Yozilgan va qiymati quyidagicha aniglangan
2)(d +2j AR o] abé; a
+2h — A\~ : . . . ‘11 ;@
CE b)X (ad—b-¢ | = 3@b¢ ekanligl isbotlansif @ a N
6. Uchlari 4¢- ‘ Gty = SABEEEEEE uqtﬂl ! 22 Q23 = @;,a,,033 + Q21032013 F Q2023051
bo’ A A(2;0;0).5(0,3:0).c(0-0:6) va D(2:3:8) ™" @1 az, a
0O lg;“] pir‘”n' 1 ’ WU 3 U), (_ (()_ [], ()) vad (Pr [ushirlrg:]n " 2 33
s 1d; rveale: ’ i . 1o i - 3 5 — * 1 1
balandligi Bie P Yasalsin hamda uning hajmi va ABC yog 187 1822013 — @3,0530;, — a,,@,,055 jadvalga aytiladi.
e Msoblansip, ' b tkkinchi tartibli determinantda aytilgan satr ustun terminlari bu yerda
avob: |7 a Vg T . -T . . -
. Vo= Y4kub. pjr )7 T3 i lm 0z Kuchini saqlaydi. a;; a;;va azz determinantning bosh diagonal
F =T, - ' : Vol als e ; ) BEE
va y| STy 4 b =7_ oz . - _ 37 + 4k vektorlar yos? mentlari deyiladi.
ar o’-,., il ) vac=31—3]+" L o 5% 3 ;4 i
0 /,drnkomplun'lr ckanlj j , ‘ : 3-! d , ing o .UChlnn,hl tartibli determinantni hisoblash uchun bir necha u.su¥
“unliklari 5 o antigr ko'rsatilsin. I hurch;,klﬂfl”" daVJUd bo’lib, ulardan eng qulayi Sarrus goidasidir. Uchinchi tartibli
ISSektricar, . 2a - teng | s 9 k inatalar gd etermj : ’ ’ : i irinchi
. ktr:salarl boyich, £ bo’lgan va koordinat arda yﬂSﬂ]p 9 TMinantnj by qoida bo’yicha hisoblash uchun eng avval uning birinchi
acdpn: B Yimatnes BE BE —— Ltorle leodica i ) ) i AV &5°
cdm'“g hajmi ¢, | Yo'nalgan OA,08 va OC veklor d ikkinchi satr]ari determinantning ostiga yoziladi (1-shakl); so'ngra
. pilsiy Ctermj : ; o rl
Javol,. 23 8 ar Minantning bosh diagonalini tashkil gilgan @i, @22,@33 elementli}
\,3]' o 4 diagonalga parallel bo’lgan diagonallarning har biridagi elementlar
LB ! I Zaro ‘o’ o : Hed ay;a32,033
OB, C]”ZIQL] ALGEBRA EI FMENTLAR g ko’ paytiriladi. Buning natljastda 11 il
§I'Detcrmin-, | LGE b ori 0’; 32003, ayya,3a;,  ko’paytmalar hosil bo’ladi. Shunf_,,'ra 0" o
\l - antlar va ularning xossak gdan chapga qarab ketgan uchta parallel diagonallardagi elementla :
n"’ ) y O,ar'-' . =8 i} ro’atmﬂar .‘
T\i"" qiymat ! ldmbi cte a yOZ'IgﬂH Os[i)l )blllilsa, natjada ajz;a,a;;, @s2@23%1 @z210;2833 }Thpr;’ bilan |
| ) rmin; a s ichdi ( ’lad; : ) - i (+) isho ;
\,“ tarifg ta,, Ninant dep ,a“ a”, ko rinishda ngﬂ’ Key; 0'ladi. Chigqan ko paytmalardan avvalgl uchtasi (+) orindis
e = a . . 11 2 5 . . r
E‘\' s 1y SOiip: ool aytiladt '8! uchtasini (-) ishora bilan olganda, ularning algentals Fib
i\ Ba teng bo'lgan jadvalga ay Chichj {4 tibli . . . ThE:
| = rtibli determinantning giymati bo’lad!.
fee - ., sha,
‘|\.‘| 12 de 2, q a l g a
| Tamiist *t2y 21 == Vi Q Qa2 13
\ d?term;:rn'l']nani ?22 S0 : QZZ aIJ_ GEZ — Q3 agz- dl' a3} Ayq Q> Qs 3 1 & ss s
\ hlnn f‘ilntn. Nip B determ' ’ ] dc)’”a Coap Ay Qaz; Qz3 g 2
Chy lng . Fingp: lnantmng elementlarl . a o a3; Q32 Qaz3
Tvy Sy 5 ingpy; 1 satr (yo® 1adi, 028 in? 31 Qsz 33 a a3
%Netlemenu - sat el YO elementlari deyiladh niﬂ“ﬂmdi Q1 iz s > a , Q23
Q o - en’]e o tcrf g - a a az1 2
lm‘na““ni’n 2 Va g [?:af‘l, Gy V8 i@ 8 ari ]i(ui "~ tartip); determi 21tdab22 533 i jadvalga aytiladi.
g b(lsh 2;; kmChf ustun elen]en[ v nant deb quyiaag
- agonal elementlari, #2* 135
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Ay, Q,; ... Qyy
Ay Az - Qon
'[‘()art- . (“::: ‘l‘:~ y wee Apyn .
inchi v; , g o : i
umumiy  ysyl; tundan yuqori tartibli dclcrmin;ll‘ll]ilmi |‘150b135h€1v
foydalanin .'} ; maviud emas. Ular  determinantlarning xossalar
¢ » ikkinchi v: ;  Keltirilad!
nchi va uchinchi tartibli determinantlargd L‘:“m[ad

hmhl:m:uli.
Dete

”HIIH'“”'. .
‘ ar bir q: . A .
1-x0ssa. qator xossalarga cga:

u]mzishtiri Is

Determi . g
cterminantlning  biror satrini ungd s

a, determiang .
2-x0s532 D =IERant gLy o' zgarmaydi.
- bodas S cterman- . . & p
almashtiri,, i terminantning ixtiyoriy ikkita s
‘g,(L‘lur”]il . . . - o L ‘o
Det 1iantning giymat q:lr;un:l—f~]il"5]1'5"r"l ? L‘dﬂ) qure”
cterming ; . crunide '
ihantning catrida  (ust |13n1;'

atri vOKI usumm‘
; amdl.

; P
0552
eleme ’ . ;
mentlar biror ; IXUYOrY
Mary,  sonpa L fas o ; :
Ma ortaj, nga ko'paytirilsa, dc[crmm:mlmn‘,—'
4‘:{()35&' b;ll’fha

Clemeny 11i(1112')

3 Ducmlin;l
4rnol by’
Pro X035, '

Dorsignul b

4 biror (ustu jadi

a, dete 1. : i . > 0. ade 0

Determs: Crminantning giymati nolga teng b 3 e

i Minantning Sip atri (ustLll

0’lsa & ikkita sd .

“XOssa, A, » determin
o vEar dete

ntning satridagi

iIxtiyoriy J
po’ladl

glel
pstunt =i’

ibor; 5 )
at bo'lsa, u holda, uni

4 Yozj
Ish . ;
an i mumk .
Mar g, N iboray bo'| mkin. Bunda bu determiar kb
] (4

n
1 or n Sa[rlv 2 . . t'r

at b ari yok ;tunlarn bl
adj bo’lip, yoki ustunlé el

golgan satrlari berilgall

elem® s

thl.ni

iy na . .

Ylirip bOSh l'lln.mg biror satr yoki ustun

Q’ qa b]]‘ St . [
28 atr yoki ustun element

arigd

q
. 1yU
gonal c[cmentl«‘l”d{u |

. *[5d,
lag noldan iborat b0 Is s 4
o
Nal elementlari ko’pﬂytm

of i’

lﬂldﬂ

Ixtivoriy . a1 . ; .
Xtryorty n —tartibli determinantning @i (L) = [ L M

elementini ol . f
ning minori deb, bu determinantdan shu element joylashgan satr

va u . 3 s . . . .
: S‘.““m o'chirishdan hosil bo’lgan (=1} _tartibli determinant
qiymatiga aytiladi va u M;; bilan belgilanadi.

elementini algebraik

Ixtivoriv  n _ : .

o tiyoriy n —tartibli determinantning = Qij
o’ldiruvchisi de i+ § et T .

belo: chisi deb (—1)"/M;; kabi aniglangan songa aytiladi va u A;; kabi
elgilanadi.

Detel‘lllinntning joylashgan

i —satrida
A= 1,2,3,...,n) algebraik

shu determinantning

T 1 i.\'liyorijf-' l?ir
to’ldil—wchi’l 3oy n) ‘elemcntlan ularning
diymatiga ariga ‘ ko.'paylmalarining yig'indisi,
5 a teng bo’ladi. (Laplas tcoremasi).
qllyid;gitiztc-mf‘ uchunchi tartibli determinantning
rinishda bo’ladi:
Shuros ol’n'ainnmg satrlar bo’yl'cha yoyilmasi (?e?'lladl. . -
- qiligT“ Xs -1'ash dcter_mma-mmmg ustLhmlar bo’yicha yoyilmasini hant
numkin. U quyidagicha bo’ladi:
A114;1, + ay;4;, + a5 43 = 4

birinchi satri uchun

May
uga doir yechimlari bilan berilgan topshiriglardan namunalar

i, Yo :
Quyidagi determinantlar hisoblansin:

1) ‘2 3 si 2 3 4
6 __10; 2)‘ no cqscrl; 3)|5 _2 1
—Ccos @ s 1 2 3

Yechich- 13 |2
echish: 1 l6 _310‘=2 (__10) — BB = —20— 18 = —38.

2| sine  cos _r
% )lhcos a smg l = sin @ - sin @ — (— €0S @) rcosa =sin“a+
ICOSzC(:l
3% =
)5 -2 1 :2.(_2),3+5,2.4+3.1.1_1 (-2} -4—
45——51—~61=~10

-—.2_ . -
1'2-5.3.3=-12+40+3+8-%7
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e | 9]
2.lx 2 '-:I 0 tenglama vechilsin,
1 1 1
..._’ ; (J q;‘!.3v1'—1'2.9
Yechish: ) 2 3] 0 : 2:1+x-1- )
=0
1 1 1 2 = 4X=
1 3 - x? X -4 .1 0 = 2x 9y 12 18—3.(
J o b=0=x =2 3 i
= ~menlamt™™
, 2 2 g satr elem®
3. D 2 3 7| determinant  ikkincht S
i 0 2 1
Minor|

ari Yozilsin v
Yechish: M,,
elemeny

50l
i ; und?®
a hisoblansin. a U

catr v

: gan satt = mi
M topish uchun 2 element tUrg ! ant yza

= H L} . tert
41 o’chiramiy vy qolgan elementlardan dete

el _ 1. i
A”Izl = 2 2 _— ) |y 1 e 4 = 1 Ilarln
!"‘] 1 . ,e US“'” iz:
0'¢ ir'zi-, N1 topish uchun —3 element turgan satr v ihiSOblﬂym
ishq: .
dan qolgan, clementlardan wuzilgan determinant? ;
M = 1 2 - ariﬂl
22 |0 1|:1-1H0.2—;1._O:1. 1@16”“3"
- I
Q’Chirizsil ni hnsoblash uchun 7 element turgan satr va ustu
951 bolgyy, determinantni hisoblaymiz.
M23 = |1 “'SI L 0= ~2 ;
0 -2 = 1'(—12)_ O.(ﬁSJ = -2 + Iar]'[]]
4 3 ) 1ﬂt
"D 2 - ne
= |5 4 — elet
a‘gebraikt % 2 dthrmin;mming birinchi 5°
Ol
Yeqy, dir Vehilagg h
1sh. Isoblansip, 5'
11 N"(‘""]_)1-{-1 h[ 9/45
4 ' =|3 _ =
T R R
B e, 2 s -
)§ 12 = __ S .._2 ’_2 =
S 2 |4 3'2—(5'3—4'(
T2 (\1)"\*3 =
13 < ls 12

3 0-
beoal =5 oy gg =1
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5.1 ©
0

2
> determinant hisoblasin.
0
i, Bty joylast barcha
ashgan
Yechish: Bosh diagonaldagi elementlardan pas-tda Jo-yv: i;mati it
elmentlar nollardan iborat bo’lganligi uchun determinantning q

diagonal elementlari ko’paytmasidan iborat. Ya’'ni:
~3 2 4 —5

=(-3)-5-2-(-1)=30.

determinant hisoblasin.

determinant
Yechish:

Berilgan  determinant to'rtinchi .tambI}Ud s U
O'lganligi ychun hisoblashning umumiy for.mulﬁ? mzcli\-zijmida hisoblash
Iror saty Yoki ustun elementlari bo'yicha yoyllm'aSl )‘ro'r ha yoyilmasidan

Mumkin, gy determinantning 2-ustun elementlari bo'yic

: ) element noldan
nydalanib hisoblash qulaydir. Chunki bu ustunda 2 ta
iborat,

2 -3 4 5 1 2 10
10 2 10 142, |g 5 -2+
= —8 s [=1)
6 7 5 -2 ( 3 9 1
309 1
5 -12) -
2 45 o _150+18-1
-:—7-(_1)3+2_ 1 2 10 :3(3-:—:340—12
3 9 1

B -45:1452'
T7(4 4454120 _30-180_4)= 3389+ 7

iriglar:
Mustagqil yechish uchun tOP'Sh;)rlla(:isiﬂi
Quyidagi ikkinchi tartibli determinantlar hiso

+3
1 n- »
= -1 2n+ .3
- a s 4 _ zn-—r
6 gl “l_12 8 a v s

i : r hisobl
2. Quyidagi uchinchi tartibli determinantla
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T Ty ~—agaan e

_____ — ;
—_— ho, Rt e ——
e e
2 3 ; : i
15 ! ‘ 1 “ s a Agar A va B matritsalar bir xil {artibli va ularning mos elementlart
] 22 1/; 2)|-1 a 1(; 30 —X -1 0'zaro teng bo'lsa, va'ni a;; = b;; shart bajarilsa, ular teng matritsalar
3 a - - ' —X deviladi . . v ’ ’
Javob: 1)-10; 2) 4a: 3) -2 L oa x o1 viladi va uni A=B kabi yoziladi. Masalan.
y &)1 %d, J)-LX. a+
3.( el 1' i #ooe — 5 a a - a . k] ATY 7 i
)ﬂll}ld.ly determinantlar soddalashtirilsin va hisoblansin: A=\ @ e | V8 B=(2'; 01) matritsalar 0 zaro tengdir.
—Q a _ . a * a”
: 1 2 5 12 6 : ; .
Dl]e a =fl: 23| 3 ! 7 |: 3)]6 4 4 bo,lDlaQOr\al clementlaridan boshqa barcha elementlarl nolga teng
Jav lb a -—a 3 32 =I5 3 2 8 gan kvadrat matritsa diagonal matritsa deyiladi.
ob; 1) -4a?; 2 . % : ‘ ) 15 0 0
3 i ]. 2) 144; 3) 72. Masalan: A, .= (2 0. Bex = ( o 0 0 ) matritsalar
i 0 e : .
dclt:rminz —F 2 o anal matritsaga misol bo'la oladi. i diagonal
ant berileo- . ) -1-inch! atcha disveral alswsentiar . ‘lean n-tartibll 125
clementlar .L”Il"’d”‘ Uning uchinchi satr clementlart vd ikkin Matrits dh?g,mml clementlari 1 ga 1 s : pelgilanadi.
5 A minorlari yozilsin farn Ma la n-tartibli birlik matritsa deyiladi va u E bilan belgti
- Quyidagi e jymat salan: ’
dag ’ . pgs 1lo [}
dclcl‘minanlga(% lenglamadan  x topilsin va topilgah 1 0 0
10 yib l(-'k-‘ihir“.\'in, E?. = (1 0
D R x2 4 9 2 3 % _g 0 1) vak=s{0 10
- L X —
2 3l=0; 2 g [ 4] = Matriy o B 1 sk matritsalardir
. 1 > 2)lx 2 3]/=0; 3)|x ~1 p I:Ellar mos ravishda ikkinchi va uchinch tartibli birlik ma:.bli e
ob; 5 ; PO o . 1
|\ 17, 2 ;=45 3 _23_ 2 2 0 1 ol 1y af-Cha elementlari nolga teng bo lgan ixtiyorily m X n tar
\! ; » X2=3; 3)x,=0, x; = —% Datmsa deb ataladi va u 0 bilan belgilanadi.
\ 2. Matri e emak
1\ Atritsalay va ul; s JP matl'lts‘l ’ 0 0
ar ustida amallar. Teskarl 0 0
7“!1 ta 50 a n t " ]n 'n 02-\'22(0 8)' 0 3=(0 0 0 £ O-\-n:: 0 O 0
a auy 3 . Rt ‘0[ » 2x E) 3x3
’il\ Sonla’eztashk“ lopgaS:luFddn iborat to’g’ri to’rtburchak Shal‘hdq? etg? Aga o0t 1 lc?a "
L : Maty; advs . : tashk r'm x n tartibli . = *lsa, u ho
‘:}.\\\)3 Yozilag;  AWitsanin, eli Val m x n tartibli matritsa, U™ t,qs -rinishdﬂ A=(a tartibli matritsada m=1 60
Wi Mmentlari deyiladi e idagl ® 11 Qyz ... Qin) 4
“-HI) a ql Yl r.ldl. Mﬂ[rltsd C]Uy 11
1 i (e 1 oslib d B= 21
7 . - =1 T a
i e 21" » Unga satr matritsa deyiladi. Agar n=1bo’lsal hol =
(o 8o 4 ™ ‘5;1;; """ ™ o’lib
Al"l = )“ ™ Matg Uy Ilé}?'nga ustun matritsa deyiladi.
= (0 7 . g M ita m x n tartibli
Maugo \73 lito &'ri Urfhl kb() Isa, u kvadrat matrits® Gy, a . a bi1 by2 i;“‘
g aklj i . . Jlan: 127" in b zn
2 = ma sale .
S (el tritsa deyiladi. M2 A=| @1 @z Qn | yaB = bél ises T
---------- Dm2 bumn




. i n
' - ‘ _ . Al topgd
Matritsalar mos clementlarg vig'indilaridan (ayirmalaridan) tashkil (0PE°”
mxnt

R oy deb atalad
artibli matrigsy A va B matritsalar vig'indisi (ayirmasi) =4
VA ATB (A-B) kabi belgilanadi.

(Ill _’_ }): 1 (‘l: 5 2E ‘: P (,': " ’ .]): 1
By 2 b, a,,- L a;, *+ by,
'-\(Im] + b:.‘!: “:‘t.’-’ . i)..._\ (14 19)
Ythurldu aytilganlardan
CA40=04 4= 4
2¢ A + B = R A-
3°4 ¢ ’
4c4-(3-~f)* (4+B) - ¢,
b A+ A = 24
0 Il‘,hl ravshan !riﬁa
Bit‘()r ) . 3 ,nfz./lf'l ma
quyidg  © 0N wva. 4. . ,  matritsani qarayl
E[dan |b0!‘al b(),ld] n X
[ . Adin
11 Q.. 2
4 =| a,, le‘ Din y Aa;y  Ads ... AQzn
....... 3 Q2 14 =] A0z Aaz:
inl Qe e TS j{a‘mﬂ
m2 Qon ﬁﬂr ” /!arrI:
Avap
. matritsa]a o :
]2: A(“A)-—)LuA- r hamdg IXtiyoriy ) va ¢ sonlar uchun
3 A(A-{-B)QAA, R
33(1‘}'!1)4 +AB;
4 Xn = \AA"I‘HA ideb
mpx n:—-_(cu) Frigh -F’-“ "= (Bij) matritsalarning Jari ushbu
Titsg o - a
G lSaga A¥tiladiki, uning Cij element
. e+
y 3 k= :
'2'in flhs % =1, ;
: Tkabian R 8 0 [ ] = 1,2, sin pH
Sonj iy Daytma m‘qlana 5 X lﬂfj
: . ziladi. w
Ning Satey, . 2Vud b di ’

o ‘ u
O’lishj uchun A matritsanin®
A teng bo’lishj kerak. A)’tayhk’

Q1 Qy; b b, 5
A= (021 azz); B = (bll b——)
{31 as, et ‘
bo’lsin. U holda AR matritsa quyidagicha aniqlanadi.

1
R ST SN ; Qyybyy + @uaby
4B = a,, az; ('“ zlz): Qz1byy + @220z
31 as, 921 Qs by, +as3:05, @31b12+@s2022
Aytaylik A va B matritsalar quyidagi ko'rinishda bo’lsin:

Qi1 Wy Qs by b2 bis
A=|a; a,, st). B=|bzy b2 D2
A3 a;,

ass b31 bs}_‘ b
Uholda AR ko’paytm

a quyidagicha aniglanadi.
_f %11 by + gy bay +ayy by
AB‘{ 821 by + a.. ba + ay 5;:1

ay by + alzbzz)

; w5 Das
- ) 21 by3 + Q22 D23+ G5 933
@z by + @z bzz+ G by Guby
VB3 1‘)“ + Q31 h.,

;. Q=33 D=
; < N -+ @31 bag+ Q33 933
@31 by; + @3z by + Gaz b3z @31 by )

T Q3 by

Matritsalar ko’paytn
amda ushpy, X0Ss

3 bz +ayz D3z
s ) Ka by + @y 92z 13739
G11 017 + @y2 Dop + Q3 I3 G 13

asi va yig'indisi quyidagi gonunlarga bo’ysunadi
alarga ega bo’ladi:

L. A(BC)=(4B)c, (A4 )B=A(2B).

Il.A(B + 0)=AB+AC, (4 + B)C=AC+BC.

L AB=EA=A, 0.A=0, A.0=0, 0.A=0.

A kvadrat matritsani o'zaro m marta (m > 1,meN) ko'pay m_lSl?
Nlijasida hosil bo’lgan kvadrat matritsa A matritsaning m  darajasi
Geyiladi v 4 g yoziladi.

ning uchun quyidagilar o’rinlidir:

1. A™, A"\':A?H‘*'R', 5 (A™)x =AMK

S (Aaym=ymam 4 pmop 5 gm0,

) -I bilan
- 3 debA bi
) erilgan n-tartjplj A kvadrat matritsaga teskal.l n_mtrltsiritsa) shartni
elgllamuvchi va AA'=A"'A=E( E-n-tartibli birlik ma
anOatIantiruvchi n-tartibli kvadrat matritsaga ayt,lladl. *1ishi uchun uning
erilgan A matritsaga teskari matritsa mavjud bo
Star . . .
terminapg nolga teng bo’lmasligi kerak.

idagidek
- vtsa quyldag]
Beri]gan n-tartibli A kvadrat matritsaga teskari matri

Miglanyg;




Ay, A,, A
A_l _ 71 ,‘1:" 1. ‘:::l \
/11:1 A,‘;, A

1

Beril :
£an 3- tartibl )
an; artibli A-kvadr: . . . ;
aniglanadi: i A-kvadrat matritsaga teskari matritsd quy!

Ay A 1
A 1 _1 A" 1 M3
A 1"? ’1.“.‘ Ass
Az Az Az

Ikkinchj tartiblj,

\ (“:; ”1:‘)
M -
a,, Qa;;

kVu
dl‘at I 5
T’Ialrllg,
sa ucl vl ) .
wun teskari matritsa quyidagicha umqlanadl.

AT < 1 74, .
=ee | P11 My
Bu 14134, A, )
yerda |4 "" il
v o T a0l
N Matritgy ,I,yw'uv A matritsaning determinant ckanligin! blldlritsﬂi—’a
aytiladi, Ya'ni Ba qaramg — qarshi matritsa geli 1 1) matr
l! el atrits: € =
_[a
Ah(_ ii U2 ay, ‘
B‘—t(b ) QZZ az__’)ho’lsil _A:(kalj, -2 "al3) bo?]ﬂdl_ i
( ; 3 ) _ B o
Va ] indcli mall"lSa A:(Q._) . - s a;: z3 ;05 .iladi, ﬂgﬂf
Qjari] SIarning barel i;) matrisaning tl'unsponir]angﬂﬂ' b ; ghat
sa. 'cha A . ) ; =0
- mumkin bo’lgan qiymatlarida aij
Atritgn '
. ani |[5ﬂ
N tartjh); ,"g tranSpomrl.m A . . Agar matl
atr : angani A7 kabi belgilanad!- 2= .

Quy; tsanj » Uning ty, . st

1 t ans sTa e o s1qdl ]

WA vy Transpof‘lirlang ponirlangan n x m tartibli b0 ]‘de),iladl.
aninj : " ;

@y, ('lnal ni topish lransPomrlash amall

Mtsa] .
As Q'z‘l. “Z irliclurxlgan:
DQ Q"l el an ayq Az " ni
matritsma‘ks fna - a Al By a2
&hings matrits nn e s .
a.tl“arini ag trans . a, Wop = ann . u(_‘,hun
Usty Ponirlangan matritsani topis"

n ari b; it
bilan almashtirish kerak € af

dagich?

Har qanday 4,,,,., matritsaning ixtiyoriy ravishda tanlangan k ta satr

(kS.min (m,n)) va ustunlarning kesishmasida joylashgan elementlari dan
Wzilgan k- tartibli determinant bu matritsaning K- tartibli minori deyiladi.
kauizr:tl_ga_‘” A I’n.all'ilsaning rangi deb uning noldan fargli minorining eng
ibiga aytiladi.
Matritsaning rangi R(A) yoki 1 (A) bilan belgilanadi.
hta x,, x,,...,x, nomalumli n 1a chiziqli tenglamalardan iborat

(111 .\‘1 <+ () X; S Qin . B = bl
Ushbu Qys X, + as; Xz 4+ e+ Q2n o X T bI
; Qmy X3+ QApzXxp;+ I Xy = bm
S [ .~ . .- . y .
Ian_hislemam qaraymiz.Bu sistemaning kocimsmntlandan tuzilgan Amxn
1bli - £
a;; @zt n
Anl..w.-n = %2z Ay Qzn

matrits . Apy  QGp2™" ann )
e ani hamda ozod hadlardan iborat ustun qo’shllgan Am~(
Ngaytirilgan

n+1) tartibli

g Qy; @2 Qin b,
= a‘
Amxinsyy = Qzy Q22 by |,
e was dgnoen H b
Matrj py QGn2'" Qnn B . R :
salarni : . . . i yuqoridagl
larni qaraymiz. Berilgan sistemaning yechim yuq

Matrj
1tsq . .
" larning rangiga bog’ligdir. _ +irealikda
o' corema (Kroneker—Kapelli teoremasi)- Berilgan gistema DIIS
ishj 5 ) . -
hi uchun A matritsa va kengaytirilgan A matntsalarmﬂg ra

A.

glari bir

Xil b1
O’lishi . . _.
hi zarur va yetarlidir. Ya’'ni, rang A=rang

ardan pamunalar

May o
Zuga doir yechimlari bilan perilgan topshiridl

e et %

Matr 2 2 _

Misalar berilgan A + B vaA — B Jar topilstn- . . 3 0)_

Yecllish:A+B=(5+1 3+0 “1_:'4)-_:(2 i 6/’
042 7+ (—3) 24
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= e ———— R A A S T — T . o

= - e——————,
- ) | 5 2 4 3 3 _ :
A-p () 'I ) 30 1 1): ( 4 3 ‘;) 6..4=13 £ 2) va B = | 2 | matritsalar berilgan AB matritsa
o 0=2 7 (-3) 2-4 -2 10 - ool 2 3 4 4
;) 5 4 1\ ’ . : el opilsin.
A '(U > 5 ) matritsa berilgan. 6A matritsa topilsin- 5 4 3\ /3 2.3+4-2+3-4\ (26
Yechish: 64 = . (5 4 —1 s (6 5 64 6 (”_1))= Yeshish: AB=((3 5 2) (2) = (3 .34+5:2+ 2-4)=(27
3 o 2 7/ ‘6.0 6-2 67 2 3 4% \geS 4 3:244ed) 28
= (‘ 0 24 - fJ) 3 -1 0 -y
0 12 4 42 1.4 = (—‘2 1 1) matritsa berilgan. A™'matritsa topilsin.
3 1\ it 2 -1 4
3. . ooan A+B : . :
& (? '—’) va B (? _)';) matritsalar berilgan A Ye:;:hlsh: A matritsaning determinantini hisoblaymiz.
. \4 5 - -1 0
topils; ) -
Pilsin. Mi=-2 1 q| =314+ (2)-(-D-0+ (=112
u,hlsh:f\.]g(o 2) (6 1) -1-0—(‘1)-1'3—(—2}-(—1)'4=12——2%3—8:5-;——0..1
3.6 4 5 12 _ uh Demak, berilgan A matritsaga teskari matritsa mavjud. Um‘ topiat
=10.4. _( 1-1 3:(~4) 4 1.2 19 ’140) un |4 determinantning barcha algebraik to’ldiruvchilarini tozpanllz'
TA=2)-1 . - = . =7 - ’ - " B 2:17 =10;
645 2 élj Pt (25 -6 A 1'|11 :11‘:4*'1:5; A 4’
v __L; £ S . 2 A 2 ==
4A=(2 -4 , A= (—qya =2 1
R ing ) : =72 =2 = O,
| 30 *5) matritsani transponirlanganint top l 2 -1 ’ 5 13 0|_12.
\ Yechisp, 2 -4 1 2 3 s (“1)2"‘_1 ?;l _ (4 +0)=4; An= (DT 47
"! 3= = - : =
.Ll‘l 0 " _) =>4 3y 2° —4 0—_ A23:- (__ 243 3 -1
A\ N ] == D7 1| =1
‘! - +9 3 0 = "'3;
i\ ren (g ; 2 -3 4 bcri'gaﬂ' S gyl |~11 2' ==l = (D7 l_z 1|
L\ 4 _ e T itsalal
\’\\\\ AE"‘Tlatrit 3 2 42) = ( ! 2 —3) matrl® fn= (‘1)?3' X _1| =1
"\'\\. E Sa yQZiISIn 3 7 —4 TO 1 ‘_2 1 i sor oayamiz;
\ Yeep, Pilganlarni teskari matritsani topish formulasiga qo ¥4~ _1/5
il 3 5 "% /-2 -3 ¢4 Als 1 (1 A As 5 10 -1\ (5 o5 -3/5
\ ( 3 5 —( 15) 14 ‘:12 A;; A32) =210 12 3|7 0 1/5 1/5
\ + 5 1
‘. 6 ; 8 : 13 Az Ass 0 1 ) ;
. + - 8 matritsa
; 8. A= (2 - : itsaga teskar!
+ _ 4 -5 /10 toms B 4 31) matritsa berilgan. Bu matritsag
3 Opllsin_

. RN iz.
Yechish: A matritsaning determinantint hisoblaym!




Al lz; ,}l[ 6—4-(-1)=6+ 4 =10, 3

Demak, lAl =10+ 0. Bu esa berilgan matritsa uchun teskari maln':;?:
mMavijud bo'lishin; bildiradi. Uni topish uchun stermnnan ba
algebraik 1o Idnmdu] arini topamiz. o
e B (-1)7:+ (-1)=1; Au=(-D"
AZr={-1)2+2. 5 - :

'l'-obi)l % o alri[sﬂﬂi wPﬁh

fo .&.dnl;:m; ikkinchi tartibli matritsa uchun teskari m
rmulusnga qo’yamiz.
/\'|: _,I_A ("121 A‘” 1 ( 5 1 (3/10 1/1_0)
AN /1‘,,) 16\ -,,) _2/5 1/5
— (2 — 4

1
0 = ) matritsaning lmnspomrl

anganin! ;
idas!

chln oi
sh: A T T to |Sh q
fOYdalandm], Matritsani transponirlangani A ni tOp

Al= 4 2 3
2 = (*4 0 )
1 -5

L Ava aRB tiv:ubt"q'l yechish uchun topshiriglar:
1) A-( salar yigingis topilsin.
_(6 7

2)A H(l 2 ) _s)s
—4 , B=(2 -4 1y
3)‘\=(§ 1 g 3 o o)
L 4)’ a5 3 6
4y af? \i 8 B O);
\3 7 10 o0
AR ;
R
6 al

M

3)A=(‘7l ~65 —10)’ - (—- o _4)

3.A matmsa vay = 0 son berilgan.y A matritsa topilsin.

- -5
NA=(3 7 -4
- (2 3 = 39) Fe=—2
3 T2 =5
)A= 3 ——4 6 )‘ }1 — 2‘
2 . o
% A=(6 41 3) matritsaga qarama-qarshi matritsa topilsin.

5. Quyida berilgan A va B matritsalar ko'paytmasi topilsin.

WA= (-32 _21) B= (; D

Na=(5 1
(2 3), ( )
2 3 1 . 5
3)A=(3 1 2), 3=(_3 1 2);
2ol 4 -2 -3
3 2
Na=fZ -8 o ‘ |
2 4
4
2 -
5
0 -1 2 s
6)A=(2 1 1); B=(2 );
3 7 g9 .
6.4=(2 -1 L s
bo’ (0 3), B=(5 _3),
0
Isa, ¢ = A% = 2B ni aniglang
1 2 -
" (2 L ) vaB = (4 2 0) bo’lsa, AB — BA topilsin
123 1 2 1 |
s (2 5 0) vaB = ( 2 0) bo'lsa, 34+ 28 topilsin-
3 2 1 ) - .
3 . <alar topilsin:
QUYIda berilgan matritsalar uchun teskari matritsa
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FH AP PR e L !
e il i e e b b T sl P

1 2 ) i 59 1 1
1)(‘ N 3’(; _): ,,,(U ‘) L 11
hle 3 ) *a(: 3 1 ):60{; -1 10 b
S 2 3 v 3 5 1/ 1 0

. igtemasl

§3. Chizigli tenglamalar sist
| |
. ’ |5hbl

: zorat
‘ 1 v i » v H 'trdc“l Il‘
Tkkita X3 va x, noma’lumli chizigli lLll;__fI]IdL

g (111,1-1 A ﬁ:p.\"—, o f')l
QX + ay,x, = b,

‘Jadi
. aal dC}!lm <oal
ks i chizigli Amalar sistemas! T pertl
SIStema ikki noma’lumlj chizigli tenglamald o b
‘fitsjentlart,
ity W45 @21.G,,  —sistemaning koeffitsientle ngﬁkka
S()nlardir‘ . e IO’u‘ri (4
acinl =
: ing si i - tenelamasint 102
ot larning  sistemani har bir tengla i dcyllﬂd"
e - ’ . . u i o0 ]”
awam”ddlgun X3 X, giymatlariga sistemaning y¢¢ ‘
. o’ i L w2
Berilpan sistemani o’rganishda ushbu - e
A= lan ay, b, i paz
‘ sz, szl:‘-ﬂnﬂzz —Q3,0,,; Ax, = b; as;
B sz & ‘“11 bl
i - @y, bz _allbz _ai?lbl: lo]d“
\\ ermj |
\ el:?m]ar Muhim ahamiyatga ega. o g
11 T : ‘ N S .
i gan Sistemanj, yuqoridagi determinantlarn! hi :
\ ’ v
i A '\-1 — A‘\l ' '1 I
\ rin . i B i
:\\‘ in Sda Yozj h A X, = Ax, i y—’Ch" 1|is
\ ?;‘z largy bog::,,si, Mumkin. Bundan berilgan sistcmamnoha hollar
| \V} . 1 - e s . . . nec P
‘\g Mkip. q ekdnllgl kelib chiqadi. Bunda bir 1 4%
;‘g‘ B 1'-h0\. Nz ;5._:-1, X1 gr
lishy o POlsi 0 E 8 s
\f usuu:‘ ke\'lb thQad- n. By holda berilgan sistemadan X1 ule['
“Yilag; L Sist, ) ' o
Vit Muly g yechimini topishning

nin

L . -]ﬂdi‘
£ 0’ziga Kramer formulasi d€Y!

; 1da bittasi
li a Ax hech bo’lmagat '
2-hol. A= 0 bo’lib, Ax, va Ax, lardan. il va
1 f 0 Clc
noldan farqli bo’lsin. Bu holda sistema yechimga eg
birgalikda bo’Imagan sistema deyiladi. . s
3-hol. A= 0, Ax, = 0, Ax, = 0. Bu holda berilgan sd‘ B
. - Y, Al — ] 2 . ) ’]n]q . il
cheksiz ko’p yechimga ega bo’ladi yoki yechimga ega bo’lmay
T o ahi lardan iborat ushbu
’ i chizigli amalard:
Uchta x, X,, x; noma’'lumli chizigli tenglame
Qlll‘l '5-012,1'2_.:-(113'1.3 = bl
ﬂzll’l + 022'\.2“»‘5123.1‘3 - bz
.a31.\'1+(1321'z+(133x3 == Ty . 1 desital Sunda
“Stemauch noma’lumli chizigli tenglamalar sistema e e
1812, 043,a,;,a,,, 053,03, 032,033 —  Sistemaning - KO
, 121713: 021,022, Q,3,03,, A3,

L £31

| i 1 CChllTll y

detcrminam]ar”i“g qiymatlariga bog’liq bo’ladi.
a1y ay, a,; by @z Q3
A= |a,, Qa2 @x3|; Ax, = b, @2 Qi
a3, A3, Q33 bs Qs; @33

Ay by ays

a;; Q2 by
sz = a-‘-:l bz

* e = - a b;_ F
A3, Axz = (A2 22 5
Q34 b3 Qszs gy asz 3

gan i i ozish
m ' n . quyidagicha ¥
erilga sistemani bu determinantlar orgali quy

Umkip-

Ax, = Axy
Arx; = Ax;
Ax;y = AXs
Bunda ham quyidagi hollar bo’lishi mumkin. stemadan X1 = i;_l’
L-hol, A= 0, bo’lsin. Bu holda berilgan Al ., X2, X3)
o= ag cehind A . Bu holda sistema (x1,X2: %3
3> X3 === bo’lishini aniqlaymiz.

seaalik iladi va
g Yechimga ega. Bu holda sistema birgalikda dey

Ay )
Xy = 2% -A""l i _ﬁ-“S
P g, = N =

osabalar Kramer formulalari deyiladi.
. 2-hqy, A= 0 bo’lib, Ax,, Axy, AX3 larda )
"ldan farqli bo'1sin. Bunda berilgan sistema Y¢

n hech bo’lma
himga ega bo
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SR
I i LT s o o
T I e Tt

n. Bu holda sistem?
m yechimg eg

\ L'jnhnl. 2 0 bolib, A ' vy, = 0 bo'lsi
YOKI cheloag . ) . = -3
iz ko'p yechimlarga cpa bo'ladi yoki bitta ha

bo’lmayd;.

n tax, ) . . b
v,, nomalumli chizigh (englamalardan iborat ush
( & 5 By~ Wyalky * <= Aynkn = b,
T QonXn = b,
Sist ( BuyXy + Auz¥ I
slema n e ) a ! . i )
I 4 noma’lumli chizigli tenglamalar sistemasl deviladi- 1
’ Junda . : s a“h__,,ﬂ,-mﬂu
S]SIC]]]H ]. Y. 11« .';,v,‘.‘,(":..‘(;'.:'([_\.,'_”,(I:"_,_., nit £ Iﬁr)
St cocthitsientlari. 4. b . b lar 070¢ hadlar (bcri]‘,—'“” son
' a uchun h; Sk 2 2 :
Bir jin ['” ham yuqoridagidek hollar bolishi mumKin.
E S uc s o . .
ch noma’lumli ikkita tenglama sjstemasl
ax+by+azZ= 0,
. o B .
O Tinishda bo'|p, a,x + b,y + €22 = 0. y ycch"“lﬂr“
g . , y i . ) )
“EA. . U quyidagi formulalar bilan Ztlllq[dl‘lllVC
X =} bl c
| = a G a 1
\ bu b.? ca | y =k ' 1 1 ' _ 1 ‘
L erda ke jy; : a, c;I z=k as Dz
\ Bir XUyoriy son ) ‘
TIinsli uch nopma
1 noma’lumlj _ .
1 uchta tenglama sistemasl
ayx + by +cz=0.
O’ ipe . . 3
rlnlshga @xx 4 bz}’ + 2= 0.
an bo’l b aar\' -4 b3J' g CBZ — O .
boy a8
\gan A: ﬂl b.[ Cl
2 c.| =0 5
2 2 k“

1
a th
£ by’ as; b
%x+‘;c ta chy _0 Magan, yechi 3 C3 ,
1 bly = Z1qlj te“ghm Hmlarga ega bo lad
> dma sistemasi
asl

i ya aks!

a, b
A=la; by € =0
as by ¢
bO‘]g 3 3 3
anda va uni N N _ ‘
uning hech qaysi ikkita tenglamasi o’zaro zid bo’lmasa,

birgalikda bo’ladi.
Aytaylik, quyidagi chiziqli tenglamalar sistemasi beri
@y Xy = QypXy + Qr3Xs = Dy
QsyX; + Q22X2 + Qp3X3 = D2,
Sistemadagi 10311‘1 +_a32.\'2 i ?_33:‘:3 N b.3
"Oma’lum]ard;] . nomé 1un.ﬂarnmg koeffitsientlaridan A
k matritsani va ozod hadlardan B matritsani tuzamiz:

lgan bo’lsin.

matritsani,

Q. Q2 Qs X b,
A=la; a; ap)x=(X)B= b,
Q3; Q3> Q33 X3 bs

U h
olda : . ) )
matritsalarning ko’paytirish qoidasidan va matritsalarning

tenglik
sharti .
rtidan foydalanib, berilgan sistemani

al‘ 1 aiz a]_ 3 ""l bl
el . AR
21 Q2 Qzs x5 | = | bz yokl AX =B
ko’rinighg @31 32 G33/ M bs
a vy : 5 "
deyilad;. yozamiz. Bu tenglama eng sodda matritsaviy tenglama
Bu
te . . : i
nglama quyidagicha yechiladi. Dastlab A matritsaning

da berilgan A

detery;

Ninanti hi

anti hisoblanadi. Agar |A| =0 bo’lsa, U hol
l[amaning

Matritsy .
ar ikkalga tf:Sk;}n A~ matritsa mavjud bo’ladi. Matritsaviy teng
p ~1a qismini hadma-had A ~! ga ko’paytirib
‘(AX) = g4-1.B

ni hOSil o . |
(4-1, Hami, Ko’paytirishning o’rin almashtirish <ossasidan foydalamb
ni A = 41, A o

ExX =X bo’lgani uchun

hosit
- sil qilamiz. Bu yerda A-1.A=E va

X
=4A-1, v bolga _
B. Bu berilgan sistemaning matritsaviy yechim! bo’ladi. Xuddi

y ko’rinishda

shy
usu : . 3 i
yozilad-l bilan ikki noma’lumli sistema ham matritsavi
1 Va yechiladi. i deb
'zl ho - ini Gaus usul
arda izigli lar sistemasin! :
chizigli tenglama remasi bu usul bilan

atalu
Vchi )
iy lamalar SIS

sul bilan ham yechiladi. Teng
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va sistemants
Undan eﬁ
a qot

‘gotib boriladi,
. - ; & \ ]L()“h
vechilganda noma lumlar ketma-het vo'q

a keltiriladi.
. . tenelamaga Ke
Icn"l;:m;:l;ujt!.m biri bir noma’lumli tengla

amalarg
an tenglami
| ] I ),L"l” [eng
i ik v toprlean L!l‘-”].l“]l (JOIL
nomalum [UIJ]L[:]] Vi topilga i

qolpgan noma’lumlar topiladi

ar
unal
an nam
. ]:H‘d*m
. yshiriq
) ) s s srilean tO]
Mavzupa doir yechimlari bilan berilg

Yo o 3y . P vechine. i
] ff b ek I sistemani yeching : hisoblaymiZ
V2w -, = inantini NSOTE
1 A i N nan
. : : r determ
Yechish: Avvalo, bu sistemaning

1 3 ). 3=-1-6="7 Uni Kr‘ﬂni
a ] I (=1} -2+ : oa egd ot
2 -1 na  yechimgd €5 - pp
Demak, berilgan  sistema yagEols - uchun Axy
: ) ) . ng T
fnrmu]:md:m foydalanib topamiz: - Bun .+ 25
opamiy, ]1 ;1 =7
A - ' 1 3 1 - 15 14; Ax2 = |3
e _1:] s L)
%Sl 5 T2, x, = PR 1) bo'ladi-
Dema berilgan sistemaning yechimi (2; —
2’ xl -+ XZ = 3 ST, ‘. ‘Chi”u-
§ X1 + 6x, = 1 Sistemani yc 2
Cchish. Bu sistemna uchun g = 16,
A= 2[ 3 2' = 18— :
3 6l=6-6= =y 5 i
Ax, - |1 3 P ),gC
bo 3 |~1~9~—8 i unife
QIad Dcl - . S yﬂ’nl
Maviyg erna:d > berilgap, sistema birgalikda emas,
3. ile ": 33\: —_—
4x, +6 2 =0 ) .
Y&thsh. sz = 2 Sistemgp;j ¥Yeching,
- u s
G s Stema gy, 0
=2k N = U,
Q"ztaze 2 129 Ax, = |1 3I=6P6
4 1 ’ . 2 6
2557

= i

. istemaning
i iufilik berilgan si
ladi. Ixtiyoriy (,222) ko'rinishdagi juftlik berilg bo’lib, u
et r . = ]
bo’ladi. Xtiyoriy (¢, P ) istema noaniq sistema
yechimi ekani ravshan, Demak, berilgan si
cheksiz ko’p yechimga cga. A
2 Xi— ey o Iy =i ' . + vechine.
4. Quyidagi {31' g '):- - i = 1, sistemani yeching
- Nuyldagi 3 3x; + 2x, — x5

o= —3. :
X 3 X; — 2.13 ) e . ]ﬂ 'MILZ.
Yechish: By sistemaning determinantini hisoblay
2 -1 1 2+2-6=-10%0.
=18 2 _ql=gi3r1-242
11 . »a. Berilgan sistema uchun
mak, berilgan sistema yagona yechimga ega. ) 0
4 -1 1 -6 +4—-2=—10
AA-1= 1 2 -1 :—16+1_3_'_6'
=8 4 =
2 4 -6+24=0;
Ar,=3 4 <l =P gl b
1l =3 —3
2 1 4 g-2-9=-20
Ms=13 2 j|-_12412-1-
11 -3
bo’lag;.

Krame formulasidan foydalanib

Axs — .——Z-g- =12
X3 = -1

. Axa 0 _ an

xlz“‘h‘-:‘-——le:l ,\'2:_'_10 ’ himi (lao'z)d
£ -10 3 A : in“ yec 11

b()’l' hinj ; ilgan sistemaning
. Shini - topa i, Demak, berilge
tboray

3x, + 2x, +2x3 = 1,
4x; +3x; +3x; =4
£.

Xy +Xx; +Xx3 =2,
5 Quyidagi [

SlSt@mani yechin

Axs larni 0P
€chigh: Bu sistema uchun A, Axy, Axz, Va £%3

1 1 1 ~-9=0;
A= |4 2 2|=6+9+8-8-6

4 3 3

N




A . ] I
=il 2 2=i8+3+8—8-12~F=0
i 3 3

% 1 2 9
TR - ,
=13 1 z! 3+12+16-4-8-18=1

b4 3
1 1 2
Axy =3
3 ,f 2 1/=8-18+4-16-3-12="F
b ] ) 3 (
bo’lpani sab 1

abli Beriibzs '

‘ bu”é’l“l sistema yechimga ega emas.
2 '\’: L3 "(-:“ 3-"—’ 2 T ,‘l' x S 8'

X, ~ 3%, — 6x, = 9,

i R B
2 o <Ay

= —35,
Xy 4 . =

1+ 4x; — Tx;+ 6xy =0
ar sistem
sistem

chizigli 1.
A tenglamg) . _
YCf:hiSh: Bu asini yeching,

aning determinantini hisoblaymiz:

A<l . TO 1
o 2 0 ¢ |3 0 6 1 -51
1 4, "1 222 -1 2|-|z2 -1 27
~7 & 4 -7 ¢l la -7 6
E\xé -5 4
Bemo 1 = 0.
eri]gan
nd; 1(.‘.[])
dlanl.sz‘Ass;]calnalar SiStClnasi yagona chhin]ga Cgﬂ-
Sciolig 1 __53 ViA"l larnj topamiz
B ~3 "
5 0
2 -6 5
0 --1 = =
4 - 2 8'A11+9.A21_5.A31+O'A41
*a.\“‘?» 5

Xuddi shu kabi Ax, = —81, Axy = =27, 8x; = 27 larni topamiz. Demak,

¥ _ Ax, Axa Ava _A.\'_;_l
(2= m 3 = e i py == el BT E

7. Ushbu sistemani Gauss usulida eching:
2x;—3x; + 4x; = 20
3x, +4x, —2x; = —11
4x, + 2x; + Sxs =9 .
Yechish: Bu sistemadan noma’lumlarni birin-ketin yo’qotamiz.
gada Sistemaning ikkinchi va uchinchi tenglamalaridan xl.
“f’ma’lumni yo'qotamiz. Kasr sonlarga kelmaslik va bu orgali
hls(?blashlami soddalashtirish magsadida  buni Quyidagicha .amalga
Oshiramiz. Dastlab 1-tenglamaning ikkala tomonini -3 SOMEa: 2-
:englamani esa 2 soniga k(;Pﬂ)-'lirib? ularni o’zaro qo’shamiz. So't1gra 1-
tz:g::zgingg. itl\;kala tomonini‘ <2 .Soniga ,l_{oc.lpayti;ll;‘lO:I?Sllsistzgnlliagz
ekyi -tenglamaga qo’shamiz. Natiyjada, g
valent bo’lgan quyidagi sistemaga .
2x, —3x, + 4x;3 = 20,
{17.\»2 _16x; = —82,
B8x; — 5x3 = —31. |
tenglzaql?]zi?ln?' Oldingi qadamda hosil q-ili.ngan s-isteil?j:u:’
b asini 17 soniga KO P y
qD’shamiZ;

g ikkinchi
: B tirib ozaro
8 soniga, uchinchi tenglam

52,\'1 —3x, +4Xx3

43x; = 129. ) o
; tenglamasidan ¥s — 3

sistemaning ikkinc?n
topamiz. yakm.uy
hi tenglamasigd
n sistemaning

D i - - .
eka l_aStlab hosil bo’lgan sistemaning uchincht
nligip; . !
ter 11glm topamiz. So'ngra bu qiymatn!
‘$amasy Vi ——
Qada asiga  qo’yib, undan x, = —2 ekanillg e
L X2 = arni sistemaning birin

1w _'?..., X — 3 1 .
Q0’yip va Xj S emak, berilgs

> undan x, = 1 ekanligini topami

Ya )
gong yechimi x, = 1, Xy = —2,X3 = 3 ekan.
\ xl"".‘ZXZ = 10

tritsa usuli bilan yechlfsm.

3X) + 2x, + x; = 23 sistema ma
xz + 2.\.’3 = 13




O 'y 113?
YL‘L]II“\'] _r; (‘.}‘ "_) ]- ) 'v.‘- ('-{‘.‘ J. ‘f) — t_3 .
Y-/ gleie 'aa
oL £ s : 1 - tenglama ko’rlmsh[_’.
bo'lgani uchun berilgan sistema AY — B matritsaviy ‘-_;‘( determi"aﬂ“m
[ | atritsaning
keladi. Unj Yechish uchun  dastlab matrits
hisoblaymj,.
1 2 o0 i
o = ——'9 e °
4=13 2 1l=4+0+0-0 12 o
i . 4. Uni aniglash ¥
Demak, 4 matritsa uchun teskari matritsa mavjud.

Matritsy determin

. - <, - . -’.
antining barcha algebraik to'ldi

uvchilari

’ mi
.t ﬂﬂlqlﬂ)n
nl 7 OI’

= ("’1)3.H. 1 2

fa = (1)1, ’}2 il =4-1=3; Az |
::_‘(4—*0) ’:,_4. 2 2/
A 2 =(-1) 0
3= (~1)341 ' 0, =2_-0=2: A;;
= 2 1 0=
ST0=-s 3+2'l3 1
A2z = (__1)712 ! 0, = 2 ~ 0 =D Az2 T ('_1)
0 2 T4 ]
-_(1——0):_1' o N
Alg t(._1)2+3'|3 2 B 5 _ (—_1)2-}-3.]0 1
0 11— 423
Ay = (Lyaes (1 3
; B i
B(l v .|3 31:2_6:—4: | mul®?
Uarni i . ' . lash
1°yamj,, Matritsaga  teskarj  matritsani - anid
Asi l(ju A4,, 3 4 2 )
4 12 z 5 1]
Byn: A,y —
uan’-“‘-A--Bl 3 4

A31
“ow Ay, =_3(
423 Az, 7\
-B -

3 - )

Demak,
Ay 4 ., —yaxs =05 lar

X = (Az) = (3) bo’lib, undan x; = 4, Xz 3 3
33 2 = o vechimidan iborat.

kelib chiqadi. Bular berilgan sistemaning yechimi
9 { s axg =7 sistema yechilsin.
“Bx; + 4x, =17 _ - o

it (L) x = ()5 = () botean ehun bl

Yechish: 4 = (3 4), X=\y,) 17

"rini adi. Undan esa

sistemaning matritsaviy yozuvi AX = B -ko nmshds bgir”gan o e e
X=A"".B ni yozishimiz mumkin. Dema., e ko’paytmaSidan

Yechimi 4 matritsaga teskari matritsa bilan B n‘mtrltsaltsa iyt

iborat ekan. N1a~15111ki, A matritsaga leskarll matkrlYa’ni

— uning determinanti noldan fargli bo’lishi kerak.

3 4 N ilarini topamiz.
4 Matritsaning barcha algebraik to ldlrtl:/fll1ll'1r= 5

Ay = (-1 g = 4 An = -1 2+2.1=1.
Ay, = (_1)1+2 -3 =-=3; 4, = (—]i) o qoa},amiz:
Bularni teskar; matritsani topish formulasig 1

,
e I O R Ea
—14 + 177): 3);
(P )(-(F T )
2 2

IW\LZ ':(3) x; =3, x; =2

pshiriglar:

. yechil-
sstemasl Y€
englamalar 15

Mustagqil yechish uc?lun .t(;
L. Determinantlar yordamida quyidagl

Sin;

1) {3'\'+2}-‘=7 _ {a.\:—3}’=1; 3){
X —5y =40 Dax—2y =2

=4

5.\"5‘2} 8;

7x +4Y =




——
Y o beFE=a {2 5y 5v+3y=7
(4x -5y =2 "-J“| B e (‘}310_1:—-65—2
S X + By + 2 9 2: 357 +2 7
7);3’_2),6 3 %')Ix Y
2x+y-z=-5 | x_ 4y=-5
9 [2:';' o 4 j"j“ vt 3z=1
)[ X*y-z=17; 10){x -2y +42=3
¥=y+3z=3 f.’i_\‘ y+5-=2
5 Trey+3z=4 2x —y+2=2
l])( 2X+y—z=3 :12){3x + 2y + 2z = 9
3x +3y + 22 = 19 x—2y+z=1 siz K7
Javob: Py 8 mitye 9% % . 45 A% 202 Ye 4 -_*_1'.5): 5) cheksi .
-r (3:-4); 2) (5 1) 3) (0:2): 4) (55T 2
I;:L(};rgl-uorgfl cga; 6) yechimga ega emas; 7) (=35 2:1); g)3§ﬁ1, ;
2t(:)u)al(J)(‘l.O.]),]|)(],__]2)12)(2‘__1’_- :
: 2XY1(?;1§1 sistema yechilsin:
X 2X2 + 4x; + x, = 20
2x1:3x2 T2x3 + x, =11
3;1 ;*180;2 +9x3 + 9x, = 40
';a\r’ob: (1;2.?;2;;);3 +2x,; = 37
o, f}giagj_smema]ami Gauss usuli bilan yechilsin
)ixl\--x 2 4-):3=—3 X, — dx _42"‘3:0
4y 2= 5x; = 11 _ 1‘ ,.2_ ="
2;"_31'2'—-6); “ ; 2)23-‘1—3/\2*6.\3 0
B oy o = 3x; +x, +x3 =4 ,-1;51'
3) 1~ x, _ 3T Xy =1 3x ;2’1"_3.\,3_:.:).‘?5
3-‘c1__2.3x4=2' Xy 2 BT o5
av(;b: 1) o;ji “;)Sx,; = 6. 2;_1 '+ 221‘2 oy = ; o
= Quys 7 y H —-. g ok 0; :
1)‘3x1 __Yédag eng 2)( 2,—3;5); 3)(0;2’.5’.,_3__)’ 4)(1{1”5{”:

H;\lﬂ 2x 2= alar «: _ -
\ 1+ 7 S 13,_ SIstemasi matritsa usuli bilan yec
81, 2)

3xl i t.l,xz _y ‘—6‘

1

3 X +8x; +x; =2 2x; —3x; +x3 = =7
) 3Y1-—2I2+6\3:—7 4) \l ""‘1'.1'2':'2\3 ==
le ":‘.1'2 — X3 = -5, —4x, = -5

VIILBOE, SONLI KETMA-KETLIK VA FUNKSIYANING

LIMITI
§1. Sonli ketma-ketlik va uning limiti

A ar " . . ' ‘
2t bar bir n € N natural songa biror qonun-qoida asosida ma lum

bir
QG ER - . :
: haqigiy son mos qo'yilgan bo'lsa, unda dy, Gy @zseces Bnress

sonlj L ) [

hacll1 l?etma-kcmk deb ataladi. Bunda a; (i € N) sonli ketma-ketlikning
arl, Q esa u 5 - . ) i

MaSalan, n mumiy hadi dt.ylladl_

R TESE S

L N " 1
23 ¥ gy onmey leumly hﬂdl an ==
n

)1 11 1
3) -1 i'S'_I' (=1 i .., umumiy hadi a,, = (-1 o
43 3 3'51'—1-%(—1)”. ..,umumiy hadia, = (=1)"
.n. oewsBy, umumiy hadi a,, = 3. o
befrs @2 @ @py... sonli ketma-ketlik gisqacha {an} Kabl
gllanadi_

SO N . .
1 nli ketma-ketlik bir necha usullarda berilishi mumkin. _ .
und' Ketma-kctlik umumiy hadi formulasi bilan berilishi mulm Chl:
. i - . - v
ormal n - hadmmg giymatini shu hadning tartib nomer! bilan bog: to o
my L;a beriladi, Umumiy had formulasi yordamida istalgan hadnt top
mkj i
n, Bunga misol sifatida a, = 2 4iolish i | |
i lan shu hadning qum.at[
mida berilishi mumkm:
ft natural songd esa 5 ni
5 ketma-ketlikka ega
Natijada 3;5;3;5;3; 5,3,5, - RS e
! ini pi=1)" ko’rinishdd
Uning umumiy hadini a, = a4

2. _ m
i Ketma‘ke“‘k 0’z hadining tartib nomeri bi

l'asl i )
aSa]agl Moslikni sonlar orqali ifodalash yorda
“™ har bir tog natural songa 3 ni, har bir ju

keltiramiZ;

3

*lamj,,
Mumkip




L ——— e ———— - s | K
= __7_51—:‘“*_”7 .

] . i ) . . y '.n- A ar

3. Ketma-ketlik rekurrent formula vordamida berilishi mumki bo’lgib
) » . - . . S £]
l"‘-[”’-f-"ﬂ:fllknn];' dastlabki bitta voki bir nechta hadlari bcrllglﬂﬂ 7
, konini beru¥¢

Keyingi hadlarn; . . b i
reyingi hadlarni shu berilgan hadlar vordamida topish 1m
L = Je ] M “k rekun_en!

formuly (rekurrent formula) ko'rsatilgan bo’lsa, ketma-ket =
usulda berilpan deyiladi. Masalan, a, = 3, a, = 2" " @n-1 =

bo’lsa, {a,,} ketma-ketlikning a,, a,, a, hadlarini topishimiz gkl
@=2.3-4=12_-4=38,

A3 =2%.8-4=64—_4=60,

a, =2%.60 — 4 961 -« 4§ 954, . Kin.

4. Ketma-ketlik Jadval yoki grafik usulda ham berilishi .”wf:tnlaﬁ cetlik
5. Sonlar ketma-ketligi so’z ifodasi bilan ham beriladi. l:)ish qoidf‘si

bu usuld; i adni to
S U]d:.l hcrl]g;l”d{l, i_\']_;tlg;_in 1 nomerga mos kt,‘l‘:'l'.“] hdd[ lokﬂza

S0’z bilan if, o ;
anj -”dn Hodlangan boJadi, Masalan, v 2 ning 0.1 0.0 ;
niqlikda kam; bil an tuzilgan

an olingan taqgribiy giymatlarid

etlikni™®

. .dill"l ih()l'ill.
cotmd”
u Letll

Agar g _ 5
gar shunday MGn) soni mavjud bo'lsaki, {ay)
na, <M(a, =) shart bajarilsa,

ketma-
unda

ide o etlik
Auyidan) chegaralangan deyiladi. ketm“'l\e

am :
,Yqundan, ham  quyidan chegaralangan

Ban ketma-key)jk deb ataladi.

| = = Usoni uchun {q,} ketma-ketlikning

4 lQn lsi» . . j o
deyilag;, Ssizlikni danoatlantirsa, bu ketma-ketlik cheg

itta pad

. t
,r ]dﬂ bl N
kam ralﬂnmagn

k Hampm, 1 azgarl“as
ot adlari pi, .. cetlik ©
Ma-keqy; eyiaar:j-blr Xil @ songa teng bo’lgan kemlﬂ‘]‘e“lk
1.
e ™ Ketimg oo . - 0 SO i
barep, * 114 sh Pk berilgan bo'lib, ixtiyorly €~ atlanti™”
: e SON topilsaki, 5 > . shartni QN7 4 <
SQ]‘\] {q a_‘ar“sa % 1Iror Chekli A haqiqiy son UChUn ,a."- e i]ﬂdl.

n k S UA S = “
etma_keui n-on {Qn} kctma-ketlikning Chek]! liml
Yoky N Ng cheky; limiti ekanlioi
4 nligi

kan: .
ab[ yQZiladi llnl Qu =4

Ny

Ixtiyoriy 3/ > 0 soni uchun bu songa bog’liq shunday Nj soni.
opilsaki,  {q,}  ketma-ketlik  tartib raqami  n > Ny shartni
4anoatlantiruvchi barcha hadlar uchun la,| > M tengsizlik bajarilsa, unda
bu ketma-ketlik cheksiz limitga ega deyiladi.

: {a,) ketma-ketlikning limiti cheksiz ckanligi lima, = & yoki
lima, = 4o kabi ifodalanadi.
Agar (a,) ketma-ketlik chekli limitga ega bo’lsa, u yaginlashuvchi,
olda ¢5a uzoqlashuvchi ketma-ketlik deyiladi.
Wrin‘:}%ﬁ;::&sl'il}’ori}’ n=1,2.3,.. uchu.n Apq = Oy (.a,,ﬂit-i al;qmq g
deyilagj 4 unda {a,]} ketma-ketlik monoton o'suvchi (kamay
lim;\gir ’{“u.} va {b,} ketma-ketlikning ikkalasi ham yz}q.inl_ashflvcl.l-i va
lj‘ ~ 4 limb, = B bo'lsa, unda quyidagi tengliklar o'rinli bo ladi:

];ITEE:{H .':bbu) = .lim ay, : lim b, = A = B;

n*by) =lima,-lim b, = A-B;

lim dn _ lima, 4

aks h
) tengsizlik

MRy A
1. n ]i:nbn 5’
=,
im .
Ca, = Clima, = cA.
by ooc 0,d<0
el 1 =1{1¢=0p
2, a >0 N da

A : H °’lib, ¥n €
gar {a,} va {b,} ketma-ketliklar yaqmlashuvchl bo’lib, ¥1

Sb
lixn (0, = b,) bo’lsa, u holda
non @n < lim b, lim a, = lim b, bo’ladi.
A n—z N n—z 0 n—w n
gar {a,}, {c,} ketma-ketliklar yaqinlashuvchi va

li .

'1_31_}: a, = l‘.I’ﬂ C, = a

l' N—on a-k
‘lb Ak da a, = bn = ¢y bo’lsa u holda {bﬂ} kent

n

etlik ham

Agar {o n} ketma-ketlik yaqinlashuvehi bo’lib,




lim a, = q

1n=s

bo’ls; (siZ
. Is,d’ uholda a, - a + «, bo’ladi va aksincha. Bu yerda @ cheks!
kichik miqdor,
Sonli ke L . i Jimit 00
tal %;”nh ketma-ketliklarining limitilarini hisoblashda ajoyib limt
ataladio- K T : . .
igan quyidagi limitlardan ham foydalanish mumkin.
l- ] W i 4
im s . 2
N (] ”) eyokilim(l - a)= = e i
By it gl a—0 . [fﬂlnm’
as J-/Lf:dd €= 2718281 . ga teng irratsional son bo lib, u logar
5051 Neand- N - waziladi
A o'lganda, u natural logarifm deyiladi va /1 kabi yoziladi:
7 11, ) - - . [P
li i {n,” ketma-ketlikning limiti 0 ga teng bo’lsa, ya m
m a, = 0 =] & =4
N—cr 1
bo’lsa adi
ek u } . s 5 . i - Iad]-
Ag ]{U]dd {a,}) cheksiz kichik (ketma-ketlik) miqgdor dey!
24r {a o T . e . Yoad
i n) ketma-ketlikning limiti cheksiz, ya'ni
ma, = . e
N zr n o
b()‘lg ‘
58, U holdg {4 Y : . Lviladl.
Agar { lmmnj cheksiz katta (ketma-ketlik) migdor ey ll] gard ang”
Ans ketma-ketls , . o ik cheg
bo’lsa hOld;; RL“_““‘I\LtJ:k o’suvchi bo’lib, yugoridan
Koo (o }U {(aqmlashuvehi bo’ladi. | aar'lfﬂngan
> 1 etma-ketli L . - . chegd™
bo’lsa,y hol alu y lt'na ketlik kamayuvchi bo lib,quyidan =
adinlac . R R a
N Agar Ve Oq nlashuvchi bo’ladi. ki barch
SO . " l ?
"0 Va barchy 1 n olinganda han shunday 1o € V1P
~No lar uchyn
engslzl. x. — .
tk b JarllSa, a }h!\ X ,<€ Illk dc}/”ﬂdl'u
Yaqin‘iar {Qn ctn: kc“na‘kcuik fundamental kctma-f\c. o'ls?
a-ketlil otlik
( ch bo’[a4; ctlik - fundamentantel kelmﬂ']‘eth ;
anibn),(a . inl
mpishd 3 n~'bn) va (EE_) et . imit]ﬂr
it 0° = 0- by’ RO Tinishdagi ketma-ketliklarning ihi
mkln.B :4: O:)ACO - ; ‘b qolls
By, " ifodqy ko’rinishdaei posil boll
Qon,. Nday, ar gp; agi ifodalar hosl
oMunlgy Y ol AMAS ifgqy o
i T alar deb ataladi s gl
k&\adi Ql‘ga olj nJyv {b : . . 0 Zg qa
.Bunday tlb: bizn; qizi ’}} ketma-ketliklarning -shirlshg
ek‘shirish qUruvehi jfodani bevositd &

164

i 1 1t 1 gl 1 - - = - -l 11
Ko’pincha, limiti izlanayotgan ifodada ayniy almashtirishlar bajaris

a . i < 1 T s - -
niqmasliklarni ochishni osonlashtiradi.

Mavzuga doir vechimlari bilan berilgan topshiriglardan namunalar

H . Sil'.—,‘: . .
1. Umum]y hadi a,, = —= bo’lgan sonli ketm
t 1 S x
ahadi yozilsip.

a-ketlikning dastlabki 5

i . . o N p—L —
Yechish: Umumiy haddagi n o'rniga ketma-ket 1,2,3,4,5 son

? .
90 yamiz;
_sin®
1T = = i
a5 1 1’
A2 .__.SmT; - sin _° _ 0:
2_‘ 2 5 07
sinil
X3 =% - _ X
3 3
sinIt s
X_;:—E_:__: sin 27 _° _ 0-
4_ 1 4 = Xy
¢ Dl o
Xg=ZE _dT g
5 e =
Demak 523 . : ! . % ]ardan iborat.
Mak, —=- ning dastlabki 5 ta hadlari 1,0, = 5 0,3 )
2. Dastlabi: _ 2 5 10 17 28 yetma-
stlabki bir nechta hadlari bilan berilgan 3.5+ 13> 1823

etllkmng umumiy hadi yozilsin:

Yechish: Berilgan ketma-ketlikning har
ﬂg nomerini  bildiruvchi raqamning
EdlSidan iborat ekanligini ko’ramiz. Ya’ni u 11.2+1 ga
0 lga:zc{l?rinivng maxrajlari ayirmasi 5 ga vz;’ b,ll;iiT:lCh
n =g 1,1 Mmetik progressiya hadlaridan iborat. Ya nk:

vl ~1)d = 3+ 450 —1) =502
Demak, - By

Sn-2"

bir hadining surati shu

kvadrati bilan 1 som
teng. Ketma-

hadpy;
S'ig‘i
et

i hadi 3 &4 teng

3., . :
Ketma-kethkning ta’rifidan foydalanib,
- 2 -
11:3.1.1} a, = liln .L_E = 1
bo’lish' ., onm=2n+ 1l
Mt isbotlang,




mavj Udligini
n(ISiZIik

Yechish: uchun shunday N(¢) nm(llq' te
: an —
ko’rsatishimi kerakki, har qganday n>N(¢) udll”; | ,; kerak
] ashimiz ’
bajarilishj kerak. Buning uchun la, — 1] ni ‘,mthsl

2n-1 Zr— 1’2?‘1 ! 5
it | i o

& =0 son

1Ly )'Oki
' . dan >
Bundan ¢sq % Icnusi/lik kchh chu;ad:. Un 0 son uchul
2n+1
~prl . ilib, ixtiyoriy &~ elib
N=E(= >/ i aniglaymiz. Shunday g ik kel
€ 2 ) —1|<e ILH"SlZ
shunday N topiladiki n>N  tengsizlikdan |ay
chigadi. gy esa Jim 227! -1 ckanligini bildiradi. . gu ketmd”
n—z ?n*l X bo ]ﬂdl.
4. x1=1, X2=2, bo’lib n=2 bo" lganda xp=Xp-1 — Xn-2 o
kc”'k”'”!:. ddsllabkx bir nechta hadlari yozilsin. xq— X3 8 O e
Yechish: X3=X2 = x)=2-1=1: x4=x3— xa=1-2=-1; :,] va hokaZzo-
X6= XS—'X1—-2( ]) ..') |»—]__.] X7=X6 — ‘\q—-—] ( F,)- I+
Demak, I/Ianayot;:,dn ketma-ketlik
152,15 -15 -2; <15 1
dan iborat. ganlig!
an
5. 12 1 (-1)n wp s ~hcgﬂl'ﬂ]ﬂng
N T ketma-ketlikning cheg
Isbotlangi, !
Ishot- (~1)n
plo= |2
emak " cht
i ,kelma~kctllk chegaralangan i kﬂma}’w
Ctma. TUMEY had 5, 2 by lgan sonlar ketma-ketlig
a- etlj .. n +2 _
i, k kanhgl |sbotlansin. 4= EJ,/;
ta - g y1man n
Ny nzn n ,n—.I’ 23 3 Y holda dne 1= EE bO l[b, e

iyt S 3 p»
n = % e 1-an
lxtiyol.-ly "‘(?H-l) = 1

T awtnin <0 bo’ladi. Bundan an*
R NOme, uch nln+1)
Csa beri]ga ?n” < Xn ‘b ld]r d[
% 1

Bt n)2 i msoblan

lasak,
& m'\l’lrm qo’l
Yechish: Agar biz bu verda limitlar haqidagi teore

i
Z ko'rinishdagi
limn? = on vy lim (n® = n)?=: bo’lib berilgan ifoda - .

N—en

n—x

ayniy
gan ifodada
anigmaslikdan iborat bo'ladi. Shuning uchun beril

almashtirish bajaramiz. N'nuada

2 1 _ 1
n< n- n- _ =
‘—'_'—‘—‘- __—.——: -
(n3+n)2 [31+=12  nsy 1+~"

n-

hosil bo’ladi.

. P 71 (1+=3)
J}"il‘t“'_"n__ 2 7

larni
qul teorema
Unga ko Paytma, bo’linma va vig'indining limiti haqids

0’llab quyldagga ega bo'lamiz:

. 1 = 0'1= 0.
lim 1 _ lim[= - ——] = lim - L yre v
M=o (nf 4922 nt (1457 n—xn

n=—=c

8. lim (Vn 2. \ 1) hisoblansin.
N—z

ilgan
| =c bo’lgani uchun berilg
Yechish: )

Im\n=2=cxva limn

n—

shlar
; almashtiri
> shakldagi anigmaslikdir. Bu ifodada ayniy

1n—2

ifodaga
qllamlz Bumnw uchun berilean ifodani unga qo ‘shma
O Paytiramiy, va bo’lamiz: 3
\‘TI_::-‘T)' ,—1 l\r1+2-;_l+_:!-‘:.\f+ \?:\;;;::V;:ﬁ
. T2+
,lm} (\rﬁt_i +Vi)=w be’ lgani uchun 2
'H-(\”‘"Z-\n) lim —2 = e N

¢

- T+2 1)
n—w (\n+2+n)  lim (nt+2 2
= /

n—20
9. hmvn(x "+ 2 -\n) ni hisoblang. canligini topdik.
=0 ekanlig
YeChISh Yuqoridagi misolda lim (Vi +2-v friy= ko’rinishdagi
n—w 0- o0
1\‘“ “  bo’lgani uchun berilgan ifoda

ilamiz.
lqmashkdlr Uni ochish uchun ayniy almashtirish 4

2 P
Vi (WVnTs 2\n 2n e
---.2 Vn): — = — R e
AN+2+4n \-;.\ |1+:. +1) \ n
li L 5 _ 2=y
lm / [ _ ) 2 —-—.__._‘____,_______,_ =
n V5 _ STy Tty st ]

il

2 2 im
n— \1.1+r_1 +1 #—w N

10, lim 5?l3+2n:—3n+?

N— o

. ni hisoblang.
Anc-2n4+




Yechish: Agar

i \h
1, eid)
. ’ ¢ yamd 1 a, = 2n°1. .,_2”—‘_‘.' -’)a.‘z:—v_—'
limitlar - hagidagi  tecoremalarni ~ qo’llasak ajinl')' ) 27 Da 2" § 385 1023 30, 1,0, 1,0.
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deyilag ikkita qiymati b&.lfmcnlnmg funksiyani aniq]anish sohas! ,ﬁﬂgsi
Lva Ax bi] 0’lsa, u holda x —x -ntning o
Ay — ilan belgilanadi. D x — xo argumel 5
— Demak
e, .
b.as‘dagi fal‘ lng f(xo + Ax - o _T Ax. . iyﬂ‘lﬂ“
lan bey: qf funks; _l) giymati bilan f(xg) boshlang"Ch q )
Bilanadi, lyaning x . ° g ya Nf(,\’o
Af(xy . L omak, o nuqtadagi orttirmasi deyilad!

.l. Af(:\ ;0 = f(x N
\ o) ko'p; BIAX)_f(X)
o)

A pin
bo,li ga cha Af .
b ar Yoki A 5
fiaee o yb . . :
A f () o L oYanj @ ga intiley ilan ham belgilanadi. .. mﬁ"JUq
ganda f(x) funksiyaning jimith

bo’) = @ nuqtg ’
o holdg :-digl f(a) xususiy qiynmti.-‘-.a'ﬂ
= a nuqtada f(x) funksiy?

178

deyiladi; , b
; agar yuqoridagi tenglik bajarilmasa, x =@ nuqtada f(x)

funksi ilishica eg
ksiya uzilishiga ega deyiladi
Uzluksizlikni i- -
sizlikning ta’ri idagi
' g ta'rifide ds {
mumkin; dan quyidagi tortt

a uzluksizlik shartini aniqlash

1) f(x) funksi
kerak: ) funksiya a nuqtaning qandaydir atrofida aniglangan bo’lishi
2) Chekli 1
P lim ef (x) va \_1}(1_1101"(.1') limitlar mavjud b

x—a-—

3) Bu che ) .
4) Bu lii:-plva o’ng limitlar bir xil bolishi kerak.
bl o bo’lishi kerak.
kesma chcmrj;yzfd[ﬂ:b] kesmaning har bir ichki
S arida i B e o " 5
m cf(-\) = f(a), 11mcf(,\

X—a+ .
) x—=b-—

holda f
unk v >
Funk}S\iS)liam kesmada uzliksiz deyiladi.
1x1iYOri; ujl;lksmigining bir qancha ta'riflari mavjud.
bO’lsak;, Ix 0 son uchun shunday & >0 sonni topish mumkin
Qiymatlar d'a | al < § tengsizlikni qanoatlant ning barcha
funksjy, f(x) - f(a)l < & tengsizlik bajarilsa, X = & nuqtada f ()
32 uzluksiz deyilad i ’
erilﬁa L‘ )
ksiyant{nn bf (x) funksiya @ nuqtada U
Intiligh; g bu nuqtadagi orttirmasi argument orttirmasi bilan pirga nolga
arur va }'etarlidir, yaani =
h ] =
Agar f(\ A.\'I}}QA} 0 ) .
NUqtadag; f () funksiyaning a nuqtadagi o'ng(chap) [imiti funksiyaning @
. a X 1 4 . & P i X = a
(lim £y = ) xususiy qiymatiga teng Y ni xl?é‘lof @) , fc(l
(Chagg = f(a)) bo’lsa, u holda f (x) funksiya @ nugtada 01 an
Agan) uzliksiz deyiladi
ar i ’
holdg g, Jim f(x) = f(a) va x-‘iillof("') =
deyiiadi_ dan yoki

A
F(x) Ear f(x) va g(x) funksiyalar @
£0(x), ) - () vals (0@ 7

g(x)

o' lishi kerak;

nuqtasida uzluksiz va
) = f(B) bo’lsa, U

iruvehi X

ar o'rinli po’lmasa, u

a)l
ishga €84

nksiyani ;
vani mos ravishda o’'ng
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e —— ST

uzluksiz bo’ladi.

Barcha asosiy elementlar funksivalar o"zlarining aniqlanish sohelig
uzluksizdir. - 101 xossalargd

[a; b] kesmada uzluksiz bo'lgan f(x) funksiya quyidagt X
ega bo’ladi:

. [a;b] uzluksiz  bo’lgan  funksiya -
chegaralangan bo’ladi, ya’ni shunday k = 0 son topiladiki
bo’lganda I£(x)] < k bo’ladi. ; kest

2. [a;b] kesmada uzluksiz bo'lgan f(x) funksiyd RS
kichik m va eng katta M giymatga ega bo’ladi. -

3. Agar f(x) funksiya [a; b] kesmada uzluksiz‘ bo lt(,\-) unksi
Musbat (manfiy), » nuqtada ¢sa manfiy (musbat) bo 2, / lqdi.

[a; b] kesmaning hech bo’lmaganda bitta nuqtasida nolga aylan;iCha tald
. Funksiyaning @ nuqtada ©
qilish mumkip,

kesmﬂdf’
L <h
asx=

shu
kesmada

nada ené

uzulishiga ega ekanligmi quy

0

0‘]5&7 amm

arifmﬂsa’ f
i ikki 8%

Agar funksiya ¢ g
Nuqtada yy),,

funkgiya 5

. b
an o'ngda va chapda aniglangan ®
ksizlikning to'rita shartidan aqalli bittasi baJ

= T nlishlarnl
@ nuqtada uzulishga ega bo’ladi. Uzulishle
ar,

Birinchj

W

trga ajraga i
1.

Mavjud,

. itlar
. ]m‘llt
im f(‘l)
,1--]—a+0 'qr[iﬂdi va
qOlga‘nlari(ya’l?i shartlaridan  ikkinchisi bajé
\ 2 [kkiioiﬁ} ulardan aqalli bittasi) bajarilmaydi. .
\ 1 CNItur uzligh - lim £ (x) 0’ngdan yoki chapdan =
I\ gar . Y—gq
:1I|‘|‘: limiuar % :lco anta UlelSh n

1 )ﬂrmasiga f(\) £

tur uzilish—cheklj limof(.r) va

xX—a-
uzluksizlik
oq tens’

o2 b
a
a\/ﬂchp

. ’rl
3 agtose |
uqtasi bo’lsa, u holda u nuqtadas di.

nksiyaning x, nuqtadagi sakrash! dey
avzy i
| £2a dojp yechimlari bi

‘_ Nugg Fx) < e

nlﬂr:
zllﬂu“
lan berilgan topshiriglardan ®

+ 3 ) 'I‘ling
© funksiya haqiqiy sonlar to’plam!™

181 isbotlapg;

o 'A)’taylik, ansin.

e g A Vq E
bl 0 ER
1

bo’lsin. '
in]_'z._'._. _ 2_5_.({‘7’
PPt x s 1)=a
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e e
sscriy v GRS AN DY BRRNG  FINA

ksiz
ivani @ nugtada uzlu
limf(x) = f(a) shart bajarilyapti. Bu €sa funksiyani a nuq

X=a ’

ekanligini bildiradi.

2. f(x) =+x?+5 funksiyaning
ko'rsaing.

Yechish: Birinchidan, x — 2 da f(x) = V3

mavjud. Ya'ni, limf(x) = 1‘_1111)\ x?+5

sizligini
da uzluksizlig
y =2 nuqta

2

X—d

=2 nuqtadﬁgi

" .- Xo
inchi el aril o \ksiyaning .
Ikkinchidan, bu limit berilgan fut S JieE Demak,
B7.L & = gD = Vi
: . o 52 1+ 5= V& - ;
diymatiga teng: Yani f(2) =v2°+2 ksizligini

uzlu
o . — 2 nuqtada

i 7 ) SV X = 2

L}L“Zf(l‘) =f(2). Bu esa funksiyaning

‘ bildirad;.

3 fil = {‘ ~x%,agar x 2 {’0'““'
x,agarx > 2 bo'lsa. e
‘ funksiyaning X = 2 nuqtada chapdan uzluksiz e niqTa
Yechish: Berilgan funksiya (~Cf-‘;“.'»'°”:‘) dln ?miZ:
=2 nuqtadagi o’ng va chap limitlarini hisoblay

& __._'_2.
lim B 1Yo rig =2
x-,z_ef(x) = \Egle( S X ) 2

Ko'rsatilsin.
i ing
ngan. Funksiyaning
t=}

li T o
'\.gg}r(’f(x) - xl—ig}ra'\ =2 seiharoa 0lsaks unda
Agar f(2) = —=.22 = -2 bo’lishini g ' tiborge
2) =~2-2 s
. i x) = 2 F f( da Chapdan
k 'rl”lglof(“\') = f(2), _\-lpl.lzllof(\) iya X = 2 nuqta
Ckanlj

i e unks
gini ko’ramiz. Demak, berilgan fi
Uzluksiz, 0’ngdan esa uzluksiz emas. ‘
2x +1,agar x = 0 bo'lsd
41 = : 0 bo'lsa. )
2x —1,agar x < - anli
uzluksiz €xd

—— e N

gi o’ rsatilsin-
funksiyani x = 3 nuqtada o’ngdan

. e
Yechish: lim f(x)= lim (2x

o : |
34 - funksiyamng

Bu €
x—3+0 x—3+0 fo) = f(S)
= ; im f(x) _
FIZY 2:3 +1 = 7. Demak, xl_ll,ﬂo bi]dirad'-

¢ . okanligini
*= 3 nugtada o’ngdan uzluksiz ekanlig

. v = 0 bo'lsa, ‘
x|, agar x #
) = {‘ 1 aear x = 0bo'lsa:
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funksiyaning x = 0 nuqtada uzulishga ega ckanligi ko'rsatilsin.

ohich : . . , - “unksiyaning
Yechish: Berilgan funksiya (—cr;+>) da aniglangan. Funksty

e ) . miz:
* = 0 nuqtadagi o'ng va chap limitlarini hamda f(0) ni Insobla)mi’ 1
ﬁ_]_*glcf(-’f) = lim |x]=0; lim flx)= limcl—\'l =0; f(O)=" y
: x—=0+0 r—0-0 x—C- . eront mavjuds

Demak, funksiyaning x = 0 nuqtadagi o'ng va chap Jimitlari mav=e

. symatl
;yma
UI' LI . . . - g 1dagl q
ar o’zaro teng, ammo ular funksiyaning x = 0 nuqt

da
B _ . . — 0 nuqtd
f(0) =1 ga teng emas. Bu esa berilgan funksiyaning ¥

uzulishga ega ekanini bildiradi.

—1,agar x < 0 bo’lsa,

0,agar x = 0 bo'lsa.

' 1,agar x > 0 bo'lsa. _

fU"lkSlyaning % = 0 nuqgtada uzilishga ega ekanligini ko rsating v =0

n YCCh.iSh: Bu  funksiya (—CC;*C’;) da aniglangan. Uning
T::dfa%"o’fg Vfl chap limitlarini topamiz:
ot () = ,,]_l‘gl. 1=1; lim f(x)= lim (-1)= =~k . ylar
funksiyaning Fogie 60 ot o i avjud, Jekin ]

nuqtadagi o’ng va chap limitlart m q 1Y

_ €mas. By qtd
Uzulishiga €ga ckanliginj

T f(x) = 25

Yechish: 1 i
bo? Sh‘xll‘{}lof(ﬂ = lim 2§ =owmva lim f(?‘) = 1—510]1
®lganlig; uchun funksjyy & - " x—0-0 :
* SR g MKSlya x = 0 nuqtada ikkinchi tur uzulis

g e PO 1= 0 5 y 1 3 4 ]dlz
YO'qligi aniglansip, nglamaning [0: 71 kesmadd !

echish.
Bunday, B i

6. f(x) = sign(x) =

an

Beril%

0’Zaro tep : =0 M
g esa berilgan funksiyaning ¥ = 0
bildiradi.

funksiyani uzluksizlikka tekshiring. 2_0

higa €8

4l
i b()r yol\

: t) = 5171,'( — x4
FEZy o, @shaar,
2 Sin== _ 3=

f(0) =smo-0+1=1
turli iSh

THl==_3n

2 = 37 . ida Y .
oral; .. == T0: ; chetlarl iz
2l Alymatiapy; 2> [0:77] kesmaning Juks!

fum“siﬁr’ani

2
lldizga ega b

uzl¥
dabul  gilganligi uchun kesmad? a bit®
as0san, y kesmada hech bo’Imag?®

5a
3
O’ladj

Mustaqil yechish uchun topshiriglar:
L f(x) = {1 + ?x.agm' x< -1 bfo’lsa,
—_ —x*,agar x = —1 bo'lsa.
Unksiya y = -1 nuqtada uzluksizlikka tekshirilsin.

2. Quyida berilgan funksiyalar xo ning ko'rsatilgan giymatlarida
uzluksiz bo’ladimi?

Dy = 2
} X '.:— 2- -1:0 = 3.
Lyt
2))7:"_—; Xa = 1:
L4x2? °C ?
l 1
— ; v = 9 »
3y {\.__Z.ng x = 2 bad'lsa, ——T
J,agar x = 2 bo'lsa.
siny
4y = [T,agm- x = 0bo'lsa, xo = 0;

2,agar x = 0 bo'lsa.

] .
321V0b. 1) ha; 2) ha; 3) yo'q: 4) yo'q:
. )’ = -i_

ivani e o'rsatilsin, lim y; MY
+_; funksiyaning uzilish nugqtasi ko rsatilsin, BUL .2 =240

lim 4 . i chiziq
rei lar topilsin va x = —2;0;1;3;4;6 nuqtalar bo yicha egrl
Yasalsip,
: : i topilsin
h 1) y=-= ish nuqtalart top!

4 1 i
v = 2) ¥ = — funksiyalarning !
5 - - ; +-x-
Srafiklari yasalsin.

aVob: 1) x = 0;2) x = +2.
X
Sy = {;.ﬂgar x== 2 bo'lsa,

0,a X = ! ¥ TRt ilsin.
fUupL o »agar x = 2 bo'lsa. ) ko’rsati
unkswaning grafigi yasalsin va uning uzihsh- m.lqt.sizld e qaysilari
qut?dagi uzluksizlikning to’rtta shartidan qaysilart bajart
ajanlmaydi? e to,rﬁnchi
sh gy X = 2 bo’lganda birinchi uchta shart bajarild
art bajarilmaydi_
0.5x2%,agar |x| < 2 bo'lsa,
6.1(x) = 2.5,agar |x| =2 ho'lsa. .
fung; 3,agar |x| > 2 bo‘lsa.- 1 nuqtalari ko’rsatilsim
*yaning grafigi yasalsin va uning uzulish
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Javob: y = +2

g * o 1 y"
X - = . o s in. hn—
7. y=_2 funksiyaning uzulish nuqtasi  ko’rsatils o2 Dla;
x+2 - £ .
.0 uq
; . s ._4--3-—-1:0;2 n
lim y; lim Yy lar topilsin va x = —6; —4; =3; ;
"';—'2‘:'0 _‘___i_')_.
bo’yicha grafigi chizilsin. N
= . " R o 1]]
Javob: x — -2 h()']g;md;i, ikkinchi tur uzulish, e oce .
lim y=_o jiy o
Xm 3 (G 3, llzn’; 1.

e

e - teronlar qAYSH
8. Quyidag; funksiyalarning grafiklari yasalsin. Bu funkss’f?:lzbzilish
NUqtalarda uzjyksi, va qaysi nuqtalarda uzlukli ckani aniglan
Nqtasidag; r“"ijYi!I1il1g qiymati hisoblansin.
Df(x) = § 2x%agar x < 1 bo'lsa,
2

{ 2x,agar x > 1 bo' Isa.
2) f(x) - { Tragarx < 2 bo'lsa,
Y+ 2,agar x > —» bo'lsa.
3 f(x) = {3 TXagarx <1 bo'isq,
lox,agar x > 1 po'isq

e 1
2x.agar x < * bo'lsa,
2
p g

DLy =
» ~Llagarx >

9. f(x) = {xz":“ 2.agar x < 2 bo'lsa,
funksiy, AP ¥ =lagarxz=> bo'lsa.

Javgh. l__ 2 NUqtada 9anday turdagj uzulishga ega?
10, s 'finchj tyr uzulish,

1
= bo'lsa.

eg?
. 13708
’ ’ = 18y - = IldlZg
i ladimmjy St 2 s 0 tenglama [—1;1] kesmada
tledd,
11, A ) bho s
§ .[Zilhmmmfu)~ x2+2ﬂ3m”—2£'1<2b5”ma
Unksiy, i I A 0<x < qudt
Mays Crilgan, . (x%+2),agar

s15digan
smada f(x) =0 bo’lad8

Yo q) funksiya "

= 0 nugtada uzulishga ega.

n 7 IALI
IX.BOB. FUNKSIYANING HOSILASI VA DIFFERENS

L T ik va mexanik
S 1. Funksiyaning hosilasi. Hosilaning geometrik

ma’nolari L.
. Toel e ) funksiyaning
Y= f(x) funksiyaning x. nuqtadagi hosilasi deb, f(i\)-fLatini)ﬂo Ax

’ ; N E : i Ax ga nis g =
Xo Nuqtadagi Ay orttirmasining argument orttirmasi Ax ge d5y 3 r
- i N e '(xo), = lardan bi
Holga intilgandagi limitiga aytiladi va u, y",y"(xo). f'(x0): 25
bilan belgilanadi.

_ . " tadagi
% . _ . § dtivoriy X nuq g
Hos'lamng ta’rifiga  ko'ra, funksiyaning ixtiyoriy

i itmni ko’rsati umkin.
uchun quyidagi algoritmni ko’rsatish m

‘x :siya ham Ay
D x ga ax orttirma beriladi, u holda y = f(x) funksiy
Orttirmg oladi va

2) Funksiy

hosilagip; topish

b0’ lag;

aning Ay orttirmasi topiladi;

LY = x4 Ay J- Flx¥:

isbati topiladi;
i ioa nisbati top!
% Fu“kSi}’a orttirmasining argument orttirmasiga
AY _ fle+ax)-fon) _
dp: T T =

4) Bu nisbatrji;g Ax nolga intilgandagi limiti topiladi;
. Ay
‘3!-1"“]"]03:? ks ilasini

BErilgan f(x) funksiyaning f'(x) hosi
Unksiyan; differensialash deyiladi. ; qiymati deyi
F'(x0) ga funksiya hosilasining x, nuqtadagl c:wqtasiga :
-y S chigioning My (o7 0) ksiya hosilasining X = o

rinmaning k burchak koeffisienti y = fx) fun

nuU.tadag; qiyma

topish amaliga

ladi.
o’tkazilgan

tiga teng:

k= f'(xo) )
e F(x)  egri chizigning Mo (¥Xo0; Yo
Maning tenglamasi

y—yo = f(xe)(x %)

uqtasiga o’tkazilgan
n

Ul‘in

kO,rinishida bo’ladi. Bu yerda yo = f(xo)-
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Nugta Ox o'qi
o X 0l IR, P
ji bo'yicha harakat qilib, vaqgtning { paytida X = f(t)

koordi
mataga cg .
aga cga bo’lsin, u holda vaqtning f paytid
é ¢ t paytida

V=lim B o
Lt—0 At de’
a= lim 2= d”x
bo’ladi. Se-giy A
e cande  Punksva
janday funksiyaning hosilasini hosilani hisoblash algorit
ancha murakk

bo’yich
a aniglas _ )
hisoblﬂShlamiql:ll,l‘ har doim ham oson ¢mas va ¢
hosilasi quyidilg‘i = ). etadi. Shu sababli amalda = f(x) ﬁmksiyaniﬂg

1.(c) =0¢( q()tdalﬂmi qo'llash yordumidu lopilndi.

2.{cfy €-0’zgarmas son).

=c¢ f"(c-0"
3. Y o’zgarmas s
4 ((J;;g) = e BAIREGEHIS
Mg =fg+g-f

5. (f_)l = f’.g_gr
= g
? g* (g(x) = 0).

Bu
yerda
Eori ohiot f va g lar x .
grn chizigning M g lar x nuqtada hosilaga g4 bo’lgan funksty
W= g Mo(xo;¥o) : © amas!
yozﬁ%(qu d' o) nuqtasiga o'tkazilgal normal tengl
o) dan iborat bo’ladi (1-chizma)-
}'l
= Mo(xoN ‘o)
(2]
TA - v

1-chizma.

v = Mg+
3 Normg ot 4 0P AN
:yo

deyilgq: Ot

adj deynad. sama

i L. Ularn;i ravishda urt™
arnin unllklar

“tg@ kesmalar mos
u N
u a g uzunliklari urinma va norma
“kS\ ni ‘
Valar: . ViSob
i b las
Qsllalaﬁ . (qoidala Eitor
Ni ton: r) 1 i y q
OPIb quyida algeritm yordamldﬁl
gi jadvalni :
tuzamiz:

pir
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Funksi
slya
Hosilasi N i G
V= asl F -1 ® v
y=c unksiya H
~ L osilast
v=0 __'__,_,__._-——-—'_'—'__'—
- d m——— ; -
y=x o =1 y = cosi v = sty
y=y? v =1gx 1
V= fizs: "1 =2 ‘.' =
Y=4x 1 : cosS-X
¥y = 7—“.: -‘. = Ct-g't ‘.' ]'
yist 3o y=pxt v = secx v =secx 18
V= ’ y = Secx : g
e AREC o o= cocy * Ct
V= g¥ o t{ y = cosecx V= —CcoSecy’ ctgx
N = a*ina
e i
vio=e" :
\ ___l \ Y= arcsiny v o= __L—-—
g X V= — — ’ \‘.]‘ - "'-:
V=Iny = i
Inx 1 v = Qreeosy v o= .-__-————1
X Vo= = ’ 1 —x*
= log. x L ' v = arctgr v = _f—l~——-
Al =Sinl Al =—1Og-8 1+XxX"
) a , l
v = cosx v = arcctgr ¥ = "*l‘j‘_';?

-, navbatida hosilaga
kkinchi tartibli hosila

Agar v = f(y
Y= f(x :
Zga.bo’lgan fuil\(\) funksiyaning hosilasi Fi(x)©
eYiladi vq f7 siya bo'lsa, u holda uning hosilasi i
P (x) deb belgilanadi.
iy R tartibli hosila
(x) kabi yoz’“a;iolda uning hosilasi uchunchi tar

Xuddj
g4I shunday to'rtinchi :
if berish mumk}i/nto rtinchi, beshinchi va xak

a ega bo’lgan

yana hosilag
ila deyiladi va

fun
tibli hos

azo N _tartibli hosilalarga

munalar:

MaVzu“‘
(=}
glardan na

a doi . .
r yechimlari bilan berilgan topshiri

pilsin.

gl hosilasi tO )
orttirma oladi.

1' }’ = 43
y Yechis;, lfllnkSIyaning x = 1 nuqta da
T4y = (A | yox ga Ax orttirma beramiz. holda ¥ 8%
%) Ay ni + Ax)? = x3 4 37 X 3 Ax)? + (07
Y = (x ‘nl topalﬂiz;
= [3x2 _L"" Ax)d — x3 =x3+ gy Ax F s (A
\l 3:\'&:\' + (AX)Z] < By

3y=X
ax NI topamiz:

y2 + (%)’ S




A
ay

. [3.‘.’2 +31,'"_';“','+:;,';V.‘)2]"_\‘.

- = 3x? + 3x - Ax + (Ax)%;
al ‘:;.".

; ay
. Ay . , \E g a. u hold
4) lim — ni topamiz: Agar bu limit mavjud bo’lsa,

Ax—0dx e
berilgan funksiyaning hosilasidan iborat bo’ladi.

pre ]imc;i:'i = lim [3x2? + 3x - Ax + (Ax)?] = 3x%
ar—Qax

Ax—0
P =gu1® =3 ; nugtasig?
2. y =2x? — 2 parabolaning absissasi xo = ~2 bo’lgan
o’tkazilgan urinmaning tenglamasi tuzilsin. . _ po’lgan
Yechish: Parabolaga tegishli bo’lgan va absissast Xo ~

nuqtaning ordinatasini topamiz: 6
Yo ::y(xc) =y(-2) = 2'(_2)2 —2= il — & il\
Y = f(x) egri chizigning Mo (xo:Yo) nuqtasisd O.I ﬂl in dast

tenglamasi y — y, = ¥'(xg)(x — x¢) dan iborat bo’lgani ucht

N1 so’ngra ¥iks) = ¥'(2) ni topamiz.

y’: = (2x2 - 2)r = (sz)n . (2): = 4X _— O = 4;\’;
V-2 =defr) = g

Demak urinmg tenglamasi

zilgan ”ri"mf
7 aetlab Y

an
Y = 3o = y'(xg)(x — x iy, ges
iborat. 0 Xg), y—6=—8(x+2)
3. = 2 ) i '

Yey i ; ~ €0sx + 2 funksiyaning hosilasi topilsin- } formulasldan
: chi : 1 . " o w . £ 8 1
foydalanari;é. Funksiyalar yig’indisining hosilasini topist .
i - -,
il ol - - ) e BB TR
Il =224, si(nx €0SX +2)" = (x?)' - (cosx) +(2)' = 2X7

1 4 Quyj )
il Uyidagj . .
il Yy nksivalaming hosilalari topilsin:

1\ N X -+ 1 ;i _ ___:._

IL\% Yechish- )(BA 1); 2) Y = X+ CoSX; 3) }J = L

il Y =

\ [(Zx

i (Zx % 1)(3x — ' r,

+3+=~_11h 2-(3x ]:_l))] =Q@x+1).3x-1) ++(Bx~ 1)
2)y'2x+1; T3 @x+1)=exr—2+6x+
= (xCOsx)l =

3) d 3t2xy’ (3+20) A1+ —(14x) -(3+20) 2114x)—1(3+2%) _
y =( "-) 3+2x) 1 ,:._ -
2 T (140
=23-2x A |
s FrewsEy
] » . h . .
>Togr chizigli harakat qonuni
S = 4t3 tz 1
=t"+ n) ' "
) [ i, g ‘tdagi tezlanishi
Orr.nma bilan berilgan. Bu harakatning ¢ = 4¢ bo’lgan pay tdag
topilsip,

Yechish: Harakatning ¢t paytdagi tezligi: N
v(E) = 5'(t) = (a3 —¢2+ 1) = (1267 20
t ;
Paytdag; tezlanishi esa
alt) = vr(p) = (12t2 — 2¢)" = (24t - 2) &
ga ’e . il
teng by i undan q(4) =244 -2=96-27 94 = o
. Tl 1
Sy=2xs.9 x5 — 4x + 10 funksiyaning peshinchi tartibli hos
topilg; 3T o
Pilsin.

¢ g 4 -4
YeChiSh: y, = (ixs e 2I5 _ 4'\. + 10) — 2_\' -+ 104\‘
3
- 5 B
YU = (225 £ 10x% — 4)" = 10x* + 40X%
= (10x* 4+ 40x3)" = 40x3 + 120x7;
© = (40x3 4+ 120x2) = 120x? + 240%; 1
Vo . 240 = 240(x + 1)-
Y= {12052 4 240x) = 240x + 2- _ st (opilsin.
* Y = cosx funksiyaning to’rtinchi tartibli hos.l a SR
Yfic:hish: y' _sinx)' =

r

= (cosx)’ = —sinx; g = (
’ . " — X .
—cosx)' = sinx; y'V = (sinx)" = €05 posilas
v 5 F(x) = x3 + 5x% — 1 funksiyaning ikkinchi tartib
a fre -
£'(0.5) hisoblansin. s 10
Yechish: Fr(x) = (23 +5x2 = 1) =3x°7
fu(x) = (3.\'2 + 10‘\,)' = 6x + 10; 3
F"(05)=6-05+10=3+10=">

{ topilsin

hun fOPShiriqlari: funksi)falf"ming

. Mustagqil yechish u¢ quyidag

b,
-+ Hosilaning ta’rifidan foydalani
OSilalari topilsin:




- TSN e s
ERTPR AN B IAT I RN IR
Lin e Aa D

I)}':;):B; 2) Y = ‘,'I. - . 1 Fy s
J X 3)) = 4) y —4x2 - 5; 5)}::..-2511!1

8)y = 2cos’x.

4)8x: 5)2sin2x;

6)y = 3x? 4+ 9v . = .
yE3x%s2x a5 7)y =ik
6) 6x + 2

’

Javob: 1) 3x2: 2)4x% 3) =,

7) ==:
) i 8)-2sin2x.

2
=]

2 }{() 51 1 1
* silani 2 ne . . | [
h'f"’()hlcl.‘th L]()Idillllrldiln va I]DS”HIZ" i{l Vﬂ]idaﬂ fO'\rdafﬂﬂlb’

quyidagi i .
gl funksiyalarning hosilalari topilsin:

i ] = \
3)} 2 o -1’ —_— x;-‘; 2)}- = ij N ::_ 21‘ . 7
)y = (.\‘ i 3 2 — 22X + 7/,
o ot D0+ 220+ 3)3;
. 2.‘.: ina + cosa)(xcosce — —sina);
} - 1—_—;’ ()) y — 143 —y-
XxX“ p— o
8)y=2,1 —— Dy =@4ax+ v
x wg 3 )y = Vx?2 — = 5 P COSA"'ZXS!'"L

1)y = sinx-xcosx = 103y = 2= )
13) comimsmy 12y =

Vi 508N - 3" ’ &

s My =2 15 y=2 -5 16 5 e B

Javob: | 2 1Sy =gz-ne 0TV 7

3) 2( "1 -2x; x4 x—2: ® %
X + 2)(,\- + 3)2(3x2 ‘ ; &j’_fl,

6) a2y + 11x + 9); 4) xsin2a + 0526 5) G -2F

{12“’5""-‘5:): ) 7) 1 +._1.: i 1 2 3 s 5 0)

2vx _‘_"__r; . _ _ 4 - ’
9)'3“3‘:- Vi 38 T T o —5 (x )
1+In"3 s sfﬂx-

s 1
Vx U T (x -~ 0)

10) x2sinx; 1 1)___"'_:_—_5; [ 2)—"3%

13yt
]'"'sfn,\;; 14 1 i (cosx+xsinx)
PN TN e T —x
uq3_1 Qindagi ;3--('5.\‘1—1)2? 15) —.1_..’; 16) E (31_ _ ‘1—)- 1
. cr i i AX -1oal
) ardagl qum i]g?n f‘unkSEYalarni ¢ h ) i i . A ein va ko’rsﬂnlga‘
) Flx) < 23 atlari hisob]ang; ng hosilalari topilsif
=~ Sln'
2) £ 3 "X 4 . :
= X f(o
g - 1 ). £, £1(
' —1);

Hr TnE f
) f((x)f g @ - pr(o,
x = ] x ’ 0-0 - ' ’
R N
-.15

T
(0), 702y, Fie2)
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Javob: 1) 1:
b: 1) 1:0:4; 2)8.25; 3)-90: 4) —= 5) — L o fomms
s’ 25
a o'tkazilgan urinmalarning

4. Quyidao;
- Quyidag alalar i chizi
gi masalalarda egri chizilarge

1

3

teng]
amalari yozilsi
ozi eori chizic i i

- 3 yozilsin va egri chiziglar hamda urinmalar yasalsin.

=L srrt chit
) 3 3J1 chizigqa x = —1 nuqtada:

= X7 egri chizi :
gri chiziggax, = Ovax; =1 nuqtalarga;

3) y= 8
12,7 lokonga (zulfga) x = 2 nuqtada:

Hy= i
: SIX sinusoudaga x = 1 nuqtada.
avob: ])} =y < 3: )y =0vay= —1.—-1—(3\‘— 1)'
3) Wim =g x } ) ?

S 2

- XY = .

urinmahi i 4 giperbolaga x, =1 va Xz
dIminge 2

tonile: = y

Opilsin. Egyi cf va urinmalar or

T4y =-—x+1.
— _4 nugqtalarda o’tkazilgan
tenglamalari  yozilsin asidagi purchak

] hiziq va urinmalar yasalsin.

avob:y = —4y + 8 NS ) R
- 0, }-———4,\—2, <p—mcg

a o’tkazilg

15
6. y = y2 el 5
, YT XxT+4 , : inma UX
0 x parabolaga qayst nu tad an url
qqa parallel] bo’ladi? ga qay q
Javob: (__2. _4)
‘7. < .l .
Quyidagi funksiyalarning hosilalari topilsin. .
i 5)
4)Y = 14e¥

1
Ny = arctgx — %

1)
V=2 .
3N )y =x7e2Y 3y =x>-€%

3) xe¥(x ¥ 2);

Yo S% fegox

s x5 6)y=x-—actgx;
avob: 1) 2¥ 4+ 3*.n3; 2) X'Z“'(z"’xl"z);

4). 285
. cina 2 el
(1-gxy2> 5) ——"."-; 6) e 7 _,;1_1_'_1_-—_,—_
e¥ 1+x27 c(1+x®)

topilsin:

8. eu .
Quyidagi funksiyalarning hosilalart
gx ¥ arcctgx.

1)
y
2)y = arct

= arcsinx + arccosx;
Jgavob: 1)0; 2)0.
1) y ;Quyidagi fUﬂkSiyalaming uchinchi t
; X?Inx; 2)y = xcosx.

L 2
avob: 1) = 2) xsinx — 3coSX.

10. Quyidagi funksiyalarning n-tartibli

artibli hosilalari topilsin-

hosillalari topilsin:
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1))' = lnx-
nx; 2) y = sinx: 3)} _ \,.r_- 4) 5
= y = Cos°X

Javob: 1) (-1)" n-1)
1 s ‘))S]"I( 5 ) It
(-1yn-1. o = nex - i a=):

4) 2" 1. cos (2,1‘ +n _‘)
2

2”\ )'—.'Ji—f

(o]

. Jism x(t) = -

bo’yi
icha ha
rakat giladi
adi. Harak .
) . Harakat tezliei va tezlanishi ani }
Javob: &% = t2 ligi va tezlanishi aniglansin.
dt — 4t + 3;

G

@i
— =2t 4.

12. Q
- Qandaydir ki
: ir ki -
mi . . Nnvoviv reaksive e .
qdori x bilan ¢ V'lq[y iy reaksiya natijasida hosil qilirmdigﬁﬂ jism
= orasidaoi 3 .
isidagi bog’lanish x = A(1 — &=kt) tenglamd

bilan if

odal :
| anadi. Reaksiya tezligi ani )
avob: kAe -kt ligi aniglansin.

( Ll

qonu” boa .
yicha a .
ylan o
adi. Jismning ¢ = 4c. dagi burchak tezligi V2 burch®”

tezlanishj topilsin

JaVOb' \

: ""(4) — '

14 Nu 4 (4) = 20-

.+ Nugta 5(¢) = ; a(t)=w'(t) =

qilmo t) =243 o 6.
qda. Nugtaning t me - t — 1 qonun bo’yicha to’g'ri chizi

Javob: 1, mentdagi .
v(t) = 62 o agi tezligi va tezlanishini toping-

15, 1 L1
T(6) = o Sjlimning T ’t a(t) = 12t.
. c .
Momentjg 720 gonun mperaturasi ¢ vaqiga  bog'ld hold?
abui; bo’vicl ; 5(c)
Javoh: Jism qanda O'yicha  o'zgaradi Vagqtning =
tu(s) = y tezlik bilan isiydi '
| = 3. an isiydi?
§2.Mm
- Muraq
' Shakigy ab va
ber' Oshk()r .
% A f,"“ksiyarr:li?lsgf:nkSinar"i"g hosilalari. Pﬂfﬂ"‘cm,
I iperbolik osilasi. Teskari . ;i jlas!
| £ . ari funksiyaning
| ega-l;?ar: Ju= a( unksiyalarning hosilalari
i y = X
v = 1) k613 biror x ing
82 bolgy Y2 esa tegishlj Xo nugtada Uy = g‘(‘r") hoS{l )
> Uh li Uy = g(x,) nuqtada Ya = (U;
¢

Olda
y =
f [g(x)] murakkab funksiy?
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- 2{2 - + .
3 3t qonuniga asosan 0X (o’e'ri chizid

q][ hﬂl‘ﬂkm

ﬂuqtadal .
‘105”[1("1 ¥ - ~ . . . .
ga ega va bu hosila f(u) va g(x) funksiyalar hosilalarining

ko' 2
[ (pa)qmaS]ga tengdir: Ya'ni
oG] = (o S
] = fi(00xe)) - g (xe) = £l (ug) * Ui(xe) yoki gisqacha
,r' — '-J . Uf‘
y= f x)]@tx) o Yx Yu X
arajalj [ﬁlt(lkn ' ko'rinishdagi funksiyaning hosi
Pormulasip; 1‘;;am yoki ko'rsatkichli funksiyaning hosilasini  topish
qo’llab bo’lmaydi. Chunkl pu funksiyaning asosi ham, daraja

-
atkichj
1 ha - i 5 g .
am x o'zgaruvchininng funksiyasidir. Shuning uchun
un tenglikning har ikkala

lasini topish uchun

erilgan funksi
ismin a““l\Slyanmg hosilasini topish uch
sosga ko'ra logarifmlaymiz va

ni hDSil qila]n' . hl}’ = q)(,\') . hlf(;\-)

engliknin l 12_‘ Iny ni x ning murakkab funksiyasi si

%'y' - té(lar ikkala gismidan hosila olamiz:

: =@ (X)) nf(y) - ’ ;

y nf(x) + @x) _I_:—} . f'(x)- Bu tenglikdan
= y (pr 3 ) ‘:'" N "

{ ('\)Iilf(x) + (x) L_L“_'.] - [f(:\')]"”'""" [qa'(l’)lnf(?\') +

":‘(p(x) f_(\:] flx)
flol

fatida qarab oxirgi

 ni topamiz:

Agar‘ i
f'("'o) h(') _1) y = f(x) funksiya x = e nuqtada chekli va noldan farali
Wlukagy tsﬂagi_\ ega; 2) bu funksiya uchun Yo = f(xo) nugtada X = g(.)’)
Uehyp eskari funksiya mavjud bo’lsa, U holda x = 16D) teskari funksty?
Yo = f(xo) nuqtada —— - ga teng g’ (o) hosila mavjud bo’ladi,
f (xo

ya’n' '
lg (}’0) S r( By 1
gy ? Yo) = Figirol

h mumKin.

Buni b
oshqachax | = _17 Lo’ rinishda Joris
| el i as,balk
Uchinghyj _Va y o'zgaruvchilar orasidagl bOg’lamsh pevosita ’w(t)
<t < bir t o’zgaruvchi yordamida biror X = £) , va )u;da X,
< B, funksiyalar orqali pevosita perilgan Isa o g
sishda perilgan: ¢ esa par

argl.lme
ntnj . ] o
deYiladi, ning y funksiyast parametnk ko’ru
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; = S trik
Masalan, x = ¢3? = wit), y = = i1). { € (\_/:;fx) parame

PP T I . 5 3 . WY — p2 - —"w.-%-w)’
ko'rinishda bevosita berilgan funksiya y = flp) = X5 X & L
" £l . . % . . - pod = 1 1 £ / i
ko'rinishdagi bevosita berilgan funksivani ifodalaydi. ilasini
H s e - ¥ ; ~ . * . Vi ]051 a
Parametrik  ko’rinishda berilgan funksiyant X bo yicha I

ing
topish uchun dastlab uni y = f(x) ko'rinishda yozib, so’ngrfl Uu.lgi:
hosilasini topish mumkin.Ammo hﬁr doim ham bu usul qulay b‘)‘ ]-m-a)hda
chunki parametrik shaklda berilgan funksiyani y = f(x) ko n;:'nb,
yozish giyin yoki y = f(x) funksiya ko’rinishi juda mum'kkab ik
undan hosila olish noqulay bo’lishi mumkin. Shu sababli pard

va
3o y . '1".'::(p(t)
ko’rinishda berilgan funksiyaning hosilasi to’g'ridan-to & £
Y =(t) funksiyalar orqali
: 1! f,a’:r'-
YV, = — = -
d X, Yiie)
formula yordamida topiladi. ; ’mniSh
Agar erkli o i siy asidag!
0’ zg; . . ' a orasites 85
FCeo) zgaruvchi x va y funksiy . oshko™

v o i)

| = 0 tenglama bilan berilgan bo’lsa, u holda ' ni & Wing:=

funksiyasj deyiladi. il

. j‘r(x,},) = 0 tenglama y ga nisbatan echilmagan bo’lsa ham; ckald
O'yicha hosila olish mumKkin.

0 ning har ldi @
dismidan y pj Jina

Buning uchun f(x,») = o
hosil ait: ning funksiyasi deb qarab, x bo’yicha hos! a ’
ailingan tenglamadan y* topiladi. -

=€
Matematjy . x ova YT,

anall?_n y ) ¥ H = @ X
Ko'rsatkich; ing ko’plab tadbiglarida oot

. . —-X = e
I funnksiyalardan tuzilgan 2(9'\' ~-e™%) va' y Sifafida
qaraladivr “C}_‘faYdi. Bunday funksiyalarga yangl funkS[yala
4 quyidagichg belgilanadi.
- e -
by = BT me™% .2t inus
Bularqa, s , chx = .0, osinY
bi iay i k ko
deb atalag; Hnehisi giperbolik sinus, ikkinchisi esa giperbo! o W
. u f . . = d
cthy = ch ; UnkSIya]ar yordamida yana ikkita thx = cnx
she ‘Unksiyalyy aniglanadj
thy — o~ Nadi. Ular; polik
k eXyi Tz ~ of . ; e_l‘ ipel
Ota“genslardi:‘\ glperbohk tangens va cthx =it":? g

et —¢

. . giymatlarida
shx, chx, thx funksiyalar x ning har ganday qty

. . dar
aniglangan. cthx funksiya esa x =0 nuqtadan farqli har qanday
Nqtalarda aniglangan.

Giperbolik funksiyalar orasida quyidagi munosabatlar o’rinlidir.
ch?x — sh?x = 1;
ch?x + sh2x = ch2x;
ch(a + B) = cha - chf + sha - shp:
sh(a + B) = sha - chf + cha - shf. . ila olib
shy, chx, thy va cthx larning e® va e~ lar orqali ifodalaridan hostla
Wyidagilarnj hogi| qilamiz: )

shx)' = chx ) = o
(shx)' = chx, (thx) hex’

1 ] 1 1 1 :
(chx)" = shx, (cthx)' = ——=_

o
sh—Xx

alar
Ma\' i . . 5 i lal’dﬁﬂ namun.
2uga doir yechimlari bilan berilgan topshirid

Ly = (5x% + 7x + 2)3 funksiyaning hosilasi tOpilSlI'E-l

YeChiSh: y = U3 U= 5\:2 +7x + 2 deb belg1 a
Unke; . ’ : 1 :
}rrm\SWam hosilasini topish formulasidan foydalanamiz
R e N

(Gx?+ 7x + 22 (10x + 7).

+¥ = VX% 12 funksiyaning hosilasi topilst

G unksiyaning T hosil bo
fis Cehish: U = x2 42 deb olsak, ¥ =1 -
nk31yamng hosilasini topish formulasidan foydal_aﬂﬂ

b, murakkab

+|adi.Murakkab

— 1 r = ="
3,' = ! ] = - . = —" 2'\ '_\'—1’2
(\ U.) Wi u 2\——-——‘.‘:__*_2 \.
3. y = sin.

funksiyaning hosilasi topil

A% MXCtx 41
Cchish: U = x2 + y + 1 deb olsak, Jadi Murakkab
F = 1 . *ladl.
Y= —__—}_——""r—___ - (\,2 4oy L 1)"% == U—-_v ]]OSII bO )
Sty o l dalanamiZ:
NKsj . . .. . lasidan foy _— '
Yaning hosilasini topish formu ox+ = s
}7' 9 __-1_ ] 3 1 , 2x + 2./ x =
(U 2) - _gu‘E Wl == ﬁ hosilasi topilsin-
& . . in O
by= Vx funksiyaga tesakarl funksiyan g
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 funksiva x = y3 bo'lib, uning
Yechish: Berilgan funksivaga teskari funksiva x =)
. & 1 1 1

hosilasi y: = 1 —

= 5 =— = —— gateng
xy, gy 337

— i S e siyaning ho
S.y=x+x3xeR funksiyaga teskari bo’lgan funksiyz
topilsin,

silasi

s sl
4 -V()SUV
; . ; . ) -~} da uzluksiz va qat'1)
Yechish: Berilgan funksiya (—<=; — <o) da uzluk

Uning hosilasi
dy

:‘ =1+ 3x?

hech bir nuqtada nolga aylanmaydi. Shuning uchun
dx _ 1
dy 14322

m Iﬂiﬂr
N .1y formu
0-¥ = f(x) funksiya x = acos’t, y = bsin®t, ¢ € (0;3)

e . . g P 11
bilan Parametrik shaklda berilgan. y! topilsin. iy qiymal
Yechish: x(t) va y(t) funksiyalar ¢t ning har qgan o Bundaﬂ
7] 1 =
laga €ga va (0;:-}) oraligda x/ = —3a605"r-smtuda
tashqari, Y= 3bsin?t - cost. U holda parametrik sha

unks'ya“'“g hosilasinj topish formulasiga asosan
I

hos;j

, 1 i s T
Ve =2t _ 3bsin?t.cose _ b 0;-).
: xg “3acosttsint | o tgt, te€ ( 2) . ilsin. 3
Ty = (sinx)“’f’-‘ < w w ) funksiyaning hosilast tOquosga o'l
| \fechlshzTe“g“kning har ikkala qismini hadma-had € ¢
o8arifmlaymi, v
ni b "_3’ = cosx . Insiny .o [eng“kniﬂg
1 ﬁfﬁ' lq”amf’é- !y ni murakkap funksiya deb qarab, OXITE!
ala qj . i
1 Qismdan » bo’yicha hosila olamiz. Natijada
— y' . L. .
y. Sinx . lnSi?lx -+ cCosx - FCOSX
N hosi) qip. . Sinx
Qilami,, i
e Undan esa 5 p; aniglaymiz:
= (Sinxyeosy cos?x i
W ) [Hsmxlnsinx + silala”
fubet Ormag _ ‘ sinx : 0
s, "olda berijgyy quyidagi funksiyalarning
)Sx +3

) idan x bo')’iCha
Yechish: 1) Berilgan tenglikning har ikkala t—Omon-;dSZ*l:ldi. ey
hosila olamiz. Natijada 5 + 3y’ = 0 yoki 3y = —5 hosi

tsay’' = -—z kelib chiqadi.

2 ; iz va
Teneliknine vie osila olamiz
ikni i idan v bo’yicha hos
) Tenglik ing har ikkala tomonidan x )

2+2y 3= ga ega bo’lamiz. Undan ciﬂ
¥ =—-
kelib chigadi.
9.y = th3y2 funksiyaning hosilasi topilsin. o ‘sh form
_ Yechigh: Murakkab funksiyaning hosilasini topis
8lperbolik funksiyaning hosilasidan fO}’d"lmﬂam.i%:.:
$2x = =

(.‘l"n:.\"_' C}-‘:'\‘.-

ulasi va

Y'= (th3x2y = 3thix?.

Mustaqil yechish uchun tOp_Shiriql::iari topilsin.
L. Quyida berilgan murakkab funksiyalarning hostl

Dy=(sy, 4x? + 8y 2)y = (5x2+7)%

N
Ny=ss,_ Bx2)* 4)y = (1 F = ‘d) :
28 / 2 —'9!
V0=V, gy m (L 2T
7))’ = Si}]£+ COSE' 8) y = S\fm; ilsi
9 ’ 2 [x + 2% f'(1) topilsint
)y?—sinv'}'; 10) f(x) = VX +eve

1) Ffz_l-
Y=sinty o cosxy; 12) y = In\ 1—sin2x

1 24
1 3 _—-—COS s
3y = In(1+ secx); 14)y = lncosx — 3

2,:_8,\');
JaVOb: Dy = 4(5x3 +4x? + 8)* - (3_5)(# _16x);
3Qx(5x2 +7)% 3)5(1+ 5x— gx2)*-(®

1 .
3 —— 5
)4 (1 + 2\;'?\7 _ _,8_.1) . (i_ g %), 5) 3-=\(3r—4f ) : 11) —5fﬂ4x;
x2 Ve o ~ g8
~— X X 2 - 9) E—'O_{é::; 10) \:‘5’
2 (cos T _ sin<); 8)3 =) 2vx
1 ’ i L in?x
ct - . -+ ST "
VI e y-texs
TSin2y !

1+cosx’
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2.y =x%(x>0) funksivaning hosilasi topilsin.
Javob: x ¥ (Inx + 1).
2. Y = x* (x > 0) funksiyaning hosilasi topilsin.
1
Javob: x377. (1 —=1Inx). ining
sl _ o . . ilalariniiz
4. Quyidagi funksiyalarga teskari bo’lgan funksiyalar b
ko rsatilgan nuqtalardagi giymatlari topilsin:

Dy=x+Ix5 y=0 y==
Dy=2p 225 1

2’ 2?
3))’ =0.1x + eﬁ‘rl‘!, y =0:

Ny = 2x2 — x4, x > 1, y=0;
)

5)}'=2x2-_x4,0<x<1 :_'?l
Javob: 1) o S .2 3] x'(O);s’
D=1, x(f) =% 2 el 3 = 5
4 x'(0) = _ 2. x,(g) _1\2 :
a 8’ 8 2° jlalar
| > Parametrik shakd berilg: idagi funksiyalarning hos!
\ topilsin; S bertlgan quyidad!
Dx = sin2t,y = cos*t,0 < ¢ < =
By 5 ' a
.‘ 3;’; CLYSCmctcian,
| 4)x: acost, y = bsint,0 < t < 1,
l“‘. 5 Q.Cht, y = bshf,—m <t < O,
il )x=t2+6t-'~5 _ t3-s53
I Ox=ale gy, 0 F
alt < g
‘a,ll.\\‘" Javob:l) v __Smt)' ¥ =a(l-cost),—» <t <= 2otghs 4
i *=Zcthe 5) T L O0<x <12y = —30253) 0 T e
\ a ’
\ 2 Y = 1 3, 7
Quyidag; R 6)yi = ctg;
Dy = S‘yalammgh 1 : ()
S & Sh2y. . osilalari topilsin: _ n(th*”
= : = N _ . - ] =
Vo) g, 0 VT F shE
; 2tk . 4x-
5 ) Vehx 71 4y 2 5)_hL; 6) 4sh
> sh2x’ chx
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1.y

= shx egri chiziqqa absissasi x = —2 bo’lgan nugtada o’tkazil-
8an urinma tenglamasi yozilsin.

Javob: y = 3 765 = 3.89.

8.f(x) = Sh% + ch ‘; funksiya berilgan. f(O) +J(0) topllsite

Javob: 15 ~

B, Byt R
Quyidagj tenglamalardan y* topilsin:

;)x2+)’2= e 2)x2+xy+y?=6;
12)x TY -—xy=0; 4)e¥—e¥+xy=0.
Xy - . .
€7 —x?+y3 =0, y'(0) topilsin.
Javop: L
3

o tiny — xint =

1,x"(1) topilsin.
Java; 9(9 _ 1) ( g

§3. Funksiyaning differensiali
: : ho'lsa, ya'ni
O,ShAgar ¥ = f(x) funksiya x nuqtada differensiallanuvehi bo’lsa, ¥

a ;
Nuqtada cheklj y- hosilaga ega bo’lsa, u holda
Ay

ST Y +a
adi, bundy Ax — 0da « — 0. Bundan
Ay =y Ax + a - Ax.
e.mak, funksiya orttirmasi ikkita qo’shiluvchid"l.
hi 90’shiluvchisi Ax ga nisbatan chiziqli ifoda, 1
29011 tartibli cheksiz kichik migdor ekan-

t bo’lib, uning

h ibora ;
: ychi

iring kkinchi qo’shilu
QSa y

. h
hiziqii po’lgan bos

unke; . ) ) . c : :
disny n}<31ya orttirmasi Ay ning Ax g2 m'slba;tia:a gy bilan belgilanadi
Yo .y "Ax funksiyanine differensiali dey1ia
a'nj y g
dy=y"Ax xr.Axil'Ax'—

u hOlda dx =

‘i\gar bu formulada y = x deb olsak,
T Baega bo’lamiz. Shuning uchun ham
d}" = )1' . dx




A ) — g ¥ - . i . T 1
i ]'L} Y +Ax + a-Ax tenglikdan Ay > dy ekani, yan yetarllcha
(chik dx = Ax uc . ; . T
Ax uchun funksiva orttirmasi uning differensialig

teng ekani kelib chiqadi,

Funksi : S ; L
ksiya orttirmasinj funksiva differensiali bilan alm

absol stalil
yut xatolik |Ay — dy| ga va nisbiy xatolik

e

ga teng bo’ladi,

Har — .
qanday differensiallanuvchi i va v funksiyalar uchun

o’rinlidjr:
Ld(u+v) = du + duv;
2.duv) = udv - vy
& uy _ vdu-udr
d (L) - udt

e , U F O
Fu : ok
nnksiya diffferensialining  dy = f'(x)dx ifodasida

turadigan funksiyalarning  di fferensiallarl

ko’ p UChrab

ax
13.d(tgx) = =%
{oc E Lk k =01

dx

x =k, k=0,
( -

(-1 <x<1)

(-1 <x<1);
dx .,

14+x"

19.({(5}3;() = C}!de;
20.d(chx) = shxdx-

ashtirgandag!

14. d(ctgx) = = ;atx .
11,22,

15.d(arcsinx) = Gz

dx
16.d(arccosx) = — :{’:"":
17.d(arctgx) = 5.2’

18.d(arcctgx) = — I:/

x € (a b) nuqtadagi
fferensiali deb ataladi

: f(x) funksiyaning differensiali dy ning
Aierensial berilgan funksiyaning ikkinchi tartibli di
b dzf(x) yoki d?y kabi belgilanadi. Demak,

@y = d(dy) = d(f'(x)dx) = f”(,r)dxz.
hami"::;;s_iYamng uchinchi.to’rtinchi _va l?o.kazo ta
d(q2 i shunga o’xshash ta’riflanadi. Yant, ) U

b= dly = f'"(.\')dx3,...,d(d"‘ly) =dy=f (x)dx". g
m Flfnksiya“i“g differensialidan taqribiy hisoblashl:.xrda fOYdfilj;:Z ;
ful[lll‘r(ﬂfm. Bunda biz argument orttirmasi AX juda ki-Chlk sor.1 l;c.)r‘;irm

: Siya - differensiali dy va funksiya orttirmasi giymatlari b1 g
Yaqin, ya'pi

rtibli differensiallari

bo'lishidan fO}’d'Il'mqﬁ{c > df ;
N alanamiz. Ya'ni, (v} + F(x)Ax
f{x\.df'f(x +Ax) — fG) & FrGO)-ax, FOF Ax) = f(llzi,{gfm(a’zum
)’oki* AX) x f(x) + £ (x)ax formula yordamida, ﬁ}nk&y?n no’ma
yoki oson hisoblanadigan f(x) qiymatidan foyd,alanﬂ.)’-lu:l-siblanadi.

]g!SOblaniShi giyin bo’lgan f(x + AX) qiymati ta(!rl-blyf;:-mulalar it
osil lff_@l‘ensial yordamida funksiyalar uchun taqubl)’__ o deb olib Ax
S qilish mumkin. Bu maqsadda oxirgi formulada x =

lum

Nlne 1. .1 - .
. kf“(:h‘k qiymatlari uchun
taqrib. AX) & f(O) 4 fr(O)A.\ I'liCha lehlk son
0’ Y formulaga ega bo’lamiz. Masalam ® yels
lganda -
. ! v, BOE P
lag _Slnx Tx, (l+x)* =~ 1+ax et T X, 111(1""1) 2
l.] . ? v ™ g ? " .
biy formulalardan foydalanish mumkin- jardan ham foydalanish
mumkﬁuardan tashqari quyidagi taqribiy formula2
— i @ g g ABPEEREES
) Vas 4+ x k.a+i(a>0) |xl(<ﬂ (<<b6g
Kichjy Blrr s 2a ’
r_jil—lglni bildiradi); - =,
Y@l rgmasd -y (a>0,x>0)’0‘<I e
n!.___‘___ 2a ) .
xa=z+x}‘,a+_%:(a>o,|xl<<a)
na




Agary = F(u) u = ¢ (x) murakkab funksiya berilgan bo’lsa, u hold?
dy = Fy-du.

: ) : i - s daoicha
Berilgan funksiyaning ikkinchi tartibli differensiali esa qUY’daglc
bo’ladi.

d?y =

uning differensiali quyidagicha bo'ladi:

FrGo(du?y + FiG)d?u, d?u = @' (x)(dx)*.

R . o . s ock ay namunala’
Mavzuga doir yechimlari bilan berilgan topshiriglardan nam

) — . . . il oy 2] 3 1 'ISin-
ly=2x-3x2 funksiyani x = 2 nuqtadagi differensiall top! : mtini
hic . . 1 quynk
Yechish; Berilgan funksiya hosilasining x = 2 nugtadagt 4 Buni
topamiz:

e . — _.-11.
Y =(x-3x2) =1-6x, y'(2)=1-62 3
. i ) laslie
fUﬂkS]_yamng berilgan  nuqtadagi  differensialini topish fopts
qo’yamiz:

Af (xo)=dy(xq)=dy(2)=y"(xy) - dx = —11dx = —11d¥

2.y= xV64 — x2

Yechish: dy

—_ [
=\V64 — 7 _

funksiyaning differensiali topilsin.
=¥ edx = (x V64 - x?) -dx =

64—xT—x" 64=22° ..
Stk | dx = _..rd)».
- \ 64—

5
x2
\m) dX =

3. y=g; Ved-x* hi ve ikkinchi
i ] = sin " LU = v 1. . & 5 -rinc hi
tartibli dj vX murakkab funksiyaning bi

fferensiallari topilsin.

Yechish: dy = F‘;(u)du =

2 cos i - ——dx = cosu - du L
d }’ = Sin u (d 2 24 X ,,(dr\;)- =
g ")* + cos wd?u = —sinu (du)? +costt’ u
T TSInu(=y2(4.42 . o 3 )it

2 ()% + cos (— —=) (dx)? = —sinvx I;( :
TCosx. 1 axT
T
4x3(d'\) '
4, 9=

2.0 funks; . . .
YEChis;; +4 Styaning differensiali topilsin.

. i
4 Bu ’ i 3 nslali
“OPish fo ulasidaiur;ksliyam differensialini bo’linmaning d]ffercdalaﬂib
: 0 . . i
topish Mumkin ! funksiya differensiali formulasidan 2 ”

= . 8x
Gz:'ﬁidx.

= yde o (L) ay = HEEET

z
(244

-

= . . e ameialind ing
5. ¥y=1In(1 + %) + arctge>* funksiyaning differensialini toping
vaunix = 0; dx = 0,2 bo'lgandagi qiymatini hisoblang.
Yechish: dy = [In(1 = o1°Y) + arctg ¢** ] wdy=

10 pl0x B 5% 5e3% (205": + 1) dx
=|— d;\- = —___'—E:'—_— -
1+ el0x T 7 L pl0x 1+ e

. - o : ivmatlarini

Q0’yamiz.
5% (2% + 1 15
d)’lx:o‘-: (E’ )-02=

ol 1 0 d s
6 . P ’ Ax = 0,1 bo’lgandag!
- ¥y=3x%+ x — 1 funksiyaning x =1 V& =

ab oy . v n
Solyut va nisbiy xatosi topilsin.

Yechish: Absolyut xatolik |Ay — dy| va nisbiy xatolik l e

i orttirmasi
b0’ loan: . . = 0,1 dagl orttt
£ani uchun berilgan funksiyaning x = 1 va Ax

va differensialin topamiz. 2. Ax +
V=B an s (x+ax) - 1] - @ Fx DT
TIx - Ax2 +'3(Ba) & A =1
=005 + 1)ax, dy = (9+12+1)+0,1 = 10°02 L
Bulardan Ay — dy = 9x - (A.\')Z o 3(&\.)3 kelib chlcfio.oc)&
X=1 valdx =01 bo'lganda Ay — dy = 0,09 + 0,003 "'d :I — 0,093 va
V'=1; Ay = 1,093, Demak, absolyut xatolik 127~
"sbiy xatoljk |2-4¥| — 9092 085 yoki 8:5%:
ay 1,093
7. Quyida berilganlarning tagribiy aiymat
Deos31:; 2) ¥/33.

lari topilsin:

H un
%y po’lgani uch

T,
YechiSh: 1) cos 31° = COS(30C‘ 4 1e) = COS(E, ' ljfasi f(.l’ + AX) =
X = E = o & Sh form 3
s Va Ax = - PBularni taqribty hisobla = cosii}_zi I
180 . da f(") = coSX ~ 6
1Z

h f(.\') —+ f'(x)ﬂx ga qo’yamiz. B
L 13
f (E) == sinz- =— % Demak,

o T ny . _v3_1. T = 0,851
= CO0s ~ 2
6 180 2




2)
X =32

= s ﬁ:‘.,\’ == 1 d

5 ) .

¥33=332 eb  olsak, yuqoridagi

V37 ! ak,  yugorid:

=24 3z - ] ld'l‘cll formulaga asosan
A - = 7 4
- =2+—=2,0125

53 32+ - -
5.2
= 80

Mustaqil v :
- Quyidagi funksj q,f[ yechish uchun topshiriglar:
yalarning differensiallari mpilsin'.

Dy=x3
X% = B%% L 3y
- 3x; 2)r =2¢ — sin2¢;

3) y= 1 _ i
Sy = lazr;htg E ¢ W = wirarg R =%
a = @ == ) 1 &
TNy =_=* 8 = 1)6)y = l:llt_a '
:q—T_*:; 2a r+a
Javob: 1) (3x2 _¢ B)yr = shik — XCOS ¥
4y — 2% —6x + 3)dx; 2 —x)dx
e D= 6 ) (2~ 2c0s29)des D
a<+,2 ! _..,—_‘- g Sy ’
d 2.y =y3 bo’lsa, A gt L el T <5 8) xsin x dx-
an 1 98 d, ¥y ha (1-x3)T
»78 gachg o’ mda dy : . _
Javob: A;a © Zgarganda hisob]J Ia.r aniglansin va ular x ning giymat!
v 2 =3%2. A+ ansin.
Y=3dyn g, T SXBX)T + (A0)? = -0
’ s, ' « = e ,2376
3 .
* Mayap
nik
[ - ) tebranichi,.:
sekiar;tlmetl‘ bilan ¢’ ranishining  davri T = 2m /:Z c bl-mdﬂgi
n l £M {90 "
3 ga kam Sig. C]angan m : g
© Zgartirjg}, ker:iésh‘ uchun mgq a}t’afn]k uzunligi. Tebranish da¥" 0
atnik . .
| Javob: q; 14 yatnik uzunligi [ = 20sm M qa“dﬂy
IE 4f(x) = xg—"_ ~ 446 sm,
| Javob, ~2x 4+ .
| Pal ﬁ;f D =ax g 32';]{5?3 berilgan, af(1)va df(1) ar P
-__;3__ " :Tée?tning qiyr;) .+ 3(ax)3; df(1) = Ax
avob: 1 u”ksi . ati 5 d A o and
4y dy = Yaning orttirmag; SO gect® e
0.05, i qanday o’zgaradi?

sfz-x -
= /.__ funk5|yal‘llng
y 2+x

Javob: 0.972

7 y = T
. VInZx — 4 funksi .
x — 4 funksiya berilgan. d*y topilsin.

JaVOb' dz e 4!::1;—4_,'“3\.
Y= — dx;

g ¥ (inTx-433

LV = cinly .

Ja\}:ob- 51311 x funksiva berilgan. d*y topilsin.
5 K.d y = —4sin2x dx>.

absm}"m :lb“f“g. girrasi x = 5m = 0.01m.
; a nisbiy xatolar aniglansin.
vt e = Bl i 2 .

x =075 —= 0.006 yoki 0.6%.

]0 1 .3
. Teleeraf simini s 2f- . et
graf simining uzunligi § = 2 (1 + 34—) bundagi 2b simning
b2

f esa simni

agi

Kub hajmini hisoblashd

ng eng katta

Ustu“ b .
IriKtiri :
rilgan nuqtalari orasidagi masofa,
haga ortadi?

egilishi
1. Issiqglik ta’si
qlik ta’sirida sim uzunligi ds ga ortsa, egilish ganc¢

Javob: df = 3bds

11 1) o
Sfera o;‘asidDO-lmViy halqaning yuzi; 2) sferik qatlamni
bil agi qatlamning) hajmi iy hi s
ilan tagqoslansin. ) hajmi taqribiy hisoblansin
-IE!.V() . _
b:S =nR2,AS x ds = 2nRAR; 2)V =

Ay ~
V& db = 4n.R2dR

ng (ikkita konsetrik
Ular aniq qiymatlar

4 -
-:ITR’.
>

§4. Di . ;
ifferensial hisobning asosiy teoremalari. Teylor formulast

a: 1) [@ b] kesmada uzluksiz:
a ega; 3) fla)= f(b) po’lsa, U

a mavjud b0

Ro

11 '
2) Sl:ukew_‘—m Agar f(x) funksiy
hold, Q ;mamng ichki nugtalarida hosilag
ilan b orasida shunday x = ¢ nudt
bo’lag;, (g0

La .
) Sﬁmw Agar f(x) funksiya: 1
Orasig ¢smaning ichki nuqtalarida hosilaga ega bo
a shunday x = ¢ nugta topiladiki, unda ;

F) - f@=f Q"

) a; b] kesmada Uz
/|sa, u holda @ va b

bolag;.




Koshi teoremasi. Agar f(x) va @(x) funksiya: 1) [a; b] %(esmada
uzluksiz; 2) shu kesmaning ichki nuqtalarida har ikkala funkSI)’I? hﬁf;‘
hosilaga ega, shuning bilan birga, ¢'(x) = 0 bo’lsa, u holda a bilan
orasida shunday x = ¢ nugqta mavjud bo’ladiki, unda
f) —fla)  f'(0)
ob) —pla) @' (0)

bo’ladi.

. ﬁt
. . . s .= ¢ qiym
Bu teoremalarda @ bilan b orasida qandaydir o’rta X

deb
et . . o oo ¥ gy )Inalﬂr
hagida so’z borganligi uchun, ular o’rta qiymat hagidagi teore

ataladi.

‘lib; u Shu

-F—cfma_lc.ite_m_ﬂ_ f(x) funksiya (a;b) oraliqda berilgan bOﬂ ishsi

Orahqnmg biror ¢ nuqtasida o’zining eng katta (kichik) qiymatig

. tada
Agar funksiya ¢ nuqtada chekli hosilaga ega bo'lsa, u holda bu i
s Fr(e) =0
bo’ladi. 5) da
. f(x) funksiya Xo€R nugtaning biror atrofi (Xo — X8 va €83
aniglangan bo’lib, bu a rb' .

trofda f’(\)’f(l) ,.,,f"””(,\’) hosi[a]a

i
Ll)”d‘g
Xo nuqtada uzluksiz bo’lsa, U holda 4

Ya f"* () hosila

' (M fxn)
f(x _ ‘ | f’{,w_-_“, e ' f‘] (xo/,

) FOo) + 2200 ey o 30 f g2 s
G freal, 2! Sl pund?
3 T ey (x —xg)™*!  formula o'rinli bo’lad!

::Xo“{‘e(x—-xc)’o‘:e(l-

Bu
formula T’eylor formulasi deyiladi.
Rusy (x) = £07000)

— \sJ

. had
o goldia TP
( =)t R : ko’rinishidagi 9°
deyiladj, (n+1): (x Xo) ni Lagranj ko’rinis

TEYIOI‘ f()rmula

sida x

. a.
o = 0 bo’lgan hol alohida ahamiyatga €&

r
G
+ L 0x0)

f_rﬁ)_) -
% 4 V(o) ;
2! R S £ Rn 1(’1)

Odatda, i

1!

i & formula M a
mya‘llmmni topishdg al?l
Nuyida ba’z b

eltu-amiz:

n
ulad?
oren formulasi deyiladi. BU formu

. . ila 3 i
biy hisoblash masalalarida foydal2” ulasi!

bil‘ e
€mentar fuﬂksiymar uchun Makloren form

ot e e 4 - - ik i

M)+ = p¥
f(x)=e* bo'lsin. Bu funksiya uchun  f i (.\-) 9h
fO =1, F™@)=1 (n = 12..). U holda quyidagi formulani yozis
mumkin;

n+1
2

N ol -
. o - N2
e =X o g B 003 (5D R,::(x) T
1! 2! n'
0<6<1) kG = e
Agar n — <« da R,.., — 0 bolishini etiborga olsak, j{.
L X - - *lamiz.
UChUn e.\‘ ~ I :‘_ il \_ T X laqribly fonnulag{] egﬂ bO lal
1! 2L Con!

‘ : tibli hosilasi uchun
2. f(x) = sinx bo’lsin. Bu funksiyaning n-tartibli hosil

o ) 2\ & 1li ekanini topish qiyin
AROE (sinx)™) = sin (,\- +n 'E) formula orinli ekanint 0P
Cmas, .
i ani miz:
f(0) = s5in0 = 0 ekanligi ravshan. F(0) ni aniqlay

-3 — juftbo'lsa,
Fin (o) = g T o [ 0gaT T IUIEDOT
2 (—1)2 ,agar n—1toq bo'lsa.

; lasi
Demak f(x) = sinx funksiya uchun Makloren formu

L2n
S'-”‘L' = IZ ,\_’4 'YG £ el (_1)?1 .—-————'F":' 0(;\"1-‘-1):
'“1“§T]"a* ' (2n)!

ko rinishda yozamiz. bl Hosilasi -
a

3. f(x) = cosx bolsin. Funksiyaning -
fl‘n)(-\‘) = (cosx)”” = cos (.\‘ +n 5)
ormula o'tinlidir, £(0) = 1 bo'lishi ravshan.
. 0,agar n— toq son bo s
FUNO) = g™ = n uft bolsa,
2 (—1),agarn . i : cormulasi
Demak, £ (x) = cosx funksiya uchun Maklore

J2n "+1
x2 xt x® gyt O >
COS.)::]___'T.—__—--‘:-""T'('_ (2”)'
2! 41 6!

kQ,riniShda bo’ladi. Bu yerda 0(x wh) qudl.q:?i?{g -
. F0R) = In(1 + x) bo’lsin. Bu funksiyaning

"Opamiz;

fllyy= 2

1+x

tartibli hosilasint

+x)7%
=@ +x)7 Fi = (DA

207




. ] -4.
FllGe) = (10201 + 872, () = (—1)(-2)(-3)(L+ *) a
bulardan foydalanib, n —tartibli hosilani topish uchun quyidagi formt
hosil gilamiz:
. . (n—-1)!
ffn)(x) = (_1)11—1(‘11 = 1 + x) "= (—1)' ll_l_:._)_?:t )
. anligin!
fO=m(1+0)=in1=0 va f(x)= (1"~ 1) eklafsli'g
e’tiborga olsak, f(x) = In(1 = x) funksiya uchun Makloren formuiast:
> - A n n+i
In(1 + 5 e e sww s "—li—-:—o('\'t+)’
- \ X) X 2 3 “ I - ( 1) n
ko’rinishda bo’ladj.

ar
& . ol ; muﬂﬂ]
Mavzuga doir yechimlari bilan berilgan topshiriglardan na

ining
L F) =3x2 — 1 funksiya [1;2] kesmada Ferma teoremasinite
shartlarini qanoatlantiradimi? ol "
’ .Yechish: Berilgan funksiya [1:2] kesmada monoton o’suvchl_d; ya’ﬂi
0'zIning eng katta yoki eng kichik giymatiga kesmaning chetlarl ”ziniﬂg
* =1 nuqtada 0’zining eng kichik giymatiga va x = 2 nuqtada o s
;‘;%ml;a:ta qum;'ltiga erishadi. Bu esa berilgan funksiya. [1;'2]
€oremasining shartlarini qanoatlantirmasligini bildiradi.

2f(x) = 5 Il rcorem3s!
shartlarin qan. 1 =Vx? funksiya [-1;1] kesmada Ro
;nm qanoatlantiradimi? (1) _0
echish: Fypks;i . ‘ )= F()7 i
Demak, berilgan ya [-1; 1] kesmada uzluksiz va f( shaf“n

funksiya Roll
Siya’ning hosilasi
r x) = 2 :
20’lib, y 5 - 0 f: = 3Va? ta o’lib:
a s . s ki
U nugtada gey :aoqul nuqtalarda mavjud. Bu “”qm.mhkl m:iq u
erilgan funksiyagaR Masining uchinchi sharti bajarilmayaP™ .

o 3. F(x) =352 (:l;eoremasmi qo’llab bo’Imasligini bildirﬂd;'a ning
Shartlarip; — ° Tunksiyg [—2:0] ke da La ranj teorel -
£'le) B qanoatlantiradimi? ;0] kesma g (a)

) fOrmulada . Agar  qanoatlantirsa, G
Muhim o’rjp tutuvchi ¢ nuqtani toping:

: ini ikkita
QanoatlantirYapti‘ Fisi teoremasining

Yechi . sl ing barcha
echish: Berilgan funksiva [—2; 0] kesmada uzluksiz va uning e
ichki ] - i , 3 1 j emasint
ichki nuqtalarida chekli hosilaga ega bo’lgani uchun Lagranj teor

qanoatlantiradi. ¢ nugtani aniqlash uchun

F®) = f(a) = F(O)(b — a) ni F'(¢) = LI ko'rinishda yozamiz

b-a

f(b:) = f(f_)) = _3. f(a) = j-(—z) = 7. f'(C) = 6 bo‘lgani uchun

bc = ~5e7 = =h2 _
ooy O6€=—» c=-1
Demak, ¢ = —1 bo’lar ekan.

4 f(x)=x2—-2x+3 va @(x) = x3 - 7x? + 20x - 5 ﬁm?{flyalar
[1:4] kesmada Koshi teoremasi shartlarini qanoatlantirishim tekshiring va
UNga mos ¢ ning qiymatini toping. _

Yechish: f?f) )va 0 () 1‘5“L:Si)'al“r [1;4] kesmada U.Zluks:-z l;m::a :{1::’
F'()=2x-2 va @'(x) = 3x2 — 14x + 20 chekll hosuaizgvmldzn
Bundan tashqar, @ (x) x ning (hech) har qanday Cllb’“"a“a“da st
farq]i, Demak, berilgan funksiyalar uchun [1;4] kesma

teoremasini qo’llash mumkin. Ya’ni,
A (L e S L
PUEI-FL) @iy 27-9 3¢T-1dct20
Oxirgi tenglamani yechib, ¢, =2 va @ )
€1 = 2 uchki nuqta hisoblanadi. Demak, bu nuqta 'Zlana)f
5. P(x) = x5 _ 2x*t+x3—x?+2x—1 ko’phadni
Yordamida x — 1 ning darajalari bo’yicha yoyi_ng- .
Yechish: Ko'phadni x — 1 darajalari bo,ylc?n{ ¥, h kerak.
V2 uning hosilalarini x = 1 nuqtadagi qiymatlarint top!s
W=1_2413-1+2-1=0.
POy =sxd_gx3pax2—2x + % P "
PU(x) = 60x2 — agx + 6 PV(x) =120 ~HF
pVI (\) =10
PA =g gea—242=0
Pm(l) . 4; © G 16 P”"(l) =120 —~ 48
pVi (1) =0; ..., Pm}(x) =0(nz= 6).

. 10 ] amiz:
Topllganlarni Te_ylor forﬂlulaSIpaflg (yx _ 1)5 yoki

=4 larni topamiz. Bulardan

otgan nuqta ekan.
Teylor formulast

h uchun ko’phadni

_g4x?+6x %

Hix) = 2l Pt-’(x) =120;

Lpd#E—E=
P.’I(l):ZO 2:: o PVU)ZIZO’

P(-‘f) = 5387(_\,_ 1)3 _-,..',:2!-(,\'--1)4 +=0




]

B, ) 4.
P(x)=x5—2x%+x3_x212y_1= 3(x - 1) +3(x—-1)"+
+(x —1)°

6. cos5” ning 10™¢ gacha aniqlikdagi taqribiy giymati amq]a”ST' .
Yechish: cos5” ning qiymatini tagribiy hisoblash uchun flx)=¢
funksiya uchun yozilgan formuladan foydalanamiz:

Bu formulaga 5° ni radian o’Ichovini qo’yamiz va

-2 bid P ;

€os> :COS—*TC]—.—_;_._'H:F...—-— Y

36 2!-36° 4367 (2n)"36 st
€055 ni 107% gacha aniglikdagi taqribiy giymatini h_ISO
yozilgan formulada nechta hadni olish kerakligini aniglaymiz:

ash uchul

R, =% = ?
Rl < == T < 0.004,

£

3l < 757 < 0.000003,

+6 5

IRS < i
<% =25 < 000000003,

¢ peredant Gl
.De:n.lak, [Rs| < 1074, Shuning uchun berilgan amql:llxdagi q
hosil qilish uchun formuladagi dastlabki uchta hadni oish kifoya
> - 4
280 Por =l 7+ 0.000002
2367 T 35,357 = 1~ 0.0038077
~ 096195

ym atni

cos5" x 1 _

Mustaqil yechish uchun topshiriglar:

_ . - oaptlarin

- = Isinx funksiya [Eiﬂ] kesmada Roll teoremas! shar

qanoatlantiradimi? °
;av;)zx Qanoatlantirg;. | asining
. - . a

ham i]dizixggr - o 43 funksiya ildizlari orasida Unmg hos!

Javah. ue}]ia-m ekshirilsin, By grafik usulda tushuntirilsin- 1dizi 2
. n . . . .

£a teng; ey Slyaning ildizlarj 1. 3. Filx) = 2x — 4 hosilanig

3y = s Isir
; nx| egri chio: .. . TT i Yasa

Nima yepyn *hizigning [~3:%] segmentdagi AB ¥0¥ , Roll

t da - oM S q
eoremaslmng a8 Yoyda Ap vatarga parallel urunma ya'q

ysi i
shartj Yerda baj arilmaydi?
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Javob: Chunki x = 0 sinish nuqtasi (urinma ikkita). -
4.[1; e] kesmada f(x) = Inx funksiya uchun Lagranj 1o
yozilsin va formuladagi ¢ ning qiymati topilsin.
Javob: c = ¢ — 1, ) i
3 QU)’idagei fulnl-;si}'alar uchun Lagranj formulasi yozils!
topilsin.
D 10,11 kesmada £(x) = arctgx;
20,1 kesmada £ (x) = aresinx;

rmulasi

n va €

|

1
11

(4
Javob:]) =—1: 2y |1~
N \

7.f(x) = x3va ©(x) = x? funsiyalar uchun Koshining
Y — £( 1
-/ "o
?(®) - fla) ~ @ (c)
f0l’mulasi yozilsin hamda c topilsin.

b3-a3 3.2 2(a” +ab+b”)
—_— —

bl-g2 = ‘;’ c= 3ta+b)
8. Quyidagi funksiyalar uchun Koshi formu
D) [0: 7] kesmada sinx va cosx;

2 4] kesmada x2 va Va;

JaVQb-_ B
lasi yozilsin va ¢ topilsin:

5

_ = funksiyalar Koshi
9. [-3;3] kesmada f(x)=e" va Sl
teoremas; shartlaring qanoatlantiradimi?
Javob: Yo’q, chunki g(-3) = 9(3)-
10, Quyida berilgan funksiyalar uchun
hadigach, yozilsin.

T
Javob: 1)5; 2) :!(14_”)2.

Makloren formulasi qoldiq

1.
-

1) f(x) - e-}.~.-+2; 2) f(.\') = _\_'-L_]-_::_\_, 3) f(x) o e .
4)f(.\) = 111(5 —4x); 5) f(.\‘) = sin(2x + 3);

6)f(x) = =07




AgEF §3 Anigmasliklarni ochish. Lopital qoidasi
a da f(x) va g(x) funksiyalar cheksiz kichik migdorlar
19 pisbati

ya’'ni, limf(x’ -

i X = 5 _— 4

x_.af( 1= _1_1129(3\) — 0 bo’lsa, u holda ularning “—=
(%)

¥ — ada E koi i
0 S s .
5 ko'rinishdagi anigmaslik deb ataladi.

Agar x
—_ a - . . . x A
bo'] - da f(x)va g(x) funnksiyalar cheksiz kata miqdorlar
sa, ya'ni limf(x) = +c , | i £ sopat
x=a = oo limg(x) = £o0 bo’lsa, u holda == nisb
x—adaZ Voot el ) A= o ’ g(x)
~ ko’rinishidagi aniqmaslik deyiladi.

Jing x = @ dag!

Berilgan °
an — yoki — ko’rini , ,
o} Yy - ko rll'llSh(l{lgI :} an[qmash}q

v

limitini topj )
Iﬁ{iﬁ_@"lmaslikni ochish deyiladi.
atrofida aniqla; ,bmnc}.“ qoidasi. f(x) va g(x) funksiyalar X =a ¥
gan, diferensiyallanuvchi va g'(x) # 0 bo’lsin.

tashqari f(x)
X) va g 2 .
bo’lsin, ya’nj g(x) funksiyalar x — a shartda cheksiz kicht

_lri_ngf(x) =0 limg(x)=20
x—a

teng“klar bajari
ajarilsin. T (da
lim £ o8- lalde, g p g} mavjud bo’lsd: u ho
s=a g(x) "M Mavjud bo’lib o
llmi(_xl fr(x)
00 =l
* X=-a r
engllk O’Tinli bo,ladig (x)
chi

Lopitalp;
u i Ing bu i .
Shbu | qoidalaridan foydalanib, muhim limitlar 40 atal!¥

IMitlarni
i isbotlash qiyin em
cmas.

1 h Sinxy

<Al —=
X— = . I -
0 x 1. 2, lim 20+ _ R
e e e 3 im = [na

4 1 (1+\a
« i 2dx)" - :
x-_é“‘—t—-—l = ¢ x=0 X

LO ltal .
atrofidy -nln ikkinchj g 4
anj I_qoidasj nuqt
tashans  qlan . asi. f(x . : c=a
haari, f (x vian’(dlffer (x) va g(x) funksiyalar * pund”

ensiyalla - , ¥
X) funksyal, nuvchi va g'(x) # 0 po’lsin- dorlar
I X - q shartga cheksiz ka2 19

o FO
lim £(x) = =, lim () = e,
xX—=a

b()'lsi .
n. Buh sap i L1 : Fx)
\ olda, aga 1_13; pomery mavjud bo’lsa, u holda limy—q £E
am mavj PR ’ ’ . o glx)

avjud bo’ladi va quyidagi tenglik o'rinli bo’ladi:

lim f(x) f'(x)
=k aten lim ———
g(x)  x=ag'(x)

Lopit s s
a I oy
pitalning birinchi yoki ikkinchi qoidasidagi

~F
£ (x) .
. z,—é— nisbat x — a da
Yana - P x)
a=yoki = ko'rini - . . )
0 — korinishdagi anigmasliklardan iborat bo’lib, f'(x) va g'(x)

hosil
alar rar A $ e L.
yana Lopitalning birinchi va ikkinchi qoidalari shartlarini

9anoatlantirsa, hamda
ljrn f—@
*=a " (x)
Mavjud bg’
0’lsa, u holda, quyidagi tenglik o’rinli bo’ladi:

lilllf-_(.x_), e f'(,\‘) f"('\.)
e gty lim ——= = lim
ShUndayu ". p .1‘—.-¢-;g (-\') x—a g" L'\-)
Marta ke qilib, aniqmaslikni ochish uchun Lopital qoidasini bir necha
Qoidasj :;mach.t qo’llash mumkin ekan. Buning uchun har gal Lopital
hartlarining bajarilishini tekshirish kerak bo’ladi.

Lopital qoi AT
-Opital - qoidasiga teskari i oimo o’rinli
Mumkin, ya'n; g kari tasdiq ham d

bo’lmasligi

d bo’lmasligi mumkKin.
) ko’ paytma

arni

lim fx)

-
: i . (x .
¥—a gy Mavjud, ammo lim !_IJ mavju

Agg X x—a g \¥

[ Amr ImfG)=0, limg()=c bo'lsa, F(X) 9

=3 , xX—a . .1,
@ da.0 - o ko'rinishdagi aniqmaslik deyiladi- Bund® aniqmastik

Ochi
hish uchun ularni

f ah C Il (x)
( ) Q(,\) = —l;'_ }’Okl f(x) - g(‘\-) _ _EI
gl @ .
likka keltiri[adl va

Ko rins
r'ing . . . .
shda yozib, o yoki — ko’rinishidag! aniqmas

Lon:
pltal qoidasi . ] '
qo’llaniladi. ) |
— o bo’lsd, f(x)gk")(f(x) > 0) ldea.l

A .
gar l_l_l'];-l(f(lj = 1, linlg(,\’ = , s
g adi. Bunday ko’rinishdag

ol|lo

Py ¢ .
@ da 1% ko’rinishdagi anigmaslik deyil
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1B

: r
i i uning ha
: ‘v)}9 %) deb belgilaymiz va
anigmasliklarni ochish uchun u = f(x)?*' deb be gl .
. ] PG IV 17 ’ll] adc
ikkala tomonini e asosga ko’ra logarifim- laymiz. i\h J] iz, Bu 0+
() N . 5 £ H 1051 q é .
Iny = Inf(x)9*) ,Inu = g(x)-In f(x) ni o eeih ik
) . 9 * . NI s, ‘1da »
ko’rinishdagi anigmaslik bo’lib, uni ochishni yugori b TmfQ) = 0,
Agar berilgan f(x) va g(x) funksiyalar uchun nl

. holda
2 - ) = bO Isas u
limg(x) =0 yoki limf(x) = o, ]1;](39‘ (x)=0 R—
x—a R x—a & T n® k 'rinishdﬂg‘ aniq )
FaE= (f(x) > 0) ifoda x — a da 0° yoki e=° ko

- 1 ~rrinishdagl
. = ko'rinis
ilad s i iklar yuqorida 1
deyiladi. Bunday ko'rinishdagi anigmasliklar yuq

» ; b s . -hiladi.
aniqmasliklar uchun ko’rib o tilgan usulda ochila

= 00,
, limf (x) =
Agar berilgan f(x) va g(x) funksiyalar uchun ""_'ﬁdq @
) irma x — @ :
limg(x) = e bo’lsa, u holda, f(x) - g(x) ayirma liklarni ochish
xX—a . ik
ko'rinishdagi anigmaslik deb ataladi, Bunday aniqmas
uchun ularnj

f(x) - g(x) = f(\) [1 _ g(x)

f(x) _
ko’rinishda yoziladi. Bunda ikki hol bo’lishi mumkin.
1-hol. ljm 2 _ A=1.
x—qa f(x)
Bu holda,
f("{) - g(\) = f(x [1 _ g('\)]
) f(x)

arash
ifodan; «o’rinishda deb
m. Y= a da sarj ravishda (1 — A)-c» ko'r
muml'(m Va shu sabapl;
Hm(f(x) - 9(x)] = +o0,

2-hol, Jipy 8% _
roa iy S A =1,

0° s
B (x) — da .
T u Holda, fx) - gx) = f(x) [1 = g,"'__’] ifoda x = ¢ ’ ochtsi‘
'1 i Anigmaslik bo'|ag: , S rilgan usuld?

I Mumkip o’ladi va unj yuqorida ko

Umuman Olganda 2

w
o' wr 0reo, 1% 00,600, 00 — 00

. 1 ital qoidasidan va
kabi yoziladigan anigmasliklar mavjud bo ll_b. Llllaaalé?P' 9
ba’zi bir qo’shimcha formulalardan foydalanib ochiladt.

lar
iriglardan namuna

; . - Siare yshiriglard

Mavzuga doir yechimlari bilan berilgan tof

IR dalanib,
I. Lopitalning birinchi qoidasidan foydalar
sinx

lim =1
X—a x

ekanligi isbotlansin. ) . bo'lib, ular Lopital
Isbot. Bu yerda f(x) = sinx va g(x) =X '

qoidasi shartlarini ganoatlantiradi. Demak,
sinx ,q

5 [ X . - == A
(sinx) _ . 5% _ jimcosx=1

unl (‘—) — il“ e = 11_::% 1 r=0

x—o X 0 x—0 (,\') X

2 liln x? Sy 42v+8

- limit hisoblansin.
Y=—1x¥-233 -3yl iax413

) 3 —_— ni qo
. . ' 7 . niea 1
Yechish: Agar berilgan kasrda x o rnig

: kasrni
- i L ) *ladi. Berilgan
kD’rlmshdagl anigmaslik paydo bo’ladi,

¢
'ysak, U holda

ng Surat va

+.adi. Demak,
i . s antiradi. D
Mahrajlari Lopital qoidasi shartlarini E]anoa)rti’l g
& 3542194 3x-—10x B — —=
lim X -5x*+2v+a lim —— =52 2+ 8
R 1 P R e T
. Inf1-x7y . .
3. lim 22 hisoblansin.

x—1 In{1-x) . likdir.
Yechish: By = ko’rinishdagi aniqmas ) bo’lib ula
e — X
Bu yerda flx) =In(1 - x?) va Q(X). N -m]gimak,
Ikkinchj qoidasi shartlarini qanoaﬂan“mdl'

r lopitalning

: o1
2 ek 2x(1=%) _ 211:11";,\»‘17 =23
lig RL=x®) _ lim2=-= lim——_= x—+1 17
x—1 ln:‘l-.\‘) %3 = x—1
a H i opital
4, lim l—l—(a > 0) hisoblansin. i, Unga Lop
X—=wlinx

jgmas
. i anigma
. 0 - hdﬁ"l a
Yechish: Bu ham = ko’rinishdds

9oidasinj qo’llaymiz:

2.
a1 imx
1i1n &7 = ]'n]_ —_‘(_1-"1)' = liln G.‘l = ((3'}"""
x—zlny .\-l_x (lnx)"  x—o X
3 EIY
5. lim =% 1 hisoblang.
X2 tg 5x




Yechish: x — ; da tg3
o i s R . 2 17 1 ‘ 1
uchun by holda ham =~ ko'rimshdagl anigmaslikka kelamiz. Uni ochis!

uchun Lopital qoidasini qo’llaymiz:

tg 3x s 3 X
_ cos? :)\ 3 Cos o —
lim === = )iy 057 3x = lin = 2 18 ’1( =
x—7tg 5x 23 S x=25c0s?3x 5 ,.% \cos3x
cos? 5x ‘ i
3 ST 2 _ 2 - 2 &
_ . —5sinS5x 3 25 SIn5x 5S¢ 1 >
=t limp—— ") _ 2 2> jm— =z\=7) T3
x-3 =3sin 3x 5 9 ‘sm3\ 3\-1

6. lim X+ In|x| ni hisob[ang. _
agl
YCCh‘Sh fx)-g(x) = xIn|x] bo'lib, bu 0- ko'rinishda®

a inishini
nlqma‘;hkd[r Uni  ochish  uchun f(x)-g(x) ning koT
0’zgartiramjs-

1 H\z]u

li { . ; ¢| [ tnx|)’ i
iR lnlxl(O-m) = lim 'In—\—(~) = lim h\ = lim

=0 =\ ¥ —0 (i‘: =0 TF
= ~lim|y| = ¢, ' ‘
x=0
7. -y
ph_n}_ Xe" pj hisoblang,
Yechlsh- i x -% ifoda 0
-x _ . ) e~ 1o
Jl_{l}e =0 bo’lgani uchun x — o daxe

ko’
rinishdag; aniqmaslikdap iborat. =

= — bo’lgani uchun
:L,. xe™(0. v 00) =

()" e X
lim ——(—) hm "; = lim =0
8. lim XX el x—oo (e¥)  y—oo @
N XS040 X hlsobiansm g
€chish: dir-
X¥ifoda O o . L. T T W AT |10
Ochish Uchun yx _ 31110\ ko rinishidagj ko’rinishidagi aniqgma
lim X*( go ¢ dan foydalanamiz, Demak,
; *~0+4q )= lim exlnx _ B % Ih‘lox]n.\
| uni hisqp *—0+0 - N '
H aSh
5‘. Uchun dastlah Iun \'lnxni topamiz:
’ lim 1
*~04q XIn X(0- 5y ligg DX = jim X< 0.
X~04¢ (‘*) lim ‘1 S stht Y
xX—0+0

XZ

X vatgsx lar cheksiz katta migdorlar bo’lgant

. . !ul \]n o _
Demak, lim x* = e - = B =1

x=0+0

1
9. lim (1 + mx)¥ hisoblansin.
x—0

Yechish: (1+m,\')§ ifoda 1% ko’rinishdagi aniqmaslikdir. Uni

1 L. - . j
ochish uchun (1 + X)F = ey MmN tenglikdan foydalanamiz.

1 %

- 1 ‘) lim=In(1+mx)}

. (1= : =In(1+myx) _ im= !
l-mé (1 + mx)¥(1%) = lim e~ = e x—0X

x—0 -
1 ) In(1+m x) /0 lim R L
lim —In(1 + m X)(0 - ) = lim ] = 0 1
g x—0 X

‘.‘ = ﬁi
. v : . - + mx)x(0- o) =
Bu giymatni o’z o’rniga qo’yamiz va Li_l}g (1+ mx) (

hosi] Qilamiz,

10. lim (; — tgx) hisoblansin.

x=Z \cosx .
. T : o’rinishdagi
Yechish: x 2% gq -1 _ tgx ifoda oo —® k
" _ 2 cosx 1 tgx ifodani shakl
Mamaslikdir, Aniqmaslikni ochish uchun —=

a]maShtmsh yordamida o’zgartiramiz. i ) =
liy _ cosx-tax)(0-®
r-,t_l (ms 5 fQA) (o0 —¢0) = lnn ——(1 co

e Y - - 0 X - tOX = 0
= Jipy Losinx (9_) T sinx)’ _ 1 g ]l_IEC
.\:-_:_% cos x 0 - {cosx)' : —sit X3
- 2

o
Mustagqil yechish uchun topshirigla
. Quy'dagl limitlar topilsin:

2\—_31+12
D) lim —_—_‘_‘1__. 5) hm ol 4xt6
A0 X ‘—2~~+zx-1 e
) - \3+\ v
2) lim ——‘—ﬁL‘.“_"_L 6) linl'g—;—g—::_{;
RS a® —=1°-21 +11x=5 *—37
ot Vrt-e’
3) lim ——_"‘TE 7) lim
=2 % _31_;_4 \
a* -'b

4) llm '—___‘ L ik )
=g \"—3\_-—4’

8) Inn = 2




J " . 3
avob: 1) 2; 2);—9; 3)2; 42,

2. Quyidagi limitlar topilsin.

=1

1) lim =—.
x—0 ctgx’ 2) lim Intgx
X x—0+0 Inetg2x’
x—w o x 4) lim —=&:

; x—a-0 th'_’-f ’
3avob:.l) 1.; 2)1; 3)+w; 4)0;
- Quyidagi limitlar hisoblansin.

1) lim (_2_ 1 )
x— 2. . "
PoxTm o x- 2) lim ( _l).
3) lim (_1_ _ 1 ) y—0 \sinx v/’
x—0 2 . . .
2x 2xtgxl? 4) !*Il (.\' tgx — Esec \)

J . 1
4a‘gb.l)hzg 20, 3 4)-1;
- Quyidagi limitlar topilsin. ’
DIm(1-y). ¢ ar fopilsin,
*=1 g3 %

3 .
)xllzrr-lo (1= 2)In(1 - x);

2) lim x"lnx (n> 0);
Tosvaite 3 2 4) lin; sec'zzx o U
VOD: ] =, r— %
5.Q 5 D030 4
- Quyidagi lim;j . mw
1 lim (E o miliar hisoblansin.
xmee by A ctgx)x; 2) Ii (2
i im (= arctgx)®;
3) .1'1}}&(‘305 ax):%:'. AR 9x)
' 4) lim(tgx) a2~

N ——

JaVQ . Lt
'0.1)1; 2)9-%; 3) (i)%;
2l 4)e~?.

6§‘ Funks-
iyani e ]
yaning o’sishi va kamayishi. Funksiyﬂn"‘g

.LI TeOre .

oraliqda :T]a_ leferensi
fn( 0 Schhi (k ya”
iz IF( amayuye
X

Teor

ekstremumlari
;l'nuvchi ¥ =f(x) funksiya piror iiﬂsi

e ) < 0] shary ) bo’lsa, u holda bu oraliqda aning "
kp a., \8ar differey N qanoatlantiradi
Orahqdaf,(x :‘yallanuvchi y = f(x) funksiyanin
0f"(x) > 0] shartni qanoatlantirsa’
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g 1105ilasi

unda bu 1 :
% oraliqda funksiya o’suvchi (kamayuvchi) bo’ladi.
core 1 5, . 5 " ' " " s s
—y l_Emnmg birinchi qismi (a,b) oraliq ¥ = f(x) funksiyaning
NIK S o ¥y e . . . 5 - : . . . ..
o : oralig’i bo’lishining zaruriy, ikkinchi gismi €sa yetarli shartini
ifodalaydi. ’
Teorema. Beri 5
aniglan a. Berilgan y = f(x) funksiya xp nuqta va uning
Tal " P . .
F (x )i N bo’lib, bu atrofdagi ixtiyoriy X nuqta schiun Flxa) 2 f0e)
Xo) < f(x i ; .
(Minim f(x)] shartni qanoatlantirsa, u shu x, nuqtada maksimumga
5 “‘r\“ga) ega deb ataladi.
“un 'S. r 5 g bed
st iyaning  maksimum va ~ minimum
remumlari deyiladi.

biror atrofida

qiymatlari uning

differf:‘?sricf:za.]al;erma. teoremasi. Agar ¥ = f(%) funksiya Xo nuqtada
funksiyanin X L_“’Cl'“ va ekstremumga ega bo’lsa, unda l.Jl.l nuqtada
Fllnksifa cos;:am nolga aylanadi. Ya’ni, () =0 bo’_]adf' |
Moo : . .
yoki mavjud bdm:z;:j‘;mgﬂ ega bo’lgan nuqtada uning hosilasi nolga teng
nuqt;z?rl::i]t?l‘\. FU‘I_]kSiya. hosilasi nolga teng
Teorst yoki statsionar nuqtalar deyiladi. ‘ ‘ o
funksi),a " 1a gEkstremumning birinchi yetarli sl?artl). Agar- ¥y ’— { (],;)
Fitik nu' f k'rmk nuqtaning biror atrofida differer}swallan'uvchl bo-;l ; ,u
shofasiniq ani chapdan o’ngga qarab bosib o’tishda f ,(x) 1‘.1051 a od:
o kritik musbatdan (manfiyga) manfiydan (muisb'atga) 0 zgartirsa, un¢
K Nugtada f(x) funksiya maksimumiga (mmlmum1ga) ega bo laC}L
Chap f:refna. Agar y = f(x) funksiyaning hosilasi Xo kritilz1 n?j;igi;f
ekstrem 0’ng atrofida ishorasini o’zgartirmasa, unda bu nuqtada
b umga ega bo’Imaydi.
antaggrjP?a' (Ekstremumning ikkinchi yetar
Y= f(x) (o) - 0, f"(xo) =0 Vva chekli !
(F"(x ) funksiya ekstremumga €gd bo’lad'L itlgrial
o) > 0) bo’lsa, f(xp) funksiyaning maksimumi (mini

yoki mavjud bo’lmagan

i

1i sharti)- Agar Xo kritik
bo’lsa, unda bu nuqtada

jumladan, f”(xo) < 0
muimi) bo’ladi.

n pamunalar

May )
2uga doir yechimlari bilan berilga i

L Flg) =53 2,
; K} =37 — 12X + anin
topllsin_ X 12x + 11 funksty
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Yechish: F :
’ ’ L S ¢ T ek - . . . .
topamiz. £(x) lﬂk&l}gd (—=»;~~) da aniqlangan. Uning hosilasint
Ofaliqla;in' .A'J = (x? - 12x + 11)’ = 3x2 — 12. Funksiyaning o’sish
o2 I;(;Plsh uchun 3x? — 12 > 0 tengsizlikni }-’cchamiz_
x2=-12> L :
Demak, t O x?—4>0, x?>4 Bundanx < -2varX = 2
ak, berilgan funksiva (—o;=2)U (2; +o0) da o’suvchi.

Funksiyani

ani AR T E
¥ 4y/ Ong, kamayish oralig’ini topish uchun 3x%—12< 0 yok
- tengsizlikni  yechamiz. Undan x2 < 4 yoki 2 <X Bavh

Demak. funksiv:
) ; un:‘slyd (—2; 2) oraligda kamayuvchi.
w M = n o ) : it . L ) .
Yechis| (Bl x*) funksiyaning o’sish va kamayish oraliql
sn: arilos T L) .
v =l (' erilgan funksiyaning hosilasini topamiz.
= Uin(1 ‘Xz) i =_1__ . 2 2x

] 1—x2 (_2.1) = — = —

yr - _‘?'_ I . 1__..'_: -1':-1 . 1
@ manf‘x:‘l 1osila (—1;0) va (1; +0) da musbat, (0; 1) va (%7 )
l s 1 ¥y . .
iborat Ckayn]‘B-cr-lléz.m funksiyaning aniglanish sohasi (—-1;1) Orahq_da:
(0:1) oral |é:ml etiborga olib, funksiyaning (—1;0) oraliqda O’Suvchl Vi
qda kalmayuvchi ekanligini aniglaymiz.
3.f(x) = E'aga"x < e bo'lsa,
nx
. ragarx z e bo'lsa

ari topilsif

fUnksi ani 5.

YZcE;:hg: ??S;Sliya kamayish oraliqglari topilsin.

' Olcyza (__m; +o) da differensiallanuvchi va

f'(x) = 1= Z'n;fa) X < ebo'lsa,

 xz agarx=ebo'lsa.
. _ i

f_‘unql::ir;;)/lea;;ia f'(x) < 0. Demak, berilgan funksiya;j’lg)
ly kamayuw:hi: as va

X 1
’nlng barcha
8} SmOVChi

Oralj . :
qda qat (—o;e) oraligda o’zgarm

4, fx) =
erishadi = 2= x* funks; . i
* Ya X ni . : maks!
Yechigh. ng qanday qiymatida

76 - Bu
x) ~f(o):(2jir§1; FO)=2 wvag x=o0 qymath

umg?
uChUﬂ

52:2—1’4—2:—,\'4<0.

D ;= : T - .
bajarilel.;'al\, X = 0 nugtaning ixtiyorty atrofida f(0) > f(x) tengsizlik
“jartiadi. S.hunmg uchun funksiya x = 0 nuqtada f(0)=2 maksimum
qiymatga erishadi.

5-f(,\’):£-3 7 . . ¥ =
JXT—xt—dx+1 funksiyaning eksrtemumlari topilsin:

Yechish: X
2) Hoef:ll“Sh- 1) Hosilani topamiz: f'(x) = 2x* —2x = 4
Sl i o " . .
2x2 _ zam nolga tenglab, tenglamaning ildizlarini topamiz:
Demak '\:—4:0, ,‘Cz___‘(—zzo, xl:_l; :‘:2":2.
NN  kritik nuqtalar: x, = —1, x, = 2;

_OSilt j ? ’ X 5 . . .
hamm a mavjud bo’Imagan nuqtalar yo'q. Berilgan funksiyaning hosilasi
4) SOQIJOyda aniqlangan va uzluksiz;

n SV
orali a.l‘ o’qini kritik nuqtalar bilan (—o0; 1), (-1;2) va (2; +)
5 E}langa ajratamiz;
ndi —
maSalal 1 nuqtadan chapdagi, ya'ni (—; =1}
N, X = — . : R
e —1’ X 2 nuqtani olamiz. Bu nuqtada f(—2
tomonig nuqtaning chap tomonida hosila musbat; endi X
x=q a yotuvchi, ya'ni (—1;2) oraliqda yotuvchi n
oral nugtani olamiz. Bu nuqtada ff(o):__4< 0.
qda hosila n]anﬁy
St o " .
unday gilib, hosila x = —1 kritik nuqtaning chap

o'n . _
& tomonida esa, ya'ni (—1;2) oraligda manfiy. Shuning uchun Tam

fnmx ("1) = 3'; ga

oraliqdagi nugtani,
y=8=>0. Demak,
= —1ning 0'ng
uqtani, masalan,
Demak, (—1;2)

tomonida musbat,

X = __
" 1 nugtada funksiya maksimumga €ga bo’lib, u
g.

6) xl::dzl *=2 }fl'itik nuqtaga o’tamiz. .
ko*rdik I“uCItanmg chap tomonidagi (—'1;2)_ oraliqda
oraliqd;1 -A =2 n_uqtaning o’ng tomomdagl- nuqtat'n, _
Demak gl nuqtani, masalan, x = 3 nuqta.m ol.amtz. f
» x=2 nugtada funksiya minimumiga &3

Fni
(2} = “55 ga teng.

da manfiy bo’lishini
ya’ni (2;+oo)
(3)=8~> 0.

bo’lib, U

6. f(x 3 - s .
- f(x} = 3Vx7 funksiyaning ekstremumlart aniqlansin-

Yechish:1) Funksiyaning hosilasini topamiz:

! ' 25/ =
@) = (3¥2) = 3.(d) =320 =7
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2) Bu hosila x ning hech bir haqigiv giymatida nolga teng bo’Imaydi;

3) Hosila x = 0 nuqtada mavjud emas. Shu bilan birga, x = 0 nugtadt
F)erilgan funksiya uzluksiz bo’lib, bu nuqta funksiya aniqlanish soxasinine
ichki  nuqtasi  bo’ladi. Shuning uchun x =0 nugtada funksiy?
ekstremumga ega bo’lishi mumkin. i
4) Koordinatalar (sonlar) to’g'ri chizig'ini x = 0 nuqta }'ordamidﬁ s
(==2;0) va (0; +) oraliglarga ajratamiz.

5) 0 nuqtadan chapdagi, ya’ni (—<=;0) oraliqdagi nugtani,
* = —1 nuqtani olamiz. Bu nuqtada

masalan,

2
fl(-1)=—=-2<0
D v—1
L.mak, 0 nuqtaning chap tomonida hosila manfiy
nuqtaning o’ng tomonida yotuvchi, ya'ni (0;+<) oraligda

mas ¢ = ' :
alan, x = 1 nuqtani olamiz. Bu nuqtada

bo’ladi- 0

2
f()= 3T=2>0.
\'I na

- . - bﬂt
O’Z,Dc'malf, hosila 0 nugtadan o’tishda o’z ishorasini manfiydan musa e;
) E:.artl.radl. Bundan berilgan funksiyaning x = 0 nugtada mjmmumg

€kanligi kelib chigadi va u
dan iborat bo’ladi. frmin(0) =0

8.

ri
flx) = 3 - ) _ un‘llﬁ
topilsin &)= 2 15x% + 36x — 14 funksiyaning

eks[rem

Yechish: £/(y) — lib und?”
X1=2 va » Fix) = 6x2 - 30x +36 = 6(x —2)(x ~ 3) bo 0’[i5|1d3

hosila ishora;;i 3 kritik nuqtalarni topamiz. x; = 2 nuqtadar nuqtada
mu o : ,
sbatdan manfiyga almashtiradi. Demak, . oanin®

osilasi o, ishor ga. x, = 3 nuqtadan o’tishda €3 ma bu
asin . pemat
?thada funksiya min'l manfiydan musbatga almashtiradi. b talardﬂgl
unks; . Imum;j 5 . =3 :
nksiyaning diymatla "Umiga ega bo’ladi. x, = 2 va Xz = AYg
ri

fmar(2) <5 . 23 n; hisoblab ekstremumlarini topamiZ ylar:
~15.22

fm.in(3):__2.33‘- 5 2 -;—36.2_14:14,

+36:3-14 =13.

Endi berilgan funksiyaning ekstremumlarini ikkinchi tartibli hosila
yordamida topamiz. Buning uchun f"(x) ni topamiz va uni x; =2 va
xz”: > nuqtalardagi qiymatlarini hisoblaymiz.
f"(x) = (6x2 - 30x + 36) = 12x - 30,

f"2)=12-2-30=—6<0 va f"(3)=12-3-30=6>0.
an?;?:]tmg:]:Siya_ xy =2 .nu‘qtada t?laksimumgsr va x; =3 nuqtada

ga ekan. Ularni biz yuqorida topganmiz.

9. X = 53 }, — f3—2r:
L te41’ t241
Y=f(x) funksiyani ekstremumea tekshirilsin:

. Yechish; x(t) va y(t) funksiyalar t parametrning har ganday
Qlymatlarida differensiallanuvchi, hamda

parametrik tenglamalar bilan berilgan

Gl 3 ’ - ) _ . g e = s a_ 4
X = (_i_) :té)'{r~+1\—u-+1)r‘ra 3e2(2+1)-2et3 _ 3t +3t2-2t
% = ' Attt 2L s
t24 - L — L - -
($2 -\l (t-+1)- (t2+1)° (t +1)
= U 4+3)2

(tiyyz 00’lib, u ¢ =0 da doimo musbat. Shuning uchun t =0

®O'laganda y,*

Ye= 2t .
g formula yordamida topish mumkin.

’ 3 257 a apr Foa ""“ 52
Ye = (r_“_“_) (3 -2e)(¢2e1)-(eT42) (702 ) _

3 s
Eo+1 (t2+41)°

= ::st:"‘ (42 . - 4+-.r2_4t
= “t)\,t"l-l)—zr-\ti_zt:-l 3€4+3t:-'4f""—4f—2r1+4‘t: - t -‘J )ﬂ —
(p 2 S - = — = t241)?
3 (£=+1)* (¢2+1)* ¢
= He343, ‘ .
“‘:———4—) _ =1+t +4)
Bt = —
(t7+1)°
’ . a5
De r_ ¥ (t—1)e=+t+4) )
mak, y; = ¥ = (=0Tt 4
Xy t(t=+3)

Sy ; ’ ila fagat t = 1

Q’It +t + 4 ifoda doimo musbat bo’lgani uchur ho;l aksi)fla t=1

gandagina nolga teng bo’ladi. Demak, perilgan un > )

bo,lganda x N ikkita kritik nuqtag
g =

Zvat = 0 bo’lganda x; =0 bo’lgan!
Cga, 2

t parameter
0 bo’ladi
hun ham

nida bO,lsay
u holda ¥ =
Shuning uc¢

omo

Agar x argument x = 0 nugtaning chap t b
va

am t E= 0 2 . 3 d
= 0 nuqtaning chap tomonida bo ladi _

0 ing o’
Fung nuqtaning o’ng atrofl bo’ladi.

si _ o
'Ya x = 0 nuqtada minimumga €&2
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1
. . .. . = e . -k vchix =3
Yuqoridagidek mulohaza vuritib, x ning x = 1 ga mos kelu 2

giymatidan  o’tishda  y/

. o8 -, batga
hosila  ishorasini manfiydan musbats

e . . . o1 funksiya
almashtirishini  ko'rish  mumkin. Demak, x =7 nuqtada

1 1.
f (;) =y(1) = — 5 qiymatga cga.

L]

Mustagil yechish uchun topshiriglar:
. . ’ : : alialari ilsin:
I. Quyidagi funksiyalarning monotonlik oraliglari topils

1)y = x%-x2; Wy = i,\'B-é,\'z — g =5
- 3
3y =2x>-3x?_12x-7; 4Hy=5x*-3x+1
3
5))’25_—):; 6))':x2(1‘—3);

5 .2 20;
7y = lnlx|; 8) f(x) = 4x3 — 21x% + 18%7
9 f(x) = e* + 5x; 10) f(x) = 2x? — Inx.
Javob: 1) (=o; —1)va(=1:0)da kamayadi;
(0;1)va(1; +0)da o'sadi; _
2) (= ~1)wa(2; + o) da o'sadi; (=1 + 2)da kamayadl
3) (=0, ~1)va(-2; +»)da o'sad; (—1;2)da kamayadt;
3 o
4) (“wiia) da kamayadi: (fc—); -;—w) da o'sadi;
9) (*w;Z)va(z; +m)da o'sadi;
6) (“'73;0)1)(1
N (~;0)da
(=t
) (=e0)

(2; +w)da o' sadi; (0; 2)da kamayadi;
kamayadi va (0; +»)da o'sadi;

5 va (3;+w)da o'sadi: (%;3) da kamayadi;
)(_"CO; -!‘_m)da O,Sﬂdi'
10) {0; YY) 4 1 ’
\2(.3) d'a kamayads: (%;—'rm) de o'sadi.
1) f(,'f) iY;iaggl ﬁ;m?iyalaming ekstremumlari topilsin:
— X —-24):; S s
NF0) = 452 41, 2)f(x) .\x: =P
N =2 " DI =
6 2y — x-=2x+2 .
W) ==——

8)y = xV1 —x.

o e et | . .

Javob: ]) fmax (_1) = 13; fmin(‘” = —56. 2) fmin(_'i) = _;;
fm“-’-' (0) = 0. 3) f:zz:'n (-::h) =3. 4 f.-m'n(o) =0; 5) fmin(o) = 0. )

1

1 e i
f,,!m(()) = =P fr.‘mx(z) =2: 7) }'::za.r(l) =1. 8) Ymax (E) T 22

el ibli hosila
3. Quyidagi funksiyalarning ckstremumlari ikkinchi tartibli
yordamida topilsin:

Dy =32 — g + 6x2; 2 f(x) = xte™
3) f(x) = 3x% —8x3 — 18x2+60; 4)y = 2sinx +c0s 2%,
= _ 4.
Javob:1) y,... (0) = 0; 2) fmm_(::\.-z) ==
3) fn1!u(~—3) = =75; fnm.\:(o) = 60. fr:u’n(i)
Do () =2 () =
)}lna_\; (_5-) = E: )'”“-" (E—) = 1; Viax ( 6)
4. Parametrik shaklda berilgan
{x:(p(t) = t5—5t3 + 20t +7
= (t) = 4¢3 - 3t3 - 18t +3 '
¥ = f(x)funksiyani ekstremumlari topilsin.

Javob: y, (- 1;’;‘3) = —%7,25;

= 53;
3 3 g (EE.) = -—3.
3 Ymin \ 5

(_2<t<2)

. ohile givmatlari
§7_ Fu“ksi}raning eng katta va eng l\lchlk q Y

i gan va uZlUkSiZ.
Y= f(x) funksiya biror [a; ] kesmada a?ﬁl;‘;;a bu kesmadagl
bolsin, Unda, Veyershtrass teoremasiga asosafh U )= M va ciig 16 chik
%ndaydir x, va x, nuqtalarda o’zining eng katta fla
X)) =m qi ini qabul giladi. .
ymatlarini qabul q1 i funksi
Veyershtrass teoremasida kesmada uzll'JkSIZadi ammo ularni Cla“d.ay
AMa va eng kichik qiymatlar mavjudligi tasdlqmrlz i ;1 [a; D] kesma ichl.da
to.pish masalasi qaralmaydi. Agar y = f(x). fun. Safgoritm (ketma_kethk)
d'ffernsiallat1uvchi bo’lsa, bu masala quyidag!
as0sidy amal ey g
ga oshiriladi. oo iladi. -
L. Berilgan funksiyaning f "(x) hosilast toP . ritik nugtalar top!
2. f'(x) = 0 tenglamani yechib X1, X222 "Ly
x) = glamant y : qiratiladi.
Va ulardap [a; b] kesmaga tegishli bo’lgantart &

yalar UChun eng
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3. Berilgan funksiyaning [a; b] kesmaga tegishli kritik nugtalardagt V@
kesmaning chetlaridagi f(a). f(b) qiymatlari topiladi. ’
4. Yuqorida hisoblangan funksiya giymatlari orasidan eng katta va =
kichigi ajratiladi. Ular biz izlayotgan m va M giymatlar bo'ladi. ..
Agar y = f(x) funksiya [a;b] kesmada monoton o suvchi bo’lsd
holda f(a) = m va f(b) = M bo’ladi. : po’lsas
Agar y = f(x) funksiya [a; b] kesmada monoton kamayuvehi
uholda f(a) = M va f(b) = m bo’ladi. iz Va
Agar f(x) funksiya biror (chekli yoki cheksiz) oraliqda UZ]”]‘S]d'a g
bitta ekstremumga ega bo’lib u maksimum (minimum) bo’leL u,]j(;i
funksiyaning berilgan oraligdagi eng katta (eng kichik) qiymatl l?o ]\"lcCilish
Juda ko’plab geometrik, fizik va texnik masalalarnt ga olid
qandaydir funksiyaning eng katta va eng kichik qiymmlarini toplShi:;imlig,E
keladi. Amaliyotda bunday masalalarning ko'pligi va ularning M
matematik analizning rivojlanishi uchun muhim turtki bo’lgan: an erkli
Bunday masalalarni Yechishda ko’pincha masala shartiga as,oy orqd
?’ZgarUVChini tanlash va tekshirilishi kerak bo’lgan migdor™! g g ené
ifodalash (funksiyani tuzish) keyin esa hosil gilingan ﬂmkSlym;: okli
Katta va eng kichik giymatini topish kerak bo'ladi. B

0z - -} ham masalﬂ
ga_ru\rchmmg o’zgarish oralig’i (chekli yoki cheksiz)
shartidan aniqlanadi.

hold?

R . o
_Ba’zi bir masalalarda tekshirilishi kerak bo'lgan funksiya o
berilishi ham mumkin

Mavzuga doi muni
r F o . ..o dan na
L F(x) = xf‘f‘;l:lzldn bilan berilgan topsh:rlql‘lrd 1n Katta vt

. oi eng X
w + 3 funksiyaning [—3; 2 kesmadagl &
e l:;Ch‘k_ Qlymatlari topilsin. gl ]
‘eChIShZ 1) Berilgan
J: (x) = (X”"
2) fr(X) =

x(xz -1

funksiyaning hosilasini topamiz:

“2X2-§-3 "= -3 - =

_ glamani yechip kritik nuqtalarni topamiz: 4
0, x,

:-1, ’\‘2:0, Xy 1’

3) Kritik nuqtalarning har uchalasi [=3; 2] Eesn‘{agz.l teilsll.]iti
Funksiyaning kritik nuqtalardagi va kesmaning chetlaridagi qrymatia
hisoblaymiz.

f(-3) = (-3)* —2(-3)? +3=81-18+3 =60 f“lf - f(;)z—'
=14 -2.1213=2, f(0)=0-0+3=3 f@)=2 RS
+3 = 11. 1) =2

Bu giymatlarni taqqoslab f(—3) = 66 eng katta qiymat f(E1) =
eng kichik giymat ekanligini aniqlaymiz.

g ‘ -atta va

2. f(x) = x3 — 3x2 + 1 funksiyaning [1; 3] Lkesmadagi eng katta
eng kichik qiymatlari topilsin. . -

Yechish: 1) Berilgan funksiyaning hosilasin! roparite

f'x) = (x®-3x2 + 1) =3x* -6
2)  Kritik nuqtalarni  topamiz: 3x? - 6x=0:
Y1=0,vax, =2; '

s 5 va'ni X

Demak, kritik nuqta ikkita bo’lib, ulardan .bm’ " T: ucihun x; = 2
qa.mlﬂ}‘()lgan kesmaniﬂg ichki nuqtaSi bo’l[ﬂaydl_ SI]L;](l:):‘ i f(3) larni
kririk nuqtanigina olamiz. Shunday qilib, b1 FLAE
topamiz,

f=13-3.1241=-1FD =2~

f3)=33_-3.32+1=1

Demak, £(3) = 1 eng katta qiymat va f (2)
0’ladi,

x(x—2) =0

=0 ﬂuqta

_ _3 eng kichik giyma!

¢ichik
. catta va eng kic
3. ¥ = x?Inx funksiyaning [1;€] kesmadagi €ng ka
Qlymatlari topilsin. .
Yechish: 1) Berilgan funksiyaning hosila
V' = X2Imv Y — 9 ,_L.Z._l._:-,lenx.:.-x:
s Inx) = 2xlnx + x -  topami:

sini topamiz:
x(1+ 21nx);

2) y" = 0 tenglamani yechiia kritik nuqtalarn

IR
. ;o= — X2
Q1+ 2lnx) =0, x, = 0,1 +2Inx = 0, Inx 2

ar bo

ari, X1
dan tashq
emas. Bun

B

. jar bo’lib, ularnin® 2!
-3 rritik nuqta = uqta
Demak’ xl — 0 Va ;\,2 =¢ 2 l\_rltll\ — 0 n q

Kkalasi [1;e] kesmaga tegishli

funksiyaﬂing aniqlanish sohasiga kirmaydi;

227

e




r
UNk i, .. : izzp—2x=0,x=7.
)1 unksiyaning kesma chegaralaridaoj qiymatlarini hisoblaymiz. A1 intienagtalae topamizg p — 2 = 0s .
¥(1) = 1%In1 = 0; y(e) = o21pyp = e?

Demak, y

.. . s niz:
3) x = & kritik nuqtadagi funksiyaning qiymatini topat
~ . 2
(1) = funksiyaning [ -
Vay(e) = p2 .

Lre] kesmadagi eng kichik qiymati

2 2 2
ol o . b P b 2 p & = B—
4 fU”I\’ﬂ}’ammor ¢ng Katta qiymati ekan. 5(;) =l Ao (E) T T4 4 T p—
3= gy = TP ) - < & = s 10 funksivanine qivmatlarin -
% }, o B funksiyaning eng katta va eng kichik giymati topilsin. 4) [0; p] kesmaning chegaralarida funksiyaning qiys
L={o 11 & e " o " . ‘-. ’ . H '
o ] sh: By yerda argumentning o' zearishi biror kesma bilan S(0)=0 S(p) =o0. —
saral; o . = _ g ; : v
biz 5{‘ ﬂ;n.maédn va funksiya (o, +22) da aniglangan. Shuning uchun Demak, funksiyaning [0; p] kesmadagi eng katta iy
= Iun Slyaning  qiym- o . _ - _ ida 5
Qiymatlarin » (—on: 2 agi qiymatlart BY oo B st e
qaraymiy, ning (—w;+ow) dagi qiy 5(;) = bo'ladi

1)y hosilan; topamiz:

p p X =Y.
2 % . _ PR — === Demﬂ}\, X
Y = (arctgx?y = 2. Endiy ni topamiz: y = p —x =p B i Loni & dan iborat
#) Kritik ' o . Shunday qilib izlanayotgan to’g'ri to’rtburchak tomont 5
L Nuqtalarni topami,- L =
14+ =0,x =g bo’lgan kvadrat bo’ladi.
Dcmak, X =

ajratingki, bu
0 nuqta krigj)
Chunki » qta kritjk nuqt

: hosila ning hay qand
Jx=g Uqtaning atrofiqy |

A — st ica shunday
6. @ musbat sonni ikkita qo Sh[]ll\r’Chlc_a
k]
k) - . . % . e 1.
qo shiluvchllarnmg ko’paytmasi eng katta bo ls”,l _—
. . " 3 I o'Isin:
Yechish:  Qo’shiluvchilardan biri x b

. : nas.
a. Boshqa kritik nuqtalar mavjud €

holda ikkinchi
ay qiymatlarida mavjud.

; <0’ paytmasi
o L o - sshiluvchilarning ~ ko’pay
P - 10silani ishorasini tekshiramiz. 90°shiluych; a—x bo'ladi. Bu qo Sl][!r‘czelgilas:k, u (a—x)x
e ay = 220 va x>0 da y' =2 5 O’ Zgaruyeh; miqdor bo’ladi. Agar biz uni y bilann
s x o - han. . :
a by e lum, Demal, berilgan funksiya x = ¢ nlu:;tada minimumga °&° 8ateng bo’ladi. Bu yerda 0 < x < a ekani raVi _ x2 funksiyaning [0;@]
te " imum runkgiya”i“g eng kichik qiymati bo’ladi. U quyidagie” Shunday qilib, berilgan masala y :.a-idi Uni topamiz:
ng.S Ay arectgo? = arctg0 = g ®SMadagi eng Katta giymatini topishga keltirtldi.
¢ perimem' 2 = kattd 1) Funks;i i ilasini topamiz:
3 o L 4 i . 1 yanlng hOSI Ashu P
bo Iganin; toping, P bo’lgan ¢, g1 to’rtburchaklar jchidan yuzi eng 7' e fogn x2) = q - 2x;
; ibora ezhlslh; o tekshiradigay funksiya to’g*ri (o’ riburchakning YUA%" 2) Kritik nuqtalarni topamiz:
| o’lad; ato'g’ri to’rtbur ; a
Shartig jd'- . funksiya S=uxy ko’riis‘hda bo’ladi Masalaﬂ'"ﬁ “-2x=0,x= o' .ymatini topamiz:
. San 2 o ' N R rqéd L a . ;sivaning qry
Odag;j : F2y = p i v, fil & © Hrx=2¢ kritik nuqtadagi funksiy
I o Ni apj laymi, V8 1 Sl‘J ayOkl, X +y = p. Bundan y i Lchun 2 q 2 g A .
| . e _ - ’ T a- Y i . :
i bo’j; '(p = x) yoki SCe) = 84 qo’yamjy: Y = p — x bo’lganlig & y (S) —_— (ﬁ) e o - umatlarini topan
| o "aVshap £ = PY~x%  bo'ladi Bu yerda 0 =7 : 2o : :da funksiyaning a1y
I S(x) » Nday qilib, berilgan masal : 4 [o; a] kesmaning chegaralari a2 2= 0. a) e
i 2 — = : ol Rl
Il f”“kSIyaning [0:p] ) Y0 =0,y(@)=a-a—a*= g katta giymat! y()=% i
| anigl,.,. . iP] ke . .oqp Uni agi en |
qla)ymIZ: g eng g qiymatini topishga keltirild! . Demak, funksiyaning [0; a] kesmadag '.*
unksiyah . bo’lad'
OSl]asini an; 1.

ni I Trre '
q aymlz. AY (x) =p - 2x.
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a . e *shiluvchi ham
Birinchi  qo’shiluvchi x == bo’lib. ikkinchi qo’shiluve

: katta
i 1 4 i . - ] asl eng
a-x=qg-2=¢ bo'lsa, qo’shiluvchilarning ko’paytms
2 2

bo’lar ekan. v v ohizigli
T-dism - S(6) = —£2+ 962 £ 24t qonun bo'yicha to gt“ (CS:;\Zugd

harakat giladi, bunda S5(t) —yo'l (metr hisobida) va t f”a‘qeng katta

hisobida), Vagtning qanday paytida jism harakatining tezligi

bo’ladi va tezlikning miqdori qancha bo’ladi?

: oli
: : .. £l o , bo’yicha
Yechish: Jism harakatining tezligi yo'ldan vaqt
hosilaga teng: Ya’ni,

n gﬂn

Zi —— 24
V(t) =5'(¢) = (—t3+9t2 4+ 24r) = —3t2 + 18t ASt‘? . 18t +
Shunday qilib, berilgan masalani Yechish Vi) == ‘
siyaning ekstremuminj topish 1

24
"ot nasalasiga keltiriladi.

) Funksiyaning hosilasini olamiz: VV'(¢) = —6¢ + 18;
2) Kritik nuqtalarini topamiz: —6¢ + 18 = 0,t=3.
Demak, funksiya birgina kritik nuqtaga ega. i laymiZ
Nt=3 ning chap va 0’ng tomonidagi hosila ishorasini anid

t <3 bo’lganda V'3)>0vat > 3 bo’lganda V'(3) < 0.

., ishorasin!
Shunday qilib, hosila ¢ = 3 nuqtadan o’tishda 02 ;iljlgandﬂ
musbatdan Mmanfiyga  o’zgartirdi. Shuning uchun t = 35-
Jismning tez]jgi eng katta bo’ladj va uning miqdori
) =332 183 4 24— 517 porladi milis
8. Tubi kvadrat g i i

0
havzagip: shaklida va hajmi 323 bo’lgan usti chfqa‘;hn
"Ning devorlari hamda tubin; qoplash uchun sarflanadiga™ q
eng- kam bo’lish uchun cho’milish havzasining o’lchamlart
bU’llSl’li kerak?
Yechish: Asos;

SI tomo
A cho’ mjjigy, hayz

hold

. ila
nini x bilan, chuqurligini y bilan belg!

% asining hajm;

1 4v 128
S=x?+4x—=x241—=

X"+ Yo -
2

X< X . '\.- ; 0-_-_oo)da ekstremumga
ni hosil qilamiz. Hosil bo’lgan bu funksiyani (0;
tekshiramiz. 54 =
29 128 3 123 = O' I——b_-rzo'x —_L
S'=(x?+ —) =2y —=; 2x — ’ o

=
» .

x= B iand "(x) ning ishorasini
¥ =4 nuqtaning chap va o'ng tomonlarida S'(x) ning
aniglaymiz,

5" () ey <OvaS'(x)]yss >0 o Bl
3K, funksiya x = 4 nuqtada minimumga e-g]aino chuqurligi
funksiyaning eng Kichik qiymati bo’ladi. Suv havzasining
v 32

x2 15

inimum
Dem

’

iriglar:
Mustaqil yechish uchun mpsc:ucl;iu::nc katta va eng
L Quyidag; funksiyalarni ko'rsatilgan kesmalardagl eng

Kichik qiymatlari topilsin.
L y=-3x% 4 6x% -1, [2;2

]
)y =2 _ g2 43y 44 [-1;5];

3y =“—:i [0; 4];
Yy = Sin2x — x, —;ﬂ
5) V=x3_ 9x2 G D= 10, [O; 3].'

I

6) y

7}y = sinx - sin2x, (—o0; +);

8) s L [—2;2]: —

_]aVDb: 1) X = il da y = 2 eﬂg kﬂtta qu
ng kichik qiymat;

2sinx + cos2x, [0:'2'] :

at, x = X2 day=—2

13 eng kichik
{x=-—1day =773
23 iyl‘na 3
= — eng katta q
3

2)x=5day
Giymat;

_ _1 eng kichik
at, X = 0 day=
’ iymat,
3) X =4 da y = 3 eng katta qQuy

qiymat;




4) X = — E fs y — i . T big
) 2 da y = 2 €NE katta givmat, x = Tday=-—-eng kichik
qiymat; 4 ‘
S)x=2day=
b5 y — 10 e v ks y b . L L K -1,
Y ng katta giymat, x = 0 da y = _10 eng kichik
6)x = % d: 3 ] _
Cichik o s Do Y=z eng katta gqiymat, x = 0 va ¥ = Zday=1¢n
IC lk quma[, 2
NHx=0day=" 3 - L
) da y = S eng katta giymat, X = jl—z day= - eng kichik
qlymat; ‘ €
8) X = O da _ R
qiymat: y = 2 eng katta giymat, x = £2 da ¥y = 0 eng kichik
2' Uzunl' 1] . z
chcgaraianganlf:| 120 metrlik panjara bilan bir tomondan 1Y bllar.l
maydon o’rab clr.lg‘ katta yuzaga ega to’g'ri to’rtburchak shaklidag!
. 0 “ - 1 - La o 0 Aoy Bk 5 - . ?
aniqlansin. nishi kerak. To’g'ri to’rtburchakli maydon © Ichoviar
Javob: 30 va 60
3. Asosi i
b a Va bal 1 1' bl 11 ’ ’rl
to’rtburchak ichkj chiﬂ?h{,l h bo’lgan uchburchakka eng katta yuzl'l to'g
Tavob: &k Zilgan. To’g’ri to’rtburchakning yuzi aniglansi™
T
4. Tunelnj i
) ning  kesimi bj . . gt
to’rtburchak  shak; esimi bir tomoni yarim doiradan iborat tod'g;si
zd y s P : L
ga ega. Kesim perimetri 18m. yarim doird radl

danday bo’] i
83, kesim yuzi eng katta bo’ladi?

5. Tkt ”
* 1ta .
A yorug’| o ' .
gar b g’lik manbalari bir-biridan 30m masofada JOYlashli?ﬂi
u

U manbalarn;
n .
ing yorug’lik kuchlari 27:8 nisbatda bo’lsd:

V[‘,hi tos 3 s
211 chizj
- vob: Kuch]iroqdnqu'fl eng sust yoritilgan nuqta topilsin-
marta'kShar hajmj unzzrgqm_{ manbaidan 18m uzoqlikda
Javatta bo’ladio ichki chizilgan eng katta slindr hajmi
ob: 3 o 17 m
i ’ arta,
.chidﬂ

7 Ber
1
eng k. lgan s v,
fta nay Zagy ega bo’lgq . lar |
Aega bo’lgan; gan barcha to’g’ri 10" rtburchaki?
nini toping,

dan nech?
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Javob: KvadraTa’rif,
8. i .
o Berilgan V' hajmga ega bo’lgan ba
g Kichik bo’lganini toping.
Javob: H = 2R -
9- Jisn ine '. Sdd &
tenglama bT][“néb to’g’ri chizigli harakat qonuni S(¢) =
tlan berilgan. Jisn catini igi topilsi
gan. 1 harakatining eng Katt
Javo: 127 o eng katta tezligi topilsin.
s

rcha slindrlar ichidan to’la sirti

—t3 4+ 3t2 + 943

harakat ~ gonuni
metr bilan, t-sekund
a bo’ladi va bu

1 )
S() 2.19 6\;[&10[.:33 1 tik  otilgan  jismning
bilan). Vﬂclltninu_, 9t tcng.lmuﬁ bilan berilgan (S-
balandlik nechab (Idnda},. Pﬂ}ftlda jism eng yugqori balandlikd

metr bo’ladi?

Javob: §(2)=19,6m.

1. A0:6) v )
topilsinkj (;))E) va B(4;5) nugtalar berilgan. OX o’qda shunday P nuqtd
i , S = AP + PB masofa eng kichik bo’lsin.
2%ab; P(1,5;0].
qarshiligi

anda ko’rsatadigan
ametri D bo’lganda
shunday

12, i
Balkani uzunligi bo’yicha kesg
al bo’ladi. Di

k()’l'].dal"_“‘".I R .
g sSim1 yuziga Pl'Oporsion
kaning o’lchovlarini

yumalo )
aniqlanqk'} og’ochdan kesib olingan bal
K1, u eng katta qarshilikka ega bo’lsin.

Jav . .
ob: Kesim-tomoni —D—E bo’lgan kvadrat.
Y
ning chetlaridan

13. T ;
Omonin; omoni @ bo’lgan kvadrat shaklida .
qolgan IT‘g uzunligi bir xil bo’lgan kvadratchalar qirgib tashlandi 'Vé-l
eng K qismining chetlarini bukib, usti ochig quti yasaldi. Qutining hajm!
fand Ata bo’lishi uchun qirqib tashlanadigan kvadratchaning tomoni
ay bo’lishi kerak?
‘]aVOb; @
14, Tos. B
ga tep - Trapetsiyaning kichik asosi va Yot tomonlarining har biri 10 sm
Katta .. Uning katta asosi shunday aniglansinki, trapetsiya nl
ta bo’sin,
Javob: 20 sm.

gi tunuka

ng yuzi eng
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§8. Funksi
3. nl(\l\"l ar .
- '..‘,.,!:Iﬁul 1 ; R
Burilish itijts, Fank E ning qavariqlik va botiqlik intervallari
. 'SI .; . . . & . .
ya grafigining asimptotalari. Funksiyani

tekshiri ;
. 1 2
rishning umumiy sxemasi

Ta’rif, A

i - Agar y = f N g
uning orafio; (x) funksiya (a, ! :

g grafigi bu oralic )1 U.nk_s;_\d (@, ) oraliqda differensiallanuvehi V2
urinmasidan pastda ( Jdagi har bir M(x;y(x)) nugtada o'tkazilgan
b & ) - « }'UL (”.‘ : e e 7 ddd =k
( O“,?) dcylladi(l-2—chi'/:mi)d 1) joylashgan bo’lsa, u shu oraliqda qabariq

a'rif, Ap: Sk
11 g‘lr = - ~ y
l(l}k:ll(m?”a diﬂ'Crc:si-lllfl?) :l'lnks;_\,.u (a,b) oraligning h
xX) < 0) sh >lallanuvehi va barcha x €
. art bajarils; ax € (ab) nuqtalarda
(qavariq) deyilad;. jarilsa, u holda funksiva grafigi bu oraliad® bo
) g

ar bir nugtasida
f'u(x) > 0
tiq

o
Ya

l'Chizma
2-chizma

gandﬂ

an o'tay ot
rsﬂ!

Tasr.
if, Funksiya grafi
o'zg8

qlikdan : gi bi
qavariqlikka tror M (xq. f (x0)) nugqtad

Olda bu H
nu [KKa yoki, aksi .

Ta’rif, (qE:a Ulﬂlng bur“ish(c;illr-lclha qavariglikdan botiglikka
Y= Fy urilish (cgilish) nugtasi deyiladi
hamda(x) ﬂ_'“kSiya ucht‘:]qt;lsl mavjudligining y;iiilr.iy
dlff‘erensiallan biror atr(j?,gle"f(xo)) burilish tugtasi V& Xe

il bo’lsa, Und;;rr Y= f(x) funksiya ikki mart®

(x0) = 0 tenglik o’rinli bo’ladi

sharti):

yll
y=kx+b 4
> Ii,
\ y=f{x)
P .
O —
X

3-chizma

Ta’rif.
. (Burilis} .
nugtada sh nuqtasi mavjudligining i i i
adi 4 = Fruh B s g etarli sharti): 2
Wi Y = f(x) funksiyaning ikkinchi :i)’. St i): Agar biror Xo
fo Jud bo’lmasa va t ng ikkinchi tartibli hosilasi f'(xe) =10 yoki
(X)) turli iShomrL ’_“ nuqta biror atrofining chap va o'ng tomonida
funksiy, grafigi ra qiymatlarga ega bo’lsa, unda M (xo: f(Xo)) nuqa
iy gining burilish nuqtasi bo’ladi ’
" 121 I. I8 % . '
egri Chiziqninfl]m: a simptotasi deb shunday to’g’ri chizi
o’ gy Chiziquq Hllqtas.l, egri chiziq bo’yicha cheksiz uzoglash
Asilhpto{;; \:3 k_kSIZ yaqinlashib boradi(3-chizma)
Ta'rif. Aga eﬂlll\al, og’ma va gorizontal bo’lishi mumkin.
* r i > . ; . s ‘e . s .
Cheksiz by _\.jéllcf(,\), TI_IE.HOf('T) limitlardan biri yoki ikkalasi
. o’ Sa’ i R 1=
Vertikal ag; 1 holda x = a to’g’ri chiziq f(X) funksiya gra
= Imptotasi deyiladi
rif. Sh .
fxy g " l-lnday k va b sonlari mavjud bo’li
nksiya  f(x) = kx + b +a(¥)

(lin
1
X~ ﬁ’(_\' =]
o ) =0 )}, u holda y = kx + b to’g’ri chiziq ¥ =
ntal asimptotasi

qqa aytiladiki,
ganda, u

figining
b, x = +o(x = —c0) da
ko’rinishda ifodalansa

fx) funksiya

ladi (k=0 bo’lsa, gorizo

grafioin;

glnln(‘l (o) o &4 .

de}’iladi)_b g'ma asimptotasi deyi
Ta’rif

0’lishj uchd:](‘\) e JRIEH 5
llrn f\"-\')
1'-.+:',:_T_:k,li () —KX| =

S =k, i [FG) — k] =8

Myp :
Osabatlarni
larning o’rinli bo’lishi zarur vd yet

— kx +b og'ma asimptotaga €84

arlidir.




Yuqorida ko’rib o’tilgan va olingan natijalar bo'yicha y = f(x)
funksiya xususiyatlarini quyidagi ketma-ketlikda aniglash hamda ular
asosida grafigini yasash mumkin:

1. Funksiyaning D{f} aniglanish soxasi topiladi.

2. Funksiyaning E{f} qiymatlar soxasi topiladi.

3. Funksiyani juft yoki toqlikka tekshiriladi.

4. Funksiya davriylikka tekshiriladi va u davriy bo'lsa, uning ¢
topiladi.

avri

3 : - s ’|sa,
5. Funksiya uzluksizlikka tekshiriladi. Agar u uzilishga €gd bo

uzilish turlari aniqlanadi. i
6. f(x) = 0 tenglamadan funksiya nollari topiladi va ular Orq.a,Il
funksiya o’z ishorasini o’ zgartirmaydigan oraliglarni hatiie furkst?
grafigini Oy 0’qi bilan kesishish nugtalari topiladi.
7. Funksiyaning o’sish va kamayish oraliglari topiladi.
8. Funksiyaning ekstremumlari topiladi. :
9. Funksiya grafigining qavariglik va botiglik oraliglari Topiies
10. Funksiya grafigining burilish nuqtalari topiladi.

11. Funks; rr £ el o ) ) — |
bo’lsa). siyagrafigining asimptotalari topiladi (agar U

a[‘ I-nanUd

12. A ‘ )
grument x — +o» da funksiya limiti aniglanadi.

13. Olding;j . . .si I
chizilad;, Ingi qadamlarda olingan natijalar yordamida funksiya &

aﬁgi

Funks;i - 5,1 bil
funksiyr::::i?]arm tekshirishning bu ketma-ketligi qat’iy emas. B2
' tekshirishda ayrim qadamlar bajarilmasligi mumKin-
Mavzu a 5
d : alarl
L fg(x) Zrﬂecmmiﬁri bilan berilgan topshiriglardan “amub[:;iqlik
oraliglarinj toping —6x%—6x+1 funksiyaning qavariqlik va
Yechish:p " o 1arin!
topamiz:  YANNg  birinchi va ikkinchi tartibll hosilal?
f'(X) = (xd. — 6x2
S () = (453 T OX+ 1) =4x?_12x -6,

= 12x —

Endi biz ikkinchi tartibli hosilaning ishorasini (—o2; —1), (=1;1) va
(1; +0) oraliglarda tekshiramiz.

f”.\' >0 B <0 B >0

( )Ix<—1‘ f (‘\)|_1<x< i / (A)|-">1 :

Demak, (-1;1) oraliqda berilgan funksiyaning grafigi qavarid,
(=92 ~1) va (1; +<) oraliglarda esa botig bo’ladi.

2. flx) = yg=* funksiya grafigining egilish nuqtasi  bor yoki
yo'qligini aniglang.

Yechish: Funksiyaning ikkinchi tartibli hosilasini topamiz va unt
nolga tenglab yechamiz:

frix) = (xem7) = =" - 2x%e™;
f”(X) = (9—-\‘: _ 2(\.29—1':)

= 43 e—_\-z

-
-

2 e .3 ,—=x" —
= _2xe % —4xe ¥ 4xve

’

- = Al 2 _ —
—6xe~* = 2xe~* (2x% —3). Demak, 2x€ *(2x% —3)

.

=0 bo’lib undan x, =0 va2x?-3= 0. Bu tenglamadan Xz3 = \.5

. s B
NI topamiz. Demak, biz ikkinchi tartibli hosilaning ishorasini (—%%; \(;)’

3 o D
(—-12—;0), (0; E) va (E'—:—w) oraliglarda tekshiramiz Tekshirish
N= \2’

. - ” - va
Matijasida (—co; - E) va (0; (E) oraliglarda f (x) <0, ( \/;'0)
N\ 2 N 2

2 i el ; dan esa
(\E;":“m) oraliglarda f"(x) > 0 ekanligini aniqlaymiz- Bun

Y

o _\'{;’ X;=0 va x3= (E lar burilish nuqt
; - 7 oN2 -

Ckanligj kelib chiqadi. Bularni berilgan funksiyalarga
nUQtalal-ining koordinatalarini topamiz. Ular, )
-2 dan iporaTa’rif. Demak,

o . i
: alarining absissala

qo’yib? bUri[iSh

3
I = — (2732 . = —— -e
)l ‘\iZ e 2 Vo= 0 va y3 \/;

A= E;_ ie‘%); B(0;0);
CONE N




2),':1-)'-72 . ) o . . .. o
3.f(x) = T el funksiya grafigining og'ma asimptotalarini toping.

ta

< Ix=Fxr=2 -
i : tx) ; e ; 2y 4x—2
Yechish: lim ! = lim —=1 = lim ——————L =
X—+ w0 X X—+ X y—+4+x X{¥— 1}
e 2x24x-2 (i gadas, o1 e i)
= lim 2272 gy DU gy TET = 20 Demak, k=2
X=doa  Xhex x—+2  xI(1-5) x—+z  1-%
: 2x? +x =2
= TLHP., [f(x) - kx] = lim (—J-——r—2 —2x) =
E = x—+w> x — .
= i 22 +x-2-2x2 4 2x - x(3-3) L IR
= Jim S = lim 222 = |im ——F =lim =27 o
SRS —— x—=¥en x=2  x—+ee A(L=5) x—4e 7% .
o= . s 5 : amaslt
Demak, p = 3. Shunday  qilib, og'ma asimptota tengl
Y=kx+b=2y+ .
b=2x+3 dan iborat.
4.y =2 :
W = funksiyani tekshiring va grafigini yasang. fan
Y ich- . . » " . . l’ﬂ“q 2
echish: 1) Funksiyaning aniglanish sohasi (=< +00) © 1

i 1y i[‘[l
'borat. Bundan tashqari, x < 0 da y < 0 va x >0 da y > 0 bo'lish

ta’kidlaymiz;
2 . .
3) I;‘UHRS{ya (—; +) oraliqda uzluksiz;
) Funksiyani qiymatlar sohasi (—o2; +o2) dan iborat;
4) xX=0 day = 0;

i ; ing
uchusn)y}???]yanirng o’sish va kamayish oraliglarini topamiz- Bur!
TR I vay ﬁ< 0 tengsizliklarni yechamiz: 1
- (T'l'—‘x?) = 1;*‘_:;’2_:3_ = _:?_ 1-x° 0 1 - J‘,z > 0, ,\’2 it
<1, g ;m‘ (4D (a7 -
s < 1. Demak, funksiya (-1;1) oraligda 0’s4
(1+x21));<0, 1-—):2<0, iz, e )
emak X > ,
6) Fugkil;;:zliia (—oo; —1) va(1; +) da kamayuvchi- y' = 0
teng] g ekstremum]arini topamiz. Buning uchun

amanj .
T yechale.

H:;:E;E:O, 1_,_x2

Demaks xl =

=0, x2-
’ 1: X, = —1’ X; = T

-1 va _ -
2=1 nuqtalar kritik nuqtalardlr-

Bu kritik nuqtalar yordamida (—oo;—1), (-1;1) va Rt
oraliglarni hosil gilamiz.

Bu oraliglarning har birida hosilaning ishorasini tekshiramiz.

(—o%;-1) da y' < 0; (=1;1) da y’ >0 va (1;+e) day’ =
Shunday qilib, x, = —1 nuqtada funksiya minimumga ega va ==
huqtada funksiya maksimumga ega. Ularni topamiz.

Ymin(=1) = =05;  yar (1) = 0.5

7) Egri chizigning qavariglik va botiglik intervallarini.va
nNuqtalarini topamiz. Buning uchun y" = 0 tenglamani yechamiz.

burilish

Y= ( o )’ _ —2x(rex®) P -axnean)a-x7) _ ‘3-“1+x:)(lt't?+2—zx-) =
(1exy2/) T (1+c2)d - (14x-)"
= :3;3:_":_) _ 2.*::,\:3—3‘;_ 2x(x7=3) =0 2’\,('\,2 _ 3) = 0. Bundan
i (1+x2)3° (1+x?)3 ’
= —V3, x, =0, x; = V3 lar kelib chiqadi.

Navbatda (—oe; —\3), (=V3;0), (0 \V3) va (V3; +) oraliglarda y

Ni ishorasini aniglaymiz.
~% < x < —\3 day" < 0bo’lib, egri chiziq qavarid,
=V3 < x <0day"” > 0bo’lib, egri chizig botiq,
0 <x <\3day” < 0bo’lib, egri chiziq qavarid,
V3 < x < 2o day” > 0 bo'lib, egri chiziq botid:

= A3 3 or lardir;
(=V3:~23), (0; 0) va (v3;2) nuqtalar burilish nUat®

8) Egri chiziqni asimptotalarini topamiz:
X—=+wwday—=0 x— ——o:)d&)""o
Demak, y = 0 to’g’ri chiziq yagona asimptotd ™
Topilganlar asosida funksiya grafigini yasaymiz

tota po’ladi.

Ay ,___J—:-—'
y= 1 Fx°
05
~3 -1 x




I Quyidag I\?“-‘;\t“{l“ yechish uchun topshiriglar:
- 71 funksiyalarni rarialik v iali : ;
bukilish nugtalari tOpilsig. ni qgavarigqlik va botiglik oraliglari

-

Hy=e™*
4) y = xs;

Ll | v

| i)yZX4; 3)y = (x—1)3%
jp=1=x% 6jy=21"— 3x2—-9x + 9.

hamda

J : .
avob: 1) (—~f--, _"f) va (\—% ) —?—C/.‘) da botig: (- \i-z-; -‘l:) da qavarid:

(" _i—: e"%) va (__1__ -\i
2‘) (\2 € 3) burilish nuqtalardir.
—C0r 4 : .
3) (_m’- 1)‘/;)2113 ?oth, burilish nuqta mavjud emas;
-, 1) . ?
4)x < 0da qavar;q’ (1;+2) da qavariq; (1;0) burilish nuqt;
Pi(tos oy da q va.x > O.da botiq; (0;0) burilish nuqta:
6) (1:2) burilish qavariq; burilish nuqta mavjud emas:
2, QuyidaI:v,i nugta; x < 1 da qavariq, x > 1 da botiq.
egri chiziglarning asimptotalari topilsin:

= , . _
o )J’__—~I_','; 3)y=e?e—1;

(x+

4)y® = 6x2 4 x3. oy = 21
ey )y = 2

JaVQb-])
= x = 1 _
4)}r:x_:_‘ . 1)’—0. 2)‘\,:_2_ . —
3 Qu.yiczi, S)x=2a; 6)y+x=0 S
‘ agi funksi e it
siyalar to’la tekshirilsin va grafiklari yasalsin-

3),1':0’)

I
-_— 2x+ 10; 2) }, — & )
3)}’ = -—_}__ 1427
= 3r ayy = =
S) y :_-;lh__; )) 14x”
o 6)}!"’:.\'3--)(-

Ny = {4 1)2(:\‘— 2.

8) ¥y = |sin3x]|.

1:505

ke . ot e e . e
IPUE DEP S
e . e e

1 X. BOB. ANIQMAS INTEGRAL
§1. B(.)shlang‘ich funksiya va anigmas integral. Aqinmas
integralning xossalari. Integrallar jadvali

sh, shunin gdek, egri

Maalu .

mK c . . i e 5
ki, harakatdagi nuqtaning tezligint top!
yani differensiallash

chizi .
tuSIEancI:;m;'i‘;:ZIEICfbo"lkazish _kabi masalalar funksi
N g alls ke gon
harakatq qol:il:ir - f’aqt 111011.lenti?lalgi tezligi ma
winmalariga ko*;-lq IOI.mh, egri chizigni uning
masalalar }’UqOr'ld‘q él’fl]qltﬁsl1 .ki.tbl masalalar ham ko’p uchr
ular funksiyani im;ﬁesliﬂlb o'tilgan mfisalalflrga tes_kari masa
T Tikar cTrflkl:dSh tushunc'haSIga ?hb kel'adL _ .
defferensislianyycl _k 1 (Il-,b) .)’Okl cheksiz oraligdagl har bir x nugtada
Fi(x) = _ 1i va hosilasi
shartni f(x)
qanoatlantiruvchi F(x) funksiya berilg

bOSha 1
ng’ich funksiya deyiladi. Masalan, F(x)=a*

X . 5
i lang’ich funksiya

X E (—':/:' _L.Dr\) f & '
;+o), funksiya uchun Pl bosh

bo,ladi.
Tas . ]
boshlanilf' Agar F(x) va G(x) berilgan f(x) funksiy
G(x) gich funksiyalari bo’lsa, U holda biror
TH F(x) = C bo’ladi.
a’ri )
funks; nf‘ Agar F(x) biror (a,b) oraliqda f(x
fllnksiyas', bo’lsa, u holda F(x) +C funksiyala
Bga-rl]mg anigmas integrali deyiladi.
rilg . 2
@’rifga ilgan funksiyaning anigmas integra
a asosan, birorta F(x) boshlangich fun

J_ fydx =F@+¢

'Jum bo’lganda uning
har bir nuqtasidagi
aydi. Bunday
lalar bo’lib,

an f(x) funksiya uchun
(a>0,a% 1)

aning ixtiyoriy ikkita

¢ 0’zgarmas sonda

aning poshlang’ich

) funksiy
r to’plami shu oraliqda f(x)

i [ fG)dx kabi belgilanadi v

ksiya bo’yicha

tenol; .
nglik bilan aniqlanadi.

Bu .
integralnda_f [integral belgisi, f(¥) it
ostidagi ifoda, x esa integrallash ©

gral ostidagi funksiyd f(,.r)dx
deyiladi.Berllgan

’ZgarUVChiSi
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. : : ing xossalaridan va
Aniqmas integralni hisoblashda anigmas integralning

S ) ; : ita hisoblash
f(x) funks;yanmg [ F(xX)dx Jadvallaridan foydalaniladi. Bunga aniqmas integralni bevosita hi

integrallash deyiladi.

dmqmas integralini topish amali bu funksiyan

deyiladi.
~ Anigmas integral quyidagi bir qator Xossalarga ega: { Aniqmas integrallarni hisoblashda ko'pin’Cha
(...f f(,x)dx) "= f(x); (z'(__l"f(.r)a',r') = f(x)dx; [F '(x)dx = F(x)+G Y el —15 v %d.\' =nfu|l+c¢
JdF(x) = F(x) + Ci Tkf(x)dx = k[ f(x)dx; formulalardan, foyd;IZ;ish qulay bo'ladi.
TG + b RO [ o@)dx. . . . namunalar
hear [ fx)dx = Flad+c bo'lsa, [ f(ax + b)dx = ‘%F(_a.r +b)+¢ Mavzu(gu doir yechimlari bilan bcrilrg{m) :Opis]:{]:qlardan
bo’ladi. Ld(F(x)) = (5% + 2x)dx bo’lsa F(x) topilsin.
Diffcrcnsial]ash vVa integrallash amallari o'zaro teskari amallar )

. ) as son
. R (siya va 0 zgarm
l Yechish: [zlanayotgan F(x) funksiya ikkita funksty o kkinchi
, - : | . _ & 3 aacrllar s L s i o g3 1
bo lganhgl uchun, hosilalar jadvalidan foydalanib, quyidagi integre Yig'indisidan iborat  bo’lib, birinchi qo’shuluvcl s
Jadvalinj hogj] qilamiz,

as sondan iborat.

. b
' . . . o zgarm
90shiluych x? ga va uchinchi qo’shiluvchi o’zg
1) [0 dx = € (c-0’zgarmas son);

2) [dx = x + ¢;

D ; Ao 55 o 3
3) rx"dx-—xn‘: ! ; - dx — . Ema[\-f(-\) ‘—E‘:‘«\ " L
i . neg T C(n = —1); 4) J 2y MTO Z.J (7.\'5 +3Vx3 ¢ ‘i..‘) dx ni hisoblang. luvchidan iborat.
& _‘L_)-: — . - ﬁ_: ’Y- - O,Slli uvc . -
5)[ > = inlE ¢ g (x = 0): 6) [ xdx = = + ¢; Yechish: By yerda f(x) funksiya uchté? ncias integrali haqidagi
ol - N v at Integra]p; hisoblash uchun yig’indining and
T ox? p PG 8) [a¥dx = — +¢; . lanamiz. )
9 [o%gy — . » ] bea . X0ssadan v integrallar jadvalidan foydala ! a7
hax =%y ¢ 10) [ sinxdx = —cosx + €; : . . s+ 8) 5= g
. T 1)s [ 7x5 L i3, 6 5 Sy + 3_[). / X
11) [ : dx LY ¢ TSR3V s D) de =7 x
Cosxdx = siny 4 c; 12) [ — =tgx + c (x =3 WA e 42
ST e g
Ny sin?y, 9% + ¢ (x # kn). 3 (i 2 L) dx ni hisoblang: .
tgldl' = .—I?I,COS,\'I ix. c (,\' = '_T ) }‘:n_) x X2 N X . A El.. B 2 ’_ _(_.'..}_ _%_J' :.5_ = '
15) [ et dx < ’ Yechish: [ (—3% — —3) dx =3/ & E ol
P = lnlsing] + ¢ (y » k), - o 3. Eem Bt
" 01 \,——j—::-_ = { arcsinx + ¢, =3 xsgy 2f x~%dx + [x73dx =375,
‘ V1,2 Tarcecosx 4 ¢ “:“C-‘:._.j__-__z_ b oLE
i 17) J- _._d_‘,__ - Q?‘Ctg_); +c p 1 . _-E:_ﬂ_] +C ! de® Vg3 S e
1452 . ' iy = — {1 . ’
. Arcctgx 4 C; 18) | Z_g2 2a (x4 ¥ ni hisoblang: L 10x = U |
TN inx 4 o= " sin=+ 6 4. ] (3x3 + 557 — 8)3(9x2 + 10x)d deb olsak, 9x° 10 dx = |
V¥ Zat r T\--‘\‘Zi-azl+c- 20) [ === arcsta Yechish- —3x34+5x*—8 de g [t enx
21) f .,_E_L 1 ) 2 Yosa--x- Chish: Agal‘ U = 34 s 3(9,\’2 + 10x)dl .
T T Qreeg X POladi. U iy [ (347 + 547 — 8)
a ® i
2 UY Fe 2oy
-.__;__i_ C = (3x3 45y 8) +c.

4




5‘ . 3 " - . .
Isin®x . cosxdx ni hisoblang.
Yechish: ;

.2
ISHZ X cosxdxy = I ltB'l(’-d\' _uT sin™a
o > _ T - C = .
6. <22 o} . ) .
e dx integral hisoblansin.

Yechish: i = y2

—-—C.

berilgan integral [ 1ICJ’V
Tou

Jar=1%4
¥4t T ) —dx =] Ao s T o o . T
t nlul + ¢ = In(x? + 5) + ¢ kelib chiqadi.

ko rimishga Keladi. Bundan esa

Must

I. Quyidagi:
D) =2y
AL Y= 28,

aqil yechish uchun topshiriglar.

2)d() = x3dyx: 3).d{ ) = casxdx;

5 = da x
tengliklardagi b, 0=50 9d0 =15
sh yichli B 3
2. Quyidagi i Joylar tegishli mulohazalar yordamida to’ldirilsin-
gl Integrallar hisoblansi
1) [ (x2 < X soblansin.
. T 2x -.L’—)dxj 2) I‘lf_‘.1,'s+3
3 fEE . T
S x; — 3
5[ 2 DIE+ ¥y
e 6 fox(1— &2
Do P =Sy
%) 5;:-5[112‘-._.,_. X3 8) [ dx
Ctg de; ] “ ?in:-""c‘os:x d.l‘;
0 22 de
11)](4? 8 ) | cos : dx:
13) f(orns i T ) iy
J Tl
J (Sln—z- - Cosf)zd,\,_ ] 1+_1-'.. ) )
of N Jg e,
.]aVOb: ]) a3 Y sinly dx.
a2 Ty 4, .
)--— i C, 2)2'\‘3_i.,—:—c';

Agar u = sinx
gar u = sinx deb olsak ' = cosy bo’ladi. U holda

+ 5 de sl v 5 - o HH
eb olsak, u’ = 2x bo’ladi. Shunday qilib,

sinx

9) - 5 s s 1 s X

) ffg-\ X +c; 10) % + +¢; 11)2arctgx — 3arcsinx +¢;
) [,

)T —x+arctgx +¢; 13)x+cosx+c¢; 14)cosx —ctgx +c.

~

3. Quyidagi integrallar hisoblansin:

]) "—-i\._ 5 9] dx = ax i dx
S et M zn W Ve
T Byt 1 L
2 1 S X L -
J,\ +3 ‘\._;3) E) 6) 'J’(\E—_I:‘r T \.;:_5)([.\..
avob: 1) — | IR L & g o Saaiay s Lo
Join| =+ 2jarctgs+c 3)arcsin; +¢ 4

3y 4 g 6)

X=a3
3

In(x « v 753) 3 &
( VXS +5H) L+ c; 5) \;"S(QI'CIQ T: + in x4+
' TN
arcsin = . e, "
S+In(x +VxZ¥2) +c.

4. Quyidagi integrallar hisoblansin:

[ g gy BE [ s
ltcosx > 2). xiny’ 3). 1+3x3 X

Hi-2 a.. - et - x3
)‘rlh. dx ; 5) dx: 6)] ﬁ—zd‘\';

e'v+5

: 1 L 23] 4
Javob: 1) —1n|1 + cosx| + ¢; 2) Inlinx| + 6 3);!’”]4—'" x|+ ¢

Hx —nle .

o In|x + 1| + ¢; 5)In(s+ e¥) + G
E e o

) 3 X" +4x —8In|x + 2| +c.

chini almashtirish bilan

tegrallash. Kvadrat

lash

, §2. Anigmas integralni o’zgaruv

Nteorall. . . ; '

tegrallash. Aniqmas integralni bo’laklabin
uchhad gatnashgan integrallarni hisob

nkin bo’lmagan hollarda
garuvchini almashtirish
’zgaruvchidan yangl

c10’11Anlqmas integralni bevosita hisoblash mul
Sh- mumkin bo’lgan usullardan biri 0'Z

uSUlld”- B & P . .o "

- Bunda ber ¥) dx integraldagl " * 0

o'z a‘ e“‘_ga” fFgg Lt o o tiladi. Bunda @(x)

ke garuvchiga biror x = @(t) funksiya

p S'ifili differensiallanuvchi, hosilasi uzl
©™1(x) mavjud deb olinadi. Bu holda

[ fx)dx = ff[w(t)]qo'(t) dt

orqali ©

uksiz hamda ungd teskari

fl_l n




tenglik  o’rinli  bo’ladi. Bu tenglikning  o'ng tomonidagi integral
hisoblangandan so’ng, t o'zgaruvchi o'rniga t = @~ (x) qo’yilib, berilgffﬂ
integralning javobi olinadi. Berilgan integralni yugqoridagi tenglik
yordamida hisoblash o’zgaruvchini almashtirish usuli deyiladi.

Berilgan integralni bevosita hisoblash mumkin bo’lmagan holda

S k) - . N % 3 S () ']”aSh
qo’llash mumkin bo’lgan usullardan yana biri bo’laklab integt

usulidir. hi

Aytaylik, w = u(x) va v = p(x) funksiyalar dil'i'crcnsial[mmvdcIi
funksiyalar bo’lsin. U holda d(ur) = vdu + udv bo'lib, un 'ii
udv = d(uv) — vdu ni hosil gilamiz. Bu tenglikning ikkala tcuﬂomki
hadma-had integrallab [ udv = [ d(ur) — [ vdu yosh
Judv =uv — [ vdu ni hosil gilamiz. Bunga bo’laklab intcgralli{l,
formulasi deyiladi. Bu formula hisoblash ancha qiyin bo’lgan fue

1 & 1 H ‘ = . 4 od Oll
Integralni hisoblashni soddaroq bo’lgan | vdu inntegralni hisoblashe
keladi. ’

; - ulasi
Demak, berilgan [ f(x) dx integralni bo’laklab integrallash form

. : i :
Orq?]f hisoblashni quyidagi algoritm (ketma-ketlik) asosida @
oshirish mumkin:

1algd

1) Inte{gral ostidagi ifoda ikki bo’lakka ajratiladi; i esat
2-) Hosil bo’lgan bo’laklardan dax gatnashganini dv, ikkinchisin
orgalj belgilanadi:

(1"Ch
3) Hosil oshlang !

qilingan dp differensial bo’yicha biror ¥ b

f I i 1 . . b]ﬂb,
u":(;ks{ya. ‘opiladi. Buning uchun v = [ dv anigmas integraln! hiso
34')thyf°r1y 0’zgarmas son olinadi-
u 1 -~ ]
& rLl;;:ks?lya bo’yicha du differensial topiladi;
¢ VAl integral hisob| i .
6) [ vdy p; i anadi; s oiladi

fodasini bo’laklab integrallash formulasiga 9° pdll
. H ; ol |
Jadva Integral; M shunday tanlash kerakki, natijada formuladag

t
s iborﬂ
bo’Isip. yoki hisoblanishj osonroq bo’lgan integrama”
a’zi a ) ]]ElSh
0 v qmas . . . tcﬂ]a
"Mulasing iy Nech "Megrallarni - hisoblashda bo’lakalab

¢
A Marta 9o’llashga to’g’ri keladi.

s o i ¢ bi ha marta
Ba’zi integrallarni hisoblash uchun dastlab bir yoki bir ne; :
bt : ‘ il gilinib, so'ngra
bo’laklab integrallash orqali ularga nisbatan tenglama hosil qilinib, g
bu tenglamani yechib ko’zlangan magsadga erishiladi.

1 ¢ an

. ——nd" ko'rinishdagi integralni kvadrat uchhad qatnashg
ax-+bx+c = = ,

i S daol ke ddan to’la

integral deyiladi. Uni hisoblash uchun maxrajdagl kvadrat uchha

kvadrat ajratiladi. Ya’ni, maxraj

b '
ax2 + bx +c=a[(x +‘2"a‘)2 + k7]

N o . nday ilib,
kst yoailadi, o — E _ lb_c: — +k? deb olingan. Shunday q
berilgan integral
- dx 1 [———d—\"‘—'—'
s b

- 2 4 .2
Jax2+bx+c al (‘\.,:_é_a)cfk

- b = 1ashtirish qilib
ko'rinishga keldi. Bu integralda x + - = £ @x =@ i

2a
berilgan integraldan

1 dt

Ml hosil gilamiz. Bu esa intcgrallarjadvalidagi integra

Yatnashgan integrallarning ikkinchi turi
[_ﬂ——d,\’
1 ax?+ bx +¢

ko’rinishda bo’ladi. Buni hisoblash uchun qll)/i
bajaramiz'

1dir. Kvadrat uchhad

dagi ayniy almashtirishlarm

A B j—&)
AvB (zg,,bL(/%—d

2o hx+C
ax? 4+ bx + ¢ ax? + bx

: 1 dr\. =
A s oL Ab ______———T—"'
::-__IV_M__({X-}-(B—‘Z‘E)(“XZ_FIJITC
2a) ax?2+bx +c y ¢

=2 éli) ] — R AC
= —szla,\-2 +bx +cl+ (B —2a) ) ax?+ h'usluli T
OXirgi integral 1-tipdagi integral po’lib uni hisoblas

ne
Kvadrat uchhad gatnashgan integrallarnine

yana pir turl




e et bk st k..

tT . t” 2 - —at =
=4[ m‘=4f(f?’— )df_‘Jr’tdt (-:+1d
{ ax te+1 ; e3+1
e _at? g 5 I U R T Y oo I | IR
vaxe + bx + ¢ (idagi “"3_‘;'!”“°+1|—1C: —glnl"\ : 1|'C
1dag
ko’rinishda bo’lib, uni hisoblash uchun maxrajida luruan ildiz o0s

‘ . 2 ishga
ifodani almashtirishlar yordamida t° = k? yoki k2 —t? ko'rinisic
keltiriladi va natijada jadvaldagi integrallardan biriga keltiriladi.

Kvadrat uchhad gatnashgan integrallarning o’ rtinchi turl
J Ax - B
vax? = bx + ¢

ax

ko’rinishda bo’lib,

ishlar yordamida hisoblanadi. Ya'ni,

dx

+ phx +C

—_————— X + > B R
2a) VaxZ ¥ bx + ¢ ~ 2a’ ) vax?

qlar
qmund
Mavzugd dﬂll‘ yechimlari bilan berilgan topshiriglardan 4

1]

et integral hisoblansin.

Yechish: [ ‘i‘“_:{\’X—‘—LL:t,x—:-él:tz}: f-—f—r_—%’:
CEvEr Ay =2 _ 4, dx = 2tdt B
- I?T-::z'_l’tl. c=1m[EEE L.
sxmm +2 2 A F4+2

'—‘—-—_

Virsco= integral hisoblansin,

e . . ajaril
u ikkinchi turdagi intagralni hisoblashda bdJ

4. [ xe¥dx integral hisoblansin. _ * dp = xdx deb
Yechish: Agar integral ostidagi xe™dx ifodant tt = €7 ¥
olib bo’laklasak, u holda

=

2 »s "1k integrallash
du = e¥dx, v =[xdx= _2__ ¢ bo’lib, bo laklab  Integr

formulasidan
x2 1 ] 20%dx
Xy — Y —— | )
f xevdx % € 2. p — berilgan
kelib chigadi. Ammo bunda hosil bo’lgan o’ng tomon ag

bunday
adi. Demak,
Integralga nisbatan murakkabroq ko’ rinishga ega bo’l 5 dye e*dx deb
= j
bo’laklash magsadga muvofiq emas. Bundan esa 1 ?
olish kerakligini aniqlaymiz. x _e¥+C.
. = x,du = dx gfdr=x¢e
Xetdx = = xe’
’ dy = e¥dx,v=2¢" :
5. [ x2sinxdx integral hisoblansin.

| = x2,dv = sinxax ] _ _x2cosx +
Yechish: [ x2sinxdx = {(iu = Z'td\ p = —CO0SX

.[2 u=xdt'=C05"'d’\}=>
il Xcosxdx = ’ = si
_ osxdx du = dx,v = sinx psx) +€ =
- —C0SXJ
-2cpsx + 2xsint -2
+2| xsinx — | sinxdx )= —x"€0s%

gan

—_
=

x2cosXx +

hu = —x2cosx + 2xsinx + 2cosx T ¢
s UC S a1 ; ;
Yechish: By integralni bevosita hisoblab bo’lmaydi. Shuning 6. | V1 — xZdx integral hisoblansin
garuvchlm almashtiramjz. ok Yechish: - afdx
Agar 1.5 Coe=dt Y —rdr=dx|_ -+t
€osx =t deb olsak, u holda —2sinxdx g u=v1i—-x = XV
Smxdxa_i le‘-\‘zd.\‘ = xdX_ ., =
bo’ladi. De k, il 5 i T
ma N1-E Ji—xldx+
I—\L = N g P SN 2 Bl B
\1+2:,-\._-,51 _[“"‘.:——. _\,f - ‘\,’TTZ_C_OE\: A= @, X ‘l \1-x7 X
3' Vxdx
.fﬁ lntegral hiSObl .
e ansin,
echig .
i I ygdx = {x =14, E= 4\5} [ 4t3dt =
dx = 4t3df 1+¢°
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CHY, biz
+ i~ 2Vl — 2% [y

1 —x2dy - aresiny ~ ¢, Demak,
Vil —x< i
i — A mani
_!\1—-,\;2[’{,\-‘* vl XEL- ‘\1 = \-,((] *ar('S(”\.FC ILngla -b
oy 4 o —— 2 SR - C keh
hosil qildik, undan 2 fvV1 —x7qx = xyvT -2+ arcsinx

chiqad;. Shunddy qilib izlanay otgan integral

— 1 1 _
V1—~xddy= Exv‘l — X% 4 S aresing ~ ¢

dan iborat bo’ladi

Tt i ) I
P S fo— 2 integral hisoblansin,
Yechish:
i dx __1 dx 1 d {A':’*Zz }::
" 242 +°v¢2o T2 v3+4.».-+1c - -2_r x+2)7 45 dx = dt
= f 1 t 1 ¢ x+2 + C.
--:arc‘t g T E=E ——arcty——
tz +6 V6 g v 2y V
_X+3
‘__2’ d.1 integral hisoblansin.
. f2x-2)4(3+42-2) Lo, SR g
Yechish: f——‘ia—_dx f‘*———T_L_d.\' = ;_f r:_zwsd |
¥P=2x=5 XS -2x-5 B 5]+
_‘_4 1 B ax _ 3-. ’\pz e 2,\
f‘__z‘_ = lnIA —2x—-5|+ 4‘1'”_1_.:_5 Inl
- +1
—-2-—- \5 xt1 \6 L I—C
\Gln Vet C——lnlx 52\—31*——3 -
Sx+3
9. fﬁ?—:—_;—)—__;—ladx Integral hisoblansip.
o 5 _ 2yt ax -
fol. Sx+3 5'2x+4)+13~-10) [
YECh]Sh_ f—-_——'*‘——————_:d.l' = ’ *——__ﬁ_d;\' = _J - Fair+10
a Vx+ax+10 T AxT 3x110 4" Mt
“‘7 X _‘3 ¢ V-
?:E}T;“‘f(:\ FAX +10)7I(x2 4 4y o 10)'dx
- dx
7_[_7‘_——_—_:___1__

- a3 10]+
- H—‘—_———___
VIFR2)IE T OV 2*—4A 10-—7”1,:\‘—2——\.lz'L‘}1

Mustaq;l ’

L. Quu: Yechish uchun topshiriglar: Y

1) fegrui;ldag] eerallami o rniga qo’yish usulj bilan hisoblang-
4)J‘ ~ X 2) f Lf“I;c‘_:—'i'd : 3) ’-(3 _ 2){)4 dx;

6) [ sin?x - cosxdx;

1=2¢o5X - 33 . '-’-d,\’;
) [ cos®xsinxdy; Bl —— ,\ dx; 9)[e* -

10) [xVxZT£ T 1 dx: I])I,\ 3\\3—80’1 3\ ‘ ]
3 3) {3—‘2-‘::' +C;
1, S o e
Javob: 1) —1,-3x +c;  2) —(4—\ —1)2+¢; 0
3 sfrzs.l‘_:_c, 7)_:05 ‘+C;
4) ~¥3=2% +o: 5) = cos(a—bl)d\ 6) s N

) zcosx 10) = \,T\_TI)F*C
SU'

DIVETE s 1 AT o

1 ..'l
+C; 9)59" + c;

lasidan
) Quyidag: integrallarni bo’laklab integrallash formu
fo_ydalamb hisobl'mg

3) [ xe2® dx:
D “”‘d\ 2) [ xn(x — 1dx; 3) f xe ’ﬂ;\
4) [ x2 cosxdx; 5) [ xarctgx dx;  6) [(Inx)? dx;
NI, 8) [ x3e~¥ dx; 9) [ arcsinx dx;
Sl! i - iy
10) ’- ‘CSinxdy ?11 12) -r—-—cas"l"
I x

Javob: 1xin|x| — x = c; }—ln].x — 4 =

c,
L —_ x—25m,\ +
3) “92"' (.\' - 5) + ¢ 4)x3sinx + 2xcos

2
.:._,:_1 C,
)\Hmft91~——c 6) x[(Unlx| — 1) ]; L 6) +
r [ ’
. ¥ _
B~ "Cfg\mlnlsm,\l—c 8) —e¥(x? +3x° S”m__hﬁ_:—,?J.-C. |
)"mcsmr—\l—\E*c 10) 2y + x arc

) - El‘l—ﬁt—l+ c; 12),\'1‘01'-—1:116'05-","”‘:‘
hy

3. Quyldagl mtegra[]ar hlsoblansm

1 dx 2 |
)_sz——____. 2)_1‘\ + 3 I s P ht:a

. |
3 ey
x3 ~Sx+25 " xI-7x +1; 9)' 7x—8 _7¥=8 _dx;
7) ( 3x+4 2x dx: ) Ziex+17
a _:—_——— 8 ( ’ X
'-"_?S“"‘ ) Nl . 12) f‘::T;IE?
J “?"*———d,\'; 11) f +11\+4-’-

d\ IS)r 24x—x~

dx;

13){ dx . i 31. 5
Ty W s




= = s e AT

16) J B2 Sxt
)fx'z—-l-'t—.—.' I [=2283 e
X“=8x+9 .\),_-"__4__‘7;(!.\_
Javob-]) 1 42,
. —arctg — + - 9y < ... 21 _
pr o DT e D Zaretg B2
=arctg =— L . 2 2v-9 2 2413
V13 VIzs T 6 4)\TE(UC[Q-—F + ¢ 5)=arctg—+¢;
- V19 §7 7

6)_2_ a 2x-1 3

=arctg —— . .. - > = 2v+7

i I T 7)El‘1("~" + 7x + 14) - %m'd{!——:‘*a
) In(x2 £y o 5 P —— ' '

= Vi1g "G C;
9)—]1‘](,2 -~ = v
X i | — 57 -l
2 T :)x-.:.. 1/)____ . 2v+5
—= Qi < -
V33 7elg yag o

10)2In(x2 . 8 2

+ 8x + it & e 4

11 2 2 - TGS+ e
);ln(x + 1183

A2 o o2 iy BEFLY
12) 2 In(y2 ‘ 37 =+
> In(x —9A‘+23)+ia,.ctgz»_--9
Vit G
B)ln|x -2 4 iz = e — o
14) e 1 A
—J-“_\ ’
9 4 6x — 352 “‘z——al'csin""_l .
195 e 2 v e T
) arcsin 22

+C; 2
3 16)\.5112,

X =24 X7 dx 1 45|+
+4x + 10— 70n|

17) S\fxz

*+2+VxZr4x 10|+ .

§3. Ratsiona] kasr]

ar va ularni integrallash
a 2 . ’ =3
ko’phag nisbatid

_ i . ki
an iborat funksiya ratsional kasr y©

‘Pn (A’ =
Ta’rif, 5 ) a
Uto’gerj

-1
nd "+ AN—1
a?z—ll l-r..._:_all\‘_:.ao

ratsj ;
0’lsa its,o,na] Kasrda maxrajining darajasin = bo
.AgarR(«\'} not(yg!;- Oto'g ' ratsional kasr deb ataladi.
- ' Fatsional kasr bo'lsa, u holda uni quyidagioh®

?lsa,

___‘—!—_._ —
Bi(x)y = Nooy(x) ~-C—r£9- r<n
P(x)’ '

3 II R ( ) e A Av+E
X—~ Ll N — e S "
a 2 ) ey I1. R3 (1) = m

kasrlar deb ataladi. Bu yerda 4, B, a,p, ¢ —haqiqiy ol
oo wne e a
x? + px + q kvadrat uchhad haqiqiy ildizlarga ega emas, ¥

IV.Ry(x) = —

Ax+b

(xI+pr+g)¥

olinadi.

(1-k

e f l‘ (2x+p)dx
2 A,

L [R, (x)dx = f&d.\' = Alnlx —a| + ¢
I f R, (x)dx = [—2—dx =4 Jlx~ Q) Fd(x —a) =

(x—a)®
A

¢
kKilx—q)¥-1 i
AD
=)

.'-'1,._,. n)+{B—
IR gy =

L [ Ry (x)dx = [ =222 _dx = [ poeq

x-+px+q

{xz-%-p.\":'q:t}::)

Ay r dx
s S i —_— = | = dt

ipytq (& 2)J xT+px+q (2x +p)dx 2
A cde . ) A - gl +
'_F-—-.'_.;_ _E dx == IXZ_:—‘U,\-:'Q '
212+ B - D mn =7
(B__ri__ua- | a(x+f)

2 l\ -L“:-")h +m?

v+
ApN 1 a2 C.
S8 L o _ 28 Y —arct
In|x? + px + ql + (B z ) mar 97 Az)
A3 ) gy =
(x2+pxt ¥

c 4 X A '//:
:‘—:—(%T (B —'—22)1 [(A_+§)2+m2]n

A iy =
S (xT4prtg)”t

IV.[R,(x)dx =

_4
2

[]

J (2 4 pr+ @ Fd (4 px T

i)

DGt
2
[(*"*"% +mz] 1 +

A dt _M
+(0-2) | e T P
T 1 +
_4p L om? — 2 -
+(B 22)[%&:(1%)@“?“
m t=+1
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_ ko’'rinishdagi kasrlar eng sodda ratsional

k = 213!4"" va
'ni D < 0 deb




Ap Ap :
| (B = 7) dt (B = 7') / tidt
T f(tz +m2y-t 2 | 2 sm?)*

Bu yerda ikkinchi qo’shiluvchi maxrajida & — 1 darajali [fvajffg
uchhad qatnashgan integraldan iborat. Oxirgi qo’shiluvchini bo‘lalx.ﬂIi
integrallash formulasini qo’llab, undan ham maxrajida 1\“.1 dara,llja
kvadrat uchhad Qatnashgan integral hosil gilinadi. Hosil bo’lgan m[eg"; va
yana yuqoridagi ishlar takrorlanadj va pirovard natijada R, (). R (¥
R3(x) ko’rinishdag] integrallarga keltiriladi.

lar
n - - - 3 . zln]u'la
Mavzuga doir yechimlari bilan be

Sdx | 3 i
1; ) v 14 Integral hisoblansin.
. 5dx rdix+4)
Yechish: f:: =5 HETH), o Sin|x + 4| = C.

x+4
2 J’ 13dx | . .
" xZsy7 Integral hisoblansin,

Yechish: [ =5 = 18 {205 _ 4 g i, _ 57 dlx =5 =
xX—=35) .

rilgan topshiriglardan n

(x-5)7
=13.%3=5)° 13
=13 _‘—‘_—6—— + C =

— -+ C
6(x — 5)¢
Sx-7 .
3./ mdx Integral hisoblansin.

Sx =y )] 15, = v+3 .—
Yechish; [-3%=7 - 3(x+3)+(-7-13 L S22t _dx
fmdl - r"?ms—'—d\ = 2_’ o +3r+8
2 = -0 L L = — =75
2 X“+3x+8 3 1| x 3 8| l(x—:ul.:))z’:”
5
=35ln|x2 o 25 4 3 ) T
2 3X+8] ""-:—Ta?'Ctg‘HD—C—-3—112|\2’31
V375 \V5,75 2
29 ﬂ]’Ct 2x+3
V23 g \’_23 + C

4.1 (x=1)dy

G2+ 23432 INtegrg] hisoblansin

. ¢ (x=1)dy - Hex+2)-2 dp = B2 iy
Yechish: | Zrzeear ) (Bezeaap 0 27 (R+ax+3)?
dx 17 3 i L3y 24 ,\‘2—:-2,\’-1’3)—‘

dx x+1= t) ____1__3_)_
B : = it )T T 2(x?+2x+
2] [(x+ 1)+ (V2)2)? ( dx = dt 2(x E

2.9 ¢t2
[ dt ] ff__id—dm
_‘2 —_— = = -
J(t2+2)2 2(x2+2x+3) .

1 t?+2 t? g =
2——————[———dr+[—t£—2§3
2(x2+2x+3) J (t2+2)? Edr( -
i -__-__._._____.__-——
C 2xii2x+3) Jee .d(tt%-) . ]
sarerg ot [
TR Ty 2l e TagErzrd
2 G
“‘l-m't L_—t——-:-——l_—_-arctgj;—:* 2(x2+2x+3)
20 E T e V2 £
1 x+1 x+1 ; r—mcwﬁ_*
—_Eﬂ?'ctg \’5 _2('\,2_%_2‘\._:_3) 2\.'2
xX+2 1 'Y_rl_:.[,‘_
== ———arctg— 7 °
2(x?+2x+3) 2v2 V2

irigqlar:
Mustaqil yechish uchun topshiriq
1. Quyidagi integrallar hisoblansin.

B : 7dx dx
1) [ 3ax Tdx 3.5dx
) J weggy  2) | T 3)_‘—1_6'5, »
Ay .
i dx d
Vg, 5 ) == ~——; 6) TS &
X" +2x+53° 3v2-2x+d : {mig—
7 dx . dx . i :_:_:—:—:,
)rm’ 8) 2x2-2x+1 ) 5—axt2

i . 2xt dx;
10 —_3:1_ .. xdx : 12) } —1."__:
)IS.‘_:ﬂ_‘__Hd.\, N e _

5

x2_g, +2-0,2x+0,17

(2x : v+5)dx
15 Qx+1)dx (3x+8)dx
2 m’ 16) f (x2+2x45)°

Javob: 1) 3in|x — 19+ C; 27

” N r—2,4 5
13) -'-'__l__:?d.\‘; 14) J _Axmer  dx
s

In|x + 51 il
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- Y+ 1 1 x-1
3)35Inlx —6,5] + C; 4)§ar-ctg'—21 ~C; 5)%(11'(!93\1—:7‘ C;

2".":'3—\3

6)—1_;111

Ao

+C; 7) iln |""_S

4 s : i + C;
— g + C: 8)arctg(2x—1)

oy L areta 2L L 103 2 Bl RPN ot S0
)\5 retg Ve L IO)ZIHIA —x—lla_\gmctg 3

1) 7n(x? + x + 1) %%m'ctgz‘;‘1 +C:

v3 3
(x-1)%| clx=-2)
12) In l——ﬁz i—,—C; 13)ln| .\__3’ + C;
14) 2In(x? - 0,2x + 0,17) — Sarctg =2 + C;

15) x=9 1 x+1 !
8(x%+2x45) l_éﬂT'Cng % €3

16 —-Lf‘_,__i i x+1
)4!'9:3+2x+5; g anelg=—d.C,

§4. Ratsional kasrlarni intcgmllasll

H Q:."." . ) " i ' Aoar
Aytaylik, fﬁd‘ integralni hisoblash talab gilingan bO Isin. 7=
%) ka 8003 _ Fix) tO,g’ri
fexy NaSr noto’g’ri bo’lsa, u holda uni M(x) ko’phad bilan o
I t [ 1 L 1 al i %
ki:;t:‘na] kasm“‘g yig'indisi sifatida yozish mumkin. Bunda oXlls
- S;dzng sodda ratsional kasrlarning yig'indisi sifatida yozish .m
il alkasrlarning ko’rinishini maxrajidagi f(x) ning ildizlarig?

qlar;]adl. Bunda quyidagi hollar
f'(x(;l-_MaXrajning ildizlari haqigiy va har xil, ya'ni

= (x e a)(x — b) ... (x — d)

Bu holda £ ; i
4 7o) Kast I tipdagi eng sodda kasrlarga ajraladi. Y3 nt,

qﬂl’ﬂ

bo’lishi mumkin.

Fx) 4 B 5

f(X) ;C‘—:H-!_ _ + e bo' lil

[T >

—Z _ A

f(x)dx_I"‘*—d.vc-i~ B o _‘.D__-dx:
= AL X —qa d-\. -+

llx““|+Bln H=p -

lx - b| 4
-hol. Maxr i o e
ajn A4 .
e . & _Jal)llg ildizlari

“+Dlnlx-d|+C bo’ladi. _
haqiqiy va ba’zilari karrali. Ya'nb
. (X'— b)ﬁ S (x _d)S.
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Bu holda L kasr I va Il tipdagi eng sodda kasrlarga ajraladi.
flx)

3-hol. Maxrajning ildizlari orasida takrorlanmaydigan kompleks

ildizlar bor. Ya’ni,
. o o
fl)=(x?+pxr+q)-.. (x*+lx+ s)-(x—a)

Bu holda F\ kasr 1, 11 va I11 tipdagi eng sodda kasrlarga ajraladi.
o digan kompleks ildizlar bor.

(e —d).

X

4-hol. Maxrajni ildizlari ichida takrorlana
Ya’ni,
FO) = (et + px + @)+ (62 4 L #8072

Fix) . o . i i
Bu holda f—“ kasrning yoyilmasida [V tipdagi €
(x) '

x—a)f . (x— d)°.
ng sodda kasrlar ham

o munalar
. S _— 1o ri lard:m na
Mavzuga doir yechimlari bilan berilgan topshirid

- xdivs2 . 5 :
L g d integral hlsomansm; . hun dastlab uning butun
Yechish: Berilgan kasr noto’g’ri bo’lgant pes sohadni X% —7X T 12
qismini ajratamiz. Buning uchun x*+x+2 kop
ko’phadga bo’lamiz.
i | it
_ x?+x+2 aar="2
_x?—7x* +12x
7x? — 11x+ 2
T I —dSxdEl
38“-8“3 39\_33 )d\ - ‘}:’XZ — 7X =
Demak, f————fiﬂﬂ dx =] ('\' + 7 + 2 x+12 ’
Y oxe—7x+12
+ f Md'\’- Ya’'ni
¥ gpe ok - har xil ildizlarga &%

kasrning mahraji haqiqy

2+ P oXIrg
¥=7x+ 12 *]eani Uchun
. 22 — 7y 4 12 = (r—=3)(x= 4 " g p  mumkin Bundan,
8y ey s
e N ko’rinishida yoz! A-3B= 3gx — 82

YT-7x412  x-3 x-4

38'\"—82 =A(x_4)+B(.1’—3)J A‘\'-'L-Bl B BA__BB::——114

\ _ A+B= 38 EIR =82
{ilc;f—;;i —82" {j,x +BSB = 82| {M 3

-
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=-32; B=70;

Demak,
2ex42 1 = — £ IX—
J—=dx=-x?+7x-32_ . . 2‘1
Xe=7x+12 2 *—=3 X
—32In(x —3) + 70In(x — 4) + c.
5 24345

. ¥ dx integral hisoblangan,
T oxlx+3)(x-2)

. X 4+x 45 A B C
Yechish: 2 = -
x(x43)(x-2) X ' xX+3  X-2

_ ifodaga
Bu tenglikning har ikkala tomonini A(-\*3)(*‘ 2)

1 ko’paytiramiz va quyidagiga ega bo’lamiz: i
XX +5 = Ax +3)(x - 2) - Br(x — 2) + Cx(x+3
l xz'_x;‘E’:r'xc.ii:*:C—Es\,*B\:rl-’l}-\\-C(‘-\"L‘ .
X rx+3=(A+-B+C)xt+(A—2B +30)x—6A
A AfB‘fC:l-
TR L =1, : _ 9
Demak, 34 — 2B + 3¢ = 1 A—-2B+3C :

g 5 ) asiga
A ning qumatlm sistemaning dastlabki ikkita tenglamasie
B = ~—vaC = —nl topamiz,

dx | _1—}-' ] -—:‘E
Demak, f—':&-—dx*—l—':d,\‘ J i B
- “'3}.,“.—'21 .
= —~ln|xl —*—lnlx + 3]+ ﬁlnlx - 2|+
2
3. 2x“~7x+g . . . o
| jmdl integral hisoblansin. i]dizlﬂrlm
| YQChISh Dastlab  integral ostidagi kasr maxrajining
X7 — 10x2 +9 = . X =1;x oo, £ T = po’lgant ucni
X%~ 102 ’ I - A kast
| 52 sk b (r—1)(x + 1)(x — 3)(x + 3) bo’lib berilgd™ =
\ i B c B J kin i
;hm""*" it o+ +=3 T 733 ko'rinishida yOZlSh paue
Im undan tsad4=_23, B=1Z, 5 aml
| 18’ e G==: D e ]arnl tOP miz
. ABCp larnine 48 [ay™®

qo’yibt

. dxX =

[2-7xte 3 i : L A, 21
xi-10x7 5 T 1s | [ETOY ! v41 | 48 L L B £ L +3
=2 4T < g7 5%
" el - 1l~——lhl\ ~ 1|+ =Inlx - 3] - = Inly = 3] =«

‘:'._,3 i3 z 4"
s mlx—1)? - ;‘fflh‘ - 1P~ =Injx - 3| -=Inlx + 3|+ c =

" ey Mtegral hisoblansin,
Yech;
ush: Intee :
£ gral ostidaei kasrni
X o $ il ASTT IS .
T:._.‘——-_.___‘ :A‘-‘*"S . 11 \Ud\.i.] L\

asrlarga ajratamiz:
gy T
ynLL“ 1 ey T Bundan v o (1 R WY - O NS
= Donet — N - B 1 S g = - I3 i e-riz=rthibcrzily
\ﬂ‘ . = @, A= —C. = = BT g
B B E= 56
-B+C =0 Ay 1 dx 3.
lopamlz. Demak, . 1o dx 3\—‘5“‘"—2' e
i . ox- b, = | === RO Y
o Y S i o
T xt+)e-1)
1 - dx 1
+ - -—\ :—-——I”(
27 x-1 4

Yo o AN
1)+ —arctgx + Sin |x — 1l _
2 . i - ansin.
vt eaxd 41107412548 o igteoral hisobl
xt4axd 115" 412048

(.\-3+2».+3)3'l‘-+1) s
Yechish: = +41°+11\ 2412248 _
echis

5. cx+D_ . £ Bundan
- A:\.‘-i‘s '%'—T:;—-:; x4l

(Z+2x¥3) *

+2x+3)%(x+1) '

quyidagi tenglikni hosil qilamiz: 2

x* 4 4x3 4+ 11x2+12x+ 87 4 B+ L 2x+ 3% Y

TALX % r2x +3)x T topamiz.

A(C; D)(:id 2\,10m-‘)1.(1u1n Loefﬁtswntlarm op
u tenglikdan

B=_1,c=0 D=0 E=1

(ax + B+ DT

oy B d.\- =
Shunday qilib, =1 __dx+ )1 i
prteadand H2S gy = [ ooy e e
(a2 +2\+3;:"1+11h x+l dy — 2 Ziaxe3

_ x+1-2 ¥+ |____-f l:,_.2.,.2.*.:+3)" _

- S 2 x+1 +C=
{(x<+2x+3)°

4 hll,\""f’ 1‘ !
sldr. @2 g, s fhmu
27 (x%42x+3)°
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= = »2 = -
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% i _ L
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arctg <k l .
7z Tinle+ 1]+

=,|

-

\..

Mustaqil yechish
uchun topshiriglar:
1. Quyidagi integrallar hisoblansin. " !

I. Ma
xraj haqiqiy va har xil ildizlarga ega bo’lgan hol.

1) [ 2R, d
T (x+1)(2x41) 2) | ( == 3) [ 2¢7+41x-91 dx; 4) ‘_,___.'.f_}—-—-—",
1 J gx3-7xt=3X

Y _-_,_‘ 2,

| (x=1)x-3)(x-

5 ,1'5+,1:"'—.8
) j :‘:3_4—‘: dx’

lx+1]

Javob: 1) in 222 | 1 -
3o |t ¢ saf(x-2)? V2w =]+
p |20
J o x(x 3)7 ~ G 4)—ln|3\'+1|—- —l}i!'?\-—3|—-']ﬂl\l’c’
)-3—1—'2_""4:( -+ -—In|1—.‘_‘fz_"| 4p
II. Maxraj i
J hagi
hhhhol. qiqiy ildizlarga ega va ulardan ba’zilari karrali bo’lg?
1) fEBrragar
x(x2+2x41) )J‘(__)z ' —\ 3 3) [ﬁ—.~;3 it _,_/‘EL/
§) f——*dx 5 ; (x=2) dx; 4) (x+2)7 (ats)”
B 13Ze7e3 © 6 3x“+1 ’
2oy 0) F;TT‘(L\'.
Javob. l)l - x*=1)*
. n|— _6._ |
3) o 1 .‘f+11 ' .\:+1TC'. 2) 4111'3:'-3{]1],\ ’_ll "_,_1’6’
3(x-2)2 ":__.T‘—-’- n|x — i BB
S)Eii’-f_ 1 2(x-2)2 tx — 2| 4) 2In [:—; ~:E:Z_-’1:‘J+
2 S — e ‘
6) 4".-"-'"1): Ax—1) T ﬂinl,\‘ — 1[ £ i P i
cm i Yy T g = =Inf|x + 1] + ¢
{"L“—l) °

1L Maxy
4 d 1 L r .
)fm_ﬂ), Ny ydigan kompleks ildizlarga ega bo’lgan hol
3) _f dx
R 6) [T

l"+b\ <+g

o C‘1

Tass 3)1J_
;_15

P 4

PPy OV REPTPURTLI B O PR P SYSS SN SRS

|x] 2x—1
Javob 1y == 16€; Z)il ) | —artg=z + G
v x-+1 2ox+l A3 v
l N o—
3) It 2041 | =
- L — A = X G
3 ANm+y e+l \_ﬂ?CIO J3 ¢; 4) in 2 tg
52— i i R
——————ar e+ +=-arctg;—
et Sarctgx + ¢; 6) ln\l__h_: Sarcig;
372

=l 5
3 mctg—-»c

IV. Maxraj takmrlamm)dman komplel\s |ldlzlar2a ega bo’lgan hol:

D2y [ i Ve
(x+ x(3+x7)2(14x7) +9)°

(5x~ —14)‘1-
e —

4)' = 2xdx
o t -“‘4: 3 F—___". L) ]
{1+x-) )_'-'1‘1 ¥ 11_\__)_, 6) 'r:\'“—:}\‘+13)'
Jdvob l) _é‘ln‘-“'_'*'z,' _.: arct‘g C;
(x?+2) 2 2
o ¢ 7 2 L 4 G
)ystlel = 5 InGe? +1)+71n<x f4>*;;;r::‘ﬁ HE;
N X 3 &
B3 sia) S il e Er i = C;
21_,._}-+3_. Ear T pus mctgs
48(1+12)3 fEmctg x+C
e S - 2 L2y
2(x7432) ;llll,\ + 1] —.—~—ht(l + X )—rC
(s
s:_w_-zﬁe_l.“al—.-;azctg———— C.

s h
§5. Irratsional funksiyalarnt integrallas

satkichli darajalart

1o kasr KO
o atsional funksiya deb

: .Agﬂr y=f(x) funksiya X argumentn '
ishtirok etgan algebraik ifodadan iborat bo’lsa, U irra

ataladi. Masalan: 1

o __1:.‘_15— lar jrratsiond

-V = 7 i
T WS L Yxc, YT opelaty

y=iwhnﬁ+l,y=zx’&ﬁf

; i 1
ingan  aniqma> e

funksiyalardir.
Har qanday irratsional
elementar funksiyalarda ifodalanm
[x7(a+ bx®)P dx integra
IS,p-ratsional va a,b-haqiqiy S

funksiyadan ol
ashgl mumk l de ba taladl Bu yerda

1 b;nomlal 1 nte Sonlam]ng

1,5,P
onlardan iborat. AEY




ucl,mla.si ham butun son bo'sa, unda integral ostida ratsional funksiya
T)o ladi va bu holda, binomial integral clementar funkisiyalarda
1f0dala.nadi. Agar 1,5,p sonlardan kamida bittasi butun son bo’lmasa, e
Flolda integral ostida irratsional funksiya hosil bo’ladi. Bunda binomial
integral fagat quyidagi uch holda elementar funksiyalarda ifodalanishi
mumkin, ’

% 6 . . e o
) p —butun son. Bu holda, t = "\x, x = ¢ almashtirish qilinadi. I?'”

YCI'damin T oI ) - . v = -,
tegral ostidagi r va s sonlarining umumiy maxraji. / garr = 4’

deb olsak, unda x"=t¥ x¢=t9, dx=mt"dl bo’ladi VA
binomial integral

m ktm-1c. | & :
li :f ‘ (a + bt?)? dt ko'rinishni olib, ratsional ﬂmksl}’adan
olingan integralga keladi.

Dn= 1% : i

) —— —butun son. Bu holda p = X bo'lsa, undaa + e

almashtiri : N Mgl =
htirishdan foydalaniladi. Bunda (a+bx®)P=th, xi=(-——)%, X = s

tM_g el

'( Ly i g : ’ castli
e )> 7+t bo'lib, binomial integral quyidagi ratsional k@
Integralga keladi:

J-):)' =X - n -
(@t bx®)P dx = I [(¢m _ qyn=t - ¢keme2dTa'rif

N)n= r+i m
=P+ —= K —s4b=t
butun son. Bu holda p=— bo’sa, unda @~ ;
almashtirish L " 85,
( qilinadi. Bunda = (tm,b .
Q + bxsyp a_ys
= DS - 5
) x ((l.\ T4 +b)P = (__Ci Pk x' = (’T:T:f) '
dx - _ ma a i L o tm_b) bl t i
— N tMm- 'dau
s tm_ )5  —_— . s . i = u 1 2

2 (t":—b)?_dt bo’ladi va binomial integral d y

ratsional kasrl; ;
srli :
[ xr Integralga keladi:
(Cl + bxs)p dx = mah pR=m-1
- J—dt
Navb m = (R =pyn—=1 '
—_— T atdaJ-R(x. th
n ’
almasht- .
Irish qilam;
miz, U h

- 3 ik k Soﬂi
' kasrlarning xs)dx integralni garaymiz. Aytayll "1t

UMumiy mahraji bo’lsin, x = t*, X~ - n
tu

.. pu
olda, har bir kasr ko’rsatkichli darajd b

ko’rsatkichli darajaga almashadi va natijada, integral ostidagl funksiya t
ning ratsional funksiyasidan iboart bo’ladi. Endi

m r
. av+b = ax+b —_] dx
. 1 —_—) X
IR ['\' Lc.\:+d)r i (cx+d)
ko'rinishdagi integralni garaymiz. Bu integral

ax +b .

_— — tr\'

cx +d

.. . T altiriladi erda
almashtirish bilan ratsional funksiyani integrallashga keltiriladi. Bu ¥

¢ . m T 3 . BT
k soni P kasrlarning umumiy maxrajl.
! s
. - F____—'——'_—'—‘ : . | . * a 'l
Ba'zi  hollarda| R(.\‘. Vax? +bx + c)dx ko’rinishd g‘ o deb
i ’ . irishlari
integrallar ham uchraydi. Bunday integral Eyler ahnash;n‘lf o an
i b & . u -
ataluvchi  quyidagi almashtirishlar yordamlda ratsiona

ntegrallashga keltiriladi. |
. .. . 1,5 e ’Isa,
I. Eylerning birinchi almashtirishi. Agar @ > o bo

aniqmas

o o=t .
——— _ b o a
Vax? - by + c= +Vax+t almashtirish qilamiz. U holda, ‘

= s N . X ni t nlng
ax? 4 by+c = qx? + 2vaxt + t? bo'ladi Bundan X

funksiyasi sifatida aniglaymiz.

ratsi0n31

t?—c
x = —_—
T T bp-2vat
nksiyasidan iboT ;
t2-c ,llb ut ning
.l_ == == - If—', __—-;_"'“:’t bO
qilib, Vax2 ¥ bx + ¢ = £ vax+t= V& paat

B ; at bo’ladi. Shunday
U yerda dx ham ¢ ning ratsional fu

ratsional funksiyasi bo’ladi.

. bo’lsa,
IL. Evlemine ikkinchi irishi. Agar € 7 0 .
Eylerning ikkinchi almashtirl © |amiz. (amqllk uc

4’_‘—‘—‘—‘_\_ . . 3

Vax2 « phy « ¢ = xt £ V¢ almashtirish qlr"'z”'};?fz)::( xt+ NG
J i . . ) vax A : :

Old'da‘sl + ishorani olamiz). U holda ( ng quyidag! ratsiond!

ax? 4 by 4 ¢ = x2t? 4+ 2xt/C + ¢ Bu

4. H '1
: i bx € lar & orqali rats
5 2yct-b - ’ ’/x 7 |
X = \q_ft__ Shunday qilib, d@x V¥ a i i e
. i larnin ;
7% bx + ¢ lam ord?’
1fodalangani uchun x, dx va N.———f""""‘a_.t T Dx il

; . jonal
berilgan integralga qo’yib t g2 hisbatan ratst
kelamiz,

‘r"
hun V€

an x ﬂ] fI‘ll

funksiyasini aniglaymiz. onal




I'II.} Eylerning  uchinch; almashtirishi. Aytaylik ava [ lar
T P¥ + +c uchxadning haqiqiy ildizlari bo'Isin.
Vax? + py 1 c=(x

ax?

o =)t deb olamiz. U holda, ax?+ hx+c=a(x- a)(x-f)
. e SO 2,2
©'lgani uchun /gy = (%~ B)=(x — a)t, a(x- a)(x- B)= (x — &)t
a(x- )= (x - )2 boolgg;. :

S
Va Vax? + hy £ ¢

af -at-

Bundan esa x = ni hosil gilamiz. x, dx

a-t-
berilgan int lar t ning ratsional funksivasi bo’lganligi uchun,
an integral t pj sional funksiyasini integralidan ibe |
et bgj : 1Ng ratsional funksiyasini integralidan iborat bo’ladi.

It irratsion; siyalarni  tri - "
ordain | . stonal  funksiyalarni trigonometrik  almashtirishlar
am hisoblash mumkin,

rR(x lax?
. NAX S L hy o - . . =
b2 bix 4 C)dl Integralni - gqaraymiz. Bu yerda a#0 V2

€~ 22 =0 deb olamiy,

Ildj i .
diz Ostidagi uchhadning ko’rinishini o’z
. 2

5 artiramiz.
X% 4 b g e b 2 j
T OX + o= i Il o o .=t
Ar+ D~ & +o- =t deb olsak, dx =4
3 a

bo’ladj v
a vVax? £ 5, 4 - ‘
X< 4 bl = €= \,atE + (C _-i_) lenglik hosil bo.[ad[. .
yerda q nj vy il i qi ﬂ -
: , sa 1Mi qiymatlari trlicha bo'lishi mumkin. Ularning
dtymatlarigy Qarab, bg’zj

. . . _ P —1
quyidagi ; bir belgilashlardan so’ng berilgan int€s

an biriga keltiriladi.

1. fR(t,Vnz - m"-tz)dt

] . egral t= I Zsecz
a maShtlriSh orqali | m 1

82 almashtirish orgali, II integral { = ]
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o

R G N R

R —————

imegm] bO’[ib, i t=3\‘3:, X=f3 almashtirish yordamida hisoblaymiz:
Bunda dx = 3¢24¢ bo’ladi.

dx . AR ) i gt - dt - odt ]:
._—_.}_;T\:: ]—#:3 ,_{?23[1-—-—.,—4-—]?—_' '(:_c+1).‘:
.r(l-i-_\.\;‘j_- - Ea;l+::.):: 1 +Init 4oy : I i
= ' L R N A
3[!“'t|"‘l”|t'r1|—§}-7-C—3ln 1+3\-§l T 143x

Fodx : "
2| == s=Integral hisoblansin.
NXYFR Y L1 1

. o1, s Tad cichlart — va 7
Yechish: Bu yerda x o’zgaruvchining daraja ko rsatkichlari 7 va 3

bonlgani L]C]'[Un s ts’ d.\' - GrSdt ahnashtirish qilamiZ (t = yA )

¥ vs'5 5 - t3 pETBEEL g o
60T d 6 [ S = g f(e2 -t + 1t -6 =2 =3O
~6lnlt + 1] + ¢ = 207 - 3% + 68% — VX + 1| ¥ €

3 [ —==2 - integral hisoblansin.

V1I-2v-N1-2x

n
Yechish: /c =2, b=l, c=0, d=1, == p .
1sh: Bu yerda a=-2, b e o i i

1.t dmm=
2" s

1
almashtlrish qilamiz. U holda, undan x=;(1 t

chigadi. Shunday gilib, . Lt
' dx - =2t3dt AT e e
l"::_——ﬁzl_————-ZJm_H t

T al-2x-%T—2x e2-t
2_ 2_ . ft(t':"l)dtd
= —fizthr . Sty o [=-2)
f———t_l dt = -2 [—dt—2)5 ST 2% —
[T—2x— 2V

“2f S o 2ot —1l+c="V

t-1
—2n[{T=2x - 1| +c.
4. e i hisoblansin. e e
e integral R o 0% A=
Yechish: Bu yerda @ = 1 > 0 bo’lgant ¢
almashtirigh gilamiz. Bu holda - eZrar—d
3 o 3 dRE o | ’
Y tdr—g=x2_2xt+t? x= 2(t+2) \ " 4-at-t>  Hosil
U= pe2)
o T — o 4 = t :
Vxe o dy — 4 =y t r\.Z e g — 4 _Z'Tt:—;-)_ 2 bo’lamlz
! - =X- ) V. i \ dagiga ega

; : ryib quyi
bo’lgan tengliklarni berilgan integralga 4! |
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=

~3t—g
dx

_—

FY7 P - de 1 . r c=
= [ 2 5] = = 2-<aretg -+
v w—al-f T 2 £
.1_--‘,71;—..'._11—_4 - t""w.-—-v.—.— Core+4 2
2{t+2) 2(t=+2
¢ (=AY +4v—4
=—QY'Cfg ;.—C:‘-QI'CIQ' EeE—— + €.

Fl=y1+x+xT)? . ) .
5. ———=2 qx integral hisoblansin.
X"\v14x+x- =

Yechish

—_—s o e holda
V1 +x +x2=xt+1 almashtirish gilamiz: 92,4,2
Lo w2 = w242 B o st
1+x+x2= Xt + 2xt + T va dx (1-t2)?

T o <hun x ning !
larni hosil gilamiz, VI + x = x2 nj ¢ orqali ifodasini topish uchun X
orqali

1 bo’lib, undan x =

- N . ; . pemak;

ifodasini V1 +x = %2 =xt +1 tenglikka qo’yamiz.
-_

V14 x4+ x2 =222 .

142

———

X, dx va V1 + x + 2

- - o '_‘_r:_l
20>~ 2ps=gtil=f" ¢
b+ 1= +~1=—

i B 5

-t? 1-t2 1-t-

a
. . . . -1] o i cﬂralg
larni t orqali ifodalarini berilgan Int€g

q40’yamiz va soddalashtiramiz.

(v 14x4x7)2

5 1 =
A =2 e = 2 g = 2 - 2
=-—2t+2f"1%§—2= —2t+ 2. 2qp |22 +c=-2t+In i—i—f,*“‘::
= H_E\E?REIT—1}I | x+\:£%:?ji]r
x P = Tranraes] T &
%integral hisoblansin. _ 9
Yechish: By yerda 2 + x — x2 kyadrat uchhad « = —1 vaf =

hagigiy ildizlarga €82 va uni 2 + x — x2 = (x + 1)(2 — x) kovrimsldan

. . ‘ . ]
if‘omsh mumkin, Shuning uchun Eylerning uchinchi almashtlrISh
Oydalanamjy va undan

e quyidagi tengliklarga ega bo’lamiz:
VETX=xT= (x4 q,

hda

D2 e iy
\' ' X) == t(A == 1),
z-x-—_tZ(x +1) x = i A a, 2T, stdt
B t<4+1’ - (ETI) -dt — R (r:*‘i):. )
e unczlan tashqari \.FZ‘—:_\_:jj_ _ t(zqr: | o ekanlig'da
Ydalanib, Yuqoridagj imegnh“ t24q T 1) = T it
x ¢ quym. . ' - oplaymi?
R " ATMRICA vz, va isoPt:
B> C T i
/./';- 7 *é'c,’f-'/_' { ’

ATEL LI fo7, ATl OO TR W pe T
i ERTRN L e R L CEEVEN

ARG 5 \‘K((&
., N 3 \\

.

1 vZ+t|
= _ e =-—2.—In|—= +C=
B 2 —t? 2V2 vzt 5
2 2122t +
& . 1 te 4
1 (\'2*-f) N "-'—-:]“_—T
N T V2
1 [evZ-VZrx-—xiitx+d] o
B 2V2-N2 4 x - XTEXT T
_h_\"—iln 3x

Mustagqil yechish uchun topshiriglar:
1. Quyidagi integrallar hisoblansin.

e ; ' ~3dxs
D IVx(1 + ¥x)*dx; 2) I x 1(1 +x3)

. - dx
NIx3A+ x)dx; b v

Javoblar: o _I,\_J_ilzi_f:{:‘f.;-c
1)§A\T:—E—1\;€-LI:T2%A'T;A VX T 1g
2) 3{111 3‘?_ 2 2'3‘?‘:_3,]+C,
1+3fy 2 {1+ x)"
3) §1f1+x3)9 ég\,‘(l + 3P+ 6 -

1y i +u+l
4y Sy Bt

=—
2u+l | £ buyerda u x
e

1 =
— — —arctg 3
(u+1)- 13 A

2. Quyidagi integrallar hisot-)lansm.

5 ax
D ) [
W+ xd)

B
d _\t{:.*.i x+2AX

- xdx et pyLhE dax
N —F=— N ==

(X+1)2+(x+1)3

Javoblar:




3)6£( PR O i )
1[9 § 21)“_5(-‘5-'—1)5*‘%(-1’f1')3—71(i’*1)—£(' é
~2(x + 1)5] + ¢, 6 =l 108 =

& Gifm[:“x:: (1+x —_—
——— 270 a4 1
o .y
. u X 7 .
N/ d.w_-yldaé’l integrallar hisoblansin.
Teen O =,

3 o7 ————
) [ Vx — 2% — 1 dy- [
D4y [

Javoblar:
In—lexl

24+x 4272 1o os 1 -
FAEFREE. 2)'2_(”-6'('05 2_1_.
5

1
3)_2'(—\ - IWxZ = e , xv2
f~1=Inle -1 J3 o
B~ VItx—3Z4,3 1+vVx2-2x-1|+cC;
2 M caanan " 8 1
* 2\3" \

§ 6. T”gﬂnometrik funksi
styalarni integrallash

S . met]’]k ﬂ.l['lk 1
i(ofn{ushlarda bo’lishi msnyalz‘u gatnash
-Jsinmy . g i umkin :

gan integrallar quyidagi

) < I 271
IV. f Snlznzx . {,COS 'y d.\’; n>,o ne
* Cos lx d ’ Z
X, m
x)COSxd,\-. rMEzZNneEzZm> 0.n >0

Vv :
LI Resin X, COS X) (- I R(cos x) sinx dx;

Bu 1
. lntegrallami
Yo . - - .
k'o Mnishdap; s [ cos my alohida to’xtalamiz.
i X:cosnxdx; [sinmox-Si

tri :
hﬁ(;nometnk funksiyalar ~ko’payt™
I yordamida integrallanadi.

L nx dx
asiﬂ[

+sin(m — n)xJ;

C - 1
Osmx cosnx = 3 [cos(m + n)x +cos(m — n)xl;

. y i
sinmx - sinnx = - [cos(m — n)x —cos(m + n)x].

I [sin™ x-cos® x dx ko'rinishdagi integrallarda quyidagicha

hollar bo’lishi mumkin:
o 1-hol. Sinusning daraja ko’rsatkichi m toq mu
u llo!da integral ostidagi ifoda quyidagicha o'zgartiriladi.

~ sin™ x = sin?**1y = sin?* x - sinx = (sin? x)¥-sinx =
- (1 — cos? x)¥ - sinx bo’lganligi uchun integral ostidagi ifoda
Sin™ x - cos™ x dx = (1 — cos? x)* - cos” x - sinx d¥ ko’rinishga keladi.
Agf“‘ bu yerda cosx = t deb olsak, u holda sinx dx = _dt bo'lib, integral
OSE‘qﬂgi ifoda (1 — cos? x)¥ - cos™ X sinxdx =-01 —2)F "t
ko'rinishga keladi va integral darajali funksiyalar yig'indisini
iborat bo’ladi.

2-hol. Kosinusning daraja ko’rsatkichi n toq manfiy $
bo’lsin. U holda

£os" ¥ = cos?*tiy = ros

sbat son, ya’ni m=2k+1.

integrallashdan

on, ya'ni n= 2k+1

2%k v . cosx = (cos? x)¥-cosx =

= (1 - sin?x)* - cos x
bo’lib, integral ostidagi ifoda

sin™ x - cos™ x dx = sin™ x (1 —sin
kO’l‘inishiga keladi. Agar sinx =t deb olsak, u
va berilgan integral [ t™ (1 - t2)*dt ko'rinishga kelib, U Y2

funksiyalar yig’indisining integralidan iborat bo’ladi. o
3- hol. Sinus va kosinuslar daraja ko’rsatkichlari y1g'1

Manfiy son, ya’ni

2 ¥)¥ - cos xdx |
holda cos xdx = dt bo’ladi
na darajali

ndisi m + n juft

_2k(k>0kE z)
o’rinishga €g
o’lib, uning

a bo’ladi:
surati  sinusning

aksincha bo’libs

m+n=
agi ifoda ikki xil k

funksiya kasr b .
g darajasidan yoki

da juft yoki tog-
ajning daraja
b chigadi.

Bu holda integral ostid

1) Integral ostidagi
darajasidan, maxraji esa kosinusnin
ularning daraja ko’rsatkichlari bir vaqt

m+n manfiy bo’lganligidan maxr
daraja ko’rsatkichidan katta ekanligi keli

Ko’rsatkichi suratning

269




2) Integral ostidagi funksiya surati 0’zgarmas sondan, maxraji esa daraja

ko'rsatkichlari bir xil (uft yoki toq) bo’lgan sinus va kosinusning
ko’paytmasidan iborat.

Qaralayotgan holda (m +n= —2k) tgx=t yoki ctgx=t

almashtirish yordamida berilgan integral ko'phad yoki yangi o’zgaruveh! .

ning butun manfiy ko’rsatkichli daraja yig'indisini integralidan 1kos
g

bo’ladi. tg x = t almashtirish gilinganda

i p— 3 4 , dr
SII]A = .1_“’.?’ (‘OS ,\‘ — L a’\. — '_L—,
hosil bo’lishini VIEL Vidtl 1417
O-lishini, agar ctgx = t almashtirish gilinsa
i 1 3 . dat
SINX = —=, 0SS X =—=—=_dx = ———
Vite- NLHL 1+¢-

lar hosil bo’lishini nazarda tutamiz.

- i 1 -‘a
t 4-hol. Sinus va kosinuslar daraja ko'rsatkichlari yig'ndisi m + 1! nolg
eng. Bunda m va n lar butun sonlar deb garaladi.
Bu holda, integral ostidagi ifoda

sin " x . cosx
m-dx yoki — dx
k P cos't x sin v 1 d.{
orinishda bo’ladj my )

Agar m >0 bo'lsa, berilgan integral I tg: Bu

_ n=0 bo'lsa [ctg"xdx ko'rinishga keladi- o

ntegrallarning birinchisini tgx =t. d nchisint
eSaCtgxzt,dx:.—___dt_ . .

1.2 almashtish bilan hisoblanadi.

ko’rinishga, agar

dt . s R
X almashtish bilan, ikki

HI. -r Sin2fz Xd).,“

. pidagl
in]shlda::
Integrallar gip2

2 .
1 ['cos?" x dx (n butun musbat son) koT
A= - _ ;

2(1 €os 2x) va cos? x :%(1-;— cos 2x) for

Yordamida sodq :
aroq integrallarga keltiriladi . .
IV. [ sin2m ., Cos2? x gy g iriladi va hisoblanadi.

ko rinishdag; integrallarnj

.n]{]]ﬂlﬂr

nlﬂl')
(m va n lar butun musbat 50

T+ Cos 2y i o . arda bu
formulala, bir ) formulalaridan foydalaniladi. Ba’zl hollar

nech "llanilj
V. (5 amarta qo’llanjlishj mumkin.

(sinx, cos x} dy ratsiom'l

Integral sinus va cosinusning
iborat bo’lib, u universal almasht;rlsh

o

>y
f95=t(—rr<x<rr) |
: : iz har qanday
almashtirish  yordamida integrallanadi. Bunda biz

: g sohini tutamiz.
: : : i ratsi alanishini nazarda
trigonometrik funksiya tg 3 orqali ratsional ifod

Ya’ni o
295 i
sinx = X; COSA—]_;I'QZ')—"
i+ tg* 5 i 5

bo'lib, universal almashtirish natijasida " o dt

1 _ r4
2t ALY e
sin.\'=1Lt2; C05f‘~‘1+t2 1+t

bo'lishiga ishonch hosil gilamiz.

VI. [ R(sin x) cos x dx integral sin ‘
yordamida [ R (t)dt integralga keltirladl.' .
esa cosx =t, sinxdx = —dt almashtirish
Integralga keltiriladi. .

Mavzﬁga doir yechimlari bilan berilgan.mpshl”

I. [ sin 6x cos 7x dx integral hisobla?sm. o g

Yechish: Berilgan  integralni .h150blas
k0’Pﬂytmani yig'indi bilan almashtiramiZ.

1 . L 7y) +sin
J' sin6x cos 7x dx = > [[sm(Gl +7x) B
i 1(sinxdx =

=

t. cosxdx = dat almashtirish
G [ integral

: 2 sinx dx
{ R(cos x) sinx &*
ish yordamida —[R(Ddt

glardan namunalar

sin 6x cos 7X

(6x — 7x)] =

[N

L si edx —
I(sin13x —sinx)dx = E_f sin 13X

cos13%
:l( cos 13x | ,Cz,.—i—s—-—sl_
2 13

3 1 ansin.
2. [ cos 3x+cos9x dx integral hisobl
Yechish: Berilgan integralnt

yig’indi bilan almashtiramiz. 02y + cos(3¥ - 9x))dx =

l -
f cos 3x + cos 9xdx = EJ [cos(3X

1
1 . = —sin12%
2 [ (cos 12x + cos 6x) dx = 21’ 12




3. [sin 2x - sin 5x dx integral hisoblansin.

Yechish:  Berilgan integralni  hisoblash
yig’indiga aymashtiramiz.

SIn2x 'sin5x dyx = Ef[cos(—Sr) —cos 7x]dx =
1

1 1 (.
:E COS3A’dx—§fCOS7di'=gsin3,\;—ﬁ5::1/x*f.

4. [sin? x dy integral hisoblansin,

; C e i
uchun sin2x-sinbx 1

Yechish:
SIn”x = sinS y . gip x = (sin®x)3 - sinx = (1 — cos? x)? - - sinx =
bo’lganligi uchun ['sin” xdx = [(1 = cos? x)*- sinx d'\'_
oS E = b sinxdx =~ dt) = (1 123 (o) - - 12 ¢9) 0 =
= tf
- f(1_3r2‘3f4 s)dt‘*—tﬂ'—ﬁ—i—:——— =

=~cosx+cos3x-—m COS?X;C
5 7 T
integral hisoblansin.
X =sintyeo66? o cos x =
1—sin2 X)cosx = sin* x — gip® X)Ccos x bo’[gani

fsm X cos3 X dx = !‘( 5 sinx =t =
sin x — siné x) cos X dr ={ _ At
) cos x dx = dt

=f(t4‘f5)df= [f"‘dt—~ft6dt=t—___£—:— -
5 7

5. [sintx. €053 x dyx

Yechish: sip+ X+ cos?
= sinfx uchun

- -
Sy g7
- T '
5 T o—+C.
7

6. [ cos? y sin®

Yechish: cos?
= cos? x (1
uchup

f €0s? x gip3

* dx integra] hlsoblansm
xsin® x =

0s? xsint x siny =
“COSZ,\)z

N e ho|eant
Sinx = (¢pg2 X —2cos* x + cos® x) sinx bo'lE

Xdx = 2 < .=
X f(cos X —2cos* x + cos® x)sinx dx

[t2dt +2 [ t*dt -
___{ cosx =t }:[(52-2t4+z‘5)(-—d1‘)=".'tdt /
‘sinx dx -_-rs_atzts bf-' cos3-f;2°°‘s"’_55’5_';"+c,
‘—_’fbﬂ!f=—?+?—7“:“c_'_ 3 ' 5 7

s l L d). integral hisoblansin.
=8 m+n= _dt
x = arctgt, Ax =73

Yeclush. Bu yerda m = 4;1

.. G a,
tgx =t almashtirish qilamiz. U hold

1

5 t s o
Sinx = AT OsSX =0

. ; . ‘yamiz :
Bularni berilgan mte"l’ﬂ[gﬂ qoya

2 8N db=
fsin*\ f(l 2)2 - ’ g1 +t3) d
8
cos® x i -—t2 T — ?
T - tg>x f_‘g__’_\.-:—(:
=[(t‘+t5)dr=§:——7—+f= 5 7
8. [ tg®x dx integral hisoblansin. P — U
Yechish: tgx = t,x = arctgt,dx = 753
= f———zdf“ [ 1+t
[tg%‘dx = ( 1ot J s g .
" ; Y
- - 3
i 3 . tgx) +
-mctot—C——7—— 3 3
_tg'x fgbx;tg X tg.1‘+x+c-
7 s S ¢t va

‘ . = aT'CCt‘g
9. [ ctg®xdx integral hisoblansif: o x

htirish
Yechish: ctgx =t almas ) lntegfalga qo Y‘“mz

Clllamlz U ho

dyx = ———bo ladi. Bularni berllga
1+

5 "f’fﬁdt
fctgsxdx=jf( 1't

—4 juft manfiy son.




]

. 1 g2
—-f(ﬁ_tm )dt- —————— In(t?+1)+C=
1+¢2 4 2 2
ctgx ctgix 1
= -+ a1 S 2y L € =
7t 2111(1 Fetgix) + C
ctg*x  ctgix 1] 1
== + — =1 +C =
4 2 2 sin?x
ctg*x  ctgix .
g e In|sinx| + C

10. [ cos*xdx integral hisoblansin.

. 2
Yechish: cos* x = (cos? EE = [5 (1+ cos 2-\')] =

—

J:m

1 1
(1 + 2 cos 2y +c0s?2 x) _Z(l + 2 cos 2x _5(1 —cos-l\))

! 1(:0521‘1 : 4 _3~1 . 4
X == - e s o -t — X.
1 8(?05 X 5 2cos 2x 8C05

Shuning uchun

. 3 1 1
cos¥xcy =f(8 2c052r—é—cos4:{)d =

==X —c;

sin2x - -
1 Xrgzsmélx-:—(f

—

Q| w

1. [sin® x cos2y d>

X integral hj i
Yechish: Py g 1soblansin.

X C05°x =sin? x . cos? x+sin?x =

2

= ¥ " . i 1
(S]_n)‘_ COSl)zsm.z x = (___Sin 7\,) Sl-nz i Esinzzr 51?12
11 2 4
41 71 —cos4x). -—(1 — €05 2x) = —(1 — cos 4x)(1 -~ cos 2) ~
16(1- C08 28~ Bosidi 4 gy 2x cos 4x) =
1 1
=l i
16 COS 7‘_ —_—— I .
i 116 116 Cos 4x 4 T 2x *cosdx =
T B i .l 11
i 116 116 116cos4,\ 1--1—6-~(cos 6x + cos 2x) =
"1‘5 12008 Q. ; 1 1
16 16C054A —.gicos(),\ H'-ECOSZ‘-‘_

1 1 1 1 )
= —— — —cos4x +——cos6x.
6 32 cos 2x T 32

Demalk, ; d
u X — —cos 4x —:~-——c056x) x =
J sin*x : cos?xdx = [ (—1—6 - ECOS 2x 16 c 32

1 1 1

1

1
i » + ——sin 6x + C.
—sin4x - 192

=—x ——8indx —
16 64 64
12. f mtegral hisoblansin.
Yechlsh. » 2
' ' = S0, iy =
rg% = t.% = arctgt, x= 2arctgt, dx LSt 1+t

Shuning uchun

dx T'—_:_TE :[_.__,__,_T_.——I-——-z——dt:
f.. =[—2—t—‘3‘ | (2r)3-(1ff)

J SIn°x

4 3 t?
et 2 dt:___l___—lnlﬂf't F L=
S[RCTREES
1 X , 1{, zi 4 C =
= — rf—ln|tg—|'r‘8"9 2
8t92 il
2 | e
= ——ct ——-—In tg— 2
5% 37 |
nsin ishdagi
13. [ sin*x - cos xdx integral hisobl2 m) cos x dx ko’rill
Yec.hish' Berilgan integral [ R(si ptirish gilamiz.
) F— almas
integraldir. Uni hisoblash uchun Siln'lshdln:ing uchun,
U holda cos x dx = dt bo’ladi. 5 sin®x 2 C

t y Pt z
- —+
fsinr COSAdY=]t4.dt 5

lansin.
14. [ cos®x +sinx dx integral hlso_ct,)m\’
Yechish : Bu integral [ R(coS x)
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Uni hisoblash uchun cos ¥
sinx dx = — ¢ bo'ladi.Sh,

= t almashtirish gilamiz.U holda
ning uchun

i te e S e
COS X Sinx dy = _ Bt == o 2 e e 2 ;
[ [ 6 6

Mustaqil yechish uchun topshiriqlar:
Ntegrallar hisoblansin:

ljfsm 2x *Sin 5x dx: 2) fs]n;_)\' Snliﬂr
2

ks Quyidagj i

3) [sin? ;X cos’ d 4) [ sin2% -eos. 5« cin Ixdx;

5) fsmx cos 2): cos Sxdx 6) [ cos x -

Cos 2x - cos Sxdx;

vl
Javob : 1)*51’1 3x ———sm XEC2) —Ssin L A Ee g
; 11 2 9 =
3) = cos > — Zcos x 4 (. 4) i(—**smm: St oFe L E”) + 6
L 6 2 e

€Os 2~ 4

5) _ P Cos 4y __ Cosgx +C
8 15 24 T
sin 2y i 3 ] i

6) - X " Sin 4 " singy . Singx & .

: 16 24 3, TG

: Quy:dagx ltegrallar hisoblansin-

l)fon3x dx; 2) _( cos5y dx: 3) fcosg,\' Qe

4) [ sinty .

Cos”x dy- Zx dx
S’ dx: 5)fsm X cos®dx; 6)f sindx - cos?x d
Javob : 1) _cos X + '——-ms =+ C: 2) sinx — 25'."3'\‘ i
3. s
3) sinx - -sm X ~51125

y 3 N’y 1., ;
SSin’x 4 5 SN’y + C;
sinSy 3sin7
1 x in% i
4)-__.5____ ,____l_i_ sin? y _ 5«:?:11,»; e

C'US 1
s X l -s—‘de; 4)fsm 2
i sinx '))———C‘” —dx; 37
) cos* sné X N .
Javob: l) —COSX = T Sosix
3 sin"xX |
—E +——+3sinx ——5— T = ‘
2) - 3sins v sinx cr_g"'-l' ' Efg_c£+ Sr_‘%—-}-) ¥ C,
3LE L X 4)-("4" 3 Tl
4 5 5 nSln. # i
4 Quyidag integrallar sl )fCtQ xdx; 4 [tg x+C
F Sxdx; 2 _ctgx - Xt G
) [tg*xdx; 2)[ctg® _.—ctg g
)‘ . b:1 rg:x—fﬂ\"'l"c; O)E—Ct‘g x 2y + [nlCOSXl
JaVO . ) 3 = b\._.—tg ’\._"'tg
;P 2 it \:l—-?—CFD"rg ‘
3)—sctg®x — In|sinx]| 4 il - e
P : n 2
5. Quyidagi integrallar hisobla [ sinx dx 4) ]
nJ i x dx; 2)[cosSxdxi 3)
Sin*xdx; 2)] o ‘
- 3x sin 2y f_li_'-‘—‘— - C;
P |
Javob : 1) . s ) sin32x) L
3 . e
— in2x + -sindx =7 .
2)- ( X + 2sin 2x g 15m32x) L C ) C
L s 9y n Seindx + T 8 g .
3)5(;;\'—-2511121—.—85111 > »

A=A :
. —28sin2%) ¥ 128 |
4)— (l in8 51116\ 7 sin 4X
—(=sin8x — -

. f
123 blansin:
1y dx;
+x . co5°
6y dx.
4y 08X d

6. Quyidagi 1ntegralhr hls?1
1)_} S”lz'\- . COS 0% d‘\’ f)) ?zzn
3) [ sin?x - cos*x dx; 4)

S [ 4,\'+C;
Javob : 1) il\’ —'3'55"1

2)_(3.\—511143’ ,51:18'\) ¢

C;
lsin6x)+
3)”—(4\' — sin4x +sin2x = Sm ) inEZX) i I
54 . _E__sinﬁl’ T2’ |
DG nas s r
7. Quyldagl mle
dx




e )20t (£2) - 5] 1 £+ )
2)%5(-16&74-— 2ctg®= + 6ln ltg—l + 2tg? -+ ~tg? ;) ~C

§7. Giperbolik funksiyalarni integrallash

Giperbolik funksiyalar ¢* va e™*
quyidagilardan iborat edj.
e""'-e"'r

P chx =

eV~

’

shx =

_ e.’.’_e—.\'
thx = e Ethx =
Bulardan quyidagi formulalarni

ch?x — sh2y = 1,
21 5
sh?x s(ch2x - 1),

Giperbolik funks;

1
(thx e ,
) chey’ (cthx) = —

Giperbolik funksiyalarning
foydalanib keltirib chiqarish mumkj

e.1'+e—_1

e-\'_e—,\" i\.n-
L .. % . An:
osongina keltirib chiqarish mumi
1 h2y = - - chx,
Cn2x = ch’x + sh?x,  sh2x = 2shx-ch
) 1
ch?x = ;(cth +1).
yalaming hosilalari quyidagilardan iborat:
(chx)' = shy,
1
il idan
X - ) 1 1aride
integrallarini ularning hosilala
n.

Shxdx = chy o e fchxdx = shx + ¢,
dx i
she = —othy 4 ¢
: chix g
dx vaf R(x,VxZ % a?) dx ko’rinish "
foh rnlg
S ravishda x = qcht va x = asht©

ay bo’ladi. Bunda:
Agar x = qcpe bo’lsa, t = IHIEE

= thx + ¢.

l
a
98X = qspe bo’lsa, t = In| ATy
Bulardap ¢ | g dan N [anish

i ‘lib, ular
lardan tuzilgan bo’lib,

I
[

- " 1+chdx

1, 14x
agar x = tht bo’lsa, t = ;!11 -y

1. | sh?xdx hisoblansin. )

1
—=x+C.
.= =ch2x X =
- i a9y 1)d'\_ sh >
L D apid i e 17,\ 1
Yechish: i shxdx = " ' (“ &

2. [ sh3xdyx integral hisoblansin.

, L (en2y — 1) d(chx) =
Yechish: [ sh3xdx = [ sh? x(chx)'dx = EJ Ll

1 ;
1 3 »_.—Ch,\‘-.-C.

i 20 Y = =ch®X

I ech?x - d(chx) — 5-' dlghx) =2 2

3. [ sh*xdx integral hisoblansin.

Ly picke 1)3dx =
i n2y)2 = = [ (ch2x A
Yechish: [ ch*xdx = [(ch x)* =7

1rdf=
L[ ch2xdx+3d ™
=1 ch?2xdx + 7!
1 .-—4JC

o B . N
==[(ch?2x + 2ch2x + 1)dx 1 T orstrte
: 1ty —shdx+ 4
dx +=sh2x + XT8N T a2

4

4" 2

‘ isoblansin: .

4. [ sh*x - ch*xdx hisob .
- _ L ¢h2x dan foydalanam! 0
o 1 [ emtr =g -
‘ 1 4 »d\' =l ’ 4_

} sl z= e | BHRXEAE T 4 | }
’ shix - chtxdx = 16 [ 1+ ch8x ochdx 1)(!‘2’
A 5 B

Yechish: shx « chx

. ' =54 [ ( 2
= i [(Cilz4x —2ch2x + 1)dx =y
4.
= ! : 1'81') +C.
===y ——ghdx + 7 505
64(2‘ 2 16
= . ' et chX) gy =
5. hisoblansin. et g
[ thy—1 dx - chrdx _ | di;‘-‘a‘"‘h:": pzetl_
YeChiSh: r thn.'-—l = shy—chx i fShZX e~ " -
ok [ shx - ch¥dx = ’ chixdx= —5
; S
ﬁ"ic?ﬂx S i
_.,__-: - ‘soblansit. bo’ladi- Demak,
6. [ inegral hiso .
LI yva==3 lsak’ dx_-;\
Yechish i == 33 chis-deb®
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x2dx

i 2, =
:3[[2 3 V3chit—3 @fw
ch?tdt == , 3. ochr

2 f(cn}_’t.;_ DYty == 3 3\3 st

=_l' ‘.’-r_z'_‘— 3 4 '7 + €

2 VA —3+-§-'2—]n"\._:_\:;v2 3,_
T e 2 o

. Mustaqi

Quyidagi i aqil yechis

l)f ol da{gl Integrallar hiSOblm::!] uchun topshiriqlar:
* 2) [ch32x d,r-m.

Ay [—=8% __
shizienzy s 9) [ cth3x dx

3) [ sh* xdx;

7) [ ch? .

) ch?x - sh2y g g) [-2* 6) [ shdx - ch?x dx;

" o ;8) [ . . o
).’.m_ ctip-<g® 9) 'f T D

Javob. 1) 1
S} =sh2y.4. 2
3)-1-(3){ r4 : '“Z'A‘+C'; 2)_{ } 1
¢ 3% T ShZx +ish4—\‘) 2 SM2X +2shP2x + C
3)In|shyx| — % ¢ el ]
7)—1-5] 2aty T
o L
32 3x+C;
8) iSh"- 5
2 x':"‘Shjy_.}L,; .
PR x+C;
Z

4) arctg(thx) + C;
6 3o
ey G Gl — 5 chx + 5) i
B 3

51

—_——

5]:;!_-

th Zch“’l’ 3 (”'Cfﬂ'ex —_ ]“ (
o : C- l = &
’ ) 2(1?'Cfg ( h I) I ;
T r

81, Anis ¢ XI.
g integra] v Ij:l)lB ANIQ INTEGRAL
Ng xossalari. Aniq i
usullarj iq integralni hisoblash

fi
S x (X) fUnksiya i
< x mqlangan bo’lsi :
o’lsin. [a;b] kesman!

‘'n = b nu
b g Qtalar bila
yorty & nuqta Olibn n ta bo’lakka ajratamiz- Har

yig'indini t :
= uzamiz. B G e
unda Ax; = x; — X;—1-

if (&1)Ax;

ko’rinishi =%
inishidagi vie’indi i
limiti m "‘sl yig'indi integral yig'indi deyiladi Unin
av RETR W - )
jud va chekli bo’lsa, unga f(x) funksiyaning a

Integrali deyiladi hamda

b

- n

’ f(z\)d\ = ”m.‘]:ji]\;]r.c Zf(f,;) Ax;
i=1

k y v . . a
0 rinishida yoziladi
Bu '
funksi holda f(x) funksiya [a; ]
l ] 2 -
bo'li5|)-amng integrallanuvchi bo’lishi uc
11 voki AL s
yoki chekli sondagi chekli uzilishlarg
agi bir qator xossalarga €ga:

g max Ax; =0 dagi
dan b gacha aniq

kesmada integrallanuvchi deyiladi. F(X)
hun [a.B] kesmada uzluksiz
aega bo’lishi kifoyadir.

Aniq integral quyid

L. ’: flx)dx =— fﬂ (x)dx;
5 :J ‘b f xX)ax,
'fa f(x)dx = 0,agara = b bo’lsa;
3. fb T - b
. -Fb Flxddae=1k- ] F(x)dx; b
2 5 ' -b
* [F(x) = @())dx = [, Fdx £ [P o(0dx:
o 5. Agar [a, b] kesmada f(x) 2 0 va integrallanuvch: po’lsa, u holda
I; F()dx = 0 tengsizlik o'rinli bo’lads .
- 6. Agar [a,b] kesmada f(x) va g(x) funksiyalar integrail.anuvcm
(bhda f(x) < g(x) bo’lsa, U holda ularning aniq integrallar uchun
lo Fx)dx < l: g(x)dx tengsizlik o'rinli bo’ladi- 45
7. Agar a<c<b Va f(x) funksiya [a,c): c,b] kesma &r i
kesmada ham integrallanuvchl va

undala, b]
*ladi.

inteor
cgrallanuvchi bo’lsa,

M sre " :
le FGydx = [ f(dx + J7 foodx
egr

tenglik o’rinli b0
uvchi y=f(x)
o po’lsa, U holda ular

s 8. Agar[a, b] kesmada (a<b) int
madaoi ene kichik o aqi matlari m va
gi eng kichik va eng katta q1y _ 1 bo'ladi

Uchun m(h —a) < .l-: f(l) dx

< M(b— @) ten




. i bo’lsa, u
9. Agar [f(x)| funksiva [a,b] kesmada mlcgrallamfvcln bzyidagi
holda f(x) funksiya ham bu kesmada integrallanuvchi va quyidag

b ; by oo 2,
tengsizlik o’rinli bo'ladi: | ¥ £(x) dx| < [21f ()l dx; _—
10. Agar f(x) funksiya [a,b] kesmada uzluksiz bo’lsa. bu
shunday ¢ nuqta mavjud bo’ladiki, unda

_l’:f(_x) dx = f(E}(b — a)

tenglik o’rinli bo’ladi.

- . oich funksiyasi
Agar F(x) uzluksiz f(x) funksiyaning biror boshlang’ich ft
bo’lsa, u holda

b b
[ rrax = Feo | = £ ) = Fa)
a . o lashning NyutOn-
tenglik o’rinli bo’ladi. By tenglik aniq integralni hisoblas £

Leybnis formulasi deyiladi.

Jasi
H k] 3 2y C h formll
Ba’zi aniq integrallarni hisoblashda bo’laklab integrallas

deb ataluvchij
b . b
[ udv = yv ]( —] vdu

“a

formuladan foydalaniladj.

Berilgan uzluksiz

O’inhﬂ
¥ = f(x) funkisiyadan [a,b] kesma b
olingan

ff(X)dx

sy

: . funksty

ollarda biror x = ¢ (¢) diffefenS‘a”a“”VC-h; Jsulida
- ? ]
X 0’zgaruvchidan “yangi” t o’zgaruchiga o’tiS

aniq integjra|n; ba’zi h
orqali “ggki»
foydalanib hjs

Iadl
oblash mumkin bo’]

L. ?(a) = q, o(B) = b;
2.9(t) va o'
3. flo(t))

Bu shartlay.

'yi
adi. Bunda quyidagi shartlar qo'¥

() funksiyalar te[a, B] kesmada uzluksiz: uzluksiz-
Murakkab funksjya [«, 8] kesmada aniqlangan va
da ushby formula o’rinl; bo’ladi:

b 4
ff(x)dmf flo(®]e' (t)dt

B t ) 1 o o} l iri U]I]lUlﬁSi

deyiladi.

unalar
:iglardan nam
‘1o riglarda
5 an topshi
o - i bilan berilga
ir yechimlari bila
Mavzuga doir yechi

: in:
[*( x? + ) dx integral hisoblanst
1. Jy (,\ T

32 1 —
5 LAl =
NP . |
1 [?x2dx+ 1, X dx =71, "‘211
Yechish: [J(x2 + 3)dx =1, -1 _62_2
echish: |, ( < g 8 b el s
0 g L _s_ 1 igiofole=3
.20 1° Lo 52 = e T
B R
) A isoblansin x |4 4
2 . SODIE * 4 - —
(1 + e )dx integral hi x | de
2._[0(1-9 ) . '4d\'—‘ar492 dx =X |,
— "4( 1+ e:)d.\' = Jg S
Yechish: |
a o] = = 49-
~0+ 4¢3 —des =4+ 4e—4
3. [T —£5_ ni hisoblang. i -
= iy ’ ‘ 4)-5d(3x+4) 3
-7 dx  _ (3,\"7'
Yechish:J,l\ﬁ L 5 7 _
1 z 4‘-“1' . ’WI 1
& xtd)s E =
1 (3x+4)7T7? ___i-i———f—" 3
=4 1 R P
3 -1 | 8 2 _s
il :1__(5 _ 1) =g
L . 1)+4)=3
= i i b s z3‘("‘ i
: \ iy
3 \I P "
4 - anSll’l- xX= 3
5 vdy . al hlSObl 2.1,
integr =t =t
4.1, \T1+3x i 2 ¢z, 3x N \r’,ﬁ;g."(j 1
Yechish: VI + 3x = & ‘ 6

: iz: X = ;
i 3n|q13)’ml y $ adl.
2tdt i yangi chegs : — 4 kelib chid
dy === Endiy = _ ¢, dantz
d 5davI¥3°5° , qo'yami: .

T % oa i
an tj; ‘ 1 . berilgan mtegl‘ﬂlu 5 dt :'ZJJ tzdt
Topilganlarni "2 _1 sedt 2 J (t7 - 1)dt =79 J,

4 — =

= g 2_
> xdx _[__L_T 9.4 128,£,§+9

[-.—,——" t sl 2, P =77

o V1+3x A1 2t I

—_—

t], =27

i 2 4:""':._'
2[4(“:3.1 ’gtli 2!
—g :

"




j0~ - o _ integral hisoblansin:

Ye‘j“Sh- fg;=t almashtirish gilamiz: U holda §=a?'6f9t-

e . 2dt 1-t~ . . .
X =2arctgt, dx = jeps DOSK =o—— bo’ladi. Bundan tashqari yangl

i : ok . .z
0'zgaruvchi t ning qiymatlarini anigqlaymiz. x = 0 dat, = 0 vax =7 da
t = 1. Ularni e’tiborga olsak, [z —% = [ = ' % e =
"0 24cosy 0, imf- S0 242p-41-00
1-1-
1 dt 2 11
=2 [ - =—qar Pl 2 : —
Jot74; Tz arctg Bl T Ferctg = - —arctg0
_ 2 m 2 0 i3
Vis 43 N
B =t - ;
' i Integral hisoblansin.
1
Y — e - . ; , I =7
echish: x = sint almashtirish qilamiz. U holda dx = costdt. ¥ =

bo’lganda sint = 2 bo lib, undan t, = = kc]:b chiqadi, x = _E bo’lganda

=

Sint = —bo lib, undant, == kellb chi

\

qadi. Demak,

wl

A3 - .
JZ __dx___h 3 costdt Jg costdt [5 at
1 [ ™ T

——mee e .

2 sintvV1 —sin?t T sint - cost B x sint
_ t 3 = e
= hltg—i ‘n’ = l}]t‘gl_____ intgl = In __2 i \. 3
3 6 12 V3

i
2. 2 .
fo X€osx dx integral hisoblansin,

Yechi
chish: Bu i mtegraim bo’laklab integrallash formulasidan fOYdalamb

inte rall i
grallaymiz, _f xcosx dy = {u =x, dv = cosx dx] _ ysinx [
T du =dx, v=sinx
“_f S -
mxdx._ﬁ Sm + o |h=E . O_E, _ 2
8_[95’_‘1 a 2- Osz—cos = 2

7 Integra] hisoblansin.

dx
= Inx, dv =7 N
-7 Inx U bl B 2\:'3’.131.\ |1
ish: —dx = a- =
Yechish: s = = _1‘ -
AR Ap —de+ 4= 4,
~2.] a\—4e—4\\| = 4e—4e

<1 a

Mustagil yechish uchun topshiriglar

‘dag hlsoblfmsm o

11. Quyidagi integrallar ks ) J-ll wsd N
l)fo VI+x dx;

2) | ——————_ 0,. |
o 6) (e* - 1)*e* dx.
i B i " |
DT VT dxs D; *(yfx — V) o 5) ~ 0.08;
(] .92 _7_ 3)4, 4)457;
Javob: 1) g(\‘B - 1), 2) -

6) 0.2(9_ 1)5_ -
2. Quyidagi integrallarni

foydalanib hisoblang.

- e-1
1 i [ e 3) J Ssixdx; 4 f .
X —_—
0 3 av’? xgdx

e e
ey
¢
1

T a2 dx 3
9) [ ) | % GH 4)1; 5) aln2
c -4 3)‘ :’_ 3) T - 2
2)“9 Y+ ;In
JaVOb 1)1 ~% 36 ) .
- g dan
B o R shtirish formulam
; o e 'z aruvchini alma
Wi 0'Z8
3 Quyidagi integrallart .
foydjlamb hisoblang. 1 . : . \ { S | |
\ X 3) f’l/—r/x- ) "3
= " 2) 1+ A v }
:4 ‘.\ — ]_ ]




—-in2
i TR l / 2X Ay
O [ VA= o) [ T-emax
Q0 Q0

eXHTHER
brd 32 5 9. ¢ IH'—__—-
Javob: 1)7 +2In2; 2) 2 -] 3)?; 4); - 2In2; 5)

1442

fo: W L i,- Epg_}Z—"-g.
6)v3 3'7)15'8)157' 9)2 h( v )

7 3 . ra“ﬂf
§2. Aniq integralni taqribiy hisoblash. Xosmas integ

_
. L 1P L]I[arl

5. - . ; tilcan us

Aniq integralni hisoblashning yuqorida ko'rib o’tilg

o x)
S i i . funksiyaning  biror F(
J, F(x)dx integralni hisoblash f(x)  funksiy

ing givmatini hisoblashdan iborat
boshlang’ich funksiyasini topish va uning giymatini hisoblash

idagl
. . i . arni qo’llashda quy!
edi. Ammo ayrim amq integrallar uchun bu usullarni qo’llas
muammolarga dych kelishimiz mumkin:

1) F(x) boshlang’
2) F(x) boshlang’
qiymatlarini hisoblash
3) F(x) funksiya

ich funksiyani topish murakkab; va F(D)
ich funksiya murakkab bo'lib, uning F(a) V¢
qiyinchilik tug’diradi; _
elementar funksiyalarda ifodanmaydi; .
4) Integral ostidagj f(x) funksiya jadval ko’rinishida benl%‘”f'wdi. Bu
Bunday hollard aniq integralni taqribiy hisoblashga to’g’ri ke
masalanj Yechish uch

iy
B I r un‘]Un .
un turli formulalar topilgan bo’lib, ula

int
holda kvadratur for

i 'zilar
Mulalar deyiladi. Quyida bu formulalardan ba
keltiramiz,

. .ich
; . .1y chigar!s
I To'gri tO’rtburchaklar formulasi. Bu formulani keltirib ¢
uchun dastlab [

lar
— p nuqtd )
i ﬂ,b] kesmani a = Xg < X < X, AL < 8 — b uzunligl
Pilan : fa teng bo’lakka bo’lamiz. Bunda har bir bo’lakning
Ax i

&= “n 8ateng bo’ladj (1 -chizma)
 Integrg Ostidagi £ () funksiyaning X,
DYmartlarip; ¥y

dagi
x,, nuqtalar
Q» yl ] y2 1.

.Y]_,Xz, ...w\’”—li -dagi
*Yn~1,¥y lar bilan belgilaymiz va quyi
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| 7 AN ¥
Ay 4 oo n-1
YorAx 4y, Ax +yy AX )

\ X+
B P Y Ax & 5 }’IA‘
yig'indilarni tuzamiz: x:  YoAx+ W

+oee ot )'HAX'

-5 £(x) funksi
Bu yig'indilarni har bir f(x)

larni
.. iy formula
" o] ta “bl}
ie’indi bo’lib. ular uchun quyidagi taq
) o % g "___:_J?n_]_)
—Q Lo )’1 £+ )72 T
[ Feas ===
2: ] 7 )
F b~ _!-y'5’.‘»"3’:"""}'l
.)(‘E\' = _.__'—(‘yl } . . iladi- ’ 1i
fx)d> n formulasi deY silgan  10'8T
- car b - 0 o . e
X to’g’ri to’rtburchakla orida ko™ yali chiz!d
Bu formulalar | formulasi. Yuq ori chiziani Zmophizil"an siniq
~tgivalar - " -1
1. Eﬂ%ﬂ*) e;( ni ichki cym;ini hosi
s - . e G . 1 .
to’rtburchaklar folmud-k Agar b1z ) alning anquoq-qa ugoridan
bilan almashtirgan ¢ l k, aniq integf. fali trapetsty '[Si)fachal
chiziglar bilan almashtirsars egri chiziq lan tra
L. < 1 l o)
gilamiz Bunda aABY {ar Dbilan Cgeggir;nci
. Vatar Un a . ;
AAl.AlA:n-"'A”_IBb =ladi(2-chi2ma)'B A
LIS . . = t 0 f./’
¥ig'indisidan ibora 4 )
v -
."‘A
Y.
4 .
| g — .
— =,
-‘:7 s q11il
_ax 2-chizl




trapetsiyachaning yuzi 2251 A+ ;
aii (B A =—="Ax, ikkinchisining yuzi Yy 4y
b/l fa f(x)dx ~ (_0; Agg iy Reylil -2‘ 2. Ax va hokazo
k 2 (’.;—#'A.‘{-'— ...+:"r;-1'7’j',.
j;_ f(x)dx ~ b_—__a (J’o + Y 2 - Ax) yoki
’ 1 — 4+ Yy, + y, -
bO’ladi. : * 2 Y1 Mo T --n_:_).”_l)

Bu for
nula aniq j
formulasi . aniq integralni taqribi
lasi deyiladi. Bu gralni tagribiy hisoblashni -
katta bo’lsa, i yerda n soni ixtiy o M ashning trapetsiyalar
» Integralning qiymati sh ‘[ g
unchalik

III. Pa
. r i
abola_formulasj (S; arly borlm,
mpson formulasi). [ i
si). [a,b] kesmani n = 2

ta tcng b )
o’laklar
ga bo’lami;
y= Y e miz. [x,. x, ] v
f(x) egrl Chlziq bi]ﬂn Ch ] 1] va [-Tl.:\'z] II\CSI]]'II'H'”'] mos I'(Ll”rin va
e dldl gZd 8 > ge ré

tanlanadi. n soni ganchalik

yuzlarini M garalg
! alean eori C .
bilan chega?(‘]xo'yc)’ M (xy, ), M é’n cgri chizigli trﬂpclsi_\/achalarning
chiziqli trap; gan egri chizigli [F'Elpg,z[(:\Z'yz) nuqtalardan o’tuvchi parabolﬂ
siyani . Clstya bil - :
0’qi 0y O’CJ{/i 5 parabolik trapetsiya de o almashtiramiz. Bunday €g"!
yi A 4 ga parallel bo’lgan p: %llad] (3-chizma).
X+ Bx+(C . gan parabo’lani H
+ C dan iborat bo’|adj ani tenglamasi
ddl,

-\. -
Ar _}/..--"‘"’F —
A'MW”A l
ol ——
X0 = a .1‘; l’{'*— N R e
= X —
A’ B re b X
Shartidan’ Ct: koeffitsieng|ar pa b3m(:hi2ma
opilad; ra :

Parabolalarn; pl;i:i " Qolgan kez,l;mng berilgan uchta nuqtadan o’tish
Yuzlarining yig; SaYMiz. Hosil ba1[]ar uchun  ham yuqofidﬂgid6k
0
gan  parabolik trapetsiyachd®:

rapetslyac 1d1e

ndisi int
e .
at boladi: grall‘lln

formuladyy, ibor g taqrib;
qribiy qiymatini beradi. U quyidag!

_"b xldx = ?;a_ L ,
o F(x)dx = " bg + Yam T 20y, + Y+ Yym-2) T 401 T Y3 T

4oeee L -),2.')1—1)]-
Bu formula Simpson formulasi deyiladi.
Yuqorida biz [ f(x)dx integralni integrallas
z bo’lgan hollarda o’rgandik.
[a, +%) cheksiz yarim oraliq bo’yicha
hi F(b) integralning

h kesmasi [a; b] chekli

va integral ostidagi funksiya uzluksi
1 Ta'rif. y = f(x) funksiyaning
ur xosmas integrali deb yuqorl chegarasi 0

b = . Iy o
- bo’lgandagi limitiga aytiladi va u
k, ta’rifga asosanl, u

-+
i f(x)dx deb belgilanadi. Dema

*zgaruve

J: T fx)dx = lim _l'b f(x)dx
b=+ O

limit mavjud va

ko'rinishida belgilanadi.
aks holda,

Agar yuqoridagi tenglamaning ©
chekli bo'lsa, u holda xosmas integra
uzoqlashuvchi deyiladi.

,KO'p hollarda Xosmas
bo l.masdan. uning  yaqinlas
yaqinlashuvchi bo’lgan holda

. Agar a£x<® che

ng tomonidagi
1 yaqinlashuvcl'li,

atini  bilish shart
huvchi yoki hi ckanligini v&
qiymatini paholash ¥ i
ksiz yarim oraligda 0= f(x)._.n
hi bo’lsa, )

yaqinlashuvc
dagi tengsizlik

"+:;: .
Jo T g(x) dx xosmas integral

Xosmas integral ham yaqin!ashu\fchi va quy!
+o0 b

[ flx)dx = f g(x) dx
- : iqda 0 < g(x?

a
Ta’rif. Agara =X < oo chek
u holda lq

‘f: “ g(x) dx xosma integral uzoqlashuvchi b
xosmas integ
Xosmas integral ham uzoqlashuvchi po’ladi.

Ta'rif. Agar x = @ bo’lganda If (0l =
i +o ¢ () dx x0Sma
Integral yaqinlashuvchi po’lsa, U holda /. f(l)

yaginlashuvchi va




+u

}f- flx) dx :J [f(x)ldx < [ g(x)dx

1 a
tengsizlik o’rinli bo’ladi.

M +w 5 .
Tarif. Agar [77|f(x)|dx xosmas integral yaginlashuvchi bo’lsa, U
holda

+w
fa f(x)dx xosmas integral absolyut yaginlashuvchi deyiladi. Agar
birinchi integral yaginlashuvchi, ikkinchi integral uzoglashuvchi bo’lsa, U

holda birinchi xosmas integral shartlj yaqinlashuvchi deb ataladi.
Agar f(x) funksiya (—; +»)

f)raliq bo’yicha I tur xosmas

1n§:grallar orqali quyidagicha ifoda

f fx)dx = j f () dx

. ; s ing bu
oraligda aniglangan bo’lsa, uning

integrali yuqorida kiritilgan x0sma
lanadi.

+ c
+] f(x)dx = lim ff(-\‘) dx +
b c o a
+, im jf(x)dx.

Endi chegaralanma
umumlashtirammiz, g
chegaralanmg gan,

gan funksiyalar uchun aniq integral IUShL"wh?SI;l
erilgan y = £(x) funksiya (a;b] yarim oral Z
e ammo ixtiyoriy ee(0, b — a] uchun bu ﬂmksliy
T E, ¢smad i [ 'Isi -
e ada chegaralangan va integrallanuvchi bo’lsin. BU he
bowef () dx, €e(0,b — q)
; Ta nf..F(t-:x) funksiyaning
(x) funkmyaning [@, blkesma b
u quybldagicha belgilanadj-

funksiyani garash mumkin.

- St loan
€= 0+ 0 holdagi o’ng limitl b"“]?va
o : 1ouiladi

0'yicha II tur xosmas integrali dtylmd

f Fx)d ;
X= ] X, JE—
: K F@ = [ 70 ax
Agar ¥ =01 a+z
= () funksiya x — ¢ , |da
la; +) yokj (=on. zl]ya X = a nuqtada chegaralanmagan bo’lsa, U ho

l i . gt sh
chel_<31z yarim oraliglar bo’yicha quyidagi arala
ar bilan aniglanadi:
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+ oo

f(x)dx + [ f(x)dx (a<b < +)

b
a

—
=
—~
=
~—
a,
=
1l
A r—

4

rdan pamunalar

. i topshirigla 5
i bian berilgan ‘0¥ asidan foydalanib

ir vechimlar
avzuga doir yechiml
Mavzug Y purchaklar formu

Y 3
0 l—l d.‘." integralni to' g1 to'rt
T EO 1A

taqribiy hisoblansin. :
Yechish. Buning uclmfl
bo’lakka bo’lamiz va hisoblashlar

(esmas
0;1] integraliash kesm jadval o

natijalarini quyidag!

keltiramiz: __________——I_——f——”'—ﬂ;’_i'ﬂ;_j
} L . 1 +xf fa) = T:_\? 1
i x; =01 /_________W =
I 0.1 1.0l T 1.9516
2 02 | M0 L | 2869
3 0.3 | W | 3P
4 0.4 __,1,1—6/’/0'3'000/— 4.5311
5 05 | 1 | ¥
6 06 | 136 +—0aqr | 5.93Tf
7 o7 | MWt 6.5473
8 0.8 ,flfi/’/ofs’sg/ ’/@Lf
9 0.9 11 =
— 10 | 2 | .
4 . !
10 1 oo bolgan u(thn,Z t0’g
g solda AX =7 gijan hosil gilam! i
Blznmigdar ;;rmulasiga - quyld gi na F
to’rtburcha




J‘l dx N
) % 0,1:7,5998 = 0,75998

20025 i

] ; Integ i

L o T,z integralni trapetsiyalar formulasi yordamida taqribiy
isoblang. Bunda ham n = 10 dcb oling -

Yechish: L e
_ =1 _ 1, ¥otn 1+05 =
7 n 10 10 - = /5 v
ViTYz+ Y3+ +ys =70 2 2 |
5 ,0998 bo’lgani uchun

| R
0 oz ©0.1-[0.75 + 7,0998] = 0,78498.

3. .fg V6x—5 :
; 1 — 5 dx integralni Si . o
hisoblansin. Bunda n = 8 deb oling“hpson formulasi yordamida taqribty

Yechish: h =228 =271 _
P p = 1. Bo’linish nuqtalarini x; bilan Vva

funksiyanin

u . .

o gunga Mat]armi ¥ bilan belgilaymiz. U hold:
0=Ly,=V6+:1-5=+1=10000 ymiz. U holda,

|

X1 =2,y =V6:2-5=+7x 26458
5 20,

~

1

izij,yzzw-s—s: V13 ~ 3.6056,
xj:5,§3:v6-4—5=\19 43589,
xs:ﬁ,’.t:xfe-shs:x’ﬁ:s.oooo,
s =V6:6—5 =31 » 55678,
o 6.0828,

= V43 ~ 65574,

= 7. =VET=E = 37«
X7 =8,y; = V6

7

. Xg=9,y,=V6.9_5 =
Opllgan bu qumatlaml - \49 = 7.0000.
'ra f(l) dx ~ »\.'

Ty &m [yD —);Zm + 2()’ 4 R

T Vam- 1)] + y?.m-z) 4 4(}'1 + V3 -

i
mpson formulasiga qo’yamiz:

Bizda 2y
! = 8) b - a =
Demak, 9-1=8 bo'lgani uchun — =73,
)
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J *J6x —5 dx —[1~ 7 + 2(3.6056 + 50000 + 6.0828) +

+4(2.6458 + 4.3589 + 5.5678 + 6.5574)] =5(8 +2.14.6884 +4-

+19.1299) = 37.9655.
+0 .
4. [ e7¥ dx xosmas integral topilsin.

-0
Yechish:
[T¥e=¥dx = lim (P e-%dx = — lim (—e™) lb = =
" b +oo -0 b"'+"“' . 3
_111 )7 = = -b 4 - _lim 5+1=1
n (e” )[ hm e b+ z71_!.1{}1:06’ Jim s

—+w
Dn.mak benlg'm xosmas inte
+%2 dx i
5. f —— XO0smas mteoral hisoblansin.

gral yaqinlashuvchi ekan.

%o -4o0 dx 0 dx
. e = + L= lim =%
Yechish: _l_ e f_f el e [Meyws:
4+ b od . o Ib _

hm I - = lim mctgxl + lim arctgX |y

0 1+x® @80 b=t
a__llm(‘” ctg0 — arctga) + blull (arctgh —a” -ctg0) =
= o0

= Chm arctga + lml arctgh = ——mr:rg(—oo) + arctg(t )=

——o0

[ fT T
22
Demak benlgan xosmas inte

6. f —\osmas integral hlsoblansm
YeChlsh. v = 0 da integral ostidagi funksi

Demak, ta’rifga asosan
= lim, Inx
dort

= — lim — o (—o0n) = -
ﬁ_mhm (—)

Demak, berilgan integral

7. r Jﬁ}‘osfnas inte
“=1 (x=-1)”

Yechish: Bu yerda integra
kesmasining ichki x =
ta’rifga asosan,

gral yaqinlashuvchi.

ya cheksiz uzilishga €82

L+ lim, (in1 - @) =

[ m [P
fo % T JModa x el

uzoqlashuvchidir
gral hisoblansin-
i funksiya

- uzilishigd eg

_1: 2] ]ntegrﬂllaSh

1 ostldag 2. Shuning uchun




: 2 a
dx i dx dx 3 dx .
Js,’_—:‘l,'———!‘“é—:lin.} /;——___——__-—:——-';'
AVE-1)? VG- S YG-1)2 e S (x—1)
2 a
|l] f dx l 2
—lm | == 1i —1) 3d(x — A
1) YG-1)2 a1 ,[(‘x 1) 3dle—1)
-1
2
- a o —— z.——
*Lm}fh -1 3({(1 -1)=3 !mf\ —1 | +3limyvx-11"
-1 a—1
a
=3 Va — 4, 5 \ : 3= 3= -
Lliq(\a 1.\2)+3L1B}(\1— —1)=3-V2+3=
=3(VZ +1).

Mustagqil yechish uchun topshiriqlar:

. Quyidagi integrallarni  to’g’ri  to’rtburchaklar formulasid!
foydalamb tagribiy qiymatini toping.

1

1)] —(n = 10). 2)4] V1-x2dx(n = 10);

c

3)f xsinxdx (n = 12)
0

Jza’\rrob‘.l) 231, 2)2,904; 3).6.28332
rapetsiyalar formulasid .
taqubly hisoblang, "
R
n=
OJH (n = g), 2) [, i 3(n =12);3) [] Vex — 5dx(n = 10
avob:1)0, 69315; 2)

0.83566; 3)37.8
3. Simpson 183. ‘bi
hlSOblansln formulas1dan foydalamb quyldaél [1][(,&[21]1{11‘ taqrt b

1)f

e gen]larmi
foydalanib, quyidagi integrall2

Cosxdx(n = 10); 2) "1

Javob: 1)1 ,0000; 2)0.83
uyidagi X0smas j Integ

VI=%3 dx(n = 10); 3) rz :—Td'\(n -9
75 3)2,59.
rallar hisoblansin.

2
2 wdx f x3dx 3) [_'______ 4)[ _Efd;h
Ly — —32
1)’ x2—4 ) Vi —x2 2 x—1)
: - dx
s dx X2+ d\ 7) J\e“d(\, 8) f m
5 [ ——‘_;i 6) 14 1 e
2 T 0 -
il dx
?) [ (x2 +x + 1)
5) ZInZ; 6) 5

78, 2)2; 3) uzoglashuvehi; 43

=43

I t Ometl'lk t‘
q3. . l

y=f(x)=0 funksiyaning gﬂﬁb

o'qi
chiziglar hamda y = 0, ya'ni 0x 0'q

trapetsiyaning yuzasi b

= [ flodx

(1-chizma a)

holda egr ic
ymatl ma“ﬁy s

hizigli trapetsiy®

a
. -Z q ma’lum
aniq integral bilan hisoblanishi bizg on bo’ladi:

Isa, U

Agar [a, b] kesmada f(x)y= 1120 umng i

Ox o’gidan pastda Joylashg an b<1)l s :
Shu sababli, bu holda, egri chmq

5*~Jf( dx = Jf(x)dx

hlzma)

formula bilan topiladi(2-¢




J 'S V oa
i — 1
y=fx) . ., i
/ E -
S o .
/ ,
i A
0 g v o= f(x)
‘ b * f(x) =0
l-chizma

2-chizma
Y=7(x) vay=g(x)dx [f(x) = g(x)] egri chiziglar hamda x = €
Y8 x = bto'g'ri chiziglar bilan chegaralangan geometrik shaklning yuzasl
b
S = J'[f(x) — g(x)] dx
a

formula bilan hisoblanadi(3-chi7:ma).

}' &
f(x
o)
s
/’
e
0 a B o

Agar egri chiziq » = ez i 2
bilan berilgan bo'| = ﬁo(f).}_" Z.d;(r) (te[a; B]) pa,-amctﬂ?\' e
: 58, wholda egri chiziq|i trapetsiya’ning yuzas!
b [ g
S lf(X)dx =J-ydx:J'¢(t)dq)(t): [:j}(!)fp’(f)df
formuladan topilag; ¢ ’ -
Tekislikdagi
chiziqning AB yoy

ma

a

.y = f(x)’ l-e[a‘ b]
Luzunligj

: ri
funksiya bilan berilgan o

1+ [f'(x))2dx

b
N

-]

a

formula bo’yicha hisoblanadi. k tenglama
orrn:\ - ezri chizig x = o).y = w(t) (tela: B parametri

=¢ =] ‘ ' . s
bilan berilgan bo’lsa, u holda, yoy uzunligl

1= | o P+

g e
J "(x)]? dt
3 Kislik
7 ilan hisoblanadi. P bo’lgan texisll
torm:]atf 111?113 l;:isr(:)r jismning 0x o’qiga PefPendll\:ll{z;im deb ataladi va
bilan Ifc‘siymi yuzi S(x) bo’lsin. Bu kesim k_? n:a-liﬁ:ning hajmi
u [a, b] kesmada uzluksizdir. BU el ber;.ba :
ri (8 Sl st |a bilan aniglanadt-——
V= JosGdx tomit Ty g chiziglr
y = f(x) egri chiziq x = & * = ing 0x 0'di atrofi
Chegaralangan eg[‘i ChiZiqll trapetSI)/a ning

hosil bo’lgan jismning hajmi . b 2 g
. 5 () X
[ J,Zd_\,-fu[l [f
Ja

va 0x o’qi bilan
da aylanishidan

V=1

formuladan, sirti esa

b (x)]? dx
S = ZTJ f(-\’)\’ﬁm
a .
1qi bilan
- . iolarva 0y 047
formuladan topiladi. _ L =dtog chl%lqlﬂrﬁda aylanishldan
x=o(y) egri chiziq, Y = ) +ping 0Y o’qi atro

6 queiEs etsiya
chegaralangan egri chiziqli trap

hosil bo’lgan jismning hajmt

d iy
4 Zdr:ﬂ'“‘az(y))
V=7fj x“a 3z
¢

formuldan topiladi.




P

M; ” 2
alvzuga doir yechimlari bj|
& a. ,AE[O;ZH'J bo’lganda,
garalangan yuza topilsin
Yechish: xe[0; ] .

an berile: 5w
"'".”r'ldn topshiriglardan namunalar
y = sinx sinusoida va Ox o’qi bilan

’

da Si -
Inx = — :
Ovaxe€([n;2n]dasinx<0 bo’lgant

uchun = [* qi
S = sinxdy + |27 sinxd { l- :
) e xdax| = — i 'T
chin T+c0s0 + |-cos277 = T = : ]z l
a). Cogulﬁ_1+1+f‘1'1':2+2:4'
X
Y = sinx
0 o
m 2 h
T
4-chizma

2-y = VB? Va}} — xz
Yechish: Dastlab

n i,
uqtalarin;j topamiz s
=C

egri chizi .
qlar bilan chegaralangan yuza topilsin-
kesishish

Y =+vx va y = XZ

hizma), egri chiziglarni

5-chizma
kelib chigadi. Undan esa x; = 0.

A SRR NGNS .
T G I B 1 A B A S P T e e
e L b ] [y s e e S

-1 _ 3
S = _’0 (\x = A‘z)dx = gxz |é ___3_|é

= psint ellips bilan chegaralangan sohaning yuzi

3. x = acost,y
topilsin.
Yechish: Ellipsning yugori y

ko'paytiramiz. Bu yerda x o’zgaruvchi
zgaradi. Demak,

—2(:3)_{'7051'112 tdt
1 o T =
(t —;stt) I3

arim qismini yuzini topamiz va uni ikkiga

_q dan +a gacha o’zgarganda t

0’zgaruvchi 7 dan 0 gacha o’
-0 i

s=2] bsint(—asint)dt =

- T 1—-cos2 - .

= 2ab [[ =5 de = ab [7(1 - cos2t) dt = @b

%sfno) = ab(m - 0) =mab.

=9ah _l:sin2 tdt =

- ab(r'f —0 —-:-sz'anr—:-
4.x2 + y? = r? aylana uzunligi topilsin. PULT
Yechish: Dastlab aylananing birinchi chorakda yotgan bo’lagining
B S o s - ,."'_'E_——:_f bo’]adi va

uzunligini topamiz. U holda AB yoy uzunligt Y= yat =2

undan esa
ay e
== ——— niani i Shunday qilib;
ax e M aniglaym g
1 e E o . Xr — . aresinl —
L L (Tl —dx=T aresin=lg =1
1 JO \ 14 0 dx -'0 Jri-xt '
—raresind =r-2=".
2 2
B : T - 2mr gateng bo’ladi.
utun aylananing uzunligl esal=4"577"7 = "
g i sin.
5.x = acos3t, y = asin® t astroidaning uzunligl to?:llariga nisbatan
? i . inata ©
Y babee . . r ikkala koordina ki o R
echish: Egri chiziq ha o'rtdan bir gismining uzunllgrml
= (awth) il

simmetrik bo’lgani uchun dastlab uning il

topami - ova Y
_P miz. Buning uchun  X¢ v %r__ 3asinzf'005f b
= —3acos?tsint, yi= (asth i) =

H g E gacha o’zgaradi. Demak,

“|ib, ¢ paramett

T

S= 3 G0 A

L
4 -’_//_/_/,
i . TFdt =
sy oamsit 0% sa (3 gin2t At =
2 ‘.‘5!

= [2V9aZcos*t sin

e
=3 foz Vcos? t - sin’ tdt = 3a

T —_—
ﬂfsint-cosf‘-’“ =7
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_ 3 = 0 chiziglar bilan chegaralangan shaklni

= 3a z
S OOt 12 = . 28
D“ lo s (cosm — cos0) = - 22(—1-1) = 2 8. ZyF= 2% v 2x 42y
emak, § = 4.38 _ ¢ 4 2 0X o'qi atrofida aylanishidan hosil bo’lgan jismning hajmi topilsin.
2 ! .
’ 6. Asos yuzasi s gq T Yechish: 2y = x?dany = %xz bo'lib uning grafigi paraboladan iborat.
ramidanin, Tites T‘ £ KOop burchak wva alc 101 *|egan : - . .
Yechjshé hajmini toping. balandligi # bt 2% 4+ 25— 3 =0 dan 2x¥42y=3 yoki f{— ——1)—_ =1 bo’lib, u to’g |
H . GCOmC““j . 2 - e . . ) ] .5 5
bo’lgan tekislik bijan k yil] kursidan ma’lumki, piramida asosiga parallel chizigdan iborat. Ularni yasaymiz (6-chizma). |
Nad @silsa. kesivada axmcie a asosig : ) |
bol ]_adl hamda kesim vq kesimda asosiga o"xshash ko’pburchak hosil ) - |
| Uchios , d asos vuzalarin: . 2 . . |
| chigacha bo’lgan masofylar K yuzalarining nisbati ulardan piramid? ¥ '
‘ piramlda asosidan h o ar Kvadratlarinig nisbati kabi bo'ladi. Agar
o.tkaz.ilganda hosil bo| ’:d ) tc.ng masofada asosiga  parallel tekislik
.‘ Piramida uchidan kesim%a'?[ esimning yuzasini S(h) deb olamiz. U holda >
| ¢ga bo’lamiz: gacha masofa H — h bo’lganligi uchun quyidagiga : @G"“' ‘
:S'_(}Q (H — h)?2 A 0 B
S T gz St = d H —h)? 6-chizma
’ = T — ). : R
H* ( ) Berilgan chiziglar bilan chegaralangan OAB shaklning 0x 0t atr?fjldif
jismning hajmi A,ABB; va A, AOBB; egrl chizigli

_ Shunday gijjp, ;
0 Zgaradi. Demak

V=(HS
fo HT(H = h)’dh =

n
acha ishi il bo’
aylanishidan hosil bo’lgan bo’lgan jismlar
o’lgan

nishidan hosil

tegrallash o’,
grallash o’zgaruvchisi # bo'lib, u 0 dan H &
i har birini alohida-

atrofida ayla
at bo’ladi. Ularn

trapetsiyalarning  0x 0'qi Jokida

hajmlarining ayirmasidan ibor

—HR? 4 T I
o 1.y 3:)4[2 :jf (H3 — g3 4 _,1;_3) - Fg_ JHR s topamiz :Y 1 ,
[ 0’qi parab . 3 g - X2 _ _
| Y= dx o os Dastlap integrallash, o’lgan jismning hajmini toping- % 2 ) F391~r
M =g bv,a. Y=0 tenglam Theg-ara].ari”i topamiz. Buning ueM” - Tas-x?|,= Ff(}_f}_‘?_) - "3:‘:
| cgri chiziq O): II,b’ undan %, =g 3 arnt  birgalikda yechamiz. Den:lz?k, g X Loy 3\8 8
| integrallagh c 0’qini ikkitg GOl a4 X, = 4 kelib chiqadi. Shunday q|llb, ' ) e
E? V=mn[ty kst 0 dan 4 gac'h )bv? (‘.l; 0) nuqtalarda kesib o'tadi ¥ V, = il [1 Ay = f}: Vo= _I—T——(l+ 243) = EE 225"
H = 16:133' = Irf; (4% - \-2)2 et [zlanayotgan hajm ‘4 —3‘\ YT 5 7 20 oim _ 617 — 18-—2-—7'{.
| ¢ a ekt a x') l.; & dx =g f:(lG,\'Z _gy3+xHdxy = Demak, izlanayotgan hajm V = -V = 3 1 5 . shakll:;lmg oy 0'Gi
+ i) = 9.y =x?vaBx= y? parabolalar bilan Chf’gf_“a a.I:g'
s/ - A ismning hajmi P! R ing
atrofida aylanishidan hosil bo’lganJis arni yasaymiZ Dastlab ularm

Yechish: y = x* va gx =" |
(7-chizma)-

kesishish nugtalarini topamiz
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Buning uchun y =

.2
. — 4,2 I . )
X< va8x = y* larni birgalikda yechamiz.

b s
y? = 8x
Eznmdaak[j Y1 =0,vay, = 4 ni topamiz.
V=m (o (’—g)d}’ = n(lz—:_3‘jo) ¢ = (@_:_ 255-4) _

7-chizma

M . :
ustaqil yechish uchunp topshiriglar

L Quyfda C i
21 chiz .
% o il chegaralangan yuzalar hisoblansin:

1)y=4—x2va},__0_
2)y=3—2x_xzva;__ 0-
3)Xy=4lx=1x:__4 ]
Wy =, }’:é} ¥ 63”: ;
5) %= at — singy, o .
~s _
o’qi [?If)' y = a(l _ COS[‘.) A . . . . .
) sikloidaning bir davri (arkasi) V

6) X a 3
c
7 as t.y = a55713t .

vay? = 4y.
8)-\’)"-:6Vax_:_}?_7aq
; Javoblgy = g
2

1y ==. 32
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5) 3ma?; 6)3"‘8“3; 7)335; 8) 17,5 — 6In6.

2. y? = x? yarim kubik parabolaning (0;0) va
chegaralangan qismining uzunligi topilsin.

Javob: %(10\,71-6— 1).
chizigni absissalari x =0 va

(4;8) nuqtalar bilan

bo’lgan

1A

3. y = Incosx egri x =

nuqtalar bilan chegaralangan qismining uzunligi topilsin.

Javob: Intg %—

4. x = i).z - i111;)' egri chizigning ordinatalari y = 1vay = 2 bo’lgan
4 2 .

nuqtalar bilan chegaralangan qismining uzunligi topilsin.

Javob: 2 — Z1n2.
3 2

r

topilsin.

Laftd

5.x3 +y3 = a3 astroida yoyining uzunligi

Javob: 6a.

: sil qgilingan chizigning
6. }-2 = 2-\'3\’3 '\,2 +-) ; q

2 — 20 chiziglardan ho
uzunligi topilsin

Javob : ;:(10\-% s 1) + a5arctg2.
a(l— cost)

7. x=alt—sint), ¥=
uzunligini toping.
Javob: 8a.

sikloidaning pitta arkasl

-

8. x5+ y3 = aS astroidaning

1ts

jism sirtining yuzi topilsin.
Javob:i—z ma’.
=

i i ismning
3 to’gr chiziq bilan kesishgan q1s

o lz; e A o o sirtining yuzi topilsin.
0y 0'qi atrofida aylanishidan hosil bo’lgan JiS™
Javob: %:




|
{
!

10. Quyidagi chiziglar bilan chegaralangan figuralarning aylanishidan
hosil bo’lgan jismlarning hajmlari topilsin.
Dxy=4,x=1, x=4, y=0, oxo'qatrofida;
2)y*=4-x, y=0, oyo’qatrofida;
3) y = cos (x - ;) x=0, y=0(x>0), ox o'qi atrofida;
) x?>—y* =4, y=+2, oy 0'qi atrofida;

5)}!:1,3’ x:O' };:8'

3
6)y =17, ¥ ==£L y =0, ox 0'qi atrofida.

oy 0’qi atrofida;

_ e L (,-;+2‘1-’i
PG 9 S 192m 6 T

S12m

15

Javob: 1) 127; 2)

4§. Aniq integralning fizik va mexanik tatbiglari

e ] = . . I
Kattaligi o’zgaruvchan va f(x) funksiya bilan aniglanadigan kuch
moddiy nuqtani [a, b] kesma bo’yicha harakatlantirganda bajarilgan A ish

b
A= f(x)dx
‘a
formula bilan hisoblanadi.
1 E) . cat
. Biror o’zgarmas tezlik bilan to'gri chiziq bo'ylab tekis harak"i
dlayotgan moddiy nugtaning [a, b] vaqt oralig'ida bosib o'tgan S masofas
5 =v(b - a) formula bilan hisoblanad;.

Tezligi har bir t vaqtda o’zgaruvchan va v = v(t) funksiy

. . . _0,' a
anlqlanadlgan notekis harakatda moddiy nugtaning [a,b] vaqt oralig id
bosib 0’tgan s masofasi

4 bilan

b

5 = J v(t) dt

formula bilap aniqlanadi, )
Ma’lumki, inersiya

tushunchalaridap biri hiso

moddiy nuqta berilgan b

Nuqtagacha) bo’lgan maso

n . x . rnuhin‘l
momenti  tushunchasi mexanikaning

blanadi. Tekislikda m massaga ega bo’l
0’lib, bu nuqtadan biror I 0’qqacha (_y
fa 1 ga teng bo'Isin. U holda J = mr* mid

gan A
ok!
dor A
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n'lod d] 3 n t * . . . . .

ataladi. y A=A
Masalan, tekislikdagi m massaga €& bo’lgan (

inata boshiga ni
: : *qlari mda koordinata
nuqtaning koordinata 0 qlariga ha

momentlari mos ravishda
J; = mEe,

x,y) moddiy
sbatan inersiya

2= 2
Jo=my:  Jo = m(x* +77)

formulalar orqali hisoblanadi. .
Masalan. tekislikda har biri mos rav

5 7

- 13 Aﬂ—'l(an-—l,)
bo’lgan  Ag(xg. Ye)s -41("1')1)'- ,hamda koordinata
sistemasining koordinata o'qlariga

T massaga eg2

: my, -
ishda Mo, 1M1, nugtalar

11-1) moddi}’
poshiga nisbatan

inersiya momentlari mos raVIShd}a_1 = 2.92)
n-1 ) : " jir:) - my (X TYk
() 2 ‘ 2 ) — myYi» Jo
. = mpXy, j_\' Z k=0
]" " k=0
k=0

Jaan bo’lsin. BY

formulalar orqali ifodalanadi. ha massa targatile figa

yi bO’yic

. e inata bOS
Biror y = f(x) egri chizid yOd_ ata 0'qlart pamda koordinat
. . . s nine koordin
massali egri chiziq yoymnins
nisbatan inersiya momentlarl b ) i,i»:[f’,@']?dx
o — AY
o e b
] X == r\.‘ \" 1 £ [f ;\ a

“a

Jo = J'b(.\'2 dx PR [f'(x)]zdx

bo’lgan
- ifodalanadi. ny, M2 rilgan
formulalar orqali ifodalans lari My temasi D€
I _d I]'lassaa e i talar SLSte a o}?
Oxy tekislikda (Y material 144 massant ¥
X I m
P (xy,y, ), Py (xa yads o BV W0 tmalar T4
bi)glsl'lh) h(;l(d”x )x m; va Vil ko pz'?adi vaye lar pilan
a, u a, A g 1 : nt X
: ari dey Jarini Xe
o’qlariga nisbatan statik mon’l e?:k markazi di at,?gan
. : ir 0
Berilgan sistemaning og'k Kursidan ma’lum n X
anika ! =
belgilaymiz. U holda, mehaﬂ‘+ xymz T o e /'ET’I—
Xe = my + g "
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&

T
s

e Yily + Yy + .+ y,my, _ o Yy -8 - s S g s; f° :il_6_4_§_'_9+
2 o my+ m+ .. +m, e om S= L (3t + t3)dt = 3-L tdt —[ tidt —_2_ 3 i i 7 2
S gt 37 27 512 27 1024-81_ 948 _ 244E
,‘}"z f(x) (fl < X < b) tenglama bilan berilgan AB egri chiziq yoyining +—-3— = —3— =96 — — + T _ _3._ = 87 +_._-6—-——-- 87 + 6. 6
og’irlik markazi koordinatal;'lri quyidagi integrallar bilan aniqlanadi : 3. Ox o‘qiningu yugorisida joylashgan x24yt=aqa’ yarim aylana
= E')—di = [ 2T+ TGP dx og’irlik markazining koordinatalari topilsin.

; o 40 - : ini iz
Yechish: Og’irlik markazining ordinatasini topam

<2 o O s
% — v2 o2& . dg= gdF (gl) dx, 5= vai-x
r=vVa?—x?, —==- ) \ x

I, ds T+ FOOT dr

Yechish: Masalaning shartidan fz(—\')*’:

Shuning uchun

b ’ c =
LIEO-fta = P T s

formulalardan topiladi.

d _ X
' b b e d va-—a”
| BT M - fa FOV1+ [f'(x)]? dx a2 =4y o[ ax 26 _ 20
| b = T p ),C — \ a-—Xx- — e ¢4 __:_.:q—-— :E- ' 4 lk
| -rc: ds f’-’ i1+ [ff('\_)]z dx - ra e aaa msbatan s:mmetr f
y=hx), y= . X. =0 bo'ladi. Chunki yarim aylana 0¥ 049
I teki 1\ g y = fz(X). X=aq,x=p chiziqlar bilan chegaralangan 1e o'ladi. Nkl y J bl e ‘
[ ekis figura og’irlik markazining koordinatalari ) ISR, so’ri chizig bilan kesishishidar |
| X X[f2(x) - £,( Ly 4. y* = ax parabolaning x = ¢ > ¢ lc; Catalari topilsin. = I
, L X~ : . " . ; : S -a7i koordin = ol
xe =2 14x)]dx = TZ'-ra [£2(x) = fi7(x) Jdx bo’lgan segmentning og’irlik markazi koor Jax va Gl vax f
|

2 3

- = & ..72dx e
2 [“xyaxdx Vel X2 5 —-ca |

Jo AN _EN A e 5

Mavzuga doj : L. ¢
| ga doir yechimlari bijap berilgan topshiriglardan namunalar R el S & |
| Vintsimon prujinanine v . .p.- 4 : 2 ["Vaxdx oyq [ xzdx 3Xte 'Jadi L
; F=F(x) kuch g 8 DM uchi mustakamlangan, ikkinchi uchiga €52 o Y eamivchunye =020 g |
f Wigh i e a’sir etib prujinani qigmoqda_ Agar p[-ujinaning qisilishl Segment ox 0'qiga nisbatan simmetrlk bo agbo’lgﬁﬂ to'gr to’rtbur :
| qisish uchup F)g’(t)gzn F(:Y) kuchga proporsional bo’lsa, prujinani @ birlikka 5. Asosi b ga va balandligi jh ga.lt?::, da joylashga” ‘
Yechish: A ohni bajargan ishini toping. asosiga nisbatan inersiya moment! oy Sin'“ asosidan ¥ masof? ing mass !
olsak, y holéa gar F(x) kuch ta’sirida pPrujinaning gisilish miqdorini X del? Yechish: To’g'ri to’rtburchakda u“aeratamiZ' Bu polosan ‘
! (qisilish koefﬁtsfe(x? - kf{ bo’ladi. Bunda k — proporsionallik Kkoeffitsient! va kengligi dy bo’lgan elementar El)jc?l?sga teng- |
1 nt). Bajarilgan ishnj topish formulasidan foydalanamiz: shu polosaning yuziga, ya'ni oy ==l |
| G i |
| o J kxdy = 1. X2 @ g2 Bundan tashqari, " ] EE- F
| sz = 2y = |
9 2 1y 2 dl. = i‘_)yzdy va Jx = o 6 3 ’
- 2. Tezligi |
| gl v(t) = tz < "S |

harakatd, [3:8] =3t gonun bo’yicha o’zgaradigan notek!

Vaqt oraljg’; oy _
Yechish: 5 - fb & 1dabosib tilgan S masofa topilsin.
a / 4

v(t
(t)ae formuladan foydalanamiz. Demak,
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{5 mﬂqi! yechish uchun topshiriglar
LJIsm v = £ IRT .
O — k\% '_t m/s tezlik bilan harakatlanmoqda. Jismning harakat
gandan keyingi 10 sek davomida bosib o'tgan yo'li topilsi
Javob: 23,7. gany pilsin.
2. Moddi :
YOrdamid:d;;?qlr;i:?m;g harakat tezligi v = (4¢* —2¢ + 1) m/s formula
i. - ’ o -
yo'li topilsin. uqtaning dastlabki 4 sek davomidagi bosib o'tgan
Javob: 244m.
3. Massasi o .
T —— m ga teng bo’lgan jismni yerdan h balandlikka kotarish
Ko'r ?1 ish kerak bo’lgan ish aniglansin
satma: Ye . )
F:mg = R*: x? pr; n;ar.kaz'dan X' masofada markazga tortish kuchi F ushbu
porsiyadan aniglanadi. Bunda R — yer sharining radiusi.

R+h m 2
Javob: _[R h “gf dx = TR
X<

4. F = 8N kUCh . R.+,'-,
kerak ? , Prujinani 6 sm ga cho’zishi uchun qancha ish bajarishi
Javob: 24

S Xo= 0 o
. ;l—-ﬂ')l’:ov o . % Tt
to’rtburchakning ox va oy o’ a y = b chiziglar bilan chegaralangan to'gn
Ko’rsatma - To’g’r)i S ,ql'flfga nisbatan inersiya momentari topilsin.
o’rtburchakni gorizontal yuzlarga ajratib, har bif

undan ox o
. 0 aCh 3
qqacha bo’lgan masofa kvadratiga, ya’ni y? ga

kO,Paytirami
: z. Ko’ e .
qilamiz: paytmalarni qo’shib limitga o’tsak, quyidagini hosil
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